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ABSTRACT. In this paper we prove the existence of solutions for a class of viscoelastic dynamic systems on
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1. INTRODUCTION

In the theory of Dynamic Fracture, the deformation of an elastic material evolves according to the elasto-
dynamics system, while the evolution of the crack follows Griffith’s dynamic criterion, see [13]. This principle,
originally formulated in [11] for the quasi-static setting, states that there is an exact balance between the
energy released during the evolution and the energy used to increase the crack, which is postulated to be
proportional to the area increment of the crack itself.

For an antiplane displacement, the elastodynamics system leads to the following wave equation

u(t,z) — Au(t,z) = f(t,x) te€[0,T], z € Q\T}, (1.1)

with some prescribed boundary and initial conditions. Here, Q C R¢ is an open bounded set with Lipschitz
boundary, which represents the cross section of the material, the closed set I'; C £ models the crack at time
t in the reference configuration, u(t): 2\ I'y — R is the antiplane displacement, and f is a forcing term. In
this case, Griffith’s dynamic criterion reads

E(t) + HE (T, \ Ty) = £(0) 4 work of external forces,

where £(t) is the total energy at time ¢, given by the sum of kinetic and elastic energy, and H?~! is the
(d — 1)-dimensional Hausdorff measure.

From the mathematical point of view, a first step to study the evolution of the fracture is to solve the
wave equation (1.1) when the evolution of the crack is assigned, see for example [14, 3, 7, 2, 17] (we refer
also to [10, 6, 15] for the case of a 1-dimensional model). When we want to take into account viscoelastic
properties of the material, Kelvin—Voigt’s model is the most common one. If no crack is present, this leads
to the damped wave equation

i(t,z) — Au(t,x) — Au(t,z) = f(t,z) (t,x) € (0,T) x Q. (1.2)
As it is well known, the solutions to (1.2) satisfy the energy—dissipation balance

/ / |Va|* dods = £(0) + work of external forces. (1.3)

When we consider a crack in a viscoelastic material, Griffith’s dynamic criterion becomes
t
E(t) +HITI (T, \ Ty) + / / |Va|? dz ds = £(0) 4 work of external forces. (1.4)
0 Jo

For a prescribed crack evolution, this model was already considered by [3] in the antiplane case, and more
in general by [17] for the vector valued case. As proved in the quoted papers, the solutions to (1.2) on a
domain with a prescribed time-dependent crack, i.e., with Q replaced by Q\ Ty, satisfy (1.3) for every time.
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This equality implies that (1.4) cannot be satisfied unless I'y = I'y for every ¢. This phenomenon was already
well known in mechaincs as the viscoelastic paradox, see for instance [16, Chapter 7].

To overcome this problem, we modify Kelvin—Voigt’s model by considering a possibly degenerate viscosity
term depending on ¢t and x. More precisely, we study the following equation

ii(t,z) — Au(t,x) — div(V2(t,z)Va(t,z)) = f(t,z) t€[0,T], € Q\Ty. (1.5)

On the function ¥: (0,7) x 2 — R we only require some regularity assumptions (see (2.4)); a particularly
interesting case is when ¥ assumes the value zero on some points of 2, which means that the material has
no longer viscoelastic properties in such a zone.

The main result of this paper is Theorem 3.1, in which we show the existence of a weak solution to (1.5).
This is done in the more general case of linear elasticity, that is when the displacement is vector valued and
the elastic energy depends only on the symmetric part of its gradient. To this aim we first perform a time
discretization in the same spirit of [3], and then we pass to the limit as the time step goes to zero by relying
on energy estimates; as a byproduct we obtain the energy—dissipation inequality (4.4). By using the change
of variables method implemented in [14, 7], we also prove a uniqueness result, but only in dimension d = 2
and when W(¢) vanishes on a neighborhood of the tip of T';.

We complete our work by providing an example in d = 2 of a weak solution to (1.5) for which the fracture
can grow, while balancing the energy. More precisely, when the cracks I'; move with constant speed along
the x;—axis and W(¢) is zero in a neighborhood of the crack tip, we construct a function u which solves (1.5)
and satisfies

t
E(t) + / / |UVa|? deds + H (T \ To) = £(0) + work of external forces. (1.6)
0o Ja

Notice that this is the natural extension of Griffith’s dynamic criterion (1.4) to this setting.

The paper is organized as follows. In Section 2 we fix the notation adopted throughout the paper, we
list the standard assumptions on the family of cracks {I'; }+cjo,7] and on the function ¥, and we specify the
notion of weak solution to problem (1.5). In Section 3 we state our main existence result (Theorem 3.1), and
we implement the time discretization method. We conclude the proof of Theorem 3.1 in Section 4, where
we show the validity of the initial conditions and the energy—dissipation inequality (4.4). Section 5 deals
with the uniqueness problem. Under stronger regularity assumptions on the cracks sets, in Theorem 5.3 we
prove uniqueness of a weak solution, but only when the space dimension is d = 2. To this aim we assume
also that the function ¥ is zero in a neighborhood of the crack tip. We conclude with Section 6, where in
dimension d = 2 we show an example of a moving crack which satisfies Griffith’s dynamic energy—dissipation
balance (1.6).

2. NOTATION AND PRELIMINARY RESULTS

The space of m x d matrices with real entries is denoted by R™*%: in case m = d, the subspace of
symmetric matrices is denoted by ngxn‘i. Given two vectors vy, vy € RY, their Euclidean scalar product is
denoted by v; - vy € R and their tensor product is denoted by vy ® vy € R4¥4; we use v; ® vy € ngxn‘i to
denote the symmetric part of v1 ® vy, namely v; ® vy = %(vl ® vg + vy ®@v1). Given A € R™*4 we use
AT to denote its transpose; we use A; - A; € R to denote their Euclidean scalar product of two matrices
Ay, Ay € RIX4,

The partial derivatives with respect to the variable z; are denoted by 9;. Given a function f: R? — R™,
we denote its Jacobian matrix by Vf, whose components are (Vf);; := 0;f%, i = 1,...,m, j = 1,...,d.
For a tensor field F: R — R™*4 by div F we mean the divergence of F' with respect to rows, namely
(divF); := Y0, 0;Fy, fori=1,...,m.

The d-dimensional Lebesgue measure is denoted by £? and the (d — 1)-dimensional Hausdorff measure
by H¢!. We adopted standard notations for Lebesgue and Sobolev spaces on open subsets of R?; given an
open set 2 C R? we use ||-||oo to denote the norm of L>(;R™). The boundary values of a Sobolev function
are always intended in the sense of traces. Given a bounded open set Q2 with Lipschitz boundary, we denote
by v the outer unit normal vector to 92, which is defined H4'-a.e. on the boundary.

Given a Banach space X, its norm is denoted by || - || x; if X is an Hilbert space, we use (-,-)x to denote
its scalar product. The dual space of X is denoted by X', and we use (-,-)x/ to denote the duality product
between X’ and X. Given two Banach spaces X; and X5, the space of linear and continuous maps from X3
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to X5 is denoted by Z(X1; X32); given A € £(X;; X2) and u € X, we write Au € X5 to denote the image
of u under A.

Given an open interval (a,b) C R, LP(a,b; X) is the space of LP functions from (a,b) to X. Given
u € LP(a,b; X), we denote by @ € D'(a,b; X) its distributional derivative. The set of continuous functions
from [a,b] to X is denoted by C°([a,b]; X). Given a reflexive Banach space X, C9([a,b]; X) is the set of
weakly continuous functions from [a, b] to X, namely

CY([a,b]; X) := {u: [a,b] = X : t > (2’ , u(t)) xs is continuous from [a,b] to R for every =’ € X'}.

Let T be a positive real number and let @ C R? be a bounded open set with Lipschitz boundary. Let
Opf be a (possibly empty) Borel subset of 9§ and let dn{2 be its complement. Let us consider a family
{T'¢}eefo,r) of closed subsets of  such that:

(E1) t — T is increasing with respect to inclusion, namely I'; C T for every 0 < s < t < T, and

,Cd(FT) = O;

(E2) Korn’s inequality holds in Q \ I'r, namely there exists a constant Cx > 0 such that

||Vu||%2(Q\FT;]RdXd) S CK(HU’H%/?(Q\FT;]R‘{) + HeuHiQ(Q\FT;RdXd)) for every u € Hl(Q \ FT;Rd)7

sym

where Vu and eu := are, respectively, the gradient and the symmetrized gradient of u in
the sense of distributions D’(2 \ I'y; R?);
(E3) there exists a linear and continuous operator from H*(Q \ I'z; R?) into L?(02; RY), which coincides
with the usual trace operator when restricted to H!(£2;R9).
Thanks to (E1) the space L?(Q2\ I';) coincides with L?(Q) for every t € [0,T].
To simplify our exposition, for every m € N we set H := L2(;R™) and Hy := L?(OnQ;R™); we always
identify the dual of H by H itself and L2(0,T; L?(2)) by L?((0,T) x Q). For every t € [0, T] we define

Vii={ue L*(Q\T';RY) :ew € L2(Q\ Ty; REXD),

sym

YVu+Vul
2

Notice that in the definition of V; we are considering only the distributional gradient of v in Q \ T'; and not
the one in 2. The set V; is an Hilbert spaces with respect to the following norm

1
lullvi == (Jullf + lleullE)®  for every u € V;.

Since Korn’s inequality holds in © \ 'z, then V; coincides with the usual Sobolev space H*(Q\ I';;R%). In
particular, thanks to (E3) there exists a constant C' > 0 such that

ullve < Cllullmr@\ryrey for every u € Vr.
By combining this inequality with (E2), we derive the existence of a constant Cy,. > 0 such that
lullzy < Coullullvy, for every u € Vi, (2.1)
hence, for every t € [0,T] we can consider the set
VP :={ue€V; :u=0ondpQ},

which is an Hilbert space with respect to ||-||v,.
Let C,B: R4Xd — RIXd he two fourth order symmetric tensors satisfying:

sym sym
Cijni, Bijne € L>(Q) for every 4,j5,h,k=1,....d, (2.2)
C(z)n-n>Mn®, B(x)n-n> Aafn|? for ae. x € Q and for every 7, € ngxn‘f, (2.3)

for two positive constants A1, A2. Consider a function ¥: (0,7) x Q — R satisfying
U e L®(0,T)xQ), V¥ecL®(0,T)x Q;RY). (2.4)

Given f € L?(0,T;H), w € H*(0,T; H) N H'(0,T;Vy), g € HY(0,T; Hy), u® € Vy with «® — w(0) € VP,
and u! € H, we want to find a solution to the viscoelastic dynamic system

ii(t) — div(Ceu(t)) — div(¥2(t)Beu(t)) = f(t) in Q\ Ty, t € (0,T), (2.5)
satisfying the following boundary and initial conditions
u(t) = w(t) on 0pQ, t € (0,7), (2.6)

(Ceu(t) + T2 (t)Beu(t))v = g(t) on IxQ, t € (0,T),
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(Ceu(t) + U2 (t)Beu(t))v = 0 only, te€(0,T), (2.8)
u(0) =u®, 0(0) =u'. (2.9)

As usual, the Neumann boundary conditions are only formal, and their meaning will be specified in Defini-
tion 2.4.

Throughout the paper we always assume that the family {I'; };c[0,) satisfies (E1)-(E3), as well as C, B,
U, f, w, g, u%, and u' the previous hypotheses. Let us define the following functional spaces:

V:={pe L?0,T;Vy): p € L*(0,T; H), p(t) € V, for a.e. t € (0,T)},
VP = {peV:pt) e VP forae. te(0,T)},
W:={uecV:Viuc L*0,T;Vr), ¥(t)u(t) € V; for ae. t € (0,T)}.

Remark 2.1. In the classical viscoelastic case, namely when ¥ is identically equal to 1, the solution u to
system (2.5) has derivative u(t) € V; for a.e. t € (0,T) with eu € L?(0,T; H). For a generic ¥ we expect to
have Weu € L?(0,T; H). Therefore W is the natural setting where looking for a solution to (2.5). Indeed,
from a distributional point of view we have

U(t)eu(t) = e(P(t)u(t) — VU(t) @ a(t) in D'(Q\ ;R for ae. t € (0,7),
and e(Vu), V¥ @ u € L*(0,T; H) if u € W, thanks to (2.4).

Remark 2.2. The set W coincides with the space of functions v € H'(0,T; H) such that u(t) € V; and
U(t)u(t) € Vi for a.e. t € (0,T), and satisfying

/O w3, + 1T @)alt)|3, dt < . (2.10)

This is a consequence of the strong measurability of the maps ¢ — u(t) and ¢ — ¥(¢)u(t) from (0,7) into
Vr, which gives that (2.10) is well defined and u, U1t € L2(0,T; Vr). To prove the strong measurability of
these two maps, it is enough to observe that ¢ — W(t)u(t) is weakly measurable from (0,T) into L?(£2;R9)
and with image essentially separable. Moreover, the map ¢ — e(¥(¢)4(t)) is weakly measurable from (0,7)
into L2(;R%*4) since for every ¢ € C°(Q\ I'r; REX?) the map

sym sym

t— e(U(t, x)u(t,x))e(x)de = —/ U(t,z)u(t,z) © Vo(x)dz
O\I'r Q\I'r

is measurable from (0,7) into R, and C2°(Q \ T'r; R4X%) is dense in L2(Q; R%X4).

sym sym

Lemma 2.3. The spaces V and W are Hilbert spaces with respect to the following norms:

lellv := llellLzo1ve) + 1@l L20,1:m)  for every p €V,
lullw == llully + |l r20,7;v5)  for every u € W.

Moreover, VP is a closed subspace of V.

Proof. 1t is clear that ||-||y and |||y are norms on V and W induced by scalar products. We just have to
check the completeness of such spaces with respect to these norms.

Let (vr)r € V be a Cauchy sequence. Then, (¢r)r and (@), are Cauchy sequences, respectively, in
L?(0,T;Vr) and L?(0,T; H), which are completed Hilbert spaces. Thus there exists ¢ € L(0,T; V) with
¢ € L?(0,T; H) such that ¢, — ¢ in L2(0,T;Vy) and ¢ — ¢ in L2(0,T; H). In particular there exists a
subsequence (¢, ); such that oy, (t) — ¢(t) in Vr for a.e. t € (0,7). Since oy, (t) € V; for a.e. t € (0,T) we
deduce that ¢(t) € V, for a.e. t € (0,T). Hence p € V and ¢, — ¢ in V. With a similar argument, we can
prove that VP C V is a closed subspace.

Let us now consider a Cauchy sequence (ug), € W. We have that (ug ) and (V1) are Cauchy sequences,
respectively, in V and L?(0,T;Vr), which are completed Hilbert spaces. Thus there exist u € V and
z € L?(0,T;Vr) such that up, — u in V and Wi, — 2 in L%(0,T;Vz). Since 1y, — @ in L2(0,T; H) and
U e L>=((0,T) x Q), we also have that W, — Wi in L2(0,7T; H), which gives that 2 = ¥4, Finally let
us prove that W(t)u(t) € V; for a.e. t € (0,7). By the fact that Wiy, — Wi in L2(0,T; Vr), there exists a
subsequence (Wi, ); such that W(t)ug, (t) — W(t)u(t) in Vr for a.e. t € (0,T). Since W(t)iy,(t) € V; for ae.
t € (0,T) we deduce that (t)u(t) € V; for a.e. t € (0,T). Hence u € W and uy — v in W. O
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We are now in position to define a weak solution to (2.5)—(2.8).

Definition 2.4 (Weak solution). We say that u € W is a weak solution to system (2.5) with boundary
conditions (2.6)(2.8) if u —w € VP and

T T T
~ [ @0 dt+ [ (Ceute),eo®)mdt+ | Be(ue)in), vieep() di
OT 0 . 0 . (2.11)
-—/ mku>@uuxwuxww»Hdw=/“uw»wa»Hdr+/ (9(6), o(t) 1y dt
0 0 0

for every ¢ € VP such that ¢(0) = ¢(T) = 0.

Notice that the Neumann boundary conditions (2.7) and (2.8) can be obtained from (2.11), by using
integration by parts in space, only when w(t) and T'(¢) are sufficiently regular.

Remark 2.5. If % is regular enough (for example @ € L2(0,T; V) with u(t) € V; for a.e. t € (0,T)), then we
have Vet = e(¥4) — V¥ © 4. Therefore (2.11) is coherent with the strong formulation (2.5). In particular,
for a function u € VW we can define

ei = e(Va) — VU @0 € L*(0,T; H), (2.12)

so that equation (2.11) can be rephrased as
T T T
— / (u(t), p(t))m dt + / (Ceu(t), ep(t)) g dt + / (BY(t)eu(t), U(t)ep(t))n dt
0 0 0
T T
= [ GO p0mat+ [ (oo pt)mn, ar
0 0

for every ¢ € VP such that ¢(0) = ¢(T) = 0.
Definition 2.6 (Initial conditions). We say that u € W satisfies the initial conditions (2.9) if

h
lim l/ (lu(t) = w°|I3, + [la(t) — u'||7) dt = 0. (2.13)
0

3. EXISTENCE

We now state our main existence result, whose proof will be given at the end of Section 4.

Theorem 3.1. There exists a weak solution u € W to (2.5)~(2.8) satisfying the initial conditions u(0) = u°

and u(0) = ut in the sense of (2.13). Moreover u € Cy,([0,T); Vr), @ € Cy([0,T); H) N HY(0,T;Vy), and

lim u(t) =u® in Vp, lim a(t) =u' in H.
t—0+t t—0t

To prove the existence of a weak solution to (2.5)—(2.8), we use a time discretization scheme in the same
spirit of [3]. Let us fix n € N and set

vk .= s In = 9(kTn), wa =w(kr,) fork=0,...,n,

1 kTp 1 kTp k _ k-1
fk ::/( f(s)ds, Wk ::h/( U(s)ds, dgF = In " 9n fork=1,...,n,

" h k—1)T, k—1)1p Tn
k _ k=1 ) k -4 k—1
sw? = w(0), Swk = M, S2wk = Mn 7 %%n _ for k= 1,...,n.
Tn Tn
For every k =1,...,n let uf € Vp, with uf —wk € V¥ be the solution to
(6%uf, ) + (Ceuk ev) g + (BUFedur  WEev)y = (5, v)m + (95, v)uy  for every v € VF, (3.1)
where
k k—1

k k—1
—u our — ou

n fork=0,...,n, &%uf.=—" ~—"n
Tn Tn

fork=1,...,n.
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The existence of a unique solution u* to (3.1) is an easy application of Lax-Milgram’s theorem.

Remark 3.2. Since dul € Vij_1)r,, then Ureduk = e(Whuk) — VUE © uf, so that the discrete equation
(3.1) is coherent with the weak formulation given in (2.11).

In the next lemma we show a uniform estimate for the family {u*}7_, with respect to n € N that will be
used later to pass to the limit in the discrete equation (3.1).

Lemma 3.3. There exists a constant C' > 0, independent of n € N, such that

 fnax ||5un|\H + X lleut || —I—ZTnH\Iﬂ edul |3 < C. (3.2)
=1

Proof. We fix n € N. To simplify the notation we set

a(u,v) := (Ceu,ev) s, bE(u,v) = (BUreu, Wrev)y for every u,v € V.
By taking as test function v = 7, (duf — dwk) € V¥ in (3.1), for k = 1,...,n we obtain

G |17 — (Gup ™, 0w ) + alugy, uyy) — alup, uy™t) + 7b(duyy, duyy) = 7 Ly,
where

= (f 0up, — dwp)m + (g, Sy, — Swp)my + (8%us,, 6wp) i + aluy, dwy) + by (Suy, Swy,).
Thanks to the following identities
k|2 k-1 s k Locenz Lysnotpe | Tanse kpe
100k 13, — u ™, Gl )i = 316k 13, — 5 15wl I+ T2 0%,

Lo k-1 k1 i ko5 k
ia(un y Uy ) + ?a(Sun,éun),
and by omitting the terms with 72, which are non negative, we derive

1
alub, ub) — a(uh, ub™) = Sa(uluh) -

1 1 1 1
Sounlr = Slloun™ 5 + Salun, un) = Salun™ up™) + Tbn (Guy, dun) < 7Ly,

2 2
We fix i € {1,...,n} and sum over k = 1,...,i to obtain the following discrete energy inequality
1 i
f||(5 N+ a ul ul) + ZTnbk Suk suk) < & + ZTnLﬁ, (3.3)
where & = 1||ul||% + 3(Ceu®,eu’)y. Let us now estimate the right-hand side in (3.3) from above. By
(2.1) and (2.2) we have
i 1 1
ZTn( no Ot = Swi)m | < 1 F 220, + 510l Z2 0,5 + 5 > alldug iz, (3.4)
k=1 k=1
< [Clles . ||<C||oo

ZTn a(uy, Swy)| < T”wHQL?(O,T;H) +— Z Talleul %, (3.5)

ZTn(gna Wy)Hy | < 2||9||L2(0,T;HN) + ||wHL2(OTV0) (3.6)

k=1

For the other term involving g*, we perform the following discrete integration by parts

ZTR<9576UZ)HN = (QZ»U;)HN - (9(0)7UO)HN - ZTn((ngmuﬁ_l)HN' (37)
k=1 k=1

Hence for every e € (0,1), by using (2.1) and Young’s inequality, we get

i
> Talgn Sus)my | <
k=1

1 . _
< §||ul I3y + ZHQHQLW(O,T;HN) + g O 6y + > Tl 6gh e lul ™ 7y
k=1

- (3.8)

tr

§C€+ fL”%/T’

K
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where C. is a positive constant depending on e. Thanks to Jensen’s inequality we can write

2
[ I3 < (Iuo||H+ZTn5u IIH> + [leu 1% < 2I|u°||H+2TZTnII5u 17 + llewr 13,
j=1 j=1

so that (3.8) can be further estimated as

i
> (g Oup) b
k=1

for some positive constants C. and C, with C, depending on e. Similarly to (3.7), we can say

cC2 R , ,
< Cet = llewr iy + C 37 (10w 1 + llews 1) (3.9)
k=1

ZTn (8%uk, = (0ul,, 6w’ ) g — (0ul, 6w?) i ZTn k=1 52wk g, (3.10)

from which we deduce that for every ¢ > 0

Z T 62uk 5w

1 ; € ; . : _
glléwZIIfq + g\léu;H% + b (0) |l + > mlldul™ | a|16%wh || o
k=1

. (3.11)
_ € i 1 o
<Cot SIoub % + 5 D mallouk 3,

where C, is a positive constant depending on e. We estimate from above the last term in right-hand side of
(3.3) in the following way

> rabk (Gul, dwl) <3 7 (0 (0uk, 6ub))? (b (wk, dwk))*
- - (3.12)
1< 1 )
<3 ZTnbfL(fsuﬁa Sup) + 5HBHoo||‘1’||§o||wH%2(o,T;vo)-

By considering (3.3)—(3.12) and using (2.3) we obtain

1—ce¢ ; A\ —€CE 1¢ , A .
(55 o 3+ 2 e 3+ S mabl Gk, b0k < ot €3 7 (I + lleu )
k=1

for two positive constants C. and C’, with C, depending on €. We can now choose € < %min {1, é‘; } to

derive the following estimate

1, 1, ., 1< !
Aol + JllewnlF + 5 Y mbly (Guy, ) < Crt Co Yy aw (8upllFy + llewsr 1) (3.13)
k=1 k=1

where O] and Cy are two positive constants depending only on u°, u', f, g, and w. Thanks to a discrete
version of Gronwall’s lemma (see, e.g., [1, Lemma 3.2.4]) we deduce the existence of a constant Cs > 0,
independent of ¢ and n, such that

|6ul || i + |levt, ||z < C3  for every i = 1,...,n and for every n € N.

By combining this last estimate with (3.13) and (2.3) we finally get (3.2) and we conclude. O

We now want to pass to the limit into the discrete equation (3.1) to obtain a weak solution to (2.5)—(2.8).
We start by defining the following approximating sequences of our limit solution

Un(t) := ul + (t — k7,)0uk, T (1) := Oul + (t — k7,)0%uk te[(k—Drmn,km], k=1,...,n,
ul(t) == uk, at(t) := oul te((k—Dr, k], k=1,...,n,
uy, (t) == ul™1 iy, (t) := oul™! telk—Drn, k), k=1,...,n

(%

u
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Notice that u,, € H*(0,T; H) with w,(t) = uf = @} (t) for t € ((k — 1)7,,k7,) and k = 1,...,n. Let us
approximate ¥ and w by

UH(t) := TF, wh(t) == wk te((k—1mu, k), k=1,...,n
U (t) := Wkt w (t) == wh1 te[(k— )7, krn), k=1,...,n
Lemma 3.4. There exists a function w € W, with v —w € VP, such that, up to a not relabeled subsequence
. HY(0,T:H) u, L2(0,TVr) - L*(0,T;H) , (3.14)
n—00 n— 00 n—00
vt oatr L0 gy o, e(Ear) L0 gy, (3.15)
n—oo

Proof. Thanks to Lemma 3.3 the sequences {u, }, € H'(0,T; H)NL>(0,T;Vz), {ur}, € L>(0,T;Vr), and
{@F}, € L>(0,T; H) are uniformly bounded. By Banach-Alaoglu’s theorem there exist v € H'(0,T; H)
and v € L?(0,T; V) such that, up to a not relabeled subsequence

L?*(0,T;Vr) . L*0,T;H) . + L*(0,7;Vr)
n U, Uy ————— U, U, —————V
n—oo n—oo n— oo

Since there exists a constant C' > 0 such that

| — w;t || Lo 0,750) < CTyp —— 0,
n— o0

we can conclude that u = v. Moreover, given that u;, (t) = u} (t — 7,) for t € (15, T), @} (t) = 1, (t) for a.e.
€ (0,7), and @, (t) =@}t (t — 1) for ¢ € (1,,,T), we deduce

_ L*(0,T;Vr) _4 L*(0,T;H) .
n U, U, —U.
n— oo n— o0

By (3.2) we derive that the sequences {e(¥;}a)}, € L*(0,T; H) and {V¥} ® 4}, C L?(0,T; H) are
uniformly bounded. Indeed there exists a constant C' > 0 independent of n such that

kT n
99 0 5 = [ 19950 00l e < [9WIL Yokl <
Tn k=1
kTn
e e = 3= [ I = 3 mlwhedn + 9 0

k=1

< 2ZTnH\Pk€5un||H —i-QZTnHV\I/k o ouk|% < C.
k=1 k=1

Therefore, there exists wy,ws € L2(0,T; H) such that, up to a further not relabeled subsequence

L?(0,T;H - L%(0,T;H
VA'ANORTAS EACEEDN wy, e(Urat) LOTH), L,
n—oo n—oo

We want to identify the limit functions w; and wy. Consider ¢ € L?(0,T; H), then
T

T T T
=~ 1 -~ 1 -~ -~ sym
[ vutoaoma=; [arevehpdie g [ @t Vead= [ @hermveade
0 0 0 0

L?(0,T;H)
T

¥V V¥ by dominate convergence

T . L2(0,T;H)
where @*¥™ := £X2_ Since @ % and @YV

2 n—oo
theorem, we obtain

T T T
/ (VU 0ur, o)pdt —— [ (4, ™" V¥)p dt = / (VO O a,p)y dt,
0 0

n—oo 0

and so w; = V¥ ® 4. Moreover for ¢ € L?(0,T; H) we have

T T T T
S SOTI . _ .
/0 (Vo iy, ) u /0 (U, W, ) dt — /0 (4, ¥op) g dt = /0 (W, ¢) g dt
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2 .
thanks to @, LOTH), u and \II+¢ O.TH) VU@, again implied by dominated convergence theorem.
n—oo
Therefore WM a, LCEEDN U1, from which e(\Il+u+) EACEALIN e(¥4), that gives wy = e(¥u). In particular
n—oo

we have Wi € L2(0,T; Vr). By arguing in a similar way we also obtain
2 . 2 .
v iy —OED Gy o, e(y i) et

n ’ﬂ)

e(Ta).

n—oo

Let us check that u € W. To this aim let us consider the following set
E={veL*0,T;Vy):v(t) € V; for ae. t € (0,T)} C L*(0,T; V7).

We have that E is a (strong) closed convex subset of L?(0,T; Vr), and so by Hahn-Banach’s theorem the set
E is weakly closed. Notice that {u;, },,{¥ @, }, C E, indeed

u, (t) =ub~! e Vik—1)r, Vi forte[(k— 1)1, kmn), k=1,...,n
T, ()i, (t) = U tsul "t e Vip_1y,, CV; forte [(k— 1), k7)), k=1,....n

L*(0,T;Vr) L?(0,T;Vr)
—_— N —_— N

Since u,, v and U u,

n—oo n—roo

W, we conclude that u, U4 € E. Finally, to show that
u—w € VP we observe

u, (t) —w, (1) =ul™t —wh eVt VP forte k-1, k), k=1,....n
Therefore {u;, —w;, }, C {v € L2(0,T;Vr) : v(t) € V,;P for a.e. t € (0,T)}, which is a (strong) closed convex

2 . 2 .

subset of L2(0,T;Vr), and so it is weakly closed. Since u,; LTV, uw and w,, M w, we get that
n— oo n—oo

u(t) —w(t) € VP for a.e. t € (0,T), which implies u — w € V. O

We now use Lemma 3.4 to pass to the limit in the discrete equation (3.1).
Lemma 3.5. The limit function w € W of Lemma 3.4 is a weak solution to (2.5)—(2.8).

Proof. We only need to prove that u € W satisfies (2.11). We fix n € N, ¢ € CL(0,T;Vr) such that
@(t) € V;P for every t € (0,T), and we consider

ok — okl
oF = o(kr,) fork=0,...,n, 0o =" L fork=1,...,n,
and the approximating sequences
o (t) = oy, g (t) = ogp, te (k=17 kr), k=1,...,n.

If we use 7,¢F € V¥ as test function in (3.1), after summing over k = 1, ...,n, we get

n
ZTn (0%uy, ©5) H+ZTn Ceul  epl) H+Z7'n (BUEedul, Wkeph) H—ZTn nsU H+ZT” ar ) Ey -

k=1 k=1 k=1 k=1
(3.16)
By these identities
n T
Zm (o) == SOl bk) = = [ (0. @ e)m at
k=1
from (3.16) we deduce
T T T
—/ (ﬂ;,@j{)Hdt—l—/ ((Ceu;f,ego:{)Hdt—/ BYYF O, epl) g dt+
0 0 0
T T T
+ [ @ewia. conudi= [ (eDudes [ @heDmdt @D
0 0 0

Thanks to (3.14), (3.15), and the following convergences

L?(0,T;Vr) . L2(0,T;H) . L? (o T;H) L?(0,T;Hy)
+ + + +
o — 0 Py —————p, [ —— [ g ———9,
n—oo n—oo n—oo
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we can pass to the limit in (3.17), and we get that u € W satisfies (2.11) for every p € C1(0,T; Vr) such
that ¢(t) € V,P for every t € (0,T). Finally, by using a density argument (see [8, Remark 2.9]), we conclude
that u € W is a weak solution to (2.5)—(2.8). O

4. INITIAL CONDITIONS AND ENERGY—DISSIPATION INEQUALITY

To complete our existence result, it remains to prove that the function u € W given by Lemma 3.5 satisfies
the initial conditions (2.9) in the sense of (2.13). Let us start by showing that the second distributional
derivative i belongs to L2(0,T; (VP)'). If we consider the discrete equation (3.1), for every v € V° C V¥,
with ||v||lv, <1, we have

k k k k k k k
(8%, 0)a] <ICllocllewgllmr + [BloollVnlloo[Wnedugllm + 1£3 11 + Crrllgn -

Therefore, taking the supremum over v € Vi with [[v||y, < 1, we obtain the existence of a positive constant
C such that

k k k k k k
162wy 17,0y < Cllleunr + 11975 edunll3 + 1F3 17 + lgnlzry)-

If we multiply this inequality by 7,, and we sum over kK =1,...,n, we get
n n n
ZTnH‘SQUﬁH?VOD)/ <C (Z Tolleup |3 + ZTnH‘I’fbe(S“fLH%{ + 11220, + ||g||2L?(07T;HN)> . (4.1)
k=1 k=1 k=1

Thanks to (4.1) and Lemma 3.3 we conclude that S7_; 7,,[|6%uk[|2, < C for every n € N for a positive
~ 0

constant C independent on n € N. In particular the sequence {i, }, € H'(0,T; (V?)’) is uniformly bounded

(notice that i, (t) = 6%uk for t € ((k — 1)7,,k7,) and k = 1,...,n). Hence, up to extract a further (not

relabeled) subsequence from the one of Lemma 3.4, we get

1 . D/
g, 2 OTW ), (4.2)

n—oo

and by using the following estimate

i = @120, 7:0vpy) < Tallinll 2.y < COTn 7522 0

we conclude that wz = .
Let us recall the following result, whose proof can be found for example in [9].

Lemma 4.1. Let X,Y be two reflexive Banach spaces such that X — Y continuously. Then
L®(0,T; X)NC°([0,T];Y) € C2([0,T); X).
Since H(0,T; (VP)") < C°([0,T], (V{L)'), by using Lemmas 3.4 and 4.1 we get that our weak solution
u € W satisfies
u€ Cy((0.T1: V), e Cu((0,T1: H), i€ L*(0,T5 (V).
By (3.14) and (4.2) we hence obtain

H ~ (VOD)/ .
U (t) — u(t), Un(t) — u(t) for every t € [0,T], (4.3)

so that u(0) = u° and 4(0) = u', since u,(0) = u° and @, (0) = u'.
To prove that

1 .
hmA(W@—w&+Mw—w%Nhﬂ

we will actually show
lim u(t) =u® in Vp, lim a(t) = ' in H.
t—0+ t—0+
This is a consequence of following energy—dissipation inequality which holds for the weak solution w € W of

Lemma 3.5. Let us define the total energy as
1,. 1
E(t) = 3t + 5 (Ceu(t), eult)) € [0,T].

Notice that £(t) is well defined for every t € [0, 7] since u € C9([0,T]; Vr) and @ € C2([0,T); H), and that
£(0) = zllat 7 + 3(Ceu’, eu®) .
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Theorem 4.2. The weak solution uw € W to (2.5)—(2.8), given by Lemma 3.5, satisfies for every t € [0,T)
the following energy—dissipation inequality

E(t) + /0 t(IB%\Ileu, Tei) g ds < E(0) + Wiot (1), (4.4)

where et is the function defined in (2.12) and Wit (t) is the total work at time t € [0, T], which is given by

Wiot(t) : = /o [(f,0—w)g + (Ceu,ew) g + BVet, Vew)yg — (4, W)y — (§,u — w)pgy]ds

+ (), w(t) i+ (9(t), u(t) = wt) ry — (ul,w(0)rr — (9(0),u’ — w(0))pry-

Remark 4.3. The right-hand side of (4.4) is well defined for every t € [0,7], since g € C°([0,T]; Hy),
w e CYU[0,T); H), u e CL0,T]; Vr), and @ € CO([0,T]; H). In particular, it is a continuous function of the
time variable ¢ € [0, 7.

Proof. Fixed t € (0,71, for every n € N there exists a unique j € {1,...,n} such that t € ((j — 1)7,, j7x].
After setting t,, := j7,, we can rewrite (3.3) as

1 tn
§Hﬁi(t)||?q + %(Ceurf(t% eu, (t))m + / (B e, Utew )y ds < E£(0) + Wi(t), (4.5)
0

where

Thanks to (3.2), we have
lun(t) = wf (Ol = ud, + (t = jra)0ul, — | < Tlldu) |l < CT —— 0,
n— oo
ne) — a5 ()1 = 100, + (¢ — )02, — S| < 7252 1s < Cmp — 0.

The last convergences and (4.3) imply

+ H ~4 (VOD)/ .
0 e, are U ),
and since |lu} (t)||v, + ||@t (¢)]|g < C for every n € N, we get
+ Vr ~ 4 H .
u, (t) — u(t), . (t) — a(t). (4.6)

By the lower semicontinuity properties of v — |v]|% and v +— (Cev, ev)y, we conclude
()17 < i inf [|a; (£)][7, (4.7)
(Ceu(t), eu(t))y < liminf(Ceu) (t),eut (). (4.8)
n—00

Thanks to Lemma 3.4 and (2.12), we obtain

2 .
Utedr = e(Utat) — vt oar 2T o(wh) - VO 0 0 = De,

n—oo

so that

n—oQ n—oo

t t tn
/ (BWedu, Vetr) g ds < lim inf/ (BY; et , Uleul)yds < lim inf/ (B ewt, Ulreal)gds,  (4.9)
0 0 0

since t < t, and v — fOt(IBBU,v)H ds is a non negative quadratic form on L?(0,7; H). Let us study the
right-hand side of (4.5). Given that we have

L?%(0,T;H) L?(0,T;H)
+ 1Ly ~+ ~+ 'Ly . .
X[07tn]fn —>n_>oo X[O,t]f7 Uy — W, — U — W,

n—oo
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we can deduce

tn t
/ (FF 0t — i g ds —— | (f,4— )y ds. (4.10)
0 n—oo 0
In a similar way, we can prove
tn t
/ (Ceu),ew,) )y ds —— [ (Ceu,e)y ds, (4.11)
0 n—oo 0
tn t
/ BY et , Urewt)yds —— [ (BUet, Vew)y ds, (4.12)
0 n—oo 0
since the following convergences hold
2 . 2 .
X[0.4,1€tn iﬂ’i X0, Ceut LOTH, gy,
n—oo
2 .
X[O,t,,]\:[/-’_ew L?(0,T;H) Xo. t]\I/ew \Il+eﬂ;t L?(0,T;H) Tet,
) n—oo

It remains to study the behav1our as n — oo of the terms

tn tn
/ (ﬂ/naw:)H dS, / (g:aﬂ: _’LD:)HN ds.
0 0

Thanks to formula (3.10) we have

/ @) ds = (@ (1), W (8) g — (u,0(0)) 1 — / (i i) ds.
0 0

By arguing as before we hence deduce

/ n(ﬂn,zb,f)H ds —— (W(t),w(t)) g — (u',w(0)) g —/ (t, W, ) g ds, (4.13)
0 0

thanks to (4.6) and by these convergences
- L2(0,T;H) __ L*(0,T;H)

X[Otn]wn'——_)X[Ot]w Up — —— )

5 — b = kum) —w((j ~ D) “’(”H _

I o,

]{m’ (i(s) — i (t)) ds

=7

JTn
S][ [o(s) =@ (t)]|r ds —— 0.
( n oo

J=1)Tn
Notice that in the last convergence we used the continuity of w from [0,7] in H. Similarly we have

/ (gt — 6 )y ds = (g (8), uE (1) — wF (1) my — (9(0), 6 — w(0))pry — / (G — wy )y ds
0 0

so that we get

/O "o @ — 5 )y ds —— (g(8),u(t) — w(t)) iy — (9(0), u —w(0)y — / (40— w)iy ds (4.14)

n—oo

thanks to (4.6), the continuity of s — g¢(s) in Hy, and the fact that

L*(0,T;Hn) _ _ L2(0,T;Hy)
X[0,tn]9n 4>X[o 95 Uy =Wy ————U—W.
n—o0 n—00

By combining (4.7)—(4.14), we deduce the energy—dissipation inequality (4.4) for every t € (0,7]. Finally,

for t = 0 the inequality trivially holds since w(0) = u° and @(0) = u!. O

‘We now are in position to prove the validity of the initial conditions.

Lemma 4.4. The weak solution u € W to (2.5)—(2.8) of Lemma 3.5 satisfies

lim w(t) =u® in Vp, lim a(t) = u' in H. (4.15)
t—0+ t—0t

In particular w satisfies the initial conditions (2.9) in the sense (2.13).
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Proof. By sending t — 07 into the energy—dissipation inequality (4.4) and using that u € C9 ([0, T]; V) and
€ CO([0,T]; H) we deduce
£(0) < liminf £(¢) < limsup £(¢) < £(0),

t—0t t—0+

since the right-hand side of (4.4) is continuous in ¢, u(0) = u°, and 7(0) = u!. Therefore there exists

lim,_,o+ £(t) = £(0). By using the lower semicontinuity of ¢ — ||i(t)||%; and t — (Ceu(t), eu(t)) s, we derive
lim [[a(t)]|F = lu'F,  lim (Ceu(t), eu(t)n = (Ceu’, eu’)p.
t—0+ t—0+t

Finally, since we have

. H 1 H 0
t) —— t) ——
u( ) t—0t+ “ eu( ) t—0t+ c
we deduce (4.15). In particular the functions w: [0,7] — Vp and u: [0,7] — H are continuous at ¢t = 0,
which implies (2.13). O

We can finally prove Theorem 3.1.
Proof of Theorem 3.1. It is enough to combine Lemmas 3.5 and 4.4. ]

Remark 4.5. We have proved Theorem 3.1 in the usual viscoelastic case, namely when the displacement
of the deformation is a vector valued function. Obviously, this result is true with the same proof in the
antiplane case, that is when the displacement u is a scalar function and in (2.5) we substitute eu with Vu.
In particular, in this situation we do not need to require (E2).

5. UNIQUENESS

In this section we investigate the uniqueness properties of system (2.5) with boundary and initial conditions
(2.6)~(2.9). To this aim, we need to assume stronger regularity assumptions on the crack sets {I't}+cjo,1
and on the function W. Moreover, we have to restrict our problem to the dimensional case d = 2, since in
our proof we need to construct a suitable family of diffeomorphisms which maps the time—dependent crack
I'; into a fixed set, and this can be explicitly done only for d = 2 (see [7, Example 1.14]).

We proceed in two steps; first, in Lemma 5.2 we prove a uniqueness result in every dimension d, but
when the cracks are not increasing, that is I'r = I'y. Next, in Theorem 5.3 we combine Lemma 5.2 with the
uniqueness theorem of [8] and the finite speed propagation lemma of [5] to derive the uniqueness of a weak
solution to (2.5)—(2.9) in the case d = 2.

Let us start with the following lemma, whose proof is similar to that one of [8, Proposition 2.10].

Lemma 5.1. Let u € W be a weak solution to (2.5)—(2.8) satisfying the initial condition u(0) = 0 in the
following sense

Then u satisfies
T T T
—/ (u(t),gb(t))Hdt—i—/ ((Ceu(t),ego(t))gdt—&—/ (B (t)eu(t), ¥(t)ep(t))n dt
0 0 0
= [ G@ptinude+ [ (60,0
0 0

for every ¢ € VP such that p(T) = 0, where et is the function defined in (2.12).
Proof. We fix ¢ € VP with o(T) = 0 and for every € > 0 we define the following function

o) telo,d,
pet) = {(p(t) te e, T).

We have that ¢. € VP and ¢.(0) = ¢.(T) = 0, so we can use @, as test function in (2.11). By proceeding
as in [8, Proposition 2.10] we obtain
T

lim [ (a(t), pe(t)m dt = / (at), $(t))  dt,

e—0t 0
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T T
lirél+ (Ceu(t), epc(t)) dt:/ (Ceu(t), ep(t)) pr dt,
€E—> 0 0
T T
tin [ (0 et = [ (70 el
€E—> 0 0

It remains to consider the terms involving B and g. We have

T € t T
/0 (BY(t)eu(t), U(t)epe(t))n dt:/o (IB%\I/(t)eu(t),E\Il(t)ego(t))Hdt—&—/ (BY(t)eu(t), U (t)ep(t))y dt,

T € T
/ (9(8), e(t)) a1yt = / (9(8), Lo () dt + / (9(8), (1)) 1y .
0 0 €

€

hence by the dominated convergence theorem we get
T T
/ (BY(t)eu(t), ¥ (t)ep(t))y dt —— (BY(t)eu(t), U (t)ep(t))q dt,

e—0t 0

| Bueio. Suweet)n ] < Bl ¥ [ 19OOnleolnd——o,
T T
[ atrem dt — [ (ot0) oty

e—0t 0

/0 (90), L)y dt

€

< / 19 e [0 ()l 1y dE — 0.
0 €—>0+

By combining together all the previous convergences we get the thesis. ]

We now state the uniqueness result in the case of a fixed domain, that is I'r = I'g. We follow the same
ideas of [12], and we need to assume

W e Lip([0,T] x ), V¥ e L®((0,T) x ;RY), (5.1)
while on I'g we do not require any further hypotheses.

Lemma 5.2 (Uniqueness in a fixed domain). Assume (5.1) and 'y = Tg. Then the viscoelastic dynamic
system (2.5) with boundary and initial conditions (2.6)—(2.9) (the latter in the sense of (2.13)) has a unique
weak solution.

Proof. Let ui,us € W be two weak solutions to (2.5)—(2.8) with initial conditions (2.9). The function
u 1= u] — Uy satisfies

e 2 NP
7 o, + i) ) a0 (52)
hence by Lemma 5.1 it solves
T T T
~ [ G ennact [ Coutt)ep@mar+ [ @O vOma=0 (63
0 0 0
for every ¢ € VP such that ¢(T') = 0. We fix s € (0, 7] and consider the function

. —f: u(r)dr teo,s],
pall) = {0 tesT.

Since @5 € VP and ¢4 (T) = 0, we can use it as test function in (5.3) to obtain
—/ (w(t), uw(t)) g dt + / (Ceps(t), eps(t))m dt + / (BY(t)eu(t), ¥(t)eps(t)) g dt = 0.
0 0 0
In particular we deduce
1 [/%d 9 1 [/%d s )
—5 [ Fllu®llgdt+5 [ —(Ceps(t),eps()mdt + | (BY(t)ei(t), U(t)eps(t))m dt =0,
2 J, dt 2/, dt 0

which implies .
SN + 5(Cepn(). o0 = [ BU@ei(t), D(O)eps(0)) . (54)
0
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since u(0) = 0 = @4(s). From the distributional point of view the following equality holds

d .
a(‘l’eu) = Weu + Veu € L?(0,T; H), (5.5)

indeed, for all v € C¢°(0,T; H) we have
| Ge@ent). v®)mde = [ @00, 50), de =~ [ e@u) - T80 © u(0). o0) &
0 0 0
T T
/O (e(\if(t)u(t))+e(qf(t)u(t)),u(t))Hdt/0 (V) ©u(t) + V() ©a(t),v(t)) g dt
T . T
:/ (U ()eu(t), v(t)m dt+/ (T (D)ei(t), v(t)) dt.
0 0

In particular Weu € H'(0,T; H) C C°([0,T], H), so that by (5.2)

O = iy & [ el < pim t [juoia=o
which yields ¥(0)eu(0) = 0. Thanks to (5.5) and to property Yu € H(0,T; H), we deduce
% (BYeu, Vep,),; = (BYeu, Vepy) g + (BUei, Vepy) i + (BYeu, Yep,) g + (BPeu, Veps)
= 2(BPeu, \PegoS)H + (BPeu, Veps) g + (BPeu, Veps) ,
and by integrating on [0, s] we get

| Brei, e o) i
/ dt (Beut), W(epe ()i —2 [ BUO(t) WOhep ) dt ~ [ BP0, W)ep.0)

S

< /smmeu(t),w u(t))  di + / B (1) e (1), ¥ (1)ecp (1)) g dt / (BU(E)eipo (1), U(t)epa (1)) dt

0 0
< Bl ¥ / lega (Ol dt,

since eps(s) = 0 = ¥(0)eu(0) and eps = eu in (0,s). By combining the previous inequality with (5.4) and
using the coercivity of the tensor C, we derive

FleadOlfs < 5(Cer0). o) + gl < Bl IF [ leelfiar 69
so that .
legs )% < C / lews (1) 12 dt,
where C' = )\%||]B%||OOH\IIH2 Now let us set £(t) fo 7)dr, then
lewsO)I% = le€)Z,  Neps®I3 = llet() — e€(s)I% < 2le€(®)I% + 2llet ()3,

from which we deduce s
lle€(s)l17 < 20/ lle€ ()17 At + 2Cs]|e€(s)||7-

Therefore, if we consider sg := for all s < sy we obtain

4C’

1 S

slec@)z < (1 —2Cs)les(s) 7 < 20/ le€ ()17 dt.
0

By Gronwall’s lemma the last inequality implies e£(s) = 0 for all s < sg, so that eps(s) = 0 for all s < sq.
Hence, thanks to (5.6) we get |[u(s)||% < 0 for all s < sg, which yields u(s) = 0 for all s < sg. Since sg
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depends only on C, B, and ¥, we can repeat this argument starting from sg, and with a finite number of
step we obtain u = 0 on [0, 7. O

We now are in position to prove the uniqueness theorem in the case of a moving domain. We consider
the dimensional case d = 2, and we require the following assumptions:
(H1) there exists a C%! simple curve I' € Q C R2, parametrized by arc-length v: [0,¢] — €, such that
I'noQ =~(0) Uy(¢) and Q\ T is the union of two disjoint open sets with Lipschitz boundary;
(H2) there exists a non decreasing function s: [0,T] — (0,£) of class C*! such that T'y = ([0, s(t)]).
(H3) [$()|* < é‘l , where A; is the ellipticity constant of C and Cf is the constant that appears in Korn’s
inequality in (E2).
Notice that hypotheses (H1) and (H2) imply (E1)-(E3). We also assume that ¥ satisfies (5.1) and there
exists a constant € > 0 such that for every ¢ € [0, 7]

U(t,x) =0 foreveryx € {yeQ:ly—(s(t))| < e} (5.7)

Theorem 5.3. Assume d = 2 and (H1)-(H3), (5.1), and (5.7). Then the system (2.5) with boundary
conditions (2.6)—(2.8) has a unique weak solution u € W which satisfies u(0) = u® and u(0) = u' in the
sense of (2.13).

Proof. As before let uy,us € W be two weak solutions to (2.5)—(2.8) with initial conditions (2.9). Then
u = uy — uy satisfies (5.2) and (5.3) for every ¢ € VP such that p(T) = 0. Let us define

to :=sup{t € [0, 7] : u(s) = 0 for every s € [0, ]},

and assume by contradiction that tg < T. Consider first the case in which ¢tg > 0. By (H1), (H2), (5.1), and
(5.7) we can find two open sets Ay and Ag, with A} CC Ay CC , and a number § > 0 such that for every
t € [to — J,to + 6] we have (s(t)) € A1, U(t,z) = 0 for every & € Ay, and (Az \ A;) \ ' is the union of two
disjoint open sets with Lipschitz boundary. Let us define

Vii={ue H'((A42\ A)\Ty_5;RY) :u=0o0n 9A; UDAs}, H':= L*(Ay\ A;;RY).

Since every function in V! can be extended to a function in V __s» by classical results for linear hyperbolic
equations (se, e.g., [9]), we deduce i € L2(tg — 6, to +&; (V1)) and that u satisfies for a.e. t € (tg — 6,0+ 9)

(ii(t), @) 51y, + (Ceu(t), ed) g =0 for every ¢ € v

Moreover, we have u(ty) = 0 as element of H' and (ty) = 0 as element of (V') since u(t) = 0 in
[to — 6,t0), u € CO[to — 6,t0); H'), and @ € C°([0,T]; (V')'). We are now in position to apply the finite
speed propagation result of [5, Theorem 6.1]. This theorem ensures the existence of a third open set Ag, with
Ay CC Az CC As, such that, up to choose a smaller §, we have u(t) = 0 on dAj for every t € [tg,to + 9],
and both (2\ A3) \ T and A3 \ T are union of two disjoint open sets with Lipschitz boundary.

In Q\ A; the function u solves

to+90 to+90
/ / w(t,x) - o(t,z)dx dt +/ C(x)eu(t,x) - ep(t,z)dz dt
to Q\A3 to—9 Q\A:;
to+9d
/ / U(t, x)eu(t,z) - U(t, z)ep(t,z)dxdt =0
to—5 JQ\As

for every ¢ € L?(to — 6,to + &; V) N H'(to — 6,0 + &; H?) such that o(ty — 6) = @(to + &) = 0, where
V2i={ue HY((Q\ A43)\T,_5;RY) :u=00n 9pQUIAs}, H?:= L*(Q\ A3;R?).

Since u(t) = 0 on Ipl U A3 for every ¢ € [tg — 0,t9 + 0] and u(tg — §) = @(tp — J) = 0 in the sense of
(2.13) (recall that w = 0 in [tg — d,%9)), we can apply Lemma 5.2 to deduce u(t) = 0 in Q \ Az for every
t € [to — 6,0 + 0.

On the other hand in As, by setting

V3 i={ue H (A3 \T;RY) :uw=0o0n dAs}, H®:=L?(As;R?),
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we get that the function u solves
to+0

to+06
/ / (t,z) - o(t,z)dzdt + / C(z)eu(t,z) - ep(t,z)dzdt =0
to Az to—0 Az
for every o € L2(tg—6,to+5; VtO_HS)ﬁH1 (to—90,to+; H3) such that o(t) € f/f’ for a.e. t € (tg—0,t9+0) and
o(to — 0) = p(to + 6) = 0. Here we would like to apply the uniqueness result contained in [8, Theorem 4.3]
for the spaces {‘ZgB}tE[to—é,to-&-é] and H3, endowed with the usual norms, and for the bilinear form

a(u,v) = /A C(x)eu(x) - ev(r)dz for every u,v € Vt?]H.
3

As show in [7, Example 1.14] we can construct two maps ®, A € CHY([tg — §,tg + 6] x A3z;R?) such that for
every t € [0, 7] the function ®(¢,-): Az — Az is a diffeomorfisms of A3 in itself with inverse A(¢,-): A3 — Aj.
Moreover, ®(0,y) = y for every y € Az, ®(t,I N A3) = I'N Az and ®(¢t,Ty,_5 N A3) = Iy N Az for every
t € [to — d,to + d]. For every ¢ € [to — 0, t0 + 6], the maps (Quu)(y) == u(®(t,y)), u € V2 and y € As, and
(Rw)(x) := u(A(t,x)), v € V _s and x € As, provide a family of linear and continuous operators which
satisfies the assumptions (Ul) (U8) of [8, Theorem 4.3]. The last condition to check is (U5). Since the
bilinear form a satisfies the following ellipticity condition

At

a(u,u) > /\1||€u||L2(A3\Ft0+5,]RSym) Z A C

||uH e )\1||u|\i~[3 for every u € 1/,5?,+5, (5.8)

where Ck is the constant in Korn’s inequality in Vt0 15> hamely

||VUH2L2(A3\FtO+5;]Rd><d) < CK(||U||%2(A3\F,O+5;R4) + ||eu||iQ(A3\FtO+67Rd><d ) for every u € Vt?é+57

by’NL)
we have to show the property
. A _
|D(t,y)|? < é—l for every t € [to — 0,10 + 0] and y € As.
K
This is ensured by (H3). Indeed, since [$(¢)|* < é‘l we can construct the maps ® and A in such a way that
A1
Ck’

as explained in [7, Example 2.1]. Moreover, every function in Vt?) 45 can be extended to a function in

|9(t, )|

Vr = HY(Q\ I'r). Hence, for Korn’s inequality in ‘7{2%7 we can use the same constant Cg of Vp. This
allows us to apply the uniqueness result [8, Theorem 4.3], which implies u(t) = 0 in A3 for every t € [to, to+0].
In the case to = 0, it is enough to argue as before in [0, §], by exploiting (5.2). Therefore u(t) = 0 in Q for
every t € [to,to+ 0], which contradict the maximality of to. Hence ¢ty = T', that yields u(¢t) = 0 in 2 for every
t e 0,7 O

Remark 5.4. Also Theorem 5.3 is true in the antiplane case, with essentially the same proof. Notice that,
when the displacement is scalar, we do not need to use Korn’s inequality in (5.8) to get the coercivity in
V; 5 of the bilinear form a defined before. Therefore, in this case in (H3) it is enough to assume [$(£)[> < A1.

6. A MOVING CRACK SATISFYING GRIFFITH'S DYNAMIC ENERGY—DISSIPATION BALANCE

We conclude this paper with an example of a moving crack {T'; };¢[o,7) and weak solution to (2.5)-(2.9)
which satisfy the energy—dissipation balance of Griffth’s dynamic criterion, as happens in [4] for the purely
elastic case. In dimension d = 2 we consider an antiplane evolution, which means that the displacement u
is scalar, and we take ;= {z € R? : |z| < R}, with R > 0. We fix a constant 0 < ¢ < 1 such that ¢T' < R,
and we set

[y :={(0,0) €Q :0 < ct}

Let us define the following function

S(xr1,x2) = Im(vVa, +ixe) = \2\/|;|CQT£E1 z € R?\ {(0,0) : 0 <0},
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where Im denotes the imaginary part of a complex number. Notice that S € H'(Q\ To) \ H2(2\ I'p), and
it is a weak solution to

AS =0 in Q\ Tg,
VSV:aQSZO OHF().

Let us consider the function

2 x1 —ct )
t = — —_— t T Q\T
u(,x) ﬁs<m,l’2 G[O, ],CEG \ t

and let w(t) be its restriction to 0. Since u(t) has a singularity only at the crack tip (ct,0), the function

w(t) can be seen as the trace on 92 of a function belonging to H?(0,T; L*(2)) N H(0,T; H*(2\ Ty)), still
denoted by w(t). It is easy to see that u solves the wave equation

i(t) — Au(t) =0 in Q\Ty, t € (0,T),

with boundary conditions

u(t) = w(t) on 082, t € (0,7),
%(t) =Vu(t)-v=0 only, te(0,7),

and initial data

u® (1, 19) = %S (\/1‘%1762,@) € H'Y(Q\Tp),

2 c P S< T
Vivi—e T\Vi-&’
Let us consider a function ¥ which satisfies the regularity assumptions (5.1) and condition (5.7), namely

U(t) =0 on B.(t) :={z € R?: |z — (ct,0)| < €} for every t € [0,T],

x2> € L*(Q).

U1($1,£L’2) =

with 0 < e < R — ¢T'. In this case u is a weak solution, in the sense of Definition 2.4, to the damped wave
equation
i(t) — Au(t) — div(¥2(t)Va(t)) = f(t) in € Q\ Ty, t e (0,7),
with forcing term f given by
[ = —div(¥?Va) = -V - 20V — U Ag € L2(0,T; L*(Q)),
and boundary and initial conditions
u(t) = w(t) on 90, t € (0,7),

ou 9, 0U
a(t)Jr\I/ (t)%

u(0) = u®,  @(0) = ul.

(t)y=0 onTy, te(0,7),

Notice that for the homogeneous Neumann boundary conditions on I'; we used %(t) =Va(t)-v = 0u(t) =0
on I';. By the uniqueness result proved in the previous section, the function u coincides with that one found
in Theorem 3.1. Thanks to the computations done in [4, Section 4], we know that u satisfies for every
t € [0,T] the following energy—dissipation balance for the undamped equation, where ct coincides with the
length of T'; \ Ty

1. 1 1. 1 bou,
§|\U(t)lliz(g)+§IIVU(t)H%z(Q;Rz>+Ct: §IIU(0)II%z(Q)+§|IVU(0)II%2(Q;R2)+/ (5, (8),@(5))r2(00) ds.
0
(6.1)
Moreover, we have

t oy t t

/(a—(s),w(s))Lz(aQ)dsz/ (VU(S),VM(S))L2(Q;R2)dS—/ (u(s),w(s))r2(0) ds

o OV 0 0 (6.2)

+ (u(t),w(t))r2(0) — (@(0),w(0))2(q)-
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For every t € [0,T] we compute

(f(t),0(t) —i(t)) L2y = — /(Q\B e div[U2(t, 2)Va(t, z)] (u(t, ©) — i (t,z)) de
= —/ div[W3(t, z)Va(t, z)(u(t, x) — w(t, z))] dz
(\Be(¥)\I's

+/ U2(t, 2)Va(t, z) - (Va(t,z) — Vio(t, z)) da.
(Q\Be(t))\I't

If we denote by 4% (t) and w®(t) the traces of u(t) and w(t) on I'y from above and by % (¢) and w®(t) the
trace from below, thanks to the divergence theorem we have

/ div[U?(t, 2)Va(t, z) (u(t, z) — w(t, x))] dz

(Q\Be(t)\T'

= Qx@mux—u')xx Qx@xux—u}xx
- | v - i) +/8Mw (1) 9t ) it ) — i, ) d

- / W2 (4, )00 (¢, 2) (0 (£, ) — 0 (¢, ) dH ()
(Q\Be(t))NI'y

+/ U2(t, 2) D00 (t, x) (WO (t, x) — W (¢, 2)) dH  (z) = 0,
(Q\B(8))NT
since u(t) = w(t) on 9, ¥(t) = 0 on 9B.(t), and d21(t) = 0 on I';. Therefore for every t € [0,T] we get

(f(t),a(t) = w(®)r2 (@) = [P VUD) L2 ey — (L(OVAE), T V() L2 (r2)- (6.3)

By combining (6.1)—(6.3) we deduce that u satisfies for every ¢ € [0,7T] the following Griffith’s energy—dis-
sipation balance for the viscoelastic dynamic equation

1., 1 ¢ .
§|IU(t)H%2(Q> +§HVU(t)||iz<Q;R2) +/O 1@ (s) V()] 72 (0upey ds + ct

1. . 1
= 5””(0)“%2(9) + §HVU(0)H%2(Q;R2) + Wiat(t),

where in this case the total work takes the form

Wiot(t) == /0 [(f(s),a(s) —w(s))r2(0) + (Vu(s), Vi(s)) L2(qr2) + (¥(s)V(s), (s)Vi(s)) 2(or2)]| ds

(6.4)

- /0 (u(s),10(s)) L2(0) ds + (U(t), w(t))L2() — (1(0),1(0))L2(q)-

Notice that equality (6.4) gives (1.6). This show that in this model Griffith’s dynamic energy—dissipation
balance can be satisfied by a moving crack, in contrast with the case ¥ = 1, which always leads to (1.3).
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