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EXTENDED AFFINE WEYL GROUPS AND

FROBENIUS MANIFOLDS – II

BORIS DUBROVIN YOUJIN ZHANG DAFENG ZUO

Abstract. For the root system of type Bl and Cl, we generalize
the result of [5] by showing the existence of a Frobenius manifold
structure on the orbit space of the extended affine Weyl group
that corresponds to any vertex of the Dynkin diagram instead of
a particular choice of [5].

1. Introduction

For an irreducible reduced root system R defined in l-dimensional
Euclidean space V with Euclidean inner product ( , ), we fix a basis
of simple roots α1, . . . , αl and denote by α∨

j , j = 1, 2, · · · , l the corre-
sponding coroots. The Weyl group W is generated by the reflections

x 7→ x − (α∨
j ,x)αj, ∀x ∈ V, j = 1, . . . , l. (1.1)

The semi-direct product of W by the lattice of coroots yields the affine
Weyl group Wa that acts on V by the affine transformations

x 7→ w(x) +
l∑

j=1

mjα
∨
j , w ∈ W, mj ∈ Z. (1.2)

We denote by ω1, . . . , ωl the fundamental weights that are defined by
relations

(ωi, α
∨
j ) = δij, i, j = 1, . . . , l. (1.3)

Fixing a simple root αk, we define an extended affine Weyl group W̃ =

W̃ (k)(R) as in [5]. It acts on the extended space

Ṽ = V ⊕ R
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and is generated by the transformations

x = (x, xl+1) 7→ (w(x) +
l∑

j=1

mjα
∨
j , xl+1), w ∈W, mj ∈ Z, (1.4)

and
x = (x, xl+1) 7→ (x + ωk, xl+1 − 1). (1.5)

Let us introduce coordinates x1, . . . , xl on the space V by

x = x1 α
∨
1 + · · · + xl α

∨
l . (1.6)

Denote by f the determinant of the Cartan matrix of the root system
R.

Definition 1.1 ([5]). A = A(k)(R) is the ring of all W̃ -invariant
Fourier polynomials of the form

∑

m1,...,ml+1∈Z

am1,...,ml+1
e
2πi(m1x1+···+mlxl+

1
f

ml+1xl+1)

that are bounded in the limit

x = x0 − i ωkτ, xl+1 = x0
l+1 + i τ, τ → +∞ (1.7)

for any x0 = (x0, x0
l+1).

For the fixed simple root αk, we introduce a set of numbers

dj = (ωj, ωk), j = 1, . . . , l (1.8)

and define the following Fourier polynomials [5]

ỹj(x) = e2πidjxl+1 yj(x), j = 1, . . . , l, (1.9)

ỹl+1(x) = e2πixl+1 . (1.10)

Here y1(x), . . . , yl(x) are the Wa-invariant Fourier polynomials defined
by

yj(x) =
1

nj

∑

w∈W

e2πi(ωj ,w(x)), nj = #{w ∈W |e2πi(ωj ,w(x)) = e2πi(ωj ,x)}.

(1.11)
It was shown in [5] that for some particular choices of the simple root
αk, a Chevalley type theorem holds true for the ring A, i.e., it is gen-
erated by ỹ1, . . . , ỹl+1, and thus the orbit space defined as M = SpecA
of the extended affine Weyl group W̃ is an affine algebraic variety of
dimension l + 1. Furthermore, in [5] it was proved that on such an
orbit space there exists a Frobenius manifold structure whose potential
is a polynomial of t1, . . . , tl, etl+1

. Here t1, . . . , tl+1 are the flat coordi-
nates of the Frobenius manifold. For the root system of type Al, there
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is in fact no restrictions on the choice of αk. However, for the root
systems of type Bl, Cl, Dl, E6, E7, E8, F4, G2 there is only one choice for
each. Recall that the geometric structures on the orbit spaces M gen-
eralize those that live on the orbit spaces of the finite Coxeter groups
discovered in [9, 8] and [4].

In [10] P. Solodowy showed that the Chevalley type theorem of [5]
can also be derived from the results of K. Wirthmüller [11], and in fact
it holds true for any choice of the base element αk, or equivalently, for
any fixed vertex of the Dynkin diagram. So we have

Theorem 1.2 ([10, 11]). The ring A is isomorphic to the ring of poly-
nomials of ỹ1(x), · · · , ỹl+1(x).

A natural question, as it was pointed out in [5, 10], is whether the
geometric structures revealed in [5] also exist on the orbit spaces of the
extended affine Weyl groups for an arbitrary choice of αk? The purpose
of the present paper is to give an affirmative answer to this question for
the root systems of type Bl, Cl. We will show that on the corresponding
orbit spaces there also exist Frobenius manifold structures with poten-
tials that are polynomials in t1, . . . , tl−1, tl, 1

tl
, etl+1

. Here t1, . . . , tl+1 are
the flat coordinates of the resulting Frobenius manifold.

The paper is organized as follows: in Sec.2, we construct a flat pencil
of metrics on each orbit space of the extended affine Weyl group of the
root system of type Cl for any fixed vertex of the Dynkin diagram, then
in Sec.3 we study properties of the flat coordinates of the flat metric
(ηij). In Sec.4, we prove the existence of a Frobenius manifold structure
on each orbit space. In Sec.5 we give some examples. In Sec.6 we show
that to the root system of type Bl we can apply a similar construction
as the one for the root system of type Cl. The resulting Frobenius
manifolds are isomorphic to those that are obtained from Cl. Some
concluding remarks are given in the last section.
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in the theory of nonlinear waves and their applications”. The researches
of Y.Z. were partially supported by the Chinese National Science Fund
for Distinguished Young Scholars grant No.10025101 and the special
Funds of Chinese Major Basic Research Project “Nonlinear Sciences”.



4 BORIS DUBROVIN YOUJIN ZHANG DAFENG ZUO

Y.Z. and D.Z. thank Abdus Salam International Center for Theoretical
Physics and SISSA where part of their work was done for the hospi-
tality. The authors thank Si-Qi Liu for his help on the proof of lemma
3.1.

2. Flat pencils of metrics on the orbit spaces of W̃ (k)(Cl)

Let M be the orbit space defined as SpecA of the extended affine

Weyl group W̃ (k)(Cl) for any fixed 1 ≤ k ≤ l. We choose the standard
base α1, . . . , αl of simple roots for the root system Cl as given in [2].

As in [5] we define an indefinite metric ( , )
∼

on Ṽ = V ⊕ R such

that Ṽ is the orthogonal direct sum of V and R, V endowed with the
W -invariant Euclidean metric

(dxm, dxn)
∼

=
m

4π2
, 1 ≤ m ≤ n ≤ l (2.1)

and R endowed with the metric

(dxl+1, dxl+1)
∼

= − 1

4π2dk

= − 1

4k π2
. (2.2)

Here the numbers dj are defined in (1.8) and take the values

d1 = 1, . . . , dk−1 = k − 1, dj = k, k ≤ j ≤ l. (2.3)

The Wa-invariant Fourier polynomials y1(x), . . . , yl(x) that are defined
in (1.11) have the expressions

yj(x) = σj(ξ1, · · · , ξl), (2.4)

where

ξj = e2 iπ (xj−xj−1) + e−2 iπ (xj−xj−1), x0 = 0, j = 1, · · · , l (2.5)

and σj(ξ1, . . . , ξl) is the j-th elementary symmetric polynomial of ξ1, · · · , ξl.
For the reason that will be clear later, we will use in what follows the
following set of generators for the the ring of Wa-invariant Fourier poly-
nomials which we still denote by y1, . . . , yl:

yj(x) = σj(ζ1, · · · , ζl) (2.6)

with

ζj = ξj + 2, j = 1, . . . , l. (2.7)

Consequently we have a set of generators for the ring A = A(k)(Cl)

ỹj(x) = e2πidjxl+1 yj(x), j = 1, . . . , l, (2.8)

ỹl+1(x) = e2πixl+1 , (2.9)
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defined in the same way as in (1.9), (1.10). They form a global coor-
dinates on M. As in [5], we introduce the following local coordinates
on M:

y1 = ỹ1, . . . , y
l = ỹl, y

l+1 = log ỹl+1 = 2πi xl+1. (2.10)

They live on a covering M̃ of M\ {ỹl+1 = 0}. The projection

P : Ṽ → M̃ (2.11)

induces a symmetric bilinear form on T ∗M̃

(dyi, dyj)
∼ ≡ gij(y) :=

l+1∑

a,b=1

∂yi

∂xa

∂yj

∂xb
(dxa, dxb)

∼

. (2.12)

Denote

Σ = {y| det(gij(y)) = 0}. (2.13)

It turns out that Σ is an analogue of the discriminant. Namely, as it
was shown in [5], Σ is the P -image of the union of hyperplanes

{(x, xl+1)|(β,x) = m ∈ Z, xl+1 = arbitrary}, β ∈ Φ+, (2.3)

where Φ+ is the set of all positive roots.

Lemma 2.1. The functions gij(y) are weighted homogeneous polyno-

mials in y1, · · · , yl, eyl+1
of the degree

deg gij = deg yi + deg yj, (2.14)

where deg yj = dj and deg yl+1 = dl+1 = 0.

Proof The assertion follows immediately from the Theorem 1.2 which
says that the functions ỹ1, . . . , ỹl+1 form a set of generators of the ring
A.

From this lemma we see that Σ is an algebraic subvariety in M and
the matrix (gij) is invertible in M \ Σ. The inverse matrix (gij)−1

defines a flat metric on M\ Σ.

Let us introduce the following new coordinates on M

θj =




ek yl+1

, j = 0,

yje(k−j)yl+1
, j = 1, · · · , k − 1,

yj, j = k, · · · , l
. (2.15)

Denote

µj = 2πi(xj − xj−1), µl+1 = yl+1, j = 1, · · · , l. (2.16)
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In the coordinates µ1, . . . , µl+1 the indefinite metric on Ṽ has the form

(
(dµi, dµj)

∼
)

= diag(−1, . . . ,−1,
1

k
). (2.17)

Define

P (u) :=
l∑

j=0

ul−jθj = ekµl+1

l∏

j=1

(u+ ζj). (2.18)

We can easily verify that the function P (u) satisfies

∂P (u)

∂µa

=
1

u+ ζa
P (u)(eµa − e−µa), 1 ≤ a ≤ l; (2.19)

∂P (u)

∂µl+1

= kP (u), P ′(u) :=
∂P (u)

∂u
= P (u)

l∑

a=1

1

u+ ζa
. (2.20)

By using these identities, we have

Lemma 2.2. The following formulae hold true for the generating func-
tions of the metric (gij) and the contravariant components of its Levi-
Civita connection in the coordinates θ0, . . . , θl

l∑

i,j=0

(dθi, dθj)
∼

ul−ivl−j = (dP (u), dP (v))
∼

= (k − l)P (u)P (v) +
u2 + 4u

u− v
P ′(u)P (v) − v2 + 4v

u− v
P (u)P ′(v),

l∑

i,j,m=0

Γij
m(θ)dθmul−ivl−j =

l+1∑

a,b,m=1

∂P (u)

∂µa

∂2P (v)

∂µb∂µm

dµm(dµa, dµb)

= (k − l)P (u)dP (v) +
u2 + 4u

u− v
P ′(u)dP (v) − v2 + 4v

u− v
P (u)dP ′(v)

+
2u+ uv + 2v

(u− v)2
P (v)dP (u) − 2u+ uv + 2v

(u− v)2
P (u)dP (v).

Here Γij
m(θ) = −

l+1∑

s=1

gis(θ)Γj
sm(θ).
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Proof By using (2.19), (2.20) we have

(dP (u), dP (v))
∼

=
1

k

∂P (u)

∂µl+1

∂P (v)

∂µl+1

−
l∑

a=1

∂P (u)

∂µa

∂P (v)

∂µa

= kP (u)P (v) −
l∑

a=1

P (u)P (v)
ζ2
a − 4ζa

(u+ ζa)(v + ζa)

=
l∑

s=1

P (u)P (v)
v

u− v
(1 − v

v + ζa
) −

l∑

a=1

P (u)P (v)
u

u− v
(1 − u

u+ ζa
)

+
l∑

a=1

P (u)P (v)
1

u+ ζa

4u

u− v
−

l∑

a=1

P (u)P (v)
1

v + ζa

4v

u− v
+ kP (u)P (v)

= (k − l)P (u)P (v) +
u2 + 4u

u− v
P ′(u)P (v) − v2 + 4v

u− v
P (u)P ′(v).

So we proved the first formula, the second formula can be proved in
the same way. The lemma is proved.

The above lemma shows that in the coordinates θ0, . . . , θl the func-
tions gij(θ) are quadratic polynomials, and the contravariant compo-
nents Γij

m are homogeneous linear functions1. It reveals the following
important properties of the flat metric:

Corollary 2.3. In the coordinates y1, . . . , yl+1 the functions Γij
m(y) are

weighted homogeneous polynomials of degree

deg Γij
m(y) = di + dj − dm. (2.21)

Corollary 2.4. In the coordinates y1, . . . , yl+1 the polynomials gij(y)
and Γij

m(y) are at most linear in yk.

Now let us define a symmetric bilinear form on T ∗M by

< dyi, dyj >:= ηij(y) =
∂gij(y)

∂yk
. (2.22)

1These metrics give rise to a quadratic Poisson structure on the space of “loops”
{S1 → M} (see [3] for the details):

{θi(s), θj(s′)} = gij(θ(s))δ′(s − s′) + Γij
m(θ(s))θm

s δ(s − s′).

We plan to study such important class of quadratic metrics and Poisson structures
in a separate publication.
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Lemma 2.5. The matrix (ηij(y)) has the form



0 0 0 · · · 0 k P1 0 0 · · · 0 0
0 0 0 · · · k R1 P2 0 0 · · · 0 0
0 0 0 · · · R1 R2 P3 0 0 · · · 0 0
...

...
...

...
...

. . .
...

...
...

. . .
...

...
k R1 R2 · · · Rk−2 Pk−1 0 0 · · · 0 0
P1 P2 P3 · · · Pk−2 Pk−1 Pk 0 0 · · · 0 1
0 0 0 · · · 0 0 0 Q1 Q2 · · · Ql−k 0
0 0 0 · · · 0 0 0 Q2 Q3 · · · 0 0
...

...
...

. . .
...

...
...

...
... · · · ...

...
0 0 0 · · · 0 0 0 Ql−k 0 · · · 0 0
0 0 0 · · · 0 0 1 0 0 · · · 0 0




. (2.23)

Here

Rj = 4(k − j + 1)yj−1eyl+1

+ (k − j)yj,

Pj = 4(k − j + 1)yj−1eyl+1

,

Qm = 4myk+m + (1 − δm,l−k)(m+ 1)yk+m+1,

1 ≤ j ≤ k, 1 ≤ m ≤ l − k

and we assume y0 = 1.

It follows from the above lemma that

det(ηij) = (−1)lkk−14l−k(l − k)l−k(yl)l−k,

so (ηij)−1 defines a metric on M\ {y ∈ M|yl = 0}.
Theorem 2.6. The space M carries a flat pencil of metrics (bilinear
forms on T ∗M)

gij(y) and ηij(y) =
∂gij(y)

∂yk
,

i.e., any linear combination gij + λ ηij defines a flat metric on certain
open subset of M and the contravariant components of the Levi-Civita
connection of (ηij) is given by

γij
m(y) =

∂Γij
m(y)

∂yk
. (2.24)

The metric (gij(y)) does not degenerate on M \ Σ and the metric
(ηij(y)) does not degenerate on M\ {y ∈ M|yl = 0}.

Proof The result follows, applying Lemma D.1 of [4], from the fact that
in the coordinates y1, . . . , yl+1 the flat metric gij and the contravariant
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components of its Levi-Civita connection depend at most linearly on
yk . The theorem is proved.

Remark 2.7. Our particular choice of the basis of the W̃ (k)(Cl)-invariant
Fourier polynomials (2.6)–(2.9) ensures that the components of the flat
metric (gij(y)) are at most linear in yk. This linearity is the most cru-
cial step in the construction of the above flat pencil of metrics. If we

choose the basis of the W̃ (k)(Cl)-invariant Fourier polynomials by using
(2.4), (2.8) and (2.9), then we lose this linearity property of the func-
tions (gij(y)) and the construction of the flat metric (ηij(y)) becomes
obscure.

3. Flat coordinates of the metric (ηij)

In this section, we will show that the flat coordinates of the metric
(ηij) are algebraic functions of y1, . . . , yl+1, eyl+1

. To this end, we first
perform changes of coordinates to simplify the matrix (ηij).

Lemma 3.1. There exists a system of new coordinates z1, . . . , zl+1 of
the form

zj = yj + pj(y
1, . . . , yj−1, eyl+1), 1 ≤ j ≤ k, zl+1 = yl+1, (3.1)

zj = yj +
l∑

m=j+1

cjmy
m, k + 1 ≤ j ≤ l, (3.2)

where pj are homogeneous polynomials of degree dj and cjm are some
constants such that in the new coordinates the metric (ηij) still has the
form (2.23) with the entries replaced by

Rj = 0, Pj = 0, Qm = 4mzk+m, 1 ≤ j ≤ k, 1 ≤ m ≤ l − k.

(3.3)

Proof Let us first note that the (k + 1) × (k + 1) matrix (η̃ij) which
has elements

η̃ij = ηij(y), η̃k+1,m = η̃m,k+1 = δj,k, 1 ≤ i, j ≤ k, 1 ≤ m ≤ k + 1

coincides, under renaming of the coordinate yl+1 7→ yk+1, with the
matrix (ηij(y))(k+1)×(k+1) that is constructed as in the last section with

respect to the extended affine Weyl group W̃ (k)(Ck). Thus by using the
results of [5] we can find homogeneous polynomials pj, 1 ≤ j ≤ k such
that under the change of coordinates (3.1) and zj = yj, k + 1 ≤ j ≤ l
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the matrix (ηij(z) has the form (2.23) with entries

Rj = 0, Pj = 0, Qm = 4mzk+m + (1 − δm,l−k)(m+ 1)zk+m+1,

1 ≤ j ≤ k, 1 ≤ m ≤ l − k.

To finish the proof of the lemma, we need to perform a second change
of coordinates. To this end, denote by Ψ a n × n matrix with entries
as linear functions of a1, . . . , an

ψij(a) = 4(i+ j − 1)ai+j−1 + (i+ j)ai+j, i, j ≥ 1.

Here am = 0 for m ≥ n + 1. We are to find a linear transformation of
the triangular form

aj =
n∑

m=j

Bj
mb

m, B
j
j = 1, j ≥ 1

such that
n∑

r,s=1

4(r + s− 1)br+s−1∂a
i

∂br
∂aj

∂bs

= 4(i+ j − 1)
n∑

m=i+j−1

Bi+j−1
m bm + (i+ j)

n∑

m=i+j

Bi+j
m bm.

Equivalently, the constants Bi
j must satisfy the relations

4(i+ j − 1)Bi+j−1
m + (i+ j)Bi+j

m = 4m
∑

α+β=m+1

Bi
αB

j
β,

i+ j ≤ m ≤ n. (3.4)

Introduce the generating functions

f i(t) =
∑

α≥0

Bi
i+αt

α, i = 1, 2, . . . . (3.5)

Then the relations in (3.4) can be encoded into the following equations
of f i(t):

4(i+ j − 1)ti+j−2f i+j−1 + (i+ j)ti+j−1f i+j = 4
d

dt

(
ti+j−1f if j

)
. (3.6)

This system of equations has the following solution which was obtain
by Si-Qi Liu

f i(t) = cosh

(√
t

2

) 


2 sinh
(√

t
2

)

√
t




2i−1

. (3.7)
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From the above result we derive the existence of constants cjm, k+1 ≤
j ≤ l, j + 1 ≤ m ≤ l such that under the change of coordinates

zi 7→ zi, i = 1, . . . , k, l + 1, zj 7→ zj +
l∑

m=j+1

cjmz
m, k + 1 ≤ j ≤ l,

the matrix (ηij(z) has the form (2.23) and with entries given by (3.3).
The lemma is proved.

Lemma 3.2. Under the change of coordinates

wi = zi, i = 1, . . . , k, l + 1, (3.8)

wk+1 = zk+1(zl)−
1

2(l−k) , wj = zj(zl)−
j−k

l−k , wl = (zl)
1

2(l−k) , (3.9)

j = k + 2 · · · , l − 1,

the components of the metric (ηij(z)) are transformed to the form

diag(A(k−1)×(k−1), B(l−k+2)×(l−k+2)),

where the matrix A has entries Aij = δi,k−ik and the upper triangular
matrix B has the form

B =




0 0 0 0 0 · · · 0 0 1
0 0 0 0 0 · · · 0 2
0 0 Sk+3 Sk+4 · · · Sl−1 Sl

0 0 Sk+4 Sk+5 · · · Sl

...
...

...
0 0 Sl

0 2
1




. (3.10)

with

Sk+j = 4j(wl)−2wk+j, Sl = 4(l−k)(wl)
−2
, 3 ≤ j ≤ l−k−1. (3.11)

Proof By a straightforward calculation.

Proposition 3.3. In the coordinates w1, . . . , wl+1 the Christoffel sym-
bols of the metric (ηij) have the following properties

(1) γm
ij = 0 for m = 1, . . . , k, l, l + 1, i, j = 1, . . . , l + 1;

(2) γk+1
ij = −∂ηij(w)

∂wl are weighted homogenous polynomials in wk+3, . . . , wl;

(3) γm
ij are weighted homogenous polynomials in wk+3, . . . , wl for

k + 2 ≤ m ≤ l − 1 and i, j = 1, . . . , l − 1, l + 1;
(4) γm

lj = 1
wl δ

m
j , for k + 2 ≤ m ≤ l − 1, 1 ≤ j ≤ l + 1.
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Proof The first three properties of γm
ij follow easily from the simple

form of the matrix (ηij(w)). To prove the last property, we only need
to note that

γm
lj =

1

2

l+1∑

s=1

ηms∂ηsj

∂wl
=

1

2

l+1∑

s=1

2

wl
ηmsηsj =

1

wl
δm
j . (3.12)

The proposition is proved.

Theorem 3.4. We can choose the flat coordinates of the metric (ηij(w)
in the form

t1 = w1, . . . , tk = wk, tl = wl, tl+1 = wl+1, (3.13)

tk+1 = wk+1 + wl hk+1(w
k+2, . . . , wl−1), (3.14)

tj = wl(wj + hj(w
j+1, . . . , wl−1)). (3.15)

Here hj are weighted homogeneous polynomials of degree k (l−j)
l−k

for j =
k + 1, . . . , l − 2 and hl−1 = 0.

Proof To find the flat coordinates t = t(w), we need to solve the
following system of PDEs

∂2t

∂wi∂wj
−

l+1∑

m=1

γm
ij

∂t

∂wm
= 0, i, j = 1, . . . , l + 1. (3.16)

From the above proposition we easily see that t1, . . . , tk, tl+1 are k + 1
solutions of the above system. We still need to find l − k independent
solutions tk+1, . . . , tl. Introduce the (l − k) × (l − k) matrix

Φ = (φi
j), φi

j =
∂tk+i

∂wk+j
. (3.17)

Then the system (3.16) is reduced to

∂mΦ = ΦAm, ∂m =
∂

∂wm
, m = k + 1, . . . , l. (3.18)

They are regular at w = (wk+1, . . . , wl) = 0 except the system with
m = l. In this case the coefficient matrix has the simple form

Al = diag(0,
1

wl
, . . . ,

1

wl
, 0). (3.19)

Now assume that Φ has the form

Φ = Ψ diag(1, wl, . . . , wl, 1). (3.20)

Then the systems in (3.18) are converted to

∂mΨ = ΨBm, ∂lΨ = 0, m = k + 1, . . . , l − 1. (3.21)
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The entries of the coefficient matrices Bm are now weighted homoge-
neous polynomials of wk+1, . . . , wl. Thus we can find a unique analytic
at w = 0 solution Ψ of the above systems such that

Ψ|
w=0 = diag(1, . . . , 1). (3.22)

From the weighted homogeneity of the coefficient matrices Bm it follows
that the elements of Ψ are also weighted homogeneous. Since degwj >

0 for j = k + 1, . . . , l we see that they are in fact polynomials of
wk+1, . . . , wl. Thus the result of the theorem follows. The theorem is
proved.

Due to the above construction, we can associate the following natural
degrees to the flat coordinates

d̃j = deg tj :=
j

k
, 1 ≤ j ≤ k, (3.23)

d̃m = deg tm :=
2l − 2m+ 1

2(l − k)
, k + 1 ≤ m ≤ l, (3.24)

d̃l+1 = deg tl+1 := 0, (3.25)

and we readily have the following corollary

Corollary 3.5. In the flat coordinates t1, . . . , tl+1, the entries of the
matrix (ηij) has the form

ηij =





k, j = k − i, 1 ≤ i ≤ k − 1,
4(l − k), j = k + l + 1 − i, k + 2 ≤ i ≤ l − 1,
1, i = l + 1, j = k or i = k, j = l + 1,
2, i = l, j = k + 1 or i = k + 1, j = l.

(3.26)

The entries of the matrix (gij(t)) and the Christoffel symbols Γij
m(t)

are weighted homogeneous polynomials of t1, . . . , tl,
1

tl
, etl+1

of degrees

d̃i + d̃j and d̃i + d̃j − d̃m respectively. In particular,

gm, l+1 = d̃mt
m, 1 ≤ m ≤ l, gl+1, l+1 =

1

k
,

Γl+1,i
j = d̃j δi,j, 1 ≤ i, j ≤ l + 1.

(3.27)

Remark 3.6. For the orbit spaces of finite reflection groups flat coor-
dinates were constructed by Saito, Yano and Sekiguchi in [9] (see also
[8]).

The numbers d̃1, d̃l+1 satisfy a duality relation that is similar to that
of [5]. To describe this duality relation, let us delete the k-th vertex of
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the Dynkin diagram R and obtain two components R\αk = R1 ∪R2.
On each component we have an involution

i 7→ i∗, i = 1, . . . , k − 1 and i = k + 1, . . . , l (3.28)

given by the reflection with respect to the center of the component.
We also define

k∗ = l + 1, (l + 1)∗ = k, (3.29)

then we have

d̃i + d̃i∗ = 1, i = 1, . . . , l + 1, (3.30)

and from the above corollary we see that ηij is a nonzero constant iff
j = i∗.

4. The Frobenius manifold structure on the orbit space

of W̃ (k)(Cl)

Now we are ready to describe the Frobenius manifold structure on

the orbit space of the extended affine Weyl group W̃ (k)(Cl). Let us first
recall the definition of Frobenius manifold, see [4] for details.

Definition 4.1. A Frobenius algebra is a pair (A,< , >) where A is
a commutative associative algebra with a unity e over a field K (in
our case K = C) and < , > is a K-bilinear symmetric nondegenerate
invariant form on A, i.e.,

< x · y, z >=< x, y · z >, ∀ x, y, z ∈ A.

Definition 4.2. A Frobenius structure of charge d on an n-dimensional
manifold M is a structure of Frobenius algebra on the tangent spaces
TtM = (At, < , >t) depending (smoothly, analytically etc.) on the
point t. This structure satisfies the following axioms:

FM1. The metric < , >t on M is flat, and the unity vector field e

is covariantly constant, i.e., ∇e = 0. Here we denote ∇ the
Levi-Civita connection for this flat metric.

FM2. Let c be the 3-tensor c(x, y, z) :=< x · y, z >, x, y, z ∈ TtM .
Then the 4-tensor (∇wc)(x, y, z) is symmetric in x, y, z, w ∈
TtM .

FM3. The existence on M of a vector field E, called the Euler vector
field, which satisfies the conditions ∇∇E = 0 and

[E, x · y] − [E, x] · y − x · [E, y] = x · y,
E < x, y > − < [E, x], y > − < x, [E, y] >= (2 − d) < x, y >

for any vector fields x, y on M .
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A manifold M equipped with a Frobenius structure on it is called a
Frobenius manifold.

Let us choose locally flat coordinates t1, · · · tn for the invariant flat
metric, then locally there exists a function F (t1, · · · , tn), called the
potential of the Frobenius manifold, such that

< u · v, w >= uivjws ∂3F

∂ti∂tj∂ts
(4.1)

for any three vector fields u = ui ∂
∂ti

, v = vj ∂
∂tj

, w = ws ∂
∂ts

. Here and
in what follows summations over repeated indices are assumed. By
definition, we can also choose the coordinates t1 such that e = ∂

∂t1
.

Then in the flat coordinates the components of the flat metric can be
expressed in the form

∂3F

∂t1∂ti∂tj
= ηij =<

∂

∂ti
,
∂

∂tj
>, i, j = 1, . . . , n. (4.2)

The associativity of the Frobenius algebras is equivalent to the following
overdetermined system of equations for the function F

∂3F

∂ti∂tj∂tλ
ηλµ ∂3F

∂tµ∂tk∂tm
=

∂3F

∂tk∂tj∂tλ
ηλµ ∂3F

∂tµ∂ti∂tm
(4.3)

for arbitrary indices i, j, k,m from 1 to n.

In the flat coordinates the Euler vector field E has the form

E =
n∑

i=1

(di
jt

j + ri)
∂

∂ti
(4.4)

for some constants di
j, ri, i = 1, . . . , n which satisfy

di
1 = δi

1, r1 = 0.

From the axiom FM3 it follows that the potential F satisfies the quasi-
homogeneity condition

LEF = (3 − d)F +
1

2
Aij t

itj +Bi t
i + constant. (4.5)

The system (4.2)–(4.5) is called the WDV V equations of associativity

which is equivalent to the above definition of Frobenius manifold in the
chosen system of local coordinates.

In our examples the constant matrix dj
i is always diagonal, dj

i = d̂iδ
j
i .

Let us also recall an important geometrical structure on a Frobenius
manifold M , the intersection form of M . This is a symmetric bilinear
form ( , )∗ on T ∗M defined by the formula

(w1, w2)
∗ = iE(w1 · w2), (4.6)
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here the product of two 1-forms w1, w2 at a point t ∈M is defined by
using the algebra structure on TtM and the isomorphism

TtM → T ∗
t M (4.7)

established by the invariant flat metric < , >. In the flat coordinates
t1, · · · , tn of the invariant metric, the intersection form can be repre-
sented by

(dti, dtj)∗ = LEF
ij = (d+ 1 − d̂i − d̂j)F

ij + Aij, (4.8)

where

Aij = ηii′ηjj′Ai′j′ , F ij = ηii′ηjj′ ∂2F

∂ti
′

∂tj
′

(4.9)

and F (t) is the potential of the Frobenius manifold. Denote by Σ ⊂M

the discriminant of M on which the intersection form degenerates,
then an important property of the intersection form is that on M \ Σ
its inverse defines a new flat metric.

Theorem 4.3. There exists a unique Frobenius structure of charge

d = 1 on the orbit space M \ {tl = 0} of W̃ (k)(Cl) polynomial in

t1, t2, · · · , tl, 1

tl
, etl+1

such that

(1) The unity vector field e coincides with
∂

∂yk
=

∂

∂tk
;

(2) The Euler vector field has the form

E =
l∑

α=1

d̃αt
α ∂

∂tα
+

∂

∂tl+1
(4.10)

where d̃1, . . . , d̃l are defined in (3.23)–(3.25).
(3) The invariant flat metric and the intersection form of the Frobe-

nius structure coincide respectively with the metric (ηij) and
(gij(t)) on M\ {tl = 0}.

Proof By following the lines of the proof of Lemma 2.6 that is given
in [5] we can show the existence of a unique weighted homogeneous
polynomial

G := G(t1, . . . , tk−1, tk+1, . . . , tl,
1

tl
, etl+1

)

of degree 2 such that the function

F =
1

2
(tk)2tl+1 +

1

2
tk

∑

i,j 6=k

ηij t
itj +G (4.11)
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satisfies the equations

gij = LEF
ij, Γij

m = d̃j c
ij
m, i, j,m = 1, . . . , l + 1, (4.12)

where cijm = ∂F ij

∂tm
. Obviously, the function F satisfies the equations

∂3F

∂tk∂ti∂tj
= ηij, i, j = 1, . . . , l + 1 (4.13)

and the quasi-homogeneity condition

LEF = 2F. (4.14)

From the properties of a flat pencil of metrics [4] it follows that F also
satisfies the associativity equations

cijm c
mp
q = cipm c

mj
q (4.15)

for any set of fixed indices i, j, p, q. Now the theorem follows from above
properties of the function F and the simple identity LEe = −e. The
theorem is proved.

5. Some examples

In this section we give some examples to illustrate the above con-
struction of the Frobenius manifold structures. For the sake of simplic-
ity of notations, instead of t1, . . . , tl+1 we will redenote the flat coordi-
nates of the metric ηij by t1, . . . , tl+1, and we will also denote ∂i = ∂

∂ti

in the the following examples.

Example 5.1. [C3, k = 1] Let R be the root system of type C3, take
k = 1, then d1 = d2 = d3 = 1, and

y1 = e2 iπ x4 (ζ1 + ζ2 + ζ3) ;

y2 = e2 iπ x4 (ζ1ζ2 + ζ1ζ3 + ζ2ζ3) ;

y3 = e2 iπ x4ζ1ζ2ζ3;

y4 = 2 iπ x4,

where ζj = e2 iπ (xj−xj−1) + e−2 iπ (xj−xj−1) + 2 and x0 = 0, j = 1, 2, 3.
The metric ( , )

∼

has the form

((dxi, dxj)
∼

) =
1

4π2




1 1 1 0
1 2 2 0
1 2 3 0
0 0 0 −1


 .

The flat coordinates are

t1 = y1 − 2 ey4 , t2 = (y2 − 1

6
y3)(y3)−

1
4 , t3 = (y3)

1
4 , t4 = y4
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and the intersection form is given by

g11 = 2 t2t3 e
t4 +

1

3
t3

4et4 + 4 e2t4 ;

g12 =
7

3
t3

3et4 +
7

2
t2e

t4 ; g13 =
5

2
t3e

t4 ; g14 = t1;

g22 = 12 t3
2et4 − 1

4
t2

2 +
1

12
t3

3t2 −
1

108
t3

6 +
1

4

t2
3

t3
3
;

g23 = 2 t1 + 4 et4 − 1

3
t2t3 +

1

72
t3

4 − 1

4

t2
2

t3
2
;

g24 =
3

4
t2; g

33 =
1

4

t2

t3
− 1

12
t3

2; g34 =
1

4
t3; g

44 = 1.

The potential has the expression

F =
1

2
t1

2t4 +
1

2
t1t2t3 −

1

48
t2

2t3
2 +

1

1440
t2t3

5 − 1

36288
t3

8

+t2t3e
t4 +

1

6
t3

4et4 +
1

2
e2t4 +

1

48

t2
3

t3

and the Euler vector field is given by

E = t1∂1 +
3

4
t2∂2 +

1

4
t3∂3 + ∂4.

Remark 5.2. If we take k = 2 or 3 for the C3 root system, we obtain
a Frobenius manifold structure that is isomorphic to the one given in
Example 2.7 [B3, k = 2] or Example 2.8 [C3, k = 3] of [5].

Example 5.3. [C4, k = 1] Let R be the root system of type C4. Take
k = 1, then d1 = d2 = d3 = d4 = 1, and

y1 = e2 iπ x5 (ζ1 + ζ2 + ζ3 + ζ4) ;

y2 = e2 iπ x5

∑

1≤a<b≤4

ζaζb;

y3 = e2 iπ x5

∑

1≤a<b<c≤4

ζaζbζc;

y4 = e2 iπ x5ζ1ζ2ζ3ζ4;

y5 = 2 iπ x5,
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where ζj = e2 iπ (xj−xj−1) + e−2 iπ (xj−xj−1) + 2 and x0 = 0, j = 1, 2, 3, 4.
The metric ( , )

∼

has the form

((dxi, dxj)
∼

) =
1

4π2




1 1 1 1 0

1 2 2 2 0

1 2 3 3 0

1 2 3 4 0

0 0 0 0 −1



.

To write down the flat coordinates, we first introduce the variables

w1 = y1 − 2ey5

, w2 = (y2 − 1

6
y3 +

1

30
y4)(y4)−

1
6 ,

w3 = (y3 − 1

4
y4)(y4)−

2
3 , w4 = (y4)

1
6 , w5 = y5.

Then we have

t1 = w1, t2 = w2 −
1

12
w2

3 w4, t3 = w3w4, t4 = w4, t5 = w5.

We omit the presentation of the long expression of the intersection form
and only write down the potential F here

F =
1

2
t1

2t5 +
1

2
t1t2t4 −

1

6912
t3

4 +
1

17280
t3

3t4
3

− 1

288
t2t4t3

2 − 1

34560
t4

6t3
2 +

1

24
t1t3

2 +
1

1440
t3t4

4t2

− 1

48
t2

2t4
2 − 1

60480
t4

7t2 +
1

345600
t4

9t3 −
1

7603200
t4

12

+
1

12
et5t3

2 +
1

6
et5t3t4

3 +
1

120
et5t4

6 + t2t4e
t5 +

1

2
e2t5

+
1

24

t3t2
2

t4
− 1

216

t2t3
3

t4
2

+
1

4320

t3
5

t4
3
.

The Euler vector field is given by

E = t1∂1 +
5

6
t2∂2 +

1

2
t3∂3 +

1

6
t4∂4 + ∂5.
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Example 5.4. [C4, k = 2] Let R be the root system of type C4. Take
k = 2, then d1 = 1, d2 = d3 = d4 = 2, and

y1 = e2 iπ x5 (ζ1 + ζ2 + ζ3 + ζ4) ;

y2 = e4 iπ x5

∑

1≤a<b≤4

ζaζb;

y3 = e4 iπ x5

∑

1≤a<b<c≤4

ζaζbζc;

y4 = e4 iπ x5ζ1ζ2ζ3ζ4;

y5 = 2 iπ x5,

where ζj are defined as in the above example. The metric ( , )
∼

has
the form

((dxi, dxj)
∼

) =
1

4π2




1 1 1 1 0

1 2 2 2 0

1 2 3 3 0

1 2 3 4 0

0 0 0 0 −1
2



.

and the flat coordinates are given by

t1 = y1 − 4ey5

, t2 = y2 − 2y1ey5

+ 6e2y5

, t3 = (y3 − 1

6
y4)(y4)−

1
4 ,

t4 = (y4)
1
4 , t5 = y5.

The intersection form has the following components

g11 = 2t2 −
1

2
t21 + 4e2t5 ;

g12 = 6t1e
2t5 +

1

2
t44e

t5 +
1

2
t3t4e

t5 ;

g13 = 5 t3e
t5 +

10

3
t34e

t5 ; g14 = 3 t4e
t5 ; g15 =

1

2
t1;

g22 = 2 et5t1t3t4 + 8 e4t5 + 8 t3t4e
2t5 +

16

3
e2t5t4

4 + 4 e2t5t1
2 +

1

3
et5t4

4t1;

g23 =
56

3
e2t5t4

3 + 7 e2t5t3 +
7

3
t1t4

3et5 +
7

2
et5t1t3;

g24 = 5 e2t5t4 +
5

2
t4e

t5t1; g
25 = t2;
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g33 = 12 t4
2et5t1 + 48 t4

2e2t5 − 1

4
t3

2 +
1

12
t3t4

3 − 1

108
t4

6 +
1

4

t3
3

t4
3
;

g34 = 2 t2 + 4 et5t1 + 4 e2t5 − 1

3
t4t3 +

1

72
t4

4 − 1

4

t3
2

t4
2
;

g35 =
3

4
t3; g

44 =
1

4

t3

t4
− 1

12
t4

2; g45 =
1

4
t4; g

55 =
1

2
.

The Euler vector field is given by

E =
1

2
t1∂1 + t2∂2 +

3

4
t3∂3 +

1

4
t4∂4 +

1

2
∂5.

Finally, we have the potential

F =
1

2
t2

2t5 +
1

4
t1

2t2 +
1

2
t4t3t2 +

1

1440
t4

5t3 −
1

48
t4

2t3
2

− 1

36288
t4

8 − 1

96
t1

4 +
1

2
e2 t5t1

2 +
1

6
et5t1t4

4 +
2

3
t4

4e2 t5

+et5t1t3t4 + t3t4e
2 t5 +

1

4
e4 t5 +

1

48

t3
3

t4
.

6. On the Frobenius manifold structures related to the

root system of type Bl

For the root system R of type Bl, we also choose the standard base
α1, . . . , αl of simple roots as given in [2]. As in [5] we define an indefinite

metric ( , )
∼

on Ṽ = V ⊕ R such that Ṽ is the orthogonal direct sum
of V and R, V endowed with the W -invariant Euclidean metric

(dxm, dxn)
∼

=
1

4π2
[(1 − 1

2
δn,l)m− l

4
δn,lδm,l], 1 ≤ m ≤ n ≤ l (6.1)

and R endowed with the metric

(dxl+1, dxl+1)
∼

= − 1

4π2dk

. (6.2)

If the label k of the chosen simple root αk is less than l, then the
numbers dj are given by

d1 = 1, . . . , dk = k, dk+1 = · · · = dl−1 = k, dl =
k

2
. (6.3)

In the case of k = l we have

dj =
j

2
, j = 1, . . . , l − 1, dl =

l

4
. (6.4)
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The basis of theWa-invariant Fourier polynomials y1(x), . . . , yl−1(x), yl(x)
are chosen in the same way as we did for the case of Cl

yj(x) = σj(ζ1, · · · , ζl), j = 1, . . . , l − 1, yl(x) = ζ
1
2
1 . . . ζ

1
2
l (6.5)

with ζ1, . . . , ζl−1 defined by (2.7) and

ζl = e2iπ(xl−1−2xl) + e−2iπ(xl−1−2xl) + 2. (6.6)

So

ζ
1
2
j = 2 cosπ(xj − xj−1), j ≤ l − 1

ζ
1
2
l = 2 cosπ(2xl − xl−1).

The generators of the ring W̃ (k)(Bl) have the same form as that of (2.9).
It is easy to see that the components of the resulting metric (gij(y))
coincide with those corresponding to the root system of type Cl if we
perform the change of coordinates

yj 7→ ȳj = yj, yl(x) 7→ ȳl = (yl)2, yl+1 7→ ȳl+1 = yl+1, j = 1, . . . , l− 1,

for 1 ≤ k ≤ l − 1 and

yj 7→ ȳj = yj, yl(x) 7→ ȳl = (yl)2, yl+1 7→ ȳl+1 =
1

2
yl+1, j = 1, . . . , l−1,

for the case when k = l. Thus, the Frobenius manifold structure that
we obtain in this way from Bl, by fixing the k-th vertex of the cor-
responding Dynkin diagram, is isomorphic to the one that we obtain
from Cl by choosing the k-th vertex of the Dynkin diagram of Cl.

7. Concluding remarks

It remains a challenging problem to understand whether the con-
structions of the present paper can be generalized to the root systems
of the types Dl, E6, E7, E8, F4, G2 with respect to the choice of an
arbitrary vertex on the Dynkin diagram, as it was suggested in [10]
motivating by the results of [11]. Another open problem is to obtain
an explicit realization of the integrable hierarchies associated with the
Frobenius manifolds of the type W (k)(R). So far this problem was
solved only for k = 1, R = A1, see [1, 6, 7] for details. We plan to
study these problems in subsequent publications.
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