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Abstract

New integral representations for form factors in the two parametric S'S model are pro-
posed. Some form factors in the parafermionic sine-Gordon model and in an integrable
perturbation of SU(2) coset conformal field theories are straightforwardly obtained by dif-
ferent quantum group restrictions. Numerical checks on the value of the central charge are
performed.
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1 Introduction

Form factors with n particles of an operator are the matrix elements of this operator between the
vacuum and a n particles state. They are non pertubative objects that can be constructed, up to
a normalization, as solution of "bootstrap” equations [1-3], once the exact scattering matrix is
known. Besides being solutions of a nice mathematical problem, the form factors are useful tools
to determine the long distance expansion of correlation functions by inserting a complete set
of asymptotic states. It is often enough to approximate (with a good accuracy) the correlation
functions of local operators with the contribution of the form factor with the smallest number
of particles, due to the fast convergence of the spectral series 2.

In this paper, we construct form factors in a two parametric family of massive integrable
quantum field theories known as the S'S model, whose action can be found in [4], and which can
be written in terms of three boson fields ¢;, ¢ = 1,2,3 with an exponential interaction. We will
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2Tt is usually believed that the spectral series converges for local operators, but this has not been proven so
far.
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restrict ourselves to the unitary regime of this theory [4], where the model has a U(1) x U(1)
symmetry described by two conserved topological charges:

Qi:%(QliQQ)a Qi:/dﬂﬁlj?, i=1,2,

where j? 1 are the components of the U (1) current. Both classically and in the quantum case,
the charges (eigenvalues of the charges) satisfy the conditions:

Q1,Q2 €Z, Q1+ Q2 € 2Z.

The U(1) x U(1) symmetry can be extended up to the symmetry generated by two quantum
affine algebras Uy, (sly) ® Uy, (slz). The name of the SS model is unfortunately justified by
the expression of its two-particles S-matrix -first considered in [5]- in terms of two sine-Gordon
S9G _matrices with different coupling constants 31, fa:

S(bh2) = —5510(612) ® SEQG(GM)’

where p; = %, P2 = % [6], and 612 = 61 —05 is the rapidity difference. The unitary regime
is characterized by the following conditions on the parameters: p1,ps > 0 and p1 + p2 > 2. We
will need to introduce the negative parameter ps such that p; + p2 + p3 = 2, and the parameters
i, i =1,2,3, defined by p; = 2a? [4].
The SS model includes, as particular cases, the N=2 supersymmetric sine-Gordon model, whose
S-matrix has the form [7]:

S(012) = =85 (012) ® 552(;(912)7

as well as the O(4) non linear sigma model (Principal chiral field model [8,9]), which possesses
SU(2) x SU(2) symmetry; its S-matrix reads [6]
S(612) = =S58 (012) @ S5¢(012),

oo

which is nothing but the tensor product of two S-matrices of the SU(2) invariant Thirring
model. It also contains the anisotropic chiral field [10], which has the U(1) x SU(2) symmetry;
its S-matrix is

5(612) = _SSIG(QH) & SEOG(QH).

The S'S model also includes other known integrable QFTs, like the O(3) non linear sigma model,
the sausage model [11] and the cosine-cosine model [12]. Let us note in passing that the ground
state energy of the model in finite volume was determined in [4] by TBA method, and the finite
size effects for the SS model were recently studied in [13].

In order to construct the form factors in this theory, we give in the first section a summary
of the method used in [14,15] to construct form factors in the sine-Gordon model, and recall
how to perform RSOS restriction [16] directly on sine-Gordon form factors [17]. In the second
section, we propose a generic formula inspired from the SG model for form factors containing
an even number of particles in the SS model; in particular we write down the form factors
of the trace of the energy momentum tensor, first obtained in [5], and of some of the expo-
nential fields (this problem was also recently considered in [18], with different methods). Two
particles form factors of these operators can be expressed in terms of two particles form fac-
tors in the SG model. Then we do two different kinds of RSOS restrictions, namely [19] to



the parafermionic sine-Gordon model (this model includes, amongst others, the N=1 and the
restricted N=2 supersymmetric sine-Gordon models), and to the integrable perturbed coset
CFT [20] su(2)p,—2 ® su(2)py—2/5U(2)p, +ps—4a. A common limit of these QFT’s is the Polyakov-
Wiegmann model [8]. We propose expressions for form factors of the trace operator (they were
first considered in [5]). In particular, we check our expressions for the two particles form factor
of the trace of the energy momentum tensor by making a numerical estimation of the central
charge and compare it with the exact result.

2 Form factors in the sine-Gordon model and RSOS restriction

In this section we recapitulate known results on form factors in the SG model in the repulsive
regime. They will be useful in the next section for the construction of the form factors in the
S'S model.

The Sine-Gordon model alias the massive Thirring model is defined by the Lagrangians:

£50 = S0 + G5lcosBip— 1), (1)

) 1 -
LM = (g0 = M)y — Sg(Pr9)*,

respectively. The fermi field ¢ correspond to the soliton and antisoliton and the bose field ¢ to
the lowest breather which is the lowest soliton antisoliton bound state. The relation between
the coupling constants was found in [21] within the framework of perturbation theory:

3 ™

8r— (2  w+2¢

p

The two soliton sine-Gordon S-matrix contains the following scattering amplitudes: the two-
soliton amplitude a, (@), the forward and backward soliton anti-soliton amplitudes b,(6) and

cp(0):
~ sinhf/p ~ sinhin/p
by(0) = m%(@)a op(0) = m%(a),

> dt sinh 2(1 — p)t sinh £
ap(0) = exp — P .
o t cosh 5 sinh 5pt

This S-matrix satisfies the Yang-Baxter equation as well as the unitarity condition:

SG SG
Sp (H)Sp (_9) =1,
which can be rewritten for the amplitudes as:
ap(0)ap(—0) =1,  bp(0)bp(—0) + cp(0)cp(—0) = 1.
The crossing symmetry condition reads for the amplitudes:

ap(im — 0) = b,y(0), cp(im —0) = cp(6).



The form factors f (61, - ,6a,) of alocal operator? in the SG model are covector valued functions
that satisfy a system of equations [3], which consist of a Riemann-Hilbert problem:

f(ela o ,9i59i+15 e ,92n)SpSG(91 - 9i+1) — f(al?' o ,9i+1,9i5 e ,9211)7
(01, 021,00, + 2im) = f(02n,01, - ,020-1),

and a residue equation at 61 = 0y, + i7 :

2n—1

resf(ﬂl, e 592n) = -2 f(92a e )92n*1) <1 - H SPSG(HZ - 9211)) €0, €0 = S1 & §2n + 51 & Son,
=2

where s (or +) corresponds to the solitonic state (highest weight state), and § (or -) to the
antisolitonic state. Form factors containing an arbitrary number of particles for the energy
momentum tensor, the topological current and the semi-local operator 15956 were first con-
structed in [3] by Smirnov; form factors of non local exponential fields e**#s¢ were constructed
in [22] by Lukyanov, using free field representation techniques that provide integral representa-
tions different from those of [3]. Below, we make the choice to present the posterior construction
presented in [14,15] by Babujian and Karowski et. al.

We first introduce the minimal form factor f,(012) of the SG model: it satisfies the relation

fp(0) = = fp(=0)ay(0) = fp(2im —0),

and reads explicitly

0 i 0 % ¢ sinh1(1—p)t 1—cosht(l— L)
0) = —isinh — ™" (@) = —isinh — _ 2 in/
Jo(0) e 2fp ©) ¢ 2 exp/o t sinh %pt cosh %t 2sinht

1,1 .
Its asymptotic behaviour when 6§ — +o0 is given by f,(0) ~ C, ei3(5+1)(9727r), with the constant

o) inh (1 = p)t —
szlexpl/ @< sinh (1 —p) 1 p). (2)
0

2 2 t \ sinh % pt cosh %t sinht  pt

It is proposed in [14] that form factors in SG can be generically written*:

f(601,04,...,0,) :Nanp(aij)/ dul.../ Aty hy (60, 0)py (0, u) TP (6, ), (3)

i<j Co Co

where we introduced the scalar function (completely determined by the S-matrix)

2n m
hp(avu) = HH¢p(92 _uj) H TP(U’T’ - us),
i=1j5=1 1<r<s<m
with ) )
2 R T G e

3We shall consider in the following form factors with an even number of particles only.
4This representation holds whether operators are local or not, topologically neutral or not.



UP(h,u) is the Bethe ansatz state covector: we first define the monodromy matrix 7}, as

A(Gl,...,en,u) B(Gl,...,ﬂn,u) o oSG SG
(C(el,...,an,u) D(Or o) ) = ToOr o) = S5 (01— ) ST (0 — w),

the definition of the Bethe ansatz covector is given by
VPO, u) = Q. 5 CO1,...,00,u1)...C(01,...,00, un),
where 1., is the pseudo vacuum consisting only of solitons
Nopn=5R-®s.

The number of integration variables m is related to the topological charge @ (Q € Z) of the
operator considered and the number n of particles through the relation Q = n — 2m. For
example, for n =2 and @ =0,

\pr(el, 0, u) = \I’ﬁ__(al, 0, u)+\lfli+(91, 0o, u) = b(91—u)c(92—u)51®§2+c(91 —u)a(92—u)§1®52.
The function p, (6, u) is the only ingredient in formula [B) which depends on the operator con-

sidered. If the operator is chargeless, the form factors contain an even number of particles, and

if in addition the operator is local, then the p-function satisfies the conditions®:

1. pon(6,u) is a polynomial in e*i, (j = 1,...,n) and po,(0,u) = pan(...,0; — 2i7,..., u)

2. pan(bh = Oon+im, ... O3 u1 .. up = b2,) = pon—2(f2.. . Oop_15u1 ... Un—1)+P (2. .. 02,—1),
pgn(91 = Ogp+im, ... 0o U1 ... Uy = 92n:|:’L'7T) = p2n72(92 coiOop_1iuq ... un,1)+]§2i(92 - 92n,1),
where pl? (03...05,_1) are independent of the integration variables.

3. pan(6,u) is symmetric with respect to the #’s and the u’s.
4. pon (0 +InA,ju+1InA) = A® p9, (0, u) where s is the Lorentz spin of the operator.

Finally, the integration contours Cy consist of several pieces for all integration variables u; : a
line from —oo to co avoiding all poles such that Im6; — m — e < Imu; < Imf; — 7, and clockwise
oriented circles around the poles (of the ¢(6; —u;)) at 0; = u;, (j=1,...,m).

Trace of the energy momentum tensor. The trace operator is a spinless and chargeless local
operator. Its p-function is [15]:

n 2n n

poc(6,u) Z —0 euﬂ Z N et | (4)
=1 j=1
The residue equation gives the following relation for the normalization N (see [14]):

. . -1
( mzn(o))2 1 ( mzn(o))Q n

5We consider here only the case where the operator is of bosonic type and the particles are of fermionic type.
If both are fermionic, there is an extra statistic factor to be taken into account, see [15].



The two particles form factor can be computed explicitly:

2t N cosh 912

o > o
O10) = 02 ¢ (f
fsa(012) cl Il 12)sinh %(m o) (51 ® 52 + 51 ® s2),

in agreement with the result first obtained by diagonalization of the S°C-matrix in [1]. The
normalization for two particles is chosen to be NZe = %iM QC;l (M being the mass of the soliton),
in order to have:

fSe (01 +im,01) = 2nM? (51 ® 53 + 51 @ s9),

Ezxponential fields. The p-function of the spinless, chargeless, non local, exponential field elarsc(z)

in the SG model is not written in [15], though it is a minor extension of the results contained
in this paper. It reads

E (9 ’LL) iTa — ad;, * (5)

The conditions 1. and 2. are modified into:

a

L pSa(B,u)=e

217ra a

pSG( ,0; — 2im, ... u),

a —2ira &
2. ng(Hl =gy +im,...00;u1 ... up =09,) =¢ P pg (O...00_1;u1 ... U—1),
ng(Hl =0y, +im, ... 005U ... Uy = Oop —|—’L7T) EG(HQ ng,l;ul...un,l),
a —417ra a
ng(Hl = 0oy +im, ... 00 u1 ... Uy :ezn—iﬂ') e g ((92 92n_1;ul...un_1).

The form factors of exponential fields were first constructed in [22] with a different representation.
For a = %B, with k& € Z, the form factors can be computed explicitly, and their expression can

be found in [22]; In particular, the form factors of the semi-local operator eF153956(®) were first

obtained in [3]; their expression with two particles is:

+3 in +7-012 T
012) = f,(0 e * s1Q08t+e’ 588
fsé (012) = fo 12)(3;4) sinh (im — 612) ( T o

An important remark to be made is that there exists an alternative p®-function to eq. (@) for
the trace of the energy momentum tensor. Indeed, if one remembers that in the SG model the
trace O is identified as the term in the action cos Bpgq, up to inessential coefficients, then one
can rewrite its p-function in a suggestive form as a sum of p-functions for exponential fields with
a=pand a = -0, i.e.:

pSa(0,1) = pya(8,u) + pgs(8,u). (6)

Indeed, using the expression

27 cotanZP Cosh 912 in—01o Fim=01p
+1 0 _ 2] 2 t— 2
12) = 12 - e Pos1®@F+el 5 ® sy )

5We will not need the normalization factor of the exponential fields in the SG model. They can be found
in [23].




we find
012

D) _ _
RS2+ 51 ,
sinh %(Z’TF — 612) (5185 +51 @ 52)

21 NO cotan 22 cosh
#pr(eu)
P

£§6(012) =

. SO . Y iM2C)
where the new normalization constant NS is given this time by the formula N = M tan 7.

Let us note that the vacuum expectation value of the trace was obtained in [24] thanks to the
thermodynamic Bethe ansatz, and is equal to < © >= —7wM? tan Z°; the following relation then

holds: .

Ny =—<0>-Z,
pm

RSOS restriction [16]. The RSOS restriction describes the ®; 3-perturbations of minimal mod-
els of CFT [25] for rational values of p. When p is an integer, we deal with ®; 3-perturbations
of minimal models M, with central charge ¢ = 1 —
SRSOS

ﬁ. In particular, we remind that
—1 is the Ising S-matrix. Form factors in the model M, can be directly obtained
from those of the SG model, as explained in [17]. For the trace operator, the RSOS procedure

consists of "taking the half’ of the p-function” (@), such that its p-function reads:

Prsos(0,u) Z Z o,

then we should modify the Bethe ansatz state:

1
\Iﬂejleg €on — =e? i il Z\Iﬂe)leg €20 € = ia Zei =0. (7)
The two particles form factor of the trace operator reads explicitly:

cosh 912

sinh 5(171‘ — 612)

2t NO

[Rsos(612) = =57 fo(012) (581 @5+ 5 @ s) (8)
p

and the normalization for two particles is chosen to be N = %z’M 20;}, in order to have:
f}%os(al +im,01) = 27TM2(65 S1® 82+ € 2 5 ® sg).

The knowledge of the form factors of the trace of the stress energy tensor allows to estimate the
variation of the central charge by means of the so-called ”c-theorem” sum rule [26,27]:

3 oo
v = 5/ dr r3 < ©(r)e(0) > . (9)
0
Since in the massive case any correlation function can be represented by its spectral expansion
< O(x)0(0) >= (10)
e do .. 2 —MrY " | coshb;
I B e I

"The rationale behind this is explained in [17].



2)

‘ ‘ Cnum ‘ Cexact
3 0.5 0.5
3.12 | 0.5331 | 0.533234
4 0.6988 0.7
) 0.7972 0.8
10 | 0.9373 | 0.9454...
20 | 0.9744 | 0.9857...
100 | 0.9864 | 0.9994...

Table 1: Minimal models M,

the computation of ¢ turns out to be a non trivial check for the form factor f}?SO 5(012) in equation
). In Table 1 above are presented the numerical results with two particles contribution for the
central charge in the M), model versus the theoretical result. As one may observe with the case
p = 3.12, the parameter p can be taken continuous, as the observables depend continuously on
it 8.

More generally [17], one can obtain the form factors of the primaries ®; ;, using the identification

; (k—1) . - .

Dy ~e' 2 Besa(@) and then ’twisting’ the Bethe ansatz state like in [@. In the two particle
case, the form factors can be computed explicitly.

3 Form factors in the 5SS model and its RSOS restrictions

This program (for p1,ps > 1) was initiated for this model first by Smirnov [5] for form factors of
the energy momentum tensor and the U(1) x U(1) current, then continued recently by Fateev
and Lashkevich [18], who proposed expressions for the form factors of the exponential fields
using the method of [22].

The form-factors F(61,--- ,602,) of a local operator in the SS model satisfy the system of equa-
tions [5]:

F(01,--,0i,0i41, - ,02,)S(0; —bi11) = F (01, ,0i41,6i,- -+ ,62,),
1?(017"' 792n—1702n +'2iﬂ) ::'_1?(92n7917"' 792n—1)7 (11)

and the residue equation at 61 = 6y, + im:

2n—1
resF' (61, -+ ,02,) = =21 (0, ,02n-1) <1 - H Spy (0 — 020) Spy (0; — 92n)> e,  (12)
i=2

ep = (51 ® 52 + 51 ® 52) ® (51 ® 52 + 51 ® s2).
The minimal form factor satisfies: fq5(0) = — fos(—0)ap, (0)ap,(0) = fss(2im — 6), and reads [5]:

cos 42

Fss(012) = —F fp, (012) fo (012). (13)
Sin 2

8We refer the reader to the Fig.5 of [28] for similar numerical tests on the central charge (the parameter p is
taken continuous); in this article, the author constructed form factors with two kinks only, starting directly with
the definition of the RSOS matrix. It is trivial to see that our correlation function < ©© > with two particles
coincides with the one of [28].



It has no poles and no zeros in the physical strip 0 < Im 812 < 7 and at most a simple zero at
012 = 0.
We make the following ansatz for the form factors in the SS model®:

F(6y,...,0,) =
N, Hfss ij / dul.../ dug hpl(H,u)\prl(H,u)/ dvl.../ dvg hy, (6,0)UP2(0, v)
i< Co Co Co Co
% M (0,4, 0) pn(0, 0, v). (14)

A few comments about our ansatz are in order:

e in the equation ([[Z), the residue at the pole located at 61 = 0a, +i7 is simple. As explained
in [5], the introduction of the cosine term in the minimal form factor (I3]) gives a zero at
01 = 09, + im, and consequently we should look for the residue at a second order pole of
the integral representation proposed in equation (Bl).

e the properties for the p-function of a local operator are similar to those of the SG model
presented in the previous section, though with a small modification at 61 = 0o, + im:

Pon (01 ... 02, u1 .. Uy, U1 . V) = —Pop—2(02 .. o1, U1 o U1,V U 1)
+p (... 00n1) atu, =v, = boy,

Pon (01 ... 02, u1 .. Uy, V1 .. V) = Pop—2(02 ... Oop_1, U1 .. Up—1,01 ... Vp1)
+ P2 4(02.. . 020-1)  ab up = Oop £ im, v, = Oy + i

e clearly [5], the simple tensor product of the form factors of the SG model is not a solution
as it spoils the residue equation. At 6; = 6, + i, each of the 2n integration contours
get pinched at w,, = 0,6, £ im and v, = 03,02, £ ir (the choice for the integration
variables u,, and v,, is arbitrary because of symmetry). For this reason we introduced the
function Moy, (6, u,v) which must have the properties at 61 = g, + in:

- M2n(01 . e an,ul oo Up,U1 .. Un) = Mgn_g((gg e an_l,ul e Up—1,V1 .. Un—l)
when u,, = v,, = 03, or u,, = 09, = i7 and v,, = Oy,, L iT.

— Mop(0y...00n,u1 ... up,v1...v,) = 0 when u,, = 03, and v,, = 03, £ i, or when
n — 0271 and Up = Hgnﬂ:iﬂ'.

We introduce the set S = (1,...,2n) as wellas T C S and T = S\T. A new result of this article
is the following expressmn10
i, 2 0wy
4 Hk,lET COs™ 5~
Mo (0,u,v) = A
n\V, W, ZZn e —0; ZQn 0, TCZS HieT 51112 09;”
#T=n_1 keT
ieT, COS 5" ieT, COS “t5—F
H 6; 2u H 9; > —v
r=1,...,n r=1,...,n
X = o - (15)

H1§r<s§n cos H1<r<s<n cos 21

9The numbers s and ¢ of integration variables u and v are related to the topological charges Q1 and Q- as well
as to the number of particles n through the formula Q1 = n — 2s and Q2 = n — 2t.
10The notation ’'#’ stands for number of elements’.




For two particles, this function is equal to Ms(601, 02, u,v) = 1.
The function above is not the only one to have the required properties, but we conjecture that
this is the one we need.

Trace of the stress energy tensor. We propose the following p-function:

1 1 1 1
P9, (0, u,0) = p2a(0,u) ® (pggw,v) +p55<e,v>> T (pggw,u) +p55<e,u>) ® p24 (60, v),

with the recursion relation for the normalization constant:

N2®n = —ZN2®nf2 P1 871'7’1:; .

The ng—function is given indifferently by eq. @) or eq. (). In the two particles case, the
form factor boils down to the sum of products of two form factors of the SG model, and reads
explicitly:

247 M2 Gy 43 5y 43
FO(6,.0,) = i 012 (01) ((31®32+31®32)®(31®32+31®32)>. (16)

cosh 22 f . (5195
pP1p2 2 7% sinh 2%1(171 — 612) sinh 2%2(277 —612)

It is not difficult to check that this expression satisfies equations ([[1l); this result agrees with [5].

S} © (Cﬂl Cpy )4M °
The constant A5 was chosen equal to Ny = R —

FO (0, +im, 0,) = 2nM? ey, where M is the mass of the fundamental particles.
For p1 = po = 1, p3 = 0, we have two sine-Gordon models at the free fermion point; the

, such that the following relation holds:

expression of equation ([[6]) becomes as expected:
e 2 . 12
F®(01,02) = =27 M sth €.

A few numerical checks on the value of the central charge at the level of two particles con-
tributions can be found in Table 2. Compared with the results of Table 1, one sees that the
accuracy is rather poor. We have so far no compelling explanation for this phenomenon. It
worth mentioning that in [29], it was already noticed that the two-particle approximation to the
correlation function does not always give accurate results for the numerical estimation of the
central charge, in contradiction with the common belief.

(£l 4 92
Exponential fields. We introduce a non locality factor HrEarEay)

the S-matrices in the residue equation. We propose the p-function:

in front of the product of

ai ag al a2

a2 41 a2 _
2

Pan(0,1,0) = pek(8,u) ® peZ > (6,v) + peL(6,u) @ psd

aj 1 a2 aj 1 az

ar oo a o
+pgl “(0,u) @ pgz(0,v) + pgs “(0,u) ® pgZ(0,v).

%(9,2;) (17)

One notices that the following sum of two particle form factors:

FE (00,0) + F7 27 (00,00) + P (01,02) + FF 7 (01,62)

10



(2)

‘ D1 ‘ Cnum ‘Cexact ‘

pp=1 ] 1 2 2
2 119848 | 3
pp=2 | 2 | 21586 | 3
3 | 2.196
52 | 2.213
15 | 2.217
150 | 2.217
p=3 | 3 | 2255 | 3
10 | 2.29
pp=52| 53| 23 3
=10 | 10 | 2.35 3
pa=15 | 15 | 2.36 3

Table 2: S5 model

has for p-function!!

=
|

1 _ 1 _ B
(PSa + Psi) ® (P2 + psd) + (P2 +Psl) © (PSa + Psiy)-

Then, using the expression (@), we find

F®(6,,0,) = (18)
2im2 N§ 0 52+ 5 50+ 5
(CpiCpy) 2 2 2 sinh g (im — 612) sinh 5 (im — 612)

This exactly reproduces the expression for the trace operator eq. ([H) above, with the new
normalization constant

NO M?(Cp, Cp,)* sin T sin 722 (Cp1cpz)4.

2 - =
T P1P2 sin W—(pl—gm) T

The value for the vacuum energy

sin T2% gin P2
<O >= —WMQ%, (19)
sin -2 P2
was first obtained by Bethe ansatz in [4].
From the computation made above, one may conclude that the exponential fields O, , L a3 =
b b 2

el2arp1+2a202%0393) are associated to the p-function (X)), as the expression of the trace operator
is [4]:

© ~ €33 cos(anp1 + aapa) + €W cos(anpr — o).

"We used the fact (in particular here for two particles) that the form factors in the SG model with the p-function
p2 -which corresponds to the identity operator- are equal to 0.

11



Let us consider the case pj = po = 1 and p3 = 0, where we have two SG models at the
free fermion point. Using the results of [22], the expression for form factors associated to this
p-function gives the expected result:

012
COS 57 1

FO2_(0),05) =

in 012 2 012
sin 52 cos® 5

6(\/5(@1-‘:-@2)-1-%)921 sin \/57‘(((11 +ag) — e(ﬂ(a1+02)_%)921 sin \/57‘(((11 + ag)

27 .
= 5 sin V27 (a1 + as) eV2(artaz)fr
cos 22
21

For more than two particles, there should be some significant simplifications in our general
formula.

Fateev and Lashkevich constructed in [18] with a very different method the form factors for the
most general exponential fields of the type e2i1#1+2ia2pa+i(2a3as)es  which supposes that we
introduce in the p-function a dependence with respect to an extra parameter ag, that does not
affect the non locality factor. For the time being, I do not see how to do this for ag arbitrary.
The first proposal that one could imagine for the exponential fields ezi(““"ﬁ”mi%aw?’), where
k is an odd integer, is the following p-function:

ay ag |k ay a2 _k
2

Pon(0,u,0) = peb(8,u) @ e~ (6,0) + pes(6,u) @ p% * (6,0)

a1 , k a2 aj k a2

a2 a2 a a2
+pSé‘ 2(0,11,) ®psé(07v) +psé' 2((9,’&) ®psé(9,v) (20)

However if one considers the free fermion point, one does not recover the expected result (unless
k = 1), so this proposal should be rejected.

It is unclear to me what the form factors of exponential fields are for ag # +2a3. The results
of [18] indicate it should be possible to construct them, but I am not capable of making any
comparisons with the results of this paper: in particular the authors of [18] have not succeeded
in their article into making explicit evaluations of their two-particles integrals for the simpler
cases a; = %ai, so even their two particle form factor for the trace operator is not explicitly
computed.

One may think of introducing a dependence w.r.t ag by considering linear combination of func-
tions of the type ([H) where we would change the number of elements of 7. However, such a
function (IH) is very close to a similar function obtained in closely related mathematical problems
though different physical contexts in [30,31]; in these articles only the function with #7° =n—1
was considered, and it seems to me that this is what should be done also here!2.

RSOS restrictions.

e For integer values of py and py > 3, the QFT admits a quantum group restriction with

respect to the symmetry group Uy, (sl2), 2 = exp(QPZ—;T), giving the parafermionic sine-

121t is not even clear to the author whether the form factors constructed above really correspond to the
exponential fields of the UV CFT e?i@1#1F2ia202++iases _although we have little doubt about the trace operator-
and are not only a formal mathematical solution of the equations. In other words, the author has no clear
understanding of the correspondence between space of states in the CFT and space of states in the corresponding
integrable perturbed model, beside the sine-Gordon case.

12



Gordon models [19] with action:

1 _ . _ .
A = A + [ | @y = (v 4 ptite 7). (21)

where A},? is the action of the Zy, o parafermionic CF'T with central charge ¢ =2 -6 /D2,
and the fields v, 11, (1,4") are the holomorphic (antiholomorphic) parafermionic currents

with spin A =1 — p21_2 (A = —A). The field ¢ is a scalar boson field and the parameter
p is given by

2 _ 81 p1
(p2 —2)(p1 +1p2 — 2)
We denote the QFT 1) by P(p1,p2). The perturbing operator has conformal dimension

Apert = g—w +1- zﬁ' In addition to the conformal symmetry, the Z,,_o parafermionic
CFT possesses an additional symmetry generated by the parafermionic currents v, ().
Basic fields in this CFT are the order parameters o;, j = 0,1,...,p2 — 3 with conformal

dimension:

_Jp2—3-2)
T 2pa(pa —2)
All other fields in this CFT can be obtained from the fields o; by application of the gen-

erators of the parafermionic symmetry [34]. We introduce as basic operators in P(p1, p2)
the local fields:

dY) = ojexp(iayp). (22)

The vacuum structure, spectrum and scattering theory of the QFT (ZII) are described
in [19]. Its S-matrix is

—85%(012) ® SFEO5(015),  p1 > 1.

For py = 3, ¢ = 1 and the QFT P(p1,3) is the usual Sine-Gordon model with coupling
constant p? = 3% = %.
For py = 4, the parafermionic current ¢(z) is a Majorana fermion and the theory P(p1,4)

describes the N=1 supersymmetric sine-Gordon model with a coupling constant p? =
8w p1

2(2+p1)” . . . .

In order to obtain form factors of the trace of the energy momentum tensor in this family

of models directly from the formula for form factors of the trace in the SS-model, we
use the RSOS procedure inspired from the SG case, and we propose as p-function of the
operator Yipe?? + ipfe=ire:

1
p?n (97 u, v) = ng’(ev u) ® péG(a’ U),

with the modification of the Bethe ansatz state \1151262___6% like in equation (). The two-
particles form factor for the trace operator reads explicitly:

cosh -5 fss(6012)

X<(51®§2+51®52)®(e% 51®8 +e 51@82)>_ (23

sinh 21.%(1’7? — 012) sinh p%(m — 612)

13



It is normalized such that
FO(0) +im,01) = 27 M (51 ® 52 + 51 © 52) ® (€72 51 @ 5y + € 72 5 @ 52).

The expression ([Z3)) for the two particles form factor of the trace of the energy momen-
tum tensor correctly reproduces in a more or less accurate way the known value for the
UV central charge ¢ = 3 — 6/py: numerical checks are presented in Table 3. One sees
that increasing po with p; fixed, the conformal dimension of the perturbing operator gets
closer and closer to one, so one may expect a badly convergent integral (@), which would
be responsible for the observed lack of precision in the numerical tests. For po fixed and
increasing p1, the conformal dimension again gets close to one: we do not have any expla-
nation for the fact that for po # 3, the accuracy becomes better for p; bigger.

Again, if we use the expression (@) for ng, we find the following value for the normalization
constant ]\726
M? (Cp1cp2)4 tan ™1

TP1P2 2
It is surprising to note that had we identified the normalization of the trace operator as
we previously did:

NP =

4
¥ <5 Cnln)

m2p1p2

this would lead to the following prediction for < © >:
< 0O >= —7M?tan %pl,

which is certainly true for ps = 3,5,7,..., but not for p; = 4,6,8, ..., where in the latter
case the v.e.v of < © > should be vanishing, according to formula ([d)! Consequently, in
this case, the normalization of the two particles form factor of the trace operator does not
reproduce the correct answer for the vacuum expectation value of the trace operator.

Although it might seem a priori most natural to propose for p-function for the operators
P expiap(x)'? (and Pyl expiap(z)) :

a 1
p2n(95 u, ’U) = pEG(ea u) & Pég(ay U),

with the modified Bethe ansatz state i’i’fm“e% as defined as in equation (), we are not
quite certain that this identification is correct: the problem not being a technical one, but
a problem of ezistence of such operators' .

13We certainly expect this to be true for p = 3, in which case ¥, = 1, and we should recover the form factors
for the exponential fields in the sine-Gordon model.

4The author has already experienced a similar problem within the context of the massless N=1 super sinh-
Gordon model [33], where she came to the conclusion that it might be meaningless to consider form factors of
e*? ge*? for a generic.
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‘ P1 ‘ Cgu)m ‘ Cexact ‘
p2 =3 1 1 1
2 1 0.9924
3.6 | 0.9881
4 1 0.9878
5.2 | 0.9873
20 | 0.9869
1 113976 | 1.5
2 | 1.4404
3.6 | 1.4469
4 | 1.4473
5.2 | 1.4477
20 | 1.4480
1 | 1.5945 1.8
1.6819
3.6 | 1.7016
4 | 1.7029
5.2 | 1.7048
20 | 1.706
p2=201| 1 | 1.9488 2.7
2.17
3.6 2.26
4 2.27
5.2 2.29
20 2.3

Il
W

b2

Il
o

b2

Table 3: Parafermionic Sine-Gordon model

(2)

‘ P2 ‘ Cnum ‘ Cexact
3 109924 1

3.5 | 1.2542 | 1.2857. ..
4 1.4404 1.5
7.3 | 1.9422 | 2.1780...

10 2.063 24
50.3 | 2.211 | 2.8807...
+oo | 2.217 3

Table 4: N=2 supersymmetric restricted Sine-Gordon model

15



Let us mention that another interesting case is obtained for p; = 2 and py arbitrary integer.
The QFT P(2, p2) possesses N=2 supersymmetry and is known as the N=2 supersymmetric
restricted sine-Gordon model. The UV central charge is the same as before. The numerical
checks on the central charge can be found in Table 4. We have found interesting to present
in the table above three cases where ps is not an integer: as one may expect, the observables
depend continuously on the parameter ps.

For integer values of py, the previous QFT P(p1,p2) admits an additional restriction with
respect to the second quantum group Uy, (sl2), ¢1 = exp(ij—f). The resulting QFT [19],
which corresponds to integrable perturbations with an operator ®¢ of conformal dimension
A=1- m of the coset model [20] su(2)p,—2 ® su(2)p,—2/5u(2)p, 1po—a, is denoted
by €(p1,p2). The S-matrix is [19, 35]

_SII)*?ISOS(912) ® SII;;SOS(912),

with py, ps integers, p1,p2 > 3.

For p; = 3, the QFT €(3, p2) describes minimal CFT models perturbed by the operator
;3 [25].

For p; = 4, the QFT €(4, p2) describes N=1 supersymmetric minimal CFT models per-
turbed by the supersymmetry preserving operator ®¢. In particular, the model €(4,4)
possesses N=2 supersymmetry. The corresponding CFT has central charge ¢ = 1. It de-
scribes the special point at the critical line of the Ashkin-Teller (Z4) model. At the N=2
supersymmetric point the thermal operator € coincides with the operator ®¢.

The basic fields in the coset CFT can be represented in terms of fields o; from the Zjp, o
CFT and a scalar bosonic field ¢ as [36]:

q)l(,]k) = Ujeia”“‘p, (24)
where: 11 .
- T D1
2ap, = (k—1)p+ ———, p2= ;
= Lr 5, =y, CEPETE)

and the integers k < p; and | < p1 + p2 — 2 satisfy the condition
I —k—np2—2)| =i neZpo

We propose as p-function of the trace of the stress energy tensor:

2n n 1
pS, (0, u,0) = — (Z ey e“") ®pa(0,v), (25)
i=1 i=1

then both Bethe ansatz states WP1P2 should be modified as in equation (). Explicitly for
two particles:

8’i7TM2 912

F®(0y,05) = cosh - fss(612)

p1p2
[ s @5 5 @) @ (7 51 @5t e B 51 @ s)
sinh pll(m — 012) sinh p%(iﬂ' —612) '
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‘p2 ‘ CI(I%J)H] ‘

Cexact

pr=3 | 3 0.5 0.5

4 | 0.6988 0.7

5 | 0.7972 0.8

20 | 0.9744 | 0.9857. ..
p1 =4 4 | 0.9924 1

5 | 1.1429 | 1.1571...

20 | 1.4268 | 1.4727...
p1 =5 | 5 | 1.3240 1.35
p1 =20 | 20 2.2 2.5578. ..

Table 5: Coset model su(2)p,—2 @ su(2)p,—2/5U(2)p; 4po—1

It is normalized such that

FO(01 +im, 01) = 2 M2 (€21 51 ®5a+ e 21 51 ® 59) @ (€22 81 @ 5o+ ¢ 22 51 @ s9).

Let us note that we certainly expect for symmetry reasons the p-function

1 2n n
b2, (Brr0) = —pho(fu) @ (z =3 ) 6)
=1 =1

to lead to the same form factors as the p-function in eq. (20). Also we would expect the

p-functions

P (0,u,v)

p2®n (67 u’ U)

1
pg’G(eau) ®p,1SG’(9’U)’ (27)
1
psc(0,u) ® pi(,v), (28)

to give the same result for the form factors.

The numerical checks provide results for the central charge in Table 5, to be compared
with the exact result ¢ = 3 —()’(pf1 —|—p§1 —(p1+p2—2)~1Y). For p; = 3, they are identical to
those of Table 1. Again, increasing p1, po make the conformal dimension of the perturbing
operator closer and closer to one, leading to a badly converging integral (), which may be
responsible for the decrease of accuracy of the numerical results. Let us note again that
the normalization constants N2® do not reproduce the correct v.e.v for the trace: indeed,
with the p-function (27), we would obtain

<O >=—7M?

and with the p-function (28]

<O >=—7M?

P2

TP1
2

whereas the correct value for < © > is given by ().
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‘ k+2 ‘ Cl(l%l)m ‘ Cexact ‘
3 0.9869 1
4 1.4480 1.5
5 1.706 1.8
10 2.1 2.4
100 2.3 2.94

400 2.3 3

Table 6: SU(2), WZNW model

Certainly, if po» = 3 we recover the form-factors of the operators ¢/15#(#) in the minimal
model M), :

21k 1

p2n(9, u, U) = pSpG (9? u) ® pg‘G(97 /U)a

with the modification of the two Bethe ansatz states WP1:P2,

e A common limiting case of these two RSOS restrictions is the Polyakov-Wiegmann model
[8], which is the same as the perturbation of the SU(2) WZNW model at level k£ with
action

S = SWZNWk + )\/ deJaja,

where J® (J%) are the holomorphic (antiholomorphic) SU(2) currents. The S-matrix of

the model is given by:
—975 (612) ® SEESS (612).

We get the Principal Chiral Field model [8,9] in the extreme limit k¥ = +00. Whether one
considers ST399(6012) or S{S (612) amounts to the same result. The numerical estimations
for the central charge with two particles contribution are given in Table 6.

The Polyakov-Wiegmann model is asymptotically free, and the trace operator is of con-
formal dimension one for any k; from the results above we deduce that the approximation
with two particles leads to a conformal dimension of the trace operator which is less than
one in the case of the SU(2) Thirring model (k = 1), whereas when one increases k, it
becomes closer and closer to one already at the level of two particles. Numerically, the
value for the central charge is given by an integral that becomes logarithmically divergent
when the conformal dimension of the perturbing operator is one. It is not clear why for
small k£ the results are quite good, and poor for big k.

4 Conclusion

A few remarks should be made concerning the formula ([H), which is one important result
obtained in this paper.

e The function M is universal as it does not depend on the scattering of the theory, and ap-
pears in models where the S-matrix is given by a tensor product of different S-matrix. Typ-
ically, such a construction (with suitable modifications) is encountered in integrable mass-
less flows [30,33,37], which contain three different types of scattering, between right/right

18



movers, left/left movers, and right/left movers. It has also been used in a different physical
context in [31].

e Other mathematical solutions are obtained by changing in formula (&) the number of
elements of the set T'. It is not clear to what they could correspond.

e Of course it is crucial to make a comparison with the results of [18].

e The so-called one to one correspondence between operators of the UV CFT and operators
in the massive/massless theory is a issue which deserves, to the opinion of the author,
better understanding.

Acknowledgments

I am grateful to P. Grinza for numerical help, V.A. Fateev for constructive criticism, and
F.A. Smirnov for reading a preliminary version of this manuscript. I would also like to thank
M. Lashkevich for pointing out an omission in the discussion in the first electronic version and
for suggesting me to consider the particular case of free fermion point; this really helped to
improve the manuscript. Work supported by the Euclid Network HPRN-CT-2002-00325.

References

[1] M. Karowski and P. Weisz, Nucl. Phys. B139 (1978) 445.
[2] B. Berg, M. Karowski and P. Weisz, Phys. Rev. D19 (1979) 2477

[3] F.A. Smirnov, "Form factors in completely integrable models of Quantum Field theory”,
Adv. Series in Math. Phys. 14, World Scientific 1992.

[4] V.A. Fateev, Nucl. Phys. B473 (1996) 509.

[5] F.A. Smirnov, Int. J. Mod. Phys. A9 (1994) 5121 [arXiv:hep-th/9312039].

[6] A.B. Zamolodchikov and Al.B. Zamolodchikov, Annals Phys. 120 (1979) 253.

[7] K. Kobayashi and T. Uematsu, Phys. Lett. B275 (1992) 361 [arXiv:hep-th/9110040].
[8] A.M. Polyakov and P.B. Wiegmann, Phys. Lett. B131 (1983) 121.

[9] L.D. Faddeev and N.Yu. Reshetikhin, Annals Phys. 167 (1986) 227.

[10] P. Wiegmann, Phys. Lett. B152 (1985) 209, A. Kirillov and N. Reshetikhin, Proceedings of
the Colloquium String Theory, Quantum Cosmology and Gravity, Integrable and Conformal
Invariant Theories, Paris-Meudon (1986), ed. H. de Vega and N. Sanchez (World Scientific
Singapore) p. 235.

[11] V.A. Fateev, E. Onofri and Al.B. Zamolodchikov, Nucl. Phys. B406 (1993) 521.

[12] A.P. Bukhvostov and L.N. Lipatov, Nucl. Phys. B180 (1981) 116, [Pisma Zh. Eksp. Teor.
Fiz. 31 (1980) 138].

19


http://it.arXiv.org/abs/hep-th/9312039
http://it.arXiv.org/abs/hep-th/9110040

[13] A. Hegedus, Nucl. Phys. B679 (2004) 545 [arXiv:hep-th/0310051].

[14] H. Babujian, A. Fring, M. Karowski and A. Zapletal, Nucl. Phys. B538 (1999) 535,
[arXiv:hep-th/9805185].

[15] H. Babujian and M. Karowski, Nucl. Phys. B620 (2002) 407, [arXiv:hep-th/0105178].

[16] A. LeClair, Phys. Lett. B230 (1989) 103, D. Bernard and A. Leclair, Nucl. Phys. B340
(1990) 721, F.A. Smirnov, Int. J. Mod. Phys. A4 (1989) 4213 and Nucl. Phys. B337 (1990)
156, N.Yu. Reshetikhin and F.A. Smirnov, Commun. Math. Phys. 131 (1990) 157.

[17] O. Babelon, D. Bernard and F.A. Smirnov, Commun. Math. Phys. 182 (1996) 319,
[ar Xiv-hep-th /9603010].

[18] V.A. Fateev and M. Lashkevich, "Form factors of exponential fields for two-parametric
family of integrable models”, [arXiv:hep-th/0402082].

C. Ahn, D. Bernard and A. LeClair, Nucl. Phys. B346 (1990) 409.

[\]
oS ©

—
= S = =S

P. Goddard, A. Kent and D.I. Olive, Phys. Lett. B152 (1985) 88.
S. Coleman, Phys. Rev. D11 (1975) 2088.

[\)
)

S. Lukyanov, Mod. Phys. Lett. A12 (1997) 2543, [arXiv:hep-th/9703190].

S. Lukyanov and A.B. Zamolodchikov, Nucl. Phys. B493 (1997) 571
[arXiv:hep-th/9611238].

—  — — — —
[\)

[24] P. Fendley, H. Saleur and A.B. Zamolodchikov, Int. J. Mod. Phys. A8 (1993) 5751
larXiv:hep-th/9304051].

[25] A.B. Zamolodchikov, JETP Lett. 46 (1987), 160.

[26] A.B. Zamolodchikov, JETP Lett. 43 (1986) 730 [Pisma Zh. Eksp. Teor. Fiz. 43 (1986) 565].
[27] J.L. Cardy, Phys. Rev. Lett. 60 (1988) 2709.

[28] G. Delfino, Nucl. Phys. B583 (2000) 597 [arXiv:hep-th/9911192].

[29] O.A. Castro-Alvaredo and A. Fring, Phys. Rev. D64 (2001) 085007 [arXiv:hep-th/0010262].
[30] P. Méjean and F.A. Smirnov, Int. J. Mod. Phys. A12 (1997) 3383, [arXiv:hep-th/9609068].
[31] H.E. Boos, V.E. Korepin and F.A. Smirnov, “Connecting lattice and relativistic models via

conformal field theory”, JarXiv:math-ph/0311020].
[32] P. Baseilhac and V.A. Fateev, Nucl. Phys. B532 (1998) 567 [arXiv:hep-th/9906010].
[33] B. Ponsot, Phys. Lett. B575 (2003) 131, [arXiv:hep-th/0304240].
[34] V.A. Fateev and A.B. Zamolodchikov, Sov. Phys. JETP. 62 (1985), 215.
[35] V.V. Bazhanov and N.Yu. Reshetikhin, Prog. Theor. Phys. Suppl. 102 (1990) 301.
[36] V.A. Fateev and A.B. Zamolodchikov, Sov. Phys. JETP. 63 (1986), 913.
[37]

37] P. Grinza and B. Ponsot, "Form factors in integrable massless flows”, in preparation.

20


http://it.arXiv.org/abs/hep-th/0310051
http://it.arXiv.org/abs/hep-th/9805185
http://it.arXiv.org/abs/hep-th/0105178
http://it.arXiv.org/abs/hep-th/9603010
http://it.arXiv.org/abs/hep-th/0402082
http://it.arXiv.org/abs/hep-th/9703190
http://it.arXiv.org/abs/hep-th/9611238
http://it.arXiv.org/abs/hep-th/9304051
http://it.arXiv.org/abs/hep-th/9911192
http://it.arXiv.org/abs/hep-th/0010262
http://it.arXiv.org/abs/hep-th/9609068
http://it.arXiv.org/abs/math-ph/0311020
http://it.arXiv.org/abs/hep-th/9906010
http://it.arXiv.org/abs/hep-th/0304240

	Introduction
	Form factors in the sine-Gordon model and RSOS restriction
	Form factors in the SS model and its RSOS restrictions
	Conclusion

