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Abstract. We study the Γ-convergence of sequences of free discontinuity functionals with
linear growth defined in the space BD of functions with bounded deformation. We prove a
compactness result with respect to Γ-convergence and outline the main properties of the Γ-limits,
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1. Introduction

Given a bounded open set U ⊂ Rd, the space BD(U) of functions of bounded deformation
is defined as the space of vector fields u ∈ L1(U ;Rd) such that the symmetric part Eu :=
1
2(Du + DuT ) of the distributional gradient Du is a bounded Radon measure with values in

the space Rd×d
sym of (d × d) symmetric matrices. It was introduced in [46, 48, 49] to provide a

variational framework for the study of elasto-plasticity in the small strain regime and has since
been object of a large number of contributions, where the authors investigated trace and fine
properties [2,5,6,23,32,43,44], approximation by means of more regular functions [7,18,19,21,24],
and rigidity estimates [20,22,35,40,41].

In addition to its applications to elasto-plasticity, this space is particularly useful in the
mathematical modelling of fracture mechanics in the variational formulation of Francfort and
Marigo introduced in [39]. For this application, it is convenient to consider the decomposition
of the measure Eu introduced in [2] and given by

Eu = Eau+ Ecu+ Eju, (1.1)

where Eau is the absolutely continuous part of Eu with respect to the Lebesgue measure Ld,
whose density is denoted by Eu, Eju is the jump part of Eu, defined as the restriction of Eu
to the jump set Ju of u, and the Cantor part Ecu is the restriction of the singular part of
the measure Eu to the complement of Ju in U . It is known that Eju := ([u] ⊙ νu)Hd−1 Ju,
where [u] := u+ − u− is the difference of the unilateral traces u+ and u− of u on Ju, νu is the
unit normal to Ju, ⊙ denotes the symmetrised tensor product, Hd−1 is the (d− 1)-dimensional
Hausdorff measure, and denotes the restriction of a Borel measure to a Borel set. Moreover,
it is known that Ecu is singular with respect to the Lebesgue measure and vanishes on all Borel
sets with finite Hd−1-measure.

In some cohesive fracture models, the approach of [39] naturally leads to the minimisation of
energies of the form (see, for instance, [10, Sections 4.2 and 5.2])

F (u,U) :=

ˆ
U
f(x, Eu) dx+

ˆ
U
f∞

(
x,

dEcu

d|Ecu|

)
d|Ecu|+

ˆ
Ju∩U

g(x, [u], νu) dHd−1, (1.2)

where the bulk energy density f : Rd × Rd×d
sym → [0,+∞) is a Borel function with

c1|A| − c2 ≤ f(x,A) ≤ c3|A|+ c4 for every x ∈ Rd and A ∈ Rd×d
sym , (1.3)
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for some constants 0 < c1 ≤ c3, c2 ≥ 0, and c4 ≥ 0, f∞ : Rd × Rd×d
sym → [0,+∞) denotes the

recession function of f with respect to A, defined by

f∞(x,A) := lim sup
t→+∞

f(x, tA)

t
for every x ∈ Rd and A ∈ Rd×d

sym ,

and the surface energy density g : Rd × Rd × Sd−1 → [0,+∞) is a Borel function satisfying

c1|ζ ⊙ ν| ≤ g(x, ζ, ν) ≤ c3|ζ ⊙ ν| for every x ∈ Rd, ζ ∈ Rd, and ν ∈ Sd−1, (1.4)

where Sd−1 := {ν ∈ Rd : |ν| = 1}.
In this paper we study the Γ-limits of sequences of the form (1.2) with respect to the topology

induced by L1
loc. The first result in this direction is Theorem 4.1, which states that for every

sequence {Fn}n∈N, with c1, . . . , c4 independent of n, there exists a subsequence, not relabelled,
such that for every bounded open set U ⊂ Rd the sequence {Fn(·, U)}n∈N Γ-converges to a
functional F (·, U) defined on BD(U).

This limit functional F satisfies suitable regularity properties (see Definition 3.4), the most
important being that for every bounded open set U ⊂ Rd and u ∈ BD(U) the set function
defined for every Borel set B ⊂ U by

B 7→ F (u,B) := inf{F (u, V ) : V open, B ⊂ V ⊂ U}
is a bounded Radon measure. Let F a(u, ·) and F s(u, ·) be the absolutely continuous and singular
parts of the measure F (u, ·) with respect to Ld, respectively. In analogy to (1.1), we decompose
the limit functional F as

F (u,B) = F a(u,B) + F c(u,B) + F j(u,B),

where F j(u,B) := F s(u,B ∩ Ju) and F c(u,B) := F s(u,B \ Ju). It is possible to check (see
Remark 5.2) that F c(u, ·) is the absolutely continuous part of F (u, ·) with respect to Ecu and
that F j(u, ·) is the absolutely continuous part with respect to Eju.

By recent results of Caroccia, Focardi, and Van Goethem [17] (see also [37]) it is possible to
represent F a and F j by means of integral functionals in the form

F a(u,B) =

ˆ
B
f(x, Eu) dx, (1.5)

F j(u,B) =

ˆ
Ju∩B

g(x, [u], νu) dHd−1, (1.6)

where f and g are Borel functions satisfying (1.3) and (1.4). As customary in integral rep-
resentation results for free discontinuity functionals (see, for instance, [9, 12]), the functions f
and g are defined by means of limits of auxiliary minimisation problems on small cubes. More
precisely, for every bounded open set W ⊂ Rd with Lipschitz boundary, and w ∈ BD(W ) we set

mF (w,W ) := inf{F (u,W ) : u ∈ BD(W ) and u = w on ∂W}.
The integrands f and g that appear in (1.5) and (1.6) are given by

f(x,A) := lim sup
ρ→0+

mF (ℓA, Q(x, ρ))

ρd
, (1.7)

g(x, ζ, ν) := lim sup
ρ→0+

mF (ux,ζ,ν , Qν(x, ρ))

ρd−1
,

where ℓA is the linear function defined by ℓA(y) = Ay, Q(x, ρ) is the cube with centre x, side-
length ρ > 0, and sides parallel to the axes, ux,ζ,ν is the pure jump function equal to ζ on

{y ∈ Rd : (y − x) · ν ≥ 0} and to 0 on {y ∈ Rd : (y − x) · ν < 0}, while Qν(x, ρ) is a cube with
centre x, side-length ρ > 0, and two faces orthogonal to ν.

Under suitable additional hypotheses (see Definition 6.4) on the sequence {Fn}n∈N, and as-
suming that (1.7) holds with f independent of x and lim sup replaced by lim, we show in Theorem
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7.1 that the complete limit functional F , including its Cantor part F c, can be represented in
the form

F (u,B) =

ˆ
B
f(Eu) dx+

ˆ
B
f∞

( dEcu

d|Ecu|

)
d|Ecu|+

ˆ
Ju∩B

g(x, [u], νu) dHd−1, (1.8)

for every u ∈ BD(U), with U ⊂ Rd bounded open set, and every Borel set B ⊂ U . Thanks to
(1.5) and (1.6) the crucial point is to show that

F c(u,B) =

ˆ
B
f∞

( dEcu

d|Ecu|

)
d|Ecu|.

In Caroccia, Focardi, and Van Goethem [17], this is obtained by exploiting the uniform
continuity of F with respect to horizontal translations, which is one of their key assumptions.
However, this hypothesis is not natural for our approach to stochastic homogenisation, so we
are forced to use a different technique. First of all, we use the characterisation of

dF c(u, ·)
d|Ecu|

(x)

obtained in [17, Lemma 5.3], which holds even if {Fn}n∈N is not uniformly continuous, and then,
using the property introduced in Definition 6.4, we adapt to the BD setting some arguments
used in [26,30] for the BV case.

Combining the compactness result and the integral representation (1.8) we are able to obtain
in Theorem 8.3 a characterisation of the integrands of the Γ-limits by means of limits of minimum
values on small cubes. More precisely, assuming that Fn satisfy the property described in
Definition 6.4 uniformly with respect to n and that for some functions f̂ and ĝ we have

f̂(A) = lim
ρ→0+

lim sup
n→+∞

mFn(ℓA, Q(x, ρ))

ρd
= lim

ρ→0+
lim inf
n→+∞

mFn(ℓA, Q(x, ρ))

ρd
, (1.9)

ĝ(x, ζ, ν) = lim sup
ρ→0+

lim sup
n→+∞

mFn(ux,ζ,ν , Qν(x, ρ))

ρd−1
= lim sup

ρ→0+
lim inf
n→+∞

mFn(ux,ζ,ν , Qν(x, ρ))

ρd−1
(1.10)

for every x ∈ Rd, A ∈ Rd×d
sym , ζ ∈ Rd, and ν ∈ Sd−1, then for every bounded open set U ⊂ Rd we

prove that the sequence {Fn(·, U)}n∈N Γ-converges to the functional F (·, U) in (1.8) with f = f̂
and g = ĝ.

We conclude the paper by applying these results to a general class of integral functionals
to deduce homogenisation results. More precisely, in Theorems 9.7 and 10.6 we will consider
functionals Fn given by

Fn(u, U) :=

ˆ
U
f
( x
εn
, Eu

)
dx+

ˆ
U
f∞

( x
εn
,
dEcu

d|Ecu|

)
d|Ecu|+

ˆ
Ju∩U

εng
( x
εn
,
1

εn
[u], νu

)
dHd−1,

(1.11)
where f and g satisfy (1.3), (1.4), and some conditions related to Definition 6.4 (see Definition
6.1), while {εn}n∈N ⊂ (0, 1) is a sequence converging to 0 as n→ +∞. We remark that, in general
the functionals {Fn}n∈N do not coincide with those normally considered in the homogenisation
of free discontinuity problems, unless one assumes that [0,+∞) ∋ t 7→ g(x, tζ, ν) is positively
homogeneous of degree one, in which case Fn(u, U) reads asˆ

U
f
( x
εn
, Eu

)
dx+

ˆ
U
f∞

( x
εn
,
dEcu

d|Ecu|

)
d|Ecu|+

ˆ
Ju∩U

g
( x
εn
, [u], νu

)
dHd−1, (1.12)

which is the standard functional considered in the homogenisation problem for free discontinuity
functionals (see [13–16]).

So far, in the BD setting our technique allows us to prove the Γ-convergence of (1.12) only
when g is positively 1-homogeneous in the variable ζ, while in the BV setting (see [16,26,30]) the
Γ-convergence of the functionals corresponding to (1.12) has been proved assuming only that the
function g is sufficiently close to a 1-homogeneous function for |ζ| small enough. Unfortunately,
this approach heavily relies on sophisticated truncation arguments that we are not able to extend
to BD.
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The particular choice of the scaling for the surface term in (1.11) will allow us to circumvent
the use of vertical truncations and will allow us to obtain suitable change of variable formulas
used in the proof, which avoids any truncation argument.

A similar problem for bulk energies of the form

Φn(u, U) :=


ˆ
U
f
( x
εn
, Eu

)
dx if Eu << Ld,

+∞ otherwise,

was studied in [17], when f is 1-periodic with respect to x and satisfies (1.3), and in [4] in the
stochastically periodic case.

To obtain the Γ-limit of {Fn}n∈N using (1.9) and (1.10) is convenient to rewrite these formulas
using the change of variables y = x

εn
. Setting v(y) := 1

εn
u(εny), one then checks that

Fn(u,Q(x, ρ)) = εdn

(ˆ
Q( x

εn
, ρ
εn

)
f(y, Ev) dy +

ˆ
Q( x

εn
, ρ
εn

)
f∞

(
y,

dEcv

d|Ecv|

)
d|Ecv|

+

ˆ
Jv

g(y, [v], νu) dHd−1
)
,

where we have exploited the scaling chosen for the surface term in (1.11). Setting rn := ρ
εn
, we

have
1

ρd
mFn(ℓA, Q(x, ρ)) =

1

rdn
mF (ℓA, Q(rn

x
ρ , rn)),

where F is given by (1.2). Hence, if there exists the limit

flim(A) := lim
n→+∞

1

rdn
mF (ℓA, Q(x, rn)) (1.13)

and is independent of x, condition (1.9) is satisfied by f̂(x,A) = flim(A).
To deal with (1.10) we consider F∞ the functional obtained by replacing f and g by f∞ and

g∞ in (1.2), where

g∞(x, ζ, ν) := lim sup
t→+∞

g(x, tζ, ν)

t

(see Definition 6.1). Performing a change of variables similar to the one that led to (1.13), we
obtain that if the limit

glim(ζ, ν) := lim
n→+∞

1

rd−1
n

mF∞
(urnx,ζ,ν , Q(x, rn)) (1.14)

exists for every ζ ∈ Rd and ν ∈ Sd−1 and is independent of x, then condition (1.10) holds with
ĝ(x, ζ, ν) = glim(ζ, ν).

As (1.9) and (1.10) are sufficient conditions for the Γ-convergence, we obtain the following
result (see Theorem 9.7): suppose that the limits (1.13) and (1.14) exist for every A ∈ Rd×d

sym ,

ζ ∈ Rd, ν ∈ Sd−1, and are independent of x, then for every bounded open set U ⊂ Rd the sequence
{Fn(·, U)}n∈N Γ-converges with respect to the L1

loc-convergence to the functional Flim(·, U) de-
fined by

Flim(u, U) :=

ˆ
U
flim(Eu) dx+

ˆ
U
f∞lim

( dEcu

d|Ecu|

)
d|Ecu|+

ˆ
Ju

glim([u], νu) dHd−1.

We also prove a related result in the probabilistic setting. Under the standard assumptions
of stochastic homogenisation (see Section 10), we will assume that the integrands f and g
appearing in (1.11) are random functions, and we will prove that the limit (1.13) exists almost
surely thanks to the Subadditive Ergodic Theorem of Akcoglu and Krengel [1], and show that
the almost sure existence of the limit in (1.14) can be obtained by using the same theorem in
dimension d− 1, arguing as in [15, 16]. This will allow us to prove in Theorem 10.6 the almost
sure Γ-convergence of {Fn}n∈N to Flim. Of course, the stochastic result immediately implies a
related result in the deterministic periodic case (see Corollary 10.7).
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2. Notation

In this section we present the notation used throughout the paper.

(a) The space Rd is endowed with the usual scalar product, denoted by ·, while the Euclidean
norm is denoted by | |. The unit sphere of Rd is denoted by Sd−1 := {ν ∈ Rd : |ν| = 1}.
We also set Sd−1

± := {ν ∈ Sd−1 : ±νi(ν) > 0}, where i(ν) ∈ {1, ..., d} is the largest index
such that νi(ν) ̸= 0.

(b) We identify the vector space Rd×d with the space of d × d matrices. The subspace of

Rd×d of d×d symmetric matrices (resp. antisymmetric) is denoted by Rd×d
sym (resp. Rd×d

skew).

If A ∈ Rd×d its symmetric part is denoted by Asym := 1
2

(
A + AT

)
. For A ∈ Rd×d and

x ∈ Rd, the vector Ax ∈ Rd is given by the usual matrix by vector multiplication. Given
a matrix A = (Aij) ∈ Rd×d, its Frobenius norm is given by

|A| :=
( d∑

i,j=1

|Aij |2
)1/2

.

The identity matrix is denoted by I.
(c) The i-th vector of the canonical basis of Rd is denoted by ei. Given x ∈ Rd and ρ > 0,

we consider the cube Q(x, ρ) :=
{
y ∈ Rd : |(y − x) · ei| < ρ/2 for every i ∈ {1, ..., d}

}
.

(d) SO(d) is the space of d × d orthonormal matrices R with det(R) = 1. We fix once and
for all a map Sd−1 ∋ ν 7→ Rν ∈ SO(d) satisfying the following properties: Rνed = ν and
Rν(Q(0, ρ)) = R−ν(Q(0, ρ)) for every ν ∈ Sd−1, Red = I, and the restrictions of ν 7→ Rν

to Sd−1
± are continuous (for an example of such map see, for instance, [15, Example A.1]).

(e) Given x ∈ Rd, ν ∈ Sd−1, and ρ > 0, we consider the open cube defined by

Qν(x, ρ) := x+Rν

(
Q(0, ρ)

)
.

(f) For every A ∈ Rd×d, x ∈ Rd, ζ ∈ Rd, and ν ∈ Sd−1 let ℓA : Rd → Rd and ux,ζ,ν : Rd → Rd

be the functions defined for every y ∈ Rd by

ℓA(y) := Ay and ux,ζ,ν(y) :=

{
ζ if (y − x) · ν > 0,

0 if (y − x) · ν ≤ 0.

(g) Given an open set U ⊂ Rd, the collection of all open subsets (resp. Borel) of U is denoted
by U(U) (resp. B(U)). If V ∈ U(Rd), we write V ⊂⊂ U if the closure of V is contained
in U . The collection of all these open sets is denoted by Uc(U).

(h) Given U ∈ U(Rd) and a finite dimensional real normed vector space X, the space of all
bounded Radon measures with values in X is denoted by Mb(U ;X). The indication
of X is omitted if X = R. Given a positive measure λ ∈ Mb(U), and a measure
µ ∈ Mb(U ;X) with µ << λ, the function dµ/dλ denotes the Radon-Nikodým derivative
of µ with respect to λ, defined as the density of µ with respect to λ. The total variation
measure of µ ∈ Mb(U ;X) with respect to the norm | | on X, is denoted by |µ|. Given
a positive measure λ ∈ Mb(U) and an integrable function f : U → X, we denote by fλ
the X-valued measure defined for every B ∈ B(U) by

fλ(B) :=

ˆ
B
f dλ.

Given a Borel measure µ on U and E ∈ B(U), the Borel measure µ E is defined by
µ E(B) := µ(B ∩ E) for every B ∈ B(U).

(i) Given a function u ∈ L1
loc(Rd;Rd), the jump set Ju of u is the set of all points x ∈ U

with the following property: there exists a triple (u+(x), u−(x), νu(x)) ∈ Rd×Rd×Sd−1,
with u+(x) ̸= u−(x), such that

lim
ρ→0+

1

ρd

ˆ
Bρ(x)∩H±(x)

|u(y)− u±(x)| dy = 0,
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where H±(x) := {y ∈ Rd : ±(y − x) · νu(x) > 0}. The triple (u+(x), u−(x), νu(x)) is
uniquely determined, up to changing the sign of ν(x) and swapping u+(x) and u−(x).
Having fixed νu, we set [u] := u+ − u− on Ju. It can be shown that Ju is a Borel
set and that there is a choice of u± and νu that makes them Borel measurable on Ju
(see [3, Proposition 3.69]). Moreover, Del Nin has recently showed (see [34]) that Ju is
always countably (Hd−1, d− 1)-rectifiable in the sense of [38, 3.2.14].

(j) Given U ∈ U(Rd), a function u : U → Rd is said to be of bounded deformation if u ∈
L1(U ;Rd) and its distributional symmetric gradient Eu := 1

2(Du + DuT ) belongs to

Mb(U ;Rd×d
sym). The collection of all functions of bounded deformation on U is denoted by

BD(U), while BDloc(U) is the collection of all Ld-measurable functions u : U → Rd such
that u|V ∈ BD(V ) for every V ∈ Uc(U). We refer the reader to [49] for an introduction
to this space and to [2] for the fine properties of its functions.

(k) Given U ∈ U(Rd) and u ∈ BD(U), the measure Eu can be decomposed as

Eu = Eau+ Ecu+ Eju = EuLd + Ecu+ [u]⊙ νuHd−1 Ju, (2.1)

where:

(i) the absolutely continuous part Eau is the absolutely continuous part of Eu with
respect to Ld, whose density is denoted by Eu ∈ L1(U ;Rd×d

sym),

(ii) the Cantor part Ecu is defined as Ecu := Esu (Ω \ Ju), where Esu is the singular
part of Eu with respect to Ld; it is known that Ecu vanishes on all B ∈ B(U) which are
σ-finite with respect to Hd−1,

(iii) the jump part Eju is defined by Eju := Eu Ju = Esu Ju; it is known that
Eju = [u] ⊙ νuHd−1 Ju, where ⊙ denotes the symmetric tensor product defined by
(a⊙ b)ij =

1
2(aibj + ajbi) for every a, b ∈ Rd.

(l) A function u : Rd → Rd is said to be a rigid motion if there exist A ∈ Rd×d
skew and b ∈ Rd

such that u(x) = Ax+ b for every x ∈ Rd. The collection of all rigid motions is denoted
by R.

3. The integrands and the functionals

In this section we introduce the collections of integrands and of functionals that are going to
be our main objects of study.

We fix non-negative constants c1, ..., c5 ∈ [0,+∞), with 0 < c1 ≤ c3, and a constant α ∈ (0, 1).
We also fix a continuous function σ : [0,+∞) → [0,+∞) with the property that σ(0) = 0 and

σ∞ := lim sup
t→+∞

σ(t)

t
< +∞. (3.1)

Definition 3.1. Let F be the collection of all integrands f : Rd × Rd×d
sym → [0,+∞) satisfying

the following conditions:

(f1) f is Borel measurable on Rd × Rd×d
sym ;

(f2) for every x ∈ Rd and A ∈ Rd×d
sym we have

c1|A| − c2 ≤ f(x,A) ≤ c3|A|+ c4;

(f3) for every x ∈ Rd and A1, A2 ∈ Rd×d
sym we have

|f(x,A1)− f(x,A2)| ≤ c5|A1 −A2|.
Let G be the collection of all integrands g : Rd×Rd×Sd−1 → [0,+∞) satisfying the following

conditions:

(g1) g is Borel measurable on Rd × Rd × Sd−1;
(g2) for every x ∈ Rd, ζ ∈ Rd, and ν ∈ Sd−1 we have

g(x, ζ, ν) = g(x,−ζ,−ν);
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(g3) for every x ∈ Rd, ζ ∈ Rd, and ν ∈ Sd−1 we have

c1|ζ ⊙ ν| ≤ g(x, ζ, ν) ≤ c3|ζ ⊙ ν|;
(g4) for every x ∈ Rd, ζ1, ζ2 ∈ Rd, and ν ∈ Sd−1 we have

|g(x, ζ1, ν)− g(x, ζ2, ν)| ≤ σ(|ζ1 − ζ2|).

To every function f : Rd × Rd×d
sym → [0,+∞) we associate its recession function f∞ (with

respect to the variable A), defined by

f∞(x,A) := lim sup
t→+∞

f(x, tA)

t
for every x ∈ Rd and A ∈ Rd×d

sym . (3.2)

Remark 3.2. Given f : Rd×Rd×d
sym satisfying (f2) and (f3), one can check that for every x ∈ Rd,

A,A1, A2 ∈ Rd×d
sym the function f∞ satisfies

c1|A| ≤ f∞(x,A) ≤ c3|A|, (3.3)

|f∞(x,A1)− f∞(x,A2)| ≤ c5|A1 −A2|.

We now introduce a class of integral functionals associated with F and G.

Definition 3.3. Given f ∈ F and g ∈ G, for every open set U ⊂ Rd and u ∈ L1
loc(Rd;Rd) we

set

F f,g(u, U) :=

ˆ
U
f(x, Eu) dx+

ˆ
U
f∞

(
x,

dEcu

d|Ecu|

)
d|Ecu|+

ˆ
Ju∩U

g(x, [u], νu) dHd−1 (3.4)

if u|U ∈ BDloc(U), while F f,g(u, U) = +∞ otherwise. The definition is then extended to every
Borel set B ∈ B(Rd) by setting

F f,g(u,B) := inf{F f,g(u, U) : U ⊂ Rd open, with U ⊃ B}. (3.5)

Note that, if U ⊂ Rd is a bounded open set, B ∈ B(U), u|U ∈ BDloc(U), and |Eu|(U) < +∞,
then

F f,g(u,B) =

ˆ
B
f(x, Eu) dx+

ˆ
B
f∞

(
x,

dEcu

d|Ecu|

)
d|Ecu|+

ˆ
Ju∩B

g(x, [u], νu) dHd−1. (3.6)

Indeed, in this case the upper bounds in (f2), (3.3), and (g3) implyˆ
U
f(x, Eu) dx+

ˆ
U
f∞

(
x,

dEcu

d|Ecu|

)
d|Ecu|+

ˆ
Ju∩U

g(x, [u], νu) dHd−1 < +∞,

so that (3.6) follows from (3.4) and (3.5).

We now introduce a collection of abstract functionals related to the integral functionals con-
sidered above.

Definition 3.4. Let F be the collection of functionals F : L1
loc(Rd;Rd)×B(Rd) → [0,+∞] with

the following properties:

(a) measure property: for every u ∈ L1
loc(Rd;Rd) the set function F (u, ·) is a Borel measure

that for every B ∈ B(Rd) satisfies

F (u,B) := inf{F (u,U) : U ⊂ Rd open, U ⊃ B}; (3.7)

(b) locality on open sets: for every bounded open set U ⊂ Rd and u, v ∈ L1
loc(Rd;Rd) with

u = v Ld-a.e on U we have F (u, U) = F (v, U);
(c) upper and lower bounds: if u ∈ L1

loc(Rd;Rd) and U ⊂ Rd is a bounded open set, then

c1|Eu|(U)− c2Ld(U) ≤ F (u, U) ≤ c3|Eu|(U) + c4Ld(U) if u|U ∈ BD(U),

while F (u, U) = +∞ if u|U /∈ BD(U);
(d) invariance under rigid motions: for every u ∈ L1

loc(Rd;Rd), w ∈ R, and B ∈ B(Rd) we
have

F (u+ w,B) = F (u,B).
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(e) bulk continuity estimate: for every u ∈ L1
loc(Rd;Rd), A ∈ Rd×d

sym , and B ∈ B(Rd) we have

F (u+ ℓA, B) ≤ F (u,B) + c5|A|Ld(B);

(f) surface continuity estimate: for every u ∈ L1
loc(Rd;Rd), x ∈ Rd, ζ ∈ Rd, ν ∈ Sd−1, and

B ∈ B(Rd) we have

F (u+ ux,ζ,ν , B) ≤ F (u,B) + σ(|ζ|)Hd−1(B ∩Πν
x),

where Πν
x := {y ∈ Rd : (y − x) · ν = 0} is the hyperplane orthogonal to ν containing x.

We denote by Fsc the collection of functionals F ∈ F such that for every open U ⊂ Rd the
functional F (·, U) is L1

loc(Rd;Rd)-lower semicontinuous.

Remark 3.5. Combining properties (a) and (b) we obtain that the functionals in F satisfy
the following locality property: if B ∈ B(Rd), u, v ∈ L1

loc(Rd;Rd), and u = v Ld-a.e. on a
neighbourhood of B, then F (u,B) = F (v,B). Easy examples show that, in general, this equality
does not hold if we have only u = v Ld-a.e. on B.

For this reason, if U ⊂ Rd is an open set and u ∈ L1
loc(U ;Rd), for every B ∈ B(U) we can

define F (u,B) := F (v,B), where v ∈ L1
loc(Rd;Rd) is any function such that v = u Ld-a.e. on U .

The locality property described above implies that the value of F (u,B) does not depend on the
chosen extension v of u.

Remark 3.6. From (3.7) and (c) we deduce the following inequalities for Borel sets. If U ⊂ Rd

is a bounded open set and u ∈ BD(U), then for every B ∈ B(U) we have

c1|Eu|(B)− c2Ld(B) ≤ F (u,B) ≤ c3|Eu|(B) + c4Ld(B).

Remark 3.7. Thanks to property (a) a functional F ∈ F belongs to Fsc if and only if for every
open bounded set U ⊂ Rd the functional F (·, U) is L1

loc(Rd;Rd)-lower semicontinuous.

We now show that the functional introduced in Definition 3.3 belongs to F.

Proposition 3.8. Let f ∈ F and g ∈ G. Then the functional F f,g introduced in Definition 3.3
belongs to F.

Proof. By (3.5) F f,g satisfies (3.7), while the rest of property (a) is obvious when u ∈ BD(Rd).
The general case u ∈ L1

loc(Rd;Rd) can be obtained by a straightforward argument; it can also be
treated using the De Giorgi-Letta criterion for measures (see Lemma 4.4 below). Property (b)
is obvious. Property (c) follows from (f2), (3.3), and (g3). To see that property (d) is satisfied
by F f,g is enough to observe that for every w ∈ R we have Ew = 0.

To see that F f,g satisfies property (e) we observe that by (f3) for every B ∈ B(Rd) and
A ∈ Rd×d

sym we have

|F f,g(u+ ℓA, B)− F f,g(u,B)| ≤ c5|A|Ld(B).

A similar argument shows that F f,g satisfies property (f). □

4. A compactness result for F

In this section we state and prove a compactness result for sequences of functionals in F.
The proof is based on the classical localisation method for Γ-convergence (see [11, Section 3.3]
or [25, Chapter 18]).

Theorem 4.1. Let {Fn}n∈N ⊂ F. Then there exist a functional F ∈ Fsc and a subsequence, not
relabelled, such that for every bounded open set U ⊂ Rd the sequence {Fn(·, U)}n∈N Γ-converges
to F (·, U) in the topology of L1

loc(Rd;Rd).

Proof. For every open set U ⊂ Rd we consider the functionals defined on L1
loc(Rd;Rd) by

F ′(·, U) = Γ- lim inf
n→+∞

Fn(·, U) and F ′′(·, U) = Γ- lim sup
n→+∞

Fn(·, U), (4.1)

F ′
−(·, U) = sup

U ′∈Uc(U)
F ′(·, U ′) and F ′′

−(·, U) = sup
U ′∈Uc(U)

F ′′(·, U ′), (4.2)
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where the Γ-liminf and Γ-limsup are computed with respect to the L1
loc(Rd;Rd)-convergence and

Uc(U) is the collection of open sets defined in (g) of Section 2.
It is immediate to check that for every u ∈ L1

loc(Rd;Rd) the set functions Fn(u, ·), F ′(u, ·),
F ′′(u, ·), F ′

−(u, ·), and F ′′
−(u, ·) are increasing. Thus, we can apply the compactness theorem for

sequences of increasing set functionals [25, Theorem 16.9] to obtain that there exist a subsequence
of {Fn}n∈N, not relabelled, and a functional F : L1

loc(Rd;Rd)× U(Rd) such that

F (u,U) = F ′
−(u, U) = F ′′

−(u, U) for every u ∈ L1
loc(Rd;Rd) and U ∈ U(Rd). (4.3)

For every u ∈ L1
loc(Rd;Rd) and B ∈ B(Rd) we set

F (u,B) := inf{F (u,U) : U ∈ U(Rd) with U ⊃ B}. (4.4)

We want to prove that F ∈ F. The approximation property (3.7) is obvious, while the measure
property (a) will be proved in Lemma 4.4 below. The locality property (b) and the lower
semicontinuity of F follow from general results about Γ-limits of local functionals (see [25,
Proposition 16.15 and Remark 16.3]).

We note that it is enough to prove properties (d)-(f) for U ∈ Uc(Rd). Indeed, by the measure
property (a) they can be extended to U ∈ U(Rd) using the inner regularity of Borel measures.
The further extension to Borel sets follows immediately from (4.4).

Let us fix u ∈ L1
loc(Rd;Rd) and U ∈ Uc(Rd). We begin by proving the upper and lower bounds

in (c). We consider first the case u ∈ BD(U). Under this hypothesis, the inequality

F ′′(u, U) ≤ c3|Eu|(U) + c4Ld(U) (4.5)

is a consequence of the corresponding inequality for Fn and of the fact that the Γ-limsup is
less than or equal to the pointwise limsup. The upper bound in (c) for F follows immediately
from (4.2), (4.3), and (4.5). To prove the lower bound for F ′′, we observe that our assumption
u ∈ BD(U) implies that F ′′(u, U) < +∞. Given U ′ ∈ Uc(U), we fix a sequence {un}n∈N ⊂
L1
loc(Rd;Rd) converging to u in L1

loc(Rd;Rd) such that lim supn Fn(un, U
′) = F ′′(u, U ′) < +∞.

Since for every n ∈ N the functional Fn satisfies (c) we have un ∈ BD(U ′) for n ∈ N large enough
and

c1|Eun|(U ′)− c2Ld(U ′) ≤ Fn(un, U
′).

From the lower semicontinuity of v 7→ |Ev|(U ′) with respect to the L1-convergence and from the
previous inequality we obtain

c1|Eu|(U ′)− c2Ld(U ′) ≤ F ′′(u, U ′).

Using again (4.2) and (4.3), we deduce the corresponding lower bound for F (u, U).
Assume now that u /∈ BD(U). We want to prove that F (u,U) = +∞. Assume by contradic-

tion that F (u, U) < +∞. Given U ′ ∈ Uc(U), we consider a sequence {un}n∈N ⊂ L1
loc(Rd;Rd)

converging to u in L1
loc(Rd;Rd) such that lim supn Fn(un, U

′) = F ′′(u, U ′) ≤ F (u,U) < +∞.
Arguing as before, we obtain that un ∈ BD(U ′) for n ∈ N large enough and

lim sup
n→+∞

|Eun|(U ′) ≤ 1

c1
lim sup
n→+∞

Fn(un, U
′) +

c2
c1
Ld(U ′) ≤ F (u,U)

c1
+
c2
c1
Ld(U),

which implies u ∈ BD(U ′) and |Eu|(U ′) ≤ 1
c1
F (u,U) + c2

c1
Ld(U). As this holds for every

U ′ ∈ Uc(U), we obtain u ∈ BD(U), contradicting our hypothesis. This concludes the proof of
the implication u /∈ BD(U) =⇒ F (u, U) = +∞.

Properties (d)-(f) for F follow immediately from the same properties for Fn.
In Lemma 4.5 we will prove that for every u ∈ L1

loc(Rd;Rd) and U ∈ Uc(Rd) we have

F (u,U) = F ′(u, U) = F ′′(u, U), (4.6)

hence for every U ∈ Uc(Rd) the sequence {Fn(·, U)}n∈N Γ-converges to F (·, U) in the topology
of L1

loc(Rd;Rd). □
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In the rest of this section we assume that F ′ and F ′′ are defined by (4.1) and that F satisfies
(4.3). Our aim is to prove equality (4.6) and the measure property (a) of Definition 3.4 for this
functional. The proof of the measure property (a) is based on the De Giorgi-Letta criterion for
measures, which is based on the subadditivity of the function U 7→ F (u, U). For this reason, we
begin by proving that F ′′ satisfies the nested subadditivity condition.

Lemma 4.2. Let u ∈ L1
loc(Rd;Rd) and U ′, U, V ∈ Uc(Rd), with U ′ ⊂⊂ U . Then

F ′′(u, U ′ ∪ V ) ≤ F ′′(u, U) + F ′′(u, V ). (4.7)

Proof. Without loss of generality, we may assume that F ′′(u, U) + F ′′(u, V ) < +∞. Since
F ′′ ≥ F and F satisfies property (c), this implies that u ∈ BD(U ∪ V ). Recalling the definition
of F ′′ (see (4.1)), we can find two sequences {un}n∈N and {vn}n∈N in L1

loc(Rd;Rd), converging

to u in L1
loc(Rd;Rd) and such that

F ′′(u, U) = lim sup
n→+∞

Fn(un, U) and F ′′(u, V ) = lim sup
n→+∞

Fn(vn, V ). (4.8)

Thanks to property (c) for Fn and the finiteness of F ′′(u, U) and F ′′(u, V ) we can assume that
{un}n∈N ⊂ BD(U), {vn}n∈N ⊂ BD(V ), and that

M := c3 sup
n∈N

(
|Eun|(U) + |Evn|(V )

)
+ c4Ld(U ∪ V ) < +∞. (4.9)

Let us fix m ∈ N and set η := dist(U ′, ∂U) > 0. For j ∈ {0, ...,m} we also consider the sets

Uj := {x ∈ U : dist(x, ∂U) > η − jη
m }. Clearly, we have U ′ ⊂ U0 ⊂⊂ · · · ⊂⊂ Um−1 ⊂ Um = U .

For every j ∈ {1, ...,m} we consider a function φj ∈ C∞
c (Rd; [0, 1]) satisfying φj = 1 on a

neighbourhood of U j−1, φj = 0 on a neighbourhood of Rd \ Uj , and

|∇φj | ≤
2m

η
on Rd. (4.10)

We set
wj
n := φjun + (1− φj)vn and Sj := (Uj \ U j−1) ∩ V, (4.11)

and observe that wj
n ∈ BD(U ′ ∪ V ) and

Ewj
n = φjEun + (1− φj)Evn + (un − vn)⊙∇φj Ld (4.12)

as Radon measures on U ′ ∪ V . Moreover, one checks immediately that for every choice of

jn ∈ {1, ...,m} the sequence {wjn
n }n∈N converges to u in L1

loc(Rd;Rd) as n→ +∞.
Let us fix j ∈ {1, ...,m} and n ∈ N. We observe that by the measure property (a), by the

properties of φj , and by the locality property of Remark 3.5 we have

Fn(w
j
n, U

′ ∪ V ) ≤ Fn(w
j
n, U j−1) + Fn(w

j
n, Sj) + Fn(w

j
n, V \ Uj)

= Fn(un, U j−1) + Fn(w
j
n, Sj) + Fn(vn, V \ Uj) ≤ Fn(un, U) + Fn(w

j
n, Sj) + Fn(vn, V ). (4.13)

We now estimate the term involving the strip Sj in (4.13).

Fn(w
j
n, Sj) ≤ c3|Ewj

n|(Sj) + c4Ld(Sj),

and by (4.10) and (4.12) we get

|Ewj
n|(Sj) ≤ |Eun|(Sj) + |Evn|(Sj) +

2m

η

ˆ
Sj

|un − vn| dx.

From these two inequalities, we deduce that for every n ∈ N we can find jn ∈ {1, ..,m} such

that, setting wn := wjn
n , we have

Fn(wn, Sjn) ≤
1

m

m∑
j=1

(
c3|Eun|(Sj) + c3|Evn|(Sj) +

2c3m

η

ˆ
Sj

|un − vn| dx+ c4Ld(Sj)
)

≤ 1

m

(
c3|Eun|(U) + c3|Evn|(V ) + c4Ld(U ∪ V )

)
+

2c3
η

ˆ
U∩V

|un − vn| dx
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≤ M

m
+

2c3
η

ˆ
U∩V

|un − vn| dx, (4.14)

where in the second inequality we used (4.9).
Finally, combining (4.13) and (4.14) we deduce that

Fn(wn, U
′ ∪ V ) ≤ Fn(un, U) + Fn(vn, V ) +

M

m
+

2c3
η

ˆ
U∩V

|un − vn| dx (4.15)

for every n ∈ N. Recalling that {un − vn}n∈N converges to 0 strongly in L1(U ∩ V ;Rd), that
{wn}n∈N converges to u in L1

loc(Rd;Rd), we may let n→ +∞ in (4.15) and from (4.8) we deduce
that

F ′′(u, U ′ ∪ V ) ≤ lim sup
n→+∞

Fn(wn, U
′ ∪ V ) ≤ F ′′(u, U) + F ′′(u, V ) +

M

m
.

Letting m→ +∞ in this inequality, we obtain (4.7). □

We are now ready to prove the subadditivity of F (u, ·) on U(Rd).

Lemma 4.3. Let u ∈ L1
loc(Rd;Rd) and U, V ∈ U(Rd). Then

F (u,U ∪ V ) ≤ F (u, U) + F (u, V ).

Proof. The result is a consequence of Lemma 4.2 and of classical arguments concerning increasing
set functions (see, for instance, [25, Lemma 18.4]). □

We now prove that F satisfies the measure property (a).

Lemma 4.4. Let u ∈ L1
loc(Rd;Rd). Then F (u, ·) is a Borel measure.

Proof. It is enough to use the De Giorgi-Letta criterion for measures (see [31, Théorème 5.1] or
[25, Theorem 14.21]), which ensures that the claim is proved, provided that we show that the set
function U 7→ F (u,U) is subadditive, superadditive, and inner regular on U(Rd). Subadditivity
follows from Lemma 4.3, superadditivity is a consequence of classic results of Γ-convergence
(see [25, Proposition 16.12]), and inner regularity follows from (4.3), recalling (4.2). □

Finally, we conclude the section by showing that Γ-convergence takes place for every U ∈
Uc(Rd).

Lemma 4.5. Let u ∈ L1
loc(Rd;Rd) and U ∈ Uc(Rd). Then

F (u,U) = F ′(u, U) = F ′′(u, U).

Proof. Since the inequalities F (u, U) ≤ F ′(u, U) ≤ F ′′(u, U) are obvious, we only have to show
that F ′′(u, U) ≤ F (u,U), assuming that F (u, U) < +∞. By property (c) for the functional F ,
this implies that u ∈ BD(U).

Let ε > 0 and consider a compact set K ⊂ U such that

c3|Eu|(U \K) + c4Ld(U \K) < ε.

Consider now U ′ ∈ Uc(Rd) with K ⊂ U ′ ⊂⊂ U . Using Lemma 4.2 with V = U \K, from the
previous inequality and (4.5) we obtain

F ′′(u, U) ≤ F ′′(u, U ′) + F ′′(u, U \K) < F (u,U) + ε.

The conclusion then follows from the arbitrariness of ε. □

5. A partial integral representation for abstract functionals

In this section we use the results proved in [17] to provide a partial integral representation of
every functional F ∈ Fsc. More precisely, we show that the “absolutely continuous” part and
the “jump” part of every such F can be written as integrals associated to suitable integrands
f ∈ F and g ∈ G.

We begin by introducing a decomposition of functionals in F that reflects the usual decom-
position of the measure Eu described in (2.1).
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Definition 5.1. Let F ∈ F, U ∈ Uc(Rd), and u ∈ BD(U). By (a) and (c) of Definition 3.4
F (u, ·) is a bounded Radon measure on U . Its absolutely continuous and the singular part with
respect to Ld, defined on every B ∈ B(U), are denoted by F a(u,B) and F s(u,B), respectively.
We also introduce the bounded Radon measures F c(u, ·) and F j(u, ·) defined by

F c(u,B) := F s(u,B \ Ju) and F j(u,B) := F (u,B ∩ Ju)
for every B ∈ B(U). Note that we have

F (u,B) = F a(u,B) + F c(u,B) + F j(u,B) (5.1)

for every B ∈ B(U).

Remark 5.2. Let F ∈ F, U ∈ Uc(Rd), and u ∈ BD(U). It follows directly from the bounds
in (c) of Definition 3.4 that F c(u, ·) and F j(u, ·), considered as measures defined on B(U), are
absolutely continuous with respect to |Ecu| and Hd−1 Ju, respectively.

In the rest of the paper, we will often work with functions defined by using auxiliary min-
imisation problems. For this reason, given a functional F ∈ F, a set U ∈ Uc(Rd) with Lipschitz
boundary ∂U , and a function v ∈ BD(U), we set

mF (v, U) := inf{F (u,U) : u ∈ BD(U) and u = v on ∂U},
where the equality u = v is understood in the sense of traces. As v is a competitor for the
minimisation problem mF (v, U), by the upper bounds in Definition 3.4 it follows that

mF (v, U) ≤ F (v, U) ≤ c3|Ev|(U) + c4Ld(U) < +∞.

Given F ∈ F, for every x ∈ Rd, ζ ∈ Rd, A ∈ Rd×d
sym , and ν ∈ Sd−1 we set

f(x,A) := lim sup
ρ→0+

mF (ℓA, Q(x, ρ))

ρd
, (5.2)

g(x, ζ, ν) := lim sup
ρ→0+

mF (ux,ζ,ν , Qν(x, ρ))

ρd−1
, (5.3)

where Q(x, ρ) and Qν(x, ρ) are the cubes defined in (c) and (e) of Section 2, while the functions
ℓA and ux,ζ,ν are those introduced in (f) of the same section.

We now state the partial integral representation result, whose proof is given in [17, Lemma
5.1], following the lines of [9] and of [37].

Lemma 5.3. Let F ∈ Fsc, U ∈ Uc(Rd), and u ∈ BD(U). Let f and g be the two functions
defined by (5.2) and (5.3). Then f ∈ F , g ∈ G, and

F a(u,B) =

ˆ
B
f(x, Eu) dx, (5.4)

F j(u,B) =

ˆ
Ju∩B

g(x, [u], νu) dHd−1, (5.5)

for every set B ∈ B(U).

Proof. The proof of equalities (5.4) and (5.5) can be found in [17, Lemma 5.1]. The inclusions
f ∈ F and g ∈ G are proved in Lemmas 5.6 and 5.8 below. □

Remark 5.4. We remark that properties (e) and (f) of Definition 3.4 are not used to obtain
(5.4) and (5.5). Properties (e) and (f) are used only to prove that f and g satisfy (f3) and (g4).

To prove that f is Borel measurable we will need the following lemma, which will be used
also in Section 9 for different purposes.

Lemma 5.5. Let F ∈ F, U ′, U ∈ Uc(Rd), with Lipschitz boundary and U ′ ⊂⊂ U , and let
w ∈ BD(U). Then

mF (w,U) ≤ mF (w,U ′) + c3|Ew|(U \ U ′) + c4Ld(U \ U ′). (5.6)
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Proof. Let η > 0 and u ∈ BD(U ′) with u = w on ∂U ′ be such that

F (u,U ′) ≤ mF (w,U ′) + η. (5.7)

We can then extend u to U by setting u = w on U \ U ′, so that u = w on ∂U , which implies

mF (w,U) ≤ F (u, U).

Using properties (a) and (c) of Definition 3.4 we get

F (u,U) = F (u,U ′)+F (u,U \U ′) ≤ F (u, U ′)+c3|Eu|(U \U ′)+c3|Eu|(∂U ′)+c4Ld(U \U ′). (5.8)

Since u = w on the open set U \U ′, we have Eu = Ew as measures defined on B(U \U ′), hence
|Eu|(U \U ′) = |Ew|(U \U ′). Moreover, since |Eu| ∂U ′ = |(u+ − u−)⊙ ν∂U ′ |Hd−1 (Ju ∩ ∂U ′)
and |Ew| ∂U ′ = |(w+ − w−)⊙ ν∂U ′ |Hd−1 (Jw ∩ ∂U ′), the equalities u+ = w+ and u− = w−

on ∂U ′ imply that |Eu|(∂U ′) = |Ew|(∂U ′). Combining this equality with (5.7)-(5.8) we get

mF (w,U) ≤ mF (w,U ′) + c3|Ew|(U \ U ′) + c3|Ew|(∂U ′) + c4Ld(U \ U ′) + η,

which, by arbitrariness of η, implies (5.6). □

We are ready to prove that f ∈ F .

Lemma 5.6. Let F ∈ F. Then the function f defined by (5.2) belongs to F .

Proof. The proof of property (f1) can be obtained following the lines of the proof of [29, Lemma
5.3], replacing the Lemma 4.11 of that paper by our Lemma 5.5.

Let us fix x ∈ Rd and A ∈ Rd×d
sym . We want to show that

f(x,A) ≤ c3|A|+ c4. (5.9)

To this aim, we note that for every ρ > 0 from the upper bound in (c) of Definition 3.4 and the
fact that ℓA is a competitor for the minimisation problem mF (ℓA, Q(x, ρ)) it follows that

mF (ℓA, Q(x, ρ)) ≤ F (ℓA, Q(x, ρ)) ≤ (c3|A|+ c4)ρ
d.

We now divide by ρd, take the limsup as ρ→ 0+, and use (5.2) to obtain (5.9).
To conclude the proof of (f2) we show that

c1|A| − c2 ≤ f(x,A). (5.10)

To prove this, let us fix ρ > 0 and observe that the lower bound in (c) of Definition 3.4 we have

c1|Eu|(Q(x, ρ))− c2ρ
d ≤ F (u,Q(x, ρ))

for every u ∈ BD(Q(x, ρ)), so that

c1min{|Eu|(Q(x, ρ)) : u ∈ BD(Q(x, ρ)) with u = ℓA on ∂Q(x, ρ)} − c2ρ
d ≤ mF (ℓA, Q(x, ρ)).

By Jensen’s inequality the function ℓA minimises the problem on the left-hand side of the
previous inequality. Hence,

c1|A|ρd − c2ρ
d ≤ mF (ℓA, Q(x, ρ)).

Dividing by ρd, taking the limsup as ρ→ 0+, and recalling (5.2), we obtain (5.10).
We now prove (f3). To this aim, let us fix x ∈ Rd, A1, A2 ∈ Rd×d

sym , ρ > 0, and η > 0. Consider
a function u2 ∈ BD(Q(x, ρ)) with u2 = ℓA2 on ∂Q(x, ρ) and such that

F (u2, Q(x, ρ)) ≤ mF (ℓA2 , Q(x, ρ)) + ηρd.

Then, we set u1 := u2 − ℓA2 + ℓA1 and observe that u1 = ℓA1 on ∂Q(x, ρ). Using property (e) of
Definition 3.4 and the previous inequality, it follows that

mF (ℓA1 , Q(x, ρ)) ≤ F (u1, Q(x, ρ)) ≤ F (u2, Q(x, ρ)) + c5|A1 −A2|ρd

≤ mF (ℓA2 , Q(x, ρ)) + c5|A1 −A2|ρd + ηρd.
(5.11)

Dividing by ρd, taking first the limsup as ρ→ 0+ and then as η → 0+, by (5.2) we obtain

f(x,A1) ≤ f(x,A2) + c5|A1 −A2|.
Exchanging the roles of A1 and A2, we obtain (f3). □
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To prove that g is Borel measurable we will need the following lemma, which will be used also
in Section 9 for different purposes.

Lemma 5.7. Let F ∈ F. Then there exists a continuous function ω : [0,+∞) × [0,+∞) →
[0,+∞), increasing with respect to each variable and with ω(0, 0) = 0, such that for every
x1, x2 ∈ Rd, ζ ∈ Rd, ν1, ν2 ∈ Sd−1, and 0 < ρ1 < ρ2, the inclusion Qν1(x1, ρ1) ⊂⊂ Qν2(x2, ρ2)
implies

mF (ux2,ζ,ν2 , Qν2(x2, ρ2)) ≤ mF (ux1,ζ,ν1 , Qν1(x1, ρ1)) + c3|ζ|(ρd−1
2 − ρd−1

1 )

+ c4(ρ
d
2 − ρd1) + c3|ζ|ω( |x2−x1|

ρ1
, |ν1 − ν2|)ρd−1

1 .

Proof. The proof is obtained by the same argument used in the proof of [29, Lemma 5.9],
replacing the use of the distributional gradientD by that of the symmetric distributional gradient
E. □

We are now in position to prove that g ∈ G.

Lemma 5.8. Let F ∈ F. Then the function g defined by (5.3) belongs to G.

Proof. The proof of property (g1) can be obtained arguing as in [29, Lemma 5.12], replacing
Lemma 5.9 of that paper by our Lemma 5.7.

Property (g2) follows immediately from (d) of Definition 3.4 and (5.3) once we observe that
ux,−ζ,−ν = ux,ζ,ν − ζ and that Qν(x, ρ) = Q−ν(x, ρ) by (d) and (e) of Section 2.

We prove property (g3). Let us fix x ∈ Rd, ζ ∈ Rd, and ν ∈ Sd−1. As for every ρ > 0 the
function ux,ζ,ν is a competitor for the minimisation problem mF (ux,ζ,ν , Qν(x, ρ)), by the upper
bound in (c) of Definition 3.4 and (k) of Section 2 we obtain that

mF (ux,ζ,ν , Qν(x, ρ)) ≤ F (ux,ζ,ν , Qν(x, ρ)) ≤ c3|ζ ⊙ ν|ρd−1 + c4ρ
d.

Dividing by ρd−1, letting ρ→ 0+, and recalling (5.3) we obtain the upper bound in (g3).
To obtain the lower bound in (g3) we argue as follows. For every ρ > 0 let u ∈ BD(Qν(x, ρ)) be

a function with u = ux,ζ,ν on ∂Qν(x, ρ) and observe that by the lower bound in (c) of Definition
3.4 we have

c1|Eu|(Qν(x, ρ))− c2ρ
d ≤ F (u,Qν(x, ρ)),

so that

c1 inf{|Eu|(Qν(x, ρ)) : u = ux,ζ,ν on ∂Qν(x, ρ)} − c2ρ
d ≤ mF (ux,ζ,ν , Qν(x, ρ)). (5.12)

Consider the function g̃ : Rd × Sd−1 → [0,+∞) defined for every ζ ∈ Rd and ν ∈ Sd−1 by

g̃(ζ, ν) := lim sup
ρ→0+

inf{|Eu|(Qν(x, ρ)) : u = ux,ζ,ν on ∂Qν(x, ρ)}
ρd−1

, (5.13)

where x is an arbitrary point of Rd. By Lemma 5.3 applied to the functional F̃ (u,U) := |Eu|(U),
we have

F̃ j(u, U) =

ˆ
Ju∩U

g̃([u], νu) dHd−1 (5.14)

for every U ∈ Uc(Rd) and u ∈ BD(U). In particular, for U = Qν(x, 1) and u = ux,ζ,ν by (k) of

Section 2 equality (5.14) leads to |ζ ⊙ ν| = g̃(ζ, ν). Dividing (5.12) by ρd−1, letting ρ→ 0+, and
using (5.3) and (5.13), we obtain the lower bound in (g3).

We conclude by showing that g satisfies property (g4). Let x ∈ Rd, ζ1, ζ2 ∈ Rd, ν ∈ Sd−1,
ρ > 0, and η > 0. Consider a function u2 ∈ BD(Qν(x, ρ)) with u2 = ux,ζ2,ν on ∂Qν(x, ρ) and
such that

F (u2, Qν(x, ρ)) ≤ mF (ux,ζ2,ν , Qν(x, ρ)) + ηρd−1.

Then, we set u1 := u2 − ux,ζ2,ν + ux,ζ1,ν and observe that u1 = ux,ζ1,ν on ∂Qν(x, ρ). Using
property (f) of Definition 3.4 and the previous inequality, it follows that

mF (ux,ζ1,ν , Qν(x, ρ)) ≤ F (ux,ζ1,ν , Qν(x, ρ)) ≤ F (ux,ζ2,ν , Qν(x, ρ)) + σ(|ζ1 − ζ2|)ρd−1

≤ mF (ux,ζ2,ν , Qν(x, ρ)) + σ(|ζ1 − ζ2|)ρd−1 + ηρd−1.
(5.15)
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Dividing this inequality by ρd−1, taking first the limsup for ρ → 0+ and then the limit for
η → 0+, by (5.3) we obtain

g(x, ζ1, ν) ≤ g(x, ζ2, ν) + σ(|ζ1 − ζ2|).
Exchanging the roles of ζ1 and ζ2, we obtain (g4). □

6. A smaller collection of functionals

In this section we introduce two subcollections of F and G, denoted by Fα and G∞, by
prescribing suitable conditions on the integrands, related to their behaviour when |A| → +∞
and |ζ| → +∞ (see Remarks 6.2 and 6.3 below). We then define a subcollection of F, denoted by
Fα,∞, which is stable by Γ-convergence (see Proposition 6.6) and includes the functionals F f,g

with f ∈ Fα and g ∈ G∞. We shall see in Section 7 that all lower semicontinuos functionals
F ∈ Fα,∞ admit a complete integral representation, including their Cantor part F c, provided
they satisfy an additional condition (see (7.1) below).

In the rest of the paper we fix three constants 0 < α < 1 and c6, c7 ≥ 0. We are ready to
introduce the collections Fα and G∞.

Definition 6.1. Let Fα be the collection of all functions f ∈ F such that for every x ∈ Rd,
A ∈ Rd×d

sym , and s, t > 0 we have

(f4)
∣∣f(x, sA)

s
− f(x, tA)

t

∣∣ ≤ c6
s
f(x, sA)1−α +

c6
s
+
c6
t
f(x, tA)1−α +

c6
t
.

Let G∞ be the collection of all functions g ∈ G such that for every x ∈ Rd, ζ ∈ Rd, ν ∈ Sd−1,
and s, t > 0 we have

(g5)
∣∣g(x, sζ, ν)

s
− g(x, tζ, ν)

t

∣∣ ≤ c7

(g(x, sζ, ν)
s

+
g(x, tζ, ν)

t

)(1
s
+

1

t

)
.

Remark 6.2. Property (f4) can be interpreted as a condition specifying the rate at which
f(x, tA)/t approaches its recession function f∞(x,A) as t → +∞. Indeed (see [16, Remark
3.4]), the upper bound in (f2) and (f4), are equivalent to the two conditions

f∞(x,A) = lim
t→+∞

f(x, tA)

t
for every x ∈ Rd and A ∈ Rd×d

sym , (6.1)∣∣f(x, tA)
t

− f∞(x,A)
∣∣ ≤ c6

t
+
c6
t
f(x, tA)1−α for every x ∈ Rd, t > 0, and A ∈ Rd×d

sym . (6.2)

Observe that by the growth conditions in (f2), inequality (6.2) implies that∣∣f(x, tA)
t

− f∞(x,A)
∣∣ ≤ CA

tα
for every x ∈ Rd, t ≥ 1, and A ∈ Rd×d

sym , (6.3)

where CA := c6 + c1−α
4 + c6c

1−α
3 |A|1−α. Conditions similar to (6.2) and to (6.3) have already

been considered in the literature (see, for instance, [9, Property (H4)] and [16,26,30,45]).

Remark 6.3. If g ∈ G∞, then for every x ∈ Rd, ζ ∈ Rd, and ν ∈ Sd−1 there exists the limit

g∞(x, ζ, ν) := lim
t→+∞

g(x, tζ, ν)

t
. (6.4)

Indeed, (g3) and (g5) imply the Cauchy condition for the function t 7→ g(x, tζ, ν)/t. Passing to
the limit in (g3) we obtain

c1|ζ ⊙ ν| ≤ g∞(x, ζ, ν) ≤ c3|ζ ⊙ ν| (6.5)

for every x ∈ Rd, ζ ∈ Rd, ν ∈ Sd−1, while passing to the limit in (g4) and using (3.1) we get

(g4′) |g∞(x, ζ1, ν)− g∞(x, ζ2, ν)| ≤ σ∞|ζ1 − ζ2|
for every x ∈ Rd, ζ1, ζ2 ∈ Rd, and ν ∈ Sd−1, where σ∞ is the non-negative constant introduced
in (3.1).
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Letting s→ +∞ in (g5), we also obtain∣∣g(x, tζ, ν)
t

− g∞(x, ζ, ν)
∣∣ ≤ c7

(g(x, tζ, ν)
t

+ g∞(x, ζ, ν)
)1
t

(6.6)

for every x ∈ Rd, ζ ∈ Rd, ν ∈ Sd−1, and t > 0. Thanks to the bounds in (g3) and (6.5), this
inequality implies that ∣∣g(x, tζ, ν)

t
− g∞(x, ζ, ν)

∣∣ ≤ 2c3c7|ζ ⊙ ν|
t

, (6.7)

while the inequality ∣∣g(x, tζ, ν)
t

− g∞(x, ζ, ν)
∣∣ ≤ 2c1c7|ζ ⊙ ν|

t
implies (6.6).

Conversely, assume that g is a function in G such that the limit in (6.4) exists and the
inequality

g∞(x, ζ, ν) ≤ g(x, tζ, ν)

t
(6.8)

is satisfied for every x ∈ Rd, ζ ∈ Rd, ν ∈ Sd−1, and t > 0. If g satisfies also (6.6), then g ∈ G∞.
Indeed, by (6.6) and (6.8) we have∣∣g(x, tζ, ν)

t
− g∞(x, ζ, ν)

∣∣ ≤ c7

(g(x, tζ, ν)
t

+
g(x, sζ, ν)

s

)1
t

(6.9)

for every x ∈ Rd, ζ ∈ Rd, ν ∈ Sd−1, and s, t > 0. Exchanging the roles of s and t, we obtain∣∣g(x, sζ, ν)
s

− g∞(x, ζ, ν)
∣∣ ≤ c7

(g(x, sζ, ν)
s

+
g(x, tζ, ν)

t

)1
s
. (6.10)

Using the triangle inequality, from (6.9) and (6.10) we obtain (g5).
Note that the existence of the limit in (6.4) and inequality (6.8) is always satisfied when

t 7→ g(x, tζ, ν) is concave.

We now introduce a collection of functionals closely related to conditions (f4) and (g5).

Definition 6.4. Let Fα,∞ be the collection of all functionals F ∈ F such that for every U ∈
Uc(Rd), u ∈ BD(U), and s, t > 0 we have

(g)

∣∣F (su, U)

s
− F (tu, U)

t

∣∣ ≤ c6
s
Ld(U)αF (su, U)1−α +

c6
s
Ld(U)

+
c6
t
Ld(U)αF (tu, U)1−α +

c6
t
Ld(U) + c7

(F (su, U)

s
+
F (tu, U)

t

)(1
s
+

1

t

)
.

The collection of functionals F ∈ Fα,∞ such that for every U ∈ U(Rd) the functional F (·, U) is
L1
loc(Rd;Rd)-lower semicontinuous is denoted by Fα,∞

sc .

We now show that integral functionals of the form F f,g belong to Fα,∞ whenever f ∈ Fα and
g ∈ G∞.

Proposition 6.5. Let f ∈ Fα and g ∈ G∞. Then the functional F f,g defined by (3.3) belongs
to Fα,∞.

Proof. Thanks to Proposition 3.8, we only need to prove that F f,g satisfies property (g). To
this aim, let us fix U ∈ Uc(Rd), u ∈ BD(U), and s, t > 0. Using (f4) and Hölder’s inequality we
see that∣∣ˆ

U

f(x, sEu)
s

dx−
ˆ
U

f(x, tEu)
t

dx
∣∣ ≤ ˆ

U

(c6
s
f(x, sEu)1−α +

c6
s
+
c6
t
f(x, tEu)1−α +

c6
t

)
dx

≤ c6
s
Ld(U)αF (su, U)1−α +

c6
s
Ld(U) +

c6
t
Ld(U)αF (tu, U)1−α +

c6
t
Ld(U). (6.11)

Since f∞ is positively 1-homogeneous, we immediately see that

1

s

ˆ
U
f∞

(
x, s

dEcu

d|Ecu|

)
d|Ecu| = 1

t

ˆ
U
f∞

(
x, t

dEcu

d|Ecu|

)
d|Ecu|. (6.12)
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Condition (g5) implies that∣∣ ˆ
Ju∩U

(g(x, s[u], νu)
s

− g(x, t[u], νu)

t

)
dHd−1

∣∣
≤ c7

(ˆ
Ju∩U

g(x, s[u], νu)

s
Hd−1 +

ˆ
Ju∩U

g(x, t[u], νu)

t
Hd−1

)(1
s
+

1

t

)
≤ c7

(F (su, U)

s
+
F (tu, U)

t

)(1
s
+

1

t

)
.

(6.13)

Finally, combining (6.11)-(6.13) we obtain that F f,g satisfies property (g). □

We now prove that the closure of the class Fα,∞ with respect to Γ-convergence is Fα,∞
sc .

Proposition 6.6. Let {Fn}n∈N ⊂ Fα,∞. Assume that for every U ∈ Uc(Rd) the sequence
{Fn(·, U)}n Γ-converges to F (·, U) with respect to the topology of L1

loc(Rd;Rd). Then F ∈ Fα,∞
sc .

Proof. Thanks to Theorem 4.1 we have F ∈ Fsc. Hence, to conclude we only have to show that F
satisfies property (g). The argument we use is a variant of the one presented in [26, Proposition
6.11] and [30, Theorem 4.10].

Let us fix U ∈ Uc(Rd), u ∈ BD(U), and s, t > 0. To prove that (g) holds it is enough to show

F (su, U)

s
− c6

s
Ld(U)αF (su, U)1−α − c6

s
Ld(U)− c7

F (su, U)

s

(1
s
+

1

t

)
≤ F (tu, U)

t
+
c6
t
Ld(U)αF (tu, U)1−α +

c6
t
Ld(U) + c7

F (tu, U)

t

(1
s
+

1

t

)
.

(6.14)

Indeed, exchanging the role of s and t we obtain (g). We note that, if the left-hand side of
(6.14) is less than or equal to zero, then the inequality is trivial because the right-hand side is
non-negative. Hence, we may assume that the left-hand side is positive.

Let {un}n∈N ⊂ BD(U) be a sequence converging to u in L1
loc(Rd;Rd) and such that Fn(tun, U)

converges to F (tu, U) as n → +∞. It follows from property (g) applied to Fn that for every
n ∈ N we have

Fn(sun, U)

s
− c6

s
Ld(U)αFn(sun, U)1−α − c6

s
Ld(U)− c7

Fn(sun, U)

s

(1
s
+

1

t

)
≤ Fn(tun, U)

t
+
c6
t
Ld(U)αFn(tun, U)1−α +

c6
t
Ld(U) + c7

Fn(tun, U)

t

(1
s
+

1

t

)
.

(6.15)

Thanks to our choice of {un}n∈N, we have

lim
n→+∞

(Fn(tun, U)

t
+
c6
t
Ld(U)αFn(tun, U)1−α +

c6
t
Ld(U) + c7

Fn(tun, U)

t

(1
s
+

1

t

))
=
F (tu, U)

t
+
c6
t
Ld(U)αF (tu, U)1−α +

c6
t
Ld(U) + c7

F (tu, U)

t

(1
s
+

1

t

)
.

Hence, by (6.15) to conclude we only need to show that

F (su, U)

s
− c6

s
Ld(U)αF (su, U)1−α − c6

s
Ld(U)− c7

F (su, U)

s

(1
s
+

1

t

)
≤ lim inf

n→+∞

(Fn(sun, U)

s
− c6

s
Ld(U)αFn(sun, U)1−α − c6

s
Ld(U)− c7

Fn(sun, U)

s

(1
s
+

1

t

))
.

(6.16)

We consider the function Φ: [0,+∞) → R defined for every z ∈ [0,+∞) by

Φ(z) :=
z

s
− c6

s
Ld(U)αz1−α − c6

s
Ld(U)− c7

z

s

(1
s
+

1

t

)
.

We observe that Φ(F (su, U)) coincides with the left-hand side of (6.14) and (6.16), while the
right-hand side of (6.16) coincides with lim infnΦ(Fn(sun, U)). If 1 − c7(1/s + 1/t) ≤ 0 then
Φ(z) ≤ 0 for every z ∈ [0,+∞), so that (6.14) is satisfied. If 1− c7(1/s+ 1/t) > 0, then we set

z0 :=
(
c6(1−α)Ld(U)α

)1/α(
1−c7

(
1/s+1/t)

)−1/α
. By direct computation of Φ′ we see that Φ is

strictly decreasing in [0, z0] and strictly increasing in [z0,+∞). Since Φ(0) ≤ 0 we deduce that
Φ(z) ≤ 0 for z ∈ [0, z0]. This implies that if Φ(z) > 0 then z > z0. Since Φ(F (su, U)) coincides
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with the left-hand side of (6.16), which we assumed to be positive, we have that F (su, U) > z0.
Moreover, by the Γ-liminf inequality we have F (su, U) ≤ lim infn Fn(sun, U), so that, using that
Φ is increasing on [z0,+∞), we deduce that

Φ(F (su, U)) ≤ lim inf
n→+∞

Φ(Fn(sun, U)).

This proves (6.16) and concludes the proof of the proposition. □

We now present an inequality that allows to estimate the difference between the minimum
values of some minimisation problems with Dirichlet boundary conditions involving functionals
in Fα,∞. The aim of this lemma is twofold. On the one hand, it is useful to establish that the
functions f and g defined by (5.2) and (5.3) satisfy (f4) and (g5). On the other hand, this lemma
will be crucial in the proof of the integral representation of the Cantor part of functionals in
Fα,∞
sc . The proof of this lemma closely resembles that of Proposition 6.6. It follows the lines

of the proofs of [26, Lemmas 6.12 and 6.13], removing any truncation argument, which is not
available in our context.

Lemma 6.7. Let F ∈ Fα,∞, let U ∈ Uc(Rd) with Lipschitz boundary, and let w ∈ BD(U). Then∣∣mF (sw,U)

s
− mF (tw, U)

t

∣∣ ≤ c6
s
Ld(U)αmF (sw,U)1−α +

c6
s
Ld(U)

c6
t
Ld(U)αmF (tw, U)1−α +

c6
t
Ld(U) + c7

(mF (sw,U)

s
+

mF (tw, U)

t

)(1
s
+

1

t

)
.

Proof. It is enough to prove that

mF (sw,U)

s
− c6

s
Ld(U)αmF (sw,U)1−α − c6

s
Ld(U)− c7

mF (sw,U)

s

(1
s
+

1

t

)
≤ mF (tw, U)

t
+
c6
t
Ld(U)αmF (tw, U)1−α +

c6
t
L(U) + c7

mF (tw, U)

t

(1
s
+

1

t

) (6.17)

whenever the left-hand side is positive.
Let η > 0 and consider a function u ∈ BD(U) with u = w on ∂U and such that

F (tu, U) ≤ m(tw, U) + η.

Since F satisfies property (g) of Definition 6.4, from this inequality we deduce that

F (su, U)

s
− c6

s
Ld(U)αF (su, U)1−α − c6

s
Ld(U)− c7

F (su, U)

s

(1
s
+

1

t

)
≤ F (tu, U)

t
+
c6
t
Ld(U)αF (tu, U)1−α +

c6
t
Ld(U) + c7

F (su, U)

s

(1
s
+

1

t

)
≤ mF (tw, U)

t
+
η

t
+
c6
t
Ld(U)αmF (tw, U)1−α +

c6
t
Ld(U)αη1−α

+
c6
t
Ld(U) + c7

mF (tw, U)

t

(1
s
+

1

t

)
+ c7

η

s

(1
s
+

1

t

)
.

Exploiting the fact that mF (sw,U) ≤ F (su, U) and using the same argument employed at the
end of the proof of Proposition 6.6 we conclude that

mF (sw,U)

s
− c6

s
Ld(U)αmF (sw,U)1−α − c6

s
Ld(U)− c7

mF (sw,U)

s

(1
s
+

1

t

)
≤ mF (tw, U)

t
+
η

t
+
c6
t
Ld(U)αmF (tw, U)1−α +

c6
t
Ld(U)αη1−α

+
c6
t
Ld(U) + c7

mF (tw, U)

t

(1
s
+

1

t

)
+ c7

η

s

(1
s
+

1

t

)
.

As η is arbitrary, we obtain (6.17). □

We conclude the section by proving a further property of the functionals F ∈ Fα,∞.

Lemma 6.8. Let F ∈ Fα,∞. Then the functions f and g defined by (5.2) and (5.3) belong to
Fα and G∞, respectively.
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Proof. Thanks to Lemmas 5.6 and 5.8, to conclude it is enough to show that f and g satisfy
properties (f4) and (g5).

We first prove that f satisfies (f4). Let us fix x ∈ Rd, A ∈ Rd×d
sym , and s, t > 0. Thanks to

Lemma 6.7 applied with U = Q(x, ρ) and w = ℓA, we have that

mF (sℓA, Q(x, ρ))

s
≤ mF (tℓA, Q(x, ρ))

t
+
c6
s
ραdmF (sℓA, Q(x, ρ))1−α +

c6
s
ρd

c6
t
ραdmF (tℓA, Q(x, ρ))1−α +

c6
t
ρd + c7

(mF (sℓA, Q(x, ρ))

s
+

mF (tℓA, Q(x, ρ))

t

)(1
s
+

1

t

)
.

Dividing this inequality by ρd, letting ρ→ 0+, and recalling (5.2), we obtain

f(x, sA)

s
≤ f(x, tA)

t
+
c6
s
f(x, sA)1−α +

c6
s
+
c6
t
f(x, tA)1−α

+
c6
t
+ c7

(f(x, sA)
s

+
f(x, tA)

t

)(1
s
+

1

t

)
.

Exchanging the roles of s and t we obtain

f(x, tA)

t
≤ f(x, sA)

s
+
c6
s
f(x, sA)1−α +

c6
s
+
c6
t
f(x, tA)1−α

+
c6
t
+ c7

(f(x, sA)
s

+
f(x, tA)

t

)(1
s
+

1

t

)
.

As these inequalities hold for every s and t, we may let s → +∞ and obtain for every t > 0
that ∣∣f∞(x,A)− f(x, tA)

t

∣∣ ≤ c6
t
f(x, tA)1−α +

c6
t
+
c7
t

(
f∞(x,A) +

f(x, tA)

t

)
.

Let us fix λ > 0 and apply this inequality with A replaced by λA to get∣∣λf∞(x,A)− f(x, tλA)

t

∣∣ ≤ c6
t
f(x, tλA)1−α +

c6
t
+
c7
t

(
λf∞(x,A) +

f(x, tλA)

t

)
for every t > 0, hence∣∣f∞(x,A)− f(x, tλA)

λt

∣∣ ≤ c6
λt
f(x, tλA)1−α +

c6
λt

+
c7
t

(
f∞(x,A) +

f(x, tλA)

λt

)
for every t > 0 and λ > 0. Setting τ = tλ∣∣f∞(x,A)− f(x, τA)

τ

∣∣ ≤ c6
τ
f(x, τA)1−α +

c6
τ

+
c7
t

(
f∞(x,A) +

f(x, τA)

τ

)
for every t > 0 and τ > 0, so that, letting t→ +∞ we obtain∣∣f∞(x,A)− f(x, τA)

τ

∣∣ ≤ c6
τ
f(x, τA)1−α +

c6
τ

(6.18)

for every τ > 0. Recalling that f satisfies (f2), we may use Remark 6.2 to deduce from (6.18)
that f satisfies (f4), concluding the proof of the inclusion f ∈ Fα.

We now prove that g satisfies property (g5). Let x ∈ Rd, ζ ∈ Rd, and ν ∈ Sd−1. Lemma 6.7
applied with U = Qν(x, ρ) and w = ux,ζ,ν implies that for every s, t > 0 we have

mF (sux,ζ,ν , Qν(x, ρ))

s
≤

mF (tux,ζ,ν , Qν(x, ρ))

t
+
c6
s
ραdmF (sux,ζ,ν , Qν(x, ρ))

1−α +
c6
s
ρd

c6
t
ραdmF (tux,ζ,ν , Qν(x, ρ))

1−α +
c6
t
ρd

+c7

(mF (sux,ζ,ν , Qν(x, ρ))

s
+

mF (tux,ζ,ν , Qν(x, ρ))

t

)(1
s
+

1

t

)
.

Dividing this inequality by ρd−1, letting ρ→ 0+, and recalling (5.3) we deduce

g(x, sζ, ν)

s
≤ g(x, tζ, ν)

t
+ c7

(g(x, sζ, ν)
s

+
g(x, tζ, ν)

t

)(1
s
+

1

t

)
.

Exchanging the roles of s and t we obtain (g5). □
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7. Full integral representation

In this section we prove a complete integral representation result for functionals F in Fα,∞
sc ,

including the representation of the Cantor part F c, assuming that the function f , defined in
(5.2), does not depend on x.

A full integral representation result for functionals F ∈ Fsc has recently been proved in [17],
under the additional assumption of uniform continuity of F with respect to translations of the
independent variables. This condition was originally considered in [9, Lemma 3.11] for the
corresponding integral representation problem in BV.

In the case of periodic homogenisation one can easily cheque that the Γ-limit functional Fhom

(see Theorem 9.7 below) is invariant under translations (see, for instance, [17, Theorem 6.14]).
However, in general, this invariance (nor the continuity with respect to translations) cannot
be checked directly in the case of non-periodic homogenisation. For this reason, we will prove
Theorem 7.1 below under the sole additional assumption (7.1), which is much weaker than
invariance under translations (see Example 7.4). We shall see in Section 9 that condition (7.1)
is satisfied almost surely under the standard hypotheses of stochastic homogenisation.

The following theorem is the main result of this section.

Theorem 7.1. Let F ∈ Fα,∞
sc and let g be the function defined by (5.3). Assume that there exist

a function f : Rd×d
sym → [0,+∞) and a Borel set N ⊂ Rd, σ-finite with respect to Hd−1, such that

f(A) = lim
ρ→0+

mF (ℓA, Q(x, ρ))

ρd
for every x ∈ Rd \N and A ∈ Rd×d

sym . (7.1)

Then for every U ∈ Uc(Rd) and u ∈ BD(U) we have

F (u,B) =

ˆ
B
f(Eu) dx+

ˆ
B
f∞

( dEcu

d|Ecu|

)
d|Ecu|+

ˆ
Ju∩B

g(x, [u], νu) dHd−1

for every B ∈ B(U).

We first state a useful lemma, obtained by Caroccia, Focardi, and Van Goethem in [17, Lemma
5.3] (see [9, Lemma 3.7] for an analogous result in the BV-setting), which characterises the
Radon-Nikodým derivative dF c(u, ·)/d|Ecu| by means of suitable minimum values of minimisa-
tion problems on small parallelograms. To state this result, we set some further notation.

We recall that De Philippis and Rindler proved in [32, Theorem 1.18] (see also the survey
[33] and the book [47]) the following remarkable theorem: given an open set U ∈ U(Rd) and
u ∈ BD(U) there exist two Borel maps a, b : U → Rd such that

dEcu

d|Ecu|
= a⊙ b and |a⊙ b| = 1 |Ecu|-a.e. in U. (7.2)

For every λ > 0 and every pair (a, b) ∈ Rd × Rd with a ̸= ±b we set

P a,b
λ :=

{
z ∈ U : |z · b| < λ

2 , |z · a| <
1
2 , |z · θi| <

1
2 for i ∈ {1, ..., n− 2}

}
,

where {θi}n−2
i=1 ⊂ Sd−1 is such that {a, b, θ1, ..., θn−2} is a basis of Rd, while if a = ±b we set

P a,b
λ :=

{
z ∈ U : |z · b| < λ

2 , |z · θi| <
1
2 for i ∈ {1, ..., n− 1}

}
,

where {θi}n−1
i=1 ⊂ Sd−1 is such that {b, θ1, ..., θn−1} is a basis of Rd. The choice of the vectors

{θi}i in the previous definitions is irrelevant for the arguments that follow. Given x ∈ Rd and

ρ > 0, we also set P a,b
λ (x, ρ) := x+ρP a,b

λ . Moreover, for every point x ∈ U such that (7.2) holds,

we set P x
λ (x, ρ) := P

a(x),b(x)
λ (x, ρ).

The following result characterises dF c(u, ·)/d|Ecu| in terms of the double limit of infima of
problems related to parallelograms of the form P x

λ .

Lemma 7.2 ([17, Lemma 5.3]). Let F ∈ Fsc, U ∈ U(Rd), and u ∈ BD(U). Then there exists
C(u) ∈ B(U), with |Ecu|(U \ C(u)) = 0, such that for every x ∈ C(u) equality (7.2) holds and
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there exist a positive sequence {λj}j∈N, converging to 0 as j → +∞, and for every j ∈ N a
positive sequence {ρi,j}i∈N, converging to 0 as i→ +∞, such that, setting

A = A(x) := a(x)⊙ b(x) and si,j :=
|Eu|(P x

λj
(x, ρi,j))

Ld(P x
j (x, ρi,j))

, (7.3)

we have

for every j ∈ N the sequence {si,j}i∈N tends to +∞ as i→ +∞, (7.4)

dF c(u, ·)
d|Ecu|

(x) = lim
j→+∞

lim sup
i→+∞

mF (si,jℓA, P
x
λj
(x, ρi,j))

si,jLd(P x
λj
(x, ρi,j))

. (7.5)

Proof. This result is proved in [17, Lemma 5.3] under slightly different hypotheses on the func-
tional F . In particular, they assume a condition, which they denote by (H4), that prescribes a
joint continuity of the functional F with respect to translations both of the dependent and of
the independent variables. Not all functionals in Fα,∞ satisfy this property. However, examining
the proof of [17, Lemma 5.3] one can see that the use of property (H4) can be replaced by the
property (e) of Definition 3.4. This invariance property also allows us to consider the boundary
conditions appearing in (7.5) instead of those used in [17, (5.6)], which differ from ours by a
rigid motion. □

The following result shows that, under suitable assumptions on F , in definition (5.2) we may

replace the cube Q(x, ρ) by parallelograms of the form P a,b
λ (x, ρ).

Lemma 7.3. Let F ∈ F, A ∈ Rd×d
sym, a, b ∈ Rd, and λ > 0. Assume that there exists µ ≥ 0 such

that
mF (ℓA, Q(y, ρ)) ≤ µρd

for every y ∈ Rd and ρ > 0. Then

mF (ℓA, P
a,b
λ (y, ρ)) ≤ µLd(P a,b

λ (y, ρ))

for every y ∈ Rd and ρ > 0. If, in addition, for some x ∈ Rd we have

lim
ρ→0+

mF (ℓA, Q(x, ρ))

ρd
= µ,

then

lim
ρ→0+

mF (ℓA, P
a,b
λ (x, ρ))

Ld(P a,b
λ (x, ρ))

= µ.

Proof. The proof can be obtained arguing as in [30, Lemma 5.3], observing that in the last
part of that lemma limsup can be replaced by lim. We also remark that, in contrast with [30,
Lemma 5.3], we deal with minimisation problems without constraints on the oscillation of the
competitors, which simplifies the proof. □

We are now ready to prove Theorem 7.1.

Proof of Theorem 7.1. By (7.1) we have

f(A) = lim sup
ρ→0+

mF (ℓA, Q(x, ρ))

ρd
for Ld-a.e. x ∈ Rd and every A ∈ Rd×d

sym . (7.6)

Let us fix U ∈ Uc(Rd) and u ∈ BD(U). Thanks to (5.1), (7.6), and Proposition 5.3, it is enough
to show that

F c(u,B) =

ˆ
B
f∞

( dEcu

d|Ecu|

)
d|Ecu|

for every B ∈ B(U). To prove this we will show that

dF c(u, ·)
d|Ecu|

(x) = f∞
( dEcu

d|Ecu|
(x)

)
(7.7)
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for |Ecu|-a.e. x ∈ U . Let C(u) ⊂ U be the set of Lemma 7.2 and let us fix x ∈ C(u) \N , where
N is as in the statement.

Thanks to Lemma 7.2 there exist a positive sequence {λj}j∈N converging to 0 as j → +∞,
and for every j ∈ N a positive sequence {ρi,j}i∈N, converging to 0 as i → +∞, such that (7.4)
and (7.5) hold. For simplicity of notation, we set P x

j (x, ρi,j) := P x
λj
(x, ρi,j). To obtain (7.7) is

enough to show that

f∞
( dEcu

d|Ecu|
(x)

)
= lim

j→+∞
lim sup
i→+∞

mF (si,jℓA, P
x
j (x, ρi,j))

si,jLd(P x
j (x, ρi,j))

, (7.8)

where A = A(x) and si,j are defined by (7.3).
By (5.2), (5.4), and (7.1) we have

mF (si,jℓA, P
x
j (x, ρi,j) ≤ F (si,jℓA, P

x
j (x, ρi,j)) = f(si,jA)Ld(P x

j (x, ρi,j)),

so that by (7.4) we have

lim sup
i→+∞

mF (si,jℓA, P
x
j (x, ρi,j))

si,jLd(P x
j (x, ρi,j))

≤ lim sup
i→+∞

f(si,jA)

si,j
= f∞(A), (7.9)

for every j ∈ N.
Then, we observe that for every y ∈ Rd, ρ > 0, and t > 0 by (5.2), (5.4), and (7.1) we have

mF (tℓA, Q(y, ρ)) ≤ F (tℓA, Q(y, ρ)) = f(tA)ρd and lim
ρ→0+

mF (tℓA, Q(x, ρ))

ρd
= f(tA).

Hence, we can use Lemma 7.3 to deduce that

lim
ρ→0+

mF (tℓA, P
x
λ (x, ρ))

Ld(P x
λ (x, ρ))

= f(tA) (7.10)

for every λ, t > 0. Recalling (6.1), from the previous equality it follows that

lim
t→+∞

lim
ρ→0+

mF (tℓA, P
x
λ (x, ρ))

tLd(P x
λ (x, ρ))

= f∞(A). (7.11)

Then, we apply Lemma 6.7 with w = ℓA and U = P x
j (x, ρi,j) to get for every t > 0∣∣mF (si,jℓA, P

x
j (x, ρi,j))

si,jLd(P x
j (x, ρi,j))

−
mF (tℓA, P

x
j (x, ρi,j))

tLd(P x
j (x, ρi,j))

∣∣ ≤ c6
si,j

(mF (si,jℓA, P
x
j (x, ρi,j))

Ld(P x
j (x, ρi,j))

)1−α

+
c6
si,j

+
c6
t

(mF (tℓA, P
x
j (x, ρi,j))

Ld(P x
j (x, ρi,j))

)1−α
+
c6
t

+c7

(mF (si,jℓA, P
x
j (x, ρi,j))

si,jLd(P x
j (x, ρi,j))

+
mF (tℓA, P

x
j (x, ρi,j))

tLd(P x
j (x, ρi,j))

)( 1

si,j
+

1

t

)
.

(7.12)

We observe that for every τ > 0 it follows from the upper bound in (c) of Definition 3.4 that

mF (τℓA, P
x
j (x, ρi,j)) ≤ F (τℓA, , P

x
j (x, ρi,j)) ≤ (c3τ |A|+ c4)Ld(P x

j (x, ρi,j)). (7.13)

Let us fix ε > 0. Recalling (6.1), we may find t > 0 such that

|f(tA)
t

− f∞(A)| < ε and
c6
t
+
c6
tα

(c3|A|+
c4
t
)1−α + c7

(
2c3|A|+

c4
t

)1
t
< ε. (7.14)

Thanks to (7.10), from the first inequality in (7.14) we deduce that for every j ∈ N we have

f∞(A)− ε <
f(tA)

t
= lim

i→+∞

mF (tℓA, P
x
j (x, ρi,j))

tLd(P x
j (x, ρi,j))

.
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Combining this inequality with (7.12), we get

f∞(A)− ε ≤ lim
j→+∞

lim
i→+∞

mF (tℓA, P
x
j (x, ρi,j))

tLd(P x
j (x, ρi,j))

≤ lim sup
j→+∞

lim sup
i→+∞

(mF (si,jℓA, P
x
j (x, ρi,j))

si,jLd(P x
j (x, ρi,j))

+
c6
si,j

(mF (si,jℓA, P
x
j (x, ρi,j))

Ld(P x
j (x, ρi,j))

)1−α
+

c6
si,j

+
c6
t

(mF (tℓA, P
x
j (x, ρi,j))

Ld(P x
j (x, ρi,j))

)1−α
+
c6
t

+c7

(mF (si,jℓA, P
x
j (x, ρi,j))

si,jLd(P x
j (x, ρi,j))

+
mF (tℓA, P

x
j (x, ρi,j))

tLd(P x
j (x, ρi,j))

)( 1

si,j
+

1

t

))
. (7.15)

Using (7.13), we see that the right-hand side of the previous chain of inequalities can be
bounded from above by

lim sup
j→+∞

lim sup
i→+∞

(mF (si,jℓA, P
x
j (x, ρi,j))

si,jLd(P x
j (x, ρi,j))

+
c6
sαi,j

(
c3|A|+

c4
si,j

)1−α
+

c6
si,j

+
c6
tα

(c3|A|+
c4
t
)1−α+

c6
t

+c7

(
2c3|A|+

c4
si,j

+
c4
t

)( 1

si,j
+

1

t

))
. (7.16)

Recalling (7.9) and (7.4), from (7.14)-(7.16) we infer

f∞(A)− ε < lim
j→+∞

lim sup
i→+∞

mF (si,jℓA, P
x
j (x, ρi,j))

si,jLd(P x
j (x, ρi,j))

+ ε ≤ f∞(A) + ε.

As ε > 0 is arbitrary, we obtain (7.8). Since x ∈ C(u)\N , |Ecu|(U \C(u)) = 0, and |Ecu|(N) = 0
(see part (ii) of (k) of Section 2), this concludes the proof. □

It is easy to produce examples of functionals F ∈ Fα,∞
sc which are not invariant under trans-

lation of the independent variable, but satisfy (7.1).

Example 7.4. Assume that 0 < c1 < c3 and let f and g be the functions defined for every
A ∈ Rd×d

sym , x ∈ Rd, ζ ∈ Rd, and ν ∈ Sd−1 by

f(A) := c3|A| and g(x, ζ, ν) :=

{
c3|ζ ⊙ ν| if x ∈ Rd \Πed ,

c1|ζ ⊙ ν| if x ∈ Πed ,

where ed = (0, . . . , 1) and Πed := {y ∈ Rd : y · ed = 0}. Clearly f ∈ F and g ∈ G, and since
they are positively homogeneous of degree one we also have f ∈ Fα and g ∈ G∞. Hence, the
functional F := F f,g belongs to Fα,∞ by Proposition 6.5. Let ψ : Rd → R be the function defined
by

ψ(x) :=

{
c3 if x ∈ Rd \Πed ,

c1 if x ∈ Πed .

We observe that for every U ∈ Uc(Rd) and u ∈ BD(U) we have

F (u,U) =

ˆ
U
ψ d|Eu|.

Since ψ is lower semicontinuous in Rd, this equality shows that F (·, U) is L1
loc(Rd;Rd)-lower

semicontinuous, hence F ∈ Fα,∞
sc .

8. Characterisation of Γ-convergence using minima on small cubes

In this section we determine the integrands of the Γ-limit of a sequence {Fn}n∈N ⊂ Fα,∞ by
means of limits of the minimum values of suitable minimisation problems for Fn on small cubes.

The next lemma shows that the Γ-convergence of a sequence {Fn}n∈N ⊂ F to a limit functional
F allows us to compare mF with {mFn}n∈N.
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Lemma 8.1. Let {Fn}n∈N ⊂ F. Assume that there exists F ∈ Fsc such that for every U ∈ Uc(Rd)
the sequence {Fn(·, U)}n∈N Γ-converges to F (·, U) with respect to the topology of L1

loc(Rd;Rd).

Let U,W ∈ Uc(Rd) with Lipschitz boundary and W ⊂⊂ U , and let w ∈ BD(U). Then

mF (w,U) ≤ lim inf
n→+∞

mFn(w,W ) + c3|Ew|(U \W ) + c4Ld(U \W ), (8.1)

lim sup
n→+∞

mFn(w,U) ≤ mF (w,U). (8.2)

Proof. We consider a subsequence, not relabelled, such that the liminf in the right-hand side of
(8.1) is actually a limit. To prove (8.1) we fix δ > 0 and for every n ∈ N we select zn ∈ BD(W )
such that un = w on ∂W and

Fn(zn,W ) < mFn(w,W ) + δ. (8.3)

We observe that by the upper bound in (c) of Definition 3.4, we have

Fn(zn,W ) < mFn(w,W ) + η ≤ Fn(w,W ) + δ ≤ c3|Ew|(W ) + c4Ld(W ) + δ,

so that by the lower bound in (c) we also get that |Ezn|(W ) is bounded uniformly with respect
to n. We extend zn to U by setting zn = w on U \W and observe that |Ezn|(U) is uniformly
bounded in n as well. Hence, there exist a subsequence, not relabelled, and a function z ∈ BD(U)
such that zn → z in L1(U ;Rd) and z = w on U \W , so that

mF (w,U) ≤ F (z, U) ≤ lim inf
n→+∞

Fn(zn, U), (8.4)

where the last inequality is due to Γ-convergence. Since the inner trace of zn on ∂W equals the
inner trace of w, we have |Ezn|(∂W ) = |Ew|(∂W ). Hence, the upper bound in (c) of Definition
3.4 gives

Fn(zn, U \W ) ≤ c3|Ezn|(U \W ) + c4Ld(U \W ) = c3|Ew|(U \W ) + c4Ld(U \W ),

where the last equality is due to the fact that zn = w in the open set U \W and |Ezn|(∂W ) =
|Ew|(∂W ). Combining this inequality with (8.3) and (8.4), and letting δ → 0+ we obtain (8.1).

To prove (8.2), let us fix δ > 0 and let u ∈ BD(U) be such that u = w on ∂U and F (u, U) <
mF (w,U) + δ. By Γ-convergence there exists a sequence {un}n∈N ⊂ BD(U) converging to u
strongly in L1(U ;Rd) and such that

lim
n→+∞

Fn(un, U) = F (u, U) < mF (w,U) + δ. (8.5)

We now fix a compact set K ⊂ U such that

c3|Eu|(U \K) + c4Ld(U \K) < δ. (8.6)

We also consider two additional open sets U ′′ and U ′ with the property that K ⊂ U ′′ ⊂⊂
U ′ ⊂⊂ U . We now argue as in the part of the proof of Lemma 4.2 that starts from (4.11), with
V = U \ U ′′, vn replaced by u, and for every n ∈ N we construct a function zn ∈ BD(U) such
that zn = u in a neighbourhood of ∂U and

Fn(zn, U) ≤ Fn(un, U) + Fn(u, U \ U ′′) +
M

m
+

2c3
η

∥un − u∥L1(U ;Rd),

whereM ≥ 0 is the constant introduced in (4.9) and η := dist(U, ∂U ′). Since zn = u = w on ∂U ,
we have mFn(w,U) ≤ Fn(zn, U). Hence, using the upper bounds in property (c) of Definition
3.4 for Fn, (8.6), and the inclusion K ⊂ U ′′, from the previous displayed formula we obtain

mFn(w,U) ≤ Fn(un, U) + δ +
M

m
+

2c3
η

∥un − u∥L1(U ;Rd).

We now pass to the limsup as n → +∞ and, recalling that un → u in L1(U ;Rd) as n → +∞,
from (8.5) we get

lim sup
n→+∞

mFn(w,U) ≤ mF (w,U) + 2δ +
M

m
.

Taking the limit as m→ +∞ and δ → 0+ we obtain (8.2). □
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The next result shows that for a functional F ∈ Fsc arising as Γ-limit of a sequence of
functionals in F the integrands f and g of the bulk and surface parts can be obtained using limits
of the minimum values of the minimisation problems mFn(ℓA, Q(x, ρ)) and mFn(ux,ζ,ν , Qν(x, ρ))
for the functionals Fn.

Lemma 8.2. Let {Fn}n∈N ⊂ F. Assume that there exists F ∈ Fsc such that for every U ∈ Uc(Rd)
the sequence {Fn(·, U)}n∈N Γ-converges to F (·, U) with respect to the topology of L1

loc(Rd;Rd),

and let f and g be the functions associated to F by (5.2) and (5.3). Then for every x ∈ Rd,
A ∈ Rd×d

sym, ζ ∈ Rd, and ν ∈ Sd−1 we have

f(x,A) = lim sup
ρ→0+

lim sup
n→+∞

mFn(ℓA, Q(x, ρ))

ρd
= lim sup

ρ→0+
lim inf
n→+∞

mFn(ℓA, Q(x, ρ))

ρd
,

g(x, ζ, ν) = lim sup
ρ→0+

lim sup
n→+∞

mFn(ux,ζ,ν , Qν(x, ρ))

ρd−1
= lim sup

ρ→0+
lim inf
n→+∞

mFn(ux,ζ,ν , Qν(x, ρ))

ρd−1
.

Proof. The proof can be obtained arguing exactly as in [30, Lemma 3.3], replacing D with E,
∇ with E , and Propositions 3.1 and 3.2 of that paper with our Lemma 8.1. □

We conclude this section by proving a sufficient condition for the Γ-convergence of a sequence
Fn, based on limits of minimum values of minimisation problems for Fn on small cubes. Note
that we require that the limits corresponding to the volume integrand do not depend on x.

Theorem 8.3. Let {Fn}n∈N ⊂ Fα,∞. Assume that there exist f̂ : Rd×d
sym → [0,+∞) and ĝ : Rd ×

Rd × Sd−1 → [0,+∞) such that

f̂(A) = lim
ρ→0+

lim sup
n→+∞

mFn(ℓA, Q(x, ρ))

ρd
= lim

ρ→0+
lim inf
n→+∞

mFn(ℓA, Q(x, ρ))

ρd
, (8.7)

ĝ(x, ζ, ν) = lim sup
ρ→0+

lim sup
n→+∞

mFn(ux,ζ,ν , Qν(x, ρ))

ρd−1
= lim sup

ρ→0+
lim inf
n→+∞

mFn(ux,ζ,ν , Qν(x, ρ))

ρd−1
, (8.8)

for every x ∈ Rd, A ∈ Rd×d
sym, ζ ∈ Rd, and ν ∈ Sd−1. Then f̂ ∈ Fα, ĝ ∈ G∞, and for every

U ∈ Uc(Rd) we have that {Fn(·, U)}n∈N Γ-converges to F f̂,ĝ(·, U) with respect to the topology of

L1
loc(Rd;Rd), where F f̂,ĝ is the functional introduced in Definition 3.3.

Proof. By Theorem 4.1 there exists a subsequence, not relabelled, and a functional F ∈ Fsc such
that {Fn(·, U)}n∈N Γ-converges ot F (·, U) for every U ∈ Uc(Rd). Let f and g be the functions
defined by (5.2) and (5.3) corresponding to F . Using Lemmas 8.1 and 8.2, together with (8.7)

and (8.8), we see that f(x,A) = f̂(A) and g(x, ζ, ν) = ĝ(x, ζ, ν) for every x ∈ Rd, ζ ∈ Rd,
A ∈ Rd×d

sym , and ν ∈ Sd−1. Moreover, thanks to Lemma 8.1 we obtain that

f̂(A) = lim
ρ→0+

lim sup
n→+∞

mFn(ℓA, Q(x, ρ))

ρd
≤ lim inf

ρ→0+

mF (ℓA, Q(x, ρ))

ρd
,

f̂(A) = lim
ρ→0+

lim inf
n→+∞

mFn(ℓA, Q(x, ρ− ρ2))

(ρ− ρ2)d
≥ lim sup

ρ→0+

mF (ℓA, Q(x, ρ))

ρd
,

hence

f̂(A) = lim
ρ→0+

mF (ℓA, Q(x, ρ))

ρd
for every x ∈ Rd and A ∈ Rd×d

sym .

Thus, the functional F satisfies the hypotheses of Theorem 7.1, so that F = F f̂,ĝ.

Moreover, by (8.7) and (8.8) the functions f̂ and ĝ, and hence the functional F f̂,ĝ, do not de-
pend on the subsequence chosen at the beginning of the proof, so that by the Urysohn property of
Γ-convergence (see [25, Proposition 8.3]) for every U ∈ Uc(Rd) the whole sequence {Fn(·, U)}n∈N
Γ-converges to F f̂,ĝ(·, U). □
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9. Functionals obtained by rescaling

In this section we use the theory developed in the previous sections to deal with the problem of
Γ-convergence of oscillating functionals obtained by rescaling of a single functional. In particular,
we prove a general theorem which provides sufficient conditions for the Γ-convergence of these
functionals (see Theorem 9.7).

We now introduce the notation we will use in the rest of the work. Throughout this section
we keep fixed f ∈ Fα and g ∈ G∞ and set

F := F f,g ∈ Fα,∞,

where F f,g is the functional introduced in Definition 3.3. We also assume that the modulus of
continuity introduced in (3.1) satisfies

σ(τ) = σ1τ for every τ ≥ 0, (9.1)

for some constant σ1 > 0. With this hypothesis, condition (g4) of Definition 3.1 reads

|g(x, ζ1, ν)− g(x, ζ2, ν)| ≤ σ1|ζ1 − ζ2|,
while the surface continuity estimate (f) of Definition 3.4 becomes

F (u+ ux,ζ,ν , B) ≤ F (u,B) + σ1|ζ|Hd−1(Πν
x ∩B).

Definition 9.1. For every ε > 0 we consider the integrands fε ∈ Fα and gε ∈ G∞ defined by

fε(x,A) := f
(
x
ε , A

)
for x ∈ Rd and A ∈ Rd×d

sym , (9.2)

gε(x, ζ, ν) := εg
(
x
ε ,

ζ
ε , ν

)
for x ∈ Rd, ζ ∈ Rd, and ν ∈ Sd−1, (9.3)

and we set Fε := F fε,gε ∈ Fα,∞.

Remark 9.2. If for every x ∈ Rd, ζ ∈ Rd, and ν ∈ Sd−1 the function t 7→ g(x, tζ, ν) is positively
homogeneous of degree one, that is to say

g(x, tζ, ν) = tg(x, ζ, ν) for every x ∈ Rd, ζ ∈ Rd, ν ∈ Sd−1, and t ≥ 0, (9.4)

then
gε(x, ζ, ν) = g(xε , ζ, ν) for every x ∈ Rd, ζ ∈ Rd, ν ∈ Sd−1, and ε > 0.

In this case, for U ∈ Uc(Rd) and u ∈ BD(U) the functionals Fε(u, U) of Definition 9.1 becomeˆ
U
f
(x
ε
, Eu

)
dx+

ˆ
U
f∞

(x
ε
,
dEcu

d|Ecu|

)
d|Ecu|+

ˆ
Ju∩U

g
(x
ε
, [u], νu

)
dHd−1, (9.5)

which are the functionals commonly considered in homogenisation of free discontinuity problems.
Our choice in the definition of gε given by (9.3) is justified by the fact that the correspond-

ing functional Fε defined by F fε,gε satisfies good change of variables formulas (see Lemmas 9.4
and 9.6 below) even when g does not satisfy (9.4). This will allow us to prove a very general
Γ-convergence result for F fε,gε (see Theorem 9.7), which implies the Γ-convergence of the func-
tionals in (9.5) when g satisfies the additional condition (9.4). Unfortunately, in the BD case
we are not able to extend the truncation arguments that were crucial to study the analogue of
(9.5) in BV (see [16,26,30]).

In the rest of the section we need the following technical result about a change of variables
formula involving the Cantor part of a BD function.

Lemma 9.3. Let ε, ρ ∈ (0, 1), x ∈ Rd, ν ∈ Sd−1, u ∈ BD(Qν(x, ρ)), and v ∈ BD(Qν(
x
ε ,

ρ
ε )).

Assume that v(z) = 1
εu(εz) for every z ∈ Qν(

x
ε ,

ρ
ε ). Thenˆ

Qν(x,ρ)
f∞ε

(
y,

dEcu

d|Ecu|

)
d|Ecu| = εd

ˆ
Qν(

x
ε
, ρ
ε
)
f∞

(
z,

dEcv

d|Ecv|

)
d|Ecv|. (9.6)
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Proof. Let ψ ∈ C∞
c (Qν(

x
ε ,

ρ
ε );R

d×d
sym) and let ψε := ψ

( ·
ε

)
∈ C∞

c (Qν(x, ρ);Rd×d
sym). By change of

variables and integration by parts we have

−
ˆ
Qν(

x
ε
, ρ
ε
)
ψ dEv =

ˆ
Qν(

x
ε
, ρ
ε
)
v divψ dz =

ˆ
Qν(

x
ε
, ρ
ε
)

1
εu(εz) divψ dz

=
1

εd

ˆ
Qν(x,ρ)

u(y)

ε
divψ

(y
ε

)
dy =

1

εd

ˆ
Qν(x,ρ)

u divψε dy

= − 1

εd

ˆ
Qν(x,ρ)

ψε dEu = − 1

εd

ˆ
Qν(

x
ε
, ρ
ε
)
ψ d

(( ·
ε

)
#
Eu

)
,

where ( ·ε
)
#
Eu denotes the push-forward of Eu via the function y 7→ y

ε (see, for instance, [8,

Theorem 3.6.1]). This implies that

Ev =
1

εd

( ·
ε

)
#
Eu as Borel measures on Qν(

x
ε ,

ρ
ε )

and, passing to their singular parts,

Esv =
1

εd

( ·
ε

)
#
Esu as Borel measures on Qν(

x
ε ,

ρ
ε ),

where Esv and Esu denote the singular part of Ev and Eu with respect to the Lebesgue measure.
Restricting the previous equality to Qν(

x
ε ,

ρ
ε ) \ Jv = Qν(

x
ε ,

ρ
ε ) \ (

1
εJu), we deduce that

Ecv =
1

εd

( ·
ε

)
#
Ecu as Borel measures on Qν(

x
ε ,

ρ
ε ).

This implies that

dEcv

d|Ecv|
(y
ε

)
=

dEcu

d|Ecu|
(y) for |Ecu|-a.e. y ∈ Qν(x, ρ).

Hence, by the integration formula for the push-forward of measures (see, for instance, [8, Theo-
rem 3.6.1]) we get (9.6). □

We state two preliminary results that allow us to rewrite the minimisation problems on small
cubes for the functionals Fε by means of minimisation problems on large cubes for F and F f∞,g∞ ,
where f∞ and g∞ are the functions defined by (6.1) and (6.4), respectively.

Lemma 9.4. Let ε, ρ ∈ (0, 1), x ∈ Rd, and A ∈ Rd×d
sym. Then

mFε(ℓA, Q(x, ρ)) = εdmF f,g
(ℓA, Q(xε ,

ρ
ε )).

Proof. Let u ∈ BD(Q(x, ρ)), with u = ℓA on ∂Q(x, ρ), and let v(z) := 1
εu(εz) for z ∈ Q(xε ,

ρ
ε ).

It is easy to see that v = ℓA on ∂Q(xε ,
ρ
ε ). Thanks to (9.2) and (9.3), a change of variables and

Lemma 9.3 show that ˆ
Q(x,ρ)

fε(y, Eu) dy = εd
ˆ
Q(x

ε
, ρ
ε
)
f(z, Ev) dz,

ˆ
Q(x,ρ)

f∞ε

(
y,

dEcu

d|Ecu|

)
d|Ecu| = εd

ˆ
Q(x

ε
, ρ
ε
)
f∞

(
z,

dEcv

d|Ecv|

)
d|Ecv|,

ˆ
Ju∩Q(x,ρ)

gε(y, [u], νu) dHd−1 = εd
ˆ
Jv∩Q(x

ε
, ρ
ε
)
g(z, [v], νv) dHd−1.

Thus, we infer
mFε(ℓA, Q(x, ρ)) = εdmF (ℓA, Q(xε ,

ρ
ε )),

concluding the proof. □

Definition 9.5. We set
F∞ := F f∞,g∞ ∈ Fα,∞,

where f∞ and g∞ are the functions defined by (6.1) and (6.4).
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Lemma 9.6. Let ε ∈ (0, 1/(2c6)), x ∈ Rd, ζ ∈ Rd, ν ∈ Sd−1, and ρ ∈ (0, 1). Then∣∣mFε(ux,ζ,ν , Qν(x, ρ))− εd−1mF∞
(ux

ε
,ζ,ν , Qν(

x
ε ,

ρ
ε ))

∣∣ ≤ Cρd−1+α + Cερd−1, (9.7)

where C = Cζ > 0 is a constant depending only on |ζ| and on the structural constants α, c3, c6,
and c7, but is independent of ε, x, ν, and ρ.

Proof. Let u ∈ BD(Qν(x, ρ)) with u = ux,ζ,ν on ∂Qν(x, ρ) and let v(z) := u(εz) for z ∈ Qν(
x
ε ,

ρ
ε ),

so that v = ux
ε
,ζ,ν on ∂Qν(

x
ε ,

ρ
ε ). Recalling (9.2) and (9.3), a change of variables and Lemma 9.3

imply that ˆ
Qν(x,ρ)

fε(y, Eu) dy = εd−1

ˆ
Qν(

x
ε
, ρ
ε
)
εf

(
z,

1

ε
Ev

)
dz, (9.8)

ˆ
Qν(x,ρ)

f∞ε

(
y,

dEcu

d|Ecu|

)
d|Ecu| = εd−1

ˆ
Qν(

x
ε
, ρ
ε
)
f∞

(
z,

dEcv

d|Ecv|

)
d|Ecv|, (9.9)

ˆ
Ju∩Qν(x,ρ)

gε(y, [u], νu) dHd−1 = εd−1

ˆ
Jv∩Qν(

x
ε
, ρ
ε
)
εg
(
z,

1

ε
[v], νv

)
dHd−1. (9.10)

We can now exploit (6.2) of Remark 6.2 to obtain for Ld-a.e. z ∈ Qν(
x
ε ,

ρ
ε )

|εf(z, 1εEv)− f∞(z, Ev)| ≤ c6ε+ c6εf(z,
1
εEv)

1−α, (9.11)

while using (6.7) of Remark 6.3 and inequalities (g3) and (6.5), for Hd−1-a.e. z ∈ Jv ∩Qν(
x
ε ,

ρ
ε )

we get

|εg(z, 1ε [v], νv)− g∞(z, [v], νv)| ≤ 2c3c7ε|[v]⊙ νv| ≤ C1ε
2g(z, 1ε [v], νv), (9.12)

|εg(z, 1ε [v], νv)− g∞(z, [v], νv)| ≤ 2c3c7ε|[v]⊙ νv| ≤ C1εg
∞(z, [v], νv), (9.13)

where we have set C1 := (2c3c7)/c1. From (9.11) we then deduce for Ld-a.e. z ∈ Qν(
x
ε ,

ρ
ε ) that

f∞(z, Ev) ≤ εf(z, 1εEv) + c6ε+ c6εf(z,
1
εEv)

1−α, (9.14)

f∞(z, Ev) ≥ εf(z, 1εEv)− c6ε− c6εf(z,
1
εEv)

1−α

≥ ε
2f(z,

1
εEv)− c6ε− c6ε(2c6(1− α))

1−α
α , (9.15)

where we have used the inequality τ1−α ≤ 1
2c6
τ + (2c6(1 − α))

1−α
α for every τ ≥ 0 and ε ∈

(0, 1/(2c6)), while from (9.12) and (9.13) we obtain for Hd−1-a.e. z ∈ Jv ∩Qν(
x
ε ,

ρ
ε )

g∞(z, [v], νv) ≤ εg(z, 1ε [v], νv) + C1ε
2g(z, 1ε [v], νv), (9.16)

g∞(z, [v], νv) ≥ εg(z, 1ε [v], νv)− C1εg
∞(z, [v], νv). (9.17)

Note that (9.15) implies that

εf(z, 1εEv) ≤ 2f∞(z, Ev) + C2ε,

where C2 := 2c6 + 2c6(2c6(1− α))
1−α
α , so that from (9.11) we infer

εf(z, 1εEv) ≤ f∞(z, Ev) + c6ε+ c6ε
α(2f∞(z, Ev) + C2ε)

1−α. (9.18)

Integrating (9.14) on Qν

(
x
ε ,

ρ
ε

)
, by Hölder’s inequality we get

εd−1

ˆ
Qν(

x
ε
, ρ
ε
)
f∞(z, Ev) dz ≤ εd−1

ˆ
Qν(

x
ε
, ρ
ε
)
εf(z, 1εEv) dz + c6ρ

d

+c6

(
εd−1

ˆ
Qν(

x
ε
, ρ
ε
)
εf(z, 1εEv) dz

)1−α
ραd,

(9.19)

while from (9.18) we get

εd−1

ˆ
Qν(

x
ε
, ρ
ε
)
εf(z, 1εEv) dz ≤ εd−1

ˆ
Qν(

x
ε
, ρ
ε
)
f∞(z, Ev) dz + c6ρ

d

+c6

(
2εd−1

ˆ
Qν(

x
ε
, ρ
ε
)
f∞(z, Ev) dz + C2ρ

d
)1−α

ραd.

(9.20)
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Integrating (9.16) and (9.17) on Jv ∩Qν

(
x
ε ,

ρ
ε

)
we obtain

εd−1

ˆ
Jv∩Qν(

x
ε ,

ρ
ε )
g∞(z, [v], νv) dHd−1 ≤ εd−1

ˆ
Jv∩Qν(

x
ε ,

ρ
ε )
εg(z, 1ε [v], νv) dH

d−1

+εdC1

ˆ
Jv∩Qν(

x
ε ,

ρ
ε )
εg(z, 1ε [v], νv) dH

d−1,

(9.21)

and

εd−1

ˆ
Jv∩Qν(

x
ε ,

ρ
ε )
g∞(z, [v], νv) dHd−1 ≥ εd−1

ˆ
Jv∩Qν(

x
ε ,

ρ
ε )
εg(z, 1ε [v], νv) dH

d−1

−εdC1

ˆ
Jv∩Qν(

x
ε ,

ρ
ε )
g∞(z, [v], νv) dHd−1.

(9.22)

Recalling (9.8)-(9.10) and combining (9.19) and (9.21), we obtain

εd−1F∞(v,Qν(
x
ε ,

ρ
ε )) ≤ Fε(u,Qν(x, ρ)) + c6ρ

d

+c6Fε(u,Qν(x, ρ))
1−αραd + C1εFε(u,Qν(x, ρ)),

while from (9.20) and (9.22) we get

Fε(u,Qν(x, ρ)) ≤ εd−1F∞(v,Qν(
x
ε ,

ρ
ε )) + c6ρ

d

+c6

(
2εd−1F∞(v,Qν(

x
ε ,

ρ
ε )) + C2ρ

d
)1−α

ραd + C1ε
dF∞(v,Qν(

x
ε ,

ρ
ε )).

Since u = ux,ζ,ν on ∂Qν(x, ρ) if and only v = ux
ε
,ζ,ν on ∂Qν(

x
ε ,

ρ
ε ), the last two inequalities imply

εd−1mF∞
(ux

ε
,ζ,ν , Qν(

x
ε ,

ρ
ε )) ≤ mFε(ux,ζ,ν , Qν(x, ρ)) + c6ρ

d

+c6m
Fε(ux,ζ,ν , Qν(x, ρ))

1−αραd + C1εm
Fε(ux,ζ,ν , Qν(x, ρ)),

(9.23)

and

mFε(ux,ζ,ν , Qν(x, ρ)) ≤ εd−1mF∞
(ux

ε ,ζ,ν
, Qν(

x
ε ,

ρ
ε )) + c6ρ

d

+c6

(
2εd−1mF∞

(ux
ε
,ζ,ν , Qν(

x
ε ,

ρ
ε )) + C2ρ

d
)1−α

ραd + C1ε
dmF∞

(ux
ε
,ζ,ν , Qν(

x
ε ,

ρ
ε )).

(9.24)

To conclude, as ux,ζ,ν and ux
ε
,ζ,ν are competitors for the problems mFε(ux,ζ,ν , Qν(x, ρ)) and

mF∞
(ux

ε
,ζ,ν , Qν(

x
ε ,

ρ
ε )), respectively, using the upper bounds in (g3) and (6.5) we obtain

mFε(ux,ζ,ν , Qν(x, ρ)) ≤ c3|ζ ⊙ ν|ρd−1,

mF∞
(ux

ε
,ζ,ν , Qν(

x
ε ,

ρ
ε )) ≤ c3|ζ ⊙ ν|ρ

d−1

εd−1
.

Finally, combining these two inequalities with (9.23) and (9.24) we get

εd−1mF∞
(ux

ε
,ζ,ν , Qν(

x
ε ,

ρ
ε )) ≤ mFε(ux,ζ,ν , Qν(x, ρ)) + c6ρ

d

+c6c3|ζ ⊙ ν|ρd−1+α + C1c3|ζ ⊙ ν|ερd−1,

and

mFε(ux,ζ,ν , Qν(x, ρ)) ≤ εd−1mF∞
(ux

ε ,ζ,ν
, Qν(

x
ε ,

ρ
ε )) + c6ρ

d

+c6
(
2c3|ζ ⊙ ν|+ C2

)1−α
ρd−1+α + C1c3|ζ ⊙ ν|ερd−1,

which imply (9.7) for C := max{c6, c6c3|ζ|, C1c3|ζ|, c6
(
2c3|ζ|+ C2

)1−α}. □

The following theorem constitutes the main result of this section. We shall see in the next
section that its hypotheses are satisfied under the standard hypotheses of periodic or stochastic
homogenisation.
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Theorem 9.7. Let f ∈ Fα, g ∈ G∞, and let Fε := F fε,gε be the functionals introduced in
Definition 9.1. Assume that there exist functions flim : Rd×d

sym → [0,+∞) and glim : Rd × Sd−1 →
[0,+∞) such that

flim(A) = lim
r→+∞

mF f,g
(ℓA, Q(rx, r))

rd
for all x ∈ Rd and A ∈ Rd×d

sym, (9.25)

glim(ζ, ν) = lim
r→+∞

mF∞
(urx,ζ,ν , Qν(rx, r))

rd−1
for all x ∈ Rd, ζ ∈ Rd, and ν ∈ Sd−1. (9.26)

Then flim ∈ Fα, glim ∈ G∞, glim satisfies (9.4), and the following property holds: for every
positive sequence {εn}n∈N converging to 0 as n → +∞ and for every U ∈ Uc(Rd) the sequence
{Fεn(·, U)}n∈N Γ-converges to F flim,glim(·, U) with respect to the topology of L1

loc(Rd;Rd). More-
over, we have the equality

glim(ζ, ν) = f∞lim(ζ ⊙ ν) for all ζ ∈ Rd and ν ∈ Sd−1, (9.27)

which implies that for every U ∈ U(Rd), u ∈ BD(U), and B ∈ B(U) we have

F flim,glim(u,B) =

ˆ
B
flim(Eu) dx+

ˆ
B
f∞lim

( dEsu

d|Esu|

)
d|Esu|, (9.28)

where Esu denotes the singular part of Eu with respect to the Lebesgue measure.

Proof. Let us fix a sequence {εn}n∈N ⊂ (0, 1) converging to 0 as n → +∞. Since {Fεn}n∈N ⊂
Fα,∞, to prove the Γ-convergence part of the statement it is enough to check that the hypotheses
of Theorem 8.3 are satisfied. Using Lemma 9.4 we see that for every ρ ∈ (0, 1), n ∈ N, x ∈ Rd,
and A ∈ Rd×d

sym we have

1

ρd
mFεn (ℓA, Q(x, ρ)) =

εdn
ρd

mF (ℓA, Q( x
εn
, ρ
εn
)),

so that, setting rn := ρ/εn, we may rewrite the previous equality as

1

ρd
mFεn (ℓA, Q(x, ρ)) =

1

rdn
mF (ℓA, Q(rn

x
ρ , rn)).

By (9.25) applied with x replaced by x/ρ, we then obtain for every A ∈ Rd×d
sym and ρ ∈ (0, 1) that

lim
n→+∞

1

ρd
mFεn (ℓA, Q(x, ρ)) = flim(A),

which proves (8.7) for every x ∈ Rd and A ∈ Rd×d
sym .

Let us fix x ∈ Rd, ζ ∈ Rd, and ν ∈ Sd−1. Using Lemma 9.6 we see that for every ρ ∈ (0, 1)
and n large enough we have

εd−1
n

ρd−1
mF f∞,g

(u x
εn

,ζ,ν , Qν(
x
εn
, ρ
εn
))− C(ρα + εn) ≤

1

ρd−1
mFεn (ux,ζ,ν , Qν(x, ρ))

≤ εd−1
n

ρd−1
mF f∞,g

(u x
εn

,ζ,ν , Qν(
x
εn
, ρ
εn
)) + C(ρα + εn),

so that, setting again rn := ρ/εn, by (9.26) we may pass to the limit first as n→ +∞ and then
as ρ→ 0+ to obtain

lim
ρ→0+

lim
n→+∞

1

ρd−1
mFεn (ux,ζ,ν , Qν(x, ρ)) = glim(ζ, ν),

proving (8.8) for every x ∈ Rd, ζ ∈ Rd, and ν ∈ Sd−1.
The fact that flim ∈ Fα and glim ∈ G∞ follows again by Theorem 8.3, while property (9.4) for

glim follows from the observation that, being f∞ and g∞ both positively homogeneous of degree
one (in the variables A and ζ, respectively), so is the function t 7→ mF∞

(ux,tζ,ν , Qν(x, ρ)). By
(9.26) this leads to the positive homogeneity of glim.

Finally, since for every U ∈ Uc(Rd) the functional F flim,glim(·, U) is L1
loc(Rd;Rd) lower semi-

continuous and the functions flim and glim are independent of the variable x, equality (9.27)
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follows from Lemma 9.10 below. Equality (9.28) follows immediately from Definition 3.3. □

For the application to stochastic homogenisation it is useful to obtain the conclusion of the
previous theorem assuming only that the limits in (9.25) and (9.26) hold on countable dense
collections of A, ζ, and ν. This is made possible by the following two lemmas.

Lemma 9.8. Let f ∈ F , g ∈ G, and D ⊂ Rd×d
sym be a dense subset. Assume that there exists a

function flim : D → [0,+∞) such that

flim(A) = lim
r→+∞

mF f,g
(ℓA, Q(rx, r))

rd
for every x ∈ Rd and A ∈ D. (9.29)

Then there exists a unique continuous extension flim : Rd×d
sym → [0,+∞) and this extension is

Lipschitz continuous with Lipschitz constant c5 and satisfies

flim(A) = lim
r→+∞

mF f,g
(ℓA, Q(rx, r))

rd
for every x ∈ Rd and A ∈ Rd×d

sym . (9.30)

Proof. Arguing exactly as in the proof of (5.11), we obtain

|mF f,g
(ℓA1 , Q(rx, r))−mF f,g

(ℓA2 , Q(rx, r))| ≤ c5|A2 −A1|rd for every A1, A2 ∈ Rd×d
sym .

Combining the previous inequality with (9.29), we obtain that there exists a unique continuous
extension of flim and that this extension is c5-Lipschitz continuous and satisfies (9.30). □

Lemma 9.9. Let f ∈ F , g ∈ G, and D1 ⊂ Rd and D2 ⊂ Sd−1 be dense subsets. Assume that
there exists a function glim : D1 × D2 → [0,+∞) such that

glim(ζ, ν) = lim
r→+∞

mF∞
(urx,ζ,ν , Qν(rx, r))

rd−1
for all x ∈ Rd, ζ ∈ D1, and ν ∈ D2. (9.31)

Then there exists a unique extension glim : Rd × Sd−1 → [0,+∞) such that

glim(ζ, ν) = lim
r→+∞

mF∞
(urx,ζ,ν , Qν(rx, r))

rd−1
for all x ∈ Rd, ζ ∈ Rd, and ν ∈ Sd−1. (9.32)

Proof. We begin by proving that there exists an extension glim : Rd × D2 → [0,+∞) such that

glim(ζ, ν) = lim
r→+∞

mF∞
(urx,ζ,ν , Qν(rx, r))

rd−1
for all x ∈ Rd, ζ ∈ Rd, and ν ∈ D2. (9.33)

To this aim, we observe that by (g4′) and (9.1) we have

|mF∞
(ux,ζ1,ν , Qν(rx, r))−mF∞

(ux,ζ2,ν , Qν(rx, r))| ≤ σ1|ζ1 − ζ2|rd−1

for every x ∈ Rd, ζ1, ζ2 ∈ Rd, and ν ∈ Sd−1. This can be proved arguing as in the proof of
inequality (5.15) in Lemma 5.8. Combining this inequality with (9.31), we obtain that the limit
in (9.33) exists for every ζ ∈ Rd and ν ∈ D2.

We now prove that there exists and extension of glim satisfying (9.32). We begin by observing
that, given 0 < η < 1, by the continuity condition on the map ν 7→ Rν introduced in (d) of
Section 2 there exists 0 < δη < η such that

Qν1(0, 1) ⊂⊂ Qν2(0, 1 + η) for every ν1, ν2 ∈ Sd−1
± with |ν1 − ν2| < δη. (9.34)

Let us fix x ∈ Rd, ζ ∈ Rd, r > 0, and η > 0. We observe that (9.34) gives

Qν1(rx, r) ⊂⊂ Qν2(rx, (1 + η)r) for every ν1, ν2 ∈ Sd−1
± with |ν1 − ν2| < δη.

Hence, we can apply Lemma 5.7 with x1 = x2 = rx, ρ1 = r, ρ2 = (1 + η)r, and ν1, ν2 ∈ Sd−1
±

with |ν1 − ν2| < δη. We observe that F∞ satisfies the upper estimate in (c) of Definition 3.4
with c4 = 0 because of (3.3) and Proposition 3.8, so that we can omit the term containing

c4 in Lemma 5.7. Using the inequality (1 + η)d−1 − 1 ≤ 2d−1η, for every ν1, ν2 ∈ Sd−1
± with

|ν1 − ν2| < δη < η we then obtain

mF∞
(urx,ζ,ν2 , Qν2(rx, (1 + η)r)) ≤ mF∞

(urx,ζ,ν1 , Qν1(rx, r)) + c3|ζ|(2d−1η + ω(0, η))rd−1.



32 GIANNI DAL MASO AND DAVIDE DONATI

We set xη := x
1+η and rη := (1 + η)r. Dividing the previous inequality by rd−1, we obtain

mF∞
(urηxη ,ζ,ν2 , Qν2(rηxη, rη))

rd−1
η

≤
mF∞

(urx,ζ,ν1 , Qν1(rx, r))

rd−1
+ c3|ζ|(2d−1η + ω(0, η)). (9.35)

Exchanging the roles of ν1 and ν2 we also get

mF∞
(urηxη ,ζ,ν1 , Qν1(rηxη, rη))

rd−1
η

≤
mF∞

(urx,ζ,ν2 , Qν2(rx, r))

rd−1
+ c3|ζ|(2d−1η + ω(0, η)). (9.36)

Moreover, applying (9.35) with x replaced by xη := (1 + η)x we obtain

mF∞
(urηx,ζ,ν2 , Qν2(rηx, rη))

rd−1
η

≤
mF∞

(urxη ,ζ,ν1 , Qν1(rx
η, r))

rd−1
+ c3|ζ|(2d−1η + ω(0, η)). (9.37)

Let us fix ν ∈ Sd−1
± . For every η > 0 we can find νη ∈ Sd−1

± ∩ D2 with |νη − ν| < δη, where
0 < δ < η is the constant given by (9.34). Using (9.36) with ν1 = νη and ν2 = ν, by (9.33),
which clearly holds with r replaced by rη, we obtain

glim(ζ, νη)− c3|ζ|(2d−1η + ω(0, η)) ≤ lim inf
r→+∞

mF∞
(urx,ζ,ν , Qν(rx, r))

rd−1
, (9.38)

while using (9.37) with ν1 = νη and ν2 = ν by (9.33) we get

lim sup
n→+∞

mF∞
(urx,ζ,ν , Qν(rx, r))

rd−1
≤ glim(ζ, νη) + c3|ζ|(2d−1η + ω(0, η)), (9.39)

where we have also used that by (9.33) the limit appearing the definition of glim(ζ, νη) is the
same for x and xη. Combining (9.38) and (9.39), we obtain

lim sup
r→+∞

mF∞
(urx,ζ,ν , Qν(rx, r))

rd−1
− lim inf

r→+∞

mF∞
(urx,ζ,ν , Qν(rx, r))

rd−1
≤ 2c3|ζ|(2d−1η + ω(0, η)).

Letting η → 0+ we conclude the proof of the lemma. □

We conclude this section by showing that, if F f,g(·, U) is L1(U ;Rd) lower semicontinuous for
some bounded open set U ⊂ Rd, then f∞(ζ⊙ν) = g(ζ, ν), provided that f and g are independent
of x and g is positively homogeneous of degree one in ζ. Although variants of this result are
well-known (see, for instance, [17, Step 3 of Theorem 6.14]), we present here a complete proof
in order to conclude the proof of Theorem 9.7.

Lemma 9.10. Let f : Rd×d
sym → [0,+∞) and g : Rd×Sd−1 → [0,+∞) be Borel functions satisfying

(f2), (g2), (g3), and (9.4). Assume that there exists a non-empty bounded open set U ⊂ Rd such
that the functional F f,g(·, U) is L1(U ;Rd)-lower semicontinuous. Then we have

g(ζ, ν) = f∞(ζ ⊙ ν)

for every ζ ∈ Rd and ν ∈ Sd−1.

Proof. Let us fix ζ ∈ Rd, ν ∈ Sd−1, and x ∈ Rd such that

0 < Hd−1(Πν
x ∩ U), (9.40)

0 is a Lebesgue point of the function R ∋ t 7→ Hd−1(Πν
x+tν ∩ U), (9.41)

where we recall that for ν0 ∈ Sd−1 and x0 ∈ Rd the symbol Πν0
x0

denotes the hyperplane passing

through x0 and orthogonal to ν0, given by {y ∈ Rd : (y − x0) · ν0 = 0}. Thanks to the Fubini
Theorem and the Lebesgue Differentiation Theorem the set of points x ∈ Rd for which the two
previous conditions are satisfied has positive Ld measure.

We now show that
g(ζ, ν) ≤ f∞(ζ ⊙ ν). (9.42)
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To prove this, we approximate the function ux,ζ,ν by the sequence of piecewise affine functions
{un}n∈N ⊂ BD(U) defined for every y ∈ U by

un(y) :=


0 if (y − x) · ν ≤ − 1

2n ,

n((y − x) · ν + 1
2n)ζ if − 1

2n ≤ (y − x) · ν ≤ 1
2n ,

ζ if (y − x) · ν ≥ 1
2n .

Clearly {un}n∈N converges to ux,ζ,ν strongly in L1(U ;Rd) as n→ +∞.

Setting Hn := {y ∈ U : − 1
2n ≤ (y − x) · ν ≤ 1

2n}, one checks immediately that,

Eun = nζ ⊙ νχHn Ld-a.e. in U, (9.43)

where χHn is the characteristic function of Hn. Moreover, the Fubini Theorem implies that

Ld(Hn) =

ˆ 1
2n

− 1
2n

Hd−1(Πν
x+tν ∩ U) dt,

which together with (9.41) this gives

lim
n→+∞

nLd(Hn) = Hd−1(Πν
x ∩ U). (9.44)

In light of the lower semicontinuity of F f,g(·, U), a direct computation shows that

f(0)Ld(U) + g(ζ, ν)Hd−1(Πν
x ∩ U) = F f,g(ux,ζ,ν , U) ≤ lim inf

n→+∞
F f,g(un, U)

= lim inf
n→+∞

(ˆ
Hn

f(Eun) dx+ f(0)Ld(U \Hn)
)
.

Since Ld(Hn) converges to 0 as n→ +∞, the previous inequality gives

g(ζ, ν)Hd−1(Πν
x ∩ U) ≤ lim inf

n→+∞

ˆ
Hn

f(Eun) dx. (9.45)

Using (9.43) we see that ˆ
Hn

f(Eun) dx = f(nζ ⊙ ν)Ld(Hn). (9.46)

Combining (9.44)-(9.46), recalling the definition of f∞ given by (3.2), we have

g(ζ, ν)Hd−1(Πν
x ∩ U) ≤ lim inf

n→+∞

f(nζ ⊙ ν)

n
(nLd(Hn)) ≤ f∞(ζ ⊙ ν)Hd−1(Πν

x ∩ U),

which by (9.40) implies (9.42).
We now prove

f∞(ζ ⊙ ν) ≤ g(ζ, ν). (9.47)

To this aim, we set T > diam(U) and let x ∈ U . By the Fubini Theorem we have

Ld(U) =

ˆ T

−T
Hd−1(Πν

x+tν ∩ U) dt.

By the well-know approximation properties of Lebesgue integrals by means of Riemann sums
(see [42], [36, Page 63], or [27, Lemma 4.12]) we can select x ∈ U in such a way that

Ld(U) = lim
n→+∞

T

n

n∑
i=−n+1

Hd−1
(
Πν

x+ i−1
n

Tν
∩ U

)
. (9.48)

We set A := ζ ⊗ ν and fix t > 0. To prove (9.47), we construct a sequence of pure jump
functions approximating ℓtA in L1(U ;Rd). Given n ∈ N, let σn : (−T, T ) → R be defined by

σn(s) :=

n∑
i=−n+1

iT
n χ(

i−1
n T,

i
nT )

(s) for every s ∈ (−T, T ).
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For every n ∈ N, let un ∈ BD(U) be the function defined by

un(y) := tζσn((y − x) · ν) for every y ∈ U.

It is easy to see that {un}n∈N converges to ℓtA strongly in L1(U ;Rd) as n→ +∞. Thus, by the
L1-lower semicontinuity of F f,g(·, U) we obtain

f(tAsym)Ld(U) =

ˆ
U
f(tAsym) dx = F f,g(ℓtA, U) ≤ lim inf

n→+∞
F f,g(un, U). (9.49)

On the other hand, using the homogeneity of g given by (9.4) we immediately check that

F f,g(un, U) = f(0)Ld(U) +

n∑
i=−n+1

g
( tζ
n
T, ν

)
Hd−1

(
Πν

x+ i−1
n

Tν
∩ U)

= f(0)Ld(U) + tg(ζ, ν)
T

n

n∑
i=−n+1

Hd−1
(
Πν

x+ i−1
n

Tν
∩ U).

Taking the liminf as n→ +∞ and using (9.48) and (9.49) we get

f(tAsym)Ld(U) ≤ f(0)Ld(U) + tg(ζ, ν)Ld(U).

Hence, we get 1
t f(tA

sym) ≤ 1
t f(0) + g(ζ, ν), and letting t→ +∞ we obtain (9.47). □

10. Stochastic homogenisation

In this section we use the results of the previous section to study the problem of stochastic
homogenisation of free discontinuity functionals defined on the space BD. In the following we
still assume that the modulus of continuity introduced in (3.1) satisfies (9.1). We begin by
introducing the probabilistic setting we will use to deal with this problem.

Throughout this section (Ω, T , P ) is a probability space endowed with a group (τz)z∈Zd of P -
preserving transformations on (Ω, T , P ), i.e., a family (τz)z∈Zd of T -measurable bijective maps
τz : Ω → Ω such that

(a) τz1 ◦ τz2 = τz1+z2 for every z1, z2 ∈ Zd;
(b) P (τ−1

z (E)) = P (E) for every E ∈ T and z ∈ Zd.

Note that from (a) and the bijectivity it follows that for z = 0 the map τ0 is the identity on Ω.
We say that a group (τz)z∈Zd of P -preserving transformations is ergodic if every set E ∈ T with

τz(E) = E for every z ∈ Zd has probability either 0 or 1. In analogy with [26,30], we introduce
the following two classes of stochastic integrands.

Definition 10.1. Fα
stoc denotes the set of all T ⊗ B(Rd × Rd×d

sym)-measurable functions f : Ω ×
Rd × Rd×d

sym → [0,+∞) such that for every ω ∈ Ω the function f(ω) := f(ω, ·, ·) belongs to Fα

and the following stochastic periodicity condition holds:

f(ω, x+ z,A) = f(τz(ω), x, A)

for every ω ∈ Ω, z ∈ Zd, x ∈ Rd, and A ∈ Rd×d
sym . G∞

stoc denotes the set of all T ⊗B(Rd×Rd×Sd−1)-

measurable functions g : Ω× Rd × Rd × Sd−1 → [0,+∞) such that for every ω ∈ Ω the function
g(ω) := g(ω, ·, ·, ·) belongs to G∞, and the following stochastic periodicity condition holds:

g(ω, x+ z, ζ, ν) = g(τz(ω), x, ζ, ν)

for every ω ∈ Ω, z ∈ Zd, x, ζ ∈ Rd, and ν ∈ Sd−1.

We recall the definition of subadditive process. Let R the collection of half-closed rectangles
defined by

R := {R ⊂ Rd : R = [a1, b1)× ...× [ad, bd) with ai < bi for i ∈ {1, ..., d}}.
Given R ∈ R its interior is denoted by R◦. We also introduce the completion of (Ω, T , P ),
denoted by (Ω, T̂ , P̂ ). It is immediate to see that (τz)z is a group of P -preserving transformation

also on (Ω, T̂ , P̂ ).
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Definition 10.2. A function µ : Ω×R → R is said to be a covariant subadditive process with
respect to (τz)z∈Zd if the following properties are satisfied

(a) for every R ∈ R the function µ(·, R) is T̂ -measurable;
(b) for every ω ∈ Ω, R ∈ R, and z ∈ Zd we have µ(ω,R+ z) = µ(τz(ω), R);
(c) given R ∈ R and a finite partition (Ri)

n
i=1 ⊂ R of R, we have

µ(ω,R) ≤
n∑

i=1

µ(ω,Ri)

for every ω ∈ Ω;
(d) there exists C > 0 such that 0 ≤ µ(ω,R) ≤ CLd(R) for every ω ∈ Ω and R ∈ R.

In the following we will make substantial use of the Subadditive Ergodic Theorem of Akcoglu
and Krengel [1, Theorem 2.7]. In particular, we will use the version of this theorem stated
in [28, Proposition 1].

Theorem 10.3. Let µ be a subadditive process with respect to the group (τz)z∈Zd. Then there
exist Ω′ ∈ T , with P (Ω′) = 1, and φ : Ω → [0,+∞) such that

lim
r→+∞

µ(ω, Q̃(rx, r))

rd
= φ(ω)

for every x ∈ Rd and every ω ∈ Ω′, where Q̃(rx, r) := [rx1− r
2 , rx1+

r
2)×· · ·× [rxd− r

2 , rxd+
r
2).

If the group (τz)z∈Zd is also ergodic, then φ is constant P -a.e.

The following is the main result concerning the bulk part.

Proposition 10.4. Let f ∈ Fα
stoc and g ∈ G∞

stoc. Then there exist Ω′ ∈ T , with P (Ω′) = 1, and
a function flim : Ω× Rd×d

sym → [0,+∞), with flim(ω, ·) continuous for every ω ∈ Ω′ and flim(·, A)
T -measurable for every A ∈ Rd×d

sym, such that

flim(ω,A) = lim
r→+∞

mEf(ω),g(ω)
(ℓA, Q(rx, r))

rd
(10.1)

for every ω ∈ Ω′, x ∈ Rd, and A ∈ Rd×d
sym. If, in addition, (τz)z∈Zd is ergodic, by choosing Ω′

appropriately we have that flim is independent of ω.

Proof. Let us fix A ∈ Rd×d
sym and consider the function ΦA : Ω×R → [0,+∞) defined by

ΦA(ω,R) := mEf(ω),g(ω)
(ℓA, R

◦).

This function defines a covariant subadditive process. Indeed, it is easy to check that properties
(b), (c), and (d) of Definition 10.2 hold (see [16, Theorem 9.1] for the details), while the proof
of the measurability property (a) can be obtained by slightly modifying the Appendix of [16],
replacing Du and ∇u by Eu and Eu.

Let D be a countable dense subset of Rd×d
sym . We may then apply Theorem 10.3 with µ = ΦA

for every A ∈ D to obtain a set Ω′ ∈ T , with P (Ω′) = 1, and a function ϕA : Ω → [0,+∞) such
that

ϕA(ω) = lim
r→+∞

ΦA(ω, Q̃(rx, r))

rd
= lim

r→+∞

mF f(ω),g(ω)
(ℓA, Q(rx, r))

rd

for every ω ∈ Ω′, x ∈ Rd, and A ∈ D. By Lemma 9.8 for every ω ∈ Ω′ there exists a unique
continuous function flim(ω, ·) : Rd×d

sym → [0,+∞) such that flim(ω,A) = ϕA(ω) for everyA ∈ Rd×d
sym .

Moreover, A 7→ flim(ω,A) is c5-Lipschitz continuous and satisfies (10.1).
Finally, the statement concerning the ergodic hypothesis follows from the last part of Theorem

10.3. □

The following proposition collects the main results concerning the surface term.
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Proposition 10.5. Let f ∈ Fα
stoc and g ∈ G∞

stoc. Then there exist Ω′ ∈ T , with P (Ω′) = 1, and
a function glim : Ω× Rd × Sd−1 → [0,+∞) such that

ζ 7→ glim(ω, ζ, ν) is Lipschitz continuous for every ω ∈ Ω′ and ν ∈ Sd−1,

Sd−1
± ∋ ν 7→ glim(ω, ζ, ν) are continuous for every ω ∈ Ω′ and ζ ∈ Rd,

ω 7→ glim(ω, ζ, ν) is T -measurable for every ζ ∈ Rd and ν ∈ Sd−1,

and

glim(ω, ζ, ν) = lim
r→+∞

mF∞(ω)(urx,ζ,ν , Qν(rx, r))

rd−1
(10.2)

for every ω ∈ Ω′, x ∈ Rd, ζ ∈ Rd, and ν ∈ Sd−1, where F∞ is the functional introduced in
Definition 9.5. If, in addition, (τz)z∈Zd is ergodic, by choosing Ω′ appropriately we have that
glim is independent of ω.

Proof. It is enough to repeat the arguments of [16, Proposition 9.4 and 9.5], replacing Step 2 of
their Proposition 9.4 and 9.5 by our Lemma 9.9. □

Collecting the results of Propositions 10.4 and 10.5 we obtain the following almost sure con-
vergence result.

Theorem 10.6. Let f ∈ Fα
stoc, g ∈ G∞

stoc and let Fε(ω) := F fε(ω),gε(ω) be the functionals intro-
duced in Definition 9.1. Then there exist Ω′ ∈ T , with P (Ω′) = 1, and functions flim ∈ Fα

stoc

and glim ∈ G∞
stoc, with glim(ω) satisfying (9.4) for every ω ∈ Ω′, and with the following property:

for every sequence {εn}n∈N ⊂ (0, 1) converging to 0 as n → +∞, U ∈ Uc(Rd), and ω ∈ Ω′

we have that {Fεn(ω)(·, U)}n∈N Γ-converges, with respect to the topology of L1
loc(Rd;Rd), to

F flim(ω),glim(ω)(·, U) as n→ +∞. Moreover, we have the equality

glim(ω, ζ, ν) = f∞lim(ω, ζ ⊙ ν) for every ζ ∈ Rd and ν ∈ Sd−1. (10.3)

If, in addition, (τz)z∈Zd is ergodic, by choosing Ω′ appropriately we have that flim and glim are
independent of ω.

Proof. Thanks to Propositions 10.4 and 10.5, there exist Ω′ ∈ T , with P (Ω′) = 1, flim : Ω ×
Rd×d
sym → [0,+∞), and glim : Ω×Rd×Sd−1 → [0,+∞) such that (10.1) and (10.2) hold. Thus, by

Theorem 9.7 we obtain the two inclusions flim ∈ Fα
stoc and glim ∈ G∞

stoc, together with the fact
that glim(ω) satisfies (9.4) for every ω ∈ Ω′, as well as the Γ-convergence part of the statement
and equality (10.3).

The last part of the statement follows from the final parts of the statements of Propositions
10.4 and 10.5. □

As a particular case of the previous theorem we deduce the following result in the periodic
deterministic setting.

Corollary 10.7. Let f ∈ Fα, g ∈ G∞, and let Fε := F fε,gε be the functional introduced in
Definition 9.1. Assume that both f and g are 1-periodic in the x variable. Then there exist
functions flim ∈ Fα and glim ∈ G∞, with flim satisfying (9.25), and with glim satisfying (9.4)
and (9.26), and consequently the following property holds: for every sequence {εn}n∈N ⊂ (0, 1)
converging to 0 as n→ +∞ and for every U ∈ Uc(Rd) the sequence {Fεn(·, U)}n∈N Γ-converges
to F flim,glim(·, U) with respect to the topology of L1

loc(Rd;Rd). Moreover, we have the equality

glim(ζ, ν) = f∞lim(ζ ⊙ ν) for every ζ ∈ Rd and ν ∈ Sd−1.

Proof. It is enough to apply Theorem 10.6 in the case where Ω consists of a single point. □
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[12] A. Braides and V. Chiadò Piat, Integral representation results for functionals defined on SBV(Ω;Rm),

J. Math. Pures Appl. (9), 75 (1996), pp. 595–626.
[13] A. Braides, A. Defranceschi, and E. Vitali, Homogenization of free discontinuity problems, Arch.

Ration. Mech. Anal., 135 (1996), pp. 297–356.
[14] F. Cagnetti, G. Dal Maso, L. Scardia, and C. I. Zeppieri, Γ-convergence of free-discontinuity problems,

Ann. Inst. H. Poincaré C Anal. Non Linéaire, 36 (2019), pp. 1035–1079.
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their Applications, Birkhäuser Boston, Inc., Boston, MA, 1993.
[26] G. Dal Maso and D. Donati, Homogenization of vectorial free-discontinuity functionals with cohesive type

surface terms, Proc. Royal Soc. Edinburgh Sec. A, (2025), p. 1–71.
[27] G. Dal Maso, G. A. Francfort, and R. Toader, Quasistatic crack growth in nonlinear elasticity, Arch.

Ration. Mech. Anal., 176 (2005), pp. 165–225.
[28] G. Dal Maso and L. Modica, Nonlinear stochastic homogenization and ergodic theory, J. Reine Angew.

Math., 368 (1986), pp. 28–42.
[29] G. Dal Maso and R. Toader, Γ-convergence and integral representation for a class of free discontinuity

functionals, J. Convex Anal., 31 (2024), pp. 411–476.
[30] , Homogenisation problems for free discontinuity functionals with bounded cohesive surface terms, Arch.

Ration. Mech. Anal., 248 (2024), pp. Paper No. 109, 48.
[31] E. De Giorgi and G. Letta, Une notion générale de convergence faible pour des fonctions croissantes

d’ensemble, Ann. Scuola Norm. Sup. Pisa Cl. Sci. (4), 4 (1977), pp. 61–99.

https://arxiv.org/abs/2009.13513


38 GIANNI DAL MASO AND DAVIDE DONATI

[32] G. De Philippis and F. Rindler, On the structure of A-free measures and applications, Ann. of Math. (2),
184 (2016), pp. 1017–1039.

[33] , Fine properties of functions of bounded deformation—an approach via linear PDEs, Math. Eng., 2
(2020), pp. 386–422.

[34] G. Del Nin, Rectifiability of the jump set of locally integrable functions, Ann. Sc. Norm. Super. Pisa Cl. Sci.
(5), 22 (2021), pp. 1233–1240.

[35] G. Di Fratta and F. Solombrino, Korn and Poincaré-Korn inequalities: a different perspective, Proc.
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