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1. Introduction

The homogenization theory aims to find an effective description of materials whose heterogeneities scale
is much smaller than the size of the body. The simplest example is periodic homogenization for which the
microstructure is assumed to be periodically distributed within the material. In the framework of the Calculus
of Variations, periodic homogenization problems rest on the study of equilibrium states, or minimizers, of
integral functionals of the form

/Qf(g,Vu)dx, w: Q- R, (1.1)

under suitable boundary conditions, where 2 C R” is a bounded open set and f : RY x R¥*N — [0, +00)
is some oscillating integrand with respect to the first variable. To understand the asymptotic behavior
of (almost) minimizers of such energies, it is convenient to perform a I'-convergence analysis (see [19] for a
detailed description of this subject) which is an adequate theory to study such variational problems. It is usual
to assume that the integrand f satisfies uniform p-growth and p-coercivity conditions (with 1 < p < 400) so
that one should ask the admissible fields to belong to the Sobolev space WP, For energies with superlinear
growth, i.e., p > 1, this problem has a quite long history, and we refer to [34] in the convex case. Then it
has received the most general answer in the independent works of [13] and [36], showing that such materials
asymptotically behave like homogeneous ones. These results have been subsequently generalized into a lot
of different manners. Let us mention [15] where the authors add a surface energy term allowing for fractured
media. In that case, Sobolev spaces are not adapted to take into account eventual discontinuities of the
deformation field across the cracks. For energies growing linearly, the pathological nature of W! leads to a
relaxation in the space of functions with Bounded Variation. These kind of homogenization problems have
been successively studied in [11], [20], and in [12] with an extra surface energy term.
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In many applications admissible fields have to satisfy additional constraints. This is for example the
case in the study of equilibria for liquid crystals, in ferromagnetism or for magnetostrictive materials where
the order parameters take their values into a given manifold. It then becomes necessary to understand the
behaviour of integral functionals of the type (1.1) under this additional constraint. For fixed ¢ > 0, the
possible lack of lower semicontinuity of the energy may prevent the existence of minimizers (with eventual
boundary conditions). It leads to compute its relaxation under the manifold constraint. In the framework of
Sobolev spaces, it has been studied in [18,3], and the relaxed energy is obtained by replacing the integrand by
its tangential quasiconvexification which is the analogue of the quasiconvex envelope in the non constrained
case. The analysis for the linear growth case has been performed in [2] assuming that the manifold is the
unit sphere of R?. The case of general manifolds has been recently treated in [35] where the author makes a
further isotropy assumption on the integrand (see also the Appendix). We finally mention a slightly different
problem originally introduced in [16,9], where the energy is assumed to be finite only for smooth maps. The
most recent generalizations can be found in [28,30,31] where the study is performed within the framework
of Cartesian Currents (see [29]). It shows the emergence in the relaxation process of non local effects of
topological nature related to the non density of smooth maps (see [8,10]).

The aim of this paper is to treat the problem of manifold constrained homogenization, ¢.e., the asymptotic
as € — 0 of energies of the form (1.1) defined on manifold valued Sobolev spaces. Let us make the idea more
precise. We consider a connected submanifold M of R? of class C' without boundary. The class of admissible
maps we are interested in is defined as

WP M) == {ue WHP(R?) : u(z) € M for LN-ae. z € Q}.
The function f: RN x RN — [0, +00) is assumed to be a Carathéodory integrand satisfying
(Hy) for every & € RN the function f(-,&) is I1-periodic, i.e. if {e1,...,en} denotes the canonical basis
of RV, one has f(y + e;, &) = f(y,€) for every i =1,..., N and y € RY;
(H3) there exist 0 < o < 8 < 400 and 1 < p < 400 such that
al€P < f(y,€) < BA+EP)  for ae. y € RY and all £ € RV,
For € > 0, we define the functionals F. : LP(€;R?) — [0, +00] by

Fulu) = 7 (E ) ituewirm.

+o00 otherwise.

For energies with superlinear growth, we have the following result.

Theorem 1.1. Let M be a connected C-submanifold of R? without boundary, and f : RN xRN — [0, +-00)
be a Carathéodory function satisfying (Hy) and (Hg) with 1 < p < 4+00. Then the family {Fe}c~o I'-converges
for the strong LP-topology to the functional Fyom : LP(€2;R?) — [0, +o00] defined by

/ T from (u, Vi) dz  if u € WHP(Q; M),
fhom(u) = Q

400 otherwise ,

where for every s € M and & € [Ty(M)]V,

Thon(s.€) = Jim it { {  fné+ Ve dysp e WETO 0N L0 (2)
t—+oo ¢ (0,6)N

is the tangentially homogenized energy density.

If the integrand f has a linear growth in the &-variable, i.e., if f satisfies (Hs) with p = 1, we assume in
addition that M is compact, and that

(Hg) there exists L > 0 such that
[f(y:6) = [y, ) < LIE=¢|,  forae yeRY andall €, & € RN,
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Then the following representation result on W11(€; M) holds:

Theorem 1.2. Let M be a connected and compact C'-submanifold of R? without boundary, and f : RN x
RN — [0, 400) be a Carathéodory function satisfying (Hy) to (Hs) with p = 1. Then the family {F.}.>0
I'-converges for the strong L'-topology at every u € W11 (2; M) to From : WHH(Q; M) — [0, +00), where

Fhom(u) := /QTfhom(u,Vu) dx ,

and T from is given by (1.2).

We would like to emphasize that the use of hypothesis (H3) is not too restrictive. Indeed, the T'-limit
remains unchanged upon first relaxing the functional F. (at fixed e > 0) in WH1(Q;R?). It would lead to
replace the integrand f by its tangential quasiconvexification which, by virtue of the growth condition (H),
does satisfy such a Lipschitz continuity assumption (see [18]).

In the case of an integrand with linear growth, the domain of the I'-limit is obviously larger than the
Sobolev space W11 (2; M). In view of the study performed in [35], the domain is exactly given by BV (Q; M)
defined by

BV( M) :={u e BV(QRY) : u(z) € M for LN-ae. x € Q}.
We have extended Theorem 1.2 to BV-maps. More precisely, under the additional (standard) assumption,
(Hy) there exist C' > 0 and 0 < g < 1 such that
(4, 6) = F¥(w, )l < CA+[¢]'79),  forae. y € RY and all € € RV,
where £ : RNV x RN — [0, +00) is the recession function of f defined by

7, = tmsup 1)

t——+oo

we have obtained the following result.

Theorem 1.3. Let M be a smooth compact and connected submanifold of R without boundary, and let
[ RY x RN — [0, +00) be a Carathéodory function satisfying (Hy) to (Hy) with p = 1. Then the family
{F.} T-converges for the strong L*-topology to the functional Fuom : L' (2;RY) — [0, +00] defined by

/ T fhom (u, Vu) dz + / Ynom (u,u™,1y,) dHN 1
Q

QN.s, ; .
u dD¢ Zf’uE BV(Q,M),
+/ TS (u “) d| D%yl
Q

Fhom (1) := " d|De)

400 otherwise,,
where T from s given in (1.2), T2 is the recession function of T fuom defined for every s € M and every

€ € [Tu(M)Y by

T om 7t
755 (s,€) = limsup THom 1),
t——+oo

and for all (a,b,v) € M x M x SN—1,

L 1 .
Yhom(a,b,v) := lim inf {tN_l /tQ =y, Vo)) dy : ¢ € WH(tQ,; M),

t——+oo ¢
p=aondtQ,)N{z-v>0} and p=0> ona(to)ﬂ{x~1/§0}}, (1.3)

Q. standing for any open unit cube in RN centered at the origin with two of its faces orthogonal to v.

The paper is organized as follows. We first review in Section 2 standard facts about of manifold valued
Sobolev mappings and functions of bounded variation that will be used all the way through. The study of
the energy densities T from and Yyhom and their main properties is the object of Section 3. The proofs of
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Theorems 1.1 and 1.2 are presented in Section 4. The homogenization in the space of functions of bounded
variation is performed in Section 5. Finally we state in the Appendix a relaxation result for general manifolds
and integrands which extends [2] and [35].

2. Preliminaries
2.1. Notations

We start by introducing some notations. Let 2 be a generic bounded open subset of RY. We write A(Q) for
the family of all open subsets of Q, and B(2) for the o-algebra of all Borel subsets of 2. We also consider a
countable subfamily R(€2) of A(Q2) made of all finite unions of cubes with rational edge length centered at
rational points of RY. We write B¥(s,r) for the closed ball in R* of center s € R¥ and radius r > 0. The
unit sphere in R¥ is denoted by S¥~! := {s € R* : |s| = 1}. Given v € SV~ @, stands for an open unit
cube in RY centered at the origin with two of its faces orthogonal to v and Q, (z¢, p) := xo + p Q.. Similarly
Q = (—=1/2,1/2)" is the unit cube in RY and Q(zq, p) := 7o + p Q.

The space of vector valued Radon measures in Q with finite total variation is denoted by M(Q;R™).
If p € M(;R™) and E € B(2), uL E stands for the restriction of u to E, i.e., ul E(B) = p(E N B)
for any B € B(Q2). We denote by £V the Lebesgue measure in RY, and by H"~! the (N — 1)-dimensional
Hausdorff measure. If € M(;R™) and A € M(Q) is a nonnegative Radon measure, we denote by g—’;
the Radon-Nikodym derivative of u with respect to A\. By a generalization of Besicovitch Differentiation
Theorem (see [5, Proposition 2.2]), there exists E € B(Q2) such that A(E) = 0 and

dA p—0t A(Qy(x, p))

for all z € Suppp \ E and all v € SV~

2.2. Functions of bounded variation

We say that v € L _(€;R9) has an approximate limit at = € Q if there exists z € R? such that

loc
lim |u(y) — z|dy =0. (2.1)
P=0%JQ(z,p)
The subset S, of € is defined as the set of points where this property fails. It is well known that S,, € B(Q2),
and from Lebesgue Differentiation Theorem that £V (S,) = 0. The approximate limit z of u at z € Q\ S, is
denoted by @(x), and the Borel map x +— @(x)xq\g, () is called the precise representative of . The jump

set J, of u is defined as the set of points = € S, for which the following property holds: there exist a,b € R?
with a # b, and v € SV¥~! such that

lim lu(y) —aldy =0, lim |u(y) — bldy =0, (2.2)
P07 QY (2.p) P07 JQu (2.p)
where QF (z,p) := {y € Q,(z,p) : £(y —x)-v > 0}. The triplet (a,b,v) is uniquely determined by (2.2) up
to a permutation of (a,b) and a change of sign of v, and it is denoted by (u™(z),u™ (z), v.(x)).
A function u is said to have bounded variation, and we write u € BV (Q;R%), if u € L'(2;R?) and if its
distributional derivative Du € M(£;R4*Y) is a (matrix valued) Radon measure with finite total variation.
For general properties of BV functions, we refer to [6]. We just recall here basic facts that will be useful in the

sequel. The set S, is countably HY ~!-rectifiable and HNfl(Su \ Ju) = 0. By the Lebesgue Decomposition
Theorem, the measure Du can be split into two mutually singular measures

Du = D% + D?u,

where D%u and D*u are respectively the absolutely continuous part and the singular part of Du with respect
to the Lebesgue measure £~ . The Radon-Nikodym derivative of D%u with respect to £V is denoted by Vu,
and it satisfies
—i(z) -V _
L ) ) - V) o)
P=0%JQ(x,p) p

y=20 (2.3)
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for LN-a.e. ¥ € Q\ S,. A point which enjoys property (2.3) is said to be a point of approximate differ-
entiability. The measure D*u can in turn be decomposed into the sum of two mutually singular measures
D*u = DJu + D where DJu is the jump part and D¢u is the Cantor part. The jump part D’u is given by

Diuy:=Dul_ S, = (ut —u")® v HY L S,
and the Cantor part is defined as D := D%ul_(2\ S,). We recall Alberti Rank One Theorem (see [1])
which states that for |Dul-a.e. x € Q,

dD‘u
(@) = dper @)

is a rank one matrix.

2.3. Manifold valued spaces

In this paper, we are interested in Sobolev and BV maps taking their values into a given manifold. We
consider a connected C'-submanifold M of R? without boundary. The tangent space of M at s € M is
denoted by Ts(M), co(M) stands for the convex hull of M, and II; (M) is the fundamental group of M.
For any p € [1,+00), we define

W2 M) == {ue WHP (4 R?) : u(z) € M for LN-ae. x € Q}.

As for Sobolev spaces, we define the space of functions of bounded variation with values into the manifold

M by
BV (M) = {u € BV(4RY) : u(z) € M for LN-ae. z € Q}.

It can be shown that if u € WP(Q; M), then Vu(z) € [Ty (M)]N for LN-ae. z € Q. The analogue
statement for BV-maps is given in Lemma 2.1 below. For simplicity, we present a proof in the case M
compact.

Lemma 2.1. Assume that M is compact. For every uw € BV (; M),

w(x) € M for every x € Q\ Sy ; (2.4)
ut(x) € M for every x € J,,; (2.5)
Vu(z) € [Ty (MY for LN -a.e. z € Q; (2.6)

() = le)ZZ'(x) € Tatey MY for |D*ul-a.c. z € Q. (2.7)

Proof. We first show (2.4). By definition of the space BV (Q; M), u(y) € M for a.e. y € Q. Therefore
for any = € Q\ Sy, we have |u(y) — a(z)| > dist(a(z), M) for a.e. y € Q. In view of (2.1), this yields
dist(@(z), M) =0, i.e., 4(x) € M. Arguing as for the approximate limit points, one obtains (2.5).
Now it remains to prove (2.6) and (2.7). We introduce the function ® : R? — R defined by
®(s) = x (6 dist(s, M)?) dist(s, M)?,
where x € C°(R;[0,1]) with x(t) = 1 for |t| < 1, x(¢t) = 0 for |¢| > 2, and ¢ > 0 is small enough so that
® € C1(RY). Note that for every s € M, ®(s) = 0 and
KerVo(s) = Ts(M). (2.8)
By the Chain Rule formula in BV (see, e.g., [6, Theorem 3.96]), ® o u € BV () and
D(®ou) =V®(u)VuLlNL Q+ Ve(@)DU+ (2(ut) — @(u”)) @ v, HN 1L J,
=Vo(u)Vu LN L Q + V(i) A|Dul,
thanks to (2.5). On the other hand, ®ou = 0 a.e. in § since u(x) € M for a.e. x € 2. Therefore D(Pou) = 0.

Since LY L Q and |D°u| are mutually singular measures, we infer that V®(u(z))Vu(x) = 0 for LN-a.e. x € Q
and VO (a(z))A(x) =0 for |Dul-a.e. x € 2. Hence (2.6) and (2.7) follow from (2.8) together with (2.4). O
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In [8,10], density results of smooth functions between manifolds into Sobolev spaces have been established.
In the following theorem, we summarize these results only for p = 1 (which will be the only case needed).
Let S be the family of all finite unions of subsets contained in a (N — 2)-dimensional submanifold of RY.

Theorem 2.1. Let D(Q; M) C WH(Q; M) be defined by

WELH(Q; M) N C>® (2 M) if TI1(M) =0,
DO M) =
{ue WHHQM) NC=(Q\ ;M) for some ¥ € S} otherwise.

Then D(Q; M) is dense in WH1(Q; M) for the strong W1 (Q; RY)-topology.

We now present a useful projection technique (taken from [21] for M = S¢~1). It was first introduced in
[32,33], and makes use of an averaging device going back to [24]. We sketch the proof for the convenience of
the reader.

Proposition 2.1. Let M be a compact connected m-dimensional smooth submanifold of R¢ without bound-
ary, and let v € WHH(Q; R NC>®(Q\ I;RY) for some ¥ € S such that v(zx) € co(M) for a.e. x € Q. Then
there exists w € WH1(Q; M) satisfying w = v a.e. in {x € Q\ T : v(z) € M} and

/|Vw|dx§C*/ |Vl dx, (2.9)
Q Q

for some constant C, > 0 which only depends on d and M.

Proof. According to [33, Lemma 6.1] (which holds for p = 1), there exist a compact Lipschitz polyhedral
set X C R? of codimension greater or equal to 2, and a locally Lipschitz map 7 : R\ X — M such that

/ |[Vr(s)|ds < +oo  for every R < +00. (2.10)
B4(0,R)

Moreover, in a neighborhood of M the mapping 7 is smooth of constant rank equal to m.

We argue as in the proof of [33, Theorem 6.2]. Let B be an open ball in R? containing M U X, and let
0 > 0 small enough so that the nearest point projection on M is a well defined smooth mapping in the
§-neighborhood of M. Fix o < inf{§, dist(co(M),dB)} small enough, and for a € B%(0,0) we define the
translates

B,:=a+B and X,:=a+ X,

and the projection m, : By \ Xq — M by me(s) := 7(s — a). Since = has full rank and is smooth in a
neighborhood of M, by the Inverse Function Theorem the number
A:= sup Llp(ﬂ'a‘M)_l (2.11)
a€B(0,0)

is finite and only depends on M. Using Sard’s lemma, one can show that 7, o v € WH1(Q; M) for L%-a.e.
a € B%0,0). Then Fubini’s theorem together with the Chain Rule formula yields

/Bd(o U)/ IV (0 0 v)(2)] ALY (2) dLa /|w (/Bd(o)a)|V7ra(v(:v))|d£d(a)> dcN ()
_ /Q V()] ( /B d(010)|V7r(v(x)a)|d£d(a)> ™ (z)
< ([ rvreaco) ([ 1vewiact@)

Therefore we can find a € B4(0, o) such that
/ V(7 0v)|dx < CLY (B0 / [Vo|dz, (2.12)

where we used (2.10). To conclude, it suffices to set w := (7Ta|/v() omgov, and (2.9) arises as a consequence
of (2.11) and (2.12). |
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3. Properties of homogenized energy densities

In this section we present the main properties of the energy densities T fhom and Jhom defined in (1.2) and
(1.3). In particular we will prove that each formula is well defined in the sense that both limits exist.

3.1. The tangentially homogenized bulk energy
We start by considering the bulk energy density

t—+oo ¢

T fhom (s, €) := liminf inf {]{0 o f(y, €+ Vo(y))dy : ¢ € Wolvoo((o,t)N;Ts(M))}

defined for s € M and ¢ € [T,(M)]V. Our first concern is to show that the liminf above is actually a limit.
To this purpose we shall introduce a new energy density f for which we can apply classical homogenization
theories.

For s € M we denote by P, : R? — T,(M) the orthogonal projection from R? into T,(M), and we set
P,(&) == (Ps(&1),..., Ps(én)) for €= (&1,...,&n) € RPN

Given the Carathéodory integrand f : RY x RN — [0, +00) satisfying assumptions (H;) and (Hs) with
1 < p < +oo, we define f: RY x M x RN — [0, +00) by

f(y,8,8) = [y, Ps(§)) + [£ = Ps(OF. (3.1)

The new integrand f is a Carathéodory function, and f(-,s,¢) is 1-periodic for every (s,&) € M x RN,
By assumption (Hsz), f also satisfies uniform p-growth and p-coercivity conditions, i.e.,

oEP < F(y,5,6) < F(1+[€F) for every (5,6) € M x RN and a.c. y € RV, (3.2)
for some constants 0 < o/ < 3/ < +o0.

Proposition 3.1. Let f : RN x RN — [0, +00) be a Carathéodory integrand satisfying (Hy) and (Hs)
with 1 < p < 400. Then the following properties hold:

(i) for every s € M and & € [Ts(M)|V,

t——+4oo ¢

T from(s,§) = lim inf {]{O i f(y, €+ Vop(y))dy: p € Wé’w((oyt)N;Ts(M))} ,

and

Tfhom(s,g) = fhom(svg)a (33>

where

onts 6= Jim it { - Fs. 60 ety o € W (0,07 RY )

t—+oo ¢

is the usual homogenized energy density of f (see, e.g., [14, Chapter 14]);
(ii) the function T fuom is tangentially quasiconver, i.e., for all s € M and all € € [Ty(M)]V,
Thhon(6) < | Tfuon(s.6 + Vo)) dy
for every v € W&m(Q,Tg(M)) In particular T fuom(s, ) is rank one convex;

(iii) there exists C' > 0 such that
alg]” < T fnom(s, &) < BL+ 7)), (34)
and
IT fiom(,€) = T from (s, ") < CA+ [P~ + '[P~ = ¢ (3.5)
for every s € M and &, & € [Ts(M)]N.
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Proof. Fix s € M and ¢ € [T5(M)]V. For any ¢ > 0, we introduce

T =it { o S6 0 e eWET (0.0 L) |

@

and

)

fi(s,€) = inf{ ]{0 » fly,s, 6+ Vo)dy: g€ W&’“((O,t)N;Rd)}-

By classical results (see, e.g., [14, Proposition 14.4]), there exists . liin fi(s,€) for every s € M and € €

[T,(M)]N. Hence to prove (i), it suffices to show that Tf;(s,&) = fi(s,€) for every t > 0. For any ¢ €
Wo > ((0,6)N; Ty(M)), we have

fi(s,€) S][ fly, s, €+ V)dy =][ fy,§+Vo)dy,
0,0 0.H)N

since & + Vo(y) € [Ts(M)]N for a.e. y € (0,¢)V. Taking the infimum over all such ¢’s in the right hand
side of the previous inequality yields fi(s,&) < Tf:(s,€). To prove the converse inequality we pick up
Y e WEe((0,6)N;R%) and we set ) = Py(1)). One easily checks that ¢ € W, >((0,£)N; Ts(M)) and
Vi) = P,(VY) a.e. in (0,t)N. Therefore

Ths9<f  JwrVid={ fuPerVo) S foserT)dy.

(TR (U (0,t)
Then the converse inequality arises taking the infimum over all admissible ’s.

By standard results fuom(s, ) is a quasiconvex function for every s € M (see, e.g., [14, Theorem 14.5]).
As a consequence, for any s € M, £ € [Ts(M)]N and ¢ € Wy ™(Q; Ts(M)), we have

Tfhom(57£) = fhom(sag) S /thom(&g‘i‘V(P) dy: ATthm(S’§+VW)dya

which proves that T fuom is tangentially quasiconvex. As a consequence of (3.3) and the fact that flom(s, )
is rank one convex, it follows that T from(s, ) is rank one convex as well.

The proof of (3.4) is immediate in view of (H;) and the definition of T fhom. Moreover rank one
convex functions satisfying uniform p-growth and p-coercivity conditions are p-Lipschitz (see, e.g., [17,
Lemma 2.2, Chap. 4]), and thus (3.5) holds. m|

Remark 3.1. It readily follows from the previous proof that Proposition 3.1 still holds for any Caratéodory
integrand f : RN x M x R¥*N — [0, 400) instead of f, provided that: f(z,s,€&) = f(y,&) for every s € M,
every £ € [Ty(M)]N and a.e. y € RN; f(-, s, ) satisfies (H;) and (Hy) for every s € M with uniform estimates
with respect to s.

Remark 3.2. If dim(M) = 1 then T,(M) is a one dimensional linear subspace of R? for every s € M.
Hence, given s € M, we can identify Tg(M) with R through some linear mapping iy : R — Ts(M).
Using the application is, we can also identify [Ts(M)]Y with RY setting for z = (z1,...,2n5) € RV, is(2) :=
(is(21), ... is(zn)). Define f(y, s, 2) := f(y,is(2)) for (y, s,2) € Ax M xRN . By (3.3) and [14, Remark 14.6],
we can replace in formula (1.2) homogeneous boundary conditions by periodic boundary conditions, and the
limit as ¢ — 400 by the infimum over all ¢t € N. Moreover, in the scalar case the homogenization formula
can be reduced to a single cell formula (see, e.g., [14, Chapter 14]). Therefore

teN

T fuom(s, &) = inf inf {]{0 : fy.£+Ve)dy:p € W#m((O,t)N;Ts(M))}
BN

teN

= inf inf fly,s,i7HE) + Vo) dy : ¢ € W™ O,tN}
{]{) (,5,6(€) + V&) dy : 6 € WE((0,)")
= inf Fy, s,i3 (&) + Vo) dy : p € W™ }
m{/Qﬂysz () + Vo) dy: 6 € WE=(Q)

inf{/@f(y7£+v<p) s € WEHQT.M) |
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This remark states that whenever the manifold M is one dimensional, test functions in the minimization
problem (1.2) are in fact scalar valued, and thus, one can compute the tangentially homogenized energy
density over one single cell instead of an infinite set of cells. Note that this is not true in general even in the
non constrained case (see, e.g., the counter-example in [36, Theorem 4.3]).

We now present an elementary example with an explicit dependence on the s-variable showing that
tangential homogenization does not reduce in general to standard homogenization. It based on a rank one
laminate for which direct computations can be performed.

Example 3.1. Assume that M =S! and for z € RY, ¢ = (&;;) € RV,

N

F@,8) = (al@1)[€51% + b(a)25]°)

j=1

where a,b € L*°(R;R) are 1-periodic and bounded from below by a positive constant. Arguing as in Re-
mark 3.2 and [19, Example 25.6], one may compute for s = (s, s2) € St and £ € [Ts(SY)]V,

N
Tfhom(sag) = Zaj(s)(|€1j‘2 + |€2]|2) 5
j=1

1/2 dt -t
([ )
_1/2 a(t)s3 + b(t)st
ai(s) =9 s

/ (a(t)s3 +b(t)s?) dt otherwise .
—1/2

Compare this result with [19, Example 25.6].

with

To treat the homogenization problem with p = 1, we will need to extend the function f to the whole
space RY x R x R¥ N First we recall that the recession function h* of a generic scalar function h defined
on R¥N ig given by

h (&) := limsup @ .

t——+oo

We may now state our extension procedure.

Lemma 3.1. Assume that M is compact. Let f : RN x RN — [0,400) be a Carathéodory function
satisfying (Hy) to (H3) with p = 1. Then there exists a Carathéodory function g : RN x RIx RN — [0, +-00)
such that

9(y:5,6) = f(y,€) and ¢¥(y,5,€) = [*(y,&) forse M and & € [T(M)]V, (3.6)
and satisfying :

(i) g is 1-periodic in the first variable;
(ii) there exist 0 < o < 8" such that

l€l < gly,5,€) < B'(L+[E])  for every (s,€) € RT x RN and a.e. y € RY; (3.7)
(i11) there exist C' > 0 and C' > 0 such that
l9(y,5,6) — g(y, 5", §)| < Cls = 5’| [¢], (3.8)
and
l9(y,5,6) = g(y, 5,8 < C'|€ = ¢ (3.9)

for every s, s' € RY, every € € RN and a.e. y € RY;
() if in addition (Hy4) holds, there exists 0 < ¢ <1 and C” > 0 such that

lg(y,5,6) — g™ (y,s,&)| <C"(A+ €'  for every (s,&) € R x RN and a.e. y € RV . (3.10)
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Proof. For g > 0 fixed, let U := {5 € R4 : dist(s, M) < 60} be the dp-neighborhood of M. Choosing
dg > 0 small enough, we may assume that the nearest point projection IT : Y — M is a well defined Lipschitz
mapping. Then the map s € U +— Ppy() is Lipschitz. Now we introduce a cut-off function x € C(R4;[0,1])
such that x(¢) = 1 if dist(s, M) < /2, and x(s) = 0 if dist(s, M) > 3d9/4. We define

Py (&) 1= x(5)Pn(s)(§) for (s,6) € R x RPNV,
We consider the integrand g : RN x R? x R¥*Y — [0, +-00) given by

9(y,5,8) = f(y,Ps(€)) + [ = Ps(E)].

One may check that g is a Carathéodory function, that g(-, s, &) is 1-periodic for every (s,&) € R? x RIXN,
and that (Hs) yields (3.7). Then (3.8) and (3.9) follow from (H3) and the Lipschitz continuity of s — Pj.
Next observe that

goo(yasaf) = foo(yasvps(g)) + |£ - PS(£)| .

Hence (3.6) is immediate while (3.10) is a consequence of (Hy). |

Remark 3.3. In view of (3.6), one may argue exactly as in the proof of (3.3) to show that
T from(8,€) = ghom(s,€) for every s € M and £ € [T, (M)]V, (3.11)

where

t—4oco ¢

Ghom (5,€) :== lim inf {f(o I 9(y, 8, +Vo(y)dy: ¢ € Wol’oo(((),t)N;Rd)} .

Hence upon extending T fhom bY ghom outside the set {(s, ) ERIXRN . 5 M, € € [T, (/\/l)]N}7 we can
tacitly assume T fhom to be defined over the whole R x RN

Remark 3.4. Observe that, if f satisfies assumption (H3), then f°° satisfies (H3) as well. In particular the
function f°° is Carathéodory, 1-periodic in the first variable, and positively 1-homogeneous with respect to
the second variable. In view of the growth and coercivity condition (Hs) with p = 1, one gets that

alé] < f2(y, &) < plE|  for all € € RN and a.e. y € RV . (3.12)

Then, as for f°°, the function ¢ is Carathéodory, 1-periodic in the first variable, and positively 1-
homogeneous with respect to the second variable. Moreover,

dNE] < g®(y,5,6) < BlE| for every (s,€) € RT x RN and a.e. y € RY

and ¢g> satisfies estimates analogue to (3.8) and (3.9). Hence we may apply Proposition 3.1 to f* and
classical homogenization results to g*°. In view of (3.6), we also have

T(f* ) hom(5,€) = (9% )hom (s, &) for every s € M and ¢ € [T,(M)]V,
again as in the proof of (3.3).
With the convention that gnom extends T fhom to R? x RN we have the following result.

Proposition 3.2. Assume that M is compact. Let f : RN x R¥*N — [0, +00) be a Carathéodory function
satisfying (H1) to (Hs) with p = 1. Then the following properties hold:

(i) there exists Ch > 0 such that
|Tfh0m(57 g) - Tfhom(sla €)| S Ol‘s - S,|(1 + ‘£|) ) (313)

for every s, s’ € R? and &€ € RN, In particular T fuom is continuous;

(i) if in addition (Hy) holds, there exist C2 >0 and 0 < q¢ < 1 such that

IT frisn (5:€) = T faom(s, €)] < Ca(1+ €79, (3.14)
for every (s,€) € RY x RIXN,
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Proof. Fix s,s’ € R and ¢ € RN For any n > 0, we may find k € N and ¢ € Wol’oo((O,k:)N;Rd) such
that

fo s €+ V0 dy < a5, + 1.
(0,k)N
We infer from (3.7) that o/[¢] < ghom($,&) < /(1 + [€]) and consequently
fveldy=casig).
(0,k)N

for some constant C' > 0 depending only on o’ and §’. Then from (3.11) and (3.8) it follows that
Tfhom(s/; 5) - Tfhom(sa f) = ghom(sl7 é-) - ghom(sa ) < ][ (g(ya Sla 5 + VLP) - g(ya S, 6 + v@)) dy + n <

§C|s—s’|7/ €+ Vepldy+n<Cls—s|(1+]&]) +n.
(

0,k)N

We deduce relation (3.13) inverting the roles of s and s’, and sending 7 to zero. In particular, we obtain that
T from 1s continuous as a consequence of (3.13) and (3.5).
To show (3.14), let us consider sequences t,, /400, k, € N and ,, € Wy ((0, k,)™; Ts(M)) such that

Tfh%om(&f): lim M

n—-+oo tn ’

and
1
][ f(yytn§ + thQOn) dy < Tfhom(sa tnﬁ) + —.
(0,kn )N n
Then assumption (Hz) and (3.4) yield
f o IVealdy <o), (3.15)
(0,kn)N

for some constant C' > 0 depending only on « and 3. Using (Hy), we derive that

Tfhom(sag) - Tfhoc?m(svg) :nEIJIrloo (Tfhom(svg) - M)

tn
tn tn n
§liminf]l fy, &+ Vo) — St £ 00 Vipn) dy
n—-+oo (O,kn)N tn
<liminf 7[ ‘f(y,f—i—VsOn) — [y, &+ V)| dy +
n—-+00 (0,kn)N

Fy,th§ +t, Vo)
t7l

“
(0,kn)N

<liminf{07/ (1+ €+ V') dy
(0,kn)N

)

n—-+oo

C
+ = (1 4+t + Vo, ' " dy ¢,
tn J(0,kn)N

where we have used the fact that f°°(y,-) is positively homogeneous of degree one in the last inequality.
Then (3.15) and Hdlder’s inequality lead to

T from(s,€) = T fiagm(5,€) < C(L+[€]'7). (3.16)
Conversely, given k € N and ¢ € W, >°((0, k); Ts(M)), we deduce from (Hy) that

FCtE J; Vo) B(1+ 1€+ V) € LH(0,k)Y)
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whenever ¢ > 1. Then Fatou’s lemma implies

Tfx (s,8):= limsupM glimsup][ Mdyﬁ][ W, +Ve)dy.
(0,k)N (0,k)N

t—+o00 t—+o00 t

)

Taking the infimum over all admissible ¢’s and letting k& — 400, we infer

T from(s,€) < T(f> )nom(s,§) - (3.17)
For n > 0 arbitrary small, consider k € N and ¢ € W, *°((0, k)"; Ts(M)) such that

f o T+ V) dy < Thon(s.€) +1.
(0,k)N
In view of (H2) and (3.4), it turns out that
f ey <o, (315)
(0,k)N
where C' > 0 only depends on « and 3. Then it follows from (3.17) that

Tf}?gm(svg) - Tfhom(sag) S T(foo)hom(svg) - Tfhom(sag) S

S][ \f°°(y,£+V<ﬂ)—f(y,§+V@)|dy+nSC][ (14 €+ Veol" 9 dy + 1,
(0,k)N (0,k)N

where we have used (Hy) in the last inequality. Using Holder’s inequality, relation (3.18) together with the
arbitrariness of 7 yields

T fioom(5:6) = T from(s,€) < C(1+[€]'79). (3.19)
Gathering (3.16) and (3.19) we conclude the proof of (3.14). m|

3.2. The homogenized surface energy

We now present the homogenized surface energy required to treat the homogenization problem with linear
growth, i.e., assumption (Hz) with p = 1, in the space of functions of bounded variations (see Section 5).
Recall that in this case, the manifold M is assumed to be connected and compact.

Given v = (vy,...,vx) an orthonormal basis of RY and (a,b) € M x M, we use the notations
Q, = {0411/1 +...+anvy : ag,...,ay € (—1/2, 1/2)} ,

and for x € RN, we set ||2]|,.00 = SUpjeq1,..,ny [T Vil o =2 vy and @’ i= (2 v2)ve + ... + (2 - VN )N SO
that = can be identified to the pair (z’,z,). Let ug . : Q, — M be the function defined by

a ifx, >0,
Ug b (T) ==
b ifx, <O0.
We introduce the class of functions
Ai(a,b,v) = {gp IS Wl’l(tQV;M) D =Ugp, ON a(to)} .
We have the following result.

Proposition 3.3. For every (a,b,v1) € M x M x SN~ there exists

t—-+o0

1
Uhom(a, b, 1) := lim igf {tNl/ =W, Veo(y) dy : ¢ € A(a,b, V)} ;
Qv
where v = (v1,...,vN) is any orthonormal basis of RN with first element equal to vy (the limit being
independent of such a choice).

The proof of Proposition 3.3 is quite indirect and is based on an analogous result for a similar surface
energy density Jnom (see (3.20) below). We will prove in Proposition 3.4 that the two densities coincide.
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Given a and b € M, we introduce the family of geodesic curves between a and b by
G(a,b) := {’y ECORM): v(t)=aift >1/2,v(t) =bif t < —1/2 and / |%| dt = dM(a,b)} ,
R

where dq denotes the geodesic distance on M. We define for € > 0 and v = (v1,...,vy) an orthonormal
basis of RY,

Be(a,b,v) :== {u e WhH Qs M) : u(x) = y(x, /<) on dQ, for some 7y € g(a,b)}.

Proposition 3.4. For every (a,b) € M x M and every orthonormal basis v = (vy,...,vn) of RY, there
exists the limit
Uhom (@, b, v) := lim inf {/ = (f,Vu) dz :u € B.(a,b, u)} ) (3.20)
e—0 u Q. £

Moreover @hom(a, b,v) only depends on a, b and vy .

Proof. The proof follows the scheme of the one in [15, Proposition 2.2]. We fix a and b € M. For every
e > 0 and every orthonormal basis v = (v1,...,vx) of RY, we set

I.(v) = I.(a,b,v) := inf {/Q fee (g,Vu> dz :u € B:(a,b, V)} .

We divide the proof into several steps.

Step 1. Let v and v/ be two orthonormal basis of R with equal first vector, i.e., v; = v/}. Suppose that
v is a rational basis, i.e., for all i € {1,..., N} there exists 7; € R\ {0} such that v; := v;,v; € Z¥. We claim
that

limsup I (V') < lin’li(I)lf I.(v). (3.21)
E—

e—0

Define
P .= {awz +...+anvN : @g,...,an € [-1/2, 1/2)},

and observe that f°° is P-periodic in the first variable, i.e., f*(y+lava+...+Invn, &) = [ (y, &) for every
(y,€) € RN x RN and every lo, ..., Iy € Z.
Let 0 < n < € and let u. € B.(a,b,v) be such that u.(z) = 7.(x,/e) on 0Q, for some v, € G(a,b) and

/ £ (f,Vug) de <I.(v)+e.
Q. S
For every A = (g, ..., An) € ZN 71 set
e = nqva + ...+ Avoy), QW =2 4 ng.

We now choose the centers (* properly. Let
N
A=A(g,n) = {/\ ezN-1 . Q,(f‘) C Q, and z™M € Zli (g + 77%‘) v; +nP
i=2
for some (lg,...,Iln) € ZN_l} . (3.22)

We can check that the elements of {Q,(f\)} e are pairwise disjoint. Moreover, setting S to be the hyperplane
{z, = 0}, we have

limy 1Y (s n@.\ J Q&”)) =0 (3.23)

A€A
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or equivalently, lir%(n/E)Nfl#A = 1. We define u,, : Q,» — M by
77—)

—_ M)
Ue <5(xnx)) ifre Ql(,)‘) for some X € A,

Ty .
Ve ( — ) otherwise .
n

Note that u, € WH1(Q,/; M) since 2N - vy = 0 for every A € ZV~!. In addition, u,(z) = 7= (x,//n) on 9Q,
since v, = v{. Hence u, € B,(a,b,v"), and thus

I V’)S/ foo<x7vu>d$= / foo(x,Vu)dx—i—/ foo(x,Vu)dx::I + 1.
n( o, 7 n Z o) 7 n 0\ Upy @0 7 n 1+ 1o

AEA

up () =

We estimate both integrals. Using the change of variables z = () + (n/e)y, the homogeneity and the
P-periodicity of f°°, we derive

I, = (Z)ng/u fe (g + Aovg —l—...—l—)\NvN,Vug(y)) dy =

= (D)™ g /Q 7 (L vt dy < (1) A (L) +2) . (320

€

From the growth condition (3.12), we infer that

z 1. T,
L™ G (D)o ol
Qo \User @V nn n M JQ,\Ujser @Y

e (sne Ut | (5]

n
2

AEA
= RN (S n@.\ U Qfﬁ))) / " Re(s)lds (3.25)
AEA -2

Estimates (3.24) and (3.25) together with (3.23) yield
limsup I,,(v') < I.(v) +¢.
n—0

Then (3.21) follows taking the liminf as ¢ — 0.

Step 2. Let v and v/ be two orthonormal rational basis of RV with equal first vector. Then the limits
1111(1) I.(v) and lin% I. (V') exist and are equal. Indeed, applying Step 1 with v = v/ yields the existence of the
E— E—

limits. Then inverting the roles of v and v’ we deduce that they are equal.

Step 3. We claim that for every o > 0 there exists § > 0 (independent of a and b) such that if v and v/
are two orthonormal basis of RY with |v; — v/| < § for every i = 1,..., N, then

lim i(r)lf]s(l/) — Ko <lim iglf]s(l/l) <limsup I.(v) < limsup I.(v) + Ko
E— E—

e—0 e—0
where K is a positive constant which only depends on M, 8 and N.
We use the notation @, := (1 — 7)Q, where 0 < < 1. Let 0 > 0 be fixed and let 0 < 1 < 1 be such
that

1 No1 =N 2Nt N-1
n<31 and max {1 —(1-=mn) ) (1 3p)v1 —(1—-2n) < o. (3.26)
Consider &y > 0 (that may be chosen so that dy < n/(2v/N)) such that for every 0 < § < §y and every pair
v and v/ of orthonormal basis of RY satisfying |v; — v/| <J fori=1,..., N, one has
Qu,Sn C Qu’,?n C Qy,n 5 (327)

and

{z- v =0}N0Q,, C {|z-1n| <1/8}.
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Given ¢ > 0 small, we consider u. € B.(a,b,v’) such that
/ re (g,VUE) de < I.(V')+ o,

where u.(z) = v:(z,//¢) for x € 9Q,. Now we construct v. € B_ap)c(a,b,v) satisfying the boundary
condition v.(z) = 7. (2, /(1 — 2n)e) for z € Q, . Consider F,, : RN — R,

1-2l|2'|l,.0 Ty — 1+ 212|100 Ty
PYRTY (. L N LS TS N
n n n n

X .
Us( > if v € Qur 2n,

Ty .
ve ((> ifx e Qu,'r] \ QV'1277 ’

and define

1—2n)
1
ve(z) == { a ifz € Q,\ Q. and z, > 1
F,(x .
75( ng( )> if z € 4, := {m:|x,,|§1/4}ﬂ(Q,,\Q,,m),
b iferl,\va,,andx,,g—i.

We can check that v, is well defined for ¢ small enough and that v. € B(1_2y)(a, b, ). Therefore

) X
I(1—217)5(V) S/y f <<1_277)€,VU5) dx
o T
(g ()

/QV’,ZW (1 — 277)€ QV=77\QV’.27) (1 - 277)6
x

+/ e (, Vv5> dx

A, / (1—2n)e

:211+I2+13. (328)
We now estimate these three integrals. First, we easily get that

I =(1-2p)N! / ) £ (g,vus) dy < IL.(V) +o. (3.29)

In view of (3.27) we have Q,, C (1 —n)(1 —2n)(1 — 3n)"'Q,, =: D,. Then we infer from the growth
condition (3.12) together with Fubini’s theorem that

IQSﬂ/ Iva|dx:L/ %<xl")‘dx
D\Qur 2y (1 =21)e J(D,\Qur o) I, I<(1-2m)e/2) (1 —2n)e
KD, Q) o =) o [ ’f
= BHYH((Dy \ Qurzg) Nz =0 i/ ﬁ(ﬂdt
! ! (1 =2n)e J_(1-2n)c/2 (1 —2n)e
(1 -V (1 —2p)N! N1
= 4d b —(1-2 . 3.30
ﬂ M(a7 )< (1 — 377)]\[_1 ( 77) ( )
Now it remains to estimate I3. To this purpose we first observe that (3.27) yields
IVEyllLoe(a,myy < C, (3.31)

for some absolute constant C' > 0, and
IVE,(z)-1n1| >1 forae zeA,. (3.32)
Hence, thanks the growth condition (3.12), (3.31) and (3.32), we get that

( ) %(Fg(x)NWFﬂ(x)'Vﬂdx:
1/4
oo LD

dx<—

Iggﬂ/ |Vv5|dx<—

7]

tl/1 + '
€

)’WF (tvy + ') - y1|dt) dHN ('),
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where we have set A} := A, N {x, = 0}, and used Fubini’s theorem in the last equality. Changing variables
s = (1/e)F,(tvy + a'), we obtain that for HN " '-a.e. ' € A],

1 /4
L,

Consequently,

/
%(W)‘|VFn(t1/1+x’)~V1|dt</|’76(5)|d3=dM(a»b)~
R

Iy S CBHNHA) dula,b) = CB(L— (1 =)V 1) du(a,b) . (3.33)
In view of (3.28), (3.26) and estimates (3.29), (3.30) and (3.33), we conclude that
I(172n)5(y) < IE(V/) + Ko,

where K = 1+ BA(1 + C), A is the diameter of M and C' is the constant given by (3.31). Finally, letting
e — 0 we derive

liminf I. (v) < liminf I. (V') + Ko,
e—0 e—0
and

limsup I.(v) < limsup I. (V') + Ko .

e—0 e—0

The symmetry of the roles of v and v’ allows us to invert them, thus concluding the proof of Step 3.

Step 4. Let v and v/ be two orthonormal basis of R with equal first vector. We claim that the limits
liH(l) I.(v) and lir% I.(V') exist and are equal. Indeed, let o > 0 be fixed and let § > 0 as in Step 3. Let p and
E— E—

¢’ be two rational orthonormal basis of RY such that y; = u} and
lpr — | <6, |wi—wl<d, |p,—vi<d fori=2,...,N.
By Step 2, lir% I.(p) = lir% I.(¢') =: £. Then by Step 3 we infer that
E— E—

{—Ko < limiglflg(u) <limsupl.(v) <{+ Ko.
e—

e—0

Hence limsup I (v) —lim i(l)qf I.(v) < 2K o and since o is arbitrary we conclude that lin(l) I.(v) exists. Arguing
e—0 € e
the same way for I ('), we obtain the existence of lir% I.(V"). In addition we derive from the estimate above
E—

that |¢ — lir%fg(l/ﬂ < Ko and |£ — lir% I.(V")| < Ko. Consequently, | liH(lJ I.(v) — limo]g(l/)| < 2Ko which
E— E— E— E—

proves that the two limits are equal since o is arbitrary. O

Proof of Proposition 3.3. We use the notation of the previous proof. Given ¢ > 0 and an orthonormal
basis v = (v1,...,vy) of RV, we set

Je(v) = Je(a,b,v) :=inf {/QV e (g,Vu> dz :u € Ai(a,b, 1/)}

=inf{€N‘1 [y, Vo)dy : ¢ € Ayje(a,b, V)}-

1Qu
We claim that
lim J.(v) = lim I.(v) . (3.34)
e—0 e—0
For 0 <e <1 weset é=¢/(l—¢), and we consider us € Bz(a,b,v) satisfying

7= (5vu) e < 1o 42,

where uz(z) = vz(z, /€) if x € IQ,, for some vz € G(a,b). We define for every x € Q,,

U§( x ) ifze@,.,
1—¢ ’

Ty .
Ye| —=—— otherwise .
5(1 - 2||ﬂf’||u,o<>)

ve(x) :=
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One may check that v. € A;(a,b,v), and hence

Je(v) S/ e (f,VUE> da::/ e (E,va) da:+/ e (E,Vva) dr =1+ I».
Qv € Qu.e € Qu\Qu.e €
We now estimate these two integrals. First, we have
L=(1- g)N—l/ £ (g vué) dy < (1—eN"HI:(v) +¢). (3.35)
Qu

In view of the growth condition (3.12),

i T, 1 V(12’000

et )| (o + A
1=2[2"l[v.00 /INT = 2[2"[lv00 (1 =2[2"][1.00)

(=) | (=)
Ve T,
(@A\Qu){lzn <=2l lo)/2} | N1 = 2[12[lv00 / T\ 1 = 2[|27 1,00

where we have used the facts that J:(x,/(1 — 2||2|lv,00)) = 0 in the set {|z,| > (1 — 2||2|«)/2} and
IV([[2]|s,00 )l Lo (@, mY) < 1. Setting @), = Q, N{z, = 0} and Q;, . = Q- N{z, = 0}, we infer from Fubini’s

theorem that
(1=2ll2"llv00)/2 | t 1 N—1/./
B2 (/(12|z'|u,oo)/z o) (o) ) o 6) <
< 28HY QLN Qle) dwmla,b) < 28da(a,b)(1 - (1=2)N 7). (3.36)
In view of the estimates (3.35) and (3.36) obtained for I and I3, we derive that

I, <3
Qu\Qu,e

<26

limsup J.(v) < lir% I.(v). (3.37)
0 e~

E—

Conversely, given 0 < ¢ < 1, we consider 4. € A;(a,b,v) such that
/ o (f,vas) de < J.(v) + ¢,
Q. e
and v € G(a,b) fixed. We define for z € @,

ae< ° ) ifreQ,.,
1—e¢ ’

Ty
7((1 =) @@ loo — 1+ 2)
We can check that w. € B(1_c).(a,b,v) so that

Tn—oe(v) < /Q o ((11)5 ,m) da

[e'e) X 0o X
- / i ((1 ~ o) ’V“}E> d“/Q,,\QV,E / ((1 ~ o) ’V“’5> -

Arguing as previously, we infer that

/ o ((1—335)5 ,sz> de = (1—g)N-1 /QV o (%w) dy < (1— )N (J(v) +2),

we(x) =

) otherwise.

and
/QV\QM £ <(1;®€)E ,Vw5> dz < 2Bdp(a,b)(1— (L —e)V 7).
Consequently,
lim [.(v) < liminf J.(v),
which, together with (3.37), completes the proof of Proposition 3.3. O

We now state the following properties of the surface energy density.
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Proposition 3.5. The function Opom is continuous on M x M x SN=1 and there exist constants C1 > 0

and Cy > 0 such that
[Unom (@1, 01,v1) — Tnom(az, b2, v1)| < Ci(lar — az| + [b1 — ba|), (3.38)
and
Phom (a1, b1,11) < Cala; — by (3.39)
for every ay,b1,as,bas € M and v, € SN1.
Proof. We use the notation of the previous proof. By Proposition 3.3 together with steps 3 and 4 of the

proof of Proposition 3.4, we get that ¥pom(a, b, -) is continuous on S ~! uniformly with respect to a and b.
Hence it is enough to show that (3.38) holds to get the continuity of Ynom-

Step 1. We start with the proof of (3.38). Fix v; € S¥~! and let v = (v1,vs, ..., vy) be any orthonormal
basis of RY. For every € > 0, let £ := ¢/(1 — ) and consider vz € G(ay,b;) and us € Bz(ay, by, v) such that
us(x) = ye(x, /€) for x € 9Q, and

/QV e (g,Vug) dr < Is(ay,b1,v) + €.

We shall now carefully modify uz in order to get another function v, € Aj(az,bs,v). We will proceed as in
the proofs of Propositions 3.3 and 3.4. Let v, € G(az2,a1) and v, € G(bs, b1), and define

( a ) if r€Qy.,
1—-¢
1—¢ 1 1
if Ay = —and |z,| < —||2'||y.00 + =
w(oaers)  fream I Sk <gand o s+ 5}
2 v,00 1 1 :
< ||x|| 2) it x€ Ay =(Qu\Que)N{z, >¢/2},
W= ol 1
'yb( i 2) if z€As:=(Q,\Que)N{x, <—c/2},
2|2 |lyoo —1 1 1 1
<||x”2xu +2) ifx€A4::{O<x,,§;and2—x,,_ "I, 2},
1—2||2'|, 1 1 1
(2”;/”00—&—2) if € As:= {—; <z, <0and 5 T < 2[00 < 2} :
One may check that the function v has been constructed in such a way that ve € Aj(asg,bs,v), and thus
Jo(az, by, v) < / £ (g VUE) dz . (3.40)
Qv
Arguing exactly as in the proof of Proposition 3.4, one can show that
/ e (g,VvE) dr < Is(ai,b1,v) + ¢, (3.41)
and
/ £ (f,vvg) dz < Cda(ar, br)(1 — (1 —)N=1)). (3.42)
A

Now we only estimate the integrals over A and Ay, the ones over As and As being very similar. Define the
Lipschitz function F. : RY — R by
2z|lve —1 1
F, =4 —.
() c + )
Using the growth condition (3.12) together with Fubini’s theorem, and the fact that A C F*([-1/2,1/2)),
we derive

/ [ (E,Vvs) dx < 3 Yo (Fe(z))| |V F.(z)| dz <
Az € Ay

1/2
<5/ o @ ITE @ <8 [ 15 H 8 )
H([1=1/2,1/2)
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where we used the Coarea formula in the last inequality. We observe that for every t € (—=1/2,1/2), F- 1t} =
0Q,, <120 so that HN"1(F7H{t}) < HN1(8Q). Therefore

2

/ Fo (f,v%) dz < BHY "1 (Q)d (a1, as) . (3.43)
Ao €
Define now G : RY — R by
2 e —1 1
G(z) := 22, +5-

The growth condition (3.12) and Fubini’s theorem yield

e/2
[ Eve)ass | < / |%<G<x',x,,>>||vc<x’,xu>dHN1<x’>> o,
Ay € 0 G(z0)~1([-1/2,1/2))

As |V G(z)| = 1/x, and |V, , G(z)| < 1/x, for a.e. z € Ay, it follows that |VG(z)| < 2|V, G(x)] for a.e.
x € A,. Hence

e/2
|Gz [ (] (Gl 2)| [V Gla ) aHY (') ) do
Ay € 0 G(zu)71([-1/2,1/2))

For every z, € (0,¢/2) the function G(-,z,) : RV =1 — R is Lipschitz, and thus the Coarea formula implies
" /2 1/2
[ Eva)a <z [T 0 s G n) = )t ) do,
Ay € 0 —1/2

< Cedm(ar,az), (3.44)

where we used as previously the estimate HYN~2({z’ : G(2/,,) = t}) < HN72(8(5, 1)V ~!). Gathering

(3.40) to (3.44) and considering the analogous estimates for the integrals over A3z and As (with by and bo
instead of a7 and as), we infer that

JE(CLQ, ba, l/) < / foo (g, V’UE> dx < Ig(al, by, l/) + C(E + dM(al,ag) + dM(bl, bg)) .
Qv
Taking the limit as € — 0, we get in light of Propositions 3.3 and 3.4 that

Uhom (a2, b2,1) < nom (a1, b1,v) + C(daq(b1, b2) + daq(ar, a2)) .

Since the geodesic distance on M is equivalent to the Euclidian distance, we conclude, possibly exchanging
the roles of (a1,b1) and (ag, b2), that (3.38) holds.

Step 2. We now prove (3.39). Given an arbitrary orthonormal basis v = (vq,...,vy) of RY, let v €
G(a1,b1) and define u(z) := y(x,/e). Obviously u. € B.(a1,b1,v). Using (3.34) together with the growth
condition (3.12) satisfied by f*°, we derive that

e—0 €

Yhom (a1, b1,v1) §liminf/ I (E,Vu€> dxgliminfé/ ‘7(171/1)‘ dx = fdp(ar,by).
e—0 Q. IS5 Q. £

Then (3.39) follows from the equivalence between d g and the Euclidian distance. O

4. Homogenization in Sobolev spaces

This section is devoted to the proofs of Theorems 1.1 and 1.2. We first show that a suitable functional
larger than the I'-limit is a measure. It will allow us to obtain the upper bound (see Lemma 4.2) through
the blow-up method introduced in [25,26]. The lower bound will require different proofs in the cases p > 1
(Lemma 4.3) and p =1 (Lemma 4.4).

Let us consider an arbitrary sequence {e,} \, 0". Along this sequence we define the I'(LP)-lower limit

F: LP(Q;RY) — [0, 4+o0] by

F(u) := inf {liminf Fe, (un) : up € WHP(Q M), uy, — u in LP(Q;Rd)} .

Un} n—-+oo
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4.1. Localization

The idea is to localize the functionals {F., }nen on the family A(Q) of all open subsets of Q. For every
u € LP(;R?) and every A € A(Q), define

/ f (x,Vu> dr if ue WHP(Q; M),
Fe, (u,A):=<¢Ja \én

+00 otherwise .

Given a compact set K C M and a subsequence {e;} := {e,,, } \, 07, we introduce for u € W1?(2; M) and
A e A(),

.7-',{5’“}(%14) = {inf} {lim sup Fe, (ug, A) : up — u weakly in WHP(Q;R?)
Uk k—-+oco

uy, — w uniformly and ug(z) = u(z) whenever dist (u(z),C) > 1 for a.e. x € Q } .

A key point in the upcoming analysis is the following locality result.

Lemma 4.1. For every u € WYP(Q; M), there exists a subsequence {ey} such that the set function
f,éak}(u, \) is the restriction to A(Y) of a Radon measure absolutely continuous with respect to the Lebesgue
measure L.

Proof. From the p-growth condition (Hs) we infer that for any subsequence {e;},
FE u, ) gﬁ/(1+ Vul?) dz, (4.1)
A

so it remains to prove the existence of a suitable subsequence {e;} for which .7-",%5’“} (u,-) is (the trace of) a
Radon measure.

Step 1. We start by proving that for any subsequence {e} the following subadditivity property holds:
FE (u, A) < FE (u, B) + FEH (u, A\ ©) (4.2)

for every A, B and C € A(Q) such that C C B C A. Given n > 0 arbitrary, there exist sequences {uy},
{vr.} € WHP(Q; M) such that ug and vg converge weakly to u in WIP(Q;RY), ug(z) = vi(z) = u(w) if
dist (u(x),K) > 1 for a.e. x € Q, ui and v are uniformly converging to u, and

limsup ., (ug, B) < F (u, B) + 1,

limsup F., (vg, A\ C) < Fe "' (u, A\ C) +1.
k—+oco

Let K' := {s € M : dist(s,K) < 1}, then K’ is a compact subset of M and ug(z) = vi(z) = u(z) if
u(z) ¢ K’ for a.e. x € Q.
Consider L := dist(C,0B), M € N, and for every i € {0,..., M} define

, iL
B; = {x € B : dist(z,0B) > M} .

Given i € {0,...,M — 1} let S; := B; \ Biy1, and ¢; € C°(9; [0, 1]) be a cut-off function satisfying

Gi(z) = and |V(| < ——.

1 inBi_H, 2M
0 ll’lQ\Bl, L

By Lemma 3.2 and Remark 3.3 in [18], there exist 6 > 0, ¢ > 0, and a uniformly continuously differentiable
mapping ¢ : Ds x [0,1] — M, where

D; = {(80781) € M x M : dist(so,K") < 6, dist(s1,K") < 3, |so — 81| < 6},
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such that
0P
®(s0,51,0) =50, P(s0,51,1) =51, 5(80,51775) < c[so — s1], (4.4)
and
|P(s0,51,t) — So| < clso — s1]- (4.5)

Since {uy} and {vy} are uniformly converging to u, one can choose k large enough to ensure that
||uk - UHLOO(Q;Rd) <9, ||’le - u”Loo(Q;]Rd) <4 and ||uk - 'UkHLoo(Q;Rd) <.

Therefore for a.e. x € Q, dist(ug(z),K") < 6 and dist(vg(z), K') < § whenever u(z) € K'. Now we are allowed
to define

wy (7)== {(I)(vk(x)7uk(93)a@($)) if u(z) e K,
N u(x) if U(:L’) Q IC/7

and wy,; € WP(Q; M). Using the p-growth condition (Hs) together with (4.4), we derive

|1 (””,Vwk,i> a< [ f (f,wk) dar [ 1 (x,vfuk) dr +
A €k B €k A\C €k

+C’0/ (1 4+ |Vug|? + |Vug |P + MP|u, — vg|P) de,

i

for some constant Cy > 0 independent of &, ¢ and M. Summing up over ¢ € {0,..., M — 1} and dividing by
M yields

M-1
a2 fr(Evu)as [ r(Zvu)aor [ p(Zva)d
M o /A Ek B Ek A\C Ek

C
+ = (1 + |Vug|P + |V |P + MPluy, — v |P) doc.
M B\C
Hence one may find some iy € {0,..., M — 1} such that @y := wy;, satisifies

/f(x,Vwk> dxg/f(x,Vuk> dx—i—/ f(x,Vvk> dz +
A €k B €k A\C €k
C
+ —0/ (14 |Vugl? + |Vug|P? + MP|u, — vg|P) dz . (4.6)
M B\C

From (4.4) and (4.5) we deduce that wj, — w uniformly, wy — u in WHP(Q;RY), and wy(z) = u(z) if
dist(u(z), ) > 1 for a.e. x € Q. Taking {wy} as competitor for f,gs"}(u, A), and using (4.6) together with
(4.3) leads to

f){CEk}(U’A) < limsup F;, (wg, A)

k——+o0
. .G
< Timsup { F, (e, B) + oy, (0, ANC) + 20 [ (14 [Vul? + [Tugl? + MPlug = vi|?) da |
k—+oco M B\C

_ C
g;r,{gk}(u,B)+f,{§k}(u,A\c)+2n+—°sup/ (1+ |Vugl’ + |Vug|P) dz .
M ken B\C

Then property (4.2) arises sending first M — +o00, and then n — 0.
Step 2. Now we complete the proof of Lemma 4.1. Using a standard diagonal argument, we construct a

subsequence {ex} \, 0" and a sequence {uy} C W1P(Q, M) satisfying

kEIJIrlOO Fe (ug, ) = {i}f} { lklglilg Fe, (0g, Q) vy — u weakly in WHP(Q;R?) |

v — w uniformly and vg(z) = u(x) whenever dist (u(x),K) > 1 for a.e. z € } .
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By construction of {ex} and {u}, we have A liT Fe (ug, ) = f,ésk}(u, Q). Up to the extraction of a further

subsequence, we may assume that
f <6Vuk> LYNLQ S in M(Q),
k

for some nonnegative Radon measure p € M(). By lower semicontinuity, we have

p(Q) < lim F (ug, ) = F (0.9).

We claim that
F’{ka}(u, A)=u(A) for any A € A(Q).

We fix A € A(Q2) and we start by proving the inequality “<”. Given n > 0 arbitrary we can select, in view
of (4.1), C € A(Q), C CC A, such that F,éek}(u,A\é) < 7. Then inequality (4.2) implies that for any
Be A(Q),C CcC BCCA,

F (u, A) < n+ limsup Fe, (ug, B) < 0+ u(B) < n+ u(A),
k— 400

and the conclusion follows from the arbitrariness of 7.
Conversely, for any B € A(Q2), B CC A, we have

u(Q) < FE (u, Q) < FE (u, A+ FED (0, 0\B) < FEY (u, A)+p(@\B) < FEH (u, A) () —(B) .-

Therefore u(B) < féﬁk}(u, A) and the conclusion follows by inner regularity of . O

4.2. The upper bound

We now make use of the previous locality result to show the upper bound. This will be done thanks to a
blow-up analysis in the spirit of [18, Theorem 3.1].

Lemma 4.2. For every p € [1,+00) and u € WP (; M), we have F(u) < From(u) .

Proof. Step 1. Let u € W'P(Q; M). Given R > 0 arbitrary large, we set K := M N B4(0, R), and we
consider the subsequence {e¢;} given by Lemma 4.1. Obviously F(u) < f,gsk}(u, Q). We claim that

FLE u,0) < /
Q

(XA T 0. 70) + 501 = xrlla) (4 (F) (@.7)
where xr(t) = 1 for t < R and xg(t) = 0 otherwise. We postpone the proof of (4.7) to the next step, and
we complete now the proof of Lemma 4.2.

Consider a sequence R; — +00 as j — +00. Since xg, — 1 pointwise, we deduce from Fatou’s lemma

together with (3.4) that
Flu) < limsup/ {XR,-(|U|) T from (u, Vu) + B(l — XR,-(|U|)) (1 + |Vu|p) } dr < / T from(u, Vu) dz
Jj—+oo JQ Q
which is the announced estimate.
Step 2. Thanks to Lemma 4.1, to obtain (4.7) it suffices to prove that
dFE (u, )
dcyN

for £LN-a.e. zo € Q.

Let 29 € © be a Lebesgue point of v and Vu such that u(zo) € M, Vu(zo) € [Ty(z,)(M)]Y, and the
Radon-Nikodym derivative of féﬁk}(u, -) with respect to the Lebesgue measure LV exists. Note that almost
every points in 2 satisfy these properties. Now set so := u(zg) and & := Vu(xg).

(z0) < Xr([u(@0)) T from (u(@o), Vu(zo)) + B(1 — xr(lu(zo)])) (1 + [Vu(zo)[?)
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Case 1. Assume that sg € K. Then, using (H), we derive that

A ) FE (. Qo p))
=K 2 (xg) = i Ko < li -NF, <
Jov (o) Jim, P < lim sup limsup = (1, Q(x0, p)) <

< lim EN/ (1+[VulP)de = B(1+ [&]7)
P Q(wo,p)

p—0+
which is the desired estimate.
Case 2. Now we assume that sgp € K. Fix 0 < n < 1 arbitrary. By Proposition 3.1, claim (%), there exist
jeNand ¢ € Wy™((0,5)N; Ty, (M)) such that
Fo T+ Vo) dy < T fuam(s0.80) 41 (1)
0,j

Extend ¢ to RY by j-periodicity, and define oy (z) := & = + exp(z/er).

Let U be an open neighborhood of M such that the nearest point projection Il : 4 — M defines a
C!-mapping. Fix o,y € (0,1) such that B (sg,28y) C U, and consider § = §(c) € (0, o) for which

|VII(s) — VII(s')| < o for all 5,5’ € B%(sq,d0) satistying |s — s'| < §. (4.9)
Next we introduce a cut-off function ¢ € C°(R%; [0, 1]) satisfying

1 for x € B40,8/4),

() = with  [V(| < %
0 for x ¢ B4(0,5/2),
and we define
wi(z) := u(x) + exCulz) — so)e(z/ex) -
Let ko € N be such that
s {ullllm (0% 20 V€ oy, VOIS oy 2o (410

Define for every k > ko,

ug(x) = M(wg(x)) .

Remark that by (4.10), for a.e. z € Q and all k > kg, one has w(z) € B%(sg,§) whenever |u(z) — so| < 6/2
while wg(x) = u(x) when |u(x) —so| > §/2. Hence uy, is well defined, {uz} € WP (2; M), and for a.e. x € Q,
ug(z) = u(x) whenever dist (u(z), ) > 1. Moreover,

lur — ull oo (ray = [T(wi) — TL(w) | Loo (fju—so|<s/2}:re) < €k VI Loo (B (sg,00) iR 1€ Loo ((0,5) V) — O
as k — +o00. Now the Chain Rule formula yields
V() = VI () (Vu() + e (pla/ex) © VC(u(e) — 50)) Vule) + Cule) - s0)Vle/er))

and consequently

[Vue(2)| < HVH||L°°(Bd(So,5o);Rd)((1+5k||90||L°°((0,j)N;Rd)HVC”L“’(Rd;Rd))‘Vu(x)H_”V@HLw((O,j)N;RdXN)> ~
By (4.10) it follows that for any k > ko,
Vg ()] < Co(|Vu(z) — &l +1) (4.11)

for some constant Cy = Cy(so, &0, 0,1) > 0 independent of x and k. Hence the sequence {uy} is uniformly
bounded in W1?(Q; R?) so that uj — u in WHP(Q;R9).
Then we observe that |Vui| < 2Cj a.e. in {|Vu — &| < o} while

Vorll Lo (raxny < 1ol + [V @l Loo ((0,5)N imaxN) -
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Set

M :=max {2Co , o] + [Vl Lo ((0.5) ¥ max~) } (4.12)
(which only depends on sg, &, o and 1) so that

[Vup| <M and |Vei| <M ae in {|Vu—§| <o}. (4.13)
Next for a.e. x € {|u — so| < 0/4} N {|Vu —&| < o}, we have ((u(r) —s0) = 1 and
V() = Vi (z)] < [VI(wr)Vu(z) — &of + [VIHwe) V(x/er) — Vo(z/er)]
< [VII(wg) = VI(s0)| [Vu(@)| + [VII(so)| [Vu(z) = Sol+
+ [VII(wi) = VIL(s0)| [[Vepl| oo ((0,5)~irx vy

where, in the last inequality, we have used the fact that VII(sq)Ve(y) = Ve(y) since Vo(y) € [Ty, (M)]N
for a.e. y € RY. Using (4.9) and the fact that |wy, — so| < § a.e. in {{u —so| < 6/4} N {|Vu — & < o}, we
deduce

[Vur(z) = Vor(@)| < ([Vu(@)| + [VI(s0)| + [|[Vell e ((0,)vrax vy )0 < Cro (4.14)

for a.e. © € {Ju — so| < §/4} N {|Vu — &| < o}, where C1 = C1(s0,&0,00,7) > 0 is a constant independent
of o, k and =x.
Now we estimate

F ) gy P QLo )
dEN 0 p—>0+ pN

1
< lim sup lim sup —N/ f <x7Vuk) dx
p—0t  k—too P JQ(zo,p)  \Ek

1
< limsup lim sup —N/ f (x,Vuk> dz
p—0t  k—=too P JQ(wo,p)N{lu=s0|26/4}  \Ck

1
+ limsup limsup — (327 Vuk) dx
p—0t+ k—+oo P JQ(z0,p)N{|u—s0|<8/4}N{|Vu—Eo| <o} €k
+ limsup limsup — (x, Vuk) dx
p—0t  k—too P JQ(zo,p)N{|u—s0|<d/4}N{|Vu—£o|>0}  \Ck
=: Il +IQ—|—I3 (415)
Thanks to (4.11), the p-growth condition (Hs) and our choice of zy, we have
1
L < C’limsup—/ (14 |Vu(z) — &fP) dz
p—0t P JQ(x0,p)N{u—s0]28/4}
4C

< Clim supf [Vu(z) — &P de + — lim sup][ |u(z) — so|dx =0, (4.16)

p—0t JQ(z0,p) Y p—0t JQ(z0,p)

while
1
I3 < Climsup — (14 |Vu(z) — &fP) dz
p—0t P JQ(wo,p)N{u—s0|<8/4}N{|Vu—Eo| 20}
C

< Climsup][ [Vu(z) — &P de + — limsup][ [Vu(z) — &ldx=0. (4.17)

p—0F JQ(z0,p) 7 p—0t JQ(zo,p)

Let us now treat the integral I. Since, for a.e. y € RY, the function f(y,-) is continuous, it is uniformly
continuous on BN (0, M) where M > 0 is given in (4.12). Define the modulus of continuity of f(y,-) over
BHN(0, M) by

w(y,t) = sup{|f(y, &) — f(y, )] : & & € BYN(0, M) and [¢ — &'| <t}

It turns out that w(y,-) is increasing, continuous and w(y,0) = 0, while w(-,t) is measurable (since the
supremum can be restricted to all admissible £ and & having rational entries) and 1-periodic. Thanks to
(4.13) and (4.14) we get that

(2 ) o ) = ()
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for a.e. x € Q(zo, p) N {|u—so| < §/4} N{|Vu —&| < o}.

Integrating over the set Q(xo,p) N {|u — so| < §/4} N{|Vu — &| < o}, and taking the limit as k — +o0,
we obtain in view of the Riemann-Lebesgue Lemma that

limsup p~

xr X
N/ f (,Vuk(ar)> —f <,Vs0k(x)>
k——+oo Q(x0,p)N{|u—s0|<5/4}N{|Vu—£&o| <o} €k €k

< limsupp_N/ w (x,010> dx = / w(y,Cro) dy,
k— o0 Q(zo.p)  \Ek Q

where we have used the fact that y — w(y,C10) is a measurable 1-periodic function. Observe that the

dr <

Dominated Convergence Theorem together with w(y,0) = 0 implies

lim w(y,Cro)dy =0. (4.18)
o—0t Q
‘We have obtained
1
I, < limsuplimsup—N/ f (w,V@k> dz —|—/ w(y,Cro)dy. (4.19)
p—0t k—too P JQ(zo,p)  \Ck Q

Using the definition of ¢ and the Riemann-Lebesgue Lemma, we infer from (4.8) that

1
HmSUPHmSUPW/ f (x §o+ Vo (m )) dor =
p—0t k—+o0 1Y Q(zo,p) €k Ek
:]{ " Fy. &0 + Vo) dy < T from(so, &) +n.  (4.20)
0,7

Hence gathering (4.15), (4.16), (4.17), (4.19) and (4.20) we deduce that

dflggk} (u7 )

) (w0) < T fuom (50, €0) + / w(y, Cro) dy + 1.
Q

Thanks to (4.18), the thesis follows sending first o — 0, and then 1 — 0. |

4.3. The lower bound

We now investigate the I'-lim inf inequality still through the blow-up method. In contrast with Lemma 4.2
we will distinguish energies with superlinear growth and energies with linear growth.

4.3.1. The case of superlinear growth

The case p > 1 is based on an equi-integrability result known as Decomposition Lemma [27, Lemma 1.2],
which allows to consider sequences with p-equi-integrable gradients. It enables to use properties valid up to
sets where the energy remains small.

Lemma 4.3. Assume p € (1,+00). Then F(u) > Fhom(u) for every u € WP (; M).

Proof. Let u € W1P(Q; M). By a standard diagonal argument, we first obtain a subsequence {e,,} (not
relabeled) and {u,,} C WHP(€; M) such that u,, — u in LP(£;R?) and

Flu)= lim [ f (x,Vun) dx < +00.
Q

n—-+oo n

Define the sequence of nonnegative Radon measures
T (',vun> VL Q.
En

Extracting a further subsequence if necessary, we may assume that there exists a nonnegative Radon measure
p € M(Q) such that u, o4 in M(R). Using Lebesgue Differentiation Theorem one can split p into the
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sum of two mutually disjoint nonnegative measures p = p® + p® where u* < LV and p® is singular with
respect to LY. Since pu®(Q) < u(Q) < F(u), it is enough to check that
d
dﬁ—'uN(:ro) > T from(u(20), Vu(zo)) for LN-ae. z9 € Q.

Step 1. Select a point xg €  which is a Lebesgue point of u and Vu, a point of approximate differentia-
bility of u (so that u(zg) € M, Vu(zg) € [Tyy(z,)(M)]V), and such that the Radon-Nikodym derivative of p
with respect to the Lebesgue measure £V exists and is finite. Note that almost every points zo in 2 satisfy
these properties. As in the proof of Lemma 4.2, set sg := u(xo) and & := Vu(zp).

Let {p} \, 07 be such that u(9Q(zo, pr)) = 0 for every k € N. Using the integrand f defined in (3.1)
one obtains

du (@ (xos pr))
P = 1 PA A\ PR
dLnN (‘TO) k—1>I-',r-loo P{CV
k—+o00 n—+o0 pfcv

k—+00 n—-+400 En

— lim lim [ f (W, YV (z0 + pw)) dy
Q

. . 7 To+
= lim lim f (0 pky,un(:co + pry), Vup (xo + pky)) dy
k—+00 n—+00 Q En
. . 7 Zo+
= lim lim f (Opky,so + pkvnyk(y),an’k(y)) dy, (4.21)
k— 400 n—-+40c0 Q n

where we have set vy, (y) := [un(xo + pry) — 50]//);.3. Note that since xg is a point of approximate differen-
tiability of u and u,, — u in LP(Q; R?), we have

— s — — )P
lim lim / [vnk(y) —&oy|P dy = lim [u(y) = 50 = €0 (y = @0)| dy=0. (4.22)
Q

e N T
Hence one can find a diagonal sequence ¢y, := &, < p7 such that, setting vg(y) := vy, x(y) and vo(y) := oy,
v — vg in LP(Q;RY) and

dp = ( To + pry
3

(z0) = lim f

N Ly , 80 + prvk(y), Vvk(y)> dy . (4.23)

Next observe that {Vuy} is bounded in LP(Q;R¥*N) thanks to the coercivity condition (3.2). By the De-
composition Lemma [27, Lemma 1.2] we now find a sequence {3} C W1>(Q;R?) such that oy = vy on a
neighborhood of 9Q, ), — v in LP(Q;R?), the sequence of gradients {|Vo,|P} is equi-integrable, and

lim f <$0 + prY
Ek

» 80 + Prvk(Y), Vvk@)) dy
k—-+o00 Q

. w0+
> IIIHSUP/ f (xopky,so +kak(y)»V17k(y)) dy. (4.24)
k—-+oo Q Ek

Step 2. Write

Z—O =my + s, with my, € ZV and s, € [0,1)V
k
and define
Ty = ;—ksk —0 and & :=¢ex/pr — 0. (4.25)
k

By the 1-periodicity of f with respect to its first variable, (4.23) and (4.24), we infer

d . (Kt _
ety = maw [ F(PEY ok puants), Vo) )

> limsup / f (5y7 so + prvk(y — k), Vor(y — Cﬂk)) dy. (4.26)
k—+oo Jap+Q k
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Extend vy, by 0, and o) by v to the whole RY. As 2, — 0 it follows that £V ((Q — 23)AQ) — 0, and the
equi-integrability of {|Vg|P} together with the p-growth condition (3.2) implies

/ f((;y,So+pkvk(y—xk),Vvk(y—xk)) dy < ' (L+[Vop|?)dy — 0.
QA (zx+Q) k (Q—zr)AQ
Hence (4.26) yields
dp . (v _
dL—N(xo) > lllefili}a) /Qf ((sk, S0 + pkwk,Vwk) dy , (4.27)

where wy,(y) = vi(y — x1) and w(y) := vr(y — zx) converge to vy in LP(Q;R?), and {|Vwy|P} is equi-
integrable as well.

Step 3. For M > 1 and k € N, consider the set Ey = {z € Q : |Vwg| < M}. By Chebyschev
inequality, (4.27) and (3.2), LY (Q \ Eam k) < C/MP for some constant C' > 0 independent of k and M.

By the Scorza-Dragoni Theorem (see [22], p. 235), for any n > 0, we may find a compact set K, C Q such
that LN (Q\ K,) <nand f : K, x RN — [0, +00) is continuous. In particular the restriction of f(-,s,-) to
K, x BN (0, M) is uniformly continuous for every s € M. Therefore the function ¥,, ps : [0, +00) — [0, +00)
defined by

Wy, n(t) = sup {f(y,f) —fW.E) s ye Ky, & & € BP0, M), ¢ -¢€| < t} ,
is continuous, satisfies ¥, 37(0) = 0, and is bounded. In view of (3.1), we have

|f(y731,£) - f_(y752;€)| < \IlnyM(M|P51 - PS2D + CJV[|P51 - P82| = @nyMOPSl - P82|)

for every y € Ky, 51,520 € M and £ € BN (0, M), where the constant Cj; > 0 only depends on M and p.
Define

Krro= | (t+K,).
LezN

Since f is 1-periodic in the first variable,
|7 (y:51,€) = F(y: 52, ) < Wy m (s, = Piy) (4.28)
for every y € KP', s1,s5 € M and § € BN (0, M) . From (4.27) and (4.28) it follows that
d _
iN(xo) > limSup/ / (y750 + Pkwk,vmk> dy
dﬁ k—-+o0 EM,kﬂ(ékKﬁ,’er) 6k

> limsup/ f (;J,so,Vwk> dy — limsup/ ‘ijn,M(|PsO+pkwk(y) — PSD|) dy .
k—4oo J By o (6, KET) k k—+o00 JQ

Since W, » is continuous and bounded, W, 5/(0) = 0, and (up to a subsequence) IP s+ prws(y) — Psol — 0
for a.e. y € @, we obtain by Dominated Convergence that

lim ®W7M(‘PSO+Pk7uk(y) - P, |) dy =0,

k——+oo Q
and thus
du . (Y _
——(x0) > hmsup/ f (,so,Vwk> dy . (4.29)
dcy k—+o00 JEn kN8 KR Ok

From the p-growth condition (3.2) and the Riemann-Lebesgue Lemma, we deduce that

imsup [ F(L oo,V ) dy < lmsup 501+ 27)2¥(Q\ (e K3)) -
koo J B\ (6u k) \ Ok k=00

= B+ MP)LY(QN\ Ky) < F/(1+ M)y
Hence (4.29) yields

du . 7Y - /
T (20) > 1 < dy — 8'(1+ M?
orN (@) = llcrgitif/wkf <5k,80,Vwk> y— B (1+MP")n,
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and sending 1 — 0, we derive

d _
d‘ciN(xO) 2 lim SUP/E f (i? S0, vwk) dy . (430)
M,k

k——+oco

Since LN (Q\ Earx) — 0 as M — +oo (uniformly with respect to k), the equi-integrability of {|Vw [P} and
the p-growth condition (3.2) imply

sup/ f(y,so,Vwk) dygﬁ’sup/ (14 |VwgP)dy — 0 as M — +oo.
keN JO\En Ok keN JO\En

Plugging this estimate in (4.30) leads to

du . (Y _
P (o) > 1 A dy .
o (@) 2 ﬁiﬂf/czf (5]6780,%};@) y

Since wy — vy in LP(Q;R?), we can invoke standard homogenization results (see, e.g., [14, Theorem 14.5])
to infer that

1imsup/ f(;vsoavwk> dy > / Jnom (50, Vo) dy = from (s0,&0) -
k—+oo JQ k Q
In view of Proposition 3.1 we finally conclude

d ~
dﬁiN(l”o) > from(50,60) = T from (50, &0) 5

and the proof is complete. O

4.3.2. The case of linear growth

We now treat the case p = 1 assuming that the function u belongs to W'(Q; M). The general case where
u € BV (Q; M) will be discussed in the next section. In contrast with the case p > 1, there is no equi-
integrability result as the Decomposition Lemma. We follow here the approach of [25].

Lemma 4.4. Assume p=1. Then F(u) > From(u) for every u € WH1(Q; M).

Proof. Let u € W11(Q; M). By a standard diagonal argument, we first obtain a subsequence {e,} (not
relabeled) and {u,} C WH1(Q; M) such that u,, — u in L' (£;R?) and
n—-+400

F(u) = lim f (;,Vun> dxr < 4o00.
QO n

Up to the extraction of a further subsequence, we may assume that there exists a nonnegative Radon measure
€ M(Q) such that

f <€Vun) LYNLQ S in M(Q). (4.31)
Hence it is enough to prove that p(2) > From(u). As in the proof of Lemma 4.3, it suffices to show that
dp N
(M—N(xo) > T from(u(zo), Vu(zg)) for LV -a.e. xg € Q.

The proof will be divided into three steps. We first apply the blow-up method which reduces the study to
affine limiting functions. Then we reproduce the argument of [25] which enables us to replace the original
sequence by a uniformly converging one without increasing the energy. We will conclude using a classical
homogenization result.

Step 1. Select a point xy € 2 which is a Lebesgue point of v and Vu, a point of approximate differen-
tiability of u (so that u(zo) € M, Vu(wg) € [Ty(z,)(M)]Y) and such that the Radon-Nikodym derivative of
u with respect to the Lebesgue measure £V exists and is finite. Note that £V-almost every points zo in €
satisfy these properties. We write sg := u(zg) and & := Vu(xg).
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Up to a subsequence, we may assume that there exists a nonnegative Radon measure A € M(Q) such
that (1 4+ |Vu,|)LVL © = X in M(Q). Consider a sequence {py} \, 0% such that Q(zo,2p) C 2 and
1(0Q (o, pr.)) = ANOQ(z0, pr.)) = 0 for each k € N. Then (4.31) yields

n—-+oo En

Q0. pi)) = lim / (x,wn) dr. (432)
Q(zo,pk)

Set 7, := €, [xo/en} € e, ZN. Since 7, — g, given 7 € (1,2) we have Q(7,, pr) C Q(z0,7pi) whenever n is
large enough, and we may define for x € Q(0, px), vn(x) := u,(x + 7). By continuity of the translation in
L', we get that

/ |vn(2) — u(x + zo)| dz = / |un () — u(x + g — )| dx
Q(0,p1) Q(Tn,pr)

< / i (&) — (@ + 20 — 7)| dt ——— 0., (4.33)
Q(z0,7pk)

n—-+o0o

Changing variable in (4.32) and using the periodicity condition (H7) of f(-,£) and the growth condition
(H2), we are led to

. T+ Tp
w(Qzo,pr) = lim (
n—+too Q(GJO*TmPk) €n

= lim f <$,an> dx
n—+oo Q(IO_TWnpk) En

Zlimsup/ f <x,an) dx — ﬁlimsup/
n—+00 JQ(0,px) En n—=+00 JQ(70,p1)\Q(z0,:pk)

, Vg, (z + Tn)> dx

(14 V) dz. (4.34)

On the other hand, by our choice of py,

limsup/ (14 |Vuy,l|) de < limsup lim sup / (14 |Vuy]|)dx
n—=+00 JQ(7n,06)\Q(z0,0k) r—1t  n—+400 JQ(zo,mer)\Q(T0,0k)
< limsup A (Q(xo,mk) \ Q(o, Pk))

r—1+
S A(aQ("EOa Pk)) = 07

so that the last term in (4.34) vanishes. Hence

w(Q(xo, px)) > limsup / f <$,Wn> de,
Q(0,p1) En

n—-+oo

where {v,} C WH1(Q(0, pr); M) satisfies v, — u(xo + ) in L1 (Q(0, pr); R?) by (4.33).

Now we consider for every n, a sequence {v,;} C C>(Q(0,px);R?) such that v,; — wv, in
WELQ(0, p); RY), Upn,j — vy and Vo, ; — Vo, a.e. in Q(0, py) as j — 400 (we emphasize that in general,
Un,; is not M-valued). Considering the integrand g given by Lemma 3.1, one may check

lim g (‘”,vm,ww) da = / g (x,vn,an> da = / f (w,wn> da,
I=H0JQo.k)  \En Q0,pr)  \En Q0,pr)  \En

so that we can find a diagonal sequence v, := v, ;, satisfying v,, — u(zo + -) in L}(Q(0, p); R?) and

w(Q(xo, p)) > limsup / g <x’ Un, V@n> dx . (4.35)
Q(0,p1)

n—-+o0o En
Changing variable in (4.35) yields

d(iﬂN (z9) > limsup limsup / g (Pk !T,ﬁn(pk x), VU, (pk x)) dx
Q

k—+4o00 n—-+oo n

= lim sup lim sup / g <pk v 280 + Pk W ks Vwmk) dz , (4.36)
k—+o00 n—+oo JQ En
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where we have set w,, i (z) = [ﬁn(pk x) — 50] /pk. Since xg is a point of approximate differentiability of u
and v, — u(zo + ) in LY(Q(0, p); RY), we have

lu(y) — so — &o (y — 20)|

lim  lim / |wnk(z) — o x| de = lim dy =0. (4.37)
k——4o00 n—+o00 Q k—+oo Q(z0,01) p;{\f—&-l
In view of (4.36) and (4.37), we can find a diagonal sequence &,, < p; such that wy = wy,, x — wo in
LY (Q;RY) with wo(x) := & z, and
d
d%w(ﬂﬂo) > lzi:filif /Qg (;; 50 + Pk Wk, Vwk) de, (4.38)

where §y, 1= e, /pr — 0.
Step 2. We now argue as in Step 3 of the proof of [25, Theorem 2.1] to show that there exists a sequence
{w,} € WHo°(Q; RY) such that Wy — wp in L=(Q;R?), {w}} is uniformly bounded in W' (Q;R?) and

d
TN va (o) 2 limiup /Q g (gi s0 + Pk W, Vwk> dz . (4.39)

Given 0 < s < t, let (51 € C°(R;[0,1]) be a cut-off function satisfying (s ¢(7) = 1 if |7| < s, (s4(7) = 0 if
|| >t and |(; ,| < C/(t — s). Define

wf,t = wo + (ot (|we — wol)(wr, — wo) .

Obviously,
wa,t — wol| oo (iray < (4.40)
and the Chain Rule formula gives
Vws , = Vg + Gt (Jwe — wol) (Vg — Vwo) + ¢ (Jwr, — wol) (wi, — wo) ® V|wi — wo . (4.41)

In particular,

x x
/ g (6,50 + pk wfﬁt,Vw(’:,t) dx = / g <6,50 ~+ pk; wk,Vwk> dz +
Q k {lwg —wo|<s} k

X X
+/ g <,50 + Pk wf,t,wa,t) dx +/ g (,so + Pk w0,§0> dr. (4.42)
{s<|wi—wo|<t} O {|lwr—wo|>t} O,

From the growth condition (3.7), we infer that
x
/ (050 e &) do < 51+ 60 £ (s~ wol > 1), (4.43)
{lwi—wo|>1} k
and (4.41) yields
/ ( .80 + prwk,, Vwk )deC’ (1 + [Vwy, = &ol) dz +
{s<|wr—wo|<t} 5k {s<|wg—wo|<t}

C

t—s {s<|wr—wo|<t}

lwe — wol |V]wg — wol | de.  (4.44)

Observe that for £l-a.e. t > 0,

lim (14 |Vwy — &) dy < Cp lim LY ({s < |wy —wo| <t}) =0, (4.45)
s—t— {S<|wk*wo\St} s—t—
and by the Coarea formula,

1
lim
s—t—t— 8

/ lwi, — wol | V|wy — wo ’da:— hm 7/ THN Y ({|wy — wo| = 7}) dr
{s<|wg —wo|<t}

= tHY Y ({Jw, — wo| = t}). (4.46)
Moreover, in view of (3.7) and (4.38) we infer that

/ }V|wk—w0\|dw§C/(1+|Vwk|)dy§Co.
Q Q
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Applying [25, Lemma 2.6], there exists t; € (||w;c wo||L1 (Q:R4)’ lwy — w0||1L/13;Q-]Rd)) such that (4.45) and
(4.46) hold with ¢ = ¢, and

_ C
tHN 7 ({wy — wo| = t4}) < 0 - (4.47)
n(Hwk wOHLI(QRd))
According to (4.45), (4.46) and (4.47), there exists sj, € (||w;C - w0||1L/12(Q~Rd)’tk) such that
1
/ (1 + [Vwg = &ol) dz < 7 (4.48)
{sk<|wi—wo|<ti}
and
1 C 1
; / lwi — wol |V]wg — wol | do < 0 —l—%, (4.49)
k= Sk J s <|wrp—wo|<tx} In (Hwk w0||L1(Q Rd)>
while (4.43) together with Chebyshev inequality yields
/2
50 + pr wo,é“o) dy < Cllwy, — wol| [\ o - (4.50)
/{wk wol >t} <5k L1(Q;R4)

Define now wy, := w¥ _; so that Wy — wo in L (Q;R?) by (4.40). Moreover, gathering (4.42), (4.44), (4.48),

(4.49) and (4.50), we deduce
. x _ _ . X
hmsup/ g <,50 + pi; wk,Vwk> dx < hmsup/ g (,50 + Pk wk,Vwk) dx
k—+oco JQ 51@ k—+oco JQ 51@

which proves (4.39). The fact that {Vwy} is uniformly bounded in L'(Q;R¥*¥) is a consequence of (4.39)
and the coercivity condition (3.7).

Step 3. Since {|[Wy oo (;ray} and {[| VW || 11 (g;rax vy} are uniformly bounded, we derive from (3.8) that

. x _
kgrfoo/‘ ( 80+pkwk,Vwk>—9<5k,80,Vwk>‘dx—0.

In view of (4.39), it leads to

d ) x -
d[% (o) > khrf g (%,SO,VU);J dx .

Using standard homogenization results (see e.g., [14, Theorem 14.5]) together with (3.11), we finally conclude
that

dp
acN

which completes the proof of the lemma. O

(xo) > ghom(307 EO) Tfhom(SOa §0) ,

4.4. Proof of Theorem 1.1 and Theorem 1.2

Since LP(2;RY) is separable (1 < p < +oc), there exists a subsequence {e,, } such that F is the T-limit of
{Fe,, } for the strong LP(£; R%)-topology (see [19, Theorem 8.5)).

Case p > 1. In view of (H3) and the closure of the pointwise constraint under strong LP-convergence, we
have F(u) < +oo if and only if v € WHP(; M). Hence, as a consequence of Lemmas 4.2 and 4.3, the
functionals {7, } I'-converge to Fnom in LP(fX; R9). Since the I'-limit does not depend on the extracted
subsequence, we get in light of [19, Proposition 8.3] that the whole sequence {F., } I'-converges to Fhom-

Case p = 1. As a consequence of Lemmas 4.2 and 4.4, the functionals {F, } I-converge to Fhom in
Wh(Q; M). Again, the T-limit does not depend on the extracted subsequence, so that the whole sequence
{F., } D-converges to From in WH(Q; M). O
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5. Homogenization in BV spaces

In this section we extend Theorem 1.2 to the BV setting. Indeed Theorem 1.2 only gives the description of
the I-limit on W11(Q; M), although its entire domain is exactly the space BV (Q; M).

5.1. Localization

As in the previous section, we consider an arbitrary given sequence {&,} \, 07 and we localize the functionals
{F-, }nen on the family A(Q), i.e., for every u € L*(;R?) and every A € A(Q), we set

/ S (x,Vu> dov if ue Whi(A; M),
Fe, (u, A) := A En

n

+00 otherwise .

Next we define for u € L'(Q;R?) and 4 € A(R),

F(u, A) := inf {hminf Fe, (un, A) : up — uin Ll(A;Rd)} .

{un} n—-4o0o

Note that F(u, -) is an increasing set function for every u € L (€2; R%) and that F (-, A) is lower semicontinuous
with respect to the strong L!(A;R9)-convergence for every A € A(Q).

Since L'(A;R?) is separable, [19, Theorem 8.5] and a diagonalization argument bring the existence of a
subsequence (still denoted {e, }) such that F(-, A) is the I-limit of ., (-, A) for the strong L' (A; R%)-topology
for every A € R(Q2) (or A= Q).

We have the following locality property of the I'-limit which, in the BV setting, parallels Lemma 4.1.

Lemma 5.1. For every u € BV (Q; M), the set function F(u,-) is the restriction to A(Q) of a Radon
measure absolutely continuous with respect to LN + |Dul.

Proof. Let u € BV(;M) and A € A(Q). By Theorem 3.9 in [6], there exists a sequence {u,} C
WEHL(A;RT) N C®(A;R?) such that w, — w in L'(4;R?) and [, |Vu,|dz — |Du|(A). Moreover, this
sequence is obtained by standard convolution arguments so that one may check that u,(z) € co(M) for a.e.
x € A and every n € N. Applying Proposition 2.1 to u,, we obtain a new sequence {w,} C WH1(A; M)
satisfying

/ |Vw,|dz < C*/ [V, | dz,
A A

for some constant C, > 0 depending only on M and d. Then we easily infer from the construction of w,
that w,, — u in L'(A;R?). Taking {w, } as admissible sequence, we deduce in light of the growth condition
(HQ) that

F(u, A) < B(LN(A) + C.|Dul(4)) .
We now prove that
F(u,A) < F(u,B) + F(u, A\ C)

for every A, B and C € A(f) satisfying C C B C A. Then the measure property of F(u,-) can be obtained
as in the proof of Lemma 4.1 with minor modifications. For this reason, we shall omit it.

Let R € R(R) such that C CC R CC B and consider {u,,} C Wb (R; M) satisfying u,, — u in L'(R; R?)
and

lim F., (un,R)=F(u,R). (5.1)

n—-+o0o
Given 7 > 0 arbitrary, there exists a sequence {v,} C W11(A\ C; M) such that v, — u in L'(A\ C;R?)

and

liminf 7. (v,, A\ C) < F(u, A\ C)+n. (5.2)

n—-+oo
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By Theorem 2.1, we can assume without loss of generality that u, € D(R; M) and v,, € D(A\ C; M). Let
L :=dist(C, dR) and define for every i € {0,...,n},

L
R; = {x € R: dist(z,dR) > Zn}

Given i € {0,...,n — 1}, let S; := R; \ R;11 and consider a cut-off function {; € C°(;]0,1]) satisfying
Ci(x) =1for x € Rz, (i(x) =0 for x € Q\ R; and |V(;| < 2n/L. Define
Znyi = G + (1 — oy, € Wl’l(A;Rd) .

If TT; (M) # 0, 2y, is smooth in A\ 3, ; with £,,; € S, while z,; is smooth in A if IT; (M) = 0. Observe
that z,(x) € co(M) for a.e. z € A and actually, z,; fails to be M-valued exactly in the set S;. To get an
admissible sequence, we project 2, ; on M using Proposition 2.1. It yields a sequence {w, ;} C Wh1(A; M)
satisfying wy, ; = 2z, a.e. in A\ S,

[ wni=ulds < [ s —uldo+ CLY(S)), (53)
A A
for some constant C' > 0 depending only on the diameter of co(M), and
/ [Vw,, ;| de < C'*/ |Vzp il de < C'*/ (\Vun| + |Vou,| + £|un — vn|) dz .
s; s; S5 2L
Arguing exactly as in the proof of Lemma 4.1, we now find an index 4, € {0,...,n — 1} such that

Fo (Wi, A) < Fe (un, R) + Fe, (vn, A\ O) +

C
+Cg/ \unfvn|d:c+—osup/ (1+ |Vug| + |Vug|)dz, (5.4)
R\C N keNJR\C

for some constant Cy independent of n.
Set f(t) := HN"1({z € R : dist(z,0R) = t}). A well know consequence of the Coarea formula yields (see,
e.g., 23, Lemma 3.2.34]),

L
/ f(t)dt = £ ({z € RY - 0 < dist(z, 0R) < L}) < +o0,
0

since R is bounded. In particular, f € L*(0,L), and since £'((inL/n, (i + 1)L/n)) = L/n — 0, we infer
that

(in+1)L/n
LN (S;,) = / f#)dt -0 asn— +oo. (5.5)
inL/n

As a consequence of (5.3) and (5.5), wy,;, — u in L'(A;R?). Taking the liminf in (5.4) and using (5.1)
together with (5.2), we derive

Flu,A) < F(u,R) + F(u,A\C)+n < F(u,B) + F(u,A\ C) +1.

The conclusion follows from the arbitrariness of 7. O

Remark 5.1. In view of Lemma 5.1, for every u € BV (; M), the set function F(u,-) can be uniquely
extended to a Radon measure on 2. Such a measure is given by

F(u,B) :=inf {F(u,A) : Ac A(Q), BC A},

for every B € B(Q) (see, e.g., [6, Theorem 1.53]).
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5.2. Integral representation on partitions

Besides the locality of F(u, -), another key point of the analysis is to prove an abstract integral representation
on partitions. To get it as precise as possible, we first prove the translation invariance of the I'-limit. It is
expressed in the following lemma.

Lemma 5.2. For every u € BV (; M), every A € A(Q) and every y € RN such that y + A C 2, we have
Flryu,y + A) = F(u, A),

where (Tyu)(z) = u(r — y).

Proof. Let B € A(Q) be such that B CC A, and find R € R(f?) satisfying B CC R C A. Then consider a
sequence {u,} C W1(R; M) such that u,, — v in L'(R; R?) and

F(u,R) = lim f<I,Vun> da. (5.6)
R

n—-+o0o En

Set y,, := enly/en] and note that y,, — y. Hence, for n large enough, y — y, + B C R and we may define
Vp = Ty Un € WH(y + B; M). From the continuity of the translation in L', we infer that v, — 7,u in
LY(y + B;RY). Thus {v,} is an admissible sequence for F(r,u,y + B). Thanks to the periodicity condition
(H1) and (5.6),

F(ryu,y + B) < liminf f <x,an> dz = lim inf f (x—’_yn,Vun) dr <
oo Jy+ B En o0 Sy —yn+B En
< lim / f (x,Vun) dx = F(u,R) < F(u, A).
n—-+oo R En
From the arbitrariness of B CC A, we deduce that F(r,u,y + A) < F(u, A) by inner regularity. Finally, we
observe

Flryu,y + A) > F(r_y(ryu), —y + (y + 4)) = F(u, 4),

and the proof is complete. O

We are now in position to prove the integral representation of the I'-limit on partitions. The proof is
based on the general result [4, Theorem 3.1] and follows an argument of [15].

Proposition 5.1. There exists a unique function K : M x M x S¥=1 — [0, 4+00) continuous in the last
variable and such that

(i) K(a,b,v) = K(b,a,—v) for every (a,b,v) € M x M x SN=1,

(ii) for every finite subset T of M,

Fu,S) = / Kb, u™,v,)dHN "1,
s
for every uw € BV (Q;T) and every Borel subset S of QN S, .

Proof. Let T be a finite subset of M. For every u € BV ((;T) and A € A(Q), we define
Gr(u,A) == F(u,ANS,).

We claim that

(i) 0 < Gr(u,A) < CHN=1(ANS,) for some constant C' independent of u, A and T}
(i) Gr(u,-) is the restriction to A(£2) of a Radon measure;

(iii) Gr(u,A) = Gr(v, A) whenever u = v a.e. in A;

() if up, — w a.e. in A, then Gr(u, A) < 1139—&1-22‘ Gr(ug, A);

(v) for every A € A(Q2) and y € RY such that y + A C 2, we have Gr(ryu,y + A) = Gr(u, A).

Properties (7) and (i) directly follow from Lemma 5.1 and the definition of Gr. Then we easily see that
F(u, A) = F(v, A) whenever u = v a.e. in A so Remark 5.1 yields (7). To prove (iv), let up — v a.e. in
A. Since wy is uniformly bounded in L“(A;Rd), the Dominated Convergence Theorem yields up — u in
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L'(A;R%). Now consider an arbitrary open subset E of A satisfying AN S, C E. By lower semicontinuity of
‘7:('7 E)a

F(u, E) < lkimj_nf Flug, E) .

Since u takes its values in a finite set, |Du| is absolutely continuous with respect to H¥N =1L S,. Using
Lemma 5.1 together with Remark 5.1, we infer that

F(ug, E) = F(uk, EN Sy,) + Fuk, E\ Sy,.) < Gr(ug, A) + CLY(E).
Therefore,
Gr(u, A) = F(u, Sy N A) < F(u, E) < lim +inf Gr(ug, A) + CLN(E).
Taking the infimum over all such E’s, we obtain the desired inequality. Finally, (v) is a consequence of
Lemma 5.2 together with Remark 5.1.
We may now apply [4, Theorem 3.1] which yields the existence of a unique continuous function Kr :
QxT xT xSN=! —[0,+00) such that Kr(z,a,b,v) = Kr(x,b,a,—v) and
Flu,ANS,) = Gr(u,A) = / Kp(z,u™ u™, v, dHN !
ANS,
for every u € BV(€;T) and A € A(Q). For 2o € RN, a,b € M and v € SV~1, define
{a if (x —xo)-v>0,

u®® (z) :=
b if (x—xo)-v<O,

T,V

Iy, = {z € RV : (x —z9) v =0}. (5.7)

Since K7 is continuous, we have

P @l ) VI )
K , 7b’ _ 1 o,V I 0,
(0, a,b,v) pi%ﬂ HN=H(Qy(x0, p) N Ty, )

for every (wg,a,b,v) € Q x T x T x S¥~1. Hence Kt can be replaced by a function K independent of T
defined on  x M x M x S¥~1. Moreover, in view of Lemma 5.2, we easily deduce that K is independent
of x. Therefore

Flu, AN Sy) :/ Kut,u™,v,)dHN !
ANS,

for every finite set T'C M, A € A(Q) and u € BV(Q;T'). Then the integral representation on Borel subsets
of QN S, follows by outer regularity noticing that F(u,-)L S, defines a Radon measure. O

5.3. The upper bound

We now adress the I'-limsup inequality. The upper bound on the diffuse part will be obtained using an
extension of the relaxation result of [2] (see Theorem A.1l in the Appendix) together with the partial repre-
sentation of the I'-limit already established in W11 (see Theorem 1.2). The estimate of the jump part relies
on the integral representation on partitions in sets of finite perimeter stated in Proposition 5.1.

In view of the measure property of the I'-limit, we may write for every u € BV (Q; M),
Flu, Q) = F(u, 2\ Sy) + F(u, 2N S,). (5.8)

Hence the desired upper bound F(u, ) < Fhom(u) will follow estimating separately the two terms in the
right handside of (5.8).

Lemma 5.3. For every u € BV (Q; M), we have

DC
Flu, 0\ Su) §/Tfhom(u,Vu)dx+/Tf§§m a, 2D\ ey
Q Q d| D¢ul|
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Proof. Let A € A(Q) and {u,} C W(4; M) be such that u,, — u in L*(A4;R%). Since F(-, A) is sequen-
tially lower semicontinuous for the strong L'(A4;R?) convergence, it follows from Theorem 1.2 that

n—-+oo n—-+4oo

F(u, A) <liminf F(uy,, A) =liminf [ T fuom(tn, Vuy,) dz
A
Since the sequence {u,} is arbitrary, we deduce

F(u, A) < inf {liminf/ T from (tn, Vuy) dz : {u,} € WH(A; M), u,, — u in Ll(A;Rd)} )

n—-+oo

According to Propositions 3.1 and 3.2, the energy density T from is a continuous and tangentially quasiconvex
function which fulfills the assumptions of Theorem A.1. Hence

DC
P )< [ Thonu Vot [ Tfhom( d )d Dt [ Ot )N (59)
A " d|Deul S.NA

for some function H : M x M x S¥=1 — [0, 4+00). By outer regularity, (5.9) holds for every A € B(Q).
Taking A = Q\ S, we obtain

dD¢
F0\8,) < [ ThonuVydo+ [ Th5, (5400 ) doeal
Q

and the proof is complete. O

To prove the upper bound of the jump part, we first need to compare the energy density K obtained in
Proposition 5.1 with the expected density Jynom.

Lemma 5.4. We have K(a,b,v1) < Upom(a,b,vy) for every (a,b,v1) € M x M x SN—1,

Proof. We will partially proceed as in the proof of Proposition 3.4 and we refer to it for the notation.
Consider v = (v1,...,vy) an orthonormal basis of RY. We shall prove that K(a,b,v1) < Ynom(a,b,v1).
Since K and ey, are continuous in the last variable, we may assume that v is a rational basis, i.e., for all
i€{l,...,N} there exists v; € R\ {0} such that v; := v;v; € Z", and the general case follows by density.

Given 0 < n < 1 arbitrary, by Proposition 3.3 and (3.34) we can find €9 > 0, up € Be,(a,b,v) and
Yeo € G(a,b) such that ug(x) = v, (v - 1/€0) and

/ foo<;,VUO) dz < Unom(a, b,v1) +1.
y 0

For every A = (Ma,...,An) € ZV71, we set xsf‘) =&, ZZ 5 Aiv; and Ql,n = xsf‘ + (en/20)Q.. We define
the set A, := A(ep,ep) as in (3.22) with v/ = v. Next consider

)
uo (W) ifz e Ql(,’\,)L for some A € A, ,
En
up(z) =
Ve <x€ t’ ) otherwise .

Note that u,, € WH1(Q,; M), {Vu,} is bounded in L*(Q,; RN, and u,, — Uo ), in LY(Q,;R%) asn — +o0
with ugﬁl given by (5.7). Arguing as in the proof of Proposition 3.4, Step 2, we obtain that

lim sup / Fo (: Vun) do < / f°°< Vu()) dz < Inom(a, b)) + 1. (5.10)

n—-+4oo

For p > 0 define A, := Q, N {|x - v1| < p}. By construction the sequence {uy} is admissible for F(ug’ Vl,A,])
so that

n—-+00

f(uo,/l,A Ny, ) S]—'(ug:gl,A ) <hm1nf/A f(;;7Vun) dx <
n

< BLN (A )—|—hm1nf/ f(x,Vun>dxgliminf/ f(x,Vun>dx+6n, (5.11)
n—too Ju " \én notoo Ju " \én
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where we have used (Hz) and the fact that Vu,, = 0 outside A, . On the other hand, Proposition 5.1 yields

f(USZSNAn N, ) = / K(a,b,v))dHN ! = K(a,b,v1) . (5.12)

AT, ﬁnoyyl

Using (H,), the boundedness of {Vu,,} in L'(Q,; R¥*Y), the fact that £°(-,0) = 0, and Hélder’s inequality,

we derive
‘/ f<x,Vun> dxf/ f°°<x,wn> dx
A, \&n Q. En

as n — oo. Gathering (5.10), (5.11), (5.12) and (5.13), we obtain K (a,b,v1) < 9pom(a,b,v1) + (8 + 1)1 and
the conclusion follows from the arbitrariness of 7. O

< C/ (1+ |Vu,|'™9) dx

n

< C(&n + ‘e?L”VunH};(qQU;Rde)) —0 (513)

We are now in position to prove the upper bound on the jump part of the energy. The argument is based
on Lemma 5.4 together with an approximation procedure of [7]. In view of Lemma 5.3 and (5.8), this will
complete the proof of the upper bound F(u, ) < Fpom(w).

Corollary 5.1. For every u € BV (2; M), we have

F(u, Q2N S,) < / Phom (Ut 0™, vy,) dHN L.
QNS.

Proof. First assume that u takes a finite number of values, i.e., u € BV (Q; T) for some finite subset T' C M.
Then the conclusion directly follows from Proposition 5.1 together with Lemma 5.4.

Fix an arbitrary function u € BV (£2; M) and an open set A € A(Q). For §p > 0 small enough, let
U = {s € RY . dist(s, M) < 50} be the dg-neighborhood of M on which the nearest point projection
IT:U — M is a well defined Lipschitz mapping. We extend ¥y, to a function ﬁhom defined in RExRIx SN -1
by setting

Ohom (@, b, ) = x(a)x(b)9nom <H(a), I1(b), y) ,

for a cut-off function y € C°(R%; [0, 1]) satisfying x(¢) = 1 if dist(s, M) < &0/2, and x(s) = 0 if dist(s, M) >
300/4. In view of Proposition 3.5, we infer that ¥y,o is continuous and satisfies

[9hom (a1, b1, 1) — Inom (as, ba, v)| < C(lar — az| + b1 — b]) ,
and
Dhom (a1, b1,v) < Clay — by,

for every ai, by, as, by € R?, v € S¥~! and some constant C' > 0. Therefore we can apply Step 2 in the proof
of [7, Proposition 4.8] to obtain a sequence {v,} C BV (Q;R?) such that, for every n € N, v,, € BV (Q;T},)
for some finite set T,, C R%, v,, — u in L>=(Q;R?) and

lim sup / Ohom (v, v vy, ) AHN ™1 < C|Du|(A\ S,) +/ Dnom (ut, u™, vy) dHN 1
AnsS

n—-+00 ANSy,

Un

= CIDUAN S+ [ Gt ) Y,
ANS,

Hence we may assume without loss of generality that for each n € N, ||v, — ul| e (@re) < d0/2, and thus
dist(vE(z), M) < JvE(z) — ut (2)] < §p/2 for HN"1-ae. z € S, . In particular, we can define

Up = I(v,),

and then u,, € BV (Q; M), u, — u in L'(Q;R?). Moreover, one may check that for each n € N, S, C S,
so that HN (S, \ (Ju, N Ju,)) < HNH(Su, \ Ju,) + HY (S, \ Ju,) =0, and

uf(z) =(vE(z)) and v, () =v,, (z) forevery z € J,, NJ,, .

n n
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Consequently,

lim sup / Inom (U5, uyy vy, ) dHN 71 < lim sup/ Dhom (v, v 1y, ) dHN 71
ANS.,, Ans

n—-+oo n—-+o0o on

§C|Du|(A\Su)+/ Inom (1= ) AN, (5.14)
ANSy,

Since u,, takes a finite number of values, we infer from Proposition 5.1 together with Lemma 5.4 that

Flun ANSu) < [ Onmluf v, ) a1V, (5.15)
ANSu,
and, in view of Lemma 5.1,
F(tn, A\ Sy,) < CLN(A). (5.16)

Combining (5.14), (5.15) and (5.16), we deduce
limsup F(uy, A) = limsup (F(up, A\ Su,) + F(un, ANS,,))

n—-+oo n——+oo

< / Inom (U, 0™, ) AN+ C (L (A) + |Dul(A\ 5,)) -
ANS,

On the other hand, F(-, A) is lower semicontinuous with respect to the strong L'(A4;R?)-convergence, and
thus F(u, A) < limJirnf F(tn, A) which leads to

Flu, A) < /Ams nom (uh, u™, 1) dHN 1+ C(LN(A) + |Dul(A\ Su)) -

Since A is arbitrary, the above inequality holds for any open set A € A(2) and, by Remark 5.1, it also holds
if A is any Borel subset of 2. Then taking A = Q2N S, yields the desired inequality. O

5.4. The lower bound

We conclude this section with the I'-liminf inequality. Using the blow-up method, we follow the approach
of [26], estimating separately the Cantor part and the jump part, while the bulk part is obtained exactly as
in the W1 analysis (see Lemma 4.4).

Lemma 5.5. For every u € BV (Q; M), we have F(u, Q) > From(u).
Proof. Let u € BV(; M) and {u,} € WH(Q; M) be such that

F(u, Q) = lim f (x,Vun> dz .
Q

n—-+o0o n

Define the sequence of nonnegative Radon measures
L = f (',vun) £LNL Q.
En

Up to the extraction of a subsequence, we can assume that there exists a nonnegative Radon measure
pw € M(Q) such that u,, = p in M(Q). By the Besicovitch Differentiation Theorem, we can split y into the
sum of four mutually singular nonnegative measures p = p®+ p? + pc +p® where p® < LN,/ < HN-1L S,
and pu¢ < | D). Since we have p(€2) < F(u, ), it is enough to check that

d
dﬁlj\f ('TO) 2 Tthm(u({E()), VU(ZL'())) fOT [,N-a.e. o € Q, (517)
d _ dDu .
C”T/;”(xo) > T friom (u(x0)7 d|DCu|(x0)) for |Dul-a.e. zg € 2, (5.18)
and
an (z0) > Ynom(ut (20),u™ (20), vu(w0)) for HN"Lae. 29 € Sy . (5.19)

dHN-1L S,
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The proof of (5.17) can be obtained exactly as in the proof of Lemma 4.4 and we shall omit it. The proofs
of (5.18) and (5.19) are postponed to the remaining of this subsection. O

Proof of (5.18). The lower bound on the density of the Cantor part will be achieved in three steps. We
shall use the blow-up method to reduce the study to constant limits, and then a truncation argument as in
the proof of Lemma 4.4, to replace the starting sequence by a uniformly converging one.

Step 1. Choose a point zg € ) such that

lim lu(z) — @(xo)| dx =0, (5.20)
POt JQ(a0.0)

Du(Q(z0, p))

A(ZEO) = ph%lJr m S [Tﬂ(lo)(M)]N is a rank one matrix with \A(z0)| = 1, (521)
dp . . . d|Du
_— fi =1 .22
D] (zo) exists and is finite and a0 (z0) , (5.22)
D D
i [PUQE00) _ g g gy 124QE00) _ (5.23)
p—0F P p—0F P
D
lim inf [Dul(Q(z0, p) \ Q. 7p)) <1—-7Y forevery 0 <71 <1. (5.24)

p—0t | Du|(Q(x0,p))

It turns out that |D¢ul-a.e. zo € 2 satisfy these properties. Indeed (5.22) is immediate while (5.20) is a
consequence of the fact that S, is |Dul-negligible. Property (5.21) comes from Alberti Rank One Theorem
together with Lemma 2.1, (5.23) from [6, Proposition 3.92 (a), (c)] and (5.24) from [26, Lemma 2.13]. Write
A(zo) = a® v for some a € M and v € S¥~1. Upon rotating the coordinate axis, one may assume without
loss of generality that v = ey. To simplify the notations, we set sg := @(zo) and Ay := A(xg).

Fix t € (0,1) arbitrarily close to 1, and in view of (5.24), find a sequence py \, 0" such that

- | Dul(Q(z0, pr) \ Q(0,tpr))
S T Dul(Q(eo, pr)

Now fix t <y < 1 and set 7’ := (1 + )/2. Using (5.22), we derive

<1-tV. (5.25)

S
el > limsup w(Q(zo, v pr))

koo [Dul(Q(wo0, i) T koo |Dul(Q(zo, i) T

1 z
> lim sup lim sup —/ f(,Vun) dx. (5.26)
k—+o0o0 n—+oo |DU|(Q(J307Pk)) Q(xo,Y k) n

Arguing as in the proof of Lemma 4.4 with minor modifications, we construct a sequence {o,} C
W (Q(0, pi); RY) satisfying v, — u(wo + ) in L'(Q(0, px); RY) and

lim sup / f(m, Vun> dx > lim sup / g<x,17n, Vﬂn> dx . (5.27)
n—too JQ(zoy'pk)  \En n—+oo JQ0,ypr) \En

Setting wy, k(x) := U, (pk ), a change of variable together with (5.26) and (5.27) yields

dchU‘ k—-+4o00 n—+4o00 |DU‘(Q($07Pk))
Then we infer from (5.20) that

d N 1
i(zo) > lim sup lim sup p—k/ g (pkx,wn,k, Vwmk) dx . (5.28)
7Q Pk

lim lim / |wp,x — So| dx =0, (5.29)
Q

k— 400 n—+400

and

dz =0. (5.30)

N-1
. . Pk
lim  lim —k () — u(zo + prx) — () — u(wo + d
Jm  lim Dul( (Io,,ok))/@ W k(2) — u(zo + prx) /Q(w k() — u(zo + pry)) dy
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By (5.28), (5.29) and (5.30), we can extract a diagonal sequence ny — +oo such that §y = e,, /pr — 0,
Wy, 1= Wy, — So in L1(Q;RY),

dp . N / (:1: 1 )
——(xg) > limsup ——F—— —, Wk, —Vwy | dzx,
D] = N TDu Qo ) Jrg o
and

N—1
Pk

kEY_iI_lOO m /Q ‘wk(x) —u(xo + pr x) — /Q (wk(y) —u(zo + pi Z/)) dy|dz =0. (5.31)

Step 2. Now we reproduce the truncation argument used in Step 2 of the proof of Lemma 4.4 with minor
modifications (make use of (5.23) and [26, Lemma 2.12] instead of [25, Lemma 2.6], see [26] for details).
Setting ay := fQ wi(y) dy, it yields a sequence of cut-off functions {(x} C C°(R; [0, 1]) such that (x(7) =1
if |7] < sk, Ce(7) = 0is |7| > i for some

[[wi — ak”}‘/lQ(Q;Rd) < s <t < Jlwg — ak“i/l?EQ;Rd) )
for which wy, := ay, + . (Jwy — ax|)(wi, — ax) € WH(Q; R?) satisfies Wy — sg in L®°(Q; R?) and

du . o / <:lc _ 1 )

——(xg) > limsup ——F—— —, Wk, —Vwy | dz . 5.32
aeu] ™) = P Dul@ae o)) Joo 5 (5.32)
In view of the coercivity condition (3.7), (5.22) and (5.32),

N—-1

Pk
sup ———————
keN \DU\(Q(%,P/@))

Therefore, (3.8), (5.32) and [[@), — so|| 1 (qQ;re) — 0 lead to

/ |Vwyg|dx < 4+00.
Q

dp . Py / (fﬂ | >
——(xg) > limsup ———F+—— —, 80, —Vwy, | dx.
dDea] ") Z S e o o)) oo \ G

Next we define the three following sequences for every = € @,

N—-1
_ P

ug(z) = Dul Qo o) (U(ﬂUo +ppx) — /Qu(xo + P Y) dy) )
N—1

- Pk wi(xr) —a
() = |Du|(Q(anPk))( (=) k)’
z b —pkNA wi(xr) —a

As a consequence of (5.31) we have ||z, — || 1 (g;re) — 0, and since
/ ug(x)de =0 and |Dug|/(Q)=1,
Q

it follows that the sequence {@} is bounded in BV (Q;R?) and thus relatively compact in L'(Q;R?). Hence
{7} is equi-integrable, and consequently so is {z}. Up to a subsequence, %, converges in L'(Q;R?) to some
function v € BV (Q;R?), and then z; — v in L'(Q;R?). By [6, Theorem 3.95] the limit v is representable by

v(z) =ab(zy)

for some increasing function § € BV ((—1/2,1/2);R) (recall that we assume Ag = a ® ey ).
By construction, wy, coincides with wy, in the set {Jwy — ag| < s }. Hence

N-1
Py

1%k — 2l 21 iz =—/ how(z) — Wi ()] de <
LHQRD |DU|(Q(£L’0,pk)) {lwg—ak|>sk}
N-—1

P / _
<P fop () — ap| der _/ n(2) dz. (5.33)
| Dul(Q(%0, Pk)) J{jwi—ar|>sk} {lwr—ar|>si}
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By Chebyshev inequality, we have
N 1 1/2
LY ({Jwi — ak| > sk}) < - lwi (z) — ag| dx < |Jwg — akHLl(Q;Rd) — 0, (5.34)
Q

and thus (5.33), (5.34) and the equi-integrability of {2;} imply [|Zx — zk|| 11 (@re) — 0. Therefore Zj, — v in
LY(Q;RY), and setting oy := |Du|(Q(wo, px))/pY — +o0,

dp 1 x
> 1 1 L s0,axVzy ) da. 5.35
d|D¢ul (w0) 2 L /wg <5k’so’ak Zk) ! (5:39)

Using (3.10) and the positive 1-homogeneity of the recession function ¢*(y, s, -), we infer that
1 T T

/ —yg (Jm%vzk) -9~ (Jo»vzk)
vQ Qe 5k 5k

where we have used Hélder’s inequality and the boundedness of {VZ} in L!(yQ; R¥™) (which follows from
(3.7) and (5.35)). Consequently,

dx < E/ (1+ o, 9| VZL ) da
Ak JHQ

< O + 0 IIVZRl i, gupaxy) = 0

du x
> i Sl s Z | da.
d|Dcu|(xo)_ im sup [ng <5k,80,vzk> x

Step 3. Extend 6 continuously to R by the values of its traces at +1/2. Define vi(z) = vg(zn) =
af * o, (z ) where gy, is a sequence of (one dimensional) mollifiers. Then v;, — v in L'(Q; R?) and thus, since
Uy — v, — 0 in L1 (Q;RY), it follows that (up to a subsequence)

Duy(7Q) — Dug(7Q) — 0 (5.36)

for £L'-a.e. 7 € (0,1). Fix 7 € (t,7) for which (5.36) holds. Since |z, — vi||r1(Q;re) — 0, one can use a
standard cut-off function argument (see [26, p. 29-30]) to modify the sequence {Z;} and produce a new
sequence {@, } C W1 (7Q;R?) satisfying @, — v in L'(7Q;R?), B, = vx on a neighborhood of 9(7Q) and

du x
> i (2 50, Ve, | dz. 5.37
d|Dcu|(wo)_ ]lgitg/wg (5k’80’ s%) z (5.37)

A simple computation shows that

Dy (rQ) = ZUQETI) g Dy (rQ) = 7 Ay, (5.38)

| Dul(Q(wo, 1))
where Ay, € RV is the matrix given by

A= aw eNG * 0k(7/2) —TG * 0k (—7/2) .

We observe that A is bounded in k since 6 has bounded variation.

Let my :=[7/0x] + 1 € N, and define for z = (2/,zn) € dpmiQ,
D (z) — A ifrxerq,
vg(zn) — Ap x if lxan| <7/2 and |2'| > 7/2,
vp(1/2) — Ap(2’,7/2) ifay >7/2,
vp(—7/2) — Ap(a!,—7/2) ifay < —7/2.

or(x) =

One may check that ¢ € W1 (5,mpQ;R?), ¢ is dymy-periodic, and that

limsup/ g <m,so,Vg0k> dr = limsup/ g*>° (:r’ s0, Ag + chk> dz . (5.39)
k—-+oo TQ 57{} k—-+oo SpmpQ 6[6

Setting ¢x(y) = 70, 'or(ry) for y € mpQ, we have ¢y € W#m(ka;Rd), and a change of variables
yields

/ e (”” 50, Ay + wk) de = 7NN mlY 7[ % (4, 50,7 Ay, + V) dy

> T_N(S,ivmkN(goo)hom(so, TNAk) , (5.40)
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since (g°°)nom can be computed as follows (see Remark 3.4 and e.g., [14, Remark 14.6]),

(6 Jhom (s €) = inf { ]{0 I €+ Vo) dysmEN, 6 € W#“((o,m)N;R%} .

Gathering (5.37), (5.39) and (5.40), we derive

d _ N
C”T/iw(ﬂfo) = l;git;g (9% hom (50, TV Ay .

In view (5.36), (5.38), (5.25) and (5.21), we have
lim sup |7'NA;~C — Ag| = limsup |Dvg(7Q) — Ap| = limsup | Dug(7Q) — Ag| =

k—-4oc0 k—-+4o00 k—-+o00
D D
— limsup w@(wo, Tor)) :hmsupl ul(@@o, pr) \ Q@o,7pk)) _ |~

k—too | [Dul(Q(z0, 1)) koo [ Du|(Q(z0, pr)) -

By Remark 3.4, (¢°°)hom (S0, -) is Lipschitz continuous, and consequently

(20) = (9°°)hom (80, Ao) — C (1 — ™).

d|D¢u|
From the arbitrariness of ¢, we finally infer that

dp

d|DCu| (.’130) - (g )hOIIl(SO, AO)

Since sg € M and Ay € [Ts,(M)]Y, Remark 3.4 and (3.17) yield (¢°)nom (S0, 40) = T(f*)nom (S0, o) >
T 122 (s0,Ao), and the proof is complete. O

Proof of (5.19). The strategy used in that part follows the one already used for the bulk and Cantor parts.
It still rests on the blow up method together with the projection argument in Proposition 2.1.

Step 1. Let ¢ € S, be such that

lim lu(x) — uF (z0)|dz =0, (5.41)
p—0* Qlj,:u(zo)(il?o,P)

where u® (zg) € M,

lim HN_I(Su N Qvu,(aco)(x(h p))
p~>()+ pN_l

=1, (5.42)

and such that the Radon-Nikodym derivative of u with respect to HVN~'L S, exists and is finite. By
Lemma 2.1, Theorem 3.78 and Theorem 2.83 (i) in [6] (with cubes instead of balls), it turns out that
HN=1ae. g € S, satisfy these properties. Set s3 := u™ (o), vy := vy (20).

Up to a further subsequence, we may assume that (1+|Vu,|)LY L Q = X in M(Q) for some nonnegative
Radon measure A € M(Q). Consider a sequence py, \, 07 satisfying 1(9Q., (zo, pr)) = AN0Qu, (zo, pr)) =0
for each k € N. Using (5.42) we derive

_ . M(Quo(:pOapk)) _ . M(Qllo(anpk)) o
(o) = kll)rfoo HN=1(S, N Quy (0, 1)) - kll)rfoo pi\uli =

1
= lim lim ﬁ/ f(fr,Vun> dx .
k=toon=de0 pim JQuy(wo,ok)  \En

Thanks to Theorem 2.1, one can assume without loss of generality that w, € D(Q; M) for each n € N.
Arguing exactly as in Step 1 of the proof of Lemma 4.4 (with Q,,(xo, pr) instead of Q(xo, px)) we obtain a
sequence {v,} C D(Q,, (0, px); M) such that v,, — u(zo +-) in L*(Q,, (0, px); RY) as n — +oo, and

dp
dHN-1L S,

dp 1 x
————(x0) > limsup limsup 7_/ f <,an> dx
dHN=TL S, hotoo n—too P JQu (0,00 \En
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(note that the construction process to obtain v,, from u,, does not affect the manifold constraint). Changing
variables and setting wy, x(x) = v, (px z) lead to

o . . prx 1
—_— >1 1 —, —Vuw, | dz.
vt > s, [ (%7 v o

Defining
o) = s§ ifz-yy >0,
sy ifx-y <0,

we infer from (5.41) that

lim  lim |wn, 1k — upldx =0.
k—+o00 n—-+o0 . ’
0

By a standart diagonal argument, we find a sequence ny  +oo such that 0 :=e,, /pr — 0, Wy 1= Wy, k €
D(Q,,; M) converges to ug in L*(Q,,;RY), and

du . z 1
_— > lims —,—V dz . 5.43
AT, ) 2 s o [ 1 (5w 49

According to (Hy) and the positive 1-homogeneity of f°(y, ), we have
z 1 T

[ () - (25w)
Q Ok pr O

where we have used Holder’s inequality and 0 < ¢ < 1. From (5.43) and the coercivity condition (Hs), it
follows that {Vwy} is uniformly bounded in L'(Q,,; R™*Y). Gathering (5.43) and (5.44) yields

dx < Cpk/ (1+ iV |' =) da

Yo

<C (pk + p%”vwkH};ngo;Rde)) ) (5.44)

Yo

di . T
[ > ] | — dx . 4
JHYTL 3, (@) = lim sup /QUO / <5k’vwk> v (5.45)

Step 2. Now it remains to modify the value of wy on a neighborhood of 0Q,, in order to get an
admissible test function for the surface energy density. We argue as in [2, Lemma 5.2]. Using the notations
of Subsection 3.2, we consider v € G(sg, sy ), and set

i) =1 (52

Using a De Giorgi’s type slicing argument, we shall modify wy, in order to get a function which matches iy,
on 0Q,,. To this end, define

Tk

Tk = ||wk - ¢k||1L/12(QV0;Rd) ) Mk = k’[l + ||wk||W1‘1(Qu0§Rd) + ||1/Jk;||W1.1(QVO;]Rd)] y fk = m .

Since 1), and wy, converge to ug in L(Q,,; ]Rd), we have r; — 0, and one may assume that 0 < r; < 1. Set
O (1= +i)Q,, fori=0,..., M.

For every i € {1,..., My}, consider a cut-off function go,(:) € C'L?O(Q,(j); [0,1)) satisfying cp,(f) =1on Qg_l)
and |Vg0§;)| < ¢/l Define

) = o+ (1= o)) € WH(Quyi RY),
so that z,(f) = wy, in Qg_l), and z,(f) =y in Quy \ QS). Since z,(j) is smooth outside a finite union of sets
contained in some (N — 2)-dimensional submanifolds and z,(j)(a:) € co(M) for a.e. z € Q,,, one can apply
Proposition 2.1 to obtain new functions 2,(;) € WhH(Q,,; M) such that 2,(;) = z,(j) on (Qy, \Q,(J)) U Q,(;_l),
and

NG i 1
L(i)\@(il) |VZ](€ )| dm S C* /Q(i)\Q(il) |VZ](€ )| da: S C* Q(i)\Q(i—l) <|vwk| + |vwk| + E|wk N ¢k|) dl‘ ’
k k k k k k
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In particular 2 z ) e Bs, (s¢ s 89, 0), and by the growth condition (3.12),

/ > ( Vz,(:)dx</ [ < Vwk) dr +C Vb | dz +
Que Ok’ Que Quo\QY

1
N (TR A )
Qe lr
Summing up over all ¢ = 1,..., M} and dividing by My, we get that
My, - _
Z/ (Wéfj)) o< | f°°( Vwk> dz +
k Q“O 5k QVO
C 1/2
+C \Q |V1/)k|d$+ +CHwk wkuLl(QVO;Rd) .
VO k

Since
/Q \Q© |Viby| do < dM(s(J)rv Sa)HNil((Quo \Qg))) N{z-1p=0})—0
v k

as k — 400, there exists a sequence 1, — 07 such that

My
Z/ ( Vz,(c)> dx</ f°°( Vwk> dx +ny, .
ng QVO
Hence, for each k£ € N we can find some index iy € {1,..., M} satisfying

/ fe ( , V2 2’“)) dr < / e ( Vwk> dx +mny . (5.46)
Quo Quo

Gathering (5.45) and (5.46), we obtain that
dp i
%(xo)zlimsup/ foo( ,VZz, k)da:.
dHN ! L Su k—+4o00 Q”U
Since él(fk) € Bs, (s¢, 89 ,0), we infer from Proposition 3.3, Proposition 3.4 and (3.34) that

dp
dHN-1L S,

which completes the proof. O

(1‘0) > 191’101’[1(88_7 50_7 VO)a

5.5. Proof of Theorem 1.3

Proof of Theorem 1.3. In view of (H) and the closure of the pointwise constraint under strong L'-
convergence, F(u) < 4o0 implies u € BV (; M). In view of (5.8), Lemma 5.3, Corollary 5.1 and Lemma 5.5,
the subsequence {F. } T'-converges to From in L' (€; R?). Since the T-limit does not depend on the particular
choice of the subsequence, we get in light of [19, Proposition 8.3] that the whole sequence I'-converges. 0O

Appendix

We present in this appendix a relaxation result already proved in [2] for M = S?~!, and in [35] for isotropic
integrands. We shall omit the proof since it can be obtained repeating the one of [2, Theorem 3.1] with minor
modifications. It suffices to replace the standard projection on the sphere (used in Lemma 5.2, Proposition 6.2
and Lemma 6.4 of [2]) by the projection on M of [33] as in Proposition 2.1.

Assume that M is a smooth, compact and connected submanifold of R? without boundary, and let
h:Q xR x RN — [0, +00) be a continous function satisfying:

(i) h is tangentially quasiconvex, i.e., for all € Q, all s € M and all £ € [T,(M)]V,

h(z, s,€) < /Q h(x,s,€ + Viply))dy for every o € W™(Q: Tu(M)):
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(i) there exist o and 8 > 0 such that
al€] < hle,5,€) < B+ [€])  for every (z,5,€) € © x RY x ROV

(iii) for every compact set K C €, there exists a continuous function w : [0, +00) — [0, 400) satisfying
w(0) =0 and

(2, 5,€) = h(z',s", )] < w(lz — 2’| +[s — s)(1 + [€])

for every x, 2’ € Q, 5, s € R? and ¢ € RV,
(iv) there exist C > 0 and ¢ € (0,1) such that

h(x,5,6) = h>®(x,5,6)| < CA+[¢['79),  for every (z,5,£) € @ x R x RN
where h>® : Q x R4 x RN — [0, +00) is the recession function of h defined by

h t
h*>(z,s,£) := limsup 7@’8’ ¢ )
t—+oo t

Consider the functional F : L'(€;R%) — [0, +o0] given by

/ h(z,u, Vu)dr if u € WH(Q; M),
F(u):= Q

400 otherwise,

and its relaxation for the strong L!(Q; R?)-topology F : L'(€2;R%) — [0, +00] defined by

F(u) := inf {lim inf F(up) : up, — u in Ll(Q;Rd)} .

{un} (n—+00

Then the following integral representation result holds:

Theorem A.1. For every u € L'(;RY),

/ h(z,u, Vu) dx—i—/ H(z,ut u™,v,) dHN !
Q

Qns : .
u dDu Zf u e BV(Q,M),
oo ~ DC

—|—/Qh (a:,u, d|DCu|> d|Du

400 otherwise ,

where for every (z,a,b,v) € & x M x M x SN=1,

H(z,a,b,v) := inf {/ h(z,0(y), Vely)) dy : ¢ € WHH(Qus M), p =aon {z-v=1/2},

v

p=bon {z -v=-1/2} and ¢ is 1-periodic in the va, ..., vN directions} ,

{v,va,...,un} forms an orthonormal basis of RY, and Q, stands for the open unit cube in RN centered at

the origin associated to this basis.
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