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Abstract

Consider an initial Lagrangian submanifold Ao C T*R", that admits a global
generating function, and a Hamiltonian isotopy ®% . Then, we provide a global
generating function for the Lagrangian submanifold A; = ®%;(Ao) realized by
applying the so-called Amann-Conley-Zehnder reduction. When Ay is the zero-
section, we study in some details the asymptotic behavior of such generating
functions and we give an approximation result.
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Introduction

We assume that Ag C T*R" is a Lagrangian submanifold that admits a global gen-
erating function, say Fpy. Let us take the Hamiltonian isotopy ®%; : T*R" — T*R"
(s € [0,t]), generated by a Hamiltonian function H = H(s,z,p) € C2. We suppose
that H has bounded second derivatives with respect to (z,p): ||[VZH||~ < C for some
positive constant C'. We are interested in describing the final Lagrangian submanifold
A; by means of a global parameterization, where Ay = &%, (Ao).

The subject was widely and successfully treated in the literature with different
points of view and in different contexts (see for instance [1], [6], [16], [4]).

We recall that, in order to face such a problem, there exist at least two approaches.
The first one is the “broken geodesics” method introduced by M. Chaperon in [5]
(cf. also [12], [13] and [6] for further developments and references). The second
one is obtained by the so-called Amann-Conley-Zehnder (briefly A-C-Z) reduction.
Introduced by H. Amann, C. Conley and E. Zehnder in [2] and [8], it transforms an
infinite dimensional variational problem involving the Action Functional into a finite
dimensional one (cf. also [7]). This kind of reduction method was applied by C.
Viterbo in order to find periodic solutions by studying critical points of the Action
Functional; furthermore, he constructs a generating function for A; = ®%;(Ag) when
Ag is the zero-section of T*R™ (see [15], [16] and cf. also the book [1]).

Successively, F. Cardin in [4] treats the case when Ag is the graph of the gradient
of a differentiable function and uses this approach to provide a global generating
function for geometrical solutions of time-depending Hamilton-Jacobi equations (cf.
also [3] for applications to some optimal control problems).

The first issue of the present paper is that A-C-Z machinery can be applied for any
initial Lagrangian submanifold Ag C T*R™ (that admits a global generating function
Fy), getting, in such a way, a global generating function F; for Ay = @t (Ay).

Moreover, letting Ay be the zero-section, we analyze the asymptotic behavior of
the generating function F; obtained by the A-C-Z reduction. In particular we fo-
cus on the situation when F; is quadratic at infinity, namely it behaves as a non
degenerate quadratic form with respect to the auxiliary variables. In order to con-
sider a bigger class of generating families we also introduce the notion of weakly
quadratic at infinity generating function (that occurs when the associated quadratic
form might be degenerate). Furthermore, we provide another proof of the so-called
Sikorav-Chekanov Theorem (in the case Ag is the zero-section). Finally, we give an
approximation result.

The present paper is organized as follows. Section 1 is devoted to some preliminar-
ies. In section 2 we treat the general construction of generating functions via A-C-Z
reduction; while in section 3 we deal with their properties.

1 Preliminaries

By A we denote a Lagrangian submanifold of T*R™. Let us consider a vector bundle
over R” m : B — R"™ where B = R™ x RF (we can restrict to the special case of



product bundle):
7: B=R'"xRF — R"
(z,v) — .

In such a case, z and v are called principal and auxiliary coordinate, respectively.
Given F' : B — R (regular enough), we can define the so-called “critical set” ¥p C B
associated to the couple (7, F'), or simply associated to F, that is determined by the
points of vertical stationary of F:

S o= {(m,v) cB| g—f(x,v) :0}.

The function F is called a (global) generating function for A if A is the image of X
by means of the map:

ip (2,0) — (m,g};(az,v)) V(z,u) € Op.

If F € C3(B,R) is a function such that X is a submanifold of B, i.e., d(%—f) is
injective, then we say F' to be a Morse family and Xz to be the “critical manifold”
of F.

We recall that a characterization of Lagrangian submanifolds of the cotangent
bundle by means of local Morse families is provided by the Theorem of Maslov-
Hormander (see Weinstein [18]).

Now, we introduce some important notions concerning the asymptotic behavior
of generating functions, that play a crucial role in studying critical points (cf. [14] or

[6]).
Definition 1.1 A generating function

F: R*xRF — R
(x,v) —  F(z,v)

is called quadratic at infinity (briefly GQI) if there exists a map Q : R® x R¥ — R
such that @ is a non-degenerate quadratic form when restricted to the fibers of ™ and
the function (x,v) — 0, F(x,v) — 0,Q(z,v) is bounded.

The generating function F is called special when the associated quadratic form @
does not depend on the first (principal) coordinate x. Moreover, if F' = @ out of a
compact set, then F' is said to be exactly quadratic at infinity.

We recall that, in fact, any GQI F' is equivalent to an exactly GQI by means of
the following lemma (see for instance [14]).

Lemma 1.2 Suppose that F' is GQI, then there exists a fibered diffeomorphism ® :
R"™ x R¥ — R"™ x R* such that
i) ® restricted to some compact subset is the identity;

ii) F o ® is exactly quadratic at infinity.



In some cases, the generating function F} obtained via A-C-Z reduction might fail
to be GQL.

The following example shows how F; could change property becoming degenerate
or non-degenerate at some x;, varying the final time t.

Example. (cf. also [3]) Let us take as starting Lagrangian submanifold the zero-
section Ag = Rx {0} C T*R = R? and consider the Hamiltonian H (z,p) = 3 (2%+p?).
For t = 7, it is easy to see that at z; = 0 F} turns out to be (exactly) a degenerate
quadratic form with respect to auxiliary variables. This is no more true, for instance,
if 0 <t < 5: in such cases Iy becomes QIF at any x;.

In order to consider a huger class of generating functions, we also introduce the
following notion (cf. [3]).

Definition 1.3 A generating function

F: RPxRF — R
(z,v) —  F(z,v)

is called weakly quadratic at infinity (GWQI) if there exists a (any) quadratic form
Q : B — R such that the function (z,v) — 0,F (x,v) — 0,Q(x,v) is bounded.

2 Construction of generating functions via A-C-Z
reduction

Let Fy = Fy(z,u) be a generating function for a Lagrangian submanifold Ag C T*R"
((z,u) € R™ x R*), namely,

_ *ON L _8F0 * _aFO * * ko
Ao—{(xo,po)eT]R : pp = pe (zg,u*), 0= 5u (xo,u*) Fu"eR )

The goal of this section is to give a detailed and auto consistent (as much as
possible) construction of the generating function for A; = ®%;(Ag) obtained by the
Amann-Conley-Zehnder reduction. We use a slight generalization of the well-known
Viterbo’s scheme to any initial Ag (we refer the reader to [15], [16] and [1] for Ag equal
to zero-section in T*R"™ and to [4] for Ag = Graph(V¥) where VU is a differentiable
function). Therefore, we write the necessary modifications (where they occur) from
the original construction, while we refer the reader to the literature when the proofs
are quite standard.

We recall that H = H(s,z,p) € C? and ||V?H||» < C < +00.

To this aim, let us consider the functional

1) Sy, () = Fo((0),u) + / [p(s)i(s) — H(s,2(s),p(s))] ds

where v(-) = (z(-),p(-)) : [0,t] — R2" is a curve in the Sobolev space W :=
Wh2([0,t],R?"). First, notice that, thanks to Sobolev Inequalities, the curve v(-) € W



is continuous. Moreover, we get a natural fibration over R™:

n: W — R"
@ W) = () =

where z; is the final point of the curve z(-). Indeed, a structure of vector space on
the fibers 7! (z;) with z; € R™ is provided by the space of derivatives of the curves
~v(-) = (x(),p()) times the space of initial momenta py. This is expressed by means
of the following bijection:

R*xR*"xI[? — W

g:
(3) ($t7p07¢) — g(zt,po,(%,éf’p))(%

(4) g(xtap07¢> c [0t — R?"
s — (xt — fst & (T) d7,p0 + fos &p(T) dT) ,

L? := L?((0,t),R*) and ¢ = (¢, $p) € L. One can immediately prove that g is
injective and surjective. Indeed, roughly speaking, once we fix the final point x;, and
the initial momentum pg, the (z, p)-components of ¥(+), (z(-),p(+)), are provided by
integrating the velocities (¢, ®,) € L? as in (4) above, obtaining, in such a way, a
(only one) curve () € W. Vice versa, in order to get g—1, given v(-) = (x(-),p()) €
W, we take , = #(2), po = p(0) and 6() = (62(), 65()) = (i(), 5(").

Remark 2.1 The second term on the right hand side of (1) is the so-called Action
Functional related to the Hamiltonian H. We will denote it by Ay : W — R:

A(r() = / [p(s)i(s) — H(s,(s))] ds.

The functional S
(5)
Sy R"xR*"xRkox[2 — R
(SUt,pO,U,(b) [ — St(xtap()au7¢) :F0(9z<$t,¢)(0)au)+At(g(xt7p07¢))

can be considered as a “generating function” for A; with a infinite dimensional space
of auxiliary parameters w = (pg,u,®) € R® x RF x L2: here, g, (z¢,¢)(0) is the x-
component of the curve g(x¢, po, ) computed at time s = 0: namely, g.(z:, ¢)(0) =

Ty — fot ¢ (1) dT.

Proposition 2.2 We have

D
A = {(ajt,p) eT*R™ s.t. p 05 St }

= ail.t(l't,w ), m(l‘t,w )ZO

Proof.



First, we recall the explicit expression of the functional S;:

Si(t,p0,u, ¢) = Fo ( fo ¢z (s) ds u>+
+f0t {(po +fos Gp(7) d7) - P2(s) — (Saiﬂt f ¢2(T) dT,po +f0 Op(T )] ds.
Now, let us compute the variation of S;:

dSt(xtap07 u, ¢) (6$t, 5p07 du 5¢)
Dxf St5$t + DPOSt(Spo + D Stéu + D¢St5¢ =

- {8 Fo(zy — fo ¢2(7) dr;u) + fo T (3,70 )){’Y=9($t7p07¢)) ds}éxt-i-
+ {fO |:¢I o 7(5 7( ))lwzg(mt Po ¢):| s} 5p0+
(©) +0u Fo(xs — fo ¢ (1) dr; u)6u+

— 0, Fo(xy — fo qbw ) driu) fo 8¢ (T) dr+

+fo Po + fo Pp(T ) 0 (s)] d5+

+f0 % (fy 5% dr)] d8+

+Jy (- (s (s ))\7 P ¢ (- J: &m dr) ds+

Jrfo ap 57(5)) 'y:g(rt,po@) fo 90(T ) >

Integrating by parts, we get the following equality:

/ t o [ 6u0r) ) 500(0)] s = [ S6s(r) dr / pls) (/ “560(7) i) ds

therefore, substituting it into (6), we obtain

dst(xtvpm 7¢)(§xt76p076u §¢)
= {8 Fo(xy — fo ¢z (T) dT5u +f0 (s,~(s ))‘v:g(zupo@)) ds} Szt

{1 foo - g }
(7) FOLF (x4 — [y u(T) dryu)dut

+[po — 0 Fo(zt — fo O (T) d7; 1)) fo 8¢ (T d7—+
+f0 op(s) + dH(S v(s ))| fs 5¢5z ) dr) ds+

ds} opo+

v=9(%¢,p0,¢)
o |oe) = G AN] | 90p(r) dr) ds
Thus, if Dy, S;(z, w*) = 0 with w* = (p§, u*, ¢*) € R® x R¥ x L2 at some z;, namely,
OuFo(z*(0),u*) =0
(8) OuFo(x7(0), u*) = pg
(05(5), 05(s)) = (OpH(s,7"(s5)), —0:H(s,7"(5)))
with 7 () = (2*(,p*()) = g(a1, 5§, &), then we have (*(0),p5) € Ao and

3x, St xt, Po / 925
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Therefore, we obtain (x4, p*(t)) € As.
O

The next step is to apply the A-C-Z reduction method. In the space L? we consider
the orthonormal basis {e;(s) := €% *},ez. Thus, for all ¢ € L2, we have the Fourier
expansion ¢(s) = > .., ¢r ex(s). For any N € N fixed, we define the projection
operator Py on the k(n, N) central components of ¢, where k(n, N) := 2n(2N + 1),

Pno(s) = > ¢ en(s),

k| <N

and the projection operator Qn on the remaining infinite external components

Qno(s) :== Z b ex(s).

|k|>N

Taken an element ¢ € L? = PyL? @ QnL?, we denote the central and the external
components of ¢ by p:=Px¢ and by n := Qn¢, respectively.

By a fixed point argument, we show that for a suitable natural number N only the
finite dimensional space Py¢ is sufficient to find stationary points of S; (and to
construct a generating function for A;).

We denote the symplectic matrix by E, while VH is the gradient of H (with
respect to x and p)

E:= ( (_DH 110) >; VH(s,2,p) = ( %:g“’“fvp) )

The proof of the following Lemma is quite standard (cf. for instance [4] or [3]); so,
we omit it.

Lemma 2.3 Assume that ||[V2H|| < C < +oco. Choose N € N such that 2%\,(1 +
V2N) < 1. Then, the map

0 G: QyL*> — QnL?
©) n — QNEVH((-),g(xt,po,u+n)(-));

is a contraction map, whenever we fix x, € R™, py € R and 1 € Py L2,

Therefore, for a positive integer N large enough by the Banach-Caccioppoli contrac-
tion Lemma (see for example [11]) applied to G defined in (9), once we choose z; € R™,
po € R™ and 1 € PyL?, we obtain one and only one fixed point of G, denoted by
q(z¢,po, p), that satisfies the equation

(10) q(z¢, po, 1) (s) = QNEV H (s, g(z¢, p + q(zt, po, 11))(8))-

Hereafter, we take IV € N according to the statement of Lemma 2.3.



Remark 2.4 Thanks to the fact that the Hamiltonian function H € C? and by using
the implicit function (Dini) Theorem, the fixed point map

¢: R"xR"xPyL? — QyL?

(11)

(xt7p07u) — q('rtap()nu)7
is continuously differentiable (see [1] or [3]).

Remark 2.5 For each solution of the following equation
/J’() = ]PN]EVH((), g(xtap(% 2 + q(xtap(% /’L)) ()) )
in the finite dimensional space P,,L? (we recall that dim(Py L2((0,t), R?") = k(n, N)),

the curve v = g(x, p+q(xs, po, ) solves the Hamilton canonical differential equations
related to H, that we can write in a short formulation as follows:

(12) i)~ E VH((-),()) =0
or, equivalently,
(13) E 4(-) + VH((-),7(-)) =0,

with boundary conditions x(t) = xy and p(0) = po.
Let us define the finite dimensional space
E :=R" x R¥ x Py L?,

that will play the role of the space of “auxiliary variables” v = (pg,u, ) € E. Notice
that F = R¥ where k := n + ko + k(n, N). Finally, let us construct a generating
function for A; ( by reduction on S;):

(14) F,: R"xFEF — R
(‘Ttalu) U Ff/(‘rtvv) = St(It;po,’U,,‘u+q(l't,po,,u)).

In details F; becomes

Fy(asi po, ) = Fo (w1 = [ (na(s) + 0, (s)) ds,u) +
(15) 2 [0t [ ) + () dr) - (o) + () +
—H (5,20 = [ (a(7) + 0,(7)) dr.po + [y (1 (7) + 9,(7)) dr) | ds,
where (d,,4d,) = (9, (¢, o 1), d, (¢, po, 1)). In order to simplify notations we some-

times write only q instead of q(z¢,po, ) when the dependence by (x4, po, 1) is made
precise.



Theorem 2.6 Let A; be the Lagrangian submanifold of T*R™ connected to Ay by the
Hamiltonian isotopy generated by H. Suppose that Fy is a global generating function
for Ao and ||V?H||o < C < +o0o. Then the function Fy = Fy(z4;po,u, it), defined in
(14), is a global generating function for Ay = @t (Ay).

Proof.
Let us compute the derivatives of function F; with respect to all the variables:

auFt(xt;pOau /1') D St(xtvp()vu ,U,-f— q(xtap()alu’)) =
- auF’O (l‘t fO M:p + Clx(xupmﬂ)(T)) dT» ’LL) 3

apoFt(xtapovunu’) = DpoSt(xt»PO»U»/J‘F q($t>p07/1')) = % + DSt%DJ =

t
== z+ x) = Hp S dS"’
fo [(u ) ( (s ))]‘WZH(It7P07H+q(wt7p0,M))]
+[p0 _awFO(x ,U : fo )

t . t O s qu
+f0 Qn E’Y( )—|—VH(S,’Y(S))]|v:9(wt,po,u+q(wt,po’u f Bgo dr, = Jo dpo dr) ds =
= Pt S ‘ ds+
f N[M ( ’Y( ))] ’ng(xmpoaﬂ-‘rq@ft Pmlt))]
+m—@mam ]+ [y 52 ds
since, by (10), we get Qn [IE'y(s) + VH (5,753 g (w000 e po)) = 0-
Similarly, we obtain:
6uFt($tap07U7,U) =D St(xtap(hu 1Y + q(xt7p0wu)> = % (%ﬁ + Did)Diq) =

= [po — 0y Fy(x(0) L1+mﬂ@+

+ [I Py [BA(s >+VH<sm< N =g potqeepon - o dri—Jo dr) ds+

+ [ QulEi(s >+VH<s ] lmaton s atonsnan e 3 e dr,— [ e dr) ds =
= [po— QuFo(w(0),w)] - [y (1 + Fh) ds+

+f0 Py [E4(s )+VH(5 YNy =g (s ,poi+q (e pos)) (fst dr,— [g dr) ds,

D
3tht($tapoaU»N) = thSt(‘rtap()?u [ q(xtaponu’)) = giz + %f; gf; qut

= [po — 2:Fo(x(0 ) W] - (~1+ [y Ga= ds)+
N fO M” + q” s) + %f(s,’y( ))]|“/:g(wt,po,quCI(%po,u))] ds+
+ [7 Qn[E4(s) + VH (s, 7))y g (ws0 (e ponn)) * ( ; o aqp dr)
+po + fot(ﬂp +4q,) ds=

= [po— DuFo(w(0), )] - (—1+ [y Fhe ds)+
— Jo P lip(s) + 2L (5,9(9))]]
+po + fot(ﬂp + qp) ds.

Finally, we have

v=9g(xt,po,u+9q(zt,po >M))] ds+

t
B, Fil Pos s 1), 5, = P0 + / (1p + ) ds = pl(t).
0



Recalling that v = (pg, u, 1) and w = (pg, u, ), notice that if
OpFy(z,v*) =0 p(t) = O, Fi(zt,v%),

then
DwSt(ZEt,w*) =0 p(t) = amtst(xtvw*)a

where ¢* = p* +q(z¢, p§y, 1*). Moreover, also the opposite implication holds true with
uw* = Pyno*. Therefore, F; is a global generating function for A;. a

Remark 2.7 In case Ag is the zero-section, then we can eliminate the pg-component
in the auxiliary coordinates, taking Sy = Ay (the Action Functional) and v/ = p €
E' =PxL2. This construction is very well known in literature (see [15], [1] and [4]).

3 Properties of generating functions via A-C-Z re-
duction

In this section, for us Ag will be the zero-section of T*R™ and the time ¢ > 0 is fixed.
In fact, almost all the results hold true for any starting Lagrangian submanifold
Ao C T*R™, generated by Fj (which is GQI or GWQI if necessary). Here, we prefer
to treat the case Ag = R™ x {0} C T*R" in order to simplify notations. Moreover, in
many applications we can reduce to consider the zero-section as starting Lagrangian
submanifold: for instance, studying solutions of Hamilton-Jacobi equations, we can
apply a suitable canonical transformation (cf. [4]); also in intersection theory the
typical setting is given by Ag equal to the zero-section (cf. [13], [15] and [16]).

Emphasizing the dependence on H, by Fy : R x PyL? — R we denote the
generating function for A; = ®%;(Ag) provided by the A-C-Z reduction where (cf.
Remark 2.7)

t
Fulon) = [ p(s)i(s) = HO)) ds
0 v(s)=g(@;p+qH (z¢,1))(s)
and g = qf (x4, p) is the corresponding fixed point map.
If the Hamiltonian H = H(xz,p) is a quadratic form, then, by linearity of the
corresponding Hamiltonian system, it is straightforward to see that the mapping

(xtv.u) = FH(Ithu“)

is a quadratic form. Now, we try to investigate the behavior of Fly on the fibers
7 (zy), 7 : R” x R¥ — R", starting from the case in which the Hamiltonians are
quadratic forms. First, we notice that the fixed point map turns out to be linear with
respect to u.

Lemma 3.1 Assume that the Hamiltonian H(x,p) is a quadratic form. Then for
any fized xy € R™ the map

g (2, )

is linear.



Proof. We recall that the fix point map is characterized by the following property

(cf. (10)):
(16) q" (20 p) = QUEVH (xt— [ s+t eyar, | S(up+q5<xt7u>>df)7

where (g, 9') = q" and (e, pp) = p. By linearity of VH, equation (16) becomes

q" (x4, 1) = QNEVH (— /:(ux + qf(:vt,u))dﬂ/:(up + qf(:vt,u))d7> :

Thus, for any A € R, q¥ (24, A\u) is the unique element that satisfies

t s
1) ¢ enw) = QEVH (— [ o+ o, [y + o8 Gon v)ar ).
s 0
Since A\q (z, p) satisfies (17), then g (x4, A) = AqH (2, ). ad

The following lemma states that when H is a quadratic form, we can have an
estimate on the p-derivatives of Fiy

Lemma 3.2 Assume that the Hamiltonian H(x,p) is a quadratic form. Then, there
exists a quadratic form Q = Q(xy, ) (possibly degenerate) such that for any p €
PyL2:

9, Fur (w1, 1) — 0, Qs )] < Ma|

for some positive constant M.

Proof. Let us define the function
Qulzip) = [y { pa + G2 (2, 1)) (5) [o (p + aff (24, ) (1) dr+
< (= e 0 o 0)(5) 3+ o)) ) | s,

Notice that Qg (u) = Ay (0 p+qt (x4, )) where A is the Action functional related
to H. By linearity of the fixed point map with respect to u-variables: p — q (x4, 1)
(see Lemma 3.1), we get that p — Qg (x¢, p) is a quadratic form. For N € N large
enough we have:

8,U,FH(:L't7 M) - a/AQH(:Eta :u’) =

— Jy [Py (B + VHE) ~ Py (Ey+ VH(Y))|

y=9(x,u+q% (x¢,1)) 7=g(0,u+qH(ﬂcmt))}

Therefore, by linearity of VH, we obtain
¢
10w Fr (w1, 1) — OpQrr (e, )| = H/ PNVH (2¢,0) ds|| < t|[VH||o|z|
0

where || - ||o is the norm in the space of real matrices: if (a;;) = A € Myxn(R),
[|A]lo = max |a;;]. a
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Remark 3.3 If H =0, by the proof of Lemma 3.2 we get 0, Fr(xy, 1) = 0,Q(x, ).

Theorem 3.4 Consider two Hamiltonian functions H(x,p) and K(x,p) such that
i) ||V H||oc, ||V?E]loc < C
for some constant C > 0. Then there exists a positive real number My such that

||8H[FH(:Eta:u) - FK<xt7M)]||OO S MO'

Proof. Take N € N suitably large such that (cf. Lemma 2.3)

(18) 2fjv(l +V2N) <

Let us denote by g and by q¥ the fixed point map related to H and K, respectively.

By hypothesis i) and ii), we get

ap,FK(fEt; /J/) - apFH(th) =

B fg [PN By + VE(®) ‘vzg(rt,/ﬁq}((mwt)) ~ Py (EY+ VH(?)) ’w:g(mmﬁqH(%/t))
= Jo By [VK ’”/ 9@t g @) VH(V))‘v:gquff(m,mj ds =
=b PtN [VK ’v RTINSV Kkt

T Jo B {VK( ))"y g(ze,p+qH (z ‘v g(@e,u+qH7 (e,p)) } ds <

< C [ 1g(xe, i+ g5 (24, 1)) — g(:ct7u+q (z¢,p))| ds + Ct.

Thanks to Holder inequality we obtain

ao) oot at e p) = glee, p+ 0" i, )| ds <
< \/||g(xt’ﬂ+q (mt’ )>_g($tau+qH(xtvu))HL2'

Notice that
(20)

lla" (e, p) — 4™ (24, )] 2

W
- H@NE[VKW p+a% (o, ) = VH(g(an p+a" o), <
< H@NE[VM (w0 1+ 9% (e ) = VE (gl p+ a0 )| ||+
+ || OvE[VK (o -+ 4" (@0, ) = VH ol o+ o ||, <
< Cllg(we,p+ " (@ 1)) — g(we, i+ 0™ (ze, 1)) | 2 + CL.

Thus, by Lipschitz property of function n — g(z¢, p + 1) and by (20) we have

||g(1't,/l+q (:L'ta ))*g(xt’qH(mta ))HL2—
s (14 V2N) a5 (2, ) — g™ (24, )| L2 <

(21)
21+ Il -+ 0 (e ) — s o) + ).

VANVAN
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So, by the choice of N (such that (18) holds true) and by (21), we get

Ct*(1+ v2N)
27N — Ct(1+ V2N)’

||g(xtu 1% + qK(xta ,LL)) - g(xh qH(xta :LL))HLQ S

Hence, we conclude
|6,U,FH(:L‘t7:u) - a,uFK(:Eta l’L>| S MO

for some positive constant M. a

Remark 3.5 Under the hypothesis of the previous theorem, if Fr is GWQI (resp.
GQI), then also F is GWQI (resp. GQI).

The following corollary might be seen as a simple case (when Ag is equal to the
zero-section in T*R™) of the well known Theorem of Sikorav-Chekanov (cf. for in-
stance [6] and [12]).

Corollary 3.6 Assume that K(x,p) is a compactly supported Hamiltonian function.
Then Fk is GQL

Proof. By Remark 3.5 with H = 0, we could immediately say that Fy is GWQIL.
But, notice that the quadratic form constructed in the proof of Lemma 3.2 (cf. also
Remark 3.3), namely

(22) Qu(u) = / [(um+qf)(8) / (4 qI)(r) dr| ds

actually is non-degenerate. Therefore, Fry (H = 0) turns out to be GQI and we
conclude by applying Theorem 3.4. |

Remark 3.7 By Viterbo’s Uniqueness Theorem (see [17] and also [14]) the generat-
ing functions for Ay obtained by A-C-Z reduction and by broken geodesics method are
equivalent (in the sense of [14]).

We conclude with an approximation theorem.
Theorem 3.8 Consider the sequence of Hamiltonian functions Hy(x,p) and H(z,p)
such that
i) Hy(xz,p) — H(z,p) uniformly,
it) VH,(z,p) — VH(x,p) uniformly,

i) HVQHn(CUap)Hoo <C
for some positive constant C. Then, called F,, the generating functions of the La-
grangian submanifolds A,, associated to H,, the limit

F:= lim F,

n—-+4oo

generates A := lim,, @fqn (Ao). Furthermore, A = lim, A, (in the Hausdorff distance
sense).

12



Before starting with the proof of the Theorem 3.8 we need some technical Lemmas.

Lemma 3.9 Under the hypothesis of Theorem 3.8, the fixed point map q" associated
to H,, uniformly converges (in L?) to a map q that satisfies:

q(we, p) = QEVH (g(xt, oo+ q(we, 1))

Proof. Fix (z;,u) € R x PyL?. For any ¢ > 0, take n,m > N. such that
||IVH,, — VH,,||o < € and so:

||qn($t7u) - qm(xt’M)HLZ =

= || QuE[VH (gl + a7 @) = VHglon a7 )|, <
< || QuE[VH g o+ a7 @) = VHu g+ am @) ||+
+ || onE[VHA g, + a7 @) = Vgl p o+ am @ m))]]| <
< Cllg(ﬂfan (e, 1)) — g(va,quqm(xtvﬂ))HLer&?tS
< SZL (14 V2N)|[q (e, 1) — 9™ (e, )| 12 + et
Since N is such that ;& (1 4+ v2N) < 1, therefore
o™ e, ) — 4™ )2 < -
58 ’ T 1- S (1+V2N)
which implies that g™ is a Cauchy sequence.
O

Let us fix ; € R™ and u € PyL? for any n € N we set v,(-) = g(z¢, p +
q" (e, 1)) ()
Lemma 3.10 Assume that the hypothesis of Theorem 3.8 are satisfied. Then, we
have
i) yn converges to v = g(xt, p + q(xe, ) (in the sup-norm) uniformly in x; and p
1) Hp(vn) converges to H(vy) (in the sup-norm,).

Proof. i) For any £ > 0 there exists N, such that if n > N, then ||q" — q||z2 < e.
Thus, we have

[ () = ¥()loo =
t: n (AT
= 1( S a2 = a.) dr. fy(ap —a,) d)lloe =
= [ k>N 127(713’7’6 2k N T2 ) oo

where 1 :=q" — q and 1 := q}} — qp.-
But, on one hand we have

1Y el < 1), o el < el (gl < Calllze

|k\>N

13



for some constant C7 > 0, and, on the other hand, we get

1Y e <11 (Bl < Gl

|| >N

Therefore, we obtain

() = v()lleo < 2Ch]Inllr2 < 2C1e.

ii) Notice that for n large enough we have ||H,,(-)— H(-)||co < € and, by i), both 7,
and v are contained in a ball of radius R, Bg, for some R > 0 and ||7,(-) —7(")||c0 < €.
Therefore, we get

||Hn(7n) - H(’Y)Hoo < HHn('Yn) - H('Yn)”oo + HH('Yn) - H(’Y)Hoo <
£ et supgemn VHE) () 1Ol < (D pens [VH(z.p)] + e,

O

Lemma 3.11 Assume that the hypothesis of Theorem 3.8 are satisfied. Then, the
limit limy,, 4 oo Fy, exists and we have

(23) hm Fo(xg,p) = F(xg, 1)

n—-—+

where F(xy, — H(~(s))] ds .
vh) = bylpt D8] sz

Proof. Let us take n > N. such that ||q" — q|| < &, ||7n — || < € and ||Hp(vn) —
H(%)|| < e. For any (x4, u) € R™ x Py L? we have

Fn(xtvﬂ) - F(xtnu‘) =

(24) = Jo [ P, = p()i@), | ds+ [{IHG(5) ~ Halya(s))] ds

where v, = g(@s; 1+ gn(xe, 1)) and v = g(x; p + q(2, 1)). Thanks to Lemma 3.10,
the last term in (24) is bounded from above by te. On the other hand, we get
(25)
¢ :
Jy [ 96, ) = ps)is)], ) | ds =
= Jo [(a(s) + q2(5)) 5 (p(7) + a3 (7)) dr = ( 2(5) +0,(5)) [ (1p(7) + 0, (7)) dr | ds =

- f(; i (5) fos(qZ(T) (T)) dr + (a3 (s) — fo pp(T) d7+
+a2(s) fy an(r) dr = pa(s) fo 9,(7) dT} ds.
We have:

t s
[ Do) [ @) =y ey ] s < Vil = gl < el

14



[ @) [ i) ir] ds < laz=aalcol [ atr)arles <l [ patr)ail

Jy [a2s) Ji ap(r) dr = pa(s) Ji a,(7) dr] ds =
= Iy (62060 = a2 60) [ (03(7) — ay()) ] s [(0200) = 02060 J§ ) ] ot
+Jo [qx () Jy (a5 (7) — 9,(7)) dT} ds <

< tl\% - qmllml\qp - qp||L2 +la2 — a2l J5 a,(7) drllr2 + tllar — apllr2la,l 2 <
<t +ell [y a,(7) drl|r2 +tella, |l L2

Thus, we obtain

| Fo (¢, 1) —F (2, 1] gteHuwHLz—l—eH/ pp(T) dT||Lz+t52+g||/ qp(T) drl||p2+tella, |2
0 0

a

Proof of Theorem 3.8.
First, we notice that A,, converges in the Hausdorff distance to A = lim,, <I>§qn (Ao).
This is due to the following fact: if by s — ®2 (g, pg) we denote the flow such that

L5 (29,p0) = EVH, (P (0, po))
(26) { &1’2(56071(7)0)0 = (2o, po) o

then for any starting point (zo,po) € Ao, P, (z0,po) is a Cauchy sequence. Indeed,
for any € > 0 there exist N, such that for all n,m > N, we get

|‘I>fl($0ap0) ! (z0,po)| <

< fo |EV H,, (P35, (20, po)) — EVHpp (@5, (20, p0))| ds <
(27) < fy |EVH (@5,(0,p0)) — EVH, (93, (20, p0))| ds < +
+y \EVH (®5,(w0,p0)) — EVH,p, (P35, (0, po))| ds <
< €+Cf0 |®7, (20, po) — P5, (0, po)| ds.

Applying Gronwall Lemma, we have:

Ct Ct
@}, (0, o) — @}, (w0, p0)| < et( ; +1).
Recall that
0¢ . 0¢ 04 08, 05, 06 A"
Iy ’ = o, Fn s = — —_—
Ok (e, 1) a¢ ( + o n 8u> O, Fr (x4, 1) o2, T 99 51 B,

where S, is the functional defined in (5) with Fy = 0 (see Remark 2.7).
Moreover, we recall that (see for instance [3])

15



29 (gi;):(ﬂ 2 QNEVH (e -+ 4", 1)) 5.

; _ 9%
o an QVEV2H, (g(we 1+ a" (21, 1)) ) 52 52

—1
Since ||V2H, || < C and since the operator ( - g—f]) is bounded (due to the

fact that G is a contraction map, cf. [1] or [3]), then the terms %izj and % are

uniformly bounded. Therefore, the terms 36%* g—ﬁ%; and %—%g—ﬁ%fg not only vanish
but also tend to zero as n goes to co.
So, we have

|00, Fr (24, 1) — O, F (4, p)| =
(29) =1/ {PN(E% +VH, (7)) — Py(EY + VH (7))} ds‘ —
Jy B [VH() =V, (30)] ds.

and, by Lemmas (3.9)-(3.10), it is straightforward to see that

hIJIrl Oz, Frn(Te, pt) = 03, F (4, ).
Similarly, we get
lim O0,F(x¢, 1) = OuF (¢, 1)

n—-+4oo

and, so, finally

A—{(l"typt)eTR 5pt:67$t(xt,/l)a afu(l”t,ﬂ):o =y G]P)NL2}-

References

[1] AEBISCHER B. AND AL., Symplectic Geometry, Progress in Mathematics
(Boston, Mass.), 124. Basel: Birkhduser. xii, 1992.

[2] AMANN H. AND ZEHNDER E., Periodic solutions of asymptotically linear
Hamiltonian systems, Manus. Math. 32, 149-189, 1980.

[3] BETTIOL P. AND CARDIN F., Lagrangian submanifold landscapes of nec-
essary conditions for mazxima in optimal control: global parameterizations
and generalized solutions, Preprint SISSA.

[4] CARDIN F., The global finite structure of generic envelope loci for
Hamilton-Jacobi equations, J. of Mathematical Physics 43, no.1, p. 417-
430, 2002.

16



[5]

[10]

[11]

CHAPERON M. Une idée du type “géodésiques brisées” pour les systémes
hamiltoniens, (French) [A “broken geodesic” method for Hamiltonian sys-
tems] C. R. Acad. Sci. Paris Sér. I Math. 298, no. 13, 293-296, 1984.

CHAPERON M. Familles génératrices, cours a ’école d’été Erasmus de
Samos (1990), publication Erasmus de 1'Université de Thessalonique
(1993), épuisé. Version légerement revue en 1995 pour les Publications
mathématiques de I’Université Paris VII

CHAPERON M. AND ZEHNDER E. Quelques rsultats globaux en gomtrie
symplectique, (French) [Some global results in symplectic geometry] South
Rhone seminar on geometry, IIT (Lyon, 1983), 51-121, Travaux en Cours,
Hermann, Paris, 1984.

CoNLEY C. AND ZEHNDER E., Morse type index theory for flows and
periodic solutions for Hamilton equations, Comm. Pure Appl. Math., 37,
207-253, 1984.

HORMANDER L., Fourier Integral Operators I, Acta Math. 127, 79-183,
1971.

MasLov V.P., Théorie des perturbations et méthodes asymptotiques,
Editions de "Université de Moscou, (1965), en russe. Traduction francaise:
Dunod-Gauthier-Villars, Paris, 1971.

SANSONE G. AND CONTI R. , Non-linear differential equations. Revised
edition. Translated from the Italian by Ainsley H. Diamond. International
Series of Monographs in Pure and Applied Mathematics, Vol. 67 A Perg-
amon Press Book. The Macmillan Co., New York 1964 xiii+536 pp.

SIKORAV J.C., Sur les immersions lagrangiennes dans un fibré cotangent
admettant une phase génératrice globale, (French) [On Lagrangian immer-
sions in a cotangent bundle defined by a global phase function] C. R. Acad.
Sci. Paris Sér. I Math. 302 , no. 3, 119-122, 1986.

SIKORAV J.C., Problémes d’intersections et de points fizes en geometrie
hamiltonienne, Comment. Math. Helvetici 62, 62-73, 1987.

THERET D. A complete proof of Viterbo’s uniqueness theorem on gener-
ating functions, Topology and its appl. 96, 249-266, 1999.

VITERBO C., Intersection de sous-variétés lagrangiennes, fonctionnelles
d’action et indice des systémes hamiltoniens. Bull. Soc. Math. France 115,
no. 3, 361-390, 1987.

VITERBO C., Recent progress in periodic orbits of autonomous Hamilto-
nian systems and applications to symplectic geometry. Nonlinear func-
tional analysis (Newark, NJ, 1987), Lecture Notes in Pure and Appl.
Math., 121, 227-250, Dekker, New York, 1990.

17



[17] VITERBO C., Symplectic topology as the geometry of generating functions.
Math. Ann. 292, no. 4, 1992.

[18] WEINSTEIN A., Lectures on symplectic manifolds., C.B.M.S. Conf. Series
AM.S., 29, 1977.

18



