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1. Introduction
The so-called singular perturbations of the multi-variable Laplacian A =
ny:l(ﬁj A,,) on the Hilbert space Hy := ®,11V:1 L>(R¢, dx,), with mass parameters

my,...,my > 0, are customarily referred to as self-adjoint extensions of the restric-
tions A [Cg"(RNd \ I'y): these are restrictions of A to smooth functions that are
compactly supported away from the ‘singular manifold’ 'y := U(i, jew Lij associated
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with a given collection § of couples (i, j) of distinct variables i, j € {l,..., N},
where I';; := {x; = x;} denotes the coincidence hyperplane between variable x; and x;.
In the applications the extension is taken in whole space Hy or also, depending on
the context, in a suitable Hilbert subspace of Hy determined by the additional pre-
scription of permutation symmetry or anti-symmetry on a sub-collections of variables.

In Quantum Mechanics, singular perturbations of the (negative) Laplacian have
the natural interpretation of quantum Hamiltonians for systems of particles subject to
a two-body ‘point’ (or ‘contact’, or ‘zero range’) interaction between all pairs of the
collection %, since each such extension acts by construction as the free Hamiltonian
on wave-functions supported away from the considered coincidence hyperplanes.
(The self-adjoint Laplacian is the trivial extension and describes a system of N
noninteracting particles.)

In the concrete case N =2, € = {(1,2)}, singular perturbations model a two-
body system with point interaction; equivalently, factoring out the centre of mass
and working in the Hilbert space L?(R¢,dx) of the relative variable x = x; — x2,
they describe the motion of one particle subject to a point interaction supported
at the origin. It is well known [1] that the self-adjoint extensions in L?(R?) of
the restriction of A to Cgo(Rd \ {0}) form a four-parameter family when d = 1,
a one-parameter family when d = 2,3, and the trivial family, consisting only of the
self-adjoint Laplacian when d > 4.

We are going to focus more concretely on the three-dimensional setting: d = 3. As
opposite to N = 2, where upon separating the centre of mass the deficiency indices are
(1, 1), when N > 3 the operator A| CEERN\Top) even after the separation of the centre

of mass has infinite deficiency indices, and hence a much wider variety of extensions.
Those of most stringent physical relevance are the singular perturbations of Ter-
Martirosyan—Skornyakov type, named after the so-called Ter-Martirosyan—Skornyakov
condition (known also as the Bethe—Peierls contact condition). Roughly speaking,
this is an asymptotic condition that is required on the functions of the domain of
the adjoint operator (A|C80(]R3N\F<g))* when |x; —x;| = 0, for each pair (i, j) € €
of particles subject to a contact interaction, in order to be physically meaningful
wave-functions and thus to constitute a domain of (essential) self-adjointness for
certain extensions Of A|gcogsnr_ ). The form of the asymptotics is dictated by
0 €

physical heuristics on the eigenvalue problem for the two-body Schrodinger equation
at low energy and with a potential supported on a very short range, and it depends
on one real parameter for each two-body channel with interaction, essentially the
two-body scattering length in that channel.

We refer to our recent work [18] for a comprehensive discussion on point
interactions realised as Ter-Martirosyan—Skornyakov Hamiltonians, including a survey
of the previous vast literature. Intuitively, they are precisely those models that
correspond to formal Hamiltonians

N
1
H = E ——ij) + ¢ E a;iid(x; —x) 7. (D
j=1 2mj

(j,k)e®
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A well-known complication when N > 3, and ¥ contains at least two pairs (that
is, there is a point interaction in at least two distinct two-body channels), is that
the restriction of the domain of (Alcgo(R3N\I~( g))* to those functions that satisfy the

“physical” Ter-Martirosyan—Skornyakov condition may actually select a symmetric
extension of A|cg°(R3N\r<g) that is not essentially self-adjoint and in turn admits

nontrivial self-adjoint extensions. (As stressed in [18], when instead N = 2, then
imposing a Ter-Martirosyan—Skornyakov condition does select a domain of self-
adjointness.) This occurrence depends both on the partial permutation symmetry,
of bosonic or fermionic type, which may be additionally required in the N-body
Hilbert space, and on the mass parameters my, ..., my entering the definition of
the multi-particle free Hamiltonian —A.

Thus, in certain regimes of masses and of symmetries the sole specification,
through Ter-Martirosyan—Skornyakov asymptotics, of the two-body scattering length
of each two-body channels where a contact interaction is present is not enough
to identify unambiguously a well-posed multi-particle Hamiltonian, and a further
prescription is needed.

This problem has been since long at the centre of many mathematical investi-
gations, which we shall cite later in the course of our discussion, above all for
systems of N = N;+ N, particles, N; identical bosons or fermions of one type and
N, identical bosons or fermions of another type, with two-body zero interactions
of zero range.

Within this general framework, in this work we continue our analysis, started in
[18], of the prototypical 2+ 1 fermionic case, the system of two identical fermions
coupled by a contact interaction with a third particle of different nature.

In [18] we surveyed the rich mathematical literature on this model and above
all we proved all the rigorous steps through which a self-adjoint Hamiltonian
of Ter-Martirosyan—Skornyakov type can be constructed based on the self-adjoint
extension scheme of Krein, ViSik, and Birman. We showed that those self-adjoint
extensions of the ‘away-from-hyperplanes’ free Hamiltonian, whose domain consists
of functions satisfying the Ter-Martirosyan—Skornyakov asymptotics, are in one-to-one
correspondence with the self-adjoint extensions of an explicit auxiliary operator A; 4
acting on the Hilbert space H~'/>(R?) equipped with a twisted, but equivalent scalar
product — the ‘space of charges’, following a successful nomenclature imported
by an analogy with electrostatics [9]. (Here o € R is the parameter imposed by
the Ter-Martirosyan—Skornyakov asymptotics in each two-body channel and A > 0
is a sufficiently large constant.) The identification of the correct auxiliary operator
and of the correct space of charges was a fundamental point in our work [18], as
opposite to an unfortunate and long-lasting misinterpretation of the previous literature,
where instead it was believed that the Ter-Martirosyan—Skornyakov extensions were
parametrised by suitable (and extensively studied) self-adjoint operators on LZ(R?).

In turn, once the appropriate A; , is identified, one can investigate the possible
occurrence of a multiplicity of self-adjoint Ter-Martirosyan—Skornyakov Hamiltonians,
which is in fact the main goal of the present work, and for each such realisation
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one can study stability and spectral properties — the stability of a distinguished
realisation was recently proved in [6], and later in [28], through the associated
quadratic form.

More in detail, here are the results of our investigation. Our first main result
is to make the auxiliary operator A, , acting on the space of charges completely
explicit, as compared to the somewhat implicit characterisation we gave in [18].

We then make the structure of its self-adjoint extensions explicit, by combining
symmetry arguments with general properties of the Krein—Visik—Birman theory. We
classify such extensions through an extension formula based on the Friedrichs
extension of A, , (it too being now determined explicitly) and additional singular
charges E € H~!/2(R?) that have angular symmetry £ > 1 and satisfy

5 2(q) ~
22 [mimt2) 2+AE()+/ dg+aZ(p)=0. (2
1?2 P P B P +q i+ 2cpoqg+A ! g

m+1

Motivated by formal results in the physical literature, and by the findings of
an alternative mathematical approach through quadratic forms, we then formulate
a conjecture on the fact that there are two universal masses m™ > m* > 0 such
that for m > m* (which is the threshold for stable interactions, see e.g. [6]) the
dimension of the space of solutions to (2) is always O when ¢ > 2, it is 0 when
£ =1 and m > m™*", and it is instead 3 when £ =1 and m* < m < m™. As we will
show, m™* represents the threshold mass above which one has a unique self-adjoint
realisation of the Ter-Martirosyan—Skornyakov Hamiltonian with chosen mass m.

Our next result, assuming the validity of our conjecture, and based on the
Krein—Visik—Birman extension scheme, is to reconstruct completely and for the first
time the whole family of self-adjoint Hamiltonians of Ter-Martirosyan—Skornyakov
type for the 2+1 fermionic model. This provides a complete explanation of the
emergence of a multiplicity of self-adjoint realisations.

We also show that through this operator-theoretic approach we reproduce previous
partial constructions obtained by means of a quadratic form approach.

Remarkably, previous studies of the multiplicity of extensions, carried on with
the same operator-theoretic approach, had confused the correct space of charges and
studied instead the solutions to (2) in the much smaller space L*(R?), instead of
H~'2(R%). This resulted in a threshold for the coexistence of a multiplicity of
extensions which was lower than the value m** identified in the quadratic form
approach, in the physical literature, and in our conjecture.

It then remains to prove our conjecture, which we find a highly nontrivial task,
as reasonable and consistent such a conjecture appears to be. This is a goal to
which we aim to devote our next investigation.

2. Model set-up

After removing the centre of mass, the free Hamiltonian of a three-dimensional
system of two identical fermions of unit mass in relative positions xj, x, with
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respect to a third particle of different species and with mass m is the operator

2
—Ay, — Ay, — m——i-l v+ Vx, acting on the Hilbert space

7—[ = L%(]R3 X RS, dxld)Cz), (3)

the subscript ‘f* standing for the fermionic sector of the LZ-space, i.e. the square-
integrable functions that are anti-symmetric under exchange x; <> x,. The natural
starting point is then the operator

. 2
H:=—-A, — A, ———V, -V,
1 2 m+1 1 2 (4)
D(H) := HX(R* x R\ (I UTy) NH
on H, where
Fj={(,x0) e R xRx; =0}, =12 (5)

and

H2(R® x R¥) \ (I UTy)) = Coo((R? x B3 \ (I UTy)) 2. ©)

H is densely defined, closed, positive, and symmetric on /. As such, H has
equal deficiency indices (which are infinite, as stated in Proposition 1 below) and thus

admits self-adjoint extensions, among which the Friedrichs extension Hp is nothing
but the self-adjoint negative Laplacian on H with domain H N H?*(R? x R?, dx;dx,).
Any other self-adjoint extension of H has a natural interpretation of Hamiltonian
of point interaction between each fermion and the third particle.

The following facts are known concerning the adjoint of H.

PROPOSITION 1 ([18, Lemma 3 and Proposition 2]). Let A > 0. For & € H™'>(R?)
define

E(p) —E(p)

~ ) 3
us(p1, p2) = Pttt A p1, p2 € R, @)
with
owi= L (8)
m+1
(1) One has

. T (pr, iven by (1
Ker(H* 1) = Jue € L2®3 x & |16 Pr-P2) gven by (DL o)
£ e H'2(R?

(i1) There exist constants cy, cy > 0 such that for a generic ug € ker(I-oI 4+ Al)
one has

(&) “§||H_1/2(]R3) =< ||ué||7-{, =< CZ||§||H—1/2(R3)- (10)
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(iii)) The domain and the action of the adjoint of H are given by
g€ L%(R3 x R3)  such that

° ~ ”~ it\ (ply p2)
DH*) = {2(p1, p2) = f(p1, p2) + k
P2+ pi+upi-prt+

for feDH), n &eH VAR

+ g (p1, p2)

(11)
and
(H+ D) (p1. p2) = (5} + 03+ upr - P2+ DEs(pr. p), (12)
(/I‘OI\@(PL p2) = (pi+ p3 + up1 - pE(p1, p2) — E(p1) —E(Pz)zis)
where u, and ug are defined as in (7) above, and
Fo(pr, ) i= Fipr, pa) + ——— 2L 2D (14)

PP+ pi+upr-pr+

As a consequence, it can be shown that (almost) all functions in D(I-OI *) satisfy
the following large-momentum asymptotics.

PROPOSITION 2. ([18, Lemma 4].) Let g be an arbitrary function in D(H™).
For a fixed % > 0 consider the decomposition (11) of g in terms of f, ug, u,.
Then, as R — 400,

ﬁ26R3 2(p1, p2) dpr = 4mE(p)R + (= (@) + %(Wm)(m)) +o() (15
[p2|<R
as a point-wise identity for almost every pi, where

— ~ £(@q)
R 2 2
(1:8)(p) :=2m"/vp Jr)»é(p)—k/R3 P up-q+kdq’ (16)
FTB () = —2E(p) -2 / 5@) dg. (D)
PO g A w (PPt +tup-g+n?
o w? _ m(m +2)

and | is given by (8).
REMARK 1. Clearly,
(L4 pi+p) ~ (PP + P2+ upr - p2+2) (19)

(in the sense that each quantity controls the other from above and from below),
because u € (0,2) (owing to (8) with m > 0) and A > 0. Since, for arbitrary & > 0

and & € H’%+E(R3),
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2 l%—a 1/2
<1El / @ +1) dg
H 2\ Jps (P2 +q> +up - q + 1)?

< 400

&(q)
2. 2 dq
R3 P +q +up-q+2x

(owing to a Schwartz inequality in the first step and (19) in the second one), we
see that the integral in (16) is finite for any & € H _%+£(R3), e > 0, while in
general it diverges when & € Hf%(]l@), as the example &(q) := 15521l In g )~
shows. A similar argument shows that the integral in (17) is finite too at least
for € € H _%(R3). Summarising, (TE)(p) is well-defined point-wise for almost
every p € R® for & € H’%+8(R3), e > 0, whereas (W,&)(p) is so (at least)
for & € H™'2(R%). Therefore, for a generic g € D(H*), and correspondingly for
a generic charge & € H _%(R3), the quantity in the lL.h.s. of (15) is infinite for every
finite R because the quantity (fE)(p) is in general infinite when & € H _%(R3).
Instead, when additionally & € H_%+8(R3), with ¢ > 0, the rh.s. of (15) is finite
(for almost every p; € R?): this case corresponds to a dense set of g’s in D(I-OI*),

and for such g’s the quantity in the Lh.s. of (15) is finite for finite R and only
diverges, linearly in R, as R — +o0.

Each self-adjoint extension of H is a self-adjoint restriction of H*. By further
imposing that in the asymptotics (15) the constant-in-R term be proportional to the
coefficient of the linear-in-R term, one selects a special class of restrictions of H*
known as the Ter-Martirosyan—Skornyakov operators for this model. Explicitly, for
o € RU{oo} one considers the subspace D(ﬁ;MS) C D(I-OI*) consisting of all g’s
such that

ﬁzeks 8p1. p)dpy = TR+ E(p) +0(1)  as R—+00, (3

[p2l<R
that is, those g’s whose charges n and & satisfy

1
af = —-T§ + EWW’ (21)
and then one defines o o .
H;MS =H* [D(H;MS). (22)

So far (20) and (21) are understood as point-wise identities. At least for 1’-010?"1S
operators defined by using sufficiently regular £&’s and n’s it is not difficult to

deduce from the general characterisation of H* given in Proposition 1 that
I-OI C IfI;MS C (ﬁgms)* C I-OI*, (23)
that is, each ﬁJMS is a symmetric extension of H.

The choice (20)—(21), customarily referred to as the Ter-Martirosyan—Skornyakov
condition, has a great physical relevance. The formal counterpart of (20) in position
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coordinates reads

~ 1
g(x1, x2) = %‘(M)(m +a> +o(l) as x; — 0, (24)
2
and the short-scale asymptotics (Jx|~' — (—a~!)~!) in the relative coordinate x is

characteristic for wave functions of a system of quantum particles subject to a two-
body interaction of almost zero range and scattering length (—a)~!, a fact observed
first by Bethe and Peierls in 1935 [3, 4] (whence the name of Bethe—Peierls contact
condition for the asymptotics (24)), and later exploited in momentum coordinates
by Skornyakov and Ter-Martirosyan in 1956 [31].

For this reason the interest towards point interaction Hamiltonians realised as
self-adjoint extensions of H is mainly focused on the physically relevant extensions
of TMS type.

3. Self-adjoint extension scheme for TMS operators

The primary issue concerning 2+1 fermionic TMS operators is their self-adjoint
realisation, since this allows one to set up a well-posed and physically relevant
model of point interaction for the 2+1 fermionic system.

In fact, as indicated in (23), for given o the TMS condition selects a priori
only a symmetric extension I-OIOTMS of the away-from-hyperplanes free Hamiltonian
H. For which values of the mass parameter m is ﬁ;MS indeed self-adjoint or does
it admit in turn self-adjoint extensions is the object of an active research activity
for general N + M fermionic models of point interactions.

Owing to the special structure of TMS operators, and ultimately to the positivity
of the initial operator H, the issue of their self-adjointness is conveniently addressed
to within the so-called Krein—ViSik—Birman self-adjoint extension scheme for semi-
bounded symmetric operators, a theory developed by Krein [14], Visik [33], and
Birman [5] between the mid 1940’s and the mid 1950’s. For the present purposes we
refer to the comprehensive discussion [17], as well as to the expository works [11, 2].

The key point from the Krein—ViSik—Birman theory is that the whole family
of self-adjoint extensions of H is one-to-one with self-adjoint operators on Hilbert
subspaces of ker(H* + A1), through an explicit, constructive correspondence between
operators of the two classes. The goal is therefore to recognise the TMS condition
(21) as a self-adjointness condition for a suitable operator on ker(H* + A1).

To this aim, the first step is to qualify the two maps & +— T;& and n+— W,n
defined in (16)—(17) between convenient functional spaces. One has the following.

PROPOSITION 3. ([18, Propositions 3 and 4, Corollary 2] and Appendix A.)
(1) The expression (17) defines a bounded, positive, and invertible linear operator
W, : HT'2(RY — HY2(R?), and for generic ug, u, € ker(H* + A1) one

has
(ug, up)y = (&, Wym) (25)

1 1 .
H™ 2(R3),H2 (R3)
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(i1) For each s > 1 the expression (16) defines a densely defined and symmetric
operator T : D(T;) C L*>(R?*) — L*(R?®) with domain D(T;) := H*(R?).

(iii) T commutes with the rotations in R and it is reduced with respect to the
canonical decomposition

o0 o
L*®) = @@ LR, r*dr) @ span{Y; . ..., Yo = P LIRY  (26)
=0 =0

(where the Yy ,,’s are the spherical harmonics on S?). Thus, Ty leaves each
L%(R3) invariant and decomposes as

o
T, = EBT(Z), TA(E) densely defined and symmetric on L%(]R3). 27)
£=0

Each T)\(Z) acts nontrivially only on the first (radial) factor of L%(R3) =
L>(RT, r?dr) ® span{Y; _¢, ..., Yoo}, whereas it acts as the identity on the
second (angular) factor.

(iv) Analogously to (26), let H} (R3) be the sector of (-th angular symmetry in
HS(]R3), that is,

F(H;®Y) = L*(RT, (14+0%) 0’do)®span{Y ¢, ..., Yy}, ¢ eN. (28)
In terms of the notation of (26)—(28), one has

IT6 -1 < 1N as, s€(—-3.3) (29)
that is, T, maps continuously H*(R?) into H~'(R?) for any s € (—%, %),
whereas

13
s s € 5995 |
1TE ps—1 S IE N as V& € H (RY) { £[> 12 :] (30)
that is, T, maps continuously Hg'(R3) into Hgil(]l@) also for s = —% and

s = % provided that £ > 1.
(v) Instead, for £ =0,

TA({g@e CS@®RY) N Hjﬁ)(R%) C H°(R®)  only for o < % 31)

Owing to Proposition 3,

(&, mw, = (&, Win) = (ug, up)n (32)

11
H 2,H2
defines a scalar product in H _%(R3). It is equivalent to the standard scalar product
of H 7%(R3), as follows by combining (32) with (10).

We shall denote by Hv;l/ 2(]1%3) the Hilbert space consisting of the H’%(R3)—

A
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functions and equipped with the scalar product (-, -)w,. Then the map
Uy tker(H* +31) > Hy'P®),  ug — &, (33)

is an isomorphism between Hilbert spaces, with ker(H* + A1) equipped with the
standard scalar product inherited from H.

One can therefore equivalently parametrise the self-adjoint extensions of H in
terms of self-adjoint operators acting on Hilbert subspaces of ker(H* + A1) or of
its unitarily equivalent version H, oy 2(R3)

For our purposes, the relevant class of self-adjoint operators on Hy, " 2(]1%3) to
consider here are those of the form Ax « indicated in the Proposition 4 below and

the reason of their relevance will be explalned in the discussion that will follow
right after.

PROPOSITION 4. ([18, Proposition 5].) The following data be given:

e two constants L >0 and a € R,

e for each integer £ > 1, the densely defined and symmetric operator Tk(l) on
the Hilbert space L2(R3) with D(T,\") := H,”*(R%),

0)

e for £ = 0, an operator .A that is self-adjoint on the Hilbert space

Hy, _1/ 2 0(]R3) (a datum that wzll be further specified at a later stage).

With respect to the decomposition (see Remark 2 below)

Hy, P (RY) = @ Hy, T (RY), (34)
let -
Ara = P AL (35)
=0
where

A(Z) = ZW)L_I(T)L(Z) + (X]l),
O] () 3/2 3 (36)
’D(A)\’a) =D(T;") = H,"" (R, L>1.

1/2

Then A, o is a densely defined and symmetric operator on H,, (R%). Moreover,

if Ak,a is a self-adjoint extension of A, o on HW;/z(R3), then
Ak,a = U)L_IAV)L’QU)L (37)
(where U, is the isomorphism (33)) is a self-adjoint operator on ker(I-oI* + A1).

REMARK 2. With a slight abuse of notation, we use in (34) above, and in
analogous formulae throughout, the same symbol of direct orthogonal sum without
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distinguishing between the usual Hilbert scalar product in H~'/2(R3) and the twisted
scalar product in Hu_,;/ 2(RS). This is harmless because, owing to the definition (32)

for (-,-)w, and the rotational symmetry of W, defined in (17), elements belonging
to subspaces of different symmetry ¢ are orthogonal in either scalar product.

REMARK 3. In short, A, , = ZW)\_](TA + ol) apart from a (self-adjoint) re-
definition of this expression in the sector of symmetry ¢ = 0. This is to overcome
the difficulty of defining W, 'T, when £ = 0, since owing to Proposition 3 the map

4% ! cannot pull arbitrary functions 7;£ back to H~'/2(R%). To our understanding,
this simple fact had been overlooked in all the previous operator-theoretic approaches
to the 2+1 fermionic model of TMS type [27, 15, 16, 30, 20-24] until when we
pointed it out in [18]. We shall characterise A, , on the sector £ =0 in Section 5.

The relevance, for the self-adjointness problem of TMS operators, of self-adjoint
operators of the form A, , on H‘;,Al/ 2(]1%3), is dictated by the KVB extension theory.

Indeed, such lev,\,o,’s turn out to be precisely the ‘extension parameters’, in the sense
of the Krein—ViSik—Birman theory, for the family of self-adjoint extensions of H
on H of TMS type. N

More precisely, as stated in Proposition 4 above, each A, , = U, IAM[UA is
densely defined and self-adjoint on ker(H* + A1) and as such it qualifies a self-
adjoint extension of H. Let us denote by H, such extension. The correspondence
A, « < H, + A1 is prescribed by the Krein—ViSik—Birman theory and reads ([17,
Theorem 3.4])

f € D(H)

D(Hy) =g = f+ (Hr + A1) (A, qus) + ,
(Hy) g=f+(HF ) (Apqle) + ug ue € D(Ay.) (38)

H, := H* | D(H,).

(Thus, H, is a maximally defined extension in the sense that its extension parameter
A, o 1is densely defined on the deficiency space ker(H* 4+ A1l); there are also
self-adjoint extensions of H whose extension parameter is self-adjoint on a closed

proper subspace of ker(H* + A1), however such extensions do not find room in the
present discussion, as they are not of TMS type.)
Direct comparison between (38) and (11) shows that D(H,) is obtained as

a restriction D(H*) by imposing the condition
Uy = Ay qUe (39)

as an identity in ker(H* + A1), which, by the unitary equivalence (37), is tantamount
as

N = Arof (40)

as an identity in Hv;:/ *(R3). If we restrict to £ > 1 and & is taken in D(.Aﬁ)
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instead of D(.Z;%) (we make this choice here only for presentational purposes: in

Sections 6 and 7 we shall release this restriction), then (40) reads

of =—TV6+ 1Win, V& HP(R), =1, (1)

as an identity in H,”*(R3), owing to the definition (36). Plugging (41) into (15)
yields the following asymptotics for elements in D(H,) as R — oo:

LZGH@ 2(p1. p)dpy =E(p)@TR+a)+o(1) (5 € H)P(R). 42)
[p2l<R

Let us summarise the above discussion as follows.
PROPOSITION 5.

(i) Any of the two equivalent conditions (39), (40) is a condition of self-
adjointness for restrictions of H*.
(1) Each such condition selects the self-adjoint extension

Hy = H* | {g € DIHY)|n = A; o) (43)

given by the restriction of H* to those elements of D(H*) whose charges &
and n, in terms of the decomposition (11), instead of belonging generically
to H _1/2(]133) are such that & belongs to the domain of A, . and n is of
the form A; €.

(iii) Any g € D(H,) with charge & € D(TY) = H,”*(R®), £ > 1, satisfies the
TMS asymptotics (20).

Informally speaking: each self-adjoint extension H, of H is, on each sector of
charges with symmetry ¢ > 1, a Ter-Martirosyan—Skornyakov operator. (We shall
supplement this picture in Sections 6 and 7 also with the case £ = 0.) In this sense

HcH™ c H,=H C(H™)*cH*, (=>1. (44)
Moreover, it is established that the issue of the self-adjoint realisation of TMS

Hamiltonians on the physical Hilbert space H is tantamount as the self-adjoint
realisation of the auxiliary operator A, , on the Hilbert space of charges Hl}v/)\ 2(]1@3).

REMARK 4. The intuition of re-phrasing the self-adjointness problem of TMS
Hamiltonians in terms of the self-adjointness of an auxiliary operator acting on
a smaller Hilbert space — the ‘space of charges’, in the spirit of the extension theory
of Krein, ViSik, and Birman — is originally due to Minlos and Faddeev in a seminal
short announcement published in 1962 [25]. However, from the very beginning an
unfortunate and long-lasting misinterpretation established, as it was thought that
the self-adjointness problem for what we denoted here with A; , on Hv;;/ 2(]1%3)

is equivalent to the self-adjointness problem of 7; on L*(R*). Not only must this
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statement be well formulated in each symmetry sector, but most importantly the two
problems are not the same even when full care is taken of the symmetry. Indeed,
as proved in [18, Remark 10], if in addition to the assumptions of Proposition 4
above one assumes also that the Tk(l)’s for £ > 1 are defined on a larger domain so
as to become self-adjoint in L%(R3), then for the densely defined and symmetric

operator Ayzx on Hy, o 2(R-q’) one would have
D(A“)*) NLIRY =DA), (17 =1

(here .A* denotes the adjoint in Hy, U 2(IR3)) However, this is not enough to claim

that the self—adJ01ntness of T() 1mpl1es the self-adjointness of A(z) the latter could
still have (and in general it does have) a larger adjoint and thus admit nontrivial
self-adjoint extensions. To our understanding this point was systematically missed
in the very work of Minlos and Faddeev (see the statement in [25] right after
Eq. (19) therein, where the analogue of our A; , is introduced), in the 1987 seminal
work of Minlos on the three-particle system [19], and throughout the subsequent
literature on the operator-theoretic approach to the 2+1 fermionic model of TMS
type [27, 15, 16, 30, 20-24]. The discrepancy between the self-adjointness problem
of T, on L2(R%) and of H™S on H was proved in a sharp quantitative manner for
the first time in 2015 in the work [6] by one of us in collaboration with Correggi,
Finco, Dell’ Antonio, and Teta, using quadratic form methods and working in the
case o = 0. Then, in our recent work [18] we have finally provided a consistent
explanation of the difference between such two problems using the extension theory
in the operator-theoretic language.

4. Extension scheme for the auxiliary A4; ,: case ¢ > 1

It follows from Propositions 3 and 4 that the self-adjointness problem of the
operator A; , defined in (35) and of its self-adjoint extensions on the space of
charges Hy, i 2(]R3) is separated (reduced) for each value of the angular momentum

£ e Np. Indeed we have the following decomposition of Hy, " 2(]R3) and reduction
of A)L,a,

oo
1/2(R3) _ @ HW—/I/ZZ(R3) Arw =AY,
(=

where each Hu_q, ¢ (]R3) is the sector of £-th angular symmetry of H~'/>(R?), equipped
with the scalar product (-, -)w, (32), and it is a reducing subspace for A, ,.

In this section we discuss the self-adjointness problem of A(l) in the case ¢ > 1.
For convenience of presentatlon we restrict our analysis to the the regime of masses
m > m*, where m* =~ (13.607)"! is the unique root of A(m) =1 and

A(m) = %(m + 1)2<; — arcsin (45)

m(m + 2) m—l—l)’
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a positive, continuous, monotone decreasing function often also referred to as the

Efimov transcendental function. We see that, thanks to this choice, ARZL is strictly
positive.

PROPOSITION 6. For m > m* and ¢ > 1 the operator ARZL is densely defined,

symmetric, and semi-bounded from below on the space Hv;:/f (R, with strictly
positive bottom when o > 0 and A > 0, or also when o < 0 provided that X\ is
large enough.

Proof: The fact that Affi is densely defined and symmetric on Hv;i/f (R is
already part of Proposition 4. Moreover, for arbitrary & € D(AE\Z’L) = D(TA(E)) =
3/ 2(]R3) owing to (30) and (36) one has
L= / E(p) (M) (pdp + &l
R

_1
H 2.H

<s AL o1 = (€ (DY + @)
s
In [6, Proposition 3.1] it was proved that

/ Ep) (TO6)(p)dp = 2w (1 = Am) / N+ REPPdp. @6)
R R
Therefore, recalling that A(m) <1 for m > m*,

(6 ALLE) 1 2 GV = AGm) + 200 513

The constant in the r.h.s. above is strictly positive when « > 0 and A > 0, or also
when o < 0 provided that A is large enough. Since (Proposition 1(ii))

1§12 = €1 g-12 2 &1l =172,
Wi

the conclusion then follows. O

As such, A(l) may have other self-adjoint extensions on HWI/ 2(IE@) than its
Friedrichs extenswn and it is possible to classify them by means of the Krein—
Visik—Birman extension theory, more precisely, the self-adjoint extensions of .Aiezx

are one-to-one with self-adjoint operators acting on Hilbert subspaces of ker(AﬁL)*.
Observe that (Aw) )* denotes the adjoint of A(l) with respect to the Hilbert space

Ho 2R3,
W)\ 4
The two inputs for the extension formula given by the Krein—ViSik—Birman theory
([17, Theorem 3.4]) are the Friedrichs extension .A( N Foof .A(E) (namely the unique
self-adjoint extension whose domain is entirely contamed in"the form domain of
A(l) and hence the highest of all other extensions) and the space ker(.A%L)*. We

characterise A(é) F first.
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PROPOSITION 7. Let m > m*, £ > 1, and ) > 0 large enough (depending on «)
so as to make the bottom 0f A“) strictly positive, as found in Proposition 6. The

Friedrichs extension of A o (with respect to the Hilbert space HW (R3)) is the

Operal‘or
DAL = {6 € H/P®HI(TY +al)g € H (R}, @
A e = 2w N1 + al)E.

Clearly, D(A;%F) D H; >(R3). The (Friedrichs) quadratic form of Aﬁfl}F is given
by

D[A“) F] _ H1/2(R3)
AT 1E, 8] = 26, (T + D)) gy

(48)

(Observe that (&, (T\" +al)&) 1 1 is finite for & € H)*(R3), due to (30).)
H2,

2. H 2

Proof: We start with the quadratic form associated with A(e) F (after all, the
Friedrichs extension is a form construction). The form domaln of the Friedrichs

extension of A;KL is given (see, e.g. [17, Theorem A.2] or [29, Section 10.4]) by
the completion of D(A%L) = H;/ 2(R%) in the norm

1/2 172
6100 = (&A%, 00) = (26 @0 +ang) ) 1)
o A

H 2,H2
(It was crucial here to have taken A large enough so as to make the bottom of ARZL
strictly positive.) We now use the fact, proved in [6, Eq.(3.52)], that for m > m™ the
expression (&, (TA(Z) + al)&) defines a (square) norm equivalent to the H'/*-norm
(what we denote here by (&, (TA(Z) + al)&) is precisely the quantity CDQ[S] in [6]).
This yields the first identity in (48). Moreover (see, e.g. [17, Theorem A.2]), for

51,52 e DIAY 1 = H)>(R%) one has

W[s],sz] = hm< AL EM) e = Tim 5 (T + al)g”)
WA n—oo

H2.H 2

where (Sf”))n and (Sz(">),, are sequences in D(.A(K) ) = 3/ 2(R3) such that £ ™ g
and g( — & in the || - || A(z) -norm, namely the H'/>-norm. Using again the norm

equivalence proved in [6, Eq (3.52)], one can pass to the limit inside the scalar
product, thus obtaining the second identity in (48). Also the symmetry property

€M, (10 +alE”) = (1 +al)e, ")

1
H 2,H2

H2,H

I\)

is retained in the limit, whence indeed A(Z) F[Sl, &) = (Z) Fr (&, &1
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The operator .A(e) F'is then derived by its quadratic form in the usual manner.
Its domain is the space

e € Hy,} (R?) such that
DAL = & € DIAL 1 = HyZ B | (0:56) 12 = AL €]
Vi e D[A“) l=Hy",®)
and its action is then given by
.A(e) e = ¢
Since (n. &) 12 = (0. Wade) AL)n 81= 200, (B0 +a)g) |y and Wi is
a bijection H *%(R3) — H %(R3), the condition (1, &), 1/2 = A(Z) "[n, &1 implies
that (7, +a1)é € H2(R?) and that & = 2w, (1" +a11)g, which proves (47). O
Next we characterise the crucial space ker(Agsz)*.

PROPOSITION 8. Let m > m* E > 1, and ) > 0 large enough (depending on «)

so as to make the bottom of .A s Strictly positive, as found in Proposition 6. The

subspace ker(AﬁL)* C Hv;kl/ 62 (R?) consists of all the functions B _1/ 2(]1%3) such
that R
2 ST E(q) =0
T/ vp? + AE + / dg +a& =0 49
P 02) [ S SR—— Y (») (49)

as a (distributional) identity in H=3/*(R3), and then also point-wise almost everywhere
in peR3.

Proof: Let E € ker(Af\liL)* and let (E,), be a sequence in H,} (R%) such that
E, = E in the H[l/ 2—norm, equivalently, in the Hv;kl/éz -norm. Then, for arbitrary
¢ 3/2
& e DAL = H(®Y),

Bl—

1
0= E(E,Aﬂ&) = (u,(T(l)—I—oz]l)é) |

2.H
T w) _ = ©
= lim (8, ()" +aD)§) 1 | = lim (8, (I\” + 1)),
n—+00 H 2,H2 n— 400
= lim (7 +eDE. &) = lim (T +aDEnE) 3 s
n—-+ n—+00 H 2,H2
_ y7® -
= (7 +aDE.&) 5 o

where in the second step we used (36), in the third step we used the strong
continuity in the first entry of the dual product, in the fifth step we used the
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symmetry of the operator 7 on L2(R?) (Proposition 3(ii)), and in the last two
steps we used the fact that Tk(g), only for £ > 1, maps continuously H, ~1/ 2(]1%3) into

_3/ 2(R3) (Proposition 3(iv), bound (30)). Therefore, by duality, (T(e) +al)E=0
in H;3/2(R3), and (49) follows. O

REMARK 5. In the above proof, the finiteness of both the double integrals

= £@q)
dpE d
/R3 P (p)(/ms qp2+qz+up-q+k)

E(p) -
d d
/Rs q(/Rs P pr+q>+up -q+k)E(Q)

is a consequence of the properties of 7, when ¢ > 1 (the bound (30) of Proposi-
tion 3(iv)), whereas each of them would diverge for generic & or B in H™'?(R?).
The exchange of the order of integration did only take place at the level of
suitably regular approximants of E and sufficiently regular &, which is the (Fubini-
based) argument by which TA(Z) was proved to be symmetric on a regular enough
dense of L?>(R%). In turn, the approximation was controlled by means of the

H'?(R?) — H;*(R%) continuity of T, for which € > 1 is crucial.

and

We have thus established that ker(Af\%)* consists of all those E’s that are
distributional solutions to

(1" +al)E = E e H, (R (50)
(in this context it is obviously of no relevance to distinguish between le/ 2(IF@)
and H, '*(R?)).
REMARK 6. Combining (47) and (50) we see that in the decomposition

DA = DAL + ker(A[")*

each n € D((A")*) decomposes as n = & + B, where & € D(A:") and hence
Ao p N1
(A “)) £ = “)*Fg = 2w N(T” +al)&, whereas E € ker(A,(ffx)* and hence (T,” +
al)E = 0. We may summarise all this by saying that
A =2w (1Y + al) (51)
as a distributional operator.

REMARK 7. At this point it is worth remarking once more the difference between
the present rigorous application of the formalism and of the extension theory, and

what was done instead in the previous literature. Since we are after ker(.A(Z) )%,
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we are led to the problem (50) in the unknown E € HV;;/E (R3), for m > m*. In

a number of past studies it was erroneously argued that it was the self-adjoint

extensions of TA([) 4+ al on the Hilbert space L%(]R3) the correct class in one-to-
one with the self-adjoint realisations of the corresponding TMS Hamiltonian with

parameter «. Since TA(Z) +a1 has a strictly positive bottom as an operator on L2 (R%)
when m > m* (precisely for the same arguments used in the proof of Proposition
6), then its self-adjoint extensions in L%(R3) are labelled a la Krein—Visik—Birman

by self-adjoint operators on Hilbert subspaces of ker((T)\(e))* + «l), where here
(TA(Z))* denotes the adjoint of T,\(D in L%(R3). In a recent series of works by Minlos
[20, 22-24] the deficiency indices of the operator TA(K) and its adjoint operator (TA(O)*
on L?(R?) were thoroughly studied, showing that in fact (TA(Z))* acts precisely as
TA(Z) on a domain in L3(R*) which, depending on m, may or may not be larger than
the domain of T)\(l) itself. In those works, therefore, the problem that is considered
is the distributional solutions to

(" +aD)f =0,  feL}®R). (52)

The problems (50) and (52) have the very same distributional formulation, however
the unknown is set on different spaces. It is no surprise, then, that the dimension
of the space of solutions to each such problem depends on the mass parameter m
in a different manner.

In the Eq. (49), or also (50), at fixed £ there is at least a natural (2¢ + 1)-
degeneracy, labelled by the ‘magnetic’ quantum number n € {—¢, ..., ¢}. Indeed,

Te(z) is spherically symmetric and we recall from (28) that
— 1
H PR = L2RY, (1 +r) 7272 dr) @ span{Y, g, . .., Yer)

thus, if f e L>(R*, (1 +r)722dr) and E.(p) i= fUpDYen(R,), then E,« is
a solution to (49) for some n* € {—£,..., ¢} if and only if E, is a solution of all
other n € {—¢, ..., ¢}

We are now in the condition of stating our main conjecture.

MAIN CONJECTURE. Let m > m*, £ > 1, and A > 0 large enough (depending

on «) so as to make the bottom of .Affll strictly positive, as found in Proposition 6.
There exists a mass threshold m** > m*, expected to be given by the unique root
m** ~ (8.62)" of the integral equation

2 1 “+00
m(m—+2)+f dyy/ dr————— =, (53)
(m+1) _1 0 re4+ 14 =5y

with the following property:
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e if me (m*,m*™) and € =1, then Eq. (49) has a unique nonzero solution in

H[l/ 2(]1%3), modulo the triple angular degeneracy;
e if m>m™ and £ =1, as well as if £ >2 and m > m*, then Eq. (49) has
no nonzero solutions in H[l/ 2(R3).

Equivalently, owing to Proposition 8,

(54)

o d =1
dimk e _ 3, m € (m*, m*™) an )
im er(A W) = 0. m>m" and £ =1, or m > m* and £ > 2.

We shall discuss the evidence and the motivation for our conjecture later in
Section 9. In the remaining part of this section let us examine how the self-adjoint

. 0 . . .
extension scheme for ARL is completed, based upon our main conjecture.

Case m>m™ and £ =1, or m >m* and ¢ > 2

Each Ax o> for any £ > 1, is (essentially) self-adjoint on HV?/;/ZZ (R?), its closure

being the Friedrichs extension A(AZZ;F characterised in Proposition 7.

Case m € (m*,m™) and ¢ =1

.A(l) has deficiency index equal to 3 and its self-adjoint extensions on HW]/ ’ (R3)
are one-to-one with self-adjoint operators acting on Hilbert subspaces of ker(Af\l,)a)*.
Since the Friedrichs extension ASL’F and .A)(\IL have the same strictly positive

bottom, (AS)L’F)*I exists and is bounded and everywhere defined on Hy, ol 2(R3) We
denote by &;,, n € {—1,0,1}, the unique (up to multiples) solution to equation
(49) with angular symmetry (¢ =1, n). Clearly, the E;,’s span ker(.Ai{L)*, and the

span of each E;, is a reducing subspace for both (A;{L)* and (Af\{i;F)*]. Also,
on span{&; ,} the only self-adjoint operators are multiplications by a real number,
say B, € R.

PROPOSITION 9. Let m € (m*,m**) and A > 0 large enough (depending on
) so as to make the bottom of Ailfx strictly positive, as found in Proposition 6.
The family of self-adjoint extensions of Aglzx is a three-real-parameter family of
operators (1) ﬁ 3

{ALG" 1B = (B-1. Bo, B1) € (=00, +00l*} (55)
with

1
D(A(l) 5) _ S ‘5 + (.A(l) F < Z ﬂnQnul n) Z q,,El,n

n=—1 n=—1

where &, € D(A(l)) and (q-1, 90, q1) € C° (56)

1
(l) ﬁs A(l) Sl + Z ﬁnQnEI,n'

n=—1
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Each ‘charge’ & € D(Af\{zﬁ) consists of a ‘regular’ component

Ereg == &1 + (A(l) g Z Bngn €1 n) € D(A(l) F)’
n=—I (57)

(1) /3%_ A(l) Fé
regs
plus a ‘singular’ component

1
Eing 1= D quB1.n € ker(D(AL))*.

n=—1

In particular, &, has the following properties:

Eeg € HYORY),  (TV + al)éeg € HZ(RY),

- M = 2 (58)
2(Ey 0, (T}, +aﬂ)§reg>H_%’H% = IBnQn”C‘l,n”H‘;}i/z’ ne{-1,0,1}
The quadratic form of each such extension is given by
DLA", ﬁ] = H,/}(R®)+span{E; _1, E10. 1.1},
(59)

AL e+ Z 0B | =26 G va)E) |t Z Bulanl* 1B 1all} .
n=-—1 n=—1 Wi

Proof: The three-parameter nature of the family (55) for m € (m*, m**) is an

immediate consequence of the dimensionality of ker(.A(l) )*, and (56) is then the
explicit Krein-Visik-Birman extension formula applied to this case (we refer to
[17, Theorem 3.4], for concreteness). By construction the vector in (57) belongs to

the domain of the Friedrichs extension AKIL’F, thus the first two properties of (58)
follow at once from (47). Moreover,

281 (T + aDreg) 1 1= (B AL ), o

1
H 2,H2

= (E1, AP by = (B AL &) Lt Z Pada(Bin. Erad o1

a=—1

= Buqnll El'n”HV;l/z’
A\

where we used (47) in the first step, (57) in the second, (56) in the third, and

the W,-orthogonality of the E;,’s, together with (.A(l) )*E14 = 0, in the fourth.
This yields the last property of (58). Next to the classification (56), the Krein—
ViSik—Birman theory provides also a convenient parametrisation of the self-adjoint

. 1 . . . .
extensions of LA\") in terms of their quadratic forms. Referring, for concreteness,
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to [17, Theorem 3.4], we find
DIA;P1 = DIALLTT + ker(D(A]))",

”%+Z%M4—mﬂ+2mmwwmw

Owing to (48), this reads precisely as (59). O

Having conjectured that ker(D(.AﬁL))* is finite-dimensional, necessarily each

Ai{fx’ﬂ is semi-bounded below, [17, Corollary 5.7].
The Friedrichs extension corresponds, in the parametrisation (56), to the case
“B = 00” [17, Proposition 3.7]. It is characterised in Proposition 7 above.

5. Auxiliary operator A, , in the sector ¢ =0

So far, on the sector of symmetry ¢ = 0 the ‘Krein—ViSik—Birman extension

parameter’ A4, , was generically qualified to be a self-adjoint operator A(Z =0 on

—1/2
VV)L = 0(R3)

The peculiarity of the sector £ = 0 is that the bound (30), namely the H; / 2(R3) —
H; / 2(]1%3) continuity of 7.9, is lost, and in fact on the opposite (31) holds, which
makes the composition W,” 'T, in general ill-defined on spherically symmetric
functions — for sure ill-defined on a very much natural dense of H‘;/;,/ZZ=O(R3) !

On the other hand, in our discussion on the sectors £ > 2 the essential feature
of the extension parameter Ayg was to have a Friedrichs extension whose quadratic

form (48) takes the expression & +— 2(§, (T)\(Z) + al)&) .
H

This motivates the following construction of A((Z =0

Bj—

PROPOSITION 10. Let m > m* and X > 0 large enough. On the Hilbert space
HI;/I/ZZO(R3) the expression
A

q@h&y=ﬂa«nm+am&»; 1,

BLH 2 (60)
£, & € D(q) := H/}(R?)

defines a densely defined, positive definite, and closed quadratic form, with strictly
positive bottom. Let Ayzjo) be the unique self-adjoint operator on HVT/;/ ZZO(R3) that
realises such a form, that is,

DIA; "1 = H LR,
“msb&y—ﬂ&mﬂm+ams»l

JH

(61)

l\)
D=
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Then
DALY) = (& € HZ®RH(T +al)E € H®RY),

(62)
ALY = 2w (1 + al)g.

Proof: The density of D(g) in HW = 0(R3) is obvious, and the boundedness from
below of g with strictly positive bottom follows by precisely the same argument
used in the proof of Proposition 6: in fact, the bound (46) was proved in [6,
Proposition 3.1] also for £ = 0. Moreover, analogously to what argued in the proof

of Proposition 7, g[&, &] defines a norm in HWI/Z 0(R3) which is equivalent to the

H'/?-norm, as a consequence of the bounds [6, Eq. (3.52)]. Thus, D(q) is complete
in the norm ¢[&, £], which means that ¢ is closed. It is therefore standard that there
is a unique self-adjoint operator .A(K =0 whose form domain is precisely HZIL %)(]R3)

and .A((Z =0) €1, &] = ql&1, &]. The operator domain and the operator action (62) are
deduced from the form domain and the form action (61) exactly the same way
we derived (47) from (48) in the proof of Proposition 47: one can indeed repeat
verbatim the same argument, for there was nothing constraining that part of the
proof of Proposition 47 to nonzero £’s. O

6. Reconstruction of the self-adjoint TMS Hamiltonians

We analyse in this section the explicit structure of the self-adjoint extensions of
H of the class H, given by (38), that is, those extensions of TMS type. We show
that, following our main conjecture stated in Section 4, we retrieve precisely the
Sfamily of TMS self-adjoint Hamiltonians derived in the physical literature, consistently
also with previous partial attempts in the mathematical literature developed in the
language of the quadratic forms.

In this section too we assume m > m* and, for arbitrary «, we assume XA to be
large enough, in the sense of Propositions 6 and 8.

In view of the discussion of Sections 3 and 4 above, we are led to consider
the self-adjoint extensions ﬁo[lﬁ ], B e R3, whose extension parameter on the space

of charges H‘;,Al/ 2(R3) = @fzzo H‘;,j’/EZ(R% is the self-adjoint operator
A&ﬁ] A(i 0) (1) /5 D @A(@) (63)

It is understood, in view of our main conjecture, that on the £ = 1 sector there
is a multiplicity of choices B € (—o0o, +0oc]® only in the regime m € (m*,m**),
whereas for m > m** the only choice (8 = o0) is operator closure of Ax > Namely
its unique self-adjoint realisation. Moreover, due to our conjecture, on the ¢ > 2
sectors the operator closure of .A)(\ZL is its unique self-adjoint extension. On the

¢ =0 sector .A“Z =0 s by construction already self-adjoint.
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We observe that {A[f ilﬁ € (—o0, +00]%} is the family of self-adjoint extensions
of the operator A, , defined in (35) on the Hilbert space le/ (R%), with the
specification of A(Z 9 made in Section 5.

Correspondmg to each AA »» the Krein—Visik—Birman theory associates a Hamil-

tonian HY’' on the physical Hilbert space H = L#(R® x R3 dx;dx;), which is

a self-adjoint extension of the initial operator H and is given by the extension
formula (see (38) and (43) above)

f € D(H)

DHPY :={g=f+ Hr+21)""(u15,) +ue
( Ax,as) £ e DAY

(64)

g e DHIn = ALLg},
HP = 7% | DHP.
The Krein—ViSik—Birman theory provides another extension formula (see, e.g.
[17, Theorem 3.4]) that gives the quadratic form of H, 1P1 We find:
DIH == DHF] + DU AL UL
= H! R x R*) + U 'DIAY], (65)
(HP' + ADIF + ug] := (Hp + AD[F]+ AP [g].

Recall that U, : ker(I-oI* + A1) 3 Hv;i/z(R3) is the unitary isomorphism (33), thus
U, IAE\’? (]XUA is the self-adjoint operator on the Hilbert space ker(H* 4+ A1) which is
unitarily equivalent to A and (U 1./4[’3 VU ue] = [ﬂ g1

Whereas H c HP = glf= c f* (66)

is thus guaranteed by the Krein—ViSik—Birman extension theory, we want now to

make the structure of H.' explicit both in the operator and in the quadratic form
sense, and we want also to discuss the TMS nature of each such extension.
The results are cast in the following two theorems.

THEOREM 1. With the notation and under the assumptions stated above in this
section, the operator domain of the self-adjoint extension HP is the space

1
F e HXR xR, E =g+ ) quErn,

n=—1
DHP) = g =F +us q=1(q-1.90.q1) € C, . (67)
1 1
greg € HZ(RS), (T + a)greg € HQ(RS)
plus boundary conditions (BCl) and (BC2)
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(BCl) ng F(p1, p2)dps = (T, + @)érea(P1),

(BC2) fR 20T () + 0l (p)) dp = BulanP. n € (—1,0, 1),
(67cont.)

and the action of HP s given by

(HPY + A1)g = (Hpree + A1) F
2 (68)
=| -4y _sz_m——i—lvxl Vi, +A|F.
The three functions E_1, 819, E1.1 € H;ll/z(R3) in (67) are those conjectured in
our main conjecture and they are taken here to be normalised as ||E L,,llil_] n =2
Wi
THEOREM 2. With the notation and under the assumptions stated above in this
section, the quadratic form of the self-adjoint extension HP s given by

1
F e Hf] (R3 X R3),é = Sreg + Z QnEI,n,

n=—1 )

1
£eg € H2(R?), g = (q-1. 90, q1) € C°

D[Ho[lﬁ]] =18=F+u;

(69)
HPF +ugl = M F 3, — MF + ug |3 + Hee[ F]
1
+ 2( f B (D) (p) + obg(p) dp + ) ﬁn|qn|2>.
R n=—1
The three functions Ei_1, E10, 21,1 € He_zll/z(]R3) in (67) are those conjectured in
our main conjecture and they are taken here to be normalised as || E 1,n||;,_1 =2

Wi

As remarked above, there is an actual multiplicity of extensions P only in
the regime m € (m*, m*™), whereas for m > m™ the only self-adjoint Hamiltonian
is HO[/8 =l In the above formulae, HO[/6 =l is the Hamiltonian whose form domain
has regular H'-functions and H %-charges only, and whose operator domain does
not have singular charges in the ¢ = 1 sector, and for which therefore the boundary

condition (BC2) is completely absent.
Before discussing the proofs, let us emphasize that Theorems 1 and 2 above are

explicitly formulated so as to present the structure of HP' (as an operator and as
a quadratic form) in such a way to allow a most direct comparison between our
analysis and the existing literature.

The first rigorous construction of operators of the class HP' for the (2+1)-
fermionic model, which also proved the fact that HP is a self-adjoint extension of
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the “away-from-hyperplanes” free Hamiltonian H in the sense of (66), and that it
supports a Ter-Martirosyan—Skornyakov condition in its domain, is due to a work
of Finco and Teta [10] and a subsequent work of one of us in collaboration with
Correggi, Dell’ Antonio, Finco, and Teta [6], both from 2012, relative only to the
case B = oo of the present notation. With reference to (67) and (69) above, this
was precisely the operator H, = HP=,

In both works [10, 6] the approach was through quadratic form theory, thus first
it was proved that the form H,[-] is closed and semi-bounded on H and then the
corresponding self-adjoint operator was derived and (66) proved. For a convenient
comparison, our ubiquitous expression Tj + a1 is denoted by 'y in [6], and what
we denote here by (£, (TA(Z) +al)&) is precisely the quantity ®[£] in [6]. Observe
that despite the fact that in [6, Eqs. (2-29)—(2.30)] the charges of the functions
in D(H,) are qualified by the boundary condition (BC1) under the constraint that
(T, +al)é =TYE € L*>(RY), it is clear that (BC1) is an identity among H 2 -functions:
our present formulation (67) does not involve the unnecessary space L’(R%) and
formulates the constraint on & already in the form (7, + «1)§ € H %(R3).

As mentioned already (see Remark 7 above), the possibility of the existence
of self-adjoint extensions of H of TMS type, other than H,, was known since
long and investigated in several studies, however, the precise role of the space
of charges in the extension scheme was missed. Only in a recent work of one
of us in collaboration with Correggi, Dell’ Antonio, Finco, and Teta [7], again
through a quadratic form approach, a substantial progress was finally made by
characterising the family of extensions of the form HoEﬁ ]o’ namely those relative to
the (2+1)-model at unitarity, meaning, with infinite scattering length o~! = co. Our
Theorem 2 is immediately comparable with [7, Theorem 2.1], and Theorem 1 with
[7, Theorem 2.2]. Because of the restriction to o = 0 it was convenient in [7] to
use homogeneous Sobolev spaces, which essentially corresponds to sending A — 0
in our formulae.

In the remaining part of this section we shall prove Theorems 1 and 2, whereas
in the next section we discuss the occurrence of the Ter-Martirosyan-Skornyakov
asymptotics.

It is convenient to prove first the characterisation of the quadratic form of HP.

Proof: Formula (65) indicates that g € D[H[B ]] is of the form g = F + u;
where F € Hf1 (R?>x R3) and & € D[A[ﬁ]] From (63) we see that & € D[A[ﬂ]]
reads & = @€Y, where £ € D[A(D] = 1/2(]R3) for £ # 1 (owing to (48)
and (61)), and £ ¢ Hl/z(]R3) + span{E; 1, E1.0, E1.1} (owing to (59)). This
proves the expression of D[H, 1/ ]] given in (69). Formula (65) also indicates that
(HP' + AD[F + uel = (Hp + AD[F1 + AL)[£], equivalendy,

HPF 4+ ugl = M FI3, — MIF + ug |3, + Hee F1+ APL£].
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In turn, £© =&Y and

reg

ALIEO = ALIEQ = 26, (T +abES) 1 1 for €1
(owing to (48) and (61)), whereas
gD = g(=D 4 GnE1n
reg n;l
and
ALE TN = ATE T = 2067 (Y + o) )2 Z Buldn’
n=—1
(owing to (59)). This proves the expression of Ho[,’3 ][F + ug] given in (69). O

We pass now to the proof of the characterisation of the operator HP.

Proof: In view of formula (64), each g € D(Ho[,ﬂ ]) decomposes as g = F' + u;
where . .
F:=f+ (Hp +21)" (u qip1,) € DIHF] = HA (R x RY)

and & € D(A[fi) C ker(ﬁ* + A1). Since Ho[f;] 4+ Al acts on g as H + A1, formula
(68) follows at once.

Because of (63), § = @;2,&" where, for £ # 1, &0 =g € D(Ayfl;F) and

1
hence (owing to (47)) £© e H? (R with (T + a)e® ¢ H%(R3), whereas, for
e=1, 0 = r;g+2n__lqnuln with £() € D(A{'""") and hence (owing to (47)

again) £() € H2 ((R3) with (T + ) € H?(R3). Thus, setting &, = DX, £,
the decompos1t10n of the charge & stated in the first part of formula (67) is proved.
We pass now to the proof of the two boundary conditions (BCl) and (BC2) of

(67). For g € D(Ho[[ﬂ]), one has
(H +2Dle" g1 = ¢/, (H +2Dg)y Vg € DIHSL.

The identity above must be true in particular for all g’ in the form domain (69)

of the form ¢’ = F'+ug with F' € H'(R® x R%) and &' € H%(]I@), namely, those
functions g’ of the form domain with only regular charges. With this choice, and
decomposing g = F + ug, & =g + Y __; ¢ B1nr (69) yields

(HP' +21D)[g', g1 = (Hee + 2 D[F', F1+ APl [, ]

= (Hie + ADIF' F142 | E(0)((TyEwep) (p) + abreg(p)) dp
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(where it was crucial that the charge &’ has no singular part), whereas (68) yields
(8's (HP' +21)8) = (F', (Hiwee + A1) F)p + (g, (Hiree + A1) F)yy
= (Hfree + )\]l)[F/7 Fl+ <u$’, (Hiree + A1) F)yy.

Observe also that

E(p1) — & (p2) v
(ugr, (Hiree + A1) F)y = /f (Htree + A1) F)(p1, p2)dp1d
3 free H plz T p% T aprprt )»( free ) P1, p2)apiapz

= 2/ dpf’(pﬂ(/ dpzf(m,pz))
R2 R3

(since F € HE(R3 x R3), the inverse Fourier transform of the function p >

fR3 dqf (p,q) is a function in H %(R3), owing to a standard trace theorem, e.g.
[32, Lemma 16.1]). Therefore, V&' € H? (R),

/ E(p)((Threg) (p) + abreg(p)) dp = / dp@(pl)( f dp,F(py. p2>),
R3 R2 R3

which by density gives condition (BC1) as an identity in H %(R3).

If the charge & of g € D(HO[/3 ]) has a (nonzero) component with symmetry
{ =1, say, gD = Srgg) + Z,ll:_lanl,n, it was already established in (58) that the
regular part Sr(elg of £ satisfies the condition (BC2). Therefore, for a generic charge
E=beg+ Y h 1 GnClns g = D, £X), by orthogonality one has

— —

E1a(P)((Tikree) () + tbree(p)) dp = | B1a(P)((T:E2) (p) + &3 (p)) dp

R3 R3
= /3n|Qn|2
which completes the proof of (BC2). O

’

7. Emergence of the Ter-Martirosyan—-Skornyakov asymptotics

In this section we elaborate on the emergence of the Ter-Martirosyan—Skornyakov
asymptotics for functions g € D(HOE‘9 ]).

In fact, the boundary condition (BC1) in (67) is a TMS condition. For the precise
meaning of that, we need to recall the following simple facts.

LEMMA 1. Under the assumptions of Theorem 1, if g € D(Ho[/3 ]), then its regular

part F and the charges &, &, and n = A[f]é defined by the decompositions (67)
and (11) of g, satisfy

N 1
/ F(p1, p2)dpr = (W, (p1) (70)
]R3 2
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and |
Tybreg + ey = EWW (71)
as identities in H %(R3), and
AP e = 2W (T + o)k, (72)
as an identity in H_%(R3).

Proof: In fact, we know already (72) from (47) and (57), because on each ¢-th
sector , o )
A E = AL e = 2W (10 + @Dk,

but we can also argue as follows. From g = F + ug,

/ F(p1, p2)dp> =/ g(p1, p2) dp> —/ ug (p1, p2) dpa,
[p2|<R [p2I<R [p2l<R

and from (15), the proof of which includes also the asymptotics for ug (see [I8,
Lemma 4]), one has

N - . [—
f| ‘ g(p1. p2)dpy = 47E(pOR + (— (L:E)(p1) + E(Wm)(m)) +o(1),
p2l<R

/ ix(p1. p2) dpy = 47E(p)R — (T.€)(p1) + o(1),
Ip2l<R

as R — +4oo, which gives (70). Combining (70) with (BC1) in (67) yields (71).

Last, (72) follows because n = .A[f (]xé and W, is a bijection H _%(R3) — H %(]R3)
(Proposition 3(i)). O

Plugging n = .A[f (]IS given by (72) into (15) gives
/ 8(p1, pdpy = 4E(PR +aEeg(p) +0(1)  as R— 400, (73)
[p2l<R

For those g’s in D(Ho[/g ]) whose charge & has only regular part the asymptotics
take the genuine TMS form

/ Sp1. p)dps = GTR+a) Beg(p) +0(1)  as R — +00. (74
Ipal<R

In (74) the point-wise approximation of the function flpz\< 2 &(p1, p2)dpy is given

1
by a H?2-function (because so is &.g); in (73), due to the possible presence of more
singular charges in § = &, + Z,I,:_l qnZ1.,, the point-wise approximating function
for flp2|<R§(p1, p2)dp; is in turn less regular.
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Thus, the Hamiltonian H, = Ho[/s =l discussed in Section 6 and in the works
[10, 6] has a genuine TMS condition for the functions of its domain, whereas for
the Hamiltonians H, = HoEﬂ ], due to the occurrence of more singular charges, the
TMS condition survives only for sufficiently regular elements of the domain.

8. Multiplicity of extensions and three-body boundary condition

In this section we discuss the interpretation of the boundary condition (BC2) in
(67), that is, the condition that qualifies the link between the regular and the singular
part of the charge associated with an element in the domain of the self-adjoint
Hamiltonian HY”', provided of course that the charge has a nonzero component in
the sector of symmetry ¢ = 1.

In fact, (BC2) has eventually a natural interpretation of additional three-body
boundary condition (besides the two-body Ter-Martirosyan—Skornyakov boundary
condition at the coincidence hyperplanes).

The circumstance that for three-body models with point interaction there is
a regime of the mass parameter (m € (m*, m**) in our notation for the present
(2+1)-fermionic model) in which the Hamiltonian is not fully qualified by the sole
specification of a boundary condition of TMS type, when two particles come on
top of each other, and instead one needs to fix a further three-body parameter
for an unambiguous realisation of the Hamiltonian, emerged quite immediately in
the study of point interactions, even at a nonrigorous level. Indeed, right after
Skornyakov and Ter-Martirosyan had defined their (formal) three-body model for
identical bosons [31], it was noted by Danilov [8] that the equation for eigenvalues
had a nonphysical (today we would say: incompatible with self-adjointness) continuum
of negative solutions. To resolve such a continuum, an additional constraint was
prescribed, in the form of a real constant of proportionality between the coefficients
of the two leading singularities of the corresponding eigenfunctions (see, e.g. [26,
Eq. (3)]), thus resulting in a discrete spectrum for each value of the additional
parameter. This real constant was given in some vague sense the meaning of
a three-body parameter, and it was indeed its emergence to motivate the subsequent
first attempt of Minlos and Faddeev [25, 26] for a rigorous explanation in terms
of a one-parameter family of self-adjoint realisations of the formal Hamiltonian,
a picture in which Danilov’s parameter is seen on the same footing as our f
in (67).

In the present setting, the role of 8 = (B_1, o, B1), B; € RU{oo}, as a parametri-

sation of each self-adjoint extension HYP' was rigorously established within the Krein—
Visik—Birman extension theory. We want now to comment about its interpretation
as the parameter for a three-body condition.

For g € D(H(,[/3 ]) let assume non-restrictively that the corresponding charge & in
(67) belongs entirely to the sector of symmetry ¢ = 1. First we observe that if we
write (from (56))
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1
£ = Sreg + SSing, greg =& + Sz(ﬂ)» SSing = Z GnEi1.n,
n=—1 (75)
1 1
g eDAY), &= UNhH el D = Z Bntin B0,

n=-—1

then the boundary condition (BC2) in (67) is only effective as a constraint between
2('3 ) and &sing> and insensitive to &, for

(B (T +aD)E) 1 1= (Bra AED, -l/z—<AMu1n,§1> 12 =0.
H 2,H2 W,
Thus, (BC2) is equivalent to
(B, (1" + a]l)s“”> L= Balgal>  (BC2). (76)

~5 3
In (75) we can think of § = e + &iing = &1 —i—éz(ﬂ) + &ing as the sum of a ‘very

regular’ component &, a ‘less regular’ éz(ﬁ ), and a singular &y,.. In other words, &g,

and 52(’3 ) may represent, respectively, the leading and the next-to-leading singularity
in the charge &, and the parameter 8 in (BC2)' prescribes a constraint between

such singularities, equivalent to the B-dependent constraint between &g,, and &, &)
given by (75).

It can be argued (it is part of our main conjecture and we shall elaborate more
on that in Section 9) that the singularity in &,, has (radially) the form
|—2+s(m)

Eing(P) ~ |p as  |p| - +oo (77)

for some mass-dependent exponent s(m) € (0, 1) — observe that s(m) < 1 ensures

that &, € H_%(R3), as it has to be because &y, € ker(ASZ’L)* C H[;l/ 2(R3),

whereas s(m) > 0 makes &g, a charge in H*® (R3) with s < % One can also

(B)

sing’

argue what the milder singularity is in 5(5 ) = (A(l)’F)_“;‘ namely what the

regularisation effect is of the operator (Ai{) F) ! on the function Sfﬁ)g From (75),

in each sub-sector of symmetry n = —1,0, 1 one has gsmgn ~ Bulp|7F™ | that is,
Ss(f])g has by construction the same singularity as &,o. With heuristics based on the

same arguments as in [7, Proposition 2.2 and Eq. (3.53)] we find

5(5)(19) Bulpl 2™ as  |p| > 4oc. (78)

Summarising, we do expect for the charge & the asymptotics (see, e.g. [7,
Eq. (2.17)]

1
= 1 IB"A —2—s(m)
5<P>“Z(|p|zs<m>+| i Pl ) ). Ipl = 4o, (19)

n=—1
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for some coefficients A, € C, where the condition (BC2)' is implemented via its equiv-
alent form S(ﬁ) (A (1) F) 1271_71 Bngn81.n, in view of (75), (77), and (78) above.

In turn, the smgularlty in & determines the singularity of the function g € D(HL,
more precisely of its singular (i.e. non-H?) component us, by means of definition (7).
The correspondence & > ug is linear, thus resulting in a term-by-term counterpart of
the asymptotics (79) for ﬁg (p1, p2) as |pil, |p2| = oo. For a cleaner inspection of the
latter, it is convenient to consider the function u; corresponding to a homogeneous
version of ug, defined by

§(p1) —&(p2)
pi+pi+upi-p
which is tantamount as subtracting a very regular function from u;. Now formulae
(79) and (80) allow to perform an easy scaling argument, that can be also translated

back to position coordinates via inverse Fourier transform. The result, as found and
discussed in [7, Remark 2.8], is

WL (pr, p2) = P, pr € R, (80)

o~ o~ 1 : 1 s(m) s(m)
W0, D) ~ — 3 (= + B + o) 81)
r—0 r — ys(m)

(here X; e R®, [X;| =1, j =1,2).

Formula (81) expresses an asymptotics at the triple coincidence point. Thus, the
boundary condition (BC2) in (67) translates into the precise S-dependent asymptotics
(81) that prescribes the proportionality relation between the constants of the leading
and of the next-to-leading singularity of the three-body wave function when all three
particles come on top of each other in a collapse onto the centre of mass.

Also, the explicit form of (81) matches precisely the analogous findings in the
physical literature — see, e.g. [34, note 43], and more recently [12, 13].

In conclusion: assigning solely the two-body (|x j|_1 +a)-singularity (as |x;| — 0)
at the contact between two particles is not enough in general to qualify a domain
of self-adjointness: for m € (m*, m**), next to the two-body parameter o (scattering
length), an additional parameter § € RU {oo} need be specified, which regulates the
three-body singularity at the simultaneous spatial coincidence of all three particles
in terms of the asymptotics (81).

9. Mass thresholds and evidence of our conjecture

In this section we discuss an amount of stringent evidence corroborating our
main conjecture and the origin of the mass threshold m**. Some of the following
considerations originate in fact from the analysis of the previous literature, but only
after having developed here the correct extension framework a la Krein, Visik, and
Birman can we finally formulate the appropriate arguments.

In a series of recent notable works [22-24], Minlos established a result that
is particularly relevant for the present discussion: we re-phrase it here within our
current notation and together with an auxiliary clarifying result found in [7].
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PROPOSITION 11.

(1) [7, Appendix A] — For m > 0 and s € [0, 1] the integral equation

m@m + 2) +°° ré
—_— d =0 82
(m +1)2 /‘)W/ ﬂ+1+—— (82)

m—+1

defines a continuous and monotone increasing function s — m(s) with m(0) =
m* ~ (13.607)"" given by A(m*) =1 in (45) and m(1) = m™ ~ (8.62)~!
given by (53). The integral equation (82) defines also a continuous and
monotone increasing function m +— s(m), the inverse of s +—> m(s).

(i1) [22-24] — For given m > m* and A > O consider T)fl) defined by (16)
and (27) as an operator on L%Zl(R3) with domain D(T)fl)) = 3/2(]R3)
hence densely defined and symmetric in L%ZI(R3) (Proposition 3(ii)). Let
myr = m(%) ~ (12.315)7! be the unique root of the integral equation (82)
when s = % Then for m > mj; the operator T;l) is essentially self-adjoint and
for m € (m*, m**) it has deficiency index equal to three. When m € (m*, m**)

the kernel of T)\( o is spanned by the three functions &\ |, E\, and &,
given by

= _ 1{|p|>1} _

in polar coordinates p = | p|S2,,.

Given now « € R, and taking A large enough (depending on «), the operator

T)\(1> + ol is positive in L%ZI(]I@) with strictly positive bottom, as discussed in the
proof of Proposition 6 and in [6, Proposition 3.1]. Therefore, an immediate corollary
of Proposition 11(ii) is as follows.

COROLLARY 1. Given o € R, and taking )\ large enough, one has

* kk
3, m € (m*, my;),
kk
0, m > my;

dimker(Tk(l)* +al) = { (84)

Minlos’s analysis was motivated by the (wrong) belief that the self-adjoint exten-
sions of Tx(l) in L%zl(R3) label the self-adjoint realisations of the Ter-Martirosyan—
Skornyakov Hamiltonian (Remark 7). However, it has the virtue of showing that Tx(l)*
— the adjoint in L%ZI(R3) — has the same formal action as T,\(I) [22, Egs. (4.14)-
(4.16)], and therefore Corollary 1 can be reinterpreted by saying that the space of
solutions to

TV +al)f =0,  fell R (85)

(see (52)) is trivial for m > m} and three-dimensional for m e (m*, mi).
Observe also that the deficiency index of T(l) and T 0 clearly coincide (for, as
operators in LZZI(R ), they only differ by a bounded and self-adjoint operator) and
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that the condition m € (m*, m};) corresponds to s(m) € (0, %), which is precisely

=/

the condition that makes the functions Ej, to belong to L%II(R3). Of course one

=/ T(l)*

cannot expect that the E},’s span also ker(7), = + «l), however, it is reasonable

to expect that the functions in ker(Tk(l)* +al) have the same singularity |p|~2*+")
as |p| = +oo (in Fourier transform).

In our discussion in Section 4 we showed that what actually parametrises the
self-adjoint realisations of the Ter-Martirosyan—Skornyakov Hamiltonian at given

inverse scattering length « are the self-adjoint extensions of the operator ASL in the
Hilbert space HV[_,AI/ ,32:1(]1%3) which are in turn parametrised by self-adjoint operators

on ker(.Aie’L)* C HV;:/ZZ(]I@) We also showed (Proposition 8) that ker(A(e) )*, when

£ =1, is the space of distributional solutions to
(1" +al)E=0, EeH_ R, (86)

(see (50)).
Thus at least for m < my;", and possibly up to a larger threshold than Minlos’s
my¥, Eq. (86) must have a space of solutions of dimension three or larger. This is
the initial motivation for our conjecture: the possibility of a wider (than Minlos’s)
range of masses for the multiplicity of self-adjoint TMS operators.
By analogy, it would then be plausible to expect that (86) has nontrivial solutions,
with the same singularity |p|~>**(™) as |p| — 400, on the whole range of mass m

1
for which the corresponding s(m) makes the singularity |p|~2**) a H~2-singularity.
The latter range of masses is exactly (m*, m*™*).
In fact, one is driven to such a conclusion not only by mere analogy. If one

applies T," + a1 to a charge E € H,_'{*(R3) of the form

~ 1,0~
E(p) = |“T2 PRy (92)) (87)

for some K >0, s € (0,1), and n € {—1,0, 1}, and one splits
TV + a8 =T 08+ (1" - 1) + 2D E,
then it is straightforward to see that
1" = 1% + e E € H,_{*(R?)
and that

2 Y1, (82)) rs
(T, 702 LbE)(p) = ’—(nfl > +/ dyyf —)
|p|1—s {Ip|=K} K/ 2 T+ pry

Now, TA(BOE ¢ H[:ll/ *(R3) — whereas surely T( )Ou € H,_ =4 2(}1%3), consistently with
the bound (30). Therefore, for & to be a solution to (T(l) + al)E =0, one must
have T, QOE = 0, that is, the highest singularity must be cancelled. Observe that the
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latter must be a large momentum cancellation, independent of the cut-off |p| > K

that we imposed on E at small |p|: indeed, similarly to the shift A > O needed for
the direct application of the Krein—ViSik—Birman extension formulae, we only cut

|[p| > K so as to guarantee E not to be out of H _%(R3) at p =0, but we could
have chosen as well to base our discussion on weak Sobolev spaces, in analogy of
what recently done in [7] where the quadratic form for the (2+1)-fermionic model
was studied by means of homogeneous Sobolev spaces. Thus, we do expect to infer
relevant information also when K — 0. Explicitly, T;i)OE =0 in the limit K — 0

reads
rS

1 “+o00
av+ | d f dr————— =0
vy /_1 Y r2 4+ 14 ury

which is precisely the integral equation (82) that fixes uniquely s = s(m) € (0, 1)
in terms of m € (m*, m**).

This gives a strong evidence that for m € (m*, m*™) there exist nonzero Hz;ll/ 2
solutions to (7" + «1)E = 0, whose singularity in momentum is ~ |p|~2t5¢" as
|[p| = +oo, and for m > m*™* there are instead none. Combining this with the
three-fold dimensionality of the space of solutions on L?_,(R®) when m € (m*, m%),
we are lead to our main conjecture in Section 4

A further consistency argument is provided by the fact that in the physical
literature it is well known that the Ter-Martirosyan—Skornyakov Hamiltonian, defined
via nonrigorous reasoning and physical heuristics, is unambiguous only upon the
specification of a further ‘three-body parameter’, needed precisely in the range
(m*, m*), and not only in the smaller range (m*, m}’) found by Minlos. In fact,
the explicit singularity |p|~>**™ of the charges results, via the argument presented
in Section 8, in a three-body asymptotics at the triple coincidence point that is
precisely of the same form found in the physical literature.

A. Boundedness properties of TA([) for ¢>1

In this appendix we prove the bound (30) of Proposition 3.
Since the multiplicative part of T, is obviously continuous from H*(R?) to
H'~'(R?) for any s € R, it is clear that (30) is equivalent to

s e[—
£>

1 3
s bR _]a
S €l msVE € HY (RY), i 2

/ . £(@)
R PPHqtup-qg+i

Hs—1
(88)
In fact, the case s € (—%, %) for any ¢ > 0, as well as the case s = % for £ > 1
are already covered in [18], as we quoted in the statement of Proposition 3. Thus,
we only need to include the case s = —%, ¢ = 1: we prove it here for completeness,
because in [18] precisely this case was not worked out explicitly.
To this aim, mimicking the proof of [18, Proposition 4], we observe that the
integral operator appearing in the lL.h.s. of (88) acts nontrivially only on the radial
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part of ’§, and precisely as

o —on [ avp +OO AU 24y 89
N =2 [ e |t 69)

where
1 4 5,
Py(y) = ZTE'd_K(y -D (90)
is the £-th Legendre polynomial. Thus, proving (88) is equivalent to proving
3 1
I+ )73 Pllge,2an SNA+75 fll 2@ 240, 1)

which is in turn equivalent, setting h(r) =r f(r)( +r2)_%, to the boundedness in
L>(R*,dr) of the integral operator h > Q)(f)h defined by

- +1 +00 ’ 2 1 /
Q") (r) :=/ dyPe(y>/ e R C2)
-1 0 P2+ r?4purr'y + 1)1 +r2)s

Using (90) and integrating by parts £ > 1 times in y yields

CIf | () ) /“ (2 = D urr')’
2t0! Jo (1+ rz)% (r + 12 4 prr’y + 0L

Q) (r) =

Since |y| <1, analogously to (19)
> +r? 4 urr’y+2) ~ (P +r;+1) = 0. (93)
Then

rr'(1 +r’2)4|h(r’)| f“ p (urr)*
(1+ r2)4 (r> +r? 4 prr'y + 1)
+00 "1 2 1 h(r'

:/ dr,””( +7") |3(”)|(Mrr/)e_1
0 L1 +r?)a

~ “+o00
(B0 < f dr
0

X

1 1
X —_—
((r2 +r2—urr’y + 0t 242+ prr'y + )\)e)
/+°° ,rr'(1 +i’/2)4|h(”/)|
dr’
0 (1 +r2)i
(r2 +r/2 + 1)2—1
X
rF2+r2 —purr'y + MDEE2 +r? + urr’'y + 1)t
+00 nE+1 2yt
0 A +r2)aF?+r? 4 1)l

< (urr’)tx

+00
Ih(r')| = / KO (r, k()| dr,
0
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where in the first and last step we used (93), and in the third step we used the
formula

n—1
(@' —b" = (a — b) Za"—f'-lbf (a,b>0).

j=0
From 1
+o00 "+1 2N\ 1
/ S ARSI
0 (}’2 + r/2 + 1)€+l
we deduce
+o00 e+l +o0 L+l 4 24
sup/ K, r'ydr' = sup : 5 f r2 (,2+r )1z+1 dr' S 1, (%)
>0 Jo r>0 (14722 Jo (2477 41)
and from . "
o0
/ — dr < (14
0 (+r)a@?+r24 D!
we deduce
+o00
sup/ /C;LO(r, r'Ydr
r'>0J0 (**)
| [t s
=0 0 (1 +r2)1(r2 +r/2+ 1)Z+]

A standard Schur test based on (*) and (**) implies ||é§l)h||2 < ||2|l2, thus concluding
the proof.
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