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EXTENDED AFFINE WEYL GROUPS AND
FROBENIUS MANIFOLDS - II

BORIS DUBROVIN YOUJIN ZHANG DAFENG ZUO

ABSTRACT. For the root system of type B; and Cj, we generalize
the result of [5] by showing the existence of a Frobenius manifold
structure on the orbit space of the extended affine Weyl group
that corresponds to any vertex of the Dynkin diagram instead of
a particular choice of [5].

1. INTRODUCTION

For an irreducible reduced root system R defined in [-dimensional
Euclidean space V' with Euclidean inner product ( , ), we fix a basis
of simple roots aq,...,a; and denote by oz;-/, j=1,2,--- [ the corre-
sponding coroots. The Weyl group W is generated by the reflections

x—x—(of ,x)a;, VxeV, j=1,...,1 (1.1)

The semi-direct product of W by the lattice of coroots yields the affine
Weyl group W, that acts on V' by the affine transformations

!
X — w(x) + ijoz}/, weW, mj €Z. (1.2)
j=1
We denote by wy,...,w; the fundamental weights that are defined by
relations

(wi,a\-/) :(Sij, Z,j = 1,...,[. (13)

J
Fixing a simple root ay, we define an extended affine Weyl group W=
W®(R) as in [5]. It acts on the extended space

V=VaR

2000 Mathematics Subject Classification. Primary 53D45; Secondary 32M10.
Key words and phrases. affine Weyl group, orbit space, Frobenius manifold.
1



2 BORIS DUBROVIN YOUJIN ZHANG DAFENG ZUO

and is generated by the transformations

!
r=(x,2141) — (w(x) + ija]v, riy1), weW, m;eZ, (14)
j=1

and
T = (X,T141) = (X + wk, T141 — 1). (1.5)
Let us introduce coordinates xy, ..., x; on the space V by
x=z10 + -+ 10 (1.6)

Denote by f the determinant of the Cartan matrix of the root system
R.

Definition 1.1 ([5)). A = A®(R) is the ring of all W -invariant
Fourier polynomials of the form

a 627Ti(m1371+"'+mlzl+%ml+1$l+1)
M1y M1

mi,...m4+1€%

that are bounded in the limit

x=x"—iwT, X =, +iT, T—+00 (1.7)

for any 2° = (x°,27,,).

For the fixed simple root a4, we introduce a set of numbers

dj = (wj,wy), j=1,...,1 (1.8)
and define the following Fourier polynomials [5]
jgi(z) = XM y(x),  j=1,...,1, (1.9)
i1 (1) = 2™, (1.10)
Here y1(x), ...,y (x) are the W,-invariant Fourier polynomials defined

by

yj<X> _ i Z 627ri(wj7w(x))’ nj = #{w e W’627ri(wj,w(x)) _ 627ri(wj,x)}.
mj weW

(1.11)
It was shown in [5] that for some particular choices of the simple root
ay, a Chevalley type theorem holds true for the ring A, i.e., it is gen-
erated by 91, ..., 741, and thus the orbit space defined as M = Spec.A
of the extended affine Weyl group W is an affine algebraic variety of
dimension [ + 1. Furthermore, in [5] it was proved that on such an
orbit space there exists a Frobenius manifold structure whose potential
is a polynomial of t!,.... ¢\, e, Here t!,...,t"*! are the flat coordi-
nates of the Frobenius manifold. For the root system of type A;, there
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is in fact no restrictions on the choice of «y. However, for the root
systems of type By, C}, D;, Es, E7, Eg, Fy, G5 there is only one choice for
each. Recall that the geometric structures on the orbit spaces M gen-
eralize those that live on the orbit spaces of the finite Coxeter groups
discovered in [9, 8] and [4].

In [10] P. Solodowy showed that the Chevalley type theorem of [5]
can also be derived from the results of K. Wirthmdiller [11], and in fact
it holds true for any choice of the base element «ay, or equivalently, for
any fixed vertex of the Dynkin diagram. So we have

Theorem 1.2 ([10, 11]). The ring A is isomorphic to the ring of poly-
nomials of y1(x), -+, Gir1(z).

A natural question, as it was pointed out in [5, 10], is whether the
geometric structures revealed in [5] also exist on the orbit spaces of the
extended affine Weyl groups for an arbitrary choice of a;,? The purpose
of the present paper is to give an affirmative answer to this question for
the root systems of type B;, C;. We will show that on the corresponding
orbit spaces there also exist Frobenius manifold structures with poten-
tials that are polynomials in ¢!, ..., #~1 ¢, tll, e, Here th, ...t are
the flat coordinates of the resulting Frobenius manifold.

The paper is organized as follows: in Sec!2, we construct a flat pencil
of metrics on each orbit space of the extended affine Weyl group of the
root system of type (] for any fixed vertex of the Dynkin diagram, then
in Sec!3| we study properties of the flat coordinates of the flat metric
(7). In Secld] we prove the existence of a Frobenius manifold structure
on each orbit space. In Secl5/ we give some examples. In Secl6 we show
that to the root system of type B; we can apply a similar construction
as the one for the root system of type C;. The resulting Frobenius
manifolds are isomorphic to those that are obtained from Cj;. Some
concluding remarks are given in the last section.
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3.1.

2. FLAT PENCILS OF METRICS ON THE ORBIT SPACES OF W®)(C))

Let M be the orbit space defined as SpecA of the extended affine
Weyl group W) () for any fixed 1 < k < [. We choose the standard
base ay, ..., qq of simple roots for the root system Cj as given in [2].

As in [5] we define an indefinite metric (, )~ on V. = V @& R such

that V is the orthogonal direct sum of V' and R, V' endowed with the
W-invariant Euclidean metric
m

(dxpm, dx,) = ypo 1<m<n<lI (2.1)
and R endowed with the metric
~ 1 1
(dxl+17 dxl+1) = _47T2dk = _4k 7T2 : (22)
Here the numbers d; are defined in and take the values
dy=1,...,dy1=k—-1,d;j =k, kE<j<l (2.3)

The W,-invariant Fourier polynomials y;(x), ..., y(x) that are defined
in (1.11) have the expressions

yj(X) :Uj(€1>"' agl)a (24)
where
fj — 62i7r(mj—mj_1) + 6—27:71'(-’17]'—1'3'—1)’ Ty = 07 ] — 17 e ,l (25)

and 0;(&,. .., &) is the j-th elementary symmetric polynomial of &y, - - - , .
For the reason that will be clear later, we will use in what follows the
following set of generators for the the ring of W,-invariant Fourier poly-

nomials which we still denote by vy, ...,y
yi(x) = 0;(Cr, - Q) (2.6)
with
G=¢&+2, j=1,...,1L (2.7)
Consequently we have a set of generators for the ring A = A®(C))
gi(z) = XM yi(x),  j=1,...,1, (2.8)

Giea () = 2o, (2.9)
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defined in the same way as in (1.9), . They form a global coor-
dinates on M. As in [5], we introduce the following local coordinates

on M:

v =01,y =G, v =log i = 2mi 241 (2.10)

They live on a covering M of M \ {fi+1 = 0}. The projection

PV M (2.11)

induces a symmetric bilinear form on T*M

I+1 o

. oy’ 0y .
dy',dy’) = g"(y) := —(dz",d . 2.12
(dy',dy’) = g"(y) ablaxaaxb(:v,x) (2.12)
Denote

% = {yldet(g”(y)) = 0}. (2.13)

It turns out that ¥ is an analogue of the discriminant. Namely, as it
was shown in [5], ¥ is the P-image of the union of hyperplanes

{(x,2141)|(B,%x) =m € Z, ;41 = arbitrary}, 3 € ®", (2.3)
where @7 is the set of all positive roots.

Lemma 2.1. The functions g (y) are weighted homogeneous polyno-
mials in y', -, ey of the degree

deg ¢" = degy' + degy’, (2.14)
where degy?! = d; and degy™ = djq = 0.

Proof The assertion follows immediately from the Theorem [1.2| which
says that the functions g1, ..., 7,41 form a set of generators of the ring

A. O

From this lemma we see that ¥ is an algebraic subvariety in M and
the matrix (¢%) is invertible in M \ . The inverse matrix (¢*/)~*
defines a flat metric on M \ X.

Let us introduce the following new coordinates on M

) ekly“d?. . J =0,
97 — yj.e(k_J)er Lj=1, k=1, . (2.15)
W, =kl

Denote

Hj = Qﬂ-i(l’j - ij_1)7 Hi41 = yl+17 J=1--,L (216)
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In the coordinates i1, . .., 1 the indefinite metric on V has the form
~ i 1
((dps, dpy)™) = dlag(—l,...,—l,z). (2.17)
Define
! !
= Z w07 = krn H(u +¢)- (2.18)
=0 j=1
We can easily verify that the function P(u) satisfies
OP(u) 1 _
= P fa — g7 He 1<a<l; 2.1
o Pl ), 1Saslh (219
dP(u) OP(u) ST
=kP(u), P'(u):= = P(u 2.20
G = HP) Pl = T = PSS 020

By using these identities, we have

Lemma 2.2. The following formulae hold true for the generating func-
tions of the metric (g") and the contravariant components of its Levi-
Civita connection in the coordinates 6°,. .., 0"

l

S (@6, 407y w0l = (dP(u), dP(v))”

i,j=0

244 244
us + uP/(u)P(v)—U + 4v

uUu—v u—v

=(k—1)P(u)P(v) + P(u)P'(v),

l I+1 u) 9P(0)
i m, =i, 1= _
ij O Zl % S, i dtas di)
v? 4+ 4o ,
= (k—1)P(u)dP(v) + R P(u)dP'(v)

2u 4+ uv + QUP(v)dP(u) _ 2u(—£ qivv—;zvp(u)dP(v).

(u—wv)?

I+1

Here T4 (0) = — Zg“(e)w



AFFINE WEYL GROUPS AND FROBENIUS MANIFOLDS 7

Proof By using (2.19), we have

(dP(u), dP(v))” = L2 _ 3 2P 9P ()

k 8M+1 aum i 8ua 8ua
= kP(u)P(v) — ;PW) o Jf ia;(ici Ca)
- ;P(u)P(v)u —(1-- icﬁ - ;P@oP(v)uﬁv( - u—il—LCa)
4 i; P(u)P(0)— - 2 :P(U)P(v)v - z kP P(0)
— (ka— 1) P(u)P(v) + “;tiuP’(;)P(v) - vitivP(wP’(v)-

So we proved the first formula, the second formula can be proved in
the same way. The lemma is proved. O

The above lemma shows that in the coordinates #°, ..., 6" the func-
tions ¢¥(#) are quadratic polynomials, and the contravariant compo-
nents I' are homogeneous linear functions'. It reveals the following
important properties of the flat metric:

Corollary 2.3. In the coordinates y',. .., y"*" the functions T'% (y) are
weighted homogeneous polynomials of degree

degT¥ (y) = d; + dj — d. (2.21)

Corollary 2.4. In the coordinates yl, ...yttt the polynomials g% (y)
and T% (y) are at most linear in y*.

Now let us define a symmetric bilinear form on 7*M by

99" (y)
oyk

<dy',dy’ >=n"(y) = (2.22)

IThese metrics give rise to a quadratic Poisson structure on the space of “loops”
g q
{S1 — M} (see [3] for the details):

{0(5),09(s")} = g (0(s))8" (s — 8') + T (0(s))05(s — ).

We plan to study such important class of quadratic metrics and Poisson structures
in a separate publication.



8 BORIS DUBROVIN YOUJIN ZHANG DAFENG ZUO

Lemma 2.5. The matriz (n(y)) has the form

O 0 0 -- 0 k P o 0 -+ 0 0

0O 0 0 --- k& R, B o 0 -+ 0 0

0O 0 0 R, Ry P o 0 -+ 0 0

k Ry Ry --- R, oP._, O 0 --- 0 O

PEP Py PosPey P 0 0 - 0 1. (223
000-- 0 0 0 @ Q- Q0
000 0 0 0 Q Q-

O 0 0 -- 0 0 0 Qi 0 --- 0 O

O 0 0 -- 0 0 1 o 0 -+ 0 0

Here

Ry=4(k—j+ 1y eV + (k—j)y,

Ak —j+ 1)y eV,

Qm — 4myk+m 4 (1 . 5m,l—k)(m 4 ]_)yk-l-m,-l-l7
1<j<k 1<m<Il-k

<o
I

and we assume y° = 1.

It follows from the above lemma that
det(nij) — (_1)lkk—14l—k(l _ k,)l—k(yl>l—k’
so (n“)~! defines a metric on M \ {y € M|y’ = 0}.

Theorem 2.6. The space M carries a flat pencil of metrics (bilinear
forms on T*M )

i ii agij(y)
g7(y) and n’(y) = o7

i.e., any linear combination g + An% defines a flat metric on certain
open subset of M and the contravariant components of the Levi-Civita
connection of (n) is given by

? or(v)

I(y) = —2. 2.24

Yo (Y) By (2.24)

The metric (g”(y)) does not degenerate on M\ ¥ and the metric
(7" (y)) does not degenerate on M\ {y € M|y’ = 0}.

Proof The result follows, applying Lemma D.1 of [4], from the fact that
in the coordinates y',...,y'"! the flat metric ¢ and the contravariant
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components of its Levi-Civita connection depend at most linearly on
y* . The theorem is proved. O

Remark 2.7. Our particular choice of the basis of the /T/Tv/(k)(C’l)-invam'ant
Fourier polynomials (2.6)—(2.9) ensures that the components of the flat
metric (9”(y)) are at most linear in y*. This linearity is the most cru-
cial step in the construction of the above flat pencil of metrics. If we

choose the basis of the W) (Cy)-invariant Fourier polynomials by using
(2.4), (2.8) and (2.9), then we lose this linearity property of the func-
tions (g (y)) and the construction of the flat metric (n“(y)) becomes
obscure.

3. FLAT COORDINATES OF THE METRIC (1)

In this section, we will show that the flat coordinates of the metric
(n'7) are algebraic functions of y', ...,y e¥ "' To this end, we first
perform changes of coordinates to simplify the matrix (n").

Lemma 3.1. There exists a system of new coordinates z*,...,z""" of
the form

=y iyt ), 1< G <k, 2=yt (30)

l
d=y+ Y dy", k+1<j<l, (3.2)

m=j+1

where p; are homogeneous polynomials of degree d; and ¢, are some
constants such that in the new coordinates the metric (n) still has the

form (2.23) with the entries replaced by

R;=0, Pj=0, Qun=4mz"™ 1<j<k, 1<m<Il-k
(3.3)

Proof Let us first note that the (k + 1) x (k + 1) matrix (5%) which
has elements

i = y), = =0, 1<i i<k 1<m<k+1

coincides, under renaming of the coordinate y'*' — y**! with the

matrix (1" (y))k+1)x(k+1) that is constructed as in the last section with

respect to the extended affine Weyl group W(k)(Ck). Thus by using the
results of [5] we can find homogeneous polynomials p;, 1 < j < k such
that under the change of coordinates and 2/ = ¢/, k+1<j5 <1
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the matrix (n”(z) has the form (2.23) with entries
RJ = O? P] = 07 Qm = 4mzk+m + (1 - 6m,lfk>(m + 1)Zk+m+17
1<j<k 1<m<ZIl—k.
To finish the proof of the lemma, we need to perform a second change

of coordinates. To this end, denote by ¥ a n x n matrix with entries
as linear functions of a!,...,a"

W(a) =46 +j — a4 (i + a0 5> 1

Here a™ = 0 for m > n+ 1. We are to find a linear transformation of
the triangular form

o =) Bib", Bl=1 j>1
m=j

such that
u da’ Oa’
4 — D
2 A =G
=4(i+j-1) > BETW4(i+j) Y By
m=i+j—1 m=i+j

Equivalently, the constants B; must satisfy the relations

. =1 | (s \Rit i i
Ai+7—-1)B7 " +(i+34)B,) =4m Z B, By,

a+B=m+1
i+j<m<n. (3.4)
Introduce the generating functions
Fity=>Y Bl % i=12... (3.5)

a>0

Then the relations in can be encoded into the following equations
of fi(t):

4(7, ‘|‘j o 1)tz+]—2]m+y—1 + (Z +j)tz+j—1fz+] —_ 4% (tz-l—]—lfzf]) ) (36)
This system of equations has the following solution which was obtain
by Si-Qi Liu

2i—1

sinh (£
f'(t) = cosh (%E) # : (3.7)
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From the above result we derive the existence of constants ¢/, k+1 <
7 <1, 74+ 1<m <1 such that under the change of coordinates

l
ds =1, kl+1, Zed+ Z A k+1<j<I,
m=j+1
the matrix (n”(z) has the form (2.23) and with entries given by (3.3).

The lemma is proved. a

Lemma 3.2. Under the change of coordinates
w'=2 i=1,...k l+1, (3.8)
whtl = zkﬂ(zl)_ﬁ, w! = zj(zl)_?—_k, wh = (Zl)ﬁ, (3.9)
j=k+2--- 1 -1,

the components of the metric (n”(z)) are transformed to the form

diag(Ag—1)x (k=1)> Bl—k+2)x(1-k+2)),

where the matriz A has entries AY = 0i p—ik and the upper triangular
matriz B has the form

00 O o 0 --- 001
00 O o 0 --- 02
00 Skt Skya -+ Si-1 S

00 Sk+a Skgs -+ S,
. k'+4 k+5 ! (3.10)

00 S
02
1

with
Spiy = dj(wh) 2w S =4(l—k)(w) S, 3<j<l—k—1. (3.11)
Proof By a straightforward calculation. O

Proposition 3.3. In the coordinates w', ..., w'T' the Christoffel sym-
bols of the metric (1) have the following properties

(1) 7 =0 form=1,....kLI+1,4j=1,...1+1;

(2) fjﬂ = —%ﬂf}w are weighted homogenous polynomials in w*+3, . ..
(3) Yy are weighted homogenous polynomials in wk3 o wh for

k+2<m<l—1andi,j=1,...,0—1,1+1;
(4) =0, for k+2<m<1-1,1<j<I+1.
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Proof The first three properties of 7} follow easily from the simple
form of the matrix (" (w)). To prove the last property, we only need
to note that
I+1 I+1
m ms 8n5j 1 2 ms 1 m
The propositlon is proved. O

Theorem 3.4. We can choose the flat coordinates of the metric (n' (w)
in the form

tr=wl, .. tF=wk =, ¢ =t (3.13)
R = Ml by (WFE L w T, (3.14)
th = wh(w’ 4+ hi(with, . w'Th). (3.15)

Here h; are weighted homogeneous polynomials of degree f07’ J=

k+1,...,1—2 and hj_1 = 0.

Proof To find the flat coordinates ¢ = t(w), we need to solve the
following system of PDEs

ot SN ot
—— — n—=0, 4,j=1,...,1+1 3.16
Qw Ow? z:: i3 gy J + (3.16)
From the above proposition we easily see that t!,...,t* t"*! are k + 1

solutions of the above system. We still need to find | — k independent
solutions t**1 . #!. Introduce the (I — k) x (I — k) matrix

] atk+l
¢ = (¢j)7 (b - U}]H'] (317)
Then the system (3.16)) is reduced to
0
On® =®A,, On=—-—— m=k+1,...,1 (3.18)
ow™
They are regular at w = (w1, ... w!) = 0 except the system with
m = [. In this case the coefficient matrix has the simple form
. 1 1
Al = dlag(O, J’ R E’ 0) (319)

Now assume that ® has the form
® = Udiag(l,w', ..., v 1). (3.20)
Then the systems in (3.18)) are converted to

O =VUB,,, V=0 m=k+1,...01—1. (3.21)
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The entries of the coefficient matrices B,, are now weighted homoge-

neous polynomials of w**', ... w'. Thus we can find a unique analytic
at w = 0 solution ¥ of the above systems such that
|, = diag(1,...,1). (3.22)

From the weighted homogeneity of the coefficient matrices B,, it follows
that the elements of ¥ are also weighted homogeneous. Since deg w’ >
0 for j = k+1,...,1 we see that they are in fact polynomials of
wht . w'. Thus the result of the theorem follows. The theorem is
proved. O

Due to the above construction, we can associate the following natural
degrees to the flat coordinates

d; = degt’ = % 1<j <k, (3.23)

- 2l —2m + 1

dp =degt™ =" """~ k4+1<m<l, 24
eg 20— F) + m (3.24)

dipq = degt™! =0, (3.25)

and we readily have the following corollary

Corollary 3.5. In the flat coordinates t',... t7, the entries of the

matriz (1) has the form
k, j=k—1, 1<i<k—-1,
y Al—k), j=k+l+1—d, k+2<i<I[-1
i ) ) =t = )
=, i=l+1j—k oriek j=l+1, 320
2, 1=0Lj=k+1 ori=k+1, 7=1.
The entries of the matriz (g¥(t)) and the Christoffel symbols T'% (t)
are weighted homogeneous polynomials of t*,. .. t, e et of degrees
d; + Jj and d; + cij —dp respectively. In particular,
- 1
m,l+1 — m < < +1,14+1 ——
g ~dmt ) ]- — m - l) g k7 (327)

Y =d;i6;,  1<id,j<I+1.

Remark 3.6. For the orbit spaces of finite reflection groups flat coor-
dinates were constructed by Saito, Yano and Sekiguchi in [9] (see also

8])-

The numbers dj, Ciz+1 satisfy a duality relation that is similar to that
of [5]. To describe this duality relation, let us delete the k-th vertex of
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the Dynkin diagram R and obtain two components R \ oy, = R1 UR,.
On each component we have an involution

i—idi, i=1,....k—landi=k+1,...,] (3.28)
given by the reflection with respect to the center of the component.
We also define

E=1+1, (I+1)" =k, (3.29)
then we have o
di+d==1, 1=1,...,14+1, (3.30)
and from the above corollary we see that 7% is a nonzero constant iff
j =1

4. THE FROBENIUS MANIFOLD STRUCTURE ON THE ORBIT SPACE
orF WW ()

Now we are ready to describe the Frobenius manifold structure on

the orbit space of the extended affine Weyl group W(k)(Cl). Let us first
recall the definition of Frobenius manifold, see [4] for details.

Definition 4.1. A Frobenius algebra is a pair (A, < , >) where A is
a commutative associative algebra with a unity e over a field IC (in
our case K = C) and < , > is a K-bilinear symmetric nondegenerate
invariant form on A, i.e.,

<x-y,z>=<uwz,y-z> VuzryzeA

Definition 4.2. A Frobenius structure of charge d on an n-dimensional
manifold M is a structure of Frobenius algebra on the tangent spaces
TiM = (A, <, >¢) depending (smoothly, analytically etc.) on the
point t. This structure satisfies the following axioms:

FM1. The metric < , >; on M 1is flat, and the unity vector field e
15 covariantly constant, 1.e., Ve = 0. Here we denote V the
Levi-Civita connection for this flat metric.

FM2. Let ¢ be the 3-tensor c(x,y,z) =< x-y,z >, x,y, 2 € T,M.
Then the 4-tensor (V,c)(z,y,z) is symmetric in x,y, z, w €
T,M.

FM3. The existence on M of a vector field E, called the Euler vector
field, which satisfies the conditions VVE =0 and

E<z,y>—-<|[Ez,y>—<uzx|Ey >=2-d) <z,y>
for any vector fields x,y on M.
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A manifold M equipped with a Frobenius structure on it is called a
Frobenius manifold.

Let us choose locally flat coordinates t!,---¢" for the invariant flat

metric, then locally there exists a function F(t!,--- "), called the
potential of the Frobenius manifold, such that
- OPF
<u-v,w >=uvw ———— 4.1
Ot oI Ots (4.1)
for any three vector fields u = v'-&, v = v/ &, w = w*;%. Here and

in what follows summations over repeated indices are assumed. By

definition, we can also choose the coordinates t' such that e = %.

Then in the flat coordinates the components of the flat metric can be
expressed in the form

or 9 0
gtioror T aiow
The associativity of the Frobenius algebras is equivalent to the following
overdetermined system of equations for the function F

O3F v PF B PF v PF
ototior | dtrotkotm | Ot otior | dtrotot™
for arbitrary indices 1, 7, k, m from 1 to n.
In the flat coordinates the Euler vector field £ has the form
E=) (dt + ri) 5 (4.4)

i=1

ij=1,...,n. (4.2)

(4.3)

for some constants d;, ri, © = 1,...,n which satisfy
dll = 51, ™ = 0.
From the axiom FM3 it follows that the potential F' satisfies the quasi-
homogeneity condition
1 o .
LgF=3—-dF+ §Aij t't’ + B; t" + constant. (4.5)

The system (4.2)-(4.5) is called the W DV'V' equations of associativity
which is equivalent to the above definition of Frobenius manifold in the
chosen system of local coordinates.

In our examples the constant matrix dg is always diagonal, dg = dAZ(SZ .

Let us also recall an important geometrical structure on a Frobenius
manifold M, the intersection form of M. This is a symmetric bilinear
form (, )* on T"M defined by the formula

(w1, w2)* = ip(wr - ws), (4.6)



16 BORIS DUBROVIN YOUJIN ZHANG DAFENG ZUO

here the product of two 1-forms wq, we at a point t € M is defined by
using the algebra structure on T; M and the isomorphism

T,M — T M (4.7)

established by the invariant flat metric < , >. In the flat coordinates
th ... t" of the invariant metric, the intersection form can be repre-
sented by

(dt',dt’)" = LpF7 = (d+1 —d; — d;)F7 4+ AV, (4.8)
where
O*F
ot o'
and F'(t) is the potential of the Frobenius manifold. Denote by ¥ C M
the discriminant of M on which the intersection form degenerates,

then an important property of the intersection form is that on M \ ¥
its inverse defines a new flat metric.

Theorem 4.3. There exists a unique Frobenius structure of charge
d = 1 on the orbit space M\ {t' = 0} of W*(C)) polynomial in

1
tho2 .t i e such that
0 0
(1) The unity vector field e coincides with o = o
(2) The Euler vector field has the form
l
=, 0 0
E=S d-— 410
; dte  pre (4.10)

where dy, . .., d; are defined in (3.23)(3.25).
(3) The invariant flat metric and the intersection form of the Frobe-
nius structure coincide respectively with the metric (n') and

(97 (t)) on M\ {t' = 0}

Proof By following the lines of the proof of Lemma 2.6 that is given
in [5] we can show the existence of a unique weighted homogeneous
polynomial

G = G(tl,...,zt’f*l,t’““,...,lﬁl,l e

of degree 2 such that the function

_1 k\2 4041 lk Iy
F = ()" + ot > mtt + G (4.11)

2 <
i,57#k
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satisfies the equations

g9 =LpFY, TY =d;c, ijm=1,. 1+1, (4.12)
where ¢/ = %f—;f. Obviously, the function F' satisfies the equations
PF o

and the quasi-homogeneity condition
LpF =2F. (4.14)

From the properties of a flat pencil of metrics [4] it follows that F' also
satisfies the associativity equations

b = b e (4.15)
for any set of fixed indices i, 7, p, ¢. Now the theorem follows from above

properties of the function F' and the simple identity Lge = —e. The
theorem is proved. O

5. SOME EXAMPLES

In this section we give some examples to illustrate the above con-
struction of the Frobenius manifold structures. For the sake of simplic-

ity of notations, instead of t!, ..., ¢t we will redenote the flat coordi-
nates of the metric % by ty,...,%41, and we will also denote 9; = %

in the the following examples.

Example 5.1. [C3,k = 1] Let R be the root system of type Cs, take
k=1, thendy =dy =d3 =1, and

yh =T (G + G+ G);

Y= (GG 4 GG+ GGs);

yg = 62”“(1(2(3;

y4 = 24T 2y,
where (; = 2™ @i—wi-1) 4 e=2im(@w-1) 4 9 and xy = 0, j = 1,2,3.
The metric (, )~ has the form

1110
~ 1 1220
00 0-1
The flat coordinates are
1 1
h=y' =2e" b=~ ")) 0 =), =y’
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and the intersection form is given by

1
gM = 2totg el + 3 tatelt + 4%,

912 _ %t336t4 4 gt2€t4; g13 — gt3€t4; gl4 — tlv
g2 = 12t3%e" — itf + 1—12 t33ty — % t35 + i Z—i;
g? =2t +4e" — %tgtg + 7—121534 - i Z—z;
24—% 2 g% :%%_1_122532; 9" = it:s; gt =1
The potential has the expression
F = %t12t4 + %tltgtg — % o2ty + I tots® — 26958 t3®
1 ty3

1 1
Fiotge™ + ~ty'elt + e + — —
WET R T TR,

and the Euler vector field is given by

3 1
E - tlal + Ztgag + Ztgag + (94.

Remark 5.2. If we take k = 2 or 3 for the Cs root system, we obtain
a Frobenius manifold structure that is isomorphic to the one given in

Ezample 2.7 [Bs, k = 2] or Ezample 2.8 [C5,k = 3] of [5].

Example 5.3. [Cy, k = 1] Let R be the root system of type Cy. Take
k':]_7 th@nd1:d2:d3:d4:1, and

Yt =TT (G G+ GG
TR e

1<a<b<4

y3 — 62i7r3:5 Z CaCch;

1<a<b<c<4

yt =G GGG;
y® = 24T x5,
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where Cj = g2im(zj—xj-1) + e~ 2im (zj—wj—1) +2andxog =0, j =1,2,3,4.
The metric (, )~ has the form

s S GG G W
SN NNND =
S W W N =
S W N =

o O O O

To write down the flat coordinates, we first introduce the variables

1 1 .

— 9 y° — (42 _ = 3 AN A\—1

wy =y — 2V, wy=(y AT y)(y) s,
1 2 1

wsz(y?’—zy“)(y“) 5, wy = (yh)s, ws =y’

Then we have

1
2
t1 = wy, ta = wy — ToWs Wa, t3 = wswy, ty = wy, ts = ws.

We omit the presentation of the long expression of the intersection form
and only write down the potential F' here

1 1
F = —t%ts + = tytoty — t3t + 33t

9 9 6912 17280
1ttt 1,552 +1tt + — ! tat,
T 988 M g0 P T o4 M T g0 B R

L — o2t — L ty to + L t, 0ty — L t,'?

48 60480 345600 7603200
+— ! elsts? + 1 elstaty + Le% + totse’ 4+ = 1

12 6 120 9 ©

1 tsty? 1 tots? 1 t5°

24 t; 216 t2 4320 3

The Euler vector field is given by

5) 1 1
E= t181 + 6t282 + §t363 + 615484 + 85.
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Example 5.4. [Cy, k = 2] Let R be the root system of type Cy. Take
k=2, thend, =1,dy =d3 =dy =2, and

Yy =2 (G + G+ G+ G);
yz _ e4z‘m5 Z CaCbé

1<a<b<4

y3 = ¢t Z CaCbgc;

1<a<b<c<4

ZJ4 = 64iﬂx5§1§2€3§43
y® = 2im x5,

where (; are defined as in the above example. The metric (, )~ has
the form

1111 0
1222 0
N 1
1234 0
0000 —%
and the flat coordinates are given by
1
t=y' —deV, ty =1y —2y'e” + 66, t3 = (y° - G ) (yh)7T,
ly = (?f)i ts =y’
The intersection form has the following components
11 . 1 2 2ts .
g =2t 2t1+4e ;
12 ats | Lo g 1 ts
g =06t + <t e + —tstse’;
2 2
10
" = 5tgels + — tiet5; g' = 3t.e; ¢ = —t;
3 2
16 1
g22 =2 €t5t1t3t4 + 8 €4t5 + 8 t3t4€2t5 + ? 62t5t44 + 4 62t5t12 + g €t5t44t1;
56 7 7
923 = ? €2t5t43 +7 €2t5t3 + g t1t43€t5 + 5 €t5t1t3;

)
gt =5e"ty + 5 taety; g% = to;
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g = 12t,%e"5t) + 48142 — 11t32 + 1 tats® — 1 4% + Lty
4 12 108 4 t,3
. 1 1 1 t32
34 t 2t 4 3
=2t 4det; +4e® — =yt — - - =
g 2 +4e 1 e 3 403 + 79 4 4 t427
3 1t 1 1 1
35 44 3 2., 45 55
g 4 3, g 4 t4 192 45 9 4 4, g 2

The Euler vector field is given by
1 3 1 1
FE = §t181 + t282 + Ztgag + Zt484 + 5(95
Finally, we have the potential

1
ty0ts — — 14252

1 1 1
F= 3 tots + = t1 2ty + = tatsts +

4 2 1440 48
1 1 1 1 2
_ t8__t4+_ 2t5t2+_t5tt4+_t42t5
36288 4 g L ¢ Tl it mahe
+etytsty + tatse®™ + Lgts + 11
s 3 4 48 t4

6. ON THE FROBENIUS MANIFOLD STRUCTURES RELATED TO THE
ROOT SYSTEM OF TYPE B

For the root system R of type B;, we also choose the standard base
ai, ..., of simple roots as given in [2]. As in [5] we define an indefinite
metric (, )~ on V =V @& R such that V is the orthogonal direct sum
of V and R, V endowed with the WW-invariant Euclidean metric

1 1 l

(A, dzy)” = H[(l — =Op)M — =0 i0mu], 1<m<n<l (6.1)

2 4
and R endowed with the metric
~ 1

= ~id
If the label k£ of the chosen simple root «y is less than [, then the
numbers d; are given by

(dﬂjl+1, dl'l+1) (62)

(6.3)

k
d1:1,...,dk:k, dk-‘rl:"':dl—l:k) dl:§

In the case of k = [ we have

dj:%’ jzl,...,l—l, dp=—. (64)
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The basis of the W,-invariant Fourier polynomials y; (x), . . ., y1—1(x), y1(x)
are chosen in the same way as we did for the case of ()

yj(x):0j<C17"'7€l)7 jzla"'7l_1a yl(x):CE"'Cf (65)
with (3,..., (1 defined by (2.7) and
Cl — 62Z’7T(£El,1—2$l) + e—2i7r(271,1—2$l) + 2 (66)

So

1
¢ =2cosm(z; —xj1), j<Il-—1

1
¢ =2cosm(2x; — x1_1).

The generators of the ring W *)(B;) have the same form as that of (2.9).
It is easy to see that the components of the resulting metric (g% (y))
coincide with those corresponding to the root system of type Cj if we
perform the change of coordinates

Yy =y ux) =g =) Yyt gt =yt =1, -1,

for 1<k<l-—1and

v =y ux) — g =)y ey Y= -,
for the case when k = [. Thus, the Frobenius manifold structure that
we obtain in this way from B;, by fixing the k-th vertex of the cor-
responding Dynkin diagram, is isomorphic to the one that we obtain
from C; by choosing the k-th vertex of the Dynkin diagram of Cj.

7. CONCLUDING REMARKS

It remains a challenging problem to understand whether the con-
structions of the present paper can be generalized to the root systems
of the types D;, Fg, F7, Ey, Fy, G with respect to the choice of an
arbitrary vertex on the Dynkin diagram, as it was suggested in [10)]
motivating by the results of [11]. Another open problem is to obtain
an explicit realization of the integrable hierarchies associated with the
Frobenius manifolds of the type W®(R). So far this problem was
solved only for £ = 1, R = Aj, see [1, 6, 7] for details. We plan to
study these problems in subsequent publications.
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