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Abstract

Consider an initial Lagrangian submanifold Λ0 ⊂ T ∗Rn, that admits a global
generating function, and a Hamiltonian isotopy Φt

H . Then, we provide a global
generating function for the Lagrangian submanifold Λt = Φt

H(Λ0) realized by
applying the so-called Amann-Conley-Zehnder reduction. When Λ0 is the zero-
section, we study in some details the asymptotic behavior of such generating
functions and we give an approximation result.

SISSA Ref. 16/2005/M

∗SISSA/ISAS via Beirut, 2-4 - 34014 Trieste Italy; bettiol@sissa.it

1





Introduction

We assume that Λ0 ⊂ T ∗Rn is a Lagrangian submanifold that admits a global gen-
erating function, say F0. Let us take the Hamiltonian isotopy Φs

H : T ∗Rn −→ T ∗Rn

(s ∈ [0, t]), generated by a Hamiltonian function H = H(s, x, p) ∈ C2. We suppose
that H has bounded second derivatives with respect to (x, p): ||∇2H||∞ ≤ C for some
positive constant C. We are interested in describing the final Lagrangian submanifold
Λt by means of a global parameterization, where Λt = Φt

H(Λ0).
The subject was widely and successfully treated in the literature with different

points of view and in different contexts (see for instance [1], [6], [16], [4]).
We recall that, in order to face such a problem, there exist at least two approaches.

The first one is the “broken geodesics” method introduced by M. Chaperon in [5]
(cf. also [12], [13] and [6] for further developments and references). The second
one is obtained by the so-called Amann-Conley-Zehnder (briefly A-C-Z) reduction.
Introduced by H. Amann, C. Conley and E. Zehnder in [2] and [8], it transforms an
infinite dimensional variational problem involving the Action Functional into a finite
dimensional one (cf. also [7]). This kind of reduction method was applied by C.
Viterbo in order to find periodic solutions by studying critical points of the Action
Functional; furthermore, he constructs a generating function for Λt = Φt

H(Λ0) when
Λ0 is the zero-section of T ∗Rn (see [15], [16] and cf. also the book [1]).

Successively, F. Cardin in [4] treats the case when Λ0 is the graph of the gradient
of a differentiable function and uses this approach to provide a global generating
function for geometrical solutions of time-depending Hamilton-Jacobi equations (cf.
also [3] for applications to some optimal control problems).

The first issue of the present paper is that A-C-Z machinery can be applied for any
initial Lagrangian submanifold Λ0 ⊂ T ∗Rn (that admits a global generating function
F0), getting, in such a way, a global generating function Ft for Λt = Φt

H(Λ0).
Moreover, letting Λ0 be the zero-section, we analyze the asymptotic behavior of

the generating function Ft obtained by the A-C-Z reduction. In particular we fo-
cus on the situation when Ft is quadratic at infinity, namely it behaves as a non
degenerate quadratic form with respect to the auxiliary variables. In order to con-
sider a bigger class of generating families we also introduce the notion of weakly
quadratic at infinity generating function (that occurs when the associated quadratic
form might be degenerate). Furthermore, we provide another proof of the so-called
Sikorav-Chekanov Theorem (in the case Λ0 is the zero-section). Finally, we give an
approximation result.

The present paper is organized as follows. Section 1 is devoted to some preliminar-
ies. In section 2 we treat the general construction of generating functions via A-C-Z
reduction; while in section 3 we deal with their properties.

1 Preliminaries

By Λ we denote a Lagrangian submanifold of T ∗Rn. Let us consider a vector bundle
over Rn π : B −→ Rn where B = Rn × Rk (we can restrict to the special case of
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product bundle):
π : B = Rn × Rk −→ Rn

(x, v) 7−→ x.

In such a case, x and v are called principal and auxiliary coordinate, respectively.
Given F : B −→ R (regular enough), we can define the so-called “critical set” ΣF ⊂ B
associated to the couple (π, F ), or simply associated to F , that is determined by the
points of vertical stationary of F :

ΣF :=
{

(x, v) ∈ B | ∂F

∂v
(x, v) = 0

}
.

The function F is called a (global) generating function for Λ if Λ is the image of ΣF

by means of the map:

iF : (x, v) 7−→
(

x,
∂F

∂x
(x, v)

)
∀(x, u) ∈ ΣF .

If F ∈ C2(B, R) is a function such that ΣF is a submanifold of B, i.e., d(∂F
∂v ) is

injective, then we say F to be a Morse family and ΣF to be the “critical manifold”
of F .

We recall that a characterization of Lagrangian submanifolds of the cotangent
bundle by means of local Morse families is provided by the Theorem of Maslov-
Hörmander (see Weinstein [18]).

Now, we introduce some important notions concerning the asymptotic behavior
of generating functions, that play a crucial role in studying critical points (cf. [14] or
[6]).

Definition 1.1 A generating function

F : Rn × Rk −→ R
(x, v) 7−→ F (x, v)

is called quadratic at infinity (briefly GQI) if there exists a map Q : Rn × Rk −→ R
such that Q is a non-degenerate quadratic form when restricted to the fibers of π and
the function (x, v) 7→ ∂vF (x, v)− ∂vQ(x, v) is bounded.

The generating function F is called special when the associated quadratic form Q
does not depend on the first (principal) coordinate x. Moreover, if F = Q out of a
compact set, then F is said to be exactly quadratic at infinity.

We recall that, in fact, any GQI F is equivalent to an exactly GQI by means of
the following lemma (see for instance [14]).

Lemma 1.2 Suppose that F is GQI, then there exists a fibered diffeomorphism Φ :
Rn × Rk −→ Rn × Rk such that

i) Φ restricted to some compact subset is the identity;

ii) F ◦ Φ is exactly quadratic at infinity.
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In some cases, the generating function Ft obtained via A-C-Z reduction might fail
to be GQI.

The following example shows how Ft could change property becoming degenerate
or non-degenerate at some xt, varying the final time t.

Example. (cf. also [3]) Let us take as starting Lagrangian submanifold the zero-
section Λ0 = R×{0} ⊂ T ∗R ∼= R2 and consider the Hamiltonian H(x, p) = 1

2 (x2+p2).
For t = π

2 , it is easy to see that at xt = 0 Ft turns out to be (exactly) a degenerate
quadratic form with respect to auxiliary variables. This is no more true, for instance,
if 0 < t < π

2 : in such cases Ft becomes QIF at any xt.

In order to consider a huger class of generating functions, we also introduce the
following notion (cf. [3]).

Definition 1.3 A generating function

F : Rn × Rk −→ R
(x, v) 7−→ F (x, v)

is called weakly quadratic at infinity (GWQI) if there exists a (any) quadratic form
Q : B −→ R such that the function (x, v) 7→ ∂vF (x, v)− ∂vQ(x, v) is bounded.

2 Construction of generating functions via A-C-Z
reduction

Let F0 = F0(x, u) be a generating function for a Lagrangian submanifold Λ0 ⊂ T ∗Rn

((x, u) ∈ Rn × Rk0), namely,

Λ0 =
{

(x0, p0) ∈ T ∗Rn : p0 =
∂F0

∂x
(x0, u

∗), 0 =
∂F0

∂u
(x0, u

∗) ∃ u∗ ∈ Rk0

}
.

The goal of this section is to give a detailed and auto consistent (as much as
possible) construction of the generating function for Λt = Φt

H(Λ0) obtained by the
Amann-Conley-Zehnder reduction. We use a slight generalization of the well-known
Viterbo’s scheme to any initial Λ0 (we refer the reader to [15], [16] and [1] for Λ0 equal
to zero-section in T ∗Rn and to [4] for Λ0 = Graph(∇Ψ) where Ψ is a differentiable
function). Therefore, we write the necessary modifications (where they occur) from
the original construction, while we refer the reader to the literature when the proofs
are quite standard.

We recall that H = H(s, x, p) ∈ C2 and ||∇2H||∞ ≤ C < +∞.
To this aim, let us consider the functional

(1) St(u, γ(·)) = F0(x(0), u) +
∫ t

0

[p(s)ẋ(s)−H(s, x(s), p(s))] ds

where γ(·) = (x(·), p(·)) : [0, t] −→ R2n is a curve in the Sobolev space W :=
W 1,2([0, t], R2n). First, notice that, thanks to Sobolev Inequalities, the curve γ(·) ∈ W
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is continuous. Moreover, we get a natural fibration over Rn:

(2)
π : W −→ Rn

γ(·) 7−→ π(γ(·)) = xt

where xt is the final point of the curve x(·). Indeed, a structure of vector space on
the fibers π−1(xt) with xt ∈ Rn is provided by the space of derivatives of the curves
γ(·) = (x(·), p(·)) times the space of initial momenta p0. This is expressed by means
of the following bijection:

(3)
g : Rn × Rn × L2 −→ W

(xt, p0, φ) 7−→ g
(
xt, p0, (φx, φp)

)
(·),

where

(4)
g
(
xt, p0, φ

)
: [0, t] −→ R2n

s 7−→
(
xt −

∫ t

s
φx(τ) dτ, p0 +

∫ s

0
φp(τ) dτ

)
,

L2 := L2
(
(0, t), R2n

)
and φ = (φx, φp) ∈ L2. One can immediately prove that g is

injective and surjective. Indeed, roughly speaking, once we fix the final point xt, and
the initial momentum p0, the (x, p)-components of γ(·), (x(·), p(·)), are provided by
integrating the velocities (φx, φp) ∈ L2 as in (4) above, obtaining, in such a way, a
(only one) curve γ(·) ∈ W . Vice versa, in order to get g−1, given γ(·) = (x(·), p(·)) ∈
W , we take xt = x(t), p0 = p(0) and φ(·) = (φx(·), φp(·)) = (ẋ(·), ṗ(·)).

Remark 2.1 The second term on the right hand side of (1) is the so-called Action
Functional related to the Hamiltonian H. We will denote it by At : W −→ R:

At(γ(·)) :=
∫ t

0

[p(s)ẋ(s)−H(s, γ(s))] ds.

The functional St

(5)
St : Rn × Rn × Rk0 × L2 −→ R

(xt, p0, u, φ) 7−→ St(xt, p0, u, φ) = F0(gx(xt, φ)(0), u) + At(g(xt, p0, φ))

can be considered as a “generating function” for Λt with a infinite dimensional space
of auxiliary parameters w = (p0, u, φ) ∈ Rn × Rk0 × L2; here, gx(xt, φ)(0) is the x-
component of the curve g(xt, p0, φ) computed at time s = 0: namely, gx(xt, φ)(0) =
xt −

∫ t

0
φx(τ) dτ .

Proposition 2.2 We have

Λt =
{

(xt, p) ∈ T ∗Rn s. t. p =
∂St

∂xt
(xt, w

∗),
DSt

Dw
(xt, w

∗) = 0
}

.

Proof.

4



First, we recall the explicit expression of the functional St:

St(xt, p0, u, φ) = F0

(
xt −

∫ t

0
φx(s) ds, u

)
+

+
∫ t

0

[
(p0 +

∫ s

0
φp(τ) dτ) · φx(s)−H

(
s, xt −

∫ t

s
φx(τ) dτ, p0 +

∫ s

0
φp(τ) dτ

)]
ds.

Now, let us compute the variation of St:

(6)

dSt(xt, p0, u, φ)(δxt, δp0, δu, δφ) =
= Dxt

Stδxt + Dp0Stδp0 + DuStδu + DφStδφ =
=

{
∂xF0(xt −

∫ t

0
φx(τ) dτ ;u) +

∫ t

0
(−∂H

∂x (s, γ(s))
∣∣
γ=g(xt,p0,φ)

) ds
}

δxt+

+
{∫ t

0

[
φx(s)− ∂H

∂p (s, γ(s))
∣∣∣
γ=g(xt,p0,φ)

]
ds

}
δp0+

+∂uF0(xt −
∫ t

0
φx(τ) dτ ;u)δu+

−∂xF0(xt −
∫ t

0
φx(τ) dτ ;u) ·

∫ t

0
δφx(τ) dτ+

+
∫ t

0
[(p0 +

∫ s

0
φp(τ) dτ) · δφx(s)] ds+

+
∫ t

0
[φx(s) · (

∫ s

0
δφp(τ) dτ)] ds+

+
∫ t

0
(−∂H

∂x (s, γ(s))
∣∣
γ=g(xt,p0,φ)

) · (−
∫ t

s
δφx(τ) dτ) ds+

+
∫ t

0
(−∂H

∂p (s, γ(s))
∣∣∣
γ=g(xt,p0,φ)

) · (
∫ s

0
δφp(τ) dτ) ds.

Integrating by parts, we get the following equality:∫ t

0

[
(p0 +

∫ s

0

φp(τ) dτ) · δφx(s)
]

ds = p0

∫ t

0

δφx(τ) dτ+
∫ t

0

φp(s)·
(∫ t

s

δφx(τ) dτ

)
ds;

therefore, substituting it into (6), we obtain

(7)

dSt(xt, p0, u, φ)(δxt, δp0, δu, δφ) =
=

{
∂xF0(xt −

∫ t

0
φx(τ) dτ ;u) +

∫ t

0
(−∂H

∂x (s, γ(s))
∣∣
γ=g(xt,p0,φ)

) ds
}

δxt+

+
{∫ t

0

[
φx(s)− ∂H

∂p (s, γ(s))
∣∣∣
γ=g(xt,p0,φ)

]
ds

}
δp0+

+∂uF0(xt −
∫ t

0
φx(τ) dτ ;u)δu+

+[p0 − ∂xF0(xt −
∫ t

0
φx(τ) dτ ;u)] ·

∫ t

0
δφx(τ) dτ+

+
∫ t

0

[
φp(s) + ∂H

∂x (s, γ(s))
∣∣
γ=g(xt,p0,φ)

]
· (
∫ t

s
δφx(τ) dτ) ds+

+
∫ t

0

[
φx(s)− ∂H

∂p (s, γ(s))
∣∣∣
γ=g(xt,p0,φ)

]
· (
∫ s

0
δφp(τ) dτ) ds.

Thus, if DwSt(xt, w
∗) = 0 with w∗ = (p∗0, u

∗, φ∗) ∈ Rn×Rk0×L2 at some xt, namely,

(8)


∂uF0(x∗(0), u∗) = 0
∂xF0(x∗(0), u∗) = p∗0
(φ∗x(s), φ∗p(s)) = (∂pH(s, γ∗(s)),−∂xH(s, γ∗(s)))

with γ∗(·) = (x∗(·), p∗(·)) = g(xt, p
∗
0, φ

∗), then we have (x∗(0), p∗0) ∈ Λ0 and

∂xt
St(xt, w

∗) = p∗0 +
∫ t

0

φ∗(s) ds = p∗(t).
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Therefore, we obtain (xt, p
∗(t)) ∈ Λt.

The next step is to apply the A-C-Z reduction method. In the space L2 we consider
the orthonormal basis {ek(s) := ei 2πk

T s}k∈Z. Thus, for all φ ∈ L2, we have the Fourier
expansion φ(s) =

∑
k∈Z φk ek(s). For any N ∈ N fixed, we define the projection

operator PN on the k(n, N) central components of φ, where k(n, N) := 2n(2N + 1),

PNφ(s) :=
∑
|k|≤N

φk ek(s),

and the projection operator QN on the remaining infinite external components

QNφ(s) :=
∑
|k|>N

φk ek(s).

Taken an element φ ∈ L2 = PNL2 ⊕ QNL2, we denote the central and the external
components of φ by µ := PNφ and by η := QNφ, respectively.
By a fixed point argument, we show that for a suitable natural number N only the
finite dimensional space PNφ is sufficient to find stationary points of St (and to
construct a generating function for Λt).

We denote the symplectic matrix by E, while ∇H is the gradient of H (with
respect to x and p)

E :=
(

O I
−I O

)
; ∇H(s, x, p) =

( ∂H
∂x (s, x, p)
∂H
∂p (s, x, p)

)
.

The proof of the following Lemma is quite standard (cf. for instance [4] or [3]); so,
we omit it.

Lemma 2.3 Assume that ||∇2H|| ≤ C < +∞. Choose N ∈ N such that Ct
2πN (1 +√

2N) < 1. Then, the map

(9)
G : QNL2 −→ QNL2

η 7−→ QNE∇H
(
(·), g

(
xt, p0, µ + η

)
(·)
)
;

is a contraction map, whenever we fix xt ∈ Rn, p0 ∈ Rn and µ ∈ PNL2.

Therefore, for a positive integer N large enough by the Banach-Caccioppoli contrac-
tion Lemma (see for example [11]) applied to G defined in (9), once we choose xt ∈ Rn,
p0 ∈ Rn and µ ∈ PNL2, we obtain one and only one fixed point of G, denoted by
q(xt, p0, µ), that satisfies the equation

(10) q(xt, p0, µ)(s) = QNE∇H(s, g(xt, µ + q(xt, p0, µ))(s)).

Hereafter, we take N ∈ N according to the statement of Lemma 2.3.
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Remark 2.4 Thanks to the fact that the Hamiltonian function H ∈ C2 and by using
the implicit function (Dini) Theorem, the fixed point map

(11)
q : Rn × Rn × PNL2 −→ QNL2

(xt, p0, µ) 7−→ q(xt, p0, µ),

is continuously differentiable (see [1] or [3]).

Remark 2.5 For each solution of the following equation

µ(·) = PNE∇H
(
(·), g

(
xt, p0, µ + q(xt, p0, µ)

)
(·)
)
,

in the finite dimensional space PnL2 (we recall that dim(PNL2((0, t), R2n) = k(n, N)),
the curve γ = g(xt, µ+q(xt, p0, µ)) solves the Hamilton canonical differential equations
related to H, that we can write in a short formulation as follows:

(12) γ̇(·)− E ∇H
(
(·), γ(·)

)
= 0

or, equivalently,

(13) E γ̇(·) +∇H
(
(·), γ(·)

)
= 0,

with boundary conditions x(t) = xt and p(0) = p0.

Let us define the finite dimensional space

E := Rn × Rk0 × PNL2,

that will play the role of the space of “auxiliary variables” v = (p0, u, µ) ∈ E. Notice
that E ∼= Rk where k := n + k0 + k(n, N). Finally, let us construct a generating
function for Λt ( by reduction on St):

(14)
Ft : Rn × E −→ R(

xt, v
)

7−→ Ft(xt, v) := St

(
xt; p0, u, µ + q(xt, p0, µ)

)
.

In details Ft becomes

(15)

Ft(xt; p0, u, µ) = F0

(
xt −

∫ t

0
(µx(s) + qx(s)) ds, u

)
+

+
∫ t

0

[
(p0 +

∫ s

0
(µp(τ) + qp(τ) dτ) · (µx(s) + qx(s))+

−H
(
s, xt −

∫ t

s
(µx(τ) + qx(τ)) dτ, p0 +

∫ s

0
(µp(τ) + qp(τ)) dτ

) ]
ds,

where (qx, qp) = (qx(xt, p0, µ), qp(xt, p0, µ)). In order to simplify notations we some-
times write only q instead of q(xt, p0, µ) when the dependence by (xt, p0, µ) is made
precise.
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Theorem 2.6 Let Λt be the Lagrangian submanifold of T ∗Rn connected to Λ0 by the
Hamiltonian isotopy generated by H. Suppose that F0 is a global generating function
for Λ0 and ||∇2H||∞ ≤ C < +∞. Then the function Ft = Ft(xt; p0, u, µ), defined in
(14), is a global generating function for Λt = Φt

H(Λ0).

Proof.
Let us compute the derivatives of function Ft with respect to all the variables:

∂uFt(xt, p0, u, µ) = DuSt(xt, p0, u, µ + q(xt, p0, µ)) =
= ∂uF0

(
xt −

∫ t

0
(µx(τ) + qx(xt, p0, µ)(τ)) dτ, u

)
;

∂p0Ft(xt, p0, u, µ) = Dp0St(xt, p0, u, µ + q(xt, p0, µ)) = ∂St

∂p0
+ DSt

Dφ
Dφ
Dη

Dq
Dp0

=

=
∫ t

0
[(µx + qx)− ∂H

∂p (s, γ(s))]
∣∣∣
γ=g(xt,p0,µ+q(xt,p0,µ))

] ds+

+[p0 − ∂xF0(x(0), u)] ·
∫ t

0

∂qx

∂p0
ds+

+
∫ t

0
QN [Eγ̇(s) +∇H(s, γ(s))]|γ=g(xt,p0,µ+q(xt,p0,µ)) · (

∫ t

s

∂qx

∂p0
dτ,−

∫ s

0

∂qp

∂p0
dτ) ds =

=
∫ t

0
PN [µx − ∂H

∂p (s, γ(s))]
∣∣∣
γ=g(xt,p0,µ+q(xt,p0,µ))

] ds+

+[p0 − ∂xF0(x(0), u)] ·
∫ t

0

∂qx

∂p0
ds

since, by (10), we get QN [Eγ̇(s) +∇H(s, γ(s))]|γ=g(xt,p0,µ+q(xt,p0,µ)) = 0.
Similarly, we obtain:

∂µFt(xt, p0, u, µ) = DµSt(xt, p0, u, µ + q(xt, p0, µ)) = ∂St

∂φ

(
Dφ
Dµ + Dφ

Dη
Dq
Dµ

)
=

= [p0 − ∂xF0(x(0), u)] ·
∫ t

0
(1 + ∂qx

∂µ ) ds+
+
∫ t

0
PN [Eγ̇(s) +∇H(s, γ(s))]|γ=g(xt,p0,µ+q(xt,p0,µ)) · (

∫ t

s
dτ,−

∫ s

0
dτ) ds+

+
∫ t

0
QN [Eγ̇(s) +∇H(s, γ(s))]|γ=g(xt,p0,µ+q(xt,p0,µ)) · (

∫ t

s

∂qx

∂µ dτ,−
∫ s

0

∂qp

∂µ dτ) ds =

= [p0 − ∂xF0(x(0), u)] ·
∫ t

0
(1 + ∂qx

∂µ ) ds+
+
∫ t

0
PN [Eγ̇(s) +∇H(s, γ(s))]|γ=g(xt,p0,µ+q(xt,p0,µ)) · (

∫ t

s
dτ,−

∫ s

0
dτ) ds,

∂xt
Ft(xt, p0, u, µ) = Dxt

St(xt, p0, u, µ + q(xt, p0, µ)) = ∂St

∂xt
+ DSt

Dφ
Dφ
Dη

Dq
Dxt

=
= [p0 − ∂xF0(x(0), u)] · (−1 +

∫ t

0

∂qx

∂xt
ds)+

−
∫ t

0
[(µp + qp)(s) + ∂H

∂x (s, γ(s))]
∣∣
γ=g(xt,p0,µ+q(xt,p0,µ))

] ds+

+
∫ t

0
QN [Eγ̇(s) +∇H(s, γ(s))]|γ=g(xt,p0,µ+q(xt,p0,µ)) · (

∫ t

s

∂qx

∂xt
dτ,−

∫ s

0

∂qp

∂xt
dτ) ds

+p0 +
∫ t

0
(µp + qp) ds =

= [p0 − ∂xF0(x(0), u)] · (−1 +
∫ t

0

∂qx

∂xt
ds)+

−
∫ t

0
PN [µp(s) + ∂H

∂x (s, γ(s))]
∣∣
γ=g(xt,p0,µ+q(xt,p0,µ))

] ds+

+p0 +
∫ t

0
(µp + qp) ds.

Finally, we have

∂xt
Ft(xt, p0, u, µ)|∂vFt=0 = p0 +

∫ t

0

(µp + qp) ds = p(t).
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Recalling that v = (p0, u, µ) and w = (p0, u, φ), notice that if

∂vFt(xt, v
∗) = 0 p(t) = ∂xt

Ft(xt, v
∗),

then
DwSt(xt, w

∗) = 0 p(t) = ∂xt
St(xt, w

∗),

where φ∗ = µ∗+q(xt, p
∗
0, µ

∗). Moreover, also the opposite implication holds true with
µ∗ = PNφ∗. Therefore, Ft is a global generating function for Λt.

Remark 2.7 In case Λ0 is the zero-section, then we can eliminate the p0-component
in the auxiliary coordinates, taking St = At (the Action Functional) and v′ = µ ∈
E′ = PNL2. This construction is very well known in literature (see [15], [1] and [4]).

3 Properties of generating functions via A-C-Z re-
duction

In this section, for us Λ0 will be the zero-section of T ∗Rn and the time t > 0 is fixed.
In fact, almost all the results hold true for any starting Lagrangian submanifold
Λ0 ⊂ T ∗Rn, generated by F0 (which is GQI or GWQI if necessary). Here, we prefer
to treat the case Λ0 = Rn × {0} ⊂ T ∗Rn in order to simplify notations. Moreover, in
many applications we can reduce to consider the zero-section as starting Lagrangian
submanifold: for instance, studying solutions of Hamilton-Jacobi equations, we can
apply a suitable canonical transformation (cf. [4]); also in intersection theory the
typical setting is given by Λ0 equal to the zero-section (cf. [13], [15] and [16]).

Emphasizing the dependence on H, by FH : Rn × PNL2 −→ R we denote the
generating function for Λt = Φt

H(Λ0) provided by the A-C-Z reduction where (cf.
Remark 2.7)

FH(xt, µ) =
∫ t

0

[p(s)ẋ(s)−H(γ(s))] ds

∣∣∣∣
γ(s)=g(xt;µ+qH(xt,µ))(s)

and qH = qH(xt, µ) is the corresponding fixed point map.
If the Hamiltonian H = H(x, p) is a quadratic form, then, by linearity of the

corresponding Hamiltonian system, it is straightforward to see that the mapping

(xt, µ) 7→ FH(xt, µ)

is a quadratic form. Now, we try to investigate the behavior of FH on the fibers
π−1(xt), π : Rn × Rk −→ Rn, starting from the case in which the Hamiltonians are
quadratic forms. First, we notice that the fixed point map turns out to be linear with
respect to µ.

Lemma 3.1 Assume that the Hamiltonian H(x, p) is a quadratic form. Then for
any fixed xt ∈ Rn the map

µ 7→ qH(xt, µ)

is linear.

9



Proof. We recall that the fix point map is characterized by the following property
(cf. (10)):

(16) qH(xt, µ) = QNE∇H

(
xt −

∫ t

s

(µx + qH
x (xt, µ))dτ,

∫ s

0

(µp + qH
p (xt, µ))dτ

)
,

where (qH
x , qH

p ) = qH and (µx, µp) = µ. By linearity of ∇H, equation (16) becomes

qH(xt, µ) = QNE∇H

(
−
∫ t

s

(µx + qH
x (xt, µ))dτ,

∫ s

0

(µp + qH
p (xt, µ))dτ

)
.

Thus, for any λ ∈ R, qH(xt, λµ) is the unique element that satisfies

(17) qH(xt, λµ) = QNE∇H

(
−
∫ t

s

(µx + qH
x (xt, λµ))dτ,

∫ s

0

(µp + qH
p (xt, λµ))dτ

)
.

Since λqH(xt, µ) satisfies (17), then qH(xt, λµ) = λqH(xt, µ).

The following lemma states that when H is a quadratic form, we can have an
estimate on the µ-derivatives of FH

Lemma 3.2 Assume that the Hamiltonian H(x, p) is a quadratic form. Then, there
exists a quadratic form Q = Q(xt, µ) (possibly degenerate) such that for any µ ∈
PNL2:

|∂µFH(xt, µ)− ∂µQ(xt, µ)| ≤ M |xt|
for some positive constant M .

Proof. Let us define the function

QH(xt, µ) :=
∫ t

0

[
(µx + qH

x (xt, µ))(s)
∫ s

0
(µp + qH

p (xt, µ))(τ) dτ+

−H
(
−
∫ t

s
(µx + qH

x (xt, µ))(τ) dτ,
∫ s

0
(µp + qH

p (xt, µ))(τ) dτ
)]

ds.

Notice that QH(µ) = AH

(
0, µ+qH(xt, µ)

)
where AH is the Action functional related

to H. By linearity of the fixed point map with respect to µ-variables: µ 7→ qH(xt, µ)
(see Lemma 3.1), we get that µ 7→ QH(xt, µ) is a quadratic form. For N ∈ N large
enough we have:

∂µFH(xt, µ)− ∂µQH(xt, µ) =
=
∫ t

0

[
PN (Eγ̇ +∇H(γ))

∣∣∣
γ=g(xt,µ+qH(xt,µ))

− PN (Eγ̇ +∇H(γ))
∣∣∣
γ=g(0,µ+qH(xt,µ))

]
ds.

Therefore, by linearity of ∇H, we obtain

||∂µFH(xt, µ)− ∂µQH(xt, µ)|| = ||
∫ t

0

PN∇H
(
xt, 0

)
ds|| ≤ t||∇H||0|xt|

where || · ||0 is the norm in the space of real matrices: if (aij) = A ∈ Mn×n(R),
||A||0 = max |aij |.
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Remark 3.3 If H = 0, by the proof of Lemma 3.2 we get ∂µFH(xt, µ) = ∂µQ(xt, µ).

Theorem 3.4 Consider two Hamiltonian functions H(x, p) and K(x, p) such that

i) ||∇H(x, p)−∇K(x, p)||∞ ≤ C,

ii) ||∇2H||∞, ||∇2K||∞ ≤ C
for some constant C > 0. Then there exists a positive real number M0 such that

||∂µ[FH(xt, µ)− FK(xt, µ)]||∞ ≤ M0.

Proof. Take N ∈ N suitably large such that (cf. Lemma 2.3)

(18)
Ct

2πN
(1 +

√
2N) < 1.

Let us denote by qH and by qK the fixed point map related to H and K, respectively.
By hypothesis i) and ii), we get

∂µFK(xt, µ)− ∂µFH(xt, µ) =
=
∫ t

0

[
PN (Eγ̇ +∇K(γ))

∣∣∣
γ=g(xt,µ+qK(xt,µ))

− PN (Eγ̇ +∇H(γ))
∣∣∣
γ=g(xt,µ+qH(xt,µ))

]
ds =

=
∫ t

0
PN

[
∇K(γ))

∣∣∣
γ=g(xt,µ+qK(xt,µ))

−∇H(γ))
∣∣∣
γ=g(xt,µ+qH(xt,µ))

]
ds =

=
∫ t

0
PN

[
∇K(γ))

∣∣∣
γ=g(xt,µ+qK(xt,µ))

−∇K(γ))
∣∣∣
γ=g(xt,µ+qH(xt,µ))

]
ds+

+
∫ t

0
PN

[
∇K(γ))

∣∣∣
γ=g(xt,µ+qH(xt,µ))

−∇H(γ))
∣∣∣
γ=g(xt,µ+qH(xt,µ))

]
ds ≤

≤ C
∫ t

0
|g(xt, µ + qK(xt, µ))− g(xt, µ + qH(xt, µ))| ds + Ct.

Thanks to Hölder inequality we obtain

(19)
∫ t

0
|g(xt, µ + qK(xt, µ))− g(xt, µ + qH(xt, µ))| ds ≤

≤
√

t||g(xt, µ + qK(xt, µ))− g(xt, µ + qH(xt, µ))||L2 .

Notice that
(20)
||qK(xt, µ)− qH(xt, µ)||L2 =

=
∣∣∣∣∣∣QNE

[
∇K(g(xt, µ + qK(xt, µ)))−∇H(g(xt, µ + qH(xt, µ)))

]∣∣∣∣∣∣
L2
≤

≤
∣∣∣∣∣∣QNE

[
∇K(g(xt, µ + qK(xt, µ)))−∇K(g(xt, µ + qH(xt, µ)))

]∣∣∣∣∣∣
L2

+

+
∣∣∣∣∣∣QNE

[
∇K(g(xt, µ + qH(xt, µ)))−∇H(g(xt, µ + qH(xt, µ)))

]∣∣∣∣∣∣
L2
≤

≤ C
∣∣∣∣g(xt, µ + qK(xt, µ))− g(xt, µ + qH(xt, µ))

∣∣∣∣
L2 + Ct.

Thus, by Lipschitz property of function η 7→ g(xt, µ + η) and by (20) we have

(21)

||g(xt, µ + qK(xt, µ))− g(xt, q
H(xt, µ))||L2 ≤

≤ t
2πN (1 +

√
2N)||qK(xt, µ)− qH(xt, µ)||L2 ≤

≤ Ct
2πN (1 +

√
2N)

(
||g(xt, µ + qK(xt, µ))− g(xt, q

H(xt, µ))||L2 + t
)
.
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So, by the choice of N (such that (18) holds true) and by (21), we get

||g(xt, µ + qK(xt, µ))− g(xt, q
H(xt, µ))||L2 ≤

Ct2(1 +
√

2N)
2πN − Ct(1 +

√
2N)

.

Hence, we conclude
|∂µFH(xt, µ)− ∂µFK(xt, µ)| ≤ M0

for some positive constant M0.

Remark 3.5 Under the hypothesis of the previous theorem, if FH is GWQI (resp.
GQI), then also FK is GWQI (resp. GQI).

The following corollary might be seen as a simple case (when Λ0 is equal to the
zero-section in T ∗Rn) of the well known Theorem of Sikorav-Chekanov (cf. for in-
stance [6] and [12]).

Corollary 3.6 Assume that K(x, p) is a compactly supported Hamiltonian function.
Then FK is GQI.

Proof. By Remark 3.5 with H = 0, we could immediately say that FH is GWQI.
But, notice that the quadratic form constructed in the proof of Lemma 3.2 (cf. also
Remark 3.3), namely

(22) QH(µ) =
∫ t

0

[
(µx + qH

x )(s)
∫ s

0

(µp + qH
p )(τ) dτ

]
ds

actually is non-degenerate. Therefore, FH (H = 0) turns out to be GQI and we
conclude by applying Theorem 3.4.

Remark 3.7 By Viterbo’s Uniqueness Theorem (see [17] and also [14]) the generat-
ing functions for Λt obtained by A-C-Z reduction and by broken geodesics method are
equivalent (in the sense of [14]).

We conclude with an approximation theorem.

Theorem 3.8 Consider the sequence of Hamiltonian functions Hn(x, p) and H(x, p)
such that

i) Hn(x, p) → H(x, p) uniformly,

ii) ∇Hn(x, p) → ∇H(x, p) uniformly,

iii) ||∇2Hn(x, p)||∞ ≤ C
for some positive constant C. Then, called Fn the generating functions of the La-
grangian submanifolds Λn associated to Hn, the limit

F := lim
n 7→+∞

Fn

generates Λ := limn Φt
Hn

(Λ0). Furthermore, Λ = limn Λn (in the Hausdorff distance
sense).

12



Before starting with the proof of the Theorem 3.8 we need some technical Lemmas.

Lemma 3.9 Under the hypothesis of Theorem 3.8, the fixed point map qn associated
to Hn uniformly converges (in L2) to a map q that satisfies:

q(xt, µ) = QE∇H(g(xt, µ + q(xt, µ))).

Proof. Fix (xt, µ) ∈ Rn × PNL2. For any ε > 0, take n, m > Nε such that
||∇Hn −∇Hm||∞ < ε and so:

||qn(xt, µ)− qm(xt, µ)||L2 =
=

∣∣∣∣∣∣QNE
[
∇Hn(g(xt, µ + qn(xt, µ)))−∇Hm(g(xt, µ + qm(xt, µ)))

]∣∣∣∣∣∣
L2

≤

≤
∣∣∣∣∣∣QNE

[
∇Hn(g(xt, µ + qn(xt, µ)))−∇Hn(g(xt, µ + qm(xt, µ)))

]∣∣∣∣∣∣
L2

+

+
∣∣∣∣∣∣QNE

[
∇Hn(g(xt, µ + qm(xt, µ)))−∇Hm(g(xt, µ + qm(xt, µ)))

]∣∣∣∣∣∣
L2

≤
≤ C||g(xt, µ + qn(xt, µ))− g(xt, µ + qm(xt, µ))||L2 + εt ≤
≤ Ct

2πN (1 +
√

2N)||qn(xt, µ)− qm(xt, µ)||L2 + εt.

Since N is such that Ct
2πN (1 +

√
2N) < 1, therefore

||qn(xt, µ)− qm(xt, µ)||L2 ≤ εt

1− Ct
2πN (1 +

√
2N)

,

which implies that qn is a Cauchy sequence.

Let us fix xt ∈ Rn and µ ∈ PNL2; for any n ∈ N we set γn(·) := g(xt, µ +
qn(xt, µ))(·).

Lemma 3.10 Assume that the hypothesis of Theorem 3.8 are satisfied. Then, we
have

i) γn converges to γ = g(xt, µ + q(xt, µ)) (in the sup-norm) uniformly in xt and µ

ii) Hn(γn) converges to H(γ) (in the sup-norm).

Proof. i) For any ε > 0 there exists Nε such that if n ≥ Nε then ||qn − q||L2 ≤ ε.
Thus, we have

||γn(·)− γ(·)||∞ =
= ||

( ∫ t

· (qn
x − qx) dτ,

∫ ·
0
(qn

p − qp) dτ
)
||∞ =

= ||t(
∑

|k|>N
ek(·)
i2πk ηk −

∑
|k|>N

1
i2πkηk)||∞,

where η := qn − q and ηk := qn
k − qk.

But, on one hand we have

||
∑
|k|>N

1
i2πk

ηk||∞ ≤ |〈(ηk), (
1

i2πk
)〉`2 | ≤ ||(ηk)||`2 ||(

1
i2πk

)||`2 ≤ C1||η||L2

13



for some constant C1 > 0, and, on the other hand, we get

||
∑
|k|>N

ek(·)
i2πk

ηk||∞ ≤ ||〈(ηk), (
ek(·)
i2πk

)〉`2 ||∞ ≤ C1||η||L2 .

Therefore, we obtain

||γn(·)− γ(·)||∞ ≤ 2C1||η||L2 ≤ 2C1ε.

ii) Notice that for n large enough we have ||Hn(·)−H(·)||∞ ≤ ε and, by i), both γn

and γ are contained in a ball of radius R, BR, for some R > 0 and ||γn(·)−γ(·)||∞ ≤ ε.
Therefore, we get

||Hn(γn)−H(γ)||∞ ≤ ||Hn(γn)−H(γn)||∞ + ||H(γn)−H(γ)||∞ ≤
≤ ε + sup(x,p)∈BR

|∇H(x, p)|||γn(·)− γ(·)||∞ ≤ (sup(x,p)∈BR
|∇H(x, p)|+ 1)ε.

Lemma 3.11 Assume that the hypothesis of Theorem 3.8 are satisfied. Then, the
limit limn 7→+∞ Fn exists and we have

(23) lim
n 7→+∞

Fn(xt, µ) = F (xt, µ)

where F (xt, µ) =
∫ t

0
[p(s)ẋ(s)−H(γ(s))] ds

∣∣∣
γ(s)=g(xt;µ+q(xt,µ))(s)

.

Proof. Let us take n ≥ Nε such that ||qn − q|| < ε, ||γn − γ|| < ε and ||Hn(γn)−
H(γ)|| < ε. For any (xt, µ) ∈ Rn × PNL2 we have

(24)
Fn(xt, µ)− F (xt, µ) =

=
∫ t

0

[
p(s)ẋ(s)|γn

− p(s)ẋ(s)|γ
]

ds +
∫ t

0
[H(γ(s))−Hn(γn(s))] ds

where γn = g(xt;µ + qn(xt, µ)) and γ = g(xt;µ + q(xt, µ)). Thanks to Lemma 3.10,
the last term in (24) is bounded from above by tε. On the other hand, we get

(25)∫ t

0

[
p(s)ẋ(s)|γn(s) − p(s)ẋ(s)|γ(s)

]
ds =

=
∫ t

0

[
(µx(s) + qn

x(s))
∫ s

0
(µp(τ) + qn

p (τ)) dτ − (µx(s) + qx(s))
∫ s

0
(µp(τ) + qp(τ)) dτ

]
ds =

=
∫ t

0

[
µx(s)

∫ s

0
(qn

p (τ)− qp(τ)) dτ + (qn
x(s)− qx(s))

∫ s

0
µp(τ) dτ+

+qn
x(s)

∫ s

0
qn

p (τ) dτ − µx(s)
∫ s

0
qp(τ) dτ

]
ds.

We have:

∫ t

0

[
µx(s)

∫ s

0

(qn
p (τ)− qp(τ)) dτ

]
ds ≤

√
t||qn

p − qp||L2 ||µx||L1 ≤ tε||µx||L2 ;
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∫ t

0

[
(qn

x(s)−qx(s))
∫ s

0

µp(τ) dτ
]

ds ≤ ||qn
x−qx||L2 ||

∫ s

0

µp(τ) dτ ||L2 ≤ ε||
∫ s

0

µp(τ) dτ ||L2 ;

∫ t

0

[
qn

x(s)
∫ s

0
qn

p (τ) dτ − µx(s)
∫ s

0
qp(τ) dτ

]
ds =

=
∫ t

0

[
(qn

x(s)− qx(s))
∫ s

0
(qn

p (τ)− qp(τ)) dτ
]

ds +
∫ t

0

[
(qn

x(s)− qx(s))
∫ s

0
qp(τ) dτ

]
ds+

+
∫ t

0

[
qx(s)

∫ s

0
(qn

p (τ)− qp(τ)) dτ
]

ds ≤
≤ t||qn

x − qx||L2 ||qn
p − qp||L2 + ||qn

x − qx||L2 ||
∫ s

0
qp(τ) dτ ||L2 + t||qn

p − qp||L2 ||qx||L2 ≤
≤ tε2 + ε||

∫ s

0
qp(τ) dτ ||L2 + tε||qx||L2 .

Thus, we obtain

|Fn(xt, µ)−F (xt, µ)| ≤ tε||µx||L2+ε||
∫ s

0

µp(τ) dτ ||L2+tε2+ε||
∫ s

0

qp(τ) dτ ||L2+tε||qx||L2 .

Proof of Theorem 3.8.
First, we notice that Λn converges in the Hausdorff distance to Λ = limn Φt

Hn
(Λ0).

This is due to the following fact: if by s 7→ Φs
n(x0, p0) we denote the flow such that

(26)
{

d
dsΦs

n(x0, p0) = E∇Hn(Φs
n(x0, p0))

Φ0
n(x0, p0) = (x0, p0)

then for any starting point (x0, p0) ∈ Λ0, Φt
n(x0, p0) is a Cauchy sequence. Indeed,

for any ε > 0 there exist Nε such that for all n, m > Nε, we get

(27)

|Φt
n(x0, p0)− Φt

m(x0, p0)| ≤
≤

∫ t

0
|E∇Hn(Φs

n(x0, p0))− E∇Hm(Φs
n(x0, p0))| ds ≤

≤
∫ t

0
|E∇Hn(Φs

n(x0, p0))− E∇Hm(Φs
n(x0, p0))| ds ≤ +

+
∫ t

0
|E∇Hm(Φs

n(x0, p0))− E∇Hm(Φs
n(x0, p0))| ds ≤

≤ ε + C
∫ t

0
|Φs

n(x0, p0)− Φs
m(x0, p0)| ds.

Applying Gronwall Lemma, we have:

|Φt
n(x0, p0)− Φt

m(x0, p0)| ≤ εt(
CteCt

2
+ 1).

Recall that

∂µFn(xt, µ) =
∂Sn

∂φ

(
∂φ

∂µ
+

∂φ

∂η

∂qn

∂µ

)
, ∂xt

Fn(xt, µ) =
∂Sn

∂xt
+

∂St

∂φ

∂φ

∂η

∂qn

∂xt

where Sn is the functional defined in (5) with F0 = 0 (see Remark 2.7).
Moreover, we recall that (see for instance [3])
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(28)

(
∂qn

∂xt
∂qn

∂µ

)
=
(

I− ∂G
∂η

)−1
 QNE∇2Hn

(
g(xt, µ + qn(xt, µ))

)
∂g
∂xt

QNE∇2Hn

(
g(xt, µ + qn(xt, µ))

)
∂g
∂φ

∂φ
∂µ

 .

Since ||∇2Hn||∞ ≤ C and since the operator
(
I− ∂G

∂η

)−1

is bounded (due to the

fact that G is a contraction map, cf. [1] or [3]), then the terms ∂qn

∂xt
and ∂qn

∂µ are

uniformly bounded. Therefore, the terms ∂Sn

∂φ
∂φ
∂η

∂qn

∂µ and ∂St

∂φ
∂φ
∂η

∂qn

∂xt
not only vanish

but also tend to zero as n goes to ∞.
So, we have

(29)

|∂xt
Fn(xt, µ)− ∂xt

F (xt, µ)| =
=
∣∣∣∫ t

0

[
PN (Eγ̇n +∇Hn(γn))− PN (Eγ̇ +∇H(γ))

]
ds
∣∣∣ =

=
∣∣∣∫ t

0
PN

[
∇H(γ)−∇Hn(γn)

]
ds
∣∣∣ .

and, by Lemmas (3.9)-(3.10), it is straightforward to see that

lim
n 7→+∞

∂xt
Fn(xt, µ) = ∂xt

F (xt, µ).

Similarly, we get
lim

n 7→+∞
∂µFn(xt, µ) = ∂µF (xt, µ)

and, so, finally

Λ =
{

(xt, pt) ∈ T ∗Rn : pt =
∂F

∂xt
(xt, µ

∗),
∂F

∂µ
(xt, µ

∗) = 0 ∃ µ∗ ∈ PNL2

}
.
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