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Abstract. We prove a new differentiability criterion for Lipschitz functions f : Rd → R and

we discuss its implications on the validity of the chain rule for the weak derivative of f ◦ u,
when u is a vector-valued Sobolev function.
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1. Introduction

In this note we provide a new differentiability criterion for Lipschitz functions, which allows
to settle a question related to the validity of the classical chain rule for the composite function
f ◦ u, when u ia a vector-valued Sobolev map and f is Lispchitz continuous. Before stating the
results we recall that a Borel set E ⊂ Rd is said (countably) Hk-rectifiable, k ∈ {1, . . . , d− 1},
if there exists a sequence {Mn} of k-dimensional C1 manifolds such that

Hk

(
E \

∞⋃
n=1

Mn

)
= 0.

Here Hk denotes the k-dimensional Hausdorff measure. We also recall that Hk-a.e. w ∈ E
admits an approximate (k-dimensional) tangent space Tank (E,w) (see [2] for more details).
For all such w’s we let πE

w : Rd → Rd denote the orthogonal projection onto Tank (E,w).
We will prove the following differentiability criterion for Lipschitz functions.

Theorem 1.1. Let f : Rd → R, d ≥ 3, be Lipschitz continuous and let E ⊂ Rd be an Hk-
rectifiable set, with 1 ≤ k ≤ d − 2. Assume that there exist a bounded function g : E → Rd

and a countable dense family of orthonormal bases S such that for every {e1, . . . , ed} ∈ S the
gradient ∇(e1...ed)f :=

∑d
i=1

∂f
∂ei
ei exists Hk-a.e. in E and satisfies

π
E

w

(
∇(e1...ed)f(w)

)
= g(w) for Hk-a.e. w ∈ E . (1.1)

Then f is differentiable Hk-a.e. in E.

It is well-known that if ∇(e1...ed)f(w) is the same vector for all orthonormal bases {e1, . . . , ed}
in countable dense collection S, then f is differentiable at w (see Proposition 2.1 below).
Condition (1.1), instead, states that only the tangential part of ∇(e1...ed)f(w) is invariant as
{e1, . . . , ed} ranges over S. Note that such an invariance condition is not enough to guarantee
the differentiability at a given point w: Indeed, it is possible to construct a Lipschitz function
f : Rd → R not differentiable at the origin and such that ∇(e1...ed)f(0) is parallel to a given
vector for all othonormal bases {e1, . . . , ed} (see Subsection 2.1). In view of this example one
has to fully exploit the rectifiable structure of E to show that, in fact, condition (1.1) yields
differentiability Hk-a.e. along E. Clearly, a posteriori, the function g in (1.1) will coincide
Hk-a.e. with the tangential gradient of f along E .

The restriction k ≤ d − 2 is motivated by the fact that if E is Hd−1-rectifiable, then it
suffices to assume partial differentiabilty along nontangential directions in order to guarantee
full differentiability Hd−1-a.e. on E. More precisely, the following holds (see [7, Theorem 3.1
and Remark 3.2]): If E ⊂ Rd is Hd−1-rectifiable and for some σ ∈ Sd−1 the partial derivative
∂f
∂σ exists Hd−1-a.e. on E, then f is differentiable Hd−1-a.e. on the set {w ∈ E : σ 6∈

1
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Tand−1 (E,w)}. The situation is completely different when k < d− 1. Indeed, as shown in [7,
Theorem 4.10 and Remark 4.11(ii)], for any given Hk-rectifiable set E, with k < d − 1, it is
possible to construct a Lipschitz function that admits all directional derivatives at every point,
and yet the singular set

Σf :=
{
w ∈ Rd : f is not differentiable at w

}
(1.2)

coincides, up to an Hk-negligible set, with E. Moreover, a careful inspection of the proof
shows that the function constructed in the quoted theorem satisfies (1.1) with respect to an
infinite nondense collection of orthonormal frames, which shows that the density assumption in
Theorem 1.1 cannot be removed.

We now illustrate the link between the differentiability criterion provided in Theorem 1.1
and the validity of the chain rule for f ◦ u with u ∈ W 1,1

loc (Ω; Rd). Since the problem is local,
we assume, without loss of generality, that Ω = RN . Let d > 1 and let {e1, . . . , ed} be any
fixed basis of Rd, not necessarily orthonormal. We say that the classical chain rule holds for
the composite function f ◦ u if1

∂

∂xj
(f ◦ u) =

d∑
i=1

∂f

∂ei
(u)

∂ui

∂xj
LN -a.e. in RN , (1.3)

where ∂f
∂ei

(u) ∂ui

∂xj
(x) is interpreted to be zero whenever ∂ui

∂xj
= 0, irrespective of whether ∂f

∂ei
(u)

is defined. The main obstruction to the validity of the chain rule lies in the fact that the
right-hand side of (1.3) may be nowhere defined, as simple examples show.

In [1] Ambrosio and Dal Maso proved a weaker but very general form of the chain rule. They
showed that for every u ∈W 1,1

loc

(
RN ; Rd

)
the restriction of f to the affine space

Tu
x :=

{
w ∈ Rd : w = u (x) +∇u (x) z for some z ∈ RN

}
is differentiable at u(x) and

∇ (f ◦ u) (x) = ∇u(f |T u
x
) (u (x))∇u (x) . (1.4)

for LN -a.e. x ∈ RN . However, formula (1.4) leaves us with the open problem of establishing
under which additional conditions on the function f the right-hand side of (1.4) coincides with
the right-hand side of (1.3), in other words, to find necessary and sufficient conditions on f for
the classical chain rule (1.3) to hold.

A thorough investigation of the relation between the validity of (1.3) and the structure of
the singular set Σf of f has been carried out in [7], to which we refer for a full account of the
results (see also [8, 9, 10] and the more recent paper [4] for some previous important work in
this direction). Here we just recall the following three facts proven in [7], which are relevant
for our discussion.

(i) If d = 2 then (1.3) holds with respect to a fixed basis {e1, e2} of R2 if and only if the
rectifiable part of Σf , if nonempty, is one-dimensional and everywhere parallel to e1 or e2. More
precisely, for every H1-rectifiable set E ⊂ Σf and for H1 a.e. w ∈ E either

Tan1 (E,w) = span {e1} or Tan1 (E,w) = span {e2} .
(ii) If d > 2 then the validity of (1.3) gives us some information only about the Hd−1-

rectifiable part of Σf : for every Hd−1-rectifiable set E ⊂ Σf and for Hd−1 a.e. w ∈ E the
approximate tangent space Tand−1 (E,w) is a coordinate hyperplane. On the other hand, no
conditions on the Hk-structure, 1 ≤ k ≤ d − 2, of the singular set can be inferred from the
validity of (1.3) with respect to a given basis. Indeed, for any orthonormal basis {e1, . . . , ed}
and any Hk-rectifiable set E ⊂ Rd, with 1 ≤ k ≤ d − 2, there exists a Lipschitz function f
whose singular set Σf coincides, up to an Hk-negligible set, with E, and for which (1.3) holds
in W 1,1

loc

(
RN ; Rd

)
with respect to {e1, . . . , ed}.

1Here for every u ∈ Rd we write u = u1e1 + . . . + uded.
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(iii) More can be said if we allow the coordinate system to vary: If Σf contains a nontrivial
H1-rectifiable set, then it is possible to find a basis {e1, . . . , ed}, not necessarily orthonormal,
for which the chain rule (1.3) fails. Hence, a necessary and sufficient condition for the classical
chain rule to hold with respect to every coordinate system is that Σf is purely H1-unrectifiable;
i.e., H1(Σf ∩ E) = 0 for every H1-rectifiable set E ⊂ Rd.

The differentiability criterion proved in this paper allows to strengthen the result contained
in (iii), by showing that if the rectifiable part of the singular set Σf is nonempty, then we may
find infinitely many orthonormal frames for which the chain rule fails. More precisely, we can
show the following theorem that improves [7, Theorem 1.5].

Theorem 1.2. Let S be a countable dense set of orthonormal bases and let f : Rd → R be
Lipschitz continuous, with Σf not purely H1-unrectifiable. Then there exists an orthonormal
basis {e1, . . . , ed} ∈ S such that for every N ∈ N the chain rule (1.3) fails for some function
u ∈W 1,1

loc (RN ; Rd) and the set of orthonormal frames for which (1.3) fails is open.
Hence, a necessary and sufficient condition for the classical chain rule (1.3) to hold in

W 1,1
loc (RN ; Rd) with respect to a countable dense family of orthonormal bases is that Σf is purely

H1-unrectifiable.

Let us underline that the sufficiency part of the last statement was already known (see
[8, 9, 10]), while the necessity part, to the best of our knowledge, is new.

If we restrict our attention to the smaller class Ak

(
RN ; Rd

)
, k ≤ min{N, d}, of all functions u

in W 1,1
loc

(
RN ; Rd

)
such that rank (∇u (x)) is either zero or greater than or equal to k for LN -a.e.

x ∈ RN , then the appropriate necessary and sufficient condition is the pure Hk-unrectifiability
of the singular set Σf . More precisely, as a consequence of Theorem 1.1 we have the following.

Theorem 1.3. A necessary and sufficient condition for the classical chain rule (1.3) to hold
in Ak(RN ; Rd), k ≤ min{N, d}, with respect to a countable dense family of orthonormal bases
is that Σf is purely Hk-unrectifiable.

The last theorem improves [7, Theorem 1.6] that contains the proof of the sufficiency part
of the statement.

We conclude this introduction by outlining the strategy of the proof of Theorem 1.1: We
start by considering the case where E is contained in a straight line of R3. The treatment of
this case is the crucial and most difficult part of the proof and Subsection 2.3 is entirely devoted
to it. Then, an induction argument on the dimension d of the ambience space allows to prove
the statement when E is contained in a straight line of Rd. If E is now any 1-rectifiable set
in Rd, we conclude by reducing to the previous case via suitable diffeomorphisms constructed
by means of the Whitney Extension Theorem. Finally, a slicing argument is used to treat the
general case.

2. Proof of the results

Throughout the whole section, given a unit vector ν ∈ Rd, we denote the hyperplane {w ∈
Rd : w · ν = 0} by Πν and we let πν : Rd → Πν be the orthogonal projection onto Πν . We will
also use the symbol Sd−1 to indicate the unit sphere in Rd.

The proof of Theorems 1.1 and 1.2 will be split into several subsections. The outline is the
following. In the first subsection we start with the example announced in the Introduction
showing that the validity of condition (1.1) at a given point w does not yield in general dif-
ferentiabilty at the same point w. Hence, only by exploting the Hk-rectifiable structure of E
we can obtain Hk-a.e. differentiability. In the second subsection we state some preliminary
differentiability results for Lipschitz functions, while in the third one we collect some crucial
auxiliary results concerning the case where d = 3 and E is contained in a straight line. In the
last subsection we prove Theorems 1.1, 1.2, and 1.3 in the general case.
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2.1. An example. In this subsection we construct a Lipschitz function f : Rd → R non-
differentiable at the origin and such that ∇(w1...wd)f(0) is parallel to a given vector for all
othonormal bases {w1, . . . , wd}. To this aim fix any unit vector τ ∈ Sd−1 and choose an
orthonormal basis {e1, . . . , ed} such that ed = τ . Denote C := Sd−1 ∪ {w ∈ Rd : w · ei ≥
0 for i = 1, . . . , d }∪{w ∈ Rd : w · ei ≤ 0 for i = 1, . . . , d }. Let g : C → [0, 1] be a non-constant
even C∞-function which vanishes on the relative boundary of C. We now define f : Rd → R as
follows: for all w ∈ {w ∈ Rd : w ·ei ≥ 0 for i = 1, . . . , d }∪{w ∈ Rd : w ·ei ≤ 0 for i = 1, . . . , d }
we set f(w) := g( w

|w| )ed · w and f(z) := g( w
|w| )ed · z for all z ∈ Πw, where Πw denote the

hyperplane orthogonal to w. It is easy to check that f is a Lipschitz 1-homogeneous function that
admits all directional derivatives at the origin. Moreover, if {w1, . . . , wd} is any orthonormal
basis, then one and only one vector, say w1, belongs to C. By construction, we then have
∇(w1,...,wd)f(0) = g(w1)ed, which shows, in particular, that f is not differentiable at 0 and that
the gradient is always parallel to the direction ed.

2.2. Preliminary differentiability results. The first proposition states a simple differentia-
bility criterion for Lipschitz functions whose elementary proof is given for the reader’s conve-
nience.

Proposition 2.1. Let f : Rd → R, d ≥ 3, be a Lipschitz function and let w ∈ Rd be fixed.
Then the following conditions are equivalent:

(1) f is differentiable at w;
(2) there exists a linear operator L : Rd → R such that the limit

lim
h→0+

f(w + hν)− f(w)
h

= L(ν)

exists for all ν in a countable dense subset of Sd−1;
(3) the restriction of f to every (d − 1)-dimensional affine subspace passing through w is

differentiable at w.

Remark 2.2. The equivalence between (1) and (2) holds also when d = 2.

Proof. (1) ⇒ (3): Obvious.
(3) ⇒ (2): Fix an orthonormal basis {e1, . . . , ed} and ν =

∑d
i=1 λiei ∈ Sd−1. Set ν1 :=∑d−1

i=1 λiei and ν̂1 = ν1
|ν1| . Since f restricted to w + span{ν̂1, ed} is differentiable at w, we

have ∂f
∂ν (w) = |ν1| ∂f

∂ν̂1
(w) + λd

∂f
∂ed

(w). In turn, the differentiability of f restricted to w +

span{e1, . . . , ed−1} yields ∂f
∂ν̂1

(w) = 1
|ν1|
∑d−1

i=1 λi
∂f
∂ei

(w). Hence, ∂f
∂ν (w) = ∇(e1...ed)f(w) · ν for

every ν ∈ Sd−1.
(2) ⇒ (1): It suffices to observe that differentiability at w is equivalent to saying that for

every sequence hn ↘ 0 the functions gn(·) := f(w+hn·)−f(x)
hn

converge uniformly on Sd−1 to
some linear operator. Indeed, the Lipschitz continuity of f imply that the gn’s are in turn
Lipschitz continuous with the same Lipschitz constant. It follows from the assumption the
gn → L uniformly on Sd−1. �

Proposition 2.3. Let f : Rd → R be Lipschitz continuous and let w ∈ Rd be fixed. Assume
that the restriction of f to w + Pn is differentiable at w for a sequence {Pn} of k-dimensional
subspaces converging to some k-dimensional subspace P , with k < d. Then the restriction of f
to w + P is differentiable at w and its gradient is the limit of the gradients of f restricted to
the approximating subspaces.

Proof. Denoting the gradient of f restricted to w+ Pn by ∇nf , we may extract a subsequence
(not relabelled) such that ∇nf(w) → v for some v ∈ P . Fix ν ∈ Sd−1 ∩ P and choose
{νn} ⊂ Sd−1 ∩ Pn such that νn → ν. By passing to a further subsequence, if needed, we may
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also assume that ∂f
∂νn

(w) converges, so that

` := lim
n→∞

∂f

∂νn
(w) = lim

n→∞
∇nf(w) · νn = v · ν. (2.1)

Denoting the Lipschitz constant of f by M , we have

lim sup
t→0

∣∣∣f(w + tν)− f(w)
t

− `
∣∣∣ ≤ lim sup

t→0

∣∣∣f(w + tνn)− f(w)
t

− `
∣∣∣+M |ν − νn|

=
∣∣∣ ∂f
∂νn

(w)− `
∣∣∣+M |ν − νn|.

Let now n→∞ in the above inequality to obtain ∂f
∂ν (w) = ` and, in turn, by (2.1), ∂f

∂ν (w) = v ·ν
for every ν ∈ Sd−1 ∩ P . The conclusion follows from Proposition 2.1-(ii). �

We have the following immediate corollary.

Corollary 2.4. Under the hypotheses of Theorem 1.1, condition (1.1) holds with respect to any
orthonormal basis.

Remark 2.5. In particular, under the hypotheses of Theorem 1.1, for Hk-a.e. w ∈ E the
directional derivative ∂f

∂ν (w) exists for all ν ∈ Sd−1 and satisfies∣∣∣ ∂f
∂ν1

(w)− ∂f

∂ν2
(w)
∣∣∣ ≤M |ν1 − ν2|, (2.2)

where M is the Lipschitz constant of f .

The last proposition contains a deeper differentiability result that was proven in [7, see
Theorem 3.1 and Remark 3.2] and inspired by recent work by Bessis and Clarke [3].

Proposition 2.6. Let f : Rd → R be Lipschitz continuous. Assume that M ⊂ Rd is Hk-
rectifiable and Π is a (d− k)-plane such that for Hk-a.e. w ∈ M the function f restricted to
w + Π is differentiable at w and

Tank (M,w) + Π = Rd.

Then f is differentiable at Hk-a.e. w ∈M .

2.3. Some auxiliary results. Throughout the whole subsection we assume that d = 3 and E
is a set of positive H1-measure contained in a straight line; i.e.,

H1(E) > 0 and E ⊂ span{τ} for some τ ∈ S2. (2.3)

Remark 2.7. Let f : R3 → R be a Lipschitz continuous function satisfying the hypotheses of
Theorem 1.1 and fix any σ ∈ S2 linearly independent of τ . By Remark 2.5 and by Proposi-
tion 2.6 it follows that the restriction of f to f(0) + span{σ, τ} is differentiable H1-a.e. on E.
Hence, recalling that by Corollary 2.4 condition (1.1) holds also with respect to the orthonormal
basis {σ, τ, ν}, with ν ⊥ span{σ, τ}, we deduce that g coincides H1-a.e on E with the tangential
derivative ∂f

∂τ . Condition (1.1) and Corollary 2.4 then imply that

∂f

∂τ
= (τ · e1)

∂f

∂e1
+ (τ · e2)

∂f

∂e2
+ (τ · e3)

∂f

∂e3
H1-a.e on E (2.4)

for all orthonormal bases {e1, e2, e3}.

Observe now that if f is differentiable along E, then for every basis {e1, e2, e3} possibly
nonorthonormal there holds

∂f

∂τ
= λ1

∂f

∂e1
+ λ2

∂f

∂e2
+ λ3

∂f

∂e3
(2.5)

on E, where the coefficients λ1, λ2, and λ3 satisfy

τ = λ1e1 + λ2e2 + λ3e3. (2.6)
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Fix π
2 < α < π, ν ∈ S2 with 0 < τ · ν < 1. We will start by showing that if H1(E ∩Σf ) > 0,

then there exists a basis {e1, e2, e3} such that e3 ∈ S2 \Πν ,

{e1, e2} ⊂ S2 ∩Πν , e1 · e2 = cosα, (2.7)

and identity (2.5) fails on a subset of E ∩ Σf of positive H1-measure.
Before giving the precise statement, it is convenient to introduce the following notation.

Given ν and {e1, e2, e3} as before, we set

σν,e3 := τ − τ · ν
e3 · ν

e3 = πν(τ)− τ · ν
e3 · ν

πν(e3). (2.8)

Note that the vector σν,e3 belongs to Πν ∩ span{τ, e3}.

Proposition 2.8. Let f : R3 → R be a Lipschitz continuous such that the partial derivative
∂f
∂σ exists H1-a.e. on E for every σ ∈ S2. Assume also that H1(Σf ∩E) > 0, where E satisfies
(2.3). Then, given π

2 < α < π, 0 < ε < 1, 0 < δ < cos2 α
2 , and ν ∈ S2 with 0 < ν · τ < 1, there

exist {e1, e2} ∈ S2 ∩Πν and e3 ∈ S2 \Πν with 0 < |e3 − τ | ≤ ε, such that (2.7) holds,

(σν,e3 · e1)(σν,e3 · e2) ≥ δ|σν,e3 |2, (2.9)

and (2.5) fails on some subset of E of positive H1-measure.

Note that the quantity cos2 α
2 (appearing in the statement of the proposition) represents the

maximum possible value for δ in (2.9), which is achieved when σν,e3 is parallel to e1 + e2 .

Definition 2.9. Let 0 < ε < 1, π
2 < α < π, and 0 < δ < cos2 α

2 be fixed. Given two bases
{e1, e2} and {ε1, ε2} in Πν ∩ S2, we say that they are compatible if e1 · e2 = ε1 · ε2 = cosα and
there exists e3 ∈ S2, with 0 < |e3 − τ | ≤ ε, such that {e1, e2, e3} and {ε1, ε2, e3} are two bases
of R3 satisfying (2.9) (the latter with ei replaced by εi).

Lemma 2.10. Let ε, α, and δ as in Definition 2.9 and let B be a countable dense family of bases
{ê1, ê2} in Πν ∩S2 such that ê1 · ê2 = cosα. Then, for any two given bases {e1, e2} and {ε1, ε2}
in B there exists a finite chain of bases {εj1, ε

j
2} in B, j = 0, . . . , k, such that {ε01, ε02} = {e1, e2},

{εk1 , εk2} = {ε1, ε2}, and {εj−1
1 , εj−1

2 } is compatible with {εj1, ε
j
2} according to Definition 2.9 for

j = 1, . . . , k.

Proof. First note that span{±σν,e3 : e3 ∈ S2, 0 < |e3 − τ | < ε} = Πν . Indeed, given η ∈ Πν ,
it suffices to choose e3 ∈ S2 ∩ span{η, τ} with 0 < |e3 − τ | < ε to obtain that η and σν,e3 are
parallel.

Without loss of generality we will only consider oriented bases {e1, e2} in Πν ∩ S2 such that
e1∧e2
|e1∧e2| = ν. For any e3 ∈ S2 consider the set of all e1 ∈ Πν ∩ S2 such that there exists an
oriented basis {e1, e2} satisfying (2.7) and (σν,e3 · e1)(σν,e3 · e2) > δ|σν,e3 |2. Such a set consists
of two open arcs on Πν ∩ S2, symmetric with respect to the origin, whose length and distance
from σν,e3

|σν,e3 | depend only on δ. By the remark made at the beginning of this proof, it follows
that as e3 varies in S2 ∩ {0 < |e3 − τ | < ε}, the corresponding intervals cover all of Πν ∩ S2.
By compactness we may extract a finite collection of open arcs I0, . . . , Ik on Πν ∩S2 such that
∪jIj = Πν∩S2 and Ij∩Ij+1 6= ∅. Moreover, by construction, if {ε1, ε2} and {ε̂1, ε̂2} satisfy (2.7)
and both ε1 and ε̂1 belong to Ij for some j ∈ {0, . . . , k}, then the two bases are compatible.
We are now in a position to conclude. Indeed, consider any pair {e1, e2} and {ε1, ε2} in B and
assume that they are not compatible. Hence, there exist 0 ≤ i < j ≤ k, with j − i ≥ 2, such
that e1 ∈ Ii and ε1 ∈ Ij . To conclude, it is enough to choose for h = 0, . . . , j − i − 1 a basis
{εh1 , εh2} ∈ B such that εh1 ∈ Ii+h ∩ Ii+h+1. This is possible due to the density of B. �

Proof of Proposition 2.8. Assume by contradiction that (2.5) holds for all {e1, e2, e3} as in the
statement and fix one such a triple. Note that ν = 1

e3·ν e3 −
1

e3·νπν(e3) and, in turn,

τ =
τ · ν
e3 · ν

e3 + πν(τ)− τ · ν
e3 · ν

πν(e3). (2.10)
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Moreover, by (2.7) for any vector v ∈ Πν we have

v =
(
v ·
( 1

sin2 α
e1 −

cosα
sin2 α

e2

))
e1 +

(
v ·
(
− cosα

sin2 α
e1 +

1
sin2 α

e2

))
e2.

Hence, by (2.10), we may write

τ = λe3
1 e1 + λe3

2 e2 +
τ · ν
e3 · ν

e3, (2.11)

where

λe3
1 := σν,e3 ·

( 1
sin2 α

e1 −
cosα
sin2 α

e2

)
and λe3

2 := σν,e3 ·
(
− cosα

sin2 α
e1 +

1
sin2 α

e2

)
. (2.12)

By our contradiction hypothesis, it follows that

∂f

∂τ
(w) = λe3

1

∂f

∂e1
(w) + λe3

2

∂f

∂e2
(w) +

τ · ν
e3 · ν

∂f

∂e3
(w) (2.13)

for H1-a.e. w in E. Choose now different vectors ε1 and ε2 such that {ε1, ε2} ⊂ Πν ∩ S2,
ε1 · ε2 = cosα, and

(σν,e3 · ε1)(σν,e3 · ε2) ≥ δ|σν,e3 |2. (2.14)

Then, by the same arguments, equality (2.13) holds with ei and λe3
i replaced by εi and µe3

i ,
respectively, where

µe3
1 := σν,e3 ·

( 1
sin2 α

ε1 −
cosα
sin2 α

ε2

)
and µe3

2 := σν,e3 ·
(
− cosα

sin2 α
ε1 +

1
sin2 α

ε2

)
. (2.15)

By comparison we conclude that

λe3
1

∂f

∂e1
(w) + λe3

2

∂f

∂e2
(w) = µe3

1

∂f

∂ε1
(w) + µe3

2

∂f

∂ε2
(w) (2.16)

for H1-a.e. w ∈ E.
Now let ê3 ∈ S2 be such that 0 < |ê3 − τ | ≤ ε, σν,e3 and σν,ê3 := πν(τ) − τ ·ν

ê3·νπν(ê3) are
linearly independent, and both (2.9) and (2.14) hold with σν,e3 replaced by σν,ê3 . Then, arguing
as for (2.16), we deduce

λê3
1

∂f

∂e1
(w) + λê3

2

∂f

∂e2
(w) = µê3

1

∂f

∂ε1
(w) + µê3

2

∂f

∂ε2
(w) (2.17)

for H1-a.e. w ∈ E, where λê3
i and µê3

i are defined as in (2.12) and (2.15), respectively, with
σν,e3 replaced by σν,ê3 . Due to the linear independence of the vectors σν,e3 and σν,ê3 , it follows
from (2.12), (2.15), (2.16), and (2.17), that

∂f

∂e1
(w)
( 1

sin2 α
e1 −

cosα
sin2 α

e2

)
+
∂f

∂e2
(w)
(
− cosα

sin2 α
e1 +

1
sin2 α

e2

)
=

∂f

∂ε1
(w)
( 1

sin2 α
ε1 −

cosα
sin2 α

ε2

)
+
∂f

∂ε2
(w)
(
− cosα

sin2 α
ε1 +

1
sin2 α

ε2

) (2.18)

for H1-a.e. w ∈ E. Summarizing, we have proved that if two bases {e1, e2} and {ε1, ε2} of Πν

are compatible according to Definition 2.9, then (2.18) holds.
Let now B be a countable dense family of bases {ê1, ê2} in Πν ∩ S2 such that ê1 · ê2 = cosα.

Then, by the above discussion and by Lemma 2.10, it follows that for H1-a.e. w ∈ E the
identity (2.18) holds for any pair of bases in B. We deduce that there exists an invariant vector
v such that for H1-a.e. w ∈ E

∂f

∂ê1
(w)
( 1

sin2 α
ê1 −

cosα
sin2 α

ê2

)
+
∂f

∂ê2
(w)
(
− cosα

sin2 α
ê1 +

1
sin2 α

ê2

)
= v

and, in turn,
∂f

∂ê1
(w) = v · ê1 (2.19)
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for all {ê1, ê2} ∈ B. Since the set of ê1’s satisfying (2.19) is dense in S2 ∩ Πν , it follows from
Proposition 2.1 that f restricted to the hyperplane w + Πν is differentiable at w for H1-a.e.
w ∈ E. By Proposition 2.6 this implies that f is differentiable at H1-a.e. w ∈ E and contradicts
the assumption H1(E ∩ Σf ) > 0. �

Proposition 2.11. Let f and E be as in Proposition 2.8 and let {e1, e2, e3} ⊂ S2 be a basis
such that |τ · ei| < 1 for i = 1, 2, 3. Assume that for every σ ∈ S2 the partial derivative ∂f

∂σ

exists H1-a.e. on E. Assume also that (2.5) fails on some subset of E of positive H1-measure.
Then the same happens also with respect to any orthonormal coordinate system {ê1, ê2, ê3} such
that êi ∈ span {τ, ei} and êi · τ 6= 0, i = 1, 2, 3.

Proof. From the assumptions we may find a subset F ⊂ E of positive H1-measure, a function
η, and a constant η0 > 0 such that

∂f

∂τ
(w) = λ1

∂f

∂e1
(w) + λ2

∂f

∂e2
(w) + λ3

∂f

∂e3
(w) + η(w) for all w ∈ F , (2.20)

where the coefficients λi satisfy (2.6) and |η(w)| ≥ η0 > 0 for all w ∈ F .
Let {ê1, ê2, ê3} be an orthonormal basis as in the statement. Clearly we can write êi =

c
(i)
1 ei + c

(i)
2 τ for some c(i)1 , c(i)2 ∈ R, with c(i)1 6= 0. Using the fact that by assumption ∂f

∂ei
exists

H1-a.e. on F , it follows from Proposition 2.6 (applied to f restricted to f(0)+span{ei, τ}) that
the restriction of f to the affine plane f(0) + span{ei, τ}, i = 1, 2, 3, is differentiable at H1-a.e.
w ∈ F . For all such w’s we have

∂f

∂êi
(w) = c

(i)
1

∂f

∂ei
(w) + c

(i)
2

∂f

∂τ
(w). (2.21)

Combining (2.20) and (2.21), after some elementary algebraic manipulations we arrive at

∂f

∂τ
(w) =

3∑
i=1

η1
λi

c
(i)
1

∂f

∂êi
(w) + η1η(w) (2.22)

for H1-a.e. w ∈ F , where2

η1 :=
3∏

i=1

(
1 +

c
(i)
2

c
(i)
1

λi

)−1

6= 0.

The conclusion then follows from (2.22) once we note that τ =
∑3

i=1 η1
λi

c
(i)
1

êi. �

2.4. Proof of the main theorems. We are now in a position to prove Theorem 1.1.

Proof of Theorem 1.1. We split the proof into several steps.

Step 1. The case k = 1, d = 3, and E contained in a straight line. Let E satisfy (2.3) and
assume by contradiction that H1(E ∩ Σf ) > 0. By Corollary 2.4 it suffices to show that under
these circumstances there exists an orthonormal basis {ê1, ê2, ê3} for which (2.4) fails on some
subset of E of positive H1-measure..

Recall that by Remark 2.5 for every σ ∈ S2 the partial derivative ∂f
∂σ exists H1-a.e. on E.

For every ε > 0 and νε ∈ S2, with 0 < |νε − τ | ≤ ε, by Proposition 2.8 there exists a basis
{eε

1, e
ε
2, e

ε
3} ⊂ S2 such that such that eε

1, e
ε
2 ∈ Πνε , eε

1 · eε
2 = cosα, 0 < |eε

3 − τ | ≤ ε,

(σνε,eε
3 · eε

1)(σ
νε,eε

3 · eε
2) ≥ δ|σνε,eε

3 |2, (2.23)

with σνε,eε
3 defined as in (2.8), and (2.5) fails with respect to {eε

1, e
ε
2, e

ε
3} on a subset of E of

positive H1-measure. Let εn ↘ 0 and for i = 1, 2 let êεn
i be uniquely determined by

êεn
i ∈ S2 ∩Πeεn

3
∩ span{eεn

i , τ} and êεn
i · eεn

i > 0. (2.24)

2It is easy to check that the definition of η1 is well-posed thanks to the linear independence of e1, e2, and e3.
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Since |νεn − eεn
3 | → 0, it follows from (2.24) that |êεn

i − eεn
i | → 0 and, in turn,

êεn
1 · êεn

2 → cosα. (2.25)

Without loss of generality we may also assume that there exist a plane P and unit vectors

σ and σ̄ such that span{τ, eεn
3 } → P ,

πe
εn
3

(τ)

|πe
εn
3

(τ)| → σ, and σνεn ,e
εn
3

|σνεn ,e
εn
3 |

→ σ̄. As
πe

εn
3

(τ)

|πe
εn
3

(τ)| ∈

Πeεn
3
∩ span{τ, eεn

3 }, while σνεn ,e
εn
3

|σνεn ,e
εn
3 |

∈ Πνεn ∩ span{τ, eεn
3 } by (2.8), since eεn

3 and νεn converge

to τ , we deduce that both σ and σ̄ belong to P ∩Πτ ; that is, either σ = σ̄ or σ = −σ̄. In either
case, by (2.23) we have

lim
n→∞

( πeεn
3

(τ)
|πeεn

3
(τ)|

· êεn
1

)( πeεn
3

(τ)
|πeεn

3
(τ)|

· êεn
2

)
≥ δ. (2.26)

Hence, by (2.24), (2.25), and (2.26) we can fix a basis, denoted for simplicity {e1, e2, e2}, such
that (2.5) fails with respect to {e1, e2, e2} on a subset of E of positive H1-measure and

ê1 · ê2 < 0 , (πe3(τ) · ê1)(πe3(τ) · ê2) > 0 , (2.27)

where êi is uniquely determined by

êi ∈ S2 ∩Πe3 ∩ span{ei, τ} and êi · ei > 0.

By Proposition 2.11 the same happens with respect to any orthonormal basis {ε1, ε2, ε3} such
that εi ∈ span{ei, τ} and εi · τ 6= 0, i = 1, 2, 3. Hence, it remains to show that such a basis
exists.

Without loss of generality we may assume that τ · e3 > 0 and, by (2.27), that

πe3(τ) · êi > 0 i = 1, 2. (2.28)

Let µ ∈ S2 ∩Πe3 be orthogonal to span{e3, τ} and for s ∈ [0, 1] set v(s) := πe3(τ) + s(τ · e3)e3.
For i = 1, 2 let ei(s) be uniquely determined by

ei(s) ∈ span{µ, v(s)} ∩ span{ei, τ}, πe3(τ) · ei(s) > 0 . (2.29)

The map s 7→ ei(s) turns out to be continuous. Moreover, using (2.28) and (2.29) we deduce
ei(0) = êi and ei(1) = τ for i = 1, 2. It follows, in particular, that e1(0) · e2(0) = ê1 · ê2 < 0
thanks to (2.27), while e1(1)·e2(1) = 1. Hence, by continuity e1(s̄)·e2(s̄) = 0 for some s̄ ∈ (0, 1).
Set εi = ei(s̄) for i = 1, 2 and let ε3 ∈ S2 be orthogonal to span{ε1, ε2}. By constrcution ε1 and
ε2 are orthogonal and belong to span{e1, τ} and span{e2, τ}, respectively. Recalling that µ is
orthogonal to span{e3, τ} we have

ε3 ∈ (span{ε1, ε2})⊥ = (span{µ, v(s̄)})⊥ ⊂ span{e3, τ}

and we conclude that {ε1, ε2, ε3} is an orthonormal basis with all the required properties.

Step 2. The case k = 1, d ≥ 3, and E contained in a straight line. We proceed by induction on
the dimension d. Assume that the theorem is true for some d = j ≥ 3, under the additional as-
sumption E ⊂ span{τ}. We will show that it holds also for d = j+1, under the same additional
hypothesis. To this aim, choose a dense sequence {Pn} of (d− 2)-dimensional subspaces of the
hyperplane Πτ . By Corollary 2.4, the restriction of f to each hyperplane span{τ}+Pn satisfies
the assumptions of the theorem and hence is differentiable at H1-a.e. w ∈ E by the inductive
hypothesis. In particular, for H1-a.e. w ∈ E the restriction of f to w + Pn is differentiable
at w for every n. In turn, by Proposition 2.3, for H1-a.e. w ∈ E the restriction of f to any
(d− 2)-dimensional affine subspace of w+ Πτ through w is differentiable at w. The conclusion
then follows from Proposition 2.1 (applied to f restricted to w + Πτ ) and Proposition 2.6.

Step 3. The case k = 1, d ≥ 3, and E general. We argue by contradiction by assuming that
there exists a regular curve γ : [0, 1] → Rd of class C1 such that H1(γ([0, 1]) ∩ E ∩ Σf ) > 0,
where Σf denotes, as usual, the singular set (1.2). Let w0 be a point of positive H1-density
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in γ([0, 1]) ∩ E ∩ Σf . We claim that for ε small enough there exists a local diffeomorphism
Φ : B(w0; ε) → Rd such that

Φ(γ([0, 1])∩B(w0; ε)) ⊂ span{τ} and DΦ(w) ∈ SO+(d) for w ∈ γ([0, 1]) ∩B(w0; ε), (2.30)

where SO+(d) denotes the set of orthogonal (d× d)-matrices with determinant equal to 1. To
this aim fix τ ∈ Sd−1. Notice that if ε is sufficiently small then we may find two continuous
maps t : γ[0, 1]∩B(w0; ε) → Sd−1 and Q : γ[0, 1]∩B(w0; ε) → SO(d) such that t(w) is tangent
to γ at w and Q(w)[t(w)] = τ for all w ∈ γ[0, 1]∩B(w0; ε). By integrating Q along γ we define
a C1-map Φ : γ[0, 1] ∩ B(w0; ε) → Rd whose tangential gradient coincides with τ . We may
now apply the Whitney Extension Theorem (see for instance [5, Section 6.5]) to extend Φ to a
C1-map Φ : B(w0; ε) → Rd whose gradient coincides with Q along γ. The claim is proved.

In turn, there exists a Lipschitz function g : Rd → R that coincides with f ◦ Φ−1 in
Φ(B(w0; ε)). Clearly, H1(Σg ∩ Φ(γ([0, 1]) ∩ B(w0; ε))) > 0. Recalling (2.30), it follows from
Step 2 that there exists an orthonormal basis {e1, . . . ed} such that (1.1) (with f replaced by g)
fails with respect to {e1, . . . ed} on a subset of Φ(γ([0, 1]) ∩ B(w0; ε)) of positive H1-measure.
In terms of the original function f , this is equivalent to saying that the set

H1
({
w ∈ γ([0, 1]) ∩B(w0; ε) :

∂f

∂t(w)
(w) 6=

d∑
i=1

(t(w) · ei(w))
∂f

∂ei(w)
(w)
})

> 0 ,

where ei(w) := DΦ−1(Φ(w))[ei]. Note that by (2.30) {e1(w), . . . ed(w)} is an orthonormal basis
for all w ∈ γ([0, 1]) ∩B(w0; ε). We may now find δ > 0 and w1 ∈ γ([0, 1]) ∩B(w0; ε) such that

Eδ :=
{
w ∈ γ([0, 1]) ∩B(w0; ε) :

∣∣∣ ∂f

∂t(w)
(w)−

d∑
i=1

(t(w) · ei(w))
∂f

∂ei(w)
(w)
∣∣∣ > δ

}
(2.31)

has positive H1-measure and w1 has positive density in Eδ. To conclude the proof it suffices to
show that

∂f

∂t(w)
(w) 6=

d∑
i=1

(t(w) · ei(w1))
∂f

∂ei(w1)
(w)

in Eδ ∩B(w1; η) for η small enough. But this follows from (2.31) and the fact that
d∑

i=1

(t(w) · ei(w))
∂f

∂ei(w)
(w)−

d∑
i=1

(t(w) · ei(w1))
∂f

∂ei(w1)
(w) → 0 as w → w1,

which, in turn, is a consequence of the continuity of w 7→ ei(w) and of (2.2).

Step 4. Conclusion. We consider here the general case k ≥ 1. Let M ⊂ Rd be a k-dimensional
manifold such that Hk(M ∩E) > 0. It suffices to show that for every w0 ∈M ∩E the function
f is differentiable Hk-a.e. in M ∩B(w0; ε) for ε small enough. Fix any w0 ∈M ∩E and consider
a local regular parametrization ψ : D ⊂ Rk →M of class C1 such that M ∩B(w0; ε) ⊂ ψ (D),
where D is an open k-dimensional set and ψ (0) = w0. Such a local parametrization exists if ε
is small enough. Without loss of generality assume that

D = B1 (0; r)×Bk−1 (0; r)

and write x = (x1, x
′) ∈ R× Rk−1. For every x′ ∈ Bk−1 (0; r) let Ex′ denote the H1-rectifiable

set obtained by intersecting E with the support of the curve ψ (·, x′). Recalling (1.1) and the fact
that S is countable, by Fubini’s Theorem there exists a set M⊂ Bk−1 (0; r) with Lk−1 (M) = 0
such that for all x′ ∈ Bk−1 (0; r) \M and for every coordinate system {e1, . . . , ed} ∈ S we have

π
E

w

(
∇(e1...ed)f(w)

)
= g(w) for H1-a.e. w ∈ Ex′ .

This, in turn, implies that for all x′ ∈ Bk−1 (0; r) \M and for all {e1, . . . , ed} ∈ S

π
E

x′

w

(
∇(e1...ed)f(w)

)
= π

E
x′

w (g(w)) for H1-a.e. w ∈ Ex′ .
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By Step 3 it follows that for all x′ ∈ Bk−1 (0; r) \M the function f is differentiable H1-a.e. on
Ex′ . By Fubini’s Theorem again and the regularity of ψ, the last statement is equivalent to
saying that f is differentiable Hk-a.e. in ψ(D) ∩ E. �

We finally prove Theorems 1.2 and 1.3 that are now an easy corollary of Theorem 1.1.

Proof of Theorems 1.2 and 1.3. Note that Theorem 1.2 is a particular case of Theorem 1.3,
since A1(RN ; Rd) = W 1,1

loc (RN ; Rd). As remarked in the introduction, we only have to prove
the necessity part. Assume by contradiction that Σf is not purely Hk-unrectifiable, 1 ≤ k ≤
min{N, d}. Then we may find a regular parametrization ψ : [0, 1]k → Rd of class C1 such that
Hk(ψ([0, 1]k)∩Σf ) > 0. By Theorem 1.1 there exists an orthonormal basis {e1, . . . , ed} ∈ S for
which (1.1) fails on a subset F ⊂ ψ([0, 1]k) ∩ Σf of positive Hk-measure. Write every x ∈ RN

as x = (x1, x
′), where x1 ∈ Rk and x′ ∈ RN−k. It is now easy to check that if u ∈ Ak(RN ; Rd)

satisfies u(x1, x
′) = ψ(x1) for (x1, x

′) ∈ (0, 1)N , then the chain rule with respect to the basis
{e1, . . . , ed} fails for f ◦ u in ψ−1(F ) × (0, 1)N−k, which has positive LN -measure, thanks to
the regularity of ψ. The openness of the set of othonormal frames for which (1.3) fails follows
immediately from (2.2). �
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