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Abstract

In this paper we report the second part of our results concerning the
rigorous derivation of a hierarchy of one-dimensional models for thin-
walled beams with rectangular cross-section. Denoting by h and §;, the
length of the sides of the cross-section of the beam, we analyse the limit be-
haviour of a non-linear elastic energy which scales as €7 when €5, /8, — 0.
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1 Introduction

The purpose of this paper is to continue the rigorous derivation started in [8] of
a hierarchy of one-dimensional models for thin-walled beams. As explained in
Part I, geometrically, a thin-walled beam is a slender structural element whose
length is much larger than the diameter of the cross-section which, on its hand,
is larger than the thickness of the thin wall. To model it, we consider a beam
of length ¢ with a rectangular cross-section of sides h and J;, with

h—0 and %hi?o.

After rescaling the domain the elastic energy rewrites as

Ih(y) B / W(Vhy(m)) dx’ with Vhy - <yal ’ y}f’ %’3> ’
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where W denotes the elastic energy density of the material, while y and Vyy

denote, respectively, the deformation and the rescaled deformation gradient.
We let (y") be a sequence of deformations for which the energy scales as €2,

where (g1,) is a sequence of positive numbers; more precisely, we assume that

I"(y") < Ce}. (1)

and we study the T-limit of the sequence of functionals 1" /2. The expression
of the I'-limit depends on the behaviour of € with respect to the intrinsic scale
dr. More precisely, we identify three main regimes:

- 0,
e subcritical: -~ "9 0;

€h

ey 5}; h—0
e critical: — — 1;
€h

o 5h h—0
e supercritical: — — 4o0.

Eh

The subcritical and the critical regimes have been studied in [8]. In this
paper we focus on the supercritical case.

Assuming ¢, /5, — 0, we first show that, if a sequence of deformations (y")
satisfies (1), then their rescaled gradients Vjy" must converge, as h — 0, to
a constant rotation (Lemma 3.1), which can be assumed to coincide with the
identity, up to an orthonormal change of coordinates. Therefore, we expect to
have linearization effects in the limiting energy. For this reason we introduce
the sequence of displacements (u") and of twist functions (9") associated with
(y") and study their compactness properties (see Lemma 3.6). This part of the
proof deeply relies on the rigidity estimate obtained by Friesecke, James, and
Miiller [9].

We then show that the I'-limit of I" / 5%, as h — 0, can be expressed in terms
of the limit displacement u and of the limit twist function ¥, and depends on
the existence and on the value of the following limit:

More precisely, if r € {0,1}, we first prove that the limit displacement u must
belong to the set ABN of Bernoulli-Navier displacements (see Definition 3.5).
Moreover, in Theorems 3.8 and 3.10 we show that for these values of r the
[-limit of 1" /&2 is the functional I" : APN x W12(0,¢) — [0, +00) defined by

L

0 £
)= [ Que e+ [ B 5@ e g [ B
0 0 0

for every (u,d) € ABN x W12(0,¢). Here the functions & € W12(0,£), &, & €
W22(0, /) are such that

ur(z) = & (21) — w2by(1) — 2385(w1),  ua(z) = &a(21), uz(x) = &3(21)



for a.e. x € Q. The density function @2 is a positive definite quadratic form,
while F is a positive constant, and they both can be easily computed from the
knowledge of W (see (6) and (7)). If the beam is made of an isotropic material,
the constant E coincides with the Young modulus of the material.

If, instead, r = 400, we prove that the limit displacement u must have the
following structure: for a.e. x € Q

ui(z) = &1(w1), wu2(z) =0, wus(z)=_E(r1),

with &1, & € W22(0, /) satisfying
1
6 =2

We denote by A> the set of all displacements in W?22(; R3) satisfying these
conditions. Assuming in addition that
hQEh
lim —— =
s 62 0. @)
in Theorems 3.8 and 3.9 we show that, for r = 400, the I'-limit of Ih/ai is given
by the functional

¢
I°°(u,9) == i/ Q2(ujy, V') dxy
0

for every (u,d) € A® x W12(0,¢).

Assumption (2) is crucial in the construction of the recovery sequence.
Heuristically, it allows us to stretch the mid-plane, i.e., the z1x5-plane, by defor-
mations of order e, /(8x/h)?. When limy,_,g /(0 /h)? # 0 the mid-plane must
undergo a deformation which is very close to an infinitesimal isometry. For this
reason we conjecture that, in this range, the I'-limit should coincide with the
[-limit of the geometrically linear Kirchhoff functional for a rectangular plate
(see [10]), representing the mid-plane of the beam, when the length of one of
the two sides approaches zero.

I'-convergence results for thin-walled beams were obtained within the theory
of linear elasticity in [5, 6, 7], while I'-convergence results for beams within the
nonlinear framework were deduced in [1, 12, 13, 14, 15].

The paper is organized as follows. In Section 2 we recall the setting of the
problem and some preliminary results. Section 3 is devoted to the discussion
of the supercritical case. Finally, in Section 4 we introduce applied loads and
prove convergence of minimizers.

The notation is the same adopted in Part I of the present paper, to which
we refer for details.



2 Setting of the problem and preliminaries
Let
Q= (0,0) x wy, C R3,
where
Wp, = {(22723) : |ZQ| < h/2, |Zg| < 6h/2} - RQ
with A > 0, §; := 1 and
lim 5h/h =0.
h—0
Henceforth we shall refer to €2, as the reference configuration of the body
and denote the elastic energy associated with a deformation v : Q;, — R? by

EM(v) := W(Vu(z))dz.
Qp

We assume that the stored energy density W : R3*3 — [0, +-00] satisfies the
following assumptions:

1. W e C%(R3*3), W is of class C? in a neighborhood of SO(3);

2. W is frame indifferent, i.e., W(F) = W(RF) for every F € R3*3 and
R € SO(3);

3. W(F) > Cdist*(F,SO(3)), C > 0; W(F) =0 if F € SO(3).
A key role will be played by the following quadratic form:

3 2
mER =S I (hEF., FerR¥E (3)

O*W
Qs(F) ==
i,k l=1 OFij0F

T OF?

In view of 3 this form is positive semi-definite and hence convex. Moreover, by
1 and 2 we have that (see, e.g., [11, Section 29])

F+FT)

Qs(F) = Qs (—5

(4)

In the special case when the energy density W is isotropic, that is, W(RFQ) =
W (F) for all F € R3*3 and R,Q € SO(3), then it turns out that

Q3(F) = 2ule)? + A(tre)?, e= r +2FT (5)

for some A, p € R.
The limit problems will be stated in terms of the density function

Q2(a, B) :=min{Q3(A4) : A€ R¥>3 AT = A, Ajy = a, Ao = B}, (6)
and of the constant

E:=min{Q2(1,8) : B € R} =min{Q3(A) : AcR>3 AT = A, Ay, =1}.
(7)



Let us remark that Q2 is a positive definite quadratic form and £ > 0. More-
over, in the isotropic case where Q3 takes the form (5), a simple computation
shows that

Q2(av, B) = 4pp® + Ea?,
and E = ,uQZf)’\)‘ is the Young modulus of the material.

To state our results it is convenient to stretch the domain €2, along the
transverse directions z and z3 in a way that the transformed domain does not
depend on h. Let us therefore set w := wy, Q := Qq, and let

Ph - QO — Qh
be defined by
pr(x) = pr(x1, 22, 23) = (21, hao, 0px3).
Let us consider the following 3 x 3 matrix
Y2 Y3
V = ) ) b ) 8
Y (y s ) (8)
where y,; denotes the column vector of the partial derivatives of y with respect

to z;, i = 1,2,3. Then we can consider the rescaled energy I" : Wh2(Q; R?) —
[0, +00] defined by I"(y) := h—};hEh(y opy ), ie.,

ﬂ@:éwwwwm

for every y € Wh2(Q; R?).

Throughout the rest of the paper () will denote a sequence of strictly
positive real numbers. We conclude the section by recalling a result proven
in [8, Theorem 3.2 and Lemma 3.3] and concerning some general compactness
properties for sequences of deformations with equibounded energy.

Lemma 2.1 Let (y") be a sequence in W2(;R3) such that

1
2

( /Q distQ(Vhyh,SO(S))dx) < Cep )

for every h > 0. Then, there exist two sequences R" : (0,€) x (—=1/2,1/2) —
SO(3) and ~
R € C%((0,0) x (5, 1R
such that
1. Héh—Rh||L2 < Cey, HRh_RhHLoo SChl/QEh/(Sh,
2. thyh — Rh”Lz < Cey,
3. HR’thL2 < Cey/on, ”RZHL2 < Chey /on,

where the constant C may change from line to line. Moreover, if in addition
h'/2ey, /61 — 0, then we can take

4. RM(x1,30) € SO(3) for every (x1,22) € (0,£) x (—1/2,1/2) and every
h > 0.



3 The supercritical case

This section is devoted to the study of the asymptotic behaviour of a sequence
of deformations (y") C W12(Q;R?) satisfying

") = [ W de < 2, (10)
Q
for every h > 0, where
. En
fm 5, =0 (11)

Under these assumptions, properties § and 4 of Lemma 2.1 imply that the
sequence R" converges weakly in W12 to a constant rotation R. In the next
lemma we introduce suitable rotations and translations of the coordinate system
in such a way to deal with a limit rotation equal to the identity.

Lemma 3.1 Let (y") be a sequence in Wh2(; R3) satisfying (9) and let (R")
be the sequence constructed in Lemma 2.1. Then, there exists a sequence of
constant rotations Q" € SO(3) such that, setting R" = QhTf%h and g =
QhTyh — ", where ¢ is any constant, we have

1. thﬂh — RhHLz < Ceyp,

IS
‘Lz S Chi:
h

R 2 < E—h Rh
2. HR ,1||L 705};’ ||R ,2 5

3. |RM —I|| 2 < CZ2,
On

where the constant C may change from line to line. Moreover, if in addition
(11) holds, then for every h small enough we can take

4. RM(z1,22) € SO(3) for every (w1,72) € (0,4) x (—1/2,1/2)

and
/ (Vi = Vag" ) dz = 0. (12)
Q

PROOF. By Sobolev-Poincaré inequality there exist some constant matrices
Q" € R3*3 gsuch that

~ ~ ~ €
|B" — Q"> < CIVRY|| 12 < ci, (13)

where the last inequality follows from property 3 of Lemma 2.1. Let R" be
the sequence of approximating rotations constructed in Lemma 2.1. The first
inequality in I of that lemma and (13) yield

€

||Rh - C»?h||L2 S Civ
On



and since R" € SO(3), this implies that

dist(Q", SO(3)) < czi.
h

Thus, there exists Q" € SO(3) such that

Q" - Q" <03
h

Setting R" := Q"" R" and using (13), we obtain

1B = Tz = IR = Qe < C(IRY = Qe + Q" - Q") < O,
that is, property & of the statement for the sequence RM. Moreover, setting
g = QhTyh — ¢", where ¢" is any constant, we deduce properties 1 and 2 of
the statement for (3") and (R") from properties 2 and 2 of Lemma 2.1.

Assume now (11). Property 4 of the statement for (R") follows immediately
from 4 of Lemma 2.1. In order to satisfy also (12) we need to modify the
constructed sequences. Let

Then, from properties I and 3 for the sequences with an over-hat, we have

o1 < ][|vhyh—f|dxsc||vhyh—f||m
Q

IA

~ s D €
CUIVag" = BMloe + |R" —Ilp2) < CF1 (14)

By (11) this implies, in particular, that det F'* > 0 for h sufficiently small. Thus,
by the polar decomposition theorem, there exist P" € SO(3) and a positive
symmetric matrix U" such that F* = P"U". Since |[U"—1I| = dist(F", SO(3)) <
|FP — I|, we have

PP =1 < |PM— FM 4 |F" 1| = [U" — 1|+ |F" 1| < O5%,  (15)
h

where we have used (14). We claim that
Q"= OhPh, RM .= PhTRh’ gh = Pthh — Oyl — &

satisfy properties 14 and (12) of the lemma. Indeed, conditions 1, 2, and / are
immediate, while 3 follows from (15), since we have

IR" = I][z2 < |IB" = B2 + | R" = Illre = |P" = I||z2 + | R" — 1| 2.



Finally, since V3" = PhTthh, we have

Q
/(thh _ vhghT) dr — %(PhTFh _ (PhTFh)T)
Q

Q
= Bl "=,

hence also (12) is satisfied. O

In the next lemma we study the implications of the bounds obtained in
Lemma 3.1.

Lemma 3.2 Assume (11). Let (y") be a sequence in W12(Q;R?) satisfying
(9) and let (R") be the sequence constructed in Lemma 3.1. Then there evist
three tensor fields A € W12((0,0);R3*3), B € L*((0,4) x (-3, 3); R¥*?), and
G € L2(;R3*3), with A and B skew-symmetric, such that, up to subsequences,

h Rhi[ : 1,2 11 3x3
1. A ::m—\Aan’ ((O?E)X(_§7§)7R )7
Rh—T A% o
2. Symm — 7 m LZ((O7£) X (7%, %);R3X3)7
h ._ Rh,Q ; 2 1 1\.m3x3
8. B' = i Bin L2((0.0) x (<3, 3RV
h/9h
Rthh?jh—I
4Gl o= VR T G L2(Q R3S,
Eh

Moreover, we have
5. Ajey = Bey, hence A1a1 = Bia = 0 and Az = Bz a.e. in (0,0) X
(=3:3);
6. G(x)ey = x3A1(x1)es + G(x1,z2)e; for a.e. x € Q,
7. G(z)ey = x3B(x1,x0)es + G(x1, x0)ey for a.e. x € Q,
for a suitable G € L*((0,€) x (=1, 1); R3*%3).

PROOF. By & of Lemma 3.1 the sequence A" is bounded in L?, hence it admits
a subsequence which converges weakly in L2. Let A denote this weak limit. By
2 of Lemma 3.1 we have that Af‘Q — 0 in L2, while the derivative with respect

to 21 is bounded in L?. This implies that, up to subsequences, Al ~ A weakly
in W12 and that the limit A is independent of 5. Since R" € SO(3), we have
Ah 4 AT = —g—hAhTAh, (16)

h

and passing to the limit as h — 0, we obtain that A + AT = 0.



We now prove 2. By (16) we have that

Rh-r _ Ah A
(en/on)? - en/0n N 2

The claim now follows from 1, the compact embedding theorem, and the fact
that A is skew-symmetric.

Let us prove 3. The weak convergence of a subsequence of B" follows from
the second estimate in 2 of Lemma 3.1. Let us call B its weak limit. Since

Ssym

h Dh
B pn  pn? B2

5

RhTRh
0 = | —— =
(hsh/éh ),2 hep /o, hen /o’

we deduce that sym B = 0 by passing to the limit and using 8 of Lemma 3.1.
Convergence 4 is an immediate consequence of 1 of Lemma 3.1.
Equality 5 follows from the equality

in H~1(Q;R3%3),

Rhey — g% /h y" — Rhe RN 5e
2 9,2/ ) n (3/,1 1) I 261
5h/5h 1 hsh/éh ,2 hEh/5h

and using 7 of Lemma 3.1, and 3 to pass to the limit.
To prove 6 we note that in H~1(£; R3*?) there holds

A)hleg = (

y’]—é/(sh — Rheg) (Rheg e €3>
Eh/(sh 1 5h/5h 1

and, using 7 and 3 of Lemma 3.1, and 7 and 4 already proven, we find

(R'Ghey) 5 = (

Gser = Aes,
from which we obtain 6. Equation 7 can be proven similarly. o

Hereafter we assume that the following limit exists:
(17)

Without loss of generality, we may assume that r € {0,1,+o0}, by possibly
changing the value of the constant C, appearing in (10), and by taking wy, =
(—ah/2,ah/2) x (—bdy/2,bdy/2) for appropriate constants a and b.

In the next lemma we take a closer look at the rescaled displacement gradient.

Lemma 3.3 Under the same assumptions of Lemma 3.2, we have

Vgt — I

i. the sequence (7
5h/5h

L*(R**?),

) admits a subsequence which converges to A in

where A is the field introduced in Lemma 8.2. With r defined as in (17), the
following statements hold:



Vigh — 1 A?
1. if r = 400, then, up to extracting a subsequence, sym (Lz) - —
(en/0n) 2

in L?(Q;R3%3),
—h I
iii. if r € {0,1}, then sym (Vhﬁii) is bounded in L?(£2;R3*3).
h

PROOF. Statement ¢ follows by observing that

Vgt =1 Vgt — RN RM— 1T
= o +
en/on Eh en/on

and using I of Lemma 3.1 and 1 of Lemma 3.2.
Assume now (17). Statement 4 follows from

and by 1 of Lemma 3.1 and 2 of Lemma 3.2.
Similarly, for i we have

Wm(V%ZZ_I>_SW”(V%a;fBW>+ﬁwn<éf%%;)§% e

and again the claim follows from 1 of Lemma 3.1 and 2 of Lemma 3.2. ]

We now define two sets of displacements which will play a crucial role in
what follows.

Definition 3.4 Let A be the class of all displacements u € W22((0,£); R?)
satisfying the following property: there exist &1, &3 € W22(0,€) such that

up =&, u2:=0, ug:=¢&;,
with 1
€ = ()
Definition 3.5 Let ABN be the set of (Bernoulli-Navier) displacements u €

Wh2(Q;R3) satisfying the following condition: there exist & € WY2(0,4),
&, €3 € W22(0,4) such that

up =& — 228y — w3ks, up =&, uz=Es.

Let

A A if r = +o0,
T ABN ifre {01}

In the next lemma we introduce the twist of the cross-section and we study
its convergence together with the convergence of the displacements.

10



Lemma 3.6 Under the same assumptions of Lemma 3.2, let 9" : (0,£) — R be
defined by
9 11

(Sh _h
=—— 3
Ioen Jo,

(*3321/

A — 2373 ) dwadas,

where )
Iy = /(x% + 23) drodrs = t
Let A, G, and G be the fields introduced in Lemma 3.2. Then
I =9 = Asy in WH2(0,0),
and for a.e. x € Q)
Giz(z) = —a3V' (21) + Gra(21, 32),
Gai(x) = —w39 (1) 4+ Go1 (1, 22).
Let r be as in (17). Then the following statements hold:

(20)

i. if r = 400, then, for a suitable choice of the constants ¢ in Lemma 3.1,
the sequence of displacements u" : Q — R3 defined by

ahom B

(en/on)?*’

Wl = g5 — has
2 Eh/(sh

ul 75 — Ons
3 Eh/éh

admits a subsequence which converges in W2(;R3) to a function u €
A, Moreover,

Gui(z) = —x38% (x1) + Gi1 (21, 22) (21)
for a.e. x € Q.

ii. If r € {0,1}, then, for a suitable choice of the constants ¢ in Lemma 3.1,
the sequence of displacements u : Q — R3 defined by

—h
ho_ Y — 21
uy = —
hgh
uh — Yy — th
2 hé‘h/h
h._ Yz — Onws
Uy = F————
€n/0n

admits a subsequence which converges weakly in W12(Q;R3) to a function
u e ABN . Moreover,

Gui(x) = €1(21) — w28 (1) — @sh (01) + S(& (@) (22)

for a.e. x € Q.

11



PROOF. Since A = A(x1), the convergence in i of Lemma 3.3 implies that

1
1 N 2 .
m <y§ — [ yg dxg) —  Aszoxo in LQ(Q)7

=

Nl=

1
5(?3 - / L :Qg d$3) — —A321‘3 in LQ(Q)
-2

Since 9" can be written as

1
1 1 2
o = (-’u gt d )d d
To hen Jon /wicz Y3 L Y3 aT2 ) AT20X3
1
11 2
— If* x3 (]]g — / ﬂg dl‘g) diEQdZCg,
0€h Jw -1
it is clear that 9" converges to ¥ := Ass strongly in L?. The convergence is

actually weak in W2 as (19h)' is bounded in L2. Indeed, using the fact that
R" is independent of x3, we obtain

1
I() heh/éh

1
1 1 _ 2 _
_— Rhgy — Rhgi d dxad
+Io hsh/dh/wlé( 31 /_ 31 332) T20T3

1
2
11 _ —
T z3(7h, — R'a1) dwadas,
0en Jo

") = /552(?331 — Rl'3y) deydas

where the first and the last term on the right-hand side are bounded in L? by
1 of Lemma 3.1, while the second term is bounded in L? by Poincaré-Wirtinger
inequality and the second estimate in 2 of Lemma 3.1.

Finally, by 5—7 of Lemma 3.2 we deduce (20).

Proof of i. For 7 = 400, let us choose the constants ¢” in Lemma 3.1 in such a
way that " — (21, hwa, §p23) has null average, and let us define " : Q — R? by

=h
— (21, hzs, dpx
ah = T = (@0 hoa, 0nzs) (23)
5h/5h
From i of Lemma 3.3 we have that V,a" = % admits a subsequence, not

relabeled, converging to A in L?(£2;R?*3). Hence V4" is a Cauchy sequence in
L2(£;R3%3) and, since 4" — (21, ha, 6p23) has null average, we have that

" — 4 in WH2(Q; R3).
Moreover, since V4" is bounded in L2(Q; R3*3) and V,0"e; = ﬁfbh we deduce

that & = @(x1) and Ae; = 4. In particular, since the matrix A is skew-
symmetric, we deduce that ﬂ171 = A11 = O, ﬂ271 = A21 = —A12 and ﬁ371 =

12



Asz1 = —Aj3. By 5 of Lemma 3.2 we have that Aj3; = 0 and hence, 4217 = 0.
Putting these information together, and using also the fact that @ has null
average, we obtain that there exist a constant o and a function &3 € W22(0, 4),

with [! ¢3(z1) da1 = 0, such that

N N ¢ N

i1 =0, dp=a(z— 5), U3 = &3. (24)
On the other hand, using (23) and (12), we have

1 1 / 1

~h N h h

Uy 1 — —Uy o dxr = dx =0,
/ 2,1 h 1,2 h/sh Y2,1 hy1,2

hence, taking the limit as h — 0, we obtain

0:/ﬂ271—A12dx:2/ﬁ271dx,
Q Q

which, in turn, implies that &« = 0 in (24). Hence

’&1 = O7 fLQ = 07 ’&3 = fg. (25)

Let now @" : Q — R3 be defined by

€ Ehy2 Ul Ehy2 Ul
=t () g =he+ (3 =+ ()5
so that , / . /s
_ U a5 /h 1
\VA yh 7 _u1,1 _ul,2 U1,3/0h
(;/75)2 = U2,1/h u’§72/h2 u§73/(h5h) . (26)
h/Ch a§,1/5h ag,Q/(h(Sh) a§,3/5121
By (12) we have that
/ (va" — v ) dz = 0. (27)
Q

Since we have also that fQ @" dz = 0, by Korn inequality there exists a constant
C'k such that
lsym Va2 > Crc[|a" [l 2. (28)

By (26) and ii of Lemma 3.3 we have that sym Va" admits a Cauchy subsequence
in L2(€;R?); hence inequality (28) implies that there exists @ € WH2(Q;R3)
such that, up to a subsequence,

a" — @ in WH2(Q; R3).

Moreover, from (26) and i of Lemma 3.3 it follows that u; o + @a,; = 0 for every
i =1,2,3 and a = 2,3, hence u is a Bernoulli-Navier displacement. In other
words, there exist & € W12(0,/) and &, &3 € W22(0,£) such that

U =& —xolh —a38ly, U =&, uz=4E;. (29)

13



Noticing that ﬁéb = a’; (5%/5;1 and recalling that r = limy_,¢ % = +oo yield that
— h
al — 0 in W2(Q); hence, 13 = &3 = 0. Thus, (29) reduces to
Uy = 51 — .7325;, Uo = 52, usz = 0. (30)

By (26) and i of Lemma 3.3 we deduce that @1 = 3(A2)11. Thus, recalling
that A is skew-symmetric, we find

U1 = —%((Am)z + (431)%) = == ((A21)* + (431)%), (31)

and using (25) and (30), we deduce

— 1
&~ wf = —5 (&)

Since the right-hand side depends only on z1, this implies

§=0 and =) (32)

From [, iz dz = 0 and & = 0, we deduce that & = k(21 — é) for some constant
k. But, as a consequence of (27), we have that

/ (1_1,1’2 — ’1_12,1) dr = 0,
Q

which implies k£ = 0. Hence, we conclude that
ﬂlzgl, UQZO, 1_1,3:0.

Moreover, since &3 € W22(0, /), we deduce by (32) that & € W22(0,4).

The proof of the statement concerning the convergence of v follows now by
the analysis above after setting u? := 4, v = a4, ub = 4f and & = .
Finally, since Asy = 131 = &4, equality 6 of Lemma 3.2 implies (21).

Proof of ii. Let now r € {0,1}. The proof of this case is very similar to a part
of the proof of i, thus we only sketch it. Noticing that

_h h  ~h Ug —h “§
Y1 =1 +EpUL, Yo :h$2+€hf’ Y3 =5h$3+€ha7
we have N N N
v gjh _J Uy1 Ul,z/h “1,3/5h
Lgf = uéﬁ/h Ug,2/h2 U%a/(héh) . (33)
g U]?Z,l/‘sh Ul?},z/(h(sh) u§’3/5,21

By part i of Lemma 3.3 and by Korn inequality we deduce that u” — u in
Wh2(Q;R?) with u € ABN. Moreover, from (33) it also follows that

(Viy™") —1

— uyp; in L*(Q).
€h
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Multiplying both sides of (33) by d, and using ¢ of Lemma 3.3, we obtain
that Aj2 =0 and Aj3 = u; 3. Passing to the limit in the identity

(Vag™ii—1 RMyp—1eg,

(RMGM)11 = - YR
after recalling & of Lemma 3.1, 2 and 4 of Lemma 3.2, and the definition of r,
e find (A%)1 (A12)? + (A13)?
Gii=u1—r 5 :U1,1+7‘f7
and this completes the proof. O

3.1 A liminf inequality

In this subsection we prove a lower bound of the limit energy. We start by
recalling a result proven in [8, Lemma 3.4].

Lemma 3.7 Assume that limy,_,oe, = 0. Let (y") ¢ WH2(Q;R?), (R") C
SO(3) and

h h_
G .= 7]% Vny ! -G in L2(Q R?’X?’)
Then

hmmf—/ W ( Vhy )dx > = /Qg

h—0 Eh

where Q3 is the quadratic form introduced in (3)
We now state and prove the following liminf inequality.

Theorem 3.8 Assume (11). Let y" € W12(Q;R3) be a sequence of deforma-
tions satisfying (10). Then, there ewist rotations Q" € SO(3) and constants

c" € R such that, setting i = QhTyh —ch,
1. g — xieq in WH2(Q;R3) and V,g" — I in L2(Q;R3%3).
Under assumption (17), setting

1 h )
— - if r = 400,
g e
1 .
— (5 — =) ifr € {0,1},
En
1
—h f =
B Eh/5h( xa) if r = +oo,
U2 = 1, .
m(yz —hxy)  difre{0,1},
1
h _h
= ——— (Y3 — onx3),
Us €h/6h (y3 }x3)
h 11 —h h
vt = o er w<5hx2y3 — hz3yy) dzadus,

15



we have that

2. up to subsequences, there exists u € A" such that u" — u in Wh2(Q; R3);
if 1 = 400, the convergence is actually strong in W12 (;R?);

3. up to subsequences, there exists ¥ € W12(0,¢) such that 9~ 9 in
wt2(0,0).

Moreover,

| h
_ > J"
hhm 1(I)1f 2 /Q W(Vry")dx > 1" (u,9), (34)

where I" : A"xW12(0,£) — [0, +00) is defined by

¥/
" (u,9) = i/ Qs (ull, 9" day
0

if r =400, and by

L

4 £
I" (u, ) ::ﬁ/ Qs é’,ﬂ’>d:c1+%/ E(€i+%(fé)2)2dw1+i/ B(&)" dus
0 0 0

if r € {0,1}. Here &1, &2, and &3 are as in the definition of A" (see Defini-
tion 3.5).

PROOF. Take as Q" the sequence of rotations constructed in Lemma 3.1 and as
¢ a sequence of constants chosen as in Lemma 3.6. Then, statement I follows
from 7 and 3 of Lemma 3.1 and from the fact that 3" — (x1, hao, §5x3) has null
average. Statements 2 and & follow from Lemma 3.6.

Let us prove (34). Using the frame indifference of W and the definition of
y" we have that

W (Vay") = W(Vag"). (35)
Let R" be the sequence of approximating rotations of Lemma 3.1 and let
L RhTthjh -1

Gh
€h

By /4 of Lemma 3.2 we have that, up to subsequences, G* — G in L?(2;R3*3).
Working with the corresponding subsequence (not relabeled) of V", and
taking into account (35), Lemma 3.7, and (4), we get

| h 1 1
J— > —_ = —
hznlgf E’QL/QW(Vhy Ydr > 5 /QQ;;(G) dx 2/§1Qg(symG) dx

vV

3 | QelGu 3Gt Gaan, (30)

where the last inequality follows from the definition (6) of Q.
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By Lemma 3.6 we have that for every r € {0,1,+0c0} there exist g,g €
L2((0,¢) x (—32,2)) such that

272
Gu(z) = —x3&5 (21) + g1, x2),
5(Gr2(2) + Ga1(z)) = —a3?'(21) + g1, 72)

for a.e. z € €. Since ()5 is a quadratic form, we obtain

/ Qa(Cr1, L(Gro + Gan)) da / Qu(—a5€l + g, —a39 + §) du
Q Q

[ a3a(s. ) do+ [ Qula.g)da30
If r = +00, we simply deduce
/QZ(GH’%(GH + Go))dx > / 23Q2(&4,0') da,
Q Q

hence, by (36)

liminf — /W Vhy )dx > 214/ Q2 " da.

h—0 e’:‘h

If r € {0,1}, by (22) we have that
r
g(@1,w2) = & (21) = 2285 (1) + 5 (E3(21))%,
hence, using the definition of E (see (7)) we have
. , 2
[ @lagar = [ Bl -a+ 56
Q
= [ B+ 562 a+ [ BrE) i
Q Q
¢ 2 ¢ 2
= [ BN ot [ BE) i 69
0 0
Thus, combining (36) —(38), we conclude that

1
liminf—z/ W(Vypy")de >
0 Eh O

h—
¢

4 0
> f/ Qa g',ﬁ'>dm1+%/0 E(€£+%(§é)2)2dx1+i/o E(&)" do.

O

3.2 Recovery sequences

Here we shall prove that the lower bound obtained in the previous subsection
is achieved. For clarity we shall discuss the cases r = oo and r € {0,1} in two
different subsections.

17



3.2.1 The recovery sequence in the case r = oo

In this subsection we consider the case in which

€h €h

1' _— = 1. _— = =
lim 5 0 and lim 52 r = 400, (39)
and we further assume that 2
. en

Theorem 3.9 Assume (39) and (40). Then for every (u,d) € A xW2(0, /)
there exists a sequence of deformations y" € W12(€;R?) such that, setting

1

h h
U = ———(yy — 1),
1 (Eh/éh)Q (yl 1)
1
h h
= —h
Ug Eh/éh (y2 1'2),
1
uy = m(?/z’; — 0px3),
9= rr (6hm2y§b — hxgyg) dxodrs
I() hEh w ’

we have that Vuy" — T in L2(Q;R3*3), wl — u in WH2(Q;R?), 9" — 0 in
Wh2(0,¢), and

1
lim sup —2/ W(Vpy") de < I°°(u, ), (41)
h—0 €p Ja

where

¢
I°°(u, ) := i/ Q2(uy, V') dxy.
0

PROOF. Let us fix (u,d) € A xWH%(0, ) smooth enough and let &; and &3 be
as in the definition of A, see Definition 3.4. For every ¢ € [0, ¢] we define

0 0 =&
A(t) := 0 0 =9t
&) 9 0
To simplify notation we set n, := &5/, which tends to 0 by (39). Let
RP: [0,4] — R3*3 be the solution of the Cauchy problem

X(0) = exp(nnA(0)).

It is easy to see that R"(t) € SO(3) for every t; indeed, R"(0) € SO(3) and
(R"(RMT)" =0 on [0,/] from the equation. Moreover, the function

{X’ = X A’ in [0, 4],

QM) == T+ myA(t) + 2 / A(s)A'(s) ds + L2 A%(0),

18



solves the problem

Q" =nQ A" + 3} L in [0, 4],
Q"(0) = exp(nrA(0)) + O(n}),

where

L(t) = —(/OtA(s)A’(s) ds + %AQ(O))A’(t).

Therefore, by Gronwall Lemma we have that |R" — Q"| = O(n}) uniformly on
[0, £]; in other words,

R"(t) = I + muA(t) + i /0 A(s)A'(s) ds + 5 A%(0) + O(np). (42)

Finally, let us fix ¢ € C°([0,/]) and v € C°°([0,¢]; R3), and define

—1h223m3¢ (1)

phz) = epR'(1) —hxox3p(wy)

2
35, 23p(71)

— ahhxgxgﬁ'(xl)Rh(acl)el + %ahéhngh(xl)'y(m).

We consider the sequence of three-dimensional deformations 3" : Q — R3
given by

3 0
y"(z) = / R"(t)ey dt + R"(x1) | hxey | +6"(x) + ",
0 onzs

where ¢} := n2&1(0), ¢ :=0 and cf := n,&5(0).
We first check the convergence of the tangential and normal displacements
u". The expansion (42) and the definition of A imply that

Riy@) = 1-n2 / €(5)€(s) ds — Sn2€b(0)% + O ()
= 1 L2 () + O
= LR () + O, (43)
and
R?2(x1> = 0(77;21)’ R?B(xl) = 0(77}21)7 (44)

as h — 0, uniformly in [0,£]. Since R" = I + O(ny,), we have that 8} = o(n?)
and VB = o(n?). Combining these two facts with (42)—(44), we obtain that

ul (@) = &(z1)+o(1),
Vul(z) = &(a1)er +o(1).

19



Therefore, we can conclude that u? converges to u; strongly in W12(Q).
Similar computations show that uz converges to uy strongly in W2(Q) for
k=23.
Finally, we note that

1 1
o =+ i (OpaBl — hxgﬁg) dwadzs + O(m) = 9 + o(1),

which gives the desired convergence.
Let us prove now the convergence of energies (41). By differentiation we
obtain

0
Viy" = R'(a1) + (R") (z1) | has | @ e+ V5"
onx3
Since by definition
T
R" (RMY = np A/ (45)
and npdp = €p, we deduce that
) st ,
Ry =T+e, | —a39 | @e+ R V,B"
%l‘gﬁl

Using property (45) and the orthogonality of R", a direct computation shows
that

/ 1h? 2 h /
o . 0 —x30 —ig—hxzf’ — 5 220
R Vpp" = e 0 —X3p —3-T2p (46)
2
35030 grwap 0

2_2
1 h%e},

+epxs(y®es) + Q?xggpA’% ®e1 + o(ep).

Under the assumption (40) the second term in the second line of the previous
formula is of order o(ey,). Hence

T
RV Yy = 1+, B"(z) + o(ep),

where
" / 1h%, 2 1 h /
_.'17353 _3?3'[9 _§E.’L‘2QD — EI‘Q'& +.'L'3')/1
h / h
B" = % —z3¢p — 5, T2 + 372
h 'L 1h%.2 1 h
5 oV + 3 TR LA P 373

Applying the identity (I +B)* (I + B) = I+ 2sym B+ BT B and observing that
e2(BMTB" = O(e2h?/6%) = o(er,) by (40), we obtain

(V"I " = I+ 26,232 + o(ep)
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where
&~
Z=| =V - 3m
%71 %72 V3
By frame-indifference we have

W(Viy") = W(\/(Vay")TViyh) = W(I +epa3Z + o(en)).

As Z is bounded in L, for h small enough the matrix I +e,237Z +o0(ep) belongs
to the neighborhood of SO(3) where W is of class C?, so that, by expanding W
around the identity, we have

e, W (Vipyh) = 323Q5(2) ae. in Q,
e W (Vryh)| < C(1ZP +1).

By the dominated convergence theorem this implies

hm—/ W(Vpyh)dx = 24/ Q3(2) dx;. (47)

Consider now the general case. Let (u,) € A*°xW12(0,¢), and let ¢; and
&3 be as in the definition of A, Let also ¢ € L?(0,¢) and v € L?((0,¢); R?) be

such that
& =0 im
Q2(ug, ) =Qs | =V —¢ i (48)
%’71 %72 3
ae in (0,¢). mally7 let us consider sequences &5, 9%, ¥ € C°°([0,4]) and
SuR= C°°([O, ], 3) such that &5 — &3 strongly in W22(0,£), 9% — o strongly in

Wh2(0, E), <p — ¢ strongly in L2(0,¢), and v¥ — + strongly in L?((0,¢); R3).
Setting u¥ := (¢F,0,¢5), where

= [ (&) a0

for every x; € (0,/), it is immediate to see that u* € A~ N C>([0,4]; R?) and
ub — u in W22((0,£);R?). By the previous argument for every k € N we
can construct a sequence of three-dimensional deformations, whose associated

displacement and twist function converge to (uF, 191")7 as h — 0, and satisfying
(47) with Z replaced by

—(€)" W0 gt

k c
e I A e
27k R

Using a diagonal argument, the continuity of the left-handside of (47) with
respect to the L? convergence, and equality (48), we deduce the I'-limsup in-
equality (41). m|
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3.2.2 The recovery sequence in the case r € {0,1}

In this subsection we consider the case in which
. Eh _ . Eh
}lllgb rA 0 and }lblir%) 52 = r e {0,1}. (49)

Theorem 3.10 Assume (49). Then for every (u,9) € ABNxW2(0,¢) there
exists a sequence of deformations y" € WH2(Q;R3) such that, setting

h 1

Uy = a(y{l —71),
h 1 h
Uy = m(yz — hxa),
ué’ = ﬁ(yg — On3),
"= L L (Onw2yly — hasyh) deodzs
IO hEh w ’

we have that Vyy" — I in L2(Q;R3*3), uh — u in WH2(Q;R?), M = 9 in
Wh2(0,¢), and
1
limsup—Z/ W(Viyh) de < I7(u, ), (50)
h—0 €h JQ
where

¥/ ¥/ ¥4
I"(u,9) = i/ Qa( g,ﬁ’)dx1+§/ E(gg+g(§g)2)2d:c1+ﬁ/ E( ;’)del
0 0 0

with €1,& and &5 as in the definition of ABYN.

PROOF. Let us fix (u,d) € ABN xW12(0, £) smooth enough and let &, &, and
& be as in the definition of APN. Let us fix a,v,0 € C([0,£; R2x3).
We consider the sequence of three-dimensional deformations 3" : @ — R3

given by

1 &1 — wa8h — w38 — hagwsy’
y"(x) = | hxzs | +en w2 — w30 +enB (),
Ons 5%53 —+ 5%20219

where
Bl = op(adons + 2xamsv1s + 223013) + $h?a3wsdhy + h(23712 + 222012),
BY = h(zawszans + 23700 + 22022) + 6 (2303 + 223023),
B = 6n(523as3 + T2w3733 + T3033) + hayas — %%x%om.

It is easy to see that the displacement and the twist function associated with
y" converge to v and ) in W2, Moreover, we have that

1
Viy" =1 +ep(M"+ aA+Vh5h), (51)
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where
uy,1 — hﬂ;‘gl’g'l?” —gé/h — 1'319/ —h$219//5h

M" .= &y /h — a3 0 0
hao?' /61 0 0
and
0 0 =&
A= 0O 0 —9
g 0 0
Also,
0 Tay12 + 012 T3003 + T2Y13 + 013
Vhﬂh = Taztao + Tay22 + 022 X3Qie3 + X223 + 023
sym T3a33 + T2Y33 + 033
0  @oviz+ 012 T3z + Toyis + 013 + hra3ab, /(26n)
+ 0 hxooas /81, + T30a3 — Taya3 + 023
skw 0

+ O(h) + O(,/h).
Thus, we obtain
€
on

2 2
€3 hey,
my) TO0GY)

= I+ 2esym (M" + V8" + %ATA) +o(en),

VhyhTVhyh = I+ 2¢, sym(Mh’ + —A+ Vhﬁh) 4+ AT A

+O(

where the last equality follows from (49). From the above relations we deduce
that

Sym (Mh + Vhﬁh + %ATA) =71+ 2045+ x343 + O(h) + O((Sh/h),

where
§1+5(&)* 589 +on 013
Zl = %192 + 022 023 , (52)
sym %((5:/3)2+792)+033
=& M2 M3 —& =9 a3
Zy = Y22 Ye3 |, Z3 = agy gz | . (53)
Sym V33 Sym @33

By frame-indifference we have

W(Vhyh) = W( (Vhyh)TVhyh) = W(I + Eh(Zl + x929 + $3Z3) + O(Eh)).
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As (Zy + 292y + 1373) € L*™(;R3*3), for h small enough the matrix I +
en(Z1 + 1275 + x373) + o(ey) belongs to the neighborhood of SO(3) where W
is of class C2, so that by Taylor expansion we have

6;2W(Vhyh) - %QS(ZI + x9Z5 + x375) a.e. in
e 2IW(Vayh)| < C(|Zy + 2275 + 13752 + 1).

By the dominated convergence theorem this implies

1
lim—2/ W(Vipy") dz =
h €h Jo

= %/9623(21 + 2925 + x373) dx
= %/QQ?,(Zﬂ + 22Q3(Z2) + 23Q3(Z3) dx
¢ ¢ ¢
4 [ @uzdn b [ uzmdn+ i [ Quzn,

Consider now the general case. Let (u,?) € ABNxW12(0,/), and let &,
&, and &3 be as in the definition of APN. Let also a, 7,0 € L*((0,£); R3X%) be
such that

E(& +5(e)?) = Qs(21),  E(&)" = Qs(Z2), Qo(&.0') = Qs(Zs),

a.e. in (0,£), where the Z; are defined as in (52)—(53). Arguing as in the proof
of Theorem 3.9, we deduce the I'-limsup inequality (50) by density. a

4 Convergence of minimizers

In this section we introduce a sequence of forces and characterize the asymptotic
behaviour, as h — 0, of minimizers (or almost minimizers) of the total energy.
This is made precise in the following theorem.

Theorem 4.1 Let (o) be a sequence of strictly positive real numbers such that

. Qp,
lim — = 4
pmy 5z =0 (54)

and let e, := ap /6. Let f, f € L*((0,£)x(—%,3)) be such that

/ fh d.’Eld.’EQ = / .’L'ifh d(Eld(EQ = 0, 1= ].7 2 (55)
(O,Z)X(—l 3 (O;Z)X(_%7%

272

and

aifh — f weakly in L*((0,£)x(—1%,3)). (56)
h
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Let

J(y) = 1"(y) - thez-ydx

fory € WH2(Q; R3).
Then the following statements hold:

1.

|inf J"| < Ce2 for any h > 0 small enough.

If (y") € WH2(Q;R3) is a minimizing sequence of E%Jh in the following
h
sense

. 1 h(, h 3 1 h\ _
}{%(E%J (y") — inf =7 ) -0, (57)

then there exist some constants Q" € SO(3) and ¢ € R? such that, setting
g = QhTyh — ", we have that

g — xier  strongly in WH2(Q;R3). (58)
Assume in addition that
lim &% = lim 2% = 7 € {0,1, +00}. (59)

3 2
h—0 &7 h—06;

If r = 400, assume also that

. h%,
Then, for
1 7h .
— - of 1= 400,
u}ll _ (5h/6h)2 (yl 1) f
1 .
— (7 — =) if r € {0,1},
€h
1
7(173 —hxy) ifr=+oo,
o ) En/on
Uy 1= 1, ‘
m(yz —hxa)  ifre{0,1},
1
h —h
= — )
Ug Eh/(sh (yS hiIZg),
h 11 —h —h
’l9 = Ehigh w(éthyg — h$3y2) dl’QdIg,

we have that, up to subsequences, ul —uin Wh2(Q; R3), 9 =9 weakly
in WH2(0,€) and Q" — Q, where (u,9,Q) € A” x WH2(0,£) x SO(3)
minimizes the functional

¢ ¢
I (u, ) — R32/ fug dx; — R33/ fusdxy if r = +o0,
J"(u,9,R) := 0 0

14
I’“(u,ﬁ) — R33/ fu;g dzy Zf’l“ S {0, 1},
0
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among all (u,9, R) € A" x W12(0,£) x SO(3). Here we have set f(x;) :=

1
ff% f(x1,22) dzxo. Furthermore, we have

T S PR Qs e 3 A o r
}{%gmfj :ilLl—%%J (y") = J"(4,9,Q) = min J". (61)

Remark 4.2 The two conditions in (55) guarantee that

/ fles - Qurdr =0
Q

for every ) € SO(3) and every h > 0.

PROOF OF THEOREM 4.1. Let (y") be a minimizing sequence of s%Jh in the

h
sense of (57) and let pp,(x) := (21, hea, dpxs) be the identity deformation. Ap-
plying Lemma 3.1 with n? := I"(y") and 7, in place of &, and using Poincaré-
Wirtinger inequality we find some constants P"* € SO(3) and d" € R? such that
for g := PhTyh — d" — py, there holds

15122 + Va5 122 < C8 21 (y"). (62)
Moreover, by (55) we have
inf J" < J"(pp) = —/Q(thgfh(ml,xg) dz = 0. (63)
Using (55) - (57), (62), and (63), we obtain
"y" = J"y" +/thPhTes g da
< O+ an|i|lee < Cf + C’?—:(I’L(yh))l/z.
Recalling that €, = ay,/dp, the previous inequality yields
I"(y") < Cj,. (64)

Moreover, using again (55), (56), and (62), we deduce
T (") = —/ P ey i do > —an ||| 12 > —Cel.
Q

Since (y") is a minimizing sequence, the last inequality together with (63) im-
plies that |inf J"| < Ce?.
By (64) and by Theorem 3.8 we deduce statement i of the theorem.
Assume now (59) and, if r = 400, (60). By Theorem 3.8 we deduce that
there exists (u,9) € A" x W12(0,) such that, up to subsequences, u" — u
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weakly in W12(Q;R3) (strongly if r = 4+00) and 9" — 0 weakly in W 2(0,0).
Moreover, up to subsequences, we also have that Q" converges to some Q €
SO(3). By (34) and (56) we obtain that

_ 1 T 4
2 on S Ir(q o _ | L enpT,  Ohn
hgnﬁl(r)lf = J " > I'(a,9)+ llgrglglf ( /Q ahf Q" e3 . (§" — pn) dx)
= J'(4,9,Q). (65)

Let now (u, 9 R) € A" xW12(0,£) x SO(3). By Theorems 3.9 and 3.10 there
ex1sts a sequence (") C WhH2(€; R3 ) such that the corresponding displacement
a" and twist function 9" satisfy a" — u in WH2(Q;R3), 9" — 9 in W12(0,4),
and

lim sup 2/W (Vay") de < I"(u,9).
h—0

This implies that

1 1
lim sup g—th(yh) = limsup (6—2 inf Jh> < limsup — = Jh(R i)
h—0 h h—0 h h—0 h
= limsup ( Ih Ah / f"RTes -4 dx)
h—0 5h

< I"(u,?9) + limsup ( — / ffh’RTeg . i(ﬁh — Dn) dx)
h—0 Q Qh €h

= J'(u,9,R). (66)

Combining (65) and (66) we deduce the minimality of (u, 1, Q) and the conver-
gence of the energies (61).

To conclude it remains to show that u® — @ strongly in W12(Q;R?) for
r € {0,1}. Arguing as in [10, Subsection 7.2], one can infer from (61) that
eih sym(V,g" — I) converges strongly in L?(2;R3*3). Repeating the proof of
part i7 of Lemma 3.6, one can show that this implies strong convergence in
W12(Q; R3) of the sequence of displacements u”. O
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