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Abstract

We prove a sharp Onofri-type inequality and non-existence of extremals for a Moser-
Tudinger functional on S? in the presence of potential having positive order singularities.
We also investigate the existence of critical points and give some sufficient conditions under
symmetry or nondegeneracy assumptions.

1 Introduction

In this work we study sharp Onofri-type inequalities on the standard Euclidean sphere (52, o),
and existence of critical points for a singular Moser-Trudinger functional. Given a smooth,
closed surface 3, and m points p1,...,pm € 2, we consider the functional
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where h is a positive singular potential satisfying
he C*(E\{p1,---,Pm}) and  h(z) ~ d(z,p;)** with a; > —1 near p;, (2)

1 =1,...,m. Functionals of this this kind were first introduced, for the regular case m = 0, by
Moser ([I8], [19]), in connection to the study of the Gaussian curvature equation on compact
surfaces and Nirenberg’s problem on S2. They also have a role in spectral analysis due to
Polyakov’s formula (see [23], [24], [22], [21]). In the case m > 0, the functional (1)) appears in the
problem of prescribing the Gaussian curvature of Riemannian metrics with conical singularities.
We recall that a metric on 3 with conical singularities of order a,...,a;,m > —11in p1, ..., Pm, IS
a metric of the form e"g where g is smooth metric on X, and u € C*°(X\{p1,...,pm}) satisfies

|u(z) + 25 log d(z, p;)| < C near p;, i =1,...,m.
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It is possible to prove (see Proposition 2.1 in [3]) that a metric of this form has Gaussian
curvature K if and only if u is a distributional solution of the Gaussian curvature equation

— Agu=2Ke" — 2K, — 41 ) a6y, (3)
=1

where K, is the Gaussian curvature of (2, g). If x(X) + >_i", o # 0 and K is constant, is
equivalent to the singular Liouville equation
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for
P = Pgeom ‘= 4 (X(E) + Z ai) . (5)
=1

Denoting by G the Green’s function of (X, g), that is the solution of

—AyG(z,-) =0, on X
{ s G xydvg) 0, (6)

the change of variable u +— u+ 47 Y ;" | ;G (z,p;) reduces () to

he" 1
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that is the Euler-Lagrange equation of the functional corresponding to the potential
h(z) = Ke 4™ 2z @G (8)

which satisfies . Equations and @ have also been widely studied in mathematical physics.
For example, they appear in the description of Abelian vortices in Chern-Simmons-Higgs theory,
and have applications in Superconductivity and Electroweak theory ([26], [14]). We refer to [4],
[7, [8], [16], [6], [12], [13], for some recent existence results.

A fundamental role in the variational analysis of is played by singular versions of the standard
Moser-Trudinger inequality (see [I8, 27]). In [27], Troyanov proved that, for every function h
satisfying (2)), there exists a constant C = C (h, g, %) such that

1 Uu—u
log<’2‘/h6 dvg> < T 1—|—a /|Vu| dvy + C(h, S, 9) (9)

VY u € HY(X), where @ = min < 0, 1I<1r14i<n ai}. In particular the functional JZ} is bounded from
<i<m

below V p € (0,87(1 + @)] and is coercive for p € (0,87(1 + @)). Furthermore, it is possible to
prove that the constant ﬁ is sharp, that is

inf Jh —o0o Vp>8n(l+a).
H(3)

In the special case m = 0, h = 1 and (X, g) = (52, g0), a sharp version of @D was proved by
Onofri in [20]:



Theorem A (Onofri’s inequality [20]). ¥V u € H'(S?) we have

1 Y 1
log <477 /52 e dvgo> < 67 /o \Vu|*dvg,

with equality holding if and only if e“gy is a metric on S? with positive constant Gaussian
curvature, or, equivalently, u = log|detdp| + ¢ with ¢ € R and ¢ : S* — S? a conformal
diffeomorphism of S?.

Motivated by this result, in [I7] we started the study Onofri-type inequalities and existence of
energy-minimizing solutions on S? for the potential

h(l‘) — 6““2{11 a;G(z,p;)
(i.e. (8) with K = 1), and we extended Theorem [A| to the cases m = 1, and m = 2 with
min{ay, a2} < 0.
Theorem B ([I7]). If h = e~ 4™ with o # 0, then ¥V u € H(X)

1 T 1
log { ;- [  he""d 2d —log(1 .
og (47r /52 e Ugg) < T6rmin{1,1+ o /32 |Vul“dvg, + max {co, —log(1+ o)}

Moreover equation has no solution for p = 8rmin{l,1 + a}.

Theorem C ([I7]). If h = e 4™ 1Cr=4m2G; with py = —p1, a1 = min{ag,as} < 0, then
Vue HY (YD)
log 1/ he" "dv,, | < bt |Vu|2dvg, + as — log(1 + ay)
41 g2 D) = 16m(1+ 1) Jge g '

If oy # ag there is no function realizing equality and no solution of for p = 87(1+ ay),
while if ay = g then equality holds for u if and only if the following equivalent conditions are
satisfied:

e u is a solution of for p=8m(l+ aq).

e hevg is a metric with constant positive Gaussian curvature and conical singularities of
order oy in p;, 1 =1,2.

o If w denotes the stereographic projection from pi, then

10\ (1+[y)t*e
uom (y) =2log <1 Ay e +c

for some A\, c € R.

We stress that the critical parameter p = 87(1 + @) is generally different from the geometric
parameter (except for some special cases, for example m = 2 and a3 = ag < 0), thus critical
points cannot always be interpreted in terms of metrics with prescribed curvature.

In this paper we will assume with o; > 0for 1 <7 <m and
KeCP(S?) ={feC>(S?) : flx)>0 VzeS?}.

Our first result is a further extension of Onofri’s inequality.



Theorem 1.1. Assume that h satisfies with K € CSLO(SQ) and a1, ...,qm, > 0, then

inf J! = —8rlogmaxh.
HL(S2) 8 & g2
Moreover Jg has no minimum point, unless a; = ... = a,, = 0 (or, equivalently, m = 0) and

K is constant.

Clearly, the sharp value of the constant C(h, S?, go) is given by
C(h,S?, g0) = ————— inf JI . _
( ) 5.90) 87T(]. +a) H111(152) 8w (l4a)?
thus Theorem [T.1]is equivalent to the following sharp inequality:

Corollary 1.1. If h satisfies with K € C*(5?) and o, ..., > 0, then Vu € H'(S?) we
have

1 . 1 )
log <47T 3 et ud'[}go> < 167?/52 |Vul“dug, —|—logn%%xh

with equality holding if and only if m = 0, K is constant and u realizes equality in Theorem [4]

Theorem states that Jélﬂ has no minimum point, but does not exclude the existence of
different kinds on critical points. In contrast to Theorem Q, if j >0 for 1 <i<m, we will
show that in many cases it is possible to find saddle points of ng- A simple example is given by
the case in which h is axially symmetric. In this case an improved Moser-Trudinger inequality
allows to minimize Jélﬂ in the class of axially symmetric functions and find a solution of .

Theorem 1.2. Assume that h satisfies with m = 2, p1 = —po, min{ay, e} = a1 > 0 and
K e C’f(S2) azially symmetric with respect to the direction identified by p1 and pa. Then the
Liouville equation has an azially symmetric solution ¥p € (0,87(1 + aq)).

In the last part of the paper we prove further general existence results using the Leray-Schauder
degree theory introduced in [15], [10], [11], [12] and [13]. Solutions of on the space

Hy = {u € HY(S?) : /32 u dvg, = 0} . (10)

can be obtained as solutions of T,,(u) +u = 0 where T, : Hy — Hj is defined by
he" 1
T =AM ). 11
() g9 (fsz hetdvg, 47T> (11)
In [13], Chen and Lin computed the Leray-Schauder degree
d, = degrs(Id+T,,0, Br(0)) (12)
for
pdD(ay,... ap) = {87Tk0 +87 Y ki(l+ai) : ko €Nk €{0,1},> ki > o} . (13)
i=1 =0
If m > 2, one has d, # 0 for any p € (0,87(1 4+ @))\87N. While Theorem implies blow-up

as p /' 8w, we can find solutions for p = 87 by taking p \, 87, provided the Laplacian of K is
not too large at the critical points of h.



Theorem 1.3. If h satisfies with K € CSLO(SQ), m>2,a1,...,a, >0 and

m

Ag, log K(x) < Z o (14)
i=1

V€ ¥ such that Vh(z) = 0, then equation has a solution for p = 8.

The same strategy can be used for p = 8kw, with £ < 1+ ay.

Theorem 1.4. If h satisfies with K € C(S%), m>2, 0<a; <...< am and
Agolog K(z) <> a;+2(1—k) (15)
i=1

YV x € S2, then equation has a solution for p = 8km, k <1+ a;.

Note that Theorems and can be applied in the case K = 1. If the sign condition is
not satisfied, then it is not possible to exclude blow-up of solutions as p — 8w. However, as
it is pointed out in the introduction of [I1], under some non-degeneracy assumptions on h, the
Leray Schauder degree dg, is well defined and can be explicitly computed by taking into account
the contributions of all the blowing-up families of solutions. In particular one can prove that
dgr # 0 under one of the following conditions.

Theorem 1.5. Let h be a Morse function on S*\{p1,...,pm} satisfying with K € C(S?),
m >0, ai,...,an >0 and assume Agylogh # 0 at all the critical points of h. If h has r local
mazima and s saddle points in which Ag h < 0, then equation has a solution for p = 8w
provided r # s + 1.

Theorem 1.6. Let h be a Morse function on S*\{p1,...,pm} satisfying with K € CfLO(S2),
m >0, a1,...,, >0 and assume Ag,log h # 0 at all the critical points of h. If h has ' local
minima in S*\{p1,...,pm} and s’ saddle points in which Agh > 0, then equation has a
solution for p = 81 provided s’ # ' + d, where

B 2 m>2,
d:= d8ﬂ—+5: 0 mzl,
-1 m=0

In the regular case m = 0, Theorem was first proved by Chang and Yang in [9] using a
min-max scheme. A different proof was later given by Struwe [25] through a geometric flow
approach.

2 Proof of the Main Results

The proof of Theorem is a rather simple consequence of Theorem [A]



Proof of Theorem[I.1. Let us consider

1 1
Ja(u) = / \Vul?dvg, + 2/ u dvg, — 8mlog (/ e“dvg()) .
2 S2 S2 4 S2

By Theorem [A| we have Jd (u) > 0V u € H'(S?). The condition aq,...,q, > 0 guarantees
h € CY(S?). Thus we have

1 1
Jh (u) > B /52 \Vul2dvg, + 2/52 u dvg, — 8mlog (4 max h . e“dvgo> = (16)

T 52
gt _ _
= Jg,(u) — 8mlog rrg%xh > —8nlog max h.
Since e* > 0 on S?, equality can hold only if

h = maxh
SQ

which, by , is possible only if a1 = ... = a;;, = 0 and K is constant. To complete the proof
it is sufficient to observe that the lower bound in is sharp. Let us fix a point p € S? such
that h(p) = max h, and consider the stereographic projection 7 : S?\{p} — R2. For t > 0 we

define u; := log | det dyy|, where {¢;}¢~0 is the family of conformal diffeomorphisms of S? that,
in the local coordinates determined by m, corresponds to the family of dilations of R?, namely

(e () =ty  VyeR

By Theorem [A] we have JJ (u;) =0 Vt > 0. Moreover it is straightforward to verify that

/52 e"tdvg, = 4w

and e"* — 4mé, weakly as measures on S? for t — oco. Thus, one has

™

1 00
JB (ur) = —8mlog <4 /S2 he"tdvgo> 2% _8rlog h(p) = —8m logné%xh.
O

Let us now focus on the case of two antipodal singular points p; = —po. Given any point
p € S? C R3 we consider the space

Hyagp = {u € HY(S?) : 3¢ :[-1,1] — R measurable s.t. u(z) = v(z-p) for a.e. x € 52} .

Lemma 2.1. Suppose m = 2, min{aj, a2} = a1 > 0 and py = —p1. If h is a positive function
satisfying , then the Moser-Trudinger functional J[} is bounded from below on H,qq,, for any
p€(0,8m(1+ ai)).



Proof. Let us consider
h(z) = e *ma(Glep)+Gaps)

Since h = Ke~41G@p)—drasGleps) < ﬁmaé( K (z)e'm(@1702)G(@p2) it is sufficient to prove that
zes
the functional

~ ~ 1 1 ~
h 2 P u
= = - -— —pl —
Jp(u) = J, (u) 5 /52 |Vul“dvg, + 1 /52 u dvg, — plog <4 /52 he dvgo>

is bounded from below for any p < 8w (1+«7). Let us consider Euclidean coordinates (1, z2, 23)
on 5% such that p; = (0,0, —1), po = (0,0,1), and let 7 be the stereographic projection from

the point py. Given a function u € H'(S?) we define v(|y|) := (u(771(y))), va, (y) = U(|y\ﬁ)
and U, () := vo, (|m(z)]). Then we have

00 +oo
/ \Vul*dvg, = 27‘(’/ tlv' (t)|2dt = (1+a1)/ svl, (s)|%ds = (1—|—a1)/ Vg, |*dvg,, (17)
S2 0 0 52

t2(1+a1)

and, using that sup —————
8 t>g (1 +¢2)tten

- —+o00 9 t2a1+16v(t) +oo t2a1+1eval(t1+°‘1)
/52 he"dvy, 87r/0 e e t2)2(1+a1)dt < Coy /0 (1+ 207an)2 dt

4z /+°° sevor(s) / Vs g (18)
= 4C o5 — C e “1dvg,.
Qg 0 (1 +82)2 aq g2 90

< 400,

Finally, Ve > 0, t € RT

2

|v(t)—va1(t)\§/ /()| ds g/ ol (5)[2ds ‘ ! logt’<
t t 1 a1

I3
< VUl + o log

/ u dvg, — / Uqy dVg,
S2 b))

, , and the Moser-Trudinger inequality @ imply

- 1 1 .
Jo(u) > (1+aq) <2 — pa) /52 \Vu0¢1|2dvgo+p/s2 Uq, dvg, — plog (477 /32 e aldvg()) —Cearp=

1 1 = ~
= (1+a1) ((2 —p 5) /52 Vg, |*dvg, — ] -:)Oq log <47r /Szeual oy d’Ugo))—Ce,m,p > —Ceap

if p < 8m(1+ 1) and ¢ is sufficiently small. O

from which

T o(t) — va, (1)) 2
S SWA (1—|——t2)12 S EHVU’HQ + Cﬁ,al' (19)




Remark 2.1. Arquing as in [17], it is possible to describe the behavior of sequences of minimum

points of Jh in H! | p1(52) as p /' 8m(1+ ) to prove that also J1! is bounded from below.

Moreover sz =1 and o1 = ag = a then we have

w(1+ar)

1 u—u
log <47T/ he dvgo> S 16771+a/ \Vaul?dvg, + o —log(1+a) Y u€ Hpaqp (S?),

with equality holding for

“10) — (1+ [y
uoTm (y)_210g<]_—|—e>‘|W +c,

where A\, c € R and 7 is the stereographic projection from p1.

Proof of Theorem[1.4. By Lemma 2.1 V p < 87(1 4+ a1) 3 6,,C, > 0 such that
Tow) =5 [ [Vufdg -G,

Vu € Hpgqp, .- Thus J é‘ is coercive on the space

{u IS Hmd,pl,/ u dvg, = 0} ,
)

and by direct methods we can find a minimum point of J, hin Hﬂadp Since h € H, 1 d o DY

Palais’ criticality principle (see Remark 11.4 in [I]), this mimmum point is a solution of O

As a consequence of Theorems and we obtain a multiplicity result for equation .
Indeed we can observe that if p < 87 is sufficiently close to 8, one has

min J;} < min JM
uEHl(S2) ueHrad,pl
Corollary 2.1. Suppose h satisfies the hypotheses of Theorem 1.2 There exists eg > 0 such
that ¥ p € (8w — €9, 87), equation has at least two solutions u, v such that u € Hy,qq,, and
v € HY(S?)\Hrap -

Proof. For any p < 8w let us take two functions u, € H(S?), vy € Hypqqp,, such that
JM(u,) = Jh, JMw,) = Jh d / dvg, = / dv,, = 0.
L) = g T A Hmflﬂsz’) pl) ond | wpdvg = J o

We claim that, for ¢ sufficiently small and p € (87 — €,87), u, ¢ Hy,qqp, and in particular
u, 7# V. Assume by contradiction that there exists a sequence p, /87 for which u,, € Hyqqp, -
Then, applying Lemma [2.1] as in the proof Theorem we would have

ng (qu) Z 6/52 ’VUP7L’2dv90 - C

for some 6,C' > 0. Therefore ||Vu,,|2 would be uniformly bounded and, up to subsequences,
up, — uw in HY(S?) with J& (u) = inf g1 g2y J& . This is not possible because we know by
Theorem that J2 has no minimum point. O



Now we will discuss some sufficient conditions for the existence of solutions of ([7)), without
symmetry assumptions on h. Let Hy, T}, d, and I'(cv, . .., ayy,) be defined as in , ,
and . First of all we recall a well known result concerning blow-up analysis for sequences of
solutions.

Proposition 2.1 (See [2], [5]). Let (X,9) be a compact Riemannian surface and let h be a
function satisfying with K € CP(X). If u, is a sequence of solutions of on X with
p=pn —> p and fz updvg = 0, Then, up to subsequences, one of the following holds:

(i) |up| < C with C depending only on aq, ..., &y, maxy K, miny K and p.

(ii) (blow-up). There exists a finite set S = {qi,...,qr} such that u, — —oo uniformly

on compact subsets of ¥X\S. Moreover % — Zle Bidg, with p; = 8w if q¢; €
> g

S\{p1,.--,pm} and B; = 8n(1 + o) if ¢ = pj for some 1 < j < m.

Clearly case (ii) is possible only if p € T'(aq, ..., ;). As a direct consequence of Proposition
2.1| we get that, if F is a compact subset of (0, +00)\I'(a1, . .., ay), the set of all the solutions of
in Hy with p € E is a bounded subset Hy. This bound depends only on F, aq,..., oy, and
on maxy, K, miny, K, thus, using the homotopy invariance of the Leray-Schauder degree, one can
prove that, if R is chosen sufficiently large, d, is well defined and does not depend on R and K.
Moreover d,, is constant on every connected component of (0, 4+00)\I'(a1, ..., ap). In [13] Chen
and Lin introduced the generating function

gla) = (1+az+a2”+2° )" 21 —a"t)
i=1
and observed that -
glx) =1+ bja™ (20)
j=1

where n1 < no < ng < ... are such that
I'(at,...,am) ={8mn; : j>1}
Theorem D ([13]). Let h be a function satisfying (§), then for p € (8mny, 8wny1) we have
k
dp=)_b;
§=0

where by = 1 and b; are the coefficients in .

As a consequence of this formula, has a solution for any p € (0,87 (1 + «a1))\87N.

Lemma 2.2. Suppose that h satisfies with K € Cio(SQ), m>2and 0 < a; <...< oy
Then equation has a solution ¥ p € (0,87 (1 + a1))\87N.



Proof. Indeed the first negative coefficient appearing in the expansion

m o
gx) =1 +z+a>+23. )" 2 H(l — ey =1 4 ijx”j
i=1 j=1

is the coefficient of z'*®1, i.e.
o0
g(x) =) bjz"
§=0

with bg = 1 and b; > 0 for any j > 1 such that n; < 14 «;. From Theorem E it follows that
d, > 1 for p € (0,8m(1 + a1))\87N. O

Remark 2.2. Lemma[2.3 only holds for m > 2. Indeed for m =1 and K =1 one can use a
Pohozaev-type identity (see [17]) to prove that has no solutions for p € [8m,87(1 + ay)].

Remark 2.3. A different proof of Lemma was given in [] by Bartolucci and Malchiodi
using topological methods.

By Proposition if p, — 8k with k < 1 + a1, then any blowing-up sequence of solutions
of must concentrate around exactly k points qi,...,qx € X\{p1,...,Pm}. A more precise
description of the blow-up set is given in [I0] (see also [12], [13]):

Proposition 2.2 ([10], [12]). Let u,, be a sequence of solutions of with p = p, — 87k and
k < 1+ ay. If alternative (ii) of Proposition holds, then uy, has exactly k blow-up points
iy qrx € 2\{p1, ..., om} and (q1,-..,qx) is a critical point of the function

fh(xl, - ,ack) = Z log h(xj) + Z G(l‘l, 33]')

j=1 I

m
{(x1,...,2x) € (SHF + @y #a; fori#j}.

Moreover we have

k
Aj ,
pn = k7 = " hlgjn) ™ (Bgy log h(gzn) +2(k — 1)) S+ O(e )
j=1

e/\j,n
where qj, are the local mazima of u, near q; and \j, = un(qjn)-

Proof of Theorems|[1.3 and[1.J]. Take a sequence p, \, 8k7 and a solution u, € Hy of for
p = pn. By Propositions [2.1] 2.2 and standard elliptic estimates, either u,, is uniformly bounded
in W?24(5?%) for any q > 1 or u, blows-up at (q1,...,q) € X\{p1,--.,pm}. In the former case
we have u, — u in H'(S?) and u satisfies with p = 87k. The latter case can be excluded

using , . Indeed we have

Agologh(q;) +2(k = 1) = Agylog K = " +2(k = 1) <0
=1

10



for any j. Denoting g¢j, the maximum point of u, near ¢; and A;, = un(gjn), by Proposition

2.2 we get

k
_ >\n )\
pn — 8Tk = Z h(gjn) 1 (Agylog h(gjn) +2(k—1)) e/\J? +O0(e A],n) =
j=1

= hlg;) " (Agylogh(gj) + 2(k — 1)) Ajme " + 0o(Ajme ) <0

7j=1
which contradicts p, \, 8km. O

In order to prove Theorems we need to compute the Leray-Schauder degree for p = 8.

Lemma 2.3. Let h be a function satisfying with K € C¥(X) and aq,... 0 > 0. If
Agoh(q) #0 for any q € E\{p1,...,pm} critical point of h, then dg, is well defined.

Proof. 1t is sufficient to prove that the set of solutions of @ in Hy with p = 87 is a bounded
subset of Hy. Assume by contradiction that there exists u,, € Hy solution of for p = 8w such
that ||up|/m, — +00. By Propositions and there exists ¢ € X\{p1,...,pm} such that
Uy, — 8mdy, Vh(q) = 0 and

0 = h(gn) Ay, log h(gn) e ™ + O(e™") = h(q) 2 Agoh(@)Ane™ ™ + o(Ape )

where \,, := maxy; u,, and uy,(g,) = A\n. Since Ay h(q) # 0 this is not possible. O

Under nondegeneracy assumptions, Chen and Lin proved that for any critical g point of h there
exists a blowing-up sequence of solutions which concentrates at q. Moreover they were able to
compute the total contribution to the Leray-Schauder degree of all the solutions concentrating
at gq.

Proposition 2.3 (see [I1], [13]). Assume that h is a Morse function on ¥\{p1,...,pm}. Given
a critical point ¢ € X\{p1,...,pm} of h, the total contribution to dg of all the solutions of
concentrating at q is equal to sgn(p — 87)(—1)"d%  where ind, is the Morse index of p as critical
point of h.

Proof of Theorems [1.6. Let us denote
A ={qgeX\{p1,...,pm} : Vh(q) =0, Ayh(qg) <0},

AL ={q¢eX\{p1,....,om} : Vh(qg) =0, Ay h(g) >0}.
By Proposition 2.3] we have

dgr =1 — Z (—1)mde = 4 4 Z (—1)inda,

qGA_ q€A+

11



where d is the Leray-Schauder degree for p € (8,87 + ¢). Clearly A_ contains only the local
maxima of h and the saddle points of h in which Ay h < 0, thus

der =1 —1r+s.
Therefore we get existence of solutions if r # s 4+ 1. Similarly we have
dsy =d—s +71'

and we get solutions if s’ # ' 4+ d. d can be computed using Theorem @ Ifm > 2,

gx)=1+z+-.. = d=2.

If m =1 we have B
g(z) =1 —z — 2T 4 204 —  G—y,

If m =0, then B
glxy=1-22+2> = d=-1.

This concludes the proof. O
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