A NOTE ON THE DIFFERENTIABILITY OF LIPSCHITZ FUNCTIONS
AND THE CHAIN RULE IN SOBOLEV SPACES

M. MORINI

ABSTRACT. We prove a new differentiability criterion for Lipschitz functions f : R¢ — R and
we discuss its implications on the validity of the chain rule for the weak derivative of f o u,
when u is a vector-valued Sobolev function.
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1. INTRODUCTION

In this note we provide a new differentiability criterion for Lipschitz functions, which allows
to settle a question related to the validity of the classical chain rule for the composite function
fowu, when u ia a vector-valued Sobolev map and f is Lispchitz continuous. Before stating the
results we recall that a Borel set £ C R? is said (countably) H*-rectifiable, k € {1,...,d — 1},
if there exists a sequence {M,,} of k-dimensional C' manifolds such that

HE (E\ U Mn> =0.
n=1
Here H* denotes the k-dimensional Hausdorff measure. We also recall that H*-a.e. w € E
admits an approzimate (k-dimensional) tangent space Tan® (E,w) (see [2] for more details).
For all such w’s we let 77 : R? — R? denote the orthogonal projection onto Tan® (B, w).
We will prove the following differentiability criterion for Lipschitz functions.

Theorem 1.1. Let f: R — R, d > 3, be Lipschitz continuous and let E C R? be an H*-
rectifiable set, with 1 < k < d — 2. Assume that there exist a bounded function g : E — RY

and a countable dense family of orthonormal bases S such that for every {e1,...,eq} € S the
gradient V(€1--€a) f .= Zle %ei exists H*-a.e. in E and satisfies
T (V(el'“ed)f(w)) =g(w) for H*-a.e. we E. (1.1)

Then f is differentiable H*-a.e. in E.

It is well-known that if V(¢1--€) f(w) is the same vector for all orthonormal bases {e1,...,eq}
in countable dense collection S, then f is differentiable at w (see Proposition 2.1 below).
Condition (1.1), instead, states that only the tangential part of V(€1-¢) f(w) is invariant as
{e1,...,eq} ranges over S. Note that such an invariance condition is not enough to guarantee
the differentiability at a given point w: Indeed, it is possible to construct a Lipschitz function
f : R? — R not differentiable at the origin and such that V(€1-¢2) £(0) is parallel to a given
vector for all othonormal bases {ej,...,eq} (see Subsection 2.1). In view of this example one
has to fully exploit the rectifiable structure of E to show that, in fact, condition (1.1) yields
differentiability #*-a.e. along E. Clearly, a posteriori, the function g in (1.1) will coincide
HF-a.e. with the tangential gradient of f along E .

The restriction k& < d — 2 is motivated by the fact that if E is H4=1_rectifiable, then it
suffices to assume partial differentiabilty along nontangential directions in order to guarantee
full differentiability H% !-a.e. on E. More precisely, the following holds (see [7, Theorem 3.1
and Remark 3.2]): If E C R? is H% -rectifiable and for some o € S~ the partial derivative
% exists H' '-a.e. on E, then f is differentiable H% '-a.e. on the set {w € E : o ¢
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Tan’~! (E,w)}. The situation is completely different when k < d — 1. Indeed, as shown in [7,
Theorem 4.10 and Remark 4.11(ii)], for any given H*-rectifiable set F, with k < d — 1, it is
possible to construct a Lipschitz function that admits all directional derivatives at every point,
and yet the singular set

»l = {we R : f is not differentiable at w} (1.2)

coincides, up to an H*-negligible set, with E. Moreover, a careful inspection of the proof
shows that the function constructed in the quoted theorem satisfies (1.1) with respect to an
infinite nondense collection of orthonormal frames, which shows that the density assumption in
Theorem 1.1 cannot be removed.

We now illustrate the link between the differentiability criterion provided in Theorem 1.1
and the validity of the chain rule for f ow with u € Wlf)cl (€;R?). Since the problem is local,
we assume, without loss of generality, that Q = RY. Let d > 1 and let {e1,...,eq} be any
fixed basis of R?, not necessarily orthonormal. We say that the classical chain rule holds for
the composite function f o w if?

d
— = L7 -ae. in R 1.3
ey oW =30 g g Ve iR (13
where % (u) 24 () is interpreted to be zero whenever 9% = 0, irrespective of whether % (u)

is defined. The main obstruction to the validity of the chain rule lies in the fact that the
right-hand side of (1.3) may be nowhere defined, as simple examples show.

In [1] Ambrosio and Dal Maso proved a weaker but very general form of the chain rule. They
showed that for every u € W (]RN ; ]Rd) the restriction of f to the affine space

loc
TY :={weR’: w=u(z)+ Vu(z) z for some z € RV}
is differentiable at u(z) and
V(fou)(x) :Vu(fT;L)(u (2)) Vu (z). (1.4)

for LN-a.e. z € RY. However, formula (1.4) leaves us with the open problem of establishing
under which additional conditions on the function f the right-hand side of (1.4) coincides with
the right-hand side of (1.3), in other words, to find necessary and sufficient conditions on f for
the classical chain rule (1.3) to hold.

A thorough investigation of the relation between the validity of (1.3) and the structure of
the singular set ¥/ of f has been carried out in [7], to which we refer for a full account of the
results (see also [8, 9, 10] and the more recent paper [4] for some previous important work in
this direction). Here we just recall the following three facts proven in [7], which are relevant
for our discussion.

(i) If d = 2 then (1.3) holds with respect to a fixed basis {e, ez} of R? if and only if the
rectifiable part of ¥/, if nonempty, is one-dimensional and everywhere parallel to e; or ep. More
precisely, for every H!-rectifiable set E C 3/ and for H' a.e. w € E either

Tan' (E,w) = span {e;} or Tan' (E,w) = span {es}.

(ii) If d > 2 then the validity of (1.3) gives us some information only about the H?~!-
rectifiable part of ¥f: for every H? !-rectifiable set £ C ¥/ and for H¢ ! a.e. w € E the
approximate tangent space Tan® ™! (E,w) is a coordinate hyperplane. On the other hand, no
conditions on the H*-structure, 1 < k < d — 2, of the singular set can be inferred from the
validity of (1.3) with respect to a given basis. Indeed, for any orthonormal basis {e;,...,eq}
and any HF-rectifiable set £ C R? with 1 < k < d — 2, there exists a Lipschitz function f
whose singular set ¥/ coincides, up to an H*-negligible set, with £, and for which (1.3) holds
in wl! (RN;Rd) with respect to {e1,...,eq}.

loc

1Here for every u € R we write u = uie; + ... + ugeq.
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(iii) More can be said if we allow the coordinate system to vary: If £/ contains a nontrivial
H!-rectifiable set, then it is possible to find a basis {e1,...,eq}, not necessarily orthonormal,
for which the chain rule (1.3) fails. Hence, a necessary and sufficient condition for the classical
chain rule to hold with respect to every coordinate system is that X/ is purely H'-unrectifiable;
i.e., HY(Xf N E) = 0 for every H!-rectifiable set £ C R,

The differentiability criterion proved in this paper allows to strengthen the result contained
in (iii), by showing that if the rectifiable part of the singular set £/ is nonempty, then we may
find infinitely many orthonormal frames for which the chain rule fails. More precisely, we can
show the following theorem that improves [7, Theorem 1.5].

Theorem 1.2. Let S be a countable dense set of orthonormal bases and let f: R* — R be
Lipschitz continuous, with ¥ not purely H'-unrectifiable. Then there exists an orthonormal
basis {e1,...,eq} € S such that for every N € N the chain rule (1.3) fails for some function
u € VVliC1 (RN:R9) and the set of orthonormal frames for which (1.3) fails is open.

Hence, a necessary and sufficient condition for the classical chain rule (1.3) to hold in
Wlicl (RN RY) with respect to a countable dense family of orthonormal bases is that 7 is purely
H!-unrectifiable.

Let us underline that the sufficiency part of the last statement was already known (see
[8, 9, 10]), while the necessity part, to the best of our knowledge, is new.
If we restrict our attention to the smaller class Ay (RN; Rd), k < min{N,d}, of all functions u

in W' (RN; R?) such that rank (Vu (2)) is either zero or greater than or equal to k for £V -a.e.

x € RY, then the appropriate necessary and sufficient condition is the pure H*-unrectifiability
of the singular set ¥/. More precisely, as a consequence of Theorem 1.1 we have the following.

Theorem 1.3. A necessary and sufficient condition for the classical chain rule (1.3) to hold
in Ap(RY:RY), k < min{N,d}, with respect to a countable dense family of orthonormal bases
is that 7 is purely H*-unrectifiable.

The last theorem improves [7, Theorem 1.6] that contains the proof of the sufficiency part
of the statement.

We conclude this introduction by outlining the strategy of the proof of Theorem 1.1: We
start by considering the case where E is contained in a straight line of R3. The treatment of
this case is the crucial and most difficult part of the proof and Subsection 2.3 is entirely devoted
to it. Then, an induction argument on the dimension d of the ambience space allows to prove
the statement when F is contained in a straight line of R?. If E is now any l-rectifiable set
in R%, we conclude by reducing to the previous case via suitable diffeomorphisms constructed
by means of the Whitney Extension Theorem. Finally, a slicing argument is used to treat the
general case.

2. PROOF OF THE RESULTS

Throughout the whole section, given a unit vector v € R%, we denote the hyperplane {w €
Re: w-v= 0} by II, and we let 7, : R¢ — II, be the orthogonal projection onto II,,. We will
also use the symbol S¢~! to indicate the unit sphere in R.

The proof of Theorems 1.1 and 1.2 will be split into several subsections. The outline is the
following. In the first subsection we start with the example announced in the Introduction
showing that the validity of condition (1.1) at a given point w does not yield in general dif-
ferentiabilty at the same point w. Hence, only by exploting the H*-rectifiable structure of E
we can obtain H*-a.e. differentiability. In the second subsection we state some preliminary
differentiability results for Lipschitz functions, while in the third one we collect some crucial
auxiliary results concerning the case where d = 3 and F is contained in a straight line. In the
last subsection we prove Theorems 1.1, 1.2, and 1.3 in the general case.
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2.1. An example. In this subsection we construct a Lipschitz function f : R — R non-
differentiable at the origin and such that V(“1-%4) £(0) is parallel to a given vector for all
othonormal bases {w1,...,wq}. To this aim fix any unit vector 7 € S9! and choose an
orthonormal basis {ey,...,eq} such that e; = 7. Denote C' := S¥tuU{w € R : w-¢; >
Ofori=1,...,d}U{we R: w-e; <0fori=1,...,d}. Let g : C — [0, 1] be a non-constant
even C'*®°-function which vanishes on the relative boundary of C. We now define f : R? — R as
follows: for allw € {w € R : w-e; >0 fori=1,...,d}U{w € R*: w-e; <0fori=1,...,d}
we set f(w) := g(lﬁ)ed -w and f(z) := g(ﬁ)ed -z for all z € II,,, where II, denote the
hyperplane orthogonal to w. It is easy to check that f is a Lipschitz 1-homogeneous function that
admits all directional derivatives at the origin. Moreover, if {w1,...,wq} is any orthonormal
basis, then one and only one vector, say wi, belongs to C. By construction, we then have
V(Wwiwa) £(0) = g(wy )eq, which shows, in particular, that f is not differentiable at 0 and that
the gradient is always parallel to the direction ey.

2.2. Preliminary differentiability results. The first proposition states a simple differentia-
bility criterion for Lipschitz functions whose elementary proof is given for the reader’s conve-
nience.

Proposition 2.1. Let f : RY — R, d > 3, be a Lipschitz function and let w € R? be fized.
Then the following conditions are equivalent:

(1) f is differentiable at w;
(2) there exists a linear operator L : R? — R such that the limit

. flw+h) = fw)
hllrél+ h = L)

exists for all v in a countable dense subset of S~1;
(3) the restriction of f to every (d — 1)-dimensional affine subspace passing through w is
differentiable at w.

Remark 2.2. The equivalence between (1) and (2) holds also when d = 2.

Proof. (1) = (3): Obvious.

(3) = (2): Fix an orthonormal basis {ej,...,eq} and v = Zgzl Nie; € S47L Set vy =
Zf;ll Aie; and 0 = ‘l’j—h Since f restricted to w + span{iy,eq} is differentiable at w, we
have g—l{(w) \1/1|8V1( w) + Aig af (w) In turn the differentiability of f restricted to w +
span{ey,...,eq—1} yields 887( ) = ‘Vl‘ Z 1ae L (w). Hence, g—l{(w) = V(er-ea) f(w) . v for
every v € S9-1,

(2) = (1): It suffices to observe that differentiability at w is equivalent to saying that for
f (w+h )—f(=@)

every sequence h, \, 0 the functions g,(-) := converge uniformly on S%! to
some linear operator. Indeed, the Lipschitz contmulty of f imply that the g,’s are in turn
Lipschitz continuous with the same Lipschitz constant. It follows from the assumption the
gn — L uniformly on ST O

Proposition 2.3. Let f : R — R be Lipschitz continuous and let w € R? be fized. Assume
that the restriction of f to w + P, is differentiable at w for a sequence {P,} of k-dimensional
subspaces converging to some k-dimensional subspace P, with k < d. Then the restriction of f
to w+ P 1is differentiable at w and its gradient is the limit of the gradients of f restricted to
the approximating subspaces.

Proof. Denoting the gradient of f restricted to w + P, by V" f, we may extract a subsequence
(not relabelled) such that V" f(w) — v for some v € P. Fix v € S N P and choose
{v,} € S91 N P, such that v, — v. By passing to a further subsequence, if needed, we may
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also assume that %(w) converges, so that
£:= lim —f(w) = lim V"f(w) v, =v-1. (2.1)
n— oo 81/n n—oo

Denoting the Lipschitz constant of f by M, we have

[P 10 | 0 0) = )
t—0 t t—0 3

U+ My —v,

0
= ‘8—5;(11}) - f’ + My — vy
Let now n — oo in the above inequality to obtain %(w) = { and, in turn, by (2.1), %(w) =v-v
for every v € S9=1 N P. The conclusion follows from Proposition 2.1-(ii). O
We have the following immediate corollary.

Corollary 2.4. Under the hypotheses of Theorem 1.1, condition (1.1) holds with respect to any
orthonormal basis.

Remark 2.5. In particular, under the hypotheses of Theorem 1.1, for H*-a.e. w € E the

directional derivative %(w) exists for all v € S?7! and satisfies
0 0
o w) - 2w < Moy v, (2.2)

where M is the Lipschitz constant of f.

The last proposition contains a deeper differentiability result that was proven in [7, see
Theorem 3.1 and Remark 3.2] and inspired by recent work by Bessis and Clarke [3].

Proposition 2.6. Let f : R? — R be Lipschitz continuous. Assume that M C R% is H*-
rectifiable and 11 is a (d — k)-plane such that for H*-a.e. w € M the function f restricted to
w + 11 is differentiable at w and

Tan” (M, w) + II = R,
Then f is differentiable at H*-a.e. w € M.

2.3. Some auxiliary results. Throughout the whole subsection we assume that d = 3 and F
is a set of positive H!-measure contained in a straight line; i.e.,

HY(FE)>0 and F C span{r} for some 7 € S%. (2.3)

Remark 2.7. Let f: R3 — R be a Lipschitz continuous function satisfying the hypotheses of
Theorem 1.1 and fix any o € S? linearly independent of 7. By Remark 2.5 and by Proposi-
tion 2.6 it follows that the restriction of f to f(0) + span{o, 7} is differentiable H!-a.e. on E.
Hence, recalling that by Corollary 2.4 condition (1.1) holds also with respect to the orthonormal
basis {0, 7, v}, with v L span{o, 7}, we deduce that g coincides H!-a.e on E with the tangential
derivative g—f. Condition (1.1) and Corollary 2.4 then imply that

of _ of of of

- — . _— . —_ . —_ 1_
5y (r 61)861 + (7 62)362 + (7 63)863 H-a.eon E (2.4)

for all orthonormal bases {e1, ez, e3}.

Observe now that if f is differentiable along F, then for every basis {ej, eq, e3} possibly
nonorthonormal there holds

of _\, 91 .\, 98 )\, 9F
5 = )\1861 + A2 Doy + A3 Des (2.5)

on FE, where the coefficients A1, Ao, and A3 satisfy

T = Ae1 + Aaea + Ases. (26)



6 M. MORINI

Fix § <a<mve S? with 0 < 7-v < 1. We will start by showing that if H*(ENX/) > 0,
then there exists a basis {e}, ea, e3} such that ez € S?\ II,,,

{e1,e0} C S*NTI,, €1 - ey = Cosq, (2.7)

and identity (2.5) fails on a subset of E N %7 of positive H'-measure.
Before giving the precise statement, it is convenient to introduce the following notation.
Given v and {ey, ea,e3} as before, we set
TV TV

63'V63:7TV(T)_ es - v

o =7 —

Ty (63) (28)
Note that the vector o*°% belongs to II, N span{r,es}.

Proposition 2.8. Let f : R?> — R be a Lipschitz continuous such that the partial derivative
% exists H'-a.e. on E for every o € S?. Assume also that H*(X/ N E) > 0, where E satisfies
(2.3). Then, given § <a <7, 0<e<1, 0<(5<c052%, and v € S? with 0 < v -1 < 1, there
exist {e1,ea} € S2 NI, and e3 € S? \ I, with 0 < |eg — 7| < &, such that (2.7) holds,

(7% - e1) (g% - eg) > 5|0”’63|27 (2.9)

and (2.5) fails on some subset of E of positive H'-measure.

o

Note that the quantity cos? 5 (appearing in the statement of the proposition) represents the
maximum possible value for ¢ in (2.9), which is achieved when ¢*:¢3 is parallel to e; + ez .

Definition 2.9. Let 0 <e <1, F <a<m and 0 <4 < cos? S be fized. Given two bases
{e1,ea} and {e1,e2} in 11, N S?, we say that they are compatible if e - e3 = € - €3 = cos a and
there exists e3 € S?, with 0 < |es — 7| < &, such that {e1,e2,e3} and {e1, €2, e3} are two bases
of R? satisfying (2.9) (the latter with e; replaced by €; ).

Lemma 2.10. Lete, a, and § as in Definition 2.9 and let B be a countable dense family of bases
{é1,é2} in 11, N S? such that é; - é3 = cos a. Then, for any two given bases {e1,e2} and {e1, €2}
in B there exists a finite chain of bases {el, ey} in B, j = 0,...,k, such that {69, €3} = {e1,ea},
{5} = {e1, &2}, and {7 7"} is compatible with {€], €} according to Definition 2.9 for
j=1,.. k.

Proof. First note that span{£c"® : e3 € %, 0 < |eg — 7| < ¢} = II,. Indeed, given n € II,,,
it suffices to choose e3 € S% Nspan{n, 7} with 0 < |e3 — 7| < £ to obtain that n and 0" are
parallel.

Without loss of generality we will only consider oriented bases {e1,es} in IT, N .S? such that

IZQZI = v. For any ez € S? consider the set of all e; € II,, N S? such that there exists an

oriented basis {e1, ea} satisfying (2.7) and (07 - e1)(c¥ - e3) > §|o™*3|2. Such a set consists
of two open arcs on II, N S?, symmetric with respect to the origin, whose length and distance
from % depend only on 6. By the remark made at the beginning of this proof, it follows
that as e3 varies in S? N {0 < |e3 — 7| < €}, the corresponding intervals cover all of II,, N S2.
By compactness we may extract a finite collection of open arcs Iy, ..., I on IT, N.S? such that
U;I; =11,NS? and I;N1;41 # 0. Moreover, by construction, if {e;, e2} and {1, é>} satisfy (2.7)
and both €; and é; belong to I; for some j € {0,...,k}, then the two bases are compatible.
We are now in a position to conclude. Indeed, consider any pair {e1,es} and {e1,es} in B and
assume that they are not compatible. Hence, there exist 0 < ¢ < j < k, with j —4 > 2, such

that e; € I; and € € I;. To conclude, it is enough to choose for h = 0,...,5 —7 — 1 a basis
{eh, €k} € B such that € € I, N I;1 44 1. This is possible due to the density of B. O
Proof of Proposition 2.8. Assume by contradiction that (2.5) holds for all {e1, ez, e3} as in the
statement and fix one such a triple. Note that v = 6314/63 - (53%”1' (es3) and, in turn,

T= T.V€3+7TV(T)— T'VWV(€3). (2.10)

€3 -V €3 -V
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Moreover, by (2.7) for any vector v € II,, we have

1 cos « Ccos & 1
v=\v |- —F5¢eflaat+|v | -5+ €2 ez
sin” o sin” o sin” « sin” «

Hence, by (2.10), we may write

TV

T = APer + A\Pex + o & (2.11)
where
1 1
A3 1= Ve ( ——e1 — C.OS204 62) and  \§? := gV . (_ C.OS204 e1+ — 62)- (2.12)
sin” « sin” a sin“ o sin” «
By our contradiction hypothesis, it follows that
af af of TV E)f
= AP + A2 2.13
87( ) 1861( ) 282(w)+€3 1/863 ( )

for H'-a.e. w in E. Choose now different vectors €; and ey such that {e1,60} C I, N 52,
€1 - €2 = cos o, and

(0-’/763 . 61)(0—V763 . 62) Z 6|0‘V763|2_ (2.14)
Then, by the same arguments, equality (2.13) holds with e; and A{® replaced by ¢; and u?,
respectively, where

1 1
py® = ( €1~ C.O“Za 62) and  p5® =0 (— Cjosza €1+ —— 62)- (2.15)
sin” « sin” « sin” « sin” «
By comparison we conclude that
of of of of
T3 A —— S e 3 2.16
(1) + X S (w) = i 5 () + 45 5 () (2.16)

for H'-a.e. w € E.

Now let é3 € S? be such that 0 < |é3 — 7| < &, 0%% and 0% = 7, (1) — 2 om(és) are
linearly independent, and both (2.9) and (2.14) hold with 0*-** replaced by ¢*:¢2. Then, arguing
as for (2.16), we deduce

s, O 0 0 0
st oLy g 2L w) = e o) + e S w) (2.17)

for H'-a.e. w € E, where A\ and p&* are defined as in (2.12) and (2.15), respectively, with

o3 replaced by 0”3, Due to the linear independence of the vectors ¢¢ and ¢, it follows
from (2.12), (2.15), (2.16), and (2.17), that

O (e ) D (- L)

Oey sin’ o sin” o Oes

sin” o sin” «
2.18
of ( 1 cos o ) 8f( ( cos o n 1 ) ( )
= —(w €1 — - €
Oeq sinfa | sin?a Oes sinfa | sin?a

for H'-a.e. w € E. Summarizing, we have proved that if two bases {e1,es} and {e1, €2} of II,,
are compatible according to Definition 2.9, then (2.18) holds.

Let now B be a countable dense family of bases {é1,é2} in 11, N S? such that é; - é; = cos a.
Then, by the above discussion and by Lemma 2.10, it follows that for H!-a.e. w € E the
identity (2.18) holds for any pair of bases in B. We deduce that there exists an invariant vector
v such that for Hl-a.e. w € E
af( )( 1 &y — cosozéQ) n 3f(w)<_ cosaé1+ 1 é2) .

0é1 sin? o sin? o 0és sin? a sin? o
and, in turn,

of
861

(w) =v-é (2.19)
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for all {é1,é2} € B. Since the set of é;’s satisfying (2.19) is dense in S N1I,, it follows from
Proposition 2.1 that f restricted to the hyperplane w + II, is differentiable at w for H'-a.e.
w € E. By Proposition 2.6 this implies that f is differentiable at H!-a.e. w € E and contradicts
the assumption H'(E N %7F) > 0. O

Proposition 2.11. Let f and E be as in Proposition 2.8 and let {e;,es,e3} C S? be a basis
such that |1 -e;] < 1 fori =1,2,3. Assume that for every o € S? the partial derivative %
exists H'-a.e. on E. Assume also that (2.5) fails on some subset of E of positive H'-measure.
Then the same happens also with respect to any orthonormal coordinate system {é1,éa,és} such

that é; € span{7,e;} and é; -7 #0,i=1,2,3.

Proof. From the assumptions we may find a subset F' C E of positive H'-measure, a function
1, and a constant 19 > 0 such that

0 0 0 0
2 =2 L i i

or 82 a3

where the coefficients \; satisfy (2.6) and |n(w)| > no > 0 for all w € F.

Let {61,62,63} be an orthonormal basis as in the statement. Clearly we can write é; =

cgz)el + 02 )7 for some cg ), cé € R, with 01) # 0. Using the fact that by assumption 3 af exists

H!-a.e. on F, it follows from Proposition 2.6 (applied to f restricted to f(0 )+span{el, 7'}) that
the restriction of f to the affine plane f(0) + span{e;, 7}, i = 1,2, 3, is differentiable at H!-a.e.
w € F. For all such w’s we have

(W) + Ao (w) + A3~ (w) +n(w) forallw € F, (2.20)

of nof »Of
5, (W) = et 5 (w) + e 5 (w). (2.21)
Combining (2.20) and (2.21), after some elementary algebraic manipulations we arrive at
of 2N Of
87( w) = 2771 6 g(w) +mn(w) (2.22)
I

for H'-a.e. w € F, where?
RO

m ::ﬁ(1+ ())\i)il #0.

i=1 G

The conclusion then follows from (2.22) once we note that 7 = Zle N1 25 5. O
€1

2.4. Proof of the main theorems. We are now in a position to prove Theorem 1.1.

Proof of Theorem 1.1. We split the proof into several steps.

Step 1. The case k = 1, d = 3, and E contained in a straight line. Let E satisfy (2.3) and
assume by contradiction that H!(E N X7) > 0. By Corollary 2.4 it suffices to show that under
these circumstances there exists an orthonormal basis {é1, é2,és} for which (2.4) fails on some
subset of E of positive H!-measure..

Recall that by Remark 2.5 for every o € S? the partial derivative % exists H'-a.e. on E.
For every ¢ > 0 and v® € S?, with 0 < |v® — 7| < &, by Proposition 2.8 there exists a basis
{€5,¢€5,e5} C S? such that such that €5, e € Il,<, €5 - €5 = cosa, 0 < |e§ — 7| < ¢,

(o7 - 5) (0¥ %% - €5) > 6lo” )2, (2.23)

with "¢ defined as in (2.8), and (2.5) fails with respect to {e5,e5,¢e5} on a subset of E of
positive H!-measure. Let e, \, 0 and for i = 1,2 let é;" be uniquely determined by

emes?n Meen Nspanfe;”, 7} and & -e;" > 0. (2.24)

?

It is easy to check that the definition of 71 is well-posed thanks to the linear independence of e, ez, and e3.
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Since | — e5"| — 0, it follows from (2.24) that |é;" — ei"| — 0 and, in turn,

e - 5" — cosa. (2.25)
Without loss of generality we may also assume that there exist a plane P and unit vectors
T en (T) VEN oS T en (T)
o and ¢ such that span{r,e5"} — P, o — o, and L2 — 5. As =
egn [ ees” | \wegn ()]

€
vEN ,53"

3" ™ € II-n Nspan{r,e5"} by (2.8), since e5" and v~ converge

Meen Nspan{t, e5" }, while l"
(o8
to 7, we deduce that both o and & belong to PNII;; that is, either ¢ = & or 0 = —&. In either

case, by (2.23) we have

z
ven ey

lim (L(T) &) (7T(T)| ) =4 (2.26)

n—o0 \ |Teen (7)) |mesn (7)

Hence, by (2.24), (2.25), and (2.26) we can fix a basis, denoted for simplicity {e1, ea, ea}, such
that (2.5) fails with respect to {e;,ea,e2} on a subset of E of positive H!-measure and

él'ég <0, (7‘(’63(7’)'@1)(7763(7')'(3,2) >07 (227)
where é; is uniquely determined by
é €82 II., Nspan{e;, 7} and ¢é;-e; > 0.

By Proposition 2.11 the same happens with respect to any orthonormal basis {e1, €2, €3} such
that €; € span{e;, 7} and ¢; - 7 # 0, i = 1,2,3. Hence, it remains to show that such a basis
exists.

Without loss of generality we may assume that 7 - e3 > 0 and, by (2.27), that

Tes(T) 6 >0 i=1,2. (2.28)

Let 4 € S? N1l be orthogonal to span{es, 7} and for s € [0, 1] set v(s) := e, (7) + s(7 - €3)es.
For i = 1,2 let e;(s) be uniquely determined by

ei(s) € span{p,v(s)} Nspan{e;, 7}, 7, (7) - ei(s) > 0. (2.29)

The map s — e;(s) turns out to be continuous. Moreover, using (2.28) and (2.29) we deduce
ei(0) = & and e;(1) = 7 for ¢ = 1,2. Tt follows, in particular, that e;(0) - e3(0) = é; - é2 < 0
thanks to (2.27), while e1(1)-e2(1) = 1. Hence, by continuity e;(5)-e2(5) = 0 for some 5 € (0, 1).
Set ¢; = e;(5) for i = 1,2 and let €3 € S? be orthogonal to span{ey, e2}. By constrcution ¢; and
€2 are orthogonal and belong to span{e;, 7} and span{es, 7}, respectively. Recalling that u is
orthogonal to span{es, 7} we have

)= = (span{p,v(5)})" C span{es, 7}

and we conclude that {ej, €2, €3} is an orthonormal basis with all the required properties.

€3 € (span{eq, ea}

Step 2. The case k =1, d > 3, and E contained in a straight line. We proceed by induction on
the dimension d. Assume that the theorem is true for some d = j > 3, under the additional as-
sumption E C span{7}. We will show that it holds also for d = j+1, under the same additional
hypothesis. To this aim, choose a dense sequence {P,} of (d — 2)-dimensional subspaces of the
hyperplane IL,. By Corollary 2.4, the restriction of f to each hyperplane span{7} + P, satisfies
the assumptions of the theorem and hence is differentiable at H'-a.e. w € F by the inductive
hypothesis. In particular, for H!-a.e. w € E the restriction of f to w + P, is differentiable
at w for every n. In turn, by Proposition 2.3, for H'-a.e. w € E the restriction of f to any
(d — 2)-dimensional affine subspace of w + II; through w is differentiable at w. The conclusion
then follows from Proposition 2.1 (applied to f restricted to w + II;) and Proposition 2.6.

Step 3. The case k =1, d > 3, and E general. We argue by contradiction by assuming that
there exists a regular curve 7 : [0,1] — R? of class C! such that H!(v([0,1]) N EN %) > 0,
where 2/ denotes, as usual, the singular set (1.2). Let wy be a point of positive H!-density
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in 4([0,1]) N EN%f. We claim that for ¢ small enough there exists a local diffeomorphism
® : B(wp;e) — R? such that

®(7([0,1))NB(wp;€)) C span{r} and D®(w) € SOT(d) for w € v([0,1]) N B(wo; ), (2.30)

where SO (d) denotes the set of orthogonal (d x d)-matrices with determinant equal to 1. To
this aim fix 7 € S9!, Notice that if ¢ is sufficiently small then we may find two continuous

maps t : ¥[0, 1] N B(wg;e) — S and Q : v[0,1] N B(wo; ) — SO(d) such that ¢(w) is tangent

to v at w and Q(w)[t(w)] = 7 for all w € 4]0, 1] N B(wo; €). By integrating @ along v we define
a Cl-map ® : v[0,1] N B(wp;e) — R? whose tangential gradient coincides with 7. We may
now apply the Whitney Extension Theorem (see for instance [5, Section 6.5]) to extend ® to a
Cl-map @ : B(wp;e) — R? whose gradient coincides with @ along . The claim is proved.

In turn, there exists a Lipschitz function g : R — R that coincides with f o ®~! in
®(B(wp;e)). Clearly, HY(329 N ®(v([0,1]) N B(wp;e))) > 0. Recalling (2.30), it follows from
Step 2 that there exists an orthonormal basis {e1,...eq} such that (1.1) (with f replaced by g)
fails with respect to {e1,...eq} on a subset of ®(y([0,1]) N B(wo;e)) of positive H!-measure.

In terms of the original function f, this is equivalent to saying that the set

d
1 ({w €200, 1 Blwnie) : 5ylsw) 2 D) - eutw)) 5w (w)}) > 0.

where e;(w) := D®~(®(w))[e;]. Note that by (2.30) {e1(w),...eqs(w)} is an orthonormal basis
for all w € ¥([0,1]) N B(wp;e). We may now find 6 > 0 and w; € ([0, 1]) N B(wo; ) such that

d
ES = {w e 7([0,1]) N B(wg:e) : af({ﬂ)(w) ~ 3 (tw) ei(w))aj(fw)(w)‘ > 5} (2.31)

i=1
has positive H'-measure and w; has positive density in E°. To conclude the proof it suffices to
show that
d
of of
By (9 7 2o 00) -l s )
in £° N B(wy;n) for n small enough. But this follows from (2.31) and the fact that

t y t of 0
D (0w) - eslw) g (w) = D o(Hw) - eslwn)) 5 s (@) =0 asw =,

i=1

i=1
which, in turn, is a consequence of the continuity of w +— e;(w) and of (2.2).

Step 4. Conclusion. We consider here the general case k > 1. Let M C R? be a k-dimensional
manifold such that H*(M N E) > 0. It suffices to show that for every wg € M N E the function
f is differentiable H*-a.e. in M N B(wp;¢) for € small enough. Fix any wy € M NE and consider
a local regular parametrization ¢ : D C R¥ — M of class C' such that M N B(wy;e) C ¥ (D),
where D is an open k-dimensional set and 1 (0) = wg. Such a local parametrization exists if ¢
is small enough. Without loss of generality assume that

D = By (0;7) X Bg—1 (0;7)

and write = (1,2') € R x RF=1. For every 2’ € By_1 (0;7) let E,s denote the H!-rectifiable
set obtained by intersecting E with the support of the curve ¢ (-, 2’). Recalling (1.1) and the fact
that S is countable, by Fubini’s Theorem there exists a set M C By_1 (0;7) with £¥=1 (M) =0
such that for all ' € B (0;7) \ M and for every coordinate system {eq,...,eqs} € S we have

m (V(el“'”)f(w)) =g(w) for H'-a.e. w € E,.
This, in turn, implies that for all 2’ € Br_1 (0;7) \ M and for all {eq,...,eq} €S

’

Wfrl (V(el'“ed)f(w)) = sz (g(w)) for H'-a.e. w € E,.
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By Step 3 it follows that for all 2’ € By_1 (0;7) \ M the function f is differentiable H'-a.e. on
E,,. By Fubini’s Theorem again and the regularity of v, the last statement is equivalent to
saying that f is differentiable H*-a.e. in ¥(D)N E. O

We finally prove Theorems 1.2 and 1.3 that are now an easy corollary of Theorem 1.1.

Proof of Theorems 1.2 and 1.3. Note that Theorem 1.2 is a particular case of Theorem 1.3,
since A1 (RY;R?) = W1 (RV;RY). As remarked in the introduction, we only have to prove
the necessity part. Assume by contradiction that ¥/ is not purely H*-unrectifiable, 1 < k <
min{N, d}. Then we may find a regular parametrization 1 : [0, 1]* — R? of class C* such that
H*(1([0,1]*)NEF) > 0. By Theorem 1.1 there exists an orthonormal basis {ey,...,eq} € S for
which (1.1) fails on a subset F' C ([0, 1]¥) N ©7 of positive H¥-measure. Write every z € RV
as ¢ = (v1,2"), where x; € R¥ and 2/ € RVN~*. It is now easy to check that if u € Ay (RY;R?)
satisfies u(xy,2") = ¥(x1) for (z1,2') € (0,1)", then the chain rule with respect to the basis
{e1,...,eq} fails for fowu in ¢~ 1(F) x (0,1)N~*  which has positive £V -measure, thanks to
the regularity of ¢. The openness of the set of othonormal frames for which (1.3) fails follows
immediately from (2.2). O
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