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ABSTRACT. We study the I'-convergence of sequences of free discontinuity functionals with
linear growth defined in the space BD of functions with bounded deformation. We prove a
compactness result with respect to I'-convergence and outline the main properties of the I'-limits,
which lead to an integral representation result. The corresponding integrands are obtained
by taking limits of suitable minimisation problems on small cubes. These results are then
used to study the deterministic and stochastic homogenisation problem for a large class of free
discontinuity functionals defined in BD.
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1. INTRODUCTION

Given a bounded open set U C R? the space BD(U) of functions of bounded deformation
is defined as the space of vector fields u € L'(U;R?) such that the symmetric part Eu :=
3(Du + Dul) of the distributional gradient Du is a bounded Radon measure with values in
the space deyxrff of (d x d) symmetric matrices. It was introduced in [46,48,49] to provide a
variational framework for the study of elasto-plasticity in the small strain regime and has since
been object of a large number of contributions, where the authors investigated trace and fine
properties [25,/6123],32,/43/44], approximation by means of more regular functions [7.{18}/19,21./24],
and rigidity estimates [20422}35,40,41].

In addition to its applications to elasto-plasticity, this space is particularly useful in the
mathematical modelling of fracture mechanics in the variational formulation of Francfort and
Marigo introduced in [39]. For this application, it is convenient to consider the decomposition
of the measure Eu introduced in [2] and given by

Eu = E%+ E°U+ E'u, (1.1)

where E%u is the absolutely continuous part of Eu with respect to the Lebesgue measure £,
whose density is denoted by Eu, F’u is the jump part of Fu, defined as the restriction of Fu
to the jump set J, of u, and the Cantor part E°u is the restriction of the singular part of
the measure Fu to the complement of J, in U. It is known that Eiu := ([u] ® v, )HI L Jy,
where [u] := ut — u~ is the difference of the unilateral traces u™ and u™ of w on J,, v, is the
unit normal to J,, ® denotes the symmetrised tensor product, H?! is the (d — 1)-dimensional
Hausdorff measure, and L denotes the restriction of a Borel measure to a Borel set. Moreover,
it is known that E°u is singular with respect to the Lebesgue measure and vanishes on all Borel
sets with finite H?!-measure.

In some cohesive fracture models, the approach of [39] naturally leads to the minimisation of
energies of the form (see, for instance, [10, Sections 4.2 and 5.2])

F(u,U) /f x,Eu) dm+/ f°O dE"u )d|ECu~|—/J ng(:U, [u], v) AHEL, (1.2)

" d|Ecul
where the bulk energy density f: R% x R‘Sjyxn‘f [0, +00) is a Borel function with
c1|Al —ca < f(z, A) < c3|A| + ¢y for every z € R and A € ngxrg, (1.3)
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for some constants 0 < ¢; < ¢3, ¢z > 0, and ¢4 > 0, f*: R? x ng)}g — [0, 4+00) denotes the
recession function of f with respect to A, defined by
tA
f°(x, A) := limsup f(m;t)

t—-+o00

for every z € R? and A € R%X4

Sym s

and the surface energy density g: R? x R x S¥=1 — [0, +-00) is a Borel function satisfying
alCov| <g(z,(,v) <cl¢Ov| forevery x € RY, ¢ € R?, and v € §%71, (1.4)

where ST := {v e R?: |y| = 1}.

In this paper we study the I'-limits of sequences of the form (|1.2)) with respect to the topology
induced by Llloc. The first result in this direction is Theorem which states that for every
sequence {F), },en, with c1, ..., ¢4 independent of n, there exists a subsequence, not relabelled,
such that for every bounded open set U C R the sequence {F},(-,U)}nen I-converges to a
functional F'(-,U) defined on BD(U).

This limit functional F' satisfies suitable regularity properties (see Definition , the most
important being that for every bounded open set U C R% and v € BD(U) the set function
defined for every Borel set B C U by

B+ F(u,B) :=inf{F(u,V):V open, BCV C U}
is a bounded Radon measure. Let F'*(u, -) and F**(u, -) be the absolutely continuous and singular
parts of the measure F(u, -) with respect to £%, respectively. In analogy to (I.1)), we decompose
the limit functional F' as
F(u, B) = F*(u, B) + F¢(u, B) + F(u, B),

where F’(u, B) := F*(u,BNJ,) and F¢(u,B) := F*(u,B\ J,). It is possible to check (see
Remark that F°(u,-) is the absolutely continuous part of F(u,-) with respect to Eu and
that FV(u,-) is the absolutely continuous part with respect to E’u.

By recent results of Caroccia, Focardi, and Van Goethem [17] (see also [37]) it is possible to
represent F'* and F/ by means of integral functionals in the form

F(u, B) = /B f(w, Eu)da, (1.5)

Fj(u,B):/JmBg(x, [u], vy) A, (1.6)

where f and g are Borel functions satisfying and . As customary in integral rep-
resentation results for free discontinuity functionals (see, for instance, [9,(12]), the functions f
and g are defined by means of limits of auxiliary minimisation problems on small cubes. More
precisely, for every bounded open set W C R? with Lipschitz boundary, and w € BD(W) we set

m” (w, W) := inf{F(u, W) : u € BD(W) and v = w on OW}.
The integrands f and g that appear in (1.5)) and (1.6 are given by
mF(eA) Q(x7 p))

f(z,A) = li;rij]lip P , (1.7)
g(x,¢,v) = limsup m (e G, Q)
p—0t pdil

where /4 is the linear function defined by ¢4(y) = Ay, Q(z,p) is the cube with centre z, side-
length p > 0, and sides parallel to the axes, u, ¢, is the pure jump function equal to ¢ on
{yeR¥: (y—x)-v>0}and to 0 on {y € R?: (y — ) - v < 0}, while Q,(z, p) is a cube with
centre x, side-length p > 0, and two faces orthogonal to v.

Under suitable additional hypotheses (see Definition on the sequence {F),},cn, and as-
suming that holds with f independent of  and lim sup replaced by lim, we show in Theorem
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that the complete limit functional F', including its Cantor part F°, can be represented in
the form

dEu
F(u, B) / f(Eu)dx +/ f°° — ) d|Eyl +/ g(z, [u], vy) dHI, (1.8)
dE | JuNB
for every u € BD(U), with U C R¢ bounded open set, and every Borel set B C U. Thanks to
(1.5) and (1.6)) the crucial point is to show that
B) / f°° dEC d|Ec |
(u, ul.
d|Ecul

In Caroccia, Focardi, and Van Goethem [17], this is obtained by exploiting the uniform
continuity of F' with respect to horizontal translations, which is one of their key assumptions.
However, this hypothesis is not natural for our approach to stochastic homogenisation, so we
are forced to use a different technique. First of all, we use the characterisation of

dF(u,-)
d|Ecul
obtained in [17, Lemma 5.3], which holds even if { F}, },en is not uniformly continuous, and then,
using the property introduced in Definition [6.4] we adapt to the BD setting some arguments
used in [26,30] for the BV case.

Combining the compactness result and the integral representation (|1.8)) we are able to obtain
in Theorem [8.3|a characterisation of the integrands of the I'-limits by means of limits of minimum
values on small cubes. More precisely, assuming that F,, satisfy the property described in
Definition uniformly with respect to n and that for some functions f and § we have

) mFn Fy
f(A) = lim hmbup (KA’(?(:U’p)) — lim liminf = (KA’?(x’p)), (1.9)
p—0F n—+o0 p p—0+ n—+oo P
F, F
g(z,¢,v) = limsup lim sup m (UI’C’ZL?V(% P)) = lim sup lim inf 2 (UI’C’ZL?V(% P)) (1.10)
p—0t n—+oo p p—0+ PE p

for every z € R, A € Rg;rff, ¢ €R?, and v € S¥ 1, then for every bounded open set U C R we
prove that the sequence {F,(-,U) }nen I-converges to the functional F(-,U) in with f = f
and g = g.

We conclude the paper by applying these results to a general class of integral functionals
to deduce homogenisation results. More precisely, in Theorems [9.7] and [10.6] we will consider

functionals F}, given by

C
Eaw )= [ f(Eeu)aos [ (Y aE [ eg( S ) ane
U En U En d|ECU| JuNU En €n

(1.11)
where f and g satisfy , , and some conditions related to Definition (see Definition
[6.1), while {e,, }nen C (0,1) is a sequence converging to 0 asn — +oo. We remark that, in general
the functionals {F}, },en do not coincide with those normally considered in the homogenisation
of free discontinuity problems, unless one assumes that [0,4+00) > t — g(z,t(,v) is positively
homogeneous of degree one, in which case Fj,(u,U) reads as

T o T dEu . x d_1
/Uf(en,gu) dz + /U f (en, dwa“,) d|Eu| + /Jng<En, [u], v ) AT, (1.12)
which is the standard functional considered in the homogenisation problem for free discontinuity
functionals (see |13H16]).

So far, in the BD setting our technique allows us to prove the I'-convergence of only
when g is positively 1-homogeneous in the variable ¢, while in the BV setting (see |16126,30]) the
I'-convergence of the functionals corresponding to has been proved assuming only that the
function ¢ is sufficiently close to a 1-homogeneous function for |¢| small enough. Unfortunately,
this approach heavily relies on sophisticated truncation arguments that we are not able to extend
to BD.
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The particular choice of the scaling for the surface term in will allow us to circumvent
the use of vertical truncations and will allow us to obtain suitable change of variable formulas
used in the proof, which avoids any truncation argument.

A similar problem for bulk energies of the form

i
= Eu)dr  if Bu << L4
By (u, U) = /Uf<en’ udo if Bu<< £
400 otherwise,

was studied in [17], when f is 1-periodic with respect to  and satisfies (1.3]), and in [4] in the
stochastically periodic case.
To obtain the T-limit of { F}, },,en using ([1.9) and (1.10|) is convenient to rewrite these formulas
) :

T

using the change of variables y = . Setting v(y) := _-u(eny), one then checks that

en’”
dEv
Qo) = [ swevas [ (o) de

en’en

+ [ gl lolm) ant ),

where we have exploited the scaling chosen for the surface term in (1.11). Setting r,, := 5, we
have

1 1
ﬁan (6,4, Q(x7 P)) - ﬁmF<€A7 Q(ﬁz%v rn))a

n

where F'is given by (|1.2)). Hence, if there exists the limit

: 1 p
() =l (€4, Q1) (1.13)
and is independent of z, condition (1.9) is satisfied by f(z, A) = fim(A).
To deal with ((1.10) we consider F**° the functional obtained by replacing f and g by f°° and
g% in (1.2]), where
t
9% (x,(,v) ;= limsup 9(@, 16, v)
t——+o0 t
(see Definition [6.1]). Performing a change of variables similar to the one that led to (1.13), we
obtain that if the limit

mi (Urpz,c Q(T, 7)) (1.14)

exists for every ¢ € R% and v € S%~! and is independent of z, then condition (I.10) holds with
g(x7 ¢ V) = glim(Ca V)'

As (1.9) and ([1.10) are sufficient conditions for the I'-convergence, we obtain the following
result (see Theorem : suppose that the limits (T.13) and (1.14) exist for every A € R&Xd

Sym
¢ € R% v e S and are independent of z, then for every bounded open set U C R% the sequence
{F.(-,U)}nen T-converges with respect to the Li -convergence to the functional Fiiy,(-,U) de-
fined by

glim(<7 V) = lim

n—+o0o rdfl

n

dE‘u
Fim = im ool == E° im N d_l.
lim (4, U) /Ufl (Eu)d$+/[]fllm<d|Ecu|)d] u|—|—/ Glim ([u], ) dH

We also prove a related result in the probabilistic setting. Under the standard assumptions
of stochastic homogenisation (see Section , we will assume that the integrands f and g
appearing in are random functions, and we will prove that the limit exists almost
surely thanks to the Subadditive Ergodic Theorem of Akcoglu and Krengel [1], and show that
the almost sure existence of the limit in can be obtained by using the same theorem in
dimension d — 1, arguing as in |15/16]. This will allow us to prove in Theorem the almost
sure I'-convergence of {F),},en to Flim. Of course, the stochastic result immediately implies a
related result in the deterministic periodic case (see Corollary .
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2. NOTATION

In this section we present the notation used throughout the paper.
(a) The space R? is endowed with the usual scalar product, denoted by -, while the Euclidean
norm is denoted by | |. The unit sphere of R? is denoted by S¢~! := {v € R?: [y| = 1}.
We also set ST!:= {v e s¢1: +v;,) > 0}, where i(v) € {1,...,d} is the largest index
such that vy, # 0.
(b) We identify the vector space R%*? with the space of d x d matrices. The subspace of
R**4 of d x d symmetric matrices (resp. antisymmetric) is denoted by REX¢ (resp. REX4).
If A € R4 its symmetric part is denoted by ASY™ := %(A + AT). For A € R™? and
x € R?, the vector Az € R is given by the usual matrix by vector multiplication. Given
a matrix A = (A;;) € R¥4 its Frobenius norm is given by

d 1/2
A= (X 14sP)
ij=1
The identity matrix is denoted by I
(c) The i-th vector of the canonical basis of R? is denoted by e;. Given 2 € R? and p > 0,
we consider the cube Q(z,p) :== {y € R?: |(y — z) - e;| < p/2 for every i € {1,...,d}}.
(d) SO(d) is the space of d x d orthonormal matrices R with det(R) = 1. We fix once and
for all a map S*! 5 v — R, € SO(d) satisfying the following properties: R,eq = v and
R,(Q(0,p)) = R_,(Q(0, p)) for every v € S¥1 R., = I, and the restrictions of v +— R,
to S‘i_l are continuous (for an example of such map see, for instance, [15, Example A.1]).
(e) Given z € R?, v € S, and p > 0, we consider the open cube defined by

Qu(,p) =z + Ry (Q(0, p)).
or every A € , L € , C € ,and v € D% " let £4: — and Ug ¢ p: —
f) F A € R¥xd RY ¢ € Ry and v € STt let £4: RY — RY and u, ¢, RY — RY
be the functions defined for every y € R by

¢ if(y—x)-v>0,

faw)=Ayand o) ‘:{o if (y —2) v <0,

(g) Given an open set U C R, the collection of all open subsets (resp. Borel) of U is denoted
by U(U) (resp. B(U)). If V € U(R?), we write V CC U if the closure of V is contained
in U. The collection of all these open sets is denoted by U.(U).

(h) Given U € U(R?) and a finite dimensional real normed vector space X, the space of all
bounded Radon measures with values in X is denoted by M;(U; X). The indication
of X is omitted if X = R. Given a positive measure A € M;(U), and a measure
€ My(U; X) with g << A, the function du/dA denotes the Radon-Nikodym derivative
of ;1 with respect to A, defined as the density of u with respect to A\. The total variation
measure of p € My(U; X) with respect to the norm | | on X, is denoted by |u|. Given
a positive measure A € My(U) and an integrable function f: U — X, we denote by f\
the X-valued measure defined for every B € B(U) by

/fd)\

Given a Borel measure g on U and E € B(U), the Borel measure puL E is defined by
uwlL E(B) := u(BNE) for every B € B(U).

(i) Given a function u € LL (R%R9), the jump set J, of u is the set of all points z € U
with the following property: there exists a triple (u*(z),u™(z), vy (x)) € R x R? x S,
with u™(x) # u™(x), such that

lim / u(y) — u*(z)|dy = 0,
p—0t p? B,,(x)mHi(m)| ) )
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where H*(z) := {y € R? : £(y — z) - vu(z) > 0}. The triple (uT(z),u™(x),v,(2)) is
uniquely determined, up to changing the sign of v(x) and swapping u™(x) and u™ (z).
Having fixed vy, we set [u] := vt —u~ on J,. It can be shown that J, is a Borel
set and that there is a choice of u* and v, that makes them Borel measurable on J,
(see |3, Proposition 3.69]). Moreover, Del Nin has recently showed (see [34]) that .J, is
always countably (H%~!,d — 1)-rectifiable in the sense of 38, 3.2.14].

(j) Given U € U(R?), a function u: U — R? is said to be of bounded deformation if u €
L' (U;R?) and its distributional symmetric gradient Eu := (Du + Du”) belongs to
My (U; ngxnﬁl). The collection of all functions of bounded deformation on U is denoted by
BD(U), while BDjo(U) is the collection of all £%-measurable functions u: U — R? such
that uly € BD(V) for every V € U.(U). We refer the reader to [49] for an introduction
to this space and to [2] for the fine properties of its functions.

(k) Given U € U(R?) and u € BD(U), the measure Fu can be decomposed as
Eu = E%+ E°+ Flu = Eul? + Eu+ [u] © v, H 1L Jy, (2.1)
where:

(i) the absolutely continuous part E®u is the absolutely continuous part of Eu with
respect to £4, whose density is denoted by u € L'(U; ngﬁg),

(ii) the Cantor part Eu is defined as E°u := ESul_ (Q\ J,), where E*u is the singular
part of Eu with respect to £%; it is known that E°u vanishes on all B € B(U) which are
o-finite with respect to H* 1,

(iii) the jump part Eu is defined by Eu := Ful_J, = E%ul J,; it is known that
Eiu = [u] ® v, H* ' L J,, where ® denotes the symmetric tensor product defined by
(a ®b)i; = 3(abj + a;b;) for every a,b € RY.

(1) A function u: R? — R? is said to be a rigid motion if there exist A € ngxe‘viv and b € R?
such that u(z) = Az + b for every z € R%. The collection of all rigid motions is denoted

by R.
3. THE INTEGRANDS AND THE FUNCTIONALS

In this section we introduce the collections of integrands and of functionals that are going to
be our main objects of study.

We fix non-negative constants cy, ..., c5 € [0, +00), with 0 < ¢; < ¢3, and a constant a € (0,1).
We also fix a continuous function o: [0, +00) — [0, +00) with the property that o(0) = 0 and

t
0> := lim sup olt) < 400. (3.1)
t—+00

Definition 3.1. Let F be the collection of all integrands f: R% x Rg;g — [0, 4+00) satisfying
the following conditions:

(f1) f is Borel measurable on RY x Rg’yﬁg;

£2) for every € R% and A € R¥*? we have
Sym

clAl — ez < f(z, A) < c3]A| + ey
(f3) for every z € R? and Aj, Ay € REX4 we have

Sym
|f(x, A1) — f(z, A2)| < c5|A1 — Ag|.
Let G be the collection of all integrands g: R% x R% x S~ — [0, +-00) satisfying the following
conditions:

(gl) g is Borel measurable on R? x RY x §4-1;
(g2) for every z € RY, ¢ € R?, and v € S%~! we have

g(fL’, ¢ V) = g($, -G, _V);
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(g3) for every z € RY, ¢ € R, and v € S¥~! we have
alCov| <g@,¢v) <e|lCov;
(g4) for every x € RY, (1, € RY, and v € S™! we have
|9(z, C1,v) — g(@, G, V)| < (|G — Ca)-
To every function f: R? x REX? — [0,400) we associate its recession function f> (with
respect to the variable A), defined by
fx,tA)

f°(z, A) := limsup for every 2 € R? and A € R¥X4. (3.2)
t—+oo t Y
Remark 3.2. Given f: R? x ngxnﬁl satisfying (f2) and (f3), one can check that for every z € R?,
A A, A € Rgfn‘f the function f>° satisfies
alAl < f7(x, A) < es]Al, (3.3)

| f2(x, A1) — [(z, A2)| < e5| A1 — As.
We now introduce a class of integral functionals associated with F and G.

Definition 3.3. Given f € F and g € G, for every open set U C R? and u € Llloc(Rd;Rd) we
set

FF9(u, U = /U F(z, Eu) da + /U 7z, Oﬁgz')dwuu /J DALY

if uly € BDjoe(U), while F/9(u,U) = +oo otherwise. The definition is then extended to every
Borel set B € B(R?) by setting
F19(u, B) := inf{F/9(u,U) : U c R? open, with U > B}. (3.5)

Note that, if U € R? is a bounded open set, B € B(U), u|y € BDjc(U), and |Eu|(U) < +oo,
then
PRy, B) = / o, Eu)dz + / 7(a dE%u ) dlul + / oz, [u], va) AHAL. (3.6)
7 B B "d|Ecyl g

Indeed, in this case the upper bounds in (2), (3.3), and (g3) imply
dE‘u
x,Eu dx—i—/ Nz, —— ) d|Eu +/ z, [u], vy) dH! < o0,
[ s enass [ (e dE s [ g )

so that (3.6) follows from (3.4]) and (3.5).

We now introduce a collection of abstract functionals related to the integral functionals con-
sidered above.

Definition 3.4. Let § be the collection of functionals F: LL (R%R?) x B(R?) — [0, +00] with
the following properties:

(a) measure property: for every u € Li _(R%R?) the set function F(u,-) is a Borel measure

that for every B € B(RY) satisfies
F(u,B) :=inf{F(u,U) : U ¢ R? open, U D B}; (3.7)
(b) locality on open sets: for every bounded open set U C R? and u,v € Li _(R%R?) with

u=1v L%a.e on U we have F(u,U) = F(v,U);
(c) upper and lower bounds: if u € L{ (Rd; Rd) and U C R% is a bounded open set, then

loc
c1|Bul(U) — eoLYU) < F(u,U) < e3|Eu|(U) + e4L4U)  if uly € BD(U),
while F(u,U) = +oo if u|y ¢ BD(U);
(d) invariance under rigid motions: for every u € L (Rd;Rd), weER,and B € B(Rd) we

loc
have
F(u+ w,B) = F(u, B).
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(e) bulk continuity estimate: for every u € Li (R4 RY), A € R4 and B € B(R?) we have

loc Sym
F(u+£€a,B) < F(u, B) + c5|A|L%(B);

(f) surface continuity estimate: for every u € L}OC(Rd;Rd), zeRY ¢CeRY veStt and
B € B(RY) we have

F(u+ g, B) < Fu, B) +o(IC)HH(BNTILY),
where 1% := {y € R? : (y — x) - v = 0} is the hyperplane orthogonal to v containing x.

We denote by Fs. the collection of functionals F' € § such that for every open U C R? the

functional F(-,U) is L{ _(R% RY)-lower semicontinuous.

Remark 3.5. Combining properties (a) and (b) we obtain that the functionals in § satisfy
the following locality property: if B € B(R?), u,v € L}OC(Rd;Rd), and u = v L%a.c. on a
neighbourhood of B, then F'(u, B) = F(v, B). Easy examples show that, in general, this equality
does not hold if we have only u = v £%a.e. on B.

For this reason, if U € R? is an open set and u € L. _(U;R%), for every B € B(U) we can

loc

define F(u, B) := F(v, B), where v € L{ _(R%R?) is any function such that v = u £%a.e. on U.

The locality property described above implies that the value of F'(u, B) does not depend on the
chosen extension v of w.

Remark 3.6. From (3.7) and (c) we deduce the following inequalities for Borel sets. If U C R?
is a bounded open set and u € BD(U), then for every B € B(U) we have

c1|Eu|(B) — co£Y(B) < F(u, B) < c3|Eu|(B) + c4L4(B).

Remark 3.7. Thanks to property (a) a functional F' € § belongs to §g if and only if for every
open bounded set U C R the functional F(-,U) is L{ (R%; R¢)-lower semicontinuous.

We now show that the functional introduced in Definition [3.3] belongs to §.

Proposition 3.8. Let f € F and g € G. Then the functional F9 introduced in Deﬁm’tz’on
belongs to §.

Proof. By F19 satisfies , while the rest of property (a) is obvious when u € BD(RY).
The general case u € LIIOC(RC[; R%) can be obtained by a straightforward argument; it can also be
treated using the De Giorgi-Letta criterion for measures (see Lemma below). Property (b)
is obvious. Property (c) follows from (£2), (3.3)), and (g3). To see that property (d) is satisfied
by F/9 is enough to observe that for every w € R we have Ew = 0.

To see that F/9 satisfies property (e) we observe that by (f3) for every B € B(R?) and
Ae ngxn‘f we have

|FF9(u L4, B) — F19(u, B)| < e5|A|LY(B).
A similar argument shows that F/9 satisfies property (f). O

4. A COMPACTNESS RESULT FOR §

In this section we state and prove a compactness result for sequences of functionals in §.
The proof is based on the classical localisation method for I'-convergence (see |11, Section 3.3]
or |25, Chapter 18]).

Theorem 4.1. Let {F,}nen C §. Then there exist a functional F' € s and a subsequence, not
relabelled, such that for every bounded open set U C R? the sequence {Fy(-,U)}nen I'-converges
to F(-,U) in the topology of LL (R%RY).

Proof. For every open set U C R% we consider the functionals defined on Llloc(Rd; R%) by
F'(-,U) =T-liminf F,(-,U) and F"(-,U) =T-limsup F,(-,U), (4.1)
n—+00 n—+00
F'(,U)= sup F'(,U) and F’(,U)= sup F"(,U), (4.2)

U'eU.(U) U'el.(U)
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where the I'-liminf and I'-limsup are computed with respect to the L . (R4; RY)-convergence and
U.(U) is the collection of open sets defined in (g) of Section

It is immediate to check that for every u € LL (R%R9) the set functions F,(u,-), F'(u,),
F’(u,-), F' (u,-), and F”(u,-) are increasing. Thus, we can apply the compactness theorem for
sequences of increasing set functionals |25, Theorem 16.9] to obtain that there exist a subsequence
of {F,}nen, not relabelled, and a functional F: Ll (R% R?) x U(R?) such that

loc
F(u,U) = F' (u,U) = F"(u,U) for every u € L} (R%;R%) and U € U(RY).  (4.3)

For every u € LL (R%R?%) and B € B(R?) we set
F(u, B) := inf{F(u,U) : U € U(RY) with U D B}. (4.4)

We want to prove that F' € §. The approximation property is obvious, while the measure
property (a) will be proved in Lemma below. The locality property (b) and the lower
semicontinuity of F' follow from general results about I'-limits of local functionals (see [25,
Proposition 16.15 and Remark 16.3]).

We note that it is enough to prove properties (d)-(f) for U € U.(R?). Indeed, by the measure
property (a) they can be extended to U € U(R?) using the inner regularity of Borel measures.
The further extension to Borel sets follows immediately from .

Let us fix u € L] _(R%R?%) and U € U.(R?). We begin by proving the upper and lower bounds

loc

in (c). We consider first the case w € BD(U). Under this hypothesis, the inequality
F"(u,U) < 3| EBu|(U) 4+ c4aL%(U) (4.5)

is a consequence of the corresponding inequality for F;, and of the fact that the I’-limsup is
less than or equal to the pointwise limsup. The upper bound in (c) for F' follows immediately
from , , and . To prove the lower bound for F”, we observe that our assumption
u € BD(U) implies that F"(u,U) < 4+o00. Given U’ € U.(U), we fix a sequence {uy}tnen C
Ll (R%RY) converging to u in Ll (R%RY) such that limsup,, Fy,(un,U’) = F"(u,U’) < +oo0.

Since for every n € N the functional F,, satisfies (c¢) we have u,, € BD(U’) for n € N large enough
and

c1|Bun|(U') — coL4YU") < Fy(un, U').

From the lower semicontinuity of v ~— |Ev|(U’) with respect to the L!-convergence and from the
previous inequality we obtain

c1|Bul(U") — o LY U") < F"(u,U").
Using again (4.2]) and (4.3), we deduce the corresponding lower bound for F'(u,U).

Assume now that v ¢ BD(U). We want to prove that F'(u,U) = +oo. Assume by contradic-
tion that F(u,U) < +oo. Given U’ € U.(U), we consider a sequence {u,}nen C Li (R%RY)
converging to u in Ll (R%RY) such that limsup, F,(u,,U’') = F"(u,U") < F(u,U) < +oo0.
Arguing as before, we obtain that u, € BD(U’) for n € N large enough and

lim sup |Eu,|(U") < k= lim sup Fy, (un, U') + C—Zﬁd(U/) < Flu.U) + C—zﬁd(U),
n—+o00 C1 n—+oo C1 C1 C1
which implies v € BD(U’) and |Eu|(U’) < %F(u, U) + %Ed(U). As this holds for every
U € U.(U), we obtain u € BD(U), contradicting our hypothesis. This concludes the proof of
the implication v ¢ BD(U) = F(u,U) = +oc.
Properties ﬁ—(f) for F' follow immediately from the same properties for F,.

In Lemma [4.5( we will prove that for every u € Li (R% R?) and U € U.(R?) we have
F(u,U) = F'(u,U) = F"(u,U), (4.6)
hence for every U € U.(R?) the sequence {F}(-,U)}nen I-converges to F(-,U) in the topology
of Ll (R4 RY). O
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In the rest of this section we assume that F’ and F” are defined by and that F' satisfies
. Our aim is to prove equality and the measure property (a) of Definition for this
functional. The proof of the measure property (a) is based on the De Giorgi-Letta criterion for
measures, which is based on the subadditivity of the function U — F'(u,U). For this reason, we
begin by proving that F” satisfies the nested subadditivity condition.

Lemma 4.2. Let u € LL (R4 R?Y) and U',U,V € U(RY), with U' CC U. Then
F'(w,U'UV) < F"(u,U) + F"(u, V). (4.7)

Proof. Without loss of generality, we may assume that F”(u,U) + F"(u,V) < +oo. Since
F” > F and F satisfies property (c), this implies that u € BD(U U V). Recalling the definition
of F (see (4.1))), we can find two sequences {uy }nen and {v, nen in L}OC(Rd;Rd), converging
to u in L{ _(R%R?) and such that
F"(u,U) = limsup Fy,(up,U) and F"(u,V) = limsup Fy,(v,, V). (4.8)
n——+00 n—-+00

Thanks to property (c) for F,, and the finiteness of F”(u,U) and F”(u,V) we can assume that
{tun}nen € BD(U), {vn}nen € BD(V), and that

M := c3sup (\Eun|(U) + |Evn](V)> +eLiUUV) < +oo. (4.9)
neN

Let us fix m € N and set 7 := dist(U’,0U) > 0. For j € {0,...,m} we also consider the sets
Uj :={x e U :dist(z,0U) >n — %} Clearly, we have U’ C Uy CC -+ CC Upp—1 C Uy, = U.

For every j € {1,...,m} we consider a function ¢; € C°(R% [0, 1]) satisfying p; = 1 on a
neighbourhood of U;_1, ¢; = 0 on a neighbourhood of R4\ Uj, and

2
Vil < Tm on RY, (4.10)
We set ‘ B
wl = @jup + (1 —@j)v, and S;:=(U; \Uj—1) NV, (4.11)
and observe that w), € BD(U' U V) and
Ewl = piEuy, + (1 — @) By + (uy, — v,) © Vi LY (4.12)

as Radon measures on U’ U V. Moreover, one checks immediately that for every choice of

jn € {1,...,m} the sequence {w}'} en converges to u in LL (RLGRY) as n — +oc.

Let us fix j € {1,...,m} and n € N. We observe that by the measure property (a), by the
properties of ¢;, and by the locality property of Remark we have

Fo(w),,U'UV) < Fp(w},, Uj—1) + Fu(w), S;) + Fu(w), V \ Uj)
= Fo(un,Uj_1) + Fo(wl, S;) + Fu(vn, V\Uj) < Fy(un, U) + Fy(w), S;) + Fu(vn, V). (4.13)
We now estimate the term involving the strip S; in .
Fu(w),, 85) < e3| Bw)|(S7) + caL(S)),
and by (4.10) and (4.12]) we get

. 2m
BURI(S)) < Bual(55)+ 1Bl (8) + 2 [ = v .
J

From these two inequalities, we deduce that for every n € N we can find j, € {1,..,m} such
that, setting w,, := w", we have

1 & 2csm
Fn(wn, Sj,) < — > <C3!Eun|(5j) + e B (S)) + = /S |un — vn|dz + C4£d(5y‘))
J

Ui

<.
Il
-

1 2
— (3| Bun|(U) + c3|Evp|(V) + e LYU U V) + = / |un, — vy | do
m n Junv
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M 2
< —1—63/ |up, — vy | da, (4.14)
m n Junv
where in the second inequality we used (4.9)).
Finally, combining (4.13)) and (4.14]) we deduce that

M 2
Fo(wn, U' UV) < Fy(un, U) + Fo(vn, V) + — + C?’/ |y — | da (4.15)
unv

m n

for every n € N. Recalling that {u, — v, }nen converges to 0 strongly in L'(U N V;R%), that
{wy, }nen converges to u in Li (RY R?), we may let n — +o0 in (£.15)) and from (£.8) we deduce
that

F"(u,U"UV) <limsup F,(wy,, U' UV) < F"(u,U) + F"(u,V) + %
m

n—-4o0o

Letting m — 400 in this inequality, we obtain (4.7)). O
We are now ready to prove the subadditivity of F(u,-) on U(R?).

Lemma 4.3. Let u € LL (R4 R?Y) and U,V € U(R?). Then
Fu,UUV) < F(u,U) + F(u, V).
Proof. The result is a consequence of Lemmal[d.2]and of classical arguments concerning increasing
set functions (see, for instance, [25, Lemma 18.4]). O
We now prove that F' satisfies the measure property (a).

Lemma 4.4. Let u € LL (R4 R?Y). Then F(u,-) is a Borel measure.

Proof. Tt is enough to use the De Giorgi-Letta criterion for measures (see [31, Théoreme 5.1] or
[25, Theorem 14.21]), which ensures that the claim is proved, provided that we show that the set
function U + F(u,U) is subadditive, superadditive, and inner regular on ¢/ (R?). Subadditivity
follows from Lemma [4.3] superadditivity is a consequence of classic results of I'-convergence
(see [25, Proposition 16.12]), and inner regularity follows from (4.3), recalling (4.2)). O

Finally, we conclude the section by showing that I'-convergence takes place for every U €
U, (R?).
Lemma 4.5. Let u € LL _(R4GRY) and U € U.(R?). Then
F(u,U) = F'(u,U) = F"(u,U).
Proof. Since the inequalities F(u,U) < F'(u,U) < F"(u,U) are obvious, we only have to show
that F”(u,U) < F(u,U), assuming that F(u,U) < 4o00. By property (c) for the functional F,

this implies that v € BD(U).
Let € > 0 and consider a compact set K C U such that

cs|Bul(U\ K) + c4LY U\ K) < e.

Consider now U’ € U (R%) with K ¢ U’ cC U. Using Lemma [4.2] with V = U \ K, from the
previous inequality and (4.5)) we obtain

F'"(u,U) < F"(u,U") + F"(u, U\ K) < F(u,U) +&.

The conclusion then follows from the arbitrariness of e. O

5. A PARTIAL INTEGRAL REPRESENTATION FOR ABSTRACT FUNCTIONALS

In this section we use the results proved in [17] to provide a partial integral representation of
every functional F' € §s.. More precisely, we show that the “absolutely continuous” part and
the “jump” part of every such F' can be written as integrals associated to suitable integrands
feFand ged.

We begin by introducing a decomposition of functionals in § that reflects the usual decom-
position of the measure Fu described in ([2.1)).
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Definition 5.1. Let F € §, U € U.(R?), and v € BD(U). By (a) and (c) of Definition
F(u,-) is a bounded Radon measure on U. Its absolutely continuous and the singular part with
respect to £¢, defined on every B € B(U), are denoted by F(u, B) and F*(u, B), respectively.
We also introduce the bounded Radon measures F¢(u,-) and F7(u, ) defined by

F(u,B) := F*(u, B\ J,) and F’(u,B) := F(u, BN .J,)
for every B € B(U). Note that we have
F(u, B) = F*(u, B) + F°(u, B) + F’(u, B) (5.1)
for every B € B(U).

Remark 5.2. Let F € §, U € U.(R?), and u € BD(U). It follows directly from the bounds
in (c) of Definition that F°(u,-) and F7(u,-), considered as measures defined on B(U), are
absolutely continuous with respect to |E¢u| and H4~! L J,, respectively.

In the rest of the paper, we will often work with functions defined by using auxiliary min-
imisation problems. For this reason, given a functional F' € §, a set U € U.(R?) with Lipschitz
boundary 9U, and a function v € BD(U), we set

m? (v,U) := inf{F(u,U) : u € BD(U) and v = v on U},

where the equality v = v is understood in the sense of traces. As v is a competitor for the
minimisation problem m® (v, U), by the upper bounds in Definition it follows that

mf (v, U) < F(v,U) < e3|Ev|(U) + 4 LYU) < +o0.
Given F € §, for every x € R%, ¢ € R%, A € R4 and v € S¥ ! we set

sym
F
F
g(z,(,v) := limsup m <ux’<’l;l’_?y(x’ p))’ (5.3)

p—0F p

where Q(z, p) and Q,(z, p) are the cubes defined in (c) and (e) of Section [2 while the functions
{4 and ug ¢, are those introduced in (f) of the same section.

We now state the partial integral representation result, whose proof is given in |17, Lemma
5.1], following the lines of [9] and of [37].

Lemma 5.3. Let F € Fy., U € U(R?), and u € BD(U). Let f and g be the two functions
defined by (5.2) and (5.3)). Then f € F, g € G, and

F(u, B) = /B (o, £u) dx, (5.4)

Fi(u,B) = /J . g(z, [u], v,) dH, (5.5)

for every set B € B(U).

Proof. The proof of equalities (5.4) and (5.5) can be found in [17, Lemma 5.1]. The inclusions
f € F and g € G are proved in Lemmas and below. O

Remark 5.4. We remark that properties (e) and (f) of Definition are not used to obtain
(5.4) and (5.5). Properties (e) and (f) are used only to prove that f and g satisfy (f3) and (g4).

To prove that f is Borel measurable we will need the following lemma, which will be used
also in Section [9] for different purposes.

Lemma 5.5. Let F € §, U, U € U.(R?), with Lipschitz boundary and U' CC U, and let
w € BD(U). Then

mf (w, U) < m (w, U") + e3| Bw|(U\ U) + s LYU N\ U). (5.6)
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Proof. Let n > 0 and v € BD(U') with u = w on OU’ be such that
F(u,U') <mf (w,U) + . (5.7)
We can then extend u to U by setting v = w on U \ U’ so that u = w on U, which implies
m? (w,U) < F(u,U).

Using properties (a) and (c) of Definition [3.4] we get

F(u,U) = F(u,U")+F(u,U\U') < F(u,U")+c3| Bu|(U\U")+c3| Eu|(dU") +ca LLU\U"). (5.8)
Since u = w on the open set U \ U’, we have Fu = Fw as measures defined on B(U \ U’), hence
|Eu|(U\U") = |Bw|(U\ U"). Moreover, since |Eu|L U’ = |(ut —u™) ® voy |[H L (J, NOU")
and |Ew|LoU’ = |(wT — w™) ® vey [HE ML (J,, N OU’), the equalities u™ = wT and v~ = w™
on OU’ imply that |Eu|(8U’) = |Ew|(dU’). Combining this equality with (5.7)-(5.8) we get

mf (w,U) < mf(w,U") + 3| Bw|(U\ T’) + 3| Ew|(0U") + exLYU \ U') + 1,
which, by arbitrariness of 7, implies . O
We are ready to prove that f € F.

Lemma 5.6. Let F' € §. Then the function f defined by belongs to F.

Proof. The proof of property (f1) can be obtained following the lines of the proof of [29, Lemma
5.3], replacing the Lemma 4.11 of that paper by our Lemma
Let us fix z € R? and A € RE4. We want to show that

sym*
f(z, A) < eslA| + ¢q. (5.9)

To this aim, we note that for every p > 0 from the upper bound in (c) of Definition and the
fact that £4 is a competitor for the minimisation problem mf (¢4, Q(z, p)) it follows that

w04, Q(z, ) < F(£a, Q(,p)) < (c3] Al + ca)p”.

We now divide by p?, take the limsup as p — 07, and use (5.2) to obtain (5.9).
To conclude the proof of (f2) we show that

Al —ca < f(z, A). (5.10)
To prove this, let us fix p > 0 and observe that the lower bound in (c¢) of Definition |3.4] we have
a1 Bul(Q(z, p) — e2p” < F(u,Q(x, p))
for every u € BD(Q(z, p)), so that
¢y min{| Eu|(Q(z, p)) : u € BD(Q(z, p)) with u = €4 on 0Q(z, p)} — cop® < m¥ (La, Q(z, p)).

By Jensen’s inequality the function ¢4 minimises the problem on the left-hand side of the
previous inequality. Hence,

c1|Alp? = cap? <m" (L4, Q(z, p)).
Dividing by p?, taking the limsup as p — 07, and recalling (5.2)), we obtain (5.10).
We now prove (f3). To this aim, let us fix z € R, Ay, Ay € ngXd, p >0, and n > 0. Consider

m

a function up € BD(Q(x, p)) with ug = €4, on 0Q(x, p) and such that

F(”Qa Q(va)) < mF(KAQa Q(x,p)) + Wd-

Then, we set uj := ug — €4, + ¢4, and observe that u; = £4, on 9Q(x, p). Using property (e) of
Definition and the previous inequality, it follows that

m"(La,, Q(z, p)) < F(ur,Q(w,p)) < Flua, Q(x, p)) + c5| A1 — Ag|p?
< m"(Lay, Q(a, p)) + c5| A1 — Az|p? +1p?.
Dividing by p?, taking first the limsup as p — 07 and then as n — 0%, by we obtain
flx, Ay) < f(z, Ag) + 5] A1 — Agl.
Exchanging the roles of A; and Ay, we obtain (f3). O

(5.11)
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To prove that g is Borel measurable we will need the following lemma, which will be used also
in Section [J for different purposes.

Lemma 5.7. Let ' € §. Then there exists a continuous function w: [0,400) x [0,400) —
[0,400), increasing with respect to each wvariable and with w(0,0) = 0, such that for every
x1,29 € R, ¢ € RY, vy,v5 € ST, and 0 < py < pa, the inclusion Q,,(z1,p1) CC Qu, (22, p2)
implies
mF(um,C,Vw Qu, (x2a PQ)) < mF(uxlycﬂ’l’ Qu, ($17p1)) + C3|C|(P§l*1 - pilil)
|xo—z1] (11/71

+ea(pg — pf) + esl¢lw (T2, i — va))p

1

Proof. The proof is obtained by the same argument used in the proof of |29, Lemma 5.9],
replacing the use of the distributional gradient D by that of the symmetric distributional gradient
E. O

We are now in position to prove that g € G.
Lemma 5.8. Let F € §. Then the function g defined by (5.3|) belongs to G.

Proof. The proof of property (gl) can be obtained arguing as in [29, Lemma 5.12], replacing
Lemma 5.9 of that paper by our Lemma [5.7]

Property (g2) follows immediately from (d) of Definition and once we observe that
Ug,—¢,—y = Uz ¢ — ¢ and that Q,(z, p) = Q—,(z,p) by (d) and (e) of Section

We prove property (g3). Let us fix z € RY, ¢ € R?% and v € S¥"1. As for every p > 0 the

function u, ¢, is a competitor for the minimisation problem m® (u, ¢, Q. (z, p)), by the upper
bound in (c) of Definition [3.4] and (k) of Section [2| we obtain that

mF(uz,C,lla Qu(%ﬂ)) < F(“x,{,w Qu(%ﬂ)) < 03’4_ O] V’pdil + C4pd’

Dividing by p?~1, letting p — 0T, and recalling (5.3) we obtain the upper bound in (g3).
To obtain the lower bound in (g3) we argue as follows. For every p > 0 let u € BD(Q,(z, p)) be
a function with u = ug ¢, on 0Q,(x, p) and observe that by the lower bound in (c) of Definition

[B.4] we have
Cl|Eu’(QV($7p)) - CZpd < F(“? Ql/(xvp))v
so that
c1 inf{|Eul(Qu(z,p)) : u = Ug,¢,p ON 0Qy(x,p)} — Cde < mF(uw,CJ/’ Qu(z,p))- (5.12)
Consider the function §: R% x S¥=1 — [0, +00) defined for every ¢ € R? and v € S*! by

inf{| Eul(Qu(x,p)) : u = usc.o on 0Qu(x.p)}
p d*]. )

9(¢,v) :=limsu (5.13)

p—0F P
where z is an arbitrary point of R?. By Lemmaapplied to the functional F (u,U) := |Eu|(U),
we have

Fiu, U) = /J o) (5.14)

for every U € U:(R?) and u € BD(U). In particular, for U = Q,(z,1) and u = u, ¢, by (k) of
Section [2 equality (5.14)) leads to |¢ ® v| = g({,v). Dividing by p~ 1, letting p — 01, and
using (5.3)) and 15.13%, we obtain the lower bound in (g3).

We conclude by showing that g satisfies property (g4). Let 2 € RY, (1,¢ € R, v € S971,
p >0, and n > 0. Consider a function up € BD(Q,(z, p)) with us = ug ¢, on 0Q,(z,p) and
such that

F(ug, Qu(z,p)) < mF(“x,CQ,w Qu(z,p)) + npd*l-
Then, we set w1 1= Uz — Uy ¢y + Uy, and observe that u; = ug ¢, on 0Q,(z,p). Using
property (f) of Definition and the previous inequality, it follows that

mF(u{E,Chl/?QV(x?p)) < F(ux,Cl,Vle/(x7p>) < F(U%CQ,V’ QV(x7p)) + U(Kl - Cﬂ)pd_l

5.15
<m (g e, 0, Qu(a, ) + (|G — C|)p® + npd~t. (5.15)
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Dividing this inequality by p? !, taking first the limsup for p — 07 and then the limit for
n — 07, by (5.3) we obtain

g(x,Q, V) < g(xv <27 V) + U(Kl - CZD
Exchanging the roles of {; and (2, we obtain (g4). O

6. A SMALLER COLLECTION OF FUNCTIONALS

In this section we introduce two subcollections of F and G, denoted by F¢ and G*°, by
prescribing suitable conditions on the integrands, related to their behaviour when |A| — 400
and |¢| — 400 (see Remarks|6.2|and [6.3| below). We then define a subcollection of §, denoted by
§4°°, which is stable by I'-convergence (see Proposition and includes the functionals F/»¢
with f € F* and g € G*°. We shall see in Section [7] that all lower semicontinuos functionals
F € §%* admit a complete integral representation, including their Cantor part F¢, provided
they satisfy an additional condition (see below).

In the rest of the paper we fix three constants 0 < o < 1 and c¢g,c7 > 0. We are ready to
introduce the collections F* and G*°.

Definition 6.1. Let F® be the collection of all functions f € F such that for every z € R,
Ae deyxn‘f, and s,t > 0 we have
‘f($78A) _ f(CC,tA)
s t

Let G* be the collection of all functions g € G such that for every z € R?, ¢ € R, v € S471,
and s,t > 0 we have

(f4) | < %f(x, sA)o %6 + ‘;ﬁf(a;,m)l*a + Cti"

)|§C7

(e5) ‘g(:v, s¢v) gzt v (g(w,jc,V) n g(%i@l/)) <} 1>.

s t s t

Remark 6.2. Property can be interpreted as a condition specifying the rate at which
f(z,tA)/t approaches its recession function f>°(z,A) as t — 4o0o0. Indeed (see [16, Remark
3.4]), the upper bound in (f2) and ([f4)), are equivalent to the two conditions

tA
[z, A) = tginoo f(x;) for every z € R? and A € ngﬁff, (6.1)
tA
’f(x;) — foo(m,A)’ < %6 + ct—6f(:n,tA)1_o‘ for every z € R, t > 0, and A € Rg;n‘f. (6.2)
Observe that by the growth conditions in (f2), inequality (6.2) implies that
tA
’f(:c;) — [Pz, 4)| < % for every z € R, t > 1, and A € ngxnff, (6.3)

where Ca 1= cg + c5 * + cocy *|A|'™®. Conditions similar to (6.2) and to (6.3) have already
been considered in the literature (see, for instance, |9, Property (H4)] and [16,26,30,45]).

Remark 6.3. If g € G, then for every x € R?, ¢ € R?, and v € S*! there exists the limit
oo o 9@ i)
g ($3C7V) T tl}—&-moo t :

Indeed, (g3) and imply the Cauchy condition for the function t — g(z,t(,v)/t. Passing to
the limit in (g3) we obtain

(6.4)

al¢ov] < g®(@,(v) < al¢ov| (6.5)
for every 2 € R?, ¢ € R v € S%!, while passing to the limit in (g4) and using (3.1)) we get
(g4,) |gOO(l,7C1’V)_gOO(x’C2’V)| SUOO|C1_C2‘

for every x € R%, (1, € R?, and v € S* 1, where o™ is the non-negative constant introduced
y 2

in .
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Letting s — +o0 in (gh), we also obtain
z,tC, v 0o z,tC, v o 1
I oot )| < e (P 4 o ) (6.6

for every z € R? ¢ € RY, v € S, and t > 0. Thanks to the bounds in (g3) and (6.5), this
inequality implies that

g(z,t¢, v - 2c3¢7|C O v

‘ ( n )_g (377C7V)‘§ & |t |7 (67)
while the inequality

glz,t¢,v o 2cic7|l¢ O v

| ( n )_g (CU,QV)‘S ! |t |

implies .

Conversely, assume that g is a function in G such that the limit in (6.4]) exists and the
inequality
t
*(z,¢v) < g(a:,tc,l/) (6.8)
is satisfied for every x € R, ¢ € R%, v € S%! and ¢t > 0. If ¢ satisfies also , then g € G*=°.
Indeed, by and we have

z,tC, v z,tC, v z,sC,v)\ 1
t t s t
for every z € R%, ¢ € RY, v € S* !, and s,¢t > 0. Exchanging the roles of s and t, we obtain
g(z,sC,v g:vs(,y x,tC,v)\ 1
‘ ( - ) _gm(x’C7 )} < ( ) + ( r ))s (6.10)
Using the triangle inequality, from and 1-) we obtam g5).
Note that the existence of the limit in (6.4) and 1nequahty is always satisfied when

t — g(x,t(,v) is concave.
We now introduce a collection of functionals closely related to conditions and .

Definition 6.4. Let F%° be the collection of all functionals F' € § such that for every U €
U, (R?), u € BD(U), and s,t > 0 we have

‘F(su,U) _ F(tu,U)

t
(8) i
6 nd/rra l—a | €6 nd F(su,U)  F(tu,U)\/1 1
+ LU (b, U) 0 + 2L (U)+C7< =) (24 5).
The collection of functionals F' € §*° such that for every U € U(R?) the functional F(-,U) is

LL (R4 RY)-lower semicontinuous is denoted by Fec™

| < Ed(U)O‘F(su, U)o+ ijzd(U>

We now show that integral functionals of the form F/9 belong to §“° whenever f € F* and
g € G™.

Proposition 6.5. Let f € F* and g € G*. Then the functional F19 defined by ([3.3)) belongs
to F4°°.

Proof. Thanks to Proposition we only need to prove that F 19 satisfies property . To
this aim, let us fix U € U.(R%), u € BD(U), and s,t > 0. Using (f4) and Holder’s inequality we
see that

f x, s€u flz,tEu) té’u 6 e C6 . Co e

C6

S (U)D‘F(su U)1 o} L’d(U) + %G.Cd(U)O‘F(tu, Uy 4 %ﬁcd(U). (6.11)

Since f° is positively 1—hom0geneous we immediately see that

/foo dyEZ | /foo d‘EZ |)d!ECUI- (6.12)
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Condition (gb) implies that

| (g(w,S[u]yvu) gl ], Vu))de_1‘
JunU s t
< e / 9(@, s[u], vu) 241 4 / g(z, t[ul, Vu)/Hd—l) (1 + 1) (6.13)
JuNU s JunU t st
F(su,U) F(tu,U)\ /1 1

< 4+ ).

<a(=5—+—7)G+7)
Finally, combining (6.11)-(6.13]) we obtain that F/»9 satisfies property @ O

We now prove that the closure of the class §*°° with respect to I-convergence is Fed .

Proposition 6.6. Let {F,} ey C . Assume that for every U € U.(RY) the sequence
{F,(-,U)}n T-converges to F(-,U) with respect to the topology of Li (R%;R?). Then F € F™.

loc

Proof. Thanks to Theoremwe have F' € §«. Hence, to conclude we only have to show that F’
satisfies property @ The argument we use is a variant of the one presented in [26, Proposition
6.11] and |30, Theorem 4.10].

Let us fix U € U.(R?), u € BD(U), and s,t > 0. To prove that holds it is enough to show

F F 1 1
(SU, U) _ Cjﬁd(U)aF(SU, U)lfa _ Cjﬁd(U) _ C7M <7 + 7)
s s s s st (6.14)
F(tu,U)  ¢6 .q/rma l—a . C6 g F(tuw,U) /1 1
<\ E) 20 - i St VA (B M
< SR 4 S0 F (b, U) 4 LU + e (< )

Indeed, exchanging the role of s and ¢t we obtain . We note that, if the left-hand side of
is less than or equal to zero, then the inequality is trivial because the right-hand side is
non-negative. Hence, we may assume that the left-hand side is positive.

Let {uy }nen C BD(U) be a sequence converging to u in Li (R%R?) and such that F,(tu,, U)
converges to F(tu,U) as n — +4o0. It follows from property applied to Fj, that for every
n € N we have

F,(sun,U) ¢

—a C Fn sunaU 1 1
LAV Falsun, 0~ — D) o P D (1 )

K] S s s t (6.15)
Fo(tun,U) €6 ng/iia o C6 ad F,(tun,,U) /1 1 '
< n\vr =) 0 - n\vem F (2
< SRR 4 S LU P (b, U)' 0 + DLUO) + e (S 4 )
Thanks to our choice of {uy,},en, we have
. Fo(tun,U) €6 ngsrma I—a . C6 g Fo(tun,U) /1 1
n£r+noo< ;T EU (b, U)o+ PLAU) + e <s+t)>
Ftw,U) ¢ . e C6 g F(tw,U) /1 1
— BT pdrye ptu, U) 0 4 S pd () 4o (22
;T AU Ee U P LAU) ey <3+t>
Hence, by (6.15) to conclude we only need to show that
F F 1 1
(Sua U) _ C—ﬁﬁd(U)aF(Su, U)l—a _ Cjﬁd(U) — 7 (su, U) (7 + 7)
s s ] s t (6.16)
.o Fa(sun,U) 6 ngsrna —a €6 g Fo(sun,U) /1 1 )
< A P A - T P (24 ).
- %E—il-lcg ( S S LAU) Fnlsun, U) S LAU) —er s (S + t))
We consider the function ®: [0, +00) — R defined for every z € [0, +00) by
Z C6 adirma 1o C6 Ad z/1 1
O(z) == — =LYU ——=LU) == -+ ).
(2) 1= = = 2Lyt = 20 — e (4 7)

We observe that ®(F(su,U)) coincides with the left-hand side of and (6.16)), while the
right-hand side of coincides with liminf,, ®(F, (su,,U)). If 1 — c7(1/s + 1/t) < 0 then
®(z) <0 for every z € [0,+00), so that is satisfied. If 1 — ¢7(1/s+ 1/t) > 0, then we set
20 == (c6(1— a)ﬁd(U)a)l/a(l —cr(1/s+ l/t))_l/a. By direct computation of @’ we see that ® is
strictly decreasing in [0, zp] and strictly increasing in [zp, +00). Since ®(0) < 0 we deduce that
®(z) <0 for z € [0, zp]. This implies that if ®(z) > 0 then z > zy. Since ®(F(su,U)) coincides
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with the left-hand side of (6.16]), which we assumed to be positive, we have that F'(su,U) > 2.
Moreover, by the I'-liminf inequality we have F'(su,U) < liminf,, F},(suy,U), so that, using that
® is increasing on [zp, +00), we deduce that

O(F(su,U)) < liminf ®(F,(sup, U)).
n—-+00
This proves (6.16) and concludes the proof of the proposition. [l

We now present an inequality that allows to estimate the difference between the minimum
values of some minimisation problems with Dirichlet boundary conditions involving functionals
in §%°°. The aim of this lemma is twofold. On the one hand, it is useful to establish that the
functions f and g defined by and satisfy and . On the other hand, this lemma
will be crucial in the proof of the integral representation of the Cantor part of functionals in
F™°. The proof of this lemma closely resembles that of Proposition It follows the lines
of the proofs of [26, Lemmas 6.12 and 6.13], removing any truncation argument, which is not
available in our context.

Lemma 6.7. Let F € F%, let U € U.(RY) with Lipschitz boundary, and let w € BD(U). Then

F F
m (S;UvU) o m (t;U>U)’ < Cfﬁd(U)amF(S’w,U)l_a + C;G,Cd(U)

F F
€6 pd rryam F 1-a | €6 pd w7 (sw, U) | w7 (tw, U)y (1 1
2 LU (fw, U)o L) o (T B (S 4 ).

Proof. It is enough to prove that

F F 1 1
M . Cjﬁd(U)amF(Sw, U)l—a B %Ed(U) _ C7M(f + 7>

s s s s 1 (6.17)
Fltw. U Faw,U) /1 1 '
< mlw ) = )4 S LU T (b, U)' =0 + DLOU) + e ( = ) (-+7)

whenever the left-hand side is positive.
Let 7 > 0 and consider a function v € BD(U) with u = w on 0U and such that

F(tu,U) < m(tw,U) + .
Since F' satisfies property of Definition from this inequality we deduce that

FlswU) _ 6 pagiryo pru, iryl=e — S d(ury — ¢, LY (G+7)

S S S

s t
F F 1 1
< (tQZ’ U) + %ﬁd(U)aF(tu, U)l—a + Ctjﬁd(U) + 7 (57;7 U) (7 + 7)

s t
Ftw, U
< m ( ;Uv ) + g + %GCd(U)O‘mF(tw, U)l—a + Cfﬁd(U)anl—a
F

% rd M(i L

+tﬁ(U)+C7 . S+t +C7S s—i-t.
Exploiting the fact that m* (sw,U) < F(su,U) and using the same argument employed at the

end of the proof of Proposition we conclude that

m (Swv U) _ C;GEd(U)amF(Sw, U)lfa _ Cgﬁd(U) _ C7m (Sw, U) (7 + 7)

S S S t

< mf(tw,U) 7 6

+ 2L (t, ) 4 2L U)o

= t t t
F
6 pd M(E 1) ﬁ(l 1)
LU Fea— s )Gt
As 7 is arbitrary, we obtain (6.17)). (Il

We conclude the section by proving a further property of the functionals ' € F“°.

Lemma 6.8. Let F' € F%%°. Then the functions f and g defined by (5.2) and (5.3) belong to
F% and G, respectively.
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Proof. Thanks to Lemmas and to conclude it is enough to show that f and g satisfy
properties and .

We first prove that f satisfies (f4). Let us fix 2 € RY, A € Rg;rff, and s,t > 0. Thanks to
Lemma applied with U = Q(z, p) and w = {4, we have that

mf'(sly, , mf'(tly, , _
(s ASQ(x p)) < ( AtQ<$ p)) —|—c;6pade(sﬁA,Q($,,0))l a_|_6;6pd

O P (164, Q)=+ Ot o (AL QL) Q@ D)y (1 )

s t
Dividing this inequality by p?, letting p — 0%, and recalling (5.2]), we obtain

A A
f(x;s ) < f(:U’tt ) + %f(:n,sA)l_a + %6 + %f(ffatA)l_a

(Pt B (L)

C6
+ . +c7
Exchanging the roles of s and ¢ we obtain
fatd) _ fsd) o

fla,s4) 70+ 2 4 Lf(a t4)

t - s s
C6 fz,sA4)  f(z,tA)\ /1 1
Hrra(Trm ) (o)
As these inequalities hold for every s and ¢, we may let s — +o00 and obtain for every ¢ > 0
that
o flz,tA c e €6 CT( o flz,tA
) - T < € gyt g 04 T (oo ) 4 LBIA),
Let us fix A > 0 and apply this inequality with A replaced by AA to get
tAA tAA
Af> (e, A) — LEIAD) €6 p gy gyta g Sy ﬂ(xfw(x,A) L @ tr4) ))
t t t t t
for every t > 0, hence
f(xv tAA) Ce 1— Ce C7 f(xv t)‘A)
00 A) - L o 0 A «a 6 0 foo A S\ V)
£, 4) = S5 < S taA) T+ 4 (1, 4) + SR
for every t > 0 and A > 0. Setting 7 = tA
o [z, 7A), _ o l—a | €6 CT( 400 f(z,TA)
_ I T« O 0, L JA )
£, 4) = BETE) < D pa,raye 4 Lg I, 4) + TR
for every t > 0 and 7 > 0, so that, letting ¢ — +o00 we obtain
A
o 4) ~ O < O e (6.15)

for every 7 > 0. Recalling that f satisfies (f2), we may use Remark to deduce from
that f satisfies (f4), concluding the proof of the inclusion f € F.

We now prove that g satisfies property (g5). Let z € R%, ¢ € RY, and v € ST1. Lemma
applied with U = Q,(z, p) and w = u, ¢, implies that for every s, > 0 we have

F F
m (Suxgllan/(xap)) m (tuIClMQV(x7p)) €6 ad_ F l1-a 6 d
1S < 9 k . o
. < : + Y (sup, Qu(@, p) 7% + 2p
Cg _ Cg
— M m (t 0, Qul,p)) '+ 2"
mF(SU:c,C,Va Qv (75’ p)) mF(tuLC,w Qv (x7 /0)) 1 1
er p * i s

Dividing this inequality by p?~!, letting p — 0T, and recalling (5.3 we deduce
9(1'7567 V) S g(l‘atCa V) (g(:L‘, 5(7”) + g(x7tC7 V)) (1 + 1)
S t S t s
Exchanging the roles of s and ¢ we obtain (g5). O

+c7
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7. FULL INTEGRAL REPRESENTATION

In this section we prove a complete integral representation result for functionals F in Fs™°,
including the representation of the Cantor part F¢, assuming that the function f, defined in
, does not depend on x.

A full integral representation result for functionals F' € § has recently been proved in [17],
under the additional assumption of uniform continuity of F' with respect to translations of the
independent variables. This condition was originally considered in |9, Lemma 3.11] for the
corresponding integral representation problem in BV.

In the case of periodic homogenisation one can easily cheque that the I'-limit functional Fjom
(see Theorem [9.7 below) is invariant under translations (see, for instance, |17, Theorem 6.14]).
However, in general, this invariance (nor the continuity with respect to translations) cannot
be checked directly in the case of non-periodic homogenisation. For this reason, we will prove
Theorem below under the sole additional assumption , which is much weaker than
invariance under translations (see Example . We shall see in Section |§| that condition
is satisfied almost surely under the standard hypotheses of stochastic homogenisation.

The following theorem is the main result of this section.

Theorem 7.1. Let F' € ™ and let g be the function defined by (5.3). Assume that there exist
a function f: RZX4 — [0, +00) and a Borel set N C R?, o-finite with respect to H'™', such that

sym
mF(EAv Q(;Uv p))
d

A) = i
f(A) Jim, ;

Then for every U € U.(R?) and v € BD(U) we have

CIEc
F(u, B) /f (Eu) dx—l—/ f°° /Bl d]ECuH—/J Bg(x, [u], vy) dHE!
N

for every B € B(U).

for every x € R\ N and A € R, (7.1)

sym *

We first state a useful lemma, obtained by Caroccia, Focardi, and Van Goethem in [17, Lemma
5.3] (see [9, Lemma 3.7] for an analogous result in the BV-setting), which characterises the
Radon-Nikodym derivative dF“(u,-)/d|Eu| by means of suitable minimum values of minimisa-
tion problems on small parallelograms. To state this result, we set some further notation.

We recall that De Philippis and Rindler proved in [32, Theorem 1.18] (see also the survey
[33] and the book [47]) the following remarkable theorem: given an open set U € U(R?) and
u € BD(U) there exist two Borel maps a,b: U — R? such that

dEu

d|Ecul|
For every A > 0 and every pair (a,b) € R? x R? with a # +b we set

Pff’b ={zeU:]z-b < %, |z al < 3, z-0;| <5 forie{l,..,n—2}},
where {6; ;‘:_12 C S% 1 is such that {a,b, 01, ...,0,_2} is a basis of R?, while if a = £b we set
Pa’b ={2€U:|z-b| <3, |z-0;] <3 forie{l,..,n—1}},

where {0;}7"-' C S is such that {b,61,...,0,—1} is a basis of R%. The choice of the vectors
{6;}; in the prev1ous definitions is irrelevant for the arguments that follow. Given z € R¢ and
p > 0, we also set Pf’b(x, p) = x+pP§’b. Moreover, for every point x € U such that ([7.2]) holds,
we set Py (z,p) := P:\l(x)’b(m) (z,p).

The following result characterises dF°(u,-)/d|Eu| in terms of the double limit of infima of
problems related to parallelograms of the form Py.

Lemma 7.2 (|17, Lemma 5.3]). Let F € Fse, U € UR?), and u € BD(U). Then there exists
C(u) € B(U), with |E°u|(U \ C(u)) =0, such that for every x € C(u) equality (7.2) holds and

=a®b and |a®b =1 |El-a.e. inU. (7.2)



I'CONVERGENCE FOR FREE DISCONTINUITY FUNCTIONALS IN BD 21

there exist a positive sequence {\;}jen, converging to 0 as j — +oo, and for every j € N a
positive sequence {p; j}ien, converging to 0 as i — +oo, such that, setting

| Eul(Py (x Pij))

A=A(z) :=a(z) Oblz) and s;;:= , 7.3
( ) ( ) ( ) J ‘Cd(‘Pch(l_vaJ)) ( )
we have
for every j € N the sequence {s; j}ien tends to +00 as i — 400, (7.4)
F(u. - m*(s; ;0a, Py (x,p;
dF(u, ) xz) = lim limsup (i ( i) (7.5)

d|Ecul ) J=+00 istoo  SigLYP} (53 pij))

Proof. This result is proved in |17, Lemma 5.3] under slightly different hypotheses on the func-
tional F'. In particular, they assume a condition, which they denote by (H4), that prescribes a
joint continuity of the functional F' with respect to translations both of the dependent and of
the independent variables. Not all functionals in F%°° satisfy this property. However, examining
the proof of [17, Lemma 5.3] one can see that the use of property (H4) can be replaced by the
property (e) of Definition This invariance property also allows us to consider the boundary
conditions appearing in instead of those used in [17, (5.6)], which differ from ours by a
rigid motion. (Il

The following result shows that, under suitable assumptions on F', in definition (5.2]) we may
replace the cube Q(z, p) by parallelograms of the form Py ’b(x, ).

Lemma 7.3. Let F€§, A€ ngxn‘f, a,b € R4, and X\ > 0. Assume that there exists y1 > 0 such
that

m" (L4, Q(y, p)) < pp”
for every y € R and p > 0. Then

w’(La, YOy, p)) < pLU(PY° (y, p))
for every y € R and p > 0. If, in addition, for some x € R we have

F
p—07F P

then )
. (€A7 a (33‘,,0))
im o b
p=0t LAPY(z, p))

:M.

Proof. The proof can be obtained arguing as in [30, Lemma 5.3], observing that in the last
part of that lemma limsup can be replaced by lim. We also remark that, in contrast with |30}
Lemma 5.3], we deal with minimisation problems without constraints on the oscillation of the
competitors, which simplifies the proof. O

We are now ready to prove Theorem
Proof of Theorem 7.1 By (7.1 we have
(04, Q(x, p))

P

f(A) = limsup

p—0t

Let us fix U € U.(R?) and u € BD(U). Thanks to (5.1)), (7.6), and Proposition it is enough

to show that dE°y
, B) °° d|E°

for every B € B(U). To prove this we will show that

dF¢(u,-) o ( AdEU
ey @ = (g @) (-1

for £%a.e. z € R? and every A € REX4, (7.6)

Sym
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for |E¢ul-a.e. z € U. Let C(u) C U be the set of Lemma(7.2) and let us fix z € C(u) \ N, where
N is as in the statement.

Thanks to Lemma there exist a positive sequence {\;} en converging to 0 as j — 400,
and for every j € N a positive sequence {p; j}ien, converging to 0 as i — 400, such that (7.4))
and hold. For simplicity of notation, we set P/(z, p; ;) = 15y (x,pi ;). To obtain
enough to show that

dEu m” (si jla, Py (x, pij))
o )] = lim limsu ’ J = 7.8
/ (d]Ecu\( )) j—+oo Z_>+00p si i LYPE (2, pij)) (7.8)
where A = A( ) and s; ; are defined by (7.3)).
By ., , and (| - we have
m (SmﬁA? P (@, pi5) < Flsigla, Pz, pig) = f(sigALUPS (2, pig),
so that by (7.4) we have
mF S; il s P¥(x .5
lim sup ( ’jdA P (@, pij)) < hmsupM = f*(A), (7.9)
i—+o0 Sz,yﬁ ( (ZL‘ pz,])) i—+oo Sij

for every j € N.
Then, we observe that for every y € R%, p > 0, and t > 0 by (5.2), (5.4), and (7.1) we have

m¥ (t04, Q(x, p))

m (4, Q(y, p)) < F(tla,Q(y, p)) = f(tA)p"  and vt e = [(tA).
Hence, we can use Lemma [7.3] to deduce that
F(tla, Py
lim TG BX@P) gy (7.10)

oot LUPE(, p)
for every A,t > 0. Recalling (6.1)), from the previous equality it follows that

m” (ta, P (x, p))
lim i AN — 0 A). 11
S0 T Py W (1)

Then, we apply Lemma with w =4 and U = P} (z, p; ;) to get for every ¢ >0

|m (SméAv 7 (x, pij)) B (MA, C(x,pij)) < 076<m (SméAv ’(z, Pw)))la
SZ,ch( ($ Pij)) tﬁd(ch(x pig)) T Sig ‘Cd(Pf(l‘aPZ,j))
e cg M (tla, PF(z,pij))\1-e ¢
+£+f(zwwwmm ) 4% (r12)

e (mF(Si,ijv Pi(z, pij)) L wm” (tl4, PF(x, Pw)))( 1 1)
7 - — + 7

$i, LU(P] (x, pij)) tLY(P; (%pm‘))
We observe that for every 7 > 0 it follows from the upper bound in (c) of Definition that

SiJ t

mﬂwmwth»<nw&Jmem (st Al + ) CUPE @ i), (T.13)
Let us fix € > 0. Recalling (|6 , we may find ¢ > 0 such that
tA 1
’f(t) — fP(A)] <e and %6 + ; (c;;\A\ + )1 * + c7(2c3| Al + " )t <e. (7.14)
Thanks to (7.10)), from the first inequality in we deduce that for every j € N we have
tA th 4, x, pi,
f“@®—5<c“t>: i T B (i)

11m
i—-+00 tﬁd(Pf(a:, pij))
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Combining this inequality with (7.12]), we get
F T F T
m' (tla, P¥(x, pi m* (s; 04, PF(x, p;
fP(A) —e < lim lim (dA — J (@, pis)) < lim sup lim sup ( ( wdA — J (@, pis))
jotooimtoo  tL (Pj (x,pij)) j—+oo  i—+oo si gL (P] (x,pij))
06(mF(Sz',jﬁm13}”(907Pi,j)))1—a <6 ce(mF(tﬁmPf(x,pi,j)))l—aJr C6
LYPE(x, pig)) LYPF (, i)
m” (s;j0a, P (z, pij)) N mF(%A,Pf(w,Pi,j)))( 1 1))
81 LYUPF(x, pij)) tLYPE (2, pij))

Using ([7.13]), we see that the right-hand side of the previous chain of inequalities can be
bounded from above by

<mF(8z‘,j€Aa Pr(z, pij))

5, Sij 1

+07( (7.15)

Si,j t

LG( A &)1—“36 €6 (pal A| 4 CAy1ory G
+ —(e3]Al+ +si,j+ta(c3’ \+t) +t

lim sup lim sup

j—4o00 i—4oo Si,jﬁd(Pf(ﬂfa Pi,j)) S, Si,j
c c 1 1
ter(2esdl + -+ 2) (= + ). (7.16)
Si,j t Si,j t

Recalling (7.9) and (7.4]), from (7.14))-(7.16)) we infer
F x
m (8,504, P (2, pij))
*©(A) —e < lim limsu . J ’
) e B P . e Py ()
As e > 0 is arbitrary, we obtain (7.8)). Since x € C(u)\N, |E°u|(U\C(u)) =0, and |Eu|(N) =0
(see part (ii) of (k) of Section [2), this concludes the proof. O

It is easy to produce examples of functionals F' € Fs¢™ which are not invariant under trans-
lation of the independent variable, but satisfy ([7.1]).

+e < fP(A) +e.

Example 7.4. Assume that 0 < ¢; < ¢3 and let f and g be the functions defined for every
AeR¥Xd 4 cRY ¢ eR? and v e S¥ ! by

Ssym

csl¢oOv| if x € RT\TI%,

A) = 3] A d =
FA) = eslA] and g(a.C,) {qm@w it € I,

where eg = (0,...,1) and II® := {y € R? : y - ¢4 = 0}. Clearly f € F and g € G, and since
they are positively homogeneous of degree one we also have f € F and g € G*°. Hence, the
functional F := F/9 belongs to F*> by Proposition Let ¢: R — R be the function defined
by
cs if z € R\ 1%,
wow—{ '

N ¢ if x € I1%4,
We observe that for every U € U.(RY) and u € BD(U) we have

F(u,U) = /U@Dd\Eu|

Since ¢ is lower semicontinuous in R? this equality shows that F(-,U) is L]

L (R4 RY)-lower
semicontinuous, hence F' € Fe™.

8. CHARACTERISATION OF I'-CONVERGENCE USING MINIMA ON SMALL CUBES

In this section we determine the integrands of the I'-limit of a sequence {F), },eny C 4 by
means of limits of the minimum values of suitable minimisation problems for F;, on small cubes.

The next lemma shows that the I'-convergence of a sequence { F}, },en C § to a limit functional
F allows us to compare m’ with {mf"},cx.
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Lemma 8.1. Let {F,},en C §. Assume that there exists F € Fy. such that for every U € U.(R?)
the sequence {F,(-,U)}nen I'-converges to F(-,U) with respect to the topology of Llloc(Rd;]Rd).

Let U,W € U.(RY) with Lipschitz boundary and W CC U, and let w € BD(U). Then

m? (w,U) < limn inf mi™ (w, W) + c3| Bw|(U \ W) 4 ¢4 L4(U \ W), (8.1)
lim sup m™™ (w, U) < m% (w, U). (8.2)
n—+00

Proof. We consider a subsequence, not relabelled, such that the liminf in the right-hand side of
(8.1)) is actually a limit. To prove (8.1 we fix 6 > 0 and for every n € N we select z, € BD(W)

such that u,, = w on W and
Fo(2n, W) < mf™ (w, W) + 6. (8.3)
We observe that by the upper bound in (c¢) of Definition we have
F(zn, W) < m™ (w, W) 4+ 1 < Fy(w, W) + 6 < e3| Ew|(W) + 4 LYW) + 6,

so that by the lower bound in (c) we also get that |Ez,|(W) is bounded uniformly with respect
to n. We extend z, to U by setting z, = w on U \ W and observe that |Ez,|(U) is uniformly
bounded in n as well. Hence, there exist a subsequence, not relabelled, and a function z € BD(U)
such that 2z, — z in L'(U;R?) and z = w on U \ W, so that

m? (w,U) < F(2,U) < lim inf (25, U), (8.4)

where the last inequality is due to I'-convergence. Since the inner trace of z, on OW equals the
inner trace of w, we have |Ez,|(0W) = |Ew|(OW). Hence, the upper bound in (c) of Definition

[3.4] gives
Fp(20, U\ W) < 3| Ezp|(U\ W) 4+ caLYU\ W) = c3| Bw|(U \ W) + 4 L4U \ W),
where the last equality is due to the fact that z, = w in the open set U \ W and |Ez,|(0W) =
| Ew|(OW). Combining this inequality with (8.3 and (8.4]), and letting § — 0% we obtain (8.1]).
To prove (8.2)), let us fix § > 0 and let u € BD(U) be such that v = w on OU and F(u,U) <

m! (w,U) + 6. By I'-convergence there exists a sequence {u,}neny C BD(U) converging to u
strongly in L'(U;R?) and such that

lim Py (un, U) = F(u, U) < mf (w,U) + 6. (8.5)

We now fix a compact set K C U such that
c3|Bu|(U\ K) + e LY U \ K) < 6. (8.6)

We also consider two additional open sets U” and U’ with the property that K Cc U” CC
U’ cc U. We now argue as in the part of the proof of Lemma that starts from (4.11]), with
V =U\U", v, replaced by u, and for every n € N we construct a function z, € BD(U) such

that z, = u in a neighbourhood of U and
" M 2c3
Fn(zn, U) < Fn(un, U) + Fn(u, U \ U ) + E + THUH - uHLl(U;]Rd)7

where M > 0 is the constant introduced in (4.9) and 7 := dist(U, dU"). Since z, = u = w on 9U,
we have mf"(w,U) < F,(2,,U). Hence, using the upper bounds in property (c) of Definition
for F,, , and the inclusion K C U”, from the previous displayed formula we obtain
M 2c
an (w, U) S Fn(un, U) + 1) + E + fHun — UHLl(U;Rd)'

We now pass to the limsup as n — 400 and, recalling that u,, — u in L'(U;R?) as n — 400,
from ({8.5)) we get

M
lim sup m™ (w, U) < m% (w,U) + 26 + —

n—-+o0o

Taking the limit as m — +oc and § — 07 we obtain (8.2)). O
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The next result shows that for a functional F' € §g arising as I'-limit of a sequence of
functionals in § the integrands f and g of the bulk and surface parts can be obtained using limits
of the minimum values of the minimisation problems m™ (¢4, Q(z, p)) and m*™ (uy ¢ ., Qv (x, p))
for the functionals Fj,.

Lemma 8.2. Let {F,},en C §. Assume that there exists F' € Fo. such that for every U € U.(R?)
the sequence {Fy(-,U)}nen I'-converges to F(-,U) with respect to the topology of Li (R%RY),

and let f and g be the functions associated to F' by (5.2) and (5.3). Then for every x € RY,
AcRd ¢ cRY and v € ST we have

Sym

mi (L, Q(z, p)) min (L4, Q(, p))

f(xz, A) = lim sup lim sup = lim sup lim inf

p—0t n—+oo p? p—0t MF p? ’
F F,
mon(u ) x . e (U Ly
g(z,¢,v) = limsup lim sup ( x’c’;_?u( 1)) = lim sup lim inf ( x’C’Z’_?V( p))
p—0+ n—+oo p p—0+ Mo p

Proof. The proof can be obtained arguing exactly as in [30, Lemma 3.3], replacing D with E,
V with &, and Propositions 3.1 and 3.2 of that paper with our Lemma [8.1 O

We conclude this section by proving a sufficient condition for the I'-convergence of a sequence
F,,, based on limits of minimum values of minimisation problems for Fj,, on small cubes. Note
that we require that the limits corresponding to the volume integrand do not depend on z.

Theorem 8.3. Let {Fy,}new C §°°. Assume that there exist f Rg;rg — [0, 4+00) and §: R? x
RY x §41 — [0, +00) such that

m"™ (L4, Q(z, p)) m’™ (04, Q(z, p))

F(A) = lim i = lim liminf , 8.7
R i T P R T 57
Fy Fy
g(x,¢,v) = limsup lim sup m7 (e G Q@ p)) = lim sup lim inf m (ux’C’V’QV(x’p)), (8.8)

pd—l pd—l

p—0T n—+oo p—0t+ Mo

for every z € R, A € Rg;rg, CeRY andv e STL. Then f € F*, g € G, and for every

U € U.(R?Y) we have that {F,(-,U)}nen T-converges to Fﬁg(-, U) with respect to the topology of
L (RELRY), where FF59 is the functional introduced in Definition .

loc

Proof. By Theorem [£.1] there exists a subsequence, not relabelled, and a functional F' € Fs. such
that {F,(-,U)}nen I-converges ot F(-,U) for every U € U.(R?). Let f and g be the functions

defined by (5.2)) and (5.3)) corresponding to F'. Using Lemmas and together with (8.7
and (8.8), we see that f(xz,A) = f(A) and g(z,¢,v) = §(z,¢,v) for every x € RY, ¢ € RY,
A e R¥4 and v € S%!. Moreover, thanks to Lemma we obtain that

sym>»
mF”(fA,Q(QZ,p)) mF(EA’Q(SU’p))
d

f(4) = lim limsup < liminf

p—0t notoo pd p—0+ p )
¢ Fn (g — p? Fyp
FA) = tim tming W Q@2 =) o, W, Q)
p—0T n—+oo (P —p ) v )

hence

mF(€A7 Q(xa P))
d

for every z € R? and A € REX?

sym *

f(A) = lim

p—0+ p
Thus, the functional F' satisfies the hypotheses of Theorem so that F = F/ ’gg

Moreover, by (8.7) and (8.8]) the functions f and §, and hence the functional F/9, do not de-
pend on the subsequence chosen at the beginning of the proof, so that by the Urysohn property of
I'-convergence (see [25, Proposition 8.3]) for every U € U.(RY) the whole sequence {F}, (-, U) }nen

I-converges to F19(-, U). O
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9. FUNCTIONALS OBTAINED BY RESCALING

In this section we use the theory developed in the previous sections to deal with the problem of
I'-convergence of oscillating functionals obtained by rescaling of a single functional. In particular,

we prove a general theorem which provides sufficient conditions for the I'-convergence of these
functionals (see Theorem [9.7).

We now introduce the notation we will use in the rest of the work. Throughout this section
we keep fixed f € F* and g € G and set

F = Fl9 ¢ g,

where F/9 is the functional introduced in Definition [3.31 We also assume that the modulus of
continuity introduced in (3.1) satisfies

o(t) =017 for every 7 > 0, (9.1)
for some constant o; > 0. With this hypothesis, condition (g4) of Definition reads
l9(z, C1,v) = g(@, G, V)| < 1[G — Gl
while the surface continuity estimate (f) of Definition becomes
F(u+ gy, B) < F(u, B) + o1 |¢|H"(ITY N B).
Definition 9.1. For every ¢ > 0 we consider the integrands f. € F and g. € G*° defined by

fe(z, A) == f(£,4) for z € R and A € REY, (9.2)
ge(z,C,v) = 59(% g, u) for z e RY, ¢ e RY, and v e S9!, (9.3)

and we set F. := Ffe9e ¢ g,

Remark 9.2. If for every z € R?, ¢ € R?, and v € S%! the function t — g(z,t(, v) is positively
homogeneous of degree one, that is to say

g(x,t(,v) =tg(z,(,v) for every x € RY ¢ eRY, veS?!, and t >0, (9.4)
then

ge(x, ¢, v) = g(£,¢,v)  for every z € RY ¢eR? vesSt! ande>0.
In this case, for U € U.(R%) and u € BD(U) the functionals F.(u,U) of Definition [9.1] become

[rCEeus [ Etpmams [ o) o

which are the functionals commonly considered in homogenisation of free discontinuity problems.

Our choice in the definition of g, given by is justified by the fact that the correspond-
ing functional F. defined by F/=9 satisfies good change of variables formulas (see Lemmas
and below) even when g does not satisfy (9.4). This will allow us to prove a very general
I'-convergence result for F/9¢ (see Theorem [9.7), which implies the I'-convergence of the func-
tionals in when ¢ satisfies the additional condition . Unfortunately, in the BD case
we are not able to extend the truncation arguments that were crucial to study the analogue of

(19.5) in BV (see [16}26L30]).

In the rest of the section we need the following technical result about a change of variables
formula involving the Cantor part of a BD function.

Lemma 9.3. Let £,p € (0,1), z € RY, v € S u € BD(Q.(z,p)), and v € BD(Q.(%,2)).
Assume that v(z) = Lu(ez) for every z € Q,(%,2). Then

dEu dE¢v
>y, ——— d’Ecu|:€d/ (2, ——— ) d|E“v|. (9.6)
/Qm,p) ) ( dIECUI> Qu(£.2) ( d!ECv\)
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Proof. Let 1) € C2°(Qy(%,2);RE<) and let ¢, = 1 (2) € CX(Qu(, p); RE:D). By change of

sym sym
variables and integration by parts we have

—/ zpdEv:/ vdmpdz:/ Lu(ez) dive dz
v(2,2) v(2,2) Qu(%,2)

1 1
- = Mdivw(y) dy = — wdiv . dy
€ JQup) € € € JQu(z.p)

1 1 .
€ JQu(z.p) € Jau(z) €
where (g) #Eu denotes the push-forward of Fu via the function y — % (see, for instance, [8,
Theorem 3.6.1]). This implies that
1 /-
Ev = =i (g>#Eu as Borel measures on Q, (%, 2)
and, passing to their singular parts,
1 /-
Efv = €—d<g)#E5u as Borel measures on Q, (%, 2),
where E*v and F*u denote the singular part of EFv and Fu with respect to the Lebesgue measure.
Restricting the previous equality to @, (%,2)\ J, = Qu(%,2) \ (£ J,), we deduce that

g
E‘ = Eld<€>#Ecu as Borel measures on Q,(%,2).
This implies that
dEv y,  dE‘u
B (0)= aEeu] W
Hence, by the integration formula for the push-forward of measures (see, for instance, [8, Theo-
rem 3.6.1]) we get (9.6)). O

We state two preliminary results that allow us to rewrite the minimisation problems on small
cubes for the functionals F. by means of minimisation problems on large cubes for F' and Ff™9%
where f°° and ¢> are the functions defined by (6.1]) and @, respectively.

Lemma 9.4. Lete,p € (0,1), 2 € R?, and A € REZ. Then

sym

mFe(éAaQ(x>p)) =€ m (K Q(s’ s))

Proof. Let u € BD(Q(x, p)), with u = £4 on 0Q(z, p) and let v( ) = Lu(ez) for z € Q(£,2).
It is easy to see that v = £4 on 9Q(Z, £). Thanks to and ( , a change of variables and
Lemma [9.3] show that

for |[Eul-a.e. y € Q,(x, p).

/ fe(y,Eu) dy = 5d/ f(z,Ev)dz,
Q(z,p)

Qz.2)
dECu dEC’U
(o g ) Al ==t [ (e ) dlE,
/Q(W) e < d|F u|) Q(z.2) ( d|E U‘)
/ 9=(y [u], v) AR = £ / 9(z, V], vy) dHO
JuNQ(,p) JoNQ(Z,2)

Thus, we infer

concluding the proof. O

Definition 9.5. We set
F>® = 707 ¢ goee,
where f* and ¢g* are the functions defined by (6.1)) and (6.4).
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Lemma 9.6. Let ¢ € (0,1/(2¢5)), z € RY, ¢ € RY, v € S, and p € (0,1). Then
|07 (g ¢ s Qu(, p) — ¥ M (uz ¢, Qu(2,2))| < Cp =4 + Cep™™, (9.7)

€le
where C' = C¢ > 0 is a constant depending only on |C| and on the structural constants o, c3, ce,
and cy, but is independent of €, x, v, and p.

Proof. Let u € BD(Q,(z, p)) with u = u, ¢, on 9Q, (z, p) and let v(z) := u(ez) for z € Q, (£, 2),

so that v = Uz ¢, ON 0Q,(%,2). Recalling (9.2) and (9.3), a change of variables and Lemma
imply that

1
/ foly,Eu)dy = 271 / ef (z, 751)) dz, (9.8)
Qu(z,p) Qu(%f) €
dEu dEv
\y, ——— ) d|Eu| = adl/ £ 2, d|Ev|, (9.9)
/Qu(z,m ) ( dIECUI> Qu(2.2) ( dIECvl)
1
/ g0 [ ) a1 =<1 ez ~[olw) AT (9.10)
JuNQu (x,p) JvaV(%:g) €
We can now exploit (6.2)) of Remark to obtain for £%-a.e. z € Qu(%,2)
lef(z, %Ev) — [(z,Ev)| < cee + coe f (2, é&))l_o‘, (9.11)

while using of Remark and inequalities (g3) and (6.5)), for H? '-a.e. z € J, N Q. ( £,2)
we get

leg(z, 2[v], vu) = 9% (2, [v], 1) | < 2e3e7e|v] © wo| < Cieg(z, L], ), (9.12)
leg(z, %[v], ) — g%z, [v], 1)| < 2e3c7e|[v] © vy| < Creg™(z, [v], vy), (9.13)
where we have set C := (2¢3¢7)/c1. From we then deduce for L%-a.e. z € Q, (%, 2) that
f(z,Ev) < ef(z, 1Ev) + coe + coe f(z, LEv)I 7Y, (9.14)
[z, Ev) > ef(z, 1Ev) — coe — coe f (2, éé’v)l_a
> £ f(2,L60) — coe — coe(206(1 — ) a7, (9.15)
" 1-a

where we have used the inequality 717% < 36T + (2¢6(1 — @)« for every 7 > 0 and € €
(0,1/(2¢g)), while from (9.12)) and we obtain for H¥ -ae. z € J, N Qu(%,2)
9% (2, [v], 1) < eglz, t[v],vy) + Cie?g(z, L [v], 1), (9.16)
9> (2, [v],vy) > eg(z, %[v], vy) — C1eg™(z, [v], 1y). (9.17)
Note that implies that
ef(z, é&)) < 2f%(z,Ev) + Cae,

11—«

where Cy := 2¢6 + 2¢6(2¢6(1 — ) @, so that from (9.11]) we infer
ef(z, 1Ev) < [(2,E0) + coe + c6e™ (2 (2, Ev) + Cog)' 7. (9.18)

Integrating (9.14) on Q, (%, £), by Hélder’s inequality we get

Edl/ f(z,Ev)dz < Edl/ ef(z,1€v)dz + cep®
v(2,2)

- (9.19)
d—1 1 ad
+cﬁ<5 /,, %75)5f(z, 2Ev) dz) P,
while from (9.18)) we get
5d_1/ ef(z,1€v)dz < ed_l/ (2, Ev) dz + cgp®
Qu(%,2 Qu(£.2)
(9.20)

11—«

+cs (2ed_1 / f(z,Ev)dz + Cgpd> P2
Qu(%.2)
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Integrating (9.16)) and (9.17) on J, N Q. (%, £2) we obtain
o/ g o)) it < e [ cg(z, o), v) dH
Jo0Qu(£,2) JoNQu(2,2)

+elCy / eg(z, %[v], vy) dHIL,
JuNQu(Z,%)

(9.21)

and

adl/ 9 (2, [v], ) dH! > edl/ eg(z, %[v], Uy) dHdt
JvﬁQu(£ B) Jvau(E B)

(9.22)

—lay / g% (z, [v], v) dHIL.
J’UQQV(£ B)

Recalling (9.8 and combining (9.19) and -7 we obtain
e (0,Qu(E, 5)) < Fo(u, Qu(x, p)) + cop”
+esFe(u, Qu(z, p))' = p* + CreFe(u, Qu(x, p)),
while from and - we get
Fe(u, Qu(x, p)) < eV F¥(0,Qu(%, 2)) + cop?
d—1 oo z p A\ ad d oo z p
+CG<26 F (Uqu(gag))+C2P > p +Cl€ F (val/(Eag))‘
Since u = uy ¢, on 0Q,(x, p) if and only v = uz ¢, on 0Q, (%, £), the last two inequalities imply
e tmf (uf,f,w QV(E’ g)) < m”’ (UJJ Vs Qy(l' P)) + Cﬁpd

(9.23)
+66mF€ (ux,C,Va Qu(xv p))l ¢ ad + Clnge (UZ ®2) Qll(x p))

and
W (1, Q) < T (¢, Qu(2,£)) + o

oo 1-a oo
+ce (25d_1mF (Uf,g,m Ql/(ga g)) + Cde) pad + C’1'5':drnF (Ug,g,m Ql/(%a g))

To conclude, as u,¢, and uz , are competitors for the problems m? (uy ¢, Qu(z, p)) and

(9.24)

mE™ (uz ¢, Qu(E, £)), respectively, using the upper bounds in (g3) and (6.5) we obtain

m= (. o, Qu(, p)) < c3/¢C O v|p? T,

d 1
mF (ug,C,wQV( )) <C3|C®V’ gd—1°

Finally, combining these two inequalities with - and - we get
e tm (e ¢ Qu(,2)) < W (ug e, Qula, p) + cop?
+eocs|C @ v]pTT + Cres|¢ @ v]eptT,
and
m (g 0, Qu(, p)) < el (uz ¢, Qu(Z, 2)) + cop’
+C6(203|C Ov|+Cy ) “OpdIte L Cles|¢ O vlepd T,
which imply for C' := max{cg, cses|C|, Cres|(], c6 (2e3/¢| + Cg)l_a}. O

The following theorem constitutes the main result of this section. We shall see in the next
section that its hypotheses are satisfied under the standard hypotheses of periodic or stochastic
homogenisation.
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Theorem 9.7. Let f € F*, g € G®, and let F, := F¥9% be the functionals introduced in
Deﬁmtwn . Assume that there exist functions fhm Rg;rg — [0, +00) and gm: RY x S¥1 —
[0, 400) such that

Ff g(eA, Q(T%, 7’))

fim(A) = TEIJPOO " for allz e R and A € Rg;rff, (9.25)
mi (Urg,c s Qura,r))

for allz € RY, ¢ € R, and v € ST, (9.26)

glim(C7 V) - TETOO pd—1

Then fim € F%, gim € G%°, gum satisfies , and the following property holds: for every
positive sequence {e,}nen converging to 0 as n — 4o and for every U € U, (Rd) the sequence
{F.,(-,U)}nen T-converges to Fhim:9im (. U) with respect to the topology of Li- .(R%:R?Y). More-
over, we have the equality

loc

Gim (G, V) = fin(COv)  forall ¢ € R? and v € ST1, (9.27)
which implies that for every U € URY), u € BD(U), and B € B(U) we have
dE*u
Flim:iim (y B) = im(Eu)d (= ) d| Bl 9.28
.8) = [ fun(En) o+ [ fis () dlE (9.25)

where Eu denotes the singular part of Eu with respect to the Lebesgue measure.

Proof. Let us fix a sequence {e,}nen C (0,1) converging to 0 as n — +oo. Since {Fy, }nen C
F4°, to prove the I'-convergence part of the statement it is enough to check that the hypotheses
of Theorem are satisfied. Using Lemma we see that for every p € (0,1), n € N, z € R?,
and A € ]RdX we have

Sym

;deEnwA,Q(m,p)) S (64, Q2 ),

so that, setting r,, := p/e,, we may rewrite the previous equality as

w5 (L4, Q) = (L, Qa2 ra).

n

By (9.25) applied with = replaced by 2/p, we then obtain for every A € R%X¢ and p € (0, 1) that

Sym
lim idefn (€a,Q(z,p)) = fim(A),

n—+o0o0 P

which proves (8.7) for every z € R? and A € Rglyxrff

Let us fix z € R?, ¢ € RY, and v € S¥~!. Using Lemma |9.6} . we see that for every p € (0,1)
and n large enough we have

d—1
e g 1 F.
pzflm (ui e QV(5n7 gn)) - C(pa + 5n) < P mn (UI,C,ZM Qu(xa p))
d—1
€ %9
S pZ—lm (uz C,anu(gnven))+C(P +€’I’L)

so that, setting again r, := p/e,, by (9.26)) we may pass to the limit first as n — 400 and then
as p — 07 to obtain

1
i i e (g Q) = i (€ 1),
proving for every x € R, ¢ € R?, and v € ST,

The fact that fi;n € F* and g, € G follows again by Theorem while property for
giim follows from the observation that, being f°° and ¢ both positively homogeneous of degree
one (in the variables A and (, respectively), so is the function ¢ — m"™™ (ug ¢, Qu(x, p)). By
this leads to the positive homogeneity of gii,.

Finally, since for every U € U.(R?) the functional F/fim9im(. U) is LL (R4 R?) lower semi-

continuous and the functions fii, and gy, are independent of the variable x, equality (9.27)
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follows from Lemma below. Equality (9.28)) follows immediately from Definition O

For the application to stochastic homogenisation it is useful to obtain the conclusion of the
previous theorem assuming only that the limits in ((9.25)) and (9.26)) hold on countable dense
collections of A, ¢, and v. This is made possible by the following two lemmas.

Lemma 9.8. Let f € F, g€ G, and D C Rg;rg be a dense subset. Assume that there exists a
function fi,: D — [0,400) such that

f(A) = tm ™A Q)

r—-+00 rd

for every x € R and A € D. (9.29)

Then there exists a unique continuous extension fiim: Rg;lﬁl — [0,+00) and this extension is

Lipschitz continuous with Lipschitz constant cs and satisfies

f.9
fim(A) = lm (€, Q7))

r—=400 Td

for every x € R? and A € RE4 (9.30)

sym *
Proof. Arguing exactly as in the proof of (5.11]), we obtain

|me’g(€Al,Q(rx,7')) — me’g(EAQ, Q(rz,r))| < c5]A2 — Al\rd for every Aq, Ag € RAxd

sym *
Combining the previous inequality with (9.29)), we obtain that there exists a unique continuous
extension of fy, and that this extension is cs-Lipschitz continuous and satisfies (9.30)). O

Lemma 9.9. Let f € F, g € G, and D; C R? and Dy C S¥! be dense subsets. Assume that
there exists a function gy : D1 X Do — [0, +00) such that

FOO
Gim(Cr) = lim T (rete Qulrm))

r—+00 rd—1

for all z € RY, ¢ € Dy, and v € Dy. (9.31)

Then there exists a unique extension Giim : RY x §4-1 — [0, +00) such that

Jass
glim(c, I/) — hm m (UT.Z,C,V, Ql,(’r'x’ /r))

d d d—1
Lom T forallz e R*, ( e R% and v € S . (9.32)

Proof. We begin by proving that there exists an extension g, : R% x Dy — [0, +00) such that

FOO
omT (g gy Qulra, 1)
gim () = lim ==

To this aim, we observe that by (g4')) and (9.1)) we have

[ (1,0, Qu(r, 7)) = 0 (g gy, Qu (rz )| < 1[G = Gl

for every z € R, (;,¢ € RY, and v € S 1. This can be proved arguing as in the proof of
inequality in Lemma Combining this inequality with , we obtain that the limit
in exists for every ¢ € R? and v € Dy.

We now prove that there exists and extension of g, satisfying . We begin by observing
that, given 0 < n < 1, by the continuity condition on the map v +— R, introduced in (d) of
Section [2] there exists 0 < ¢, < n such that

for all z € R?, ¢ € RY, and v € Ds. (9.33)

Qu, (0,1) CC Q,,(0,1+17) for every vy, vy € ST with |y — 1| < 6. (9.34)
Let us fix 2 € RY, ¢ € R, 7 > 0, and 1 > 0. We observe that (9.34) gives
Quy (ra, 1) CC Quy(ra, (1 +n)r)  for every vy, v € ST1 with v — 1| < 4.

Hence, we can apply Lemma with 1 = 29 =rx, p1 =71, p2 = (L +n)r, and vy, € Sifl
with |vy — va| < d,. We observe that F'> satisfies the upper estimate in (c) of Definition
with ¢4 = 0 because of and Proposition so that we can omit the term containing
¢4 in Lemma Using the inequality (1 + n)?~! — 1 < 2971y, for every vy,vy € S‘i_l with
|11 — 1| < 6, < m we then obtain

mFoo(urz,C,l/za Quy(rz, (L+m)r)) < m?™ (um,C,Vu Qv (rz,7)) + CS‘CKQdiln +w(0, n))rdfl-
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We set x,;, := ﬁ and 7, := (1 + n)r. Dividing the previous inequality by r4=1, we obtain
mpﬁu%%&ﬁﬁ%dmﬂmrw)Snﬁ%@““ﬁﬁgmhwﬂ”—+%KKW‘%+wdQnD. (9.35)
Exchanging the Zoles of v and v» we also get
(e, Qutut ) o 7 (i @02 oty o). (030
Moreover, apply?ng with = replaced by z := (1 + n)x we obtain
mwﬂwﬂ@;f%ﬁwxwﬂ)Snﬁmwmmﬁﬁgmwwm”>+@KKﬂ”n+wmﬂm. (9.37)
n

Let us fix v € ST, For every n > 0 we can find vy € St N Dy with lvy — v| < 4y, where

0 < § < n is the constant given by (9.34)). Using (9.36) with vy = 1, and 1o = v, by (9.33)),

which clearly holds with r replaced by 7, we obtain

FOO
(€. ) — €slCI(2 1 + (0, m) < lim g W Urnen @ATBT) g g

while using (9.37) with v1 = v, and v = v by (9.33)) we get

. m?™ Upg ¢ Qu(TT, T -
imsup e P UL < g () @ w0, (939)
n (e e}

where we have also used that by (9.33)) the limit appearing the definition of gim(¢,7) is the
same for x and z"7. Combining ((9.38]) and (9.39)), we obtain

Foo Foo
. m (urac,c,w Q,/(T‘SC, T)) . m (urm,c,m QI/ (TJE, T)) d—1
hmsup ~ lim inf < 2ea/Cl(27m + w(0,m))-
Letting 7 — 0% we conclude the proof of the lemma. O

We conclude this section by showing that, if F59(-,U) is L' (U;R?) lower semicontinuous for
some bounded open set U C R%, then f>*(COv) = g(¢,v), provided that f and g are independent
of x and ¢ is positively homogeneous of degree one in (. Although variants of this result are
well-known (see, for instance, [17, Step 3 of Theorem 6.14]), we present here a complete proof
in order to conclude the proof of Theorem

Lemma 9.10. Let f: R¥X4 — [0, +00) and g: R¥xS%1 — [0, 4+00) be Borel functions satisfying

Sym
(f2), (22), (g3), and (0.4). Assume that there exists a non-empty bounded open set U C RY such
that the functional F79(-,U) is L' (U;RY)-lower semicontinuous. Then we have

9(¢v) = f2(Cov)
for every ¢ € RY and v € S 1.
Proof. Let us fix ¢ € R?, v € S¥1, and 2 € R? such that
0 < HITH Y NU), (9.40)
0 is a Lebesgue point of the function R > ¢+ #4114, N U), (9.41)
where we recall that for vy € S¥~! and z¢ € R? the symbol IT}% denotes the hyperplane passing
through x¢ and orthogonal to v, given by {y € R%: (y — 2¢) - o = 0}. Thanks to the Fubini
Theorem and the Lebesgue Differentiation Theorem the set of points 2 € R? for which the two

previous conditions are satisfied has positive £4 measure.
We now show that

9(C,v) S fZ (o). (9-42)
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To prove this, we approximate the function wu, ¢, by the sequence of piecewise affine functions
{tun}nen € BD(U) defined for every y € U by

0 if (y—x)-v<—o

N
un(y) = nlly—2) v+ 3)¢ i =g <(y—a) v < g,
¢ if(y—x)-yzﬁ,

Clearly {up }nen converges to uy ¢, strongly in L' (U; RY) as n — +00.
Setting H,, :={y € U: —5 < (y —2) - v < 5=}, one checks immediately that,

Eup =nC Ovxy, Llae inl, (9.43)

where x 7, is the characteristic function of H,. Moreover, the Fubini Theorem implies that
1

Ty, N U dt
1 T+t )

“2n

£d<Hn> =

which together with (9.41)) this gives
lim nLl(H,) =HIH L NU). (9.44)

n—-+00
In light of the lower semicontinuity of Ff9(-,U), a direct computation shows that
FOO)LYU) + g(¢, v)yHTH (ML NU) = FH9(uy e, U) < liminf B9 (u,, U)
n—-4o00

n——+00

= limnf ( / F(Eun) dar + FO)LYU N H)).
Hy
Since £L4(H,,) converges to 0 as n — +o0, the previous inequality gives
g(¢, ) HTH ML NU) < liminf | = f(Eun)da. (9.45)

Hp
Using ((9.43)) we see that

| J(Eun)do = f(nC o v)LY(H,). (9.46)

Combining (9.44])-(9.46)), recalling the definition of f*° given by (13.2)), we have
o€ 1N D) < timint LSO i) < (ot ),

n—-+o0 n
which by implies .
We now prove
feCov) <g(( ). (9.47)
To this aim, we set 7' > diam(U) and let € U. By the Fubini Theorem we have

T
LYU) = /T}zd—l(ng+tme) dt.

By the well-know approximation properties of Lebesgue integrals by means of Riemann sums
(see |42], |36, Page 63], or |27, Lemma 4.12]) we can select z € U in such a way that
T n
LYU)= lim = > HN (Y nu). (9.48)

n—+oo M o+ Ty
1=—n+1

We set A := ( ®v and fix t > 0. To prove (9.47)), we construct a sequence of pure jump
functions approximating ¢;4 in L'(U;R%). Given n € N, let o,,: (—=T,T) — R be defined by
n
on(s) = Z %X i—1,.i...(s) forevery se (=T,T).
i=—n+1 T
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For every n € N, let u,, € BD(U) be the function defined by

un(y) :=tlon((y —x) - v) for every y € U.
It is easy to see that {u, }nen converges to £;4 strongly in L'(U;R?) as n — +o0. Thus, by the
L'-lower semicontinuity of F/9(-,U) we obtain

fAY™) YU / FEAY™) dz = FI9(04,U) < liminf F59(uy,, U). (9.49)

n—-+00

On the other hand, using the homogeneity of g given by (9.4) we immediately check that

FI9(u,, U) = FO)LYD) + ) g( gT u)?—[d g rislry NnU)

i=—n+1

= F0)LYU) + tg(¢,v) Z HTNI, 1TV0U).
z—fn+1

Taking the liminf as n — 400 and using and - we get

FEAY™LYU) < f( VLU U) +tg(¢,v) L),
Hence, we get %f(tAsym) < %f(O) + 9g(¢,v), and letting t — +o00 we obtain (9.47)). O

10. STOCHASTIC HOMOGENISATION

In this section we use the results of the previous section to study the problem of stochastic
homogenisation of free discontinuity functionals defined on the space BD. In the following we
still assume that the modulus of continuity introduced in satisfies . We begin by
introducing the probabilistic setting we will use to deal with this problem.

Throughout this section (€2, 7, P) is a probability space endowed with a group (7,),cza of P-
preserving transformations on (2,7, P), i.e., a family (7,),cz¢ of T-measurable bijective maps
75: €0 — € such that

(2) Tuy O Tay = Toy iz, fOT every z1, 29 € Z%;

(b) P(r7Y(E)) = P(E) for every E € T and z € Z¢.
Note that from (a) and the bijectivity it follows that for z = 0 the map 79 is the identity on €.
We say that a group (7;),cz¢ of P-preserving transformations is ergodic if every set E € T with
7.(E) = E for every z € Z% has probability either 0 or 1. In analogy with [26,30], we introduce
the following two classes of stochastic integrands.

Definition 10.1. F¢,. denotes the set of all 7 ® B(R? x R%X4)-measurable functions f: Q x

stoc sym

R? x R¥%4 5 [0, 4-00) such that for every w € Q the function f(w) := f(w,-,-) belongs to F°

Sym
and the following stochastic periodicity condition holds:

flw,z+2,4) = f(r.(w),z, A)
foreveryw € Q,z € Z4, 2 € R%, and A € Rg;n‘f G2 . denotes the set of all T@B(R? xRY x S91)-
measurable functions g: Q x R? x R? x S9~1 — [0, +-00) such that for every w € Q the function
g(w) :=g(w,-,-,-) belongs to G*°, and the following stochastic periodicity condition holds:
glw,a+ 2,¢v) = g(ra(w), 2, v)
for every w € Q, z € Z¢, z,( € R, and v € S?1,

We recall the definition of subadditive process. Let R the collection of half-closed rectangles
defined by

R:={RC R R=ay,b1) X ... X [ag, bg) with a; < b; for i € {1,...,d}}.

Given R € R its interior is denoted by R°. We also introduce the completion of (2,7, P),
denoted by (2,7, P). It is immediate to see that (7,), is a group of P-preserving transformation
also on (2,7, P).
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Definition 10.2. A function p: 2 x R — R is said to be a covariant subadditive process with
respect to (7;),eza if the following properties are satisfied

(a) for every R € R the function u(-, R) is T -measurable;
(b) for every w € Q, R € R, and z € Z% we have pu(w, R+ 2) = u(7.(w), R);
(c) given R € R and a finite partition (R;)!; C R of R, we have

:UJ(W7 R) < Z M(wa RZ)
=1

for every w € ;
(d) there exists C' > 0 such that 0 < p(w, R) < CLY(R) for every w € Q and R € R.

In the following we will make substantial use of the Subadditive Ergodic Theorem of Akcoglu
and Krengel [1, Theorem 2.7]. In particular, we will use the version of this theorem stated
in |28, Proposition 1].

Theorem 10.3. Let p1 be a subadditive process with respect to the group (7;),cza. Then there
exist O € T, with P(Y) =1, and ¢: Q — [0, +00) such that

plw, Q(ra, 7))

lim AT
Jm T (@)
for every x € R? and every w € ', where Q(ra,r) := [ra; — 5, TT145) X X [rTg— 5,723+ 5).

If the group (7;),cza is also ergodic, then ¢ is constant P-a.e.

The following is the main result concerning the bulk part.
Proposition 10.4. Let f € F§,. and g € Gg,.. Then there exist ' € T, with P(Y') =1, and
a function flim: Q % R‘Siyxnﬁl — [0, 400), with fim(w,-) continuous for every w € Q' and fiim(-, A)

T -measurable for every A € R4, such that

sym ’

Ef(w),g(w)
.om (L4, Q(ra, 7))
flim(wa A) = TEI_POO d

(10.1)

for every w € ', z € R4, and A € RIX4. [If, in addition, (1.),czq is ergodic, by choosing O/

sym *
appropriately we have that fiiy, is independent of w.

Proof. Let us fix A € R&? and consider the function ®4: Q x R — [0, +00) defined by

Sym
®a(w, R) =m0y, RY).

This function defines a covariant subadditive process. Indeed, it is easy to check that properties
(b), (c), and (d) of Definition hold (see [16, Theorem 9.1] for the details), while the proof
of the measurability property (a) can be obtained by slightly modifying the Appendix of [16],
replacing Du and Vu by EFu and Eu.

Let D be a countable dense subset of ]ngxn‘f. We may then apply Theorem with p = &4
for every A € D to obtain a set Q' € T, with P(Q') = 1, and a function ¢4: Q — [0, +00) such
that

P y(w,Q(ra,r w9 rET,T
¢A(w) — lim A( 7Qd( ) )) — lim ( dAvQ( ) ))
r—+00 r r——+o0o r
for every w € ', z € R%, and A € D. By Lemma for every w € € there exists a unique
continuous function fij, (w,): Rg;n‘f — [0, 400) such that fiiy,(w, A) = ¢pa(w) for every A € Rglyxn‘f.

Moreover, A — fim(w, A) is cs-Lipschitz continuous and satisfies ((10.1)).
Finally, the statement concerning the ergodic hypothesis follows from the last part of Theorem

103l O

The following proposition collects the main results concerning the surface term.
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Proposition 10.5. Let f € F5,. and g € G$o.. Then there exist Q' € T, with P(Y) = 1, and

stoc

a function gim: Q x R x S¥=1 — [0, +00) such that
¢~ gim(w,(,v) is Lipschitz continuous for every w € Q' and v € s,
ST 5 v giim(w, ¢, v) are continuous for every w € Q' and ¢ € RY,
W = Giim(w, ¢, v) is T-measurable for every ¢ € R? and v € S471,

and
mFOO (w) (

o . urx,(,w QI/ (T’.%', T))
glim(wa C? V) - TEI_POO rd—1 (102)
for every w € Q, x € R%, ¢ € RY, and v € S, where F> is the functional introduced in
Definition . If, in addition, (T;),eza is ergodic, by choosing Y appropriately we have that

Jiim %S independent of w.

Proof. Tt is enough to repeat the arguments of [16, Proposition 9.4 and 9.5], replacing Step 2 of
their Proposition 9.4 and 9.5 by our Lemma O

Collecting the results of Propositions [10.4] and we obtain the following almost sure con-
vergence result.

Theorem 10.6. Let f € FSy., g € G2 and let F.(w) := F/<@):9:) pe the functionals intro-
duced in Definition[9.1 Then there exist ' € T, with P(Q) = 1, and functions fim € FSoe
and Giim € GSec, With gim(w) satisfying for every w € ', and with the following property:
for every sequence {en}nen C (0,1) converging to 0 as n — +oo, U € U(R?), and w €
we have that {F., (w)(-,U)}nen T-converges, with respect to the topology of Li (R%RY), to

loc
Fhim(@).91m@) (. 1) as n — +00. Moreover, we have the equality
Gim (W, ¢, v) = f2(w,C@v)  for every ¢ € RY and v € ST (10.3)

If, in addition, (T.),cza is ergodic, by choosing Q' appropriately we have that fim and gim are
independent of w.

Proof. Thanks to Propositions and there exist ' € T, with P(QY) = 1, flim: Q X
R4 — [0, +00), and giim: @ x R? x S9! — [0, 4-00) such that (10.1)) and (10.2) hold. Thus, by

Theorem we obtain the two inclusions fiim € F&oe and gim € G35, together with the fact

stoc

that gim(w) satisfies (9.4]) for every w € ', as well as the I'-convergence part of the statement

and equality (10.3]).

The last part of the statement follows from the final parts of the statements of Propositions

[[0.4] and {05 O

As a particular case of the previous theorem we deduce the following result in the periodic
deterministic setting.

Corollary 10.7. Let f € F, g € G, and let F. := F=9% be the functional introduced in
Definition [9.1 Assume that both f and g are 1-periodic in the x variable. Then there exist
Junctions fim € F* and gim € G, with fim satisfying , and with gym satisfying
and , and consequently the following property holds: for every sequence {ep}nen C (0,1)
converging to 0 as n — +oo and for every U € U.(RY) the sequence {F., (-,U)}nen I'-converges
to Fhim:9im (. U7) with respect to the topology of L (R%R%). Moreover, we have the equality

loc

gim (¢, v) = fim(COv)  for every ¢ € R and v € S41.

Proof. 1t is enough to apply Theorem in the case where () consists of a single point. O
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