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Abstract

We compute the Nekrasov partition function of gauge theories on the (resolved) toric singular-
ities C2/T in terms of blow-up formulae. We discuss the expansion of the partition function
in the €;,e5 — 0 limit along with its modular properties and how to derive them from the
M-theory perspective. On the two-dimensional conformal field theory side, our results can be
interpreted in terms of representations of the direct sum of Heisenberg plus W-algebrae with
suitable central charges, which can be computed from the fan of the resolved toric variety. We
provide a check of this correspondence by computing the central charge of the two-dimensional
theory from the anomaly polynomial of M5-brane theory. Upon using the AGT correspondence
our results provide a candidate for the conformal blocks and three-point functions of a class of

the two-dimensional CF'Ts which includes parafermionic theories.
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1 Introduction

N = 2 gauge theories in four-dimensions provide a seemingly inexhaustible source of results in
theoretical physics and geometry. The partition function of the gauge theory on the so-called
Omega background [I] with parameters €; 5 gives the exact answer not only to the prepotential
of the theory, summing over all the instanton contributions, in the leading behavior €, » — 0, but
also to the gravitational corrections included in finite € terms. The introduction of the Omega
background also enables us to concatenate N = 2 theories with two-dimensional conformal
field theories (CFT) [2] and quantum integrable systems [3].

In this paper we present a systematic study of these theories on the minimal resolution
X, of the toric singularities C*/I",, with I',, C U(2) a finite group. We compute the full
Nekrasov partition function by reducing the problem to a diagrammatic algorithm related to
the fan of the toric variety. We then analyze the geometry of the low-energy effective action
and its modular properties, by studying the € 5 — 0 limit and by elucidating their M-theory
origin. We find that there are two types of contributions, being related respectively to the
regular and irreducible representations of I', ;. The former is encoded in the Seiberg-Witten
curve % of the gauge theory on the flat space, up to an overall volume factor. The twisted
sector is encoded in suitable modular functions whose lattice is determined by the intersection
matrix of the Hirzebruch-Jung resolution of the singularity. Indeed we show that the twisted
sector contribution can be written in term of blow-up equations which generalize the ones of
[4, 5, [6] to the blow-up of singular points.

Let us observe that in general NV = 2 theories can be formulated on any differentiable four-
manifold by using a twisting procedure [7]. A cautionary remark is in order here: when I' is a
Kleinian subgroup of SU(2) the resolved manifold is an ALE space, which displays an hyper-
kahler structure. Then the original and the twisted theory share the same energy-momentum
tensor and are physically equivalent. For more general I', , subgroups the resolved manifolds
are only Kahler and preserve half of the supersymmetric charges with respect to the ALE case.
The energy-momentum tensor is in this case substantially modified and only the twisted version
of the theory preserves supersymmetry.

In section2] the full partition function will be given and expanded in €;  to see the geometric
properties. Remarkably, the partition function is a nested product of C? partition functions
with arguments shifted according to the X, , geometry. By studying the leading orders in
the expansion we show that the low-energy effective action is encoded in the Seiberg-Witten
curve and the intersection matrix of the resolved toric variety. We also discuss next to leading
orders including gravitational corrections and the Nekrasov-Shatashvili limit of the full partition

function.



In section [3] we consider the Nekrasov partition function on X, , at classical, one loop, and
instanton level, separately and we relate them with the blowup formula at each level.

In section 4], we provide a description of the system in terms of M5-branes on X, , x C where
C is a punctured Riemann surface. We discuss how the modular properties of the low-energy
effective action are captured by the generalized elliptic index of the Mb5-brane system in the far
infrared, where the system reduces to a single M5-brane wrapping the Seiberg-Witten curve .

The Mb5-brane picture can be also used to gain some insights on the corresponding two-
dimensional CFT d la AGT [2]. Indeed, our result for the full Nekrasov partition function
indicates the emergence of representations of the algebra Ay (X,,) given by direct sum of
Heisenberg plus Wy algebrae with suitable central charges which can be computed from the
fan of the toric variety, see (5.2)). On the other hand, the central charge of the candidate two-
dimensional CF'T can be computed from the anomaly polynomial of the N Mb5-branes wrapping
C via equivariant integration over the four-dimensional space [8, [0, [10]. In section [5, we check
that this reproduces the overall central charge of the algebra Ay (X, ,).

We conclude in section [l with various discussions. In the Appendices, we review the proper-
ties of X, , spaces, collect useful formulae which are needed in the computation and expansion
of the partition function and we explicitly give the first terms in the expansion of the instanton
sum for the U(2) SYM theory on Ay ALE.

2 N =2 gauge theories on toric singularities

The partition function of N'= 2 U(N) gauge theories can be computed via equivariant local-

2+N action on

ization methods on a general toric manifold X. Indeed, one exploits the (C*)
the moduli space of instantons on X, where (C*)? is the lift of space-time automorphisms of
X to the instanton moduli space while (C*)" is the complexification of the Cartan torus of
the U(N) gauge symmetry. For compact toric rational surfaces this was studied in [II]. In
this section we discuss open varieties focusing on the most general toric singularity C?/T',,
with T, , C U(2) a finite group acting on local coordinates as z; — €*™/Pz; and zy — > 4/Pz,,
with (p, ¢) being coprime and ¢ < p. More precisely we consider the minimal resolution of this
singularity X, , = C?/\F/m, known as Hirzebruch-Jung resolution — see Appendix [Al for details.
The N = 4 partition function for these geometries was calculated in [12] 13| 14 [15].

The general procedure to compute the A/ = 2 Nekrasov partition function is the following:
any toric variety is described in terms of a fan encoding its patching structure as a complex
manifold. In each patch the computation of the Nekrasov partition function reduces to the

standard one in C? spanned by suitable variables which provide a basis of invariants of the



orbifold action I',,. One thus obtains a diagrammatic algorithm which computes the full
partition function from the weights of the (C*)¥*+2-torus action in each patch. Indeed, as it has
been suggested in [16] and then shown in [17, 18] [19] for the blown-up P? and Op: (—2) cases, this
description is particularly simple when one considers the full N' = 2 partition function including
the classical and perturbative contributions. The full partition function on the resolved toric
singularity is simply given by the intertwined product of the full partition functions in each
patch. More precisely, we propose that the N' = 2 full Nekrasov partition function on X, , is

given by the blowup formula

X, e o®
Zgn*(@, €1, €2) Z Hqun 61 ,62 ) ()) ¢ (2.1)

{k(l)} =0

where @ = {a,},a=1,..., N are the vev’s of the scalar field of the N/ = 2 vector multiplet,
al) = a, + kYD + kO (2.2)

and £ = k(F) = 0,

The above formula (21) can be obtained as follows. As reviewed in Appendix [A] the X, ,
variety is described in terms of L patches with local coordinates described in (A.2)). These
local coordinates transform under the (C*)? torus action with weights (ege), eg ) whose explicit
expression is given in ([A.20). The fixed point data on X, , are described in terms of a collection
of Young tableaux {Y;}, and of rational numbers {k()} £ =0, ..., L —1 describing respectively
the (C*)V*2-invariant point-like instantons in each patch and the magnetic fluxes of the gauge
field on the blown-up spheres which correspond to the first Chern class ¢;(F) of the gauge

bundle E. More explicitly, the homology decomposition of the ¢; reads
==Y KA, (2.3)
a,l

where {A,} is a basis of Hy(X,,). Since the ¢; has an integer decomposition in the dual

cohomology basis
c1 = Zu(g)awg ,ﬁ(@) S ZN(L_I), (2.4)

where wy is a basis of H*~(X),4) normalized by the condition [, w, = dy, we get that k=Cta
where Z,, , = —C' is the intersection form of the resolved X, , variety displayed in the Appendix
(A eq.(AI). Therefore, the lattice summation in 1) is {k®} € (1y ® C~1)ZNE-D,

Note also that we have multiplied &, factors in order to keep track of the first Chern classes

cgé) of the gauge bundle

N N L-1
Cgé) = Z U(g)a = Z Z Cgmk&m). (2.5)
a=1 m=1

a=1
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In other words, we are considering the expectation value Zéﬁ'q = <eﬁ Tz [Tr(F )A“’<Z>> with
& = 62(0712)“), rather than the partition function.

The shift in the Cartan parameters (Z2]) can be computed by the patch-to-patch relative
shift of the (C*)N weights which is induced by the non-trivial magnetic flux of the gauge field
on the blown-up spheres as explained in the following. We denote the a-th gauge field on the
north patch as (Ay)( ). while that on the south patch as (Ag)()a in the /-th blown up sphere
((=1,---,L—1). At the equator, they coincide up to the gauge transformation

(AN) @ = (As) Wa + Os¥)a(d) (2.6)

where ¢ is the coordinate along the equator. When we go around the equator, the phase is

identified up to a multiple of 27:

V(e (@ +27m) = Y()a(P) — 2Tu()a (2.7)
with 1, € Z being the magnetic flux through the blown-up sphere A,
1
— Finye = Up)a- 2.8
o J, 100 = 0 (2.8)
According to (2.6]) and (2.7) the non-trivial flux through the ¢-th blown-up sphere modifies

the relative weights of the gauge U(1)" action a and al™ by ol = 7Y — u(g)aege). In

order to get (2.2)) we parameterize the weights of the Cartan action as seen from the first and

last patches and impose consistency. The difference between a? and ao is proportional to
Eg()) = pé,
¢
al®) = a, + xey — Z u(m)aegm). (2.9)
m=1
Furthermore, the difference between alt™Y and a is proportional to egL_l) = pey. Henceforth,
we obtain the condition
L—1
all™V 4 yey = a, = e — Z u(m)aegm) +yea =0, (2.10)
m=1
which determine the coefficients z and y as
L—1 L—1
r = — Z(W — qPe)U(p)as y=— szu(z)a- (2.11)
(=1 (=1

By using this result one gets (2.2]) as explained in detail at the end of Appendix B.

Due to the asymmetric nature of the I', , orbifold, the usual symmetry €; <+ €2 appearing
in the flat C? case is now replaced by the invariance of the full partition function under the
simultaneous exchange ¢ <> pr_;. This in turn is the reversal of the continuous fraction
le1,...,e—1] <> [er—1,...,€e1] and pictorially corresponds to reverse the order of the chain of

blown-up spheres.



2.1 Blowup formulae and theta functions

In this subsection, we discuss the behavior of the Nekrasov partition function on X, , in the
limit €1 5 — 0. As we will show, this enables us to uncover the modular properties of the N' = 2
partition function and to derive a generalization of the blow-up equations for the Donaldson
polynomials [4], [6] to the case of toric singularities.

First of all, we expand the full partition function on C? as

—€1€2 In ngjl(elu €2, C_ia q) = FQ(€17 €2, C_ia q)

= Fy(a@,q) + (e1 + €2)H(a@, q) + e1e2F1 (@, q) + (e1 + €2)°G(a, q) + O(€®). (2.12)

Note that these include the classical and the perturbative part. The leading part Fy(d, ) is the

prepotential and related to the IR effective gauge coupling constant as
( %) = 9°0°Fo(@, q). (2.13)

By substituting the expansion (2.12)) into each of the Z€ factors in the blowup formula (1),

we obtain

—In qu11(€1 ) 656)7 6 + Egg) E(Z—i—l) + Egg)]g(g))

T e e s Ll L

= F0(@. @) + g H (@) + S0 Ry )
€1 €9 €1 € €1 €

© | (O €0 4 D) ORED | OO
L R@g+ T2 g g e @ ke T r G ) gy

0.0 {00

1 2 1 2

O 4D | (0.0 (005D (0.0
+(7) KX +O(E). 211
1 2

Then, we need to sum over ¢. By using the identities in Appendix [Bl and by comparing with
original partition function on C?, we obtain the following result up to terms of order one in
€1, €2 in the exponential

1

. » 1 . .
fou (517 €2, d, Q) (Zgl(ﬁ, 62&%‘1)) exp [(—L + ];) Fl(av Q) + NGG(% Q)} (2-15)

(l) L—1 N N of N L-1
D IIARIED S SN SN R +22<ee-z>kw] ,
{E©} &m:l a,f=1 a=1 (=1
where
L—1
2
Ng=Peatate op S e (2.16)

p /=1



pr—1 and e, are defined in Appendix [Al
The above result shows that the leading term in the € — 0 limit is simply the same as

the gauge theory prepotential on C? up to a factor p

2
Z2r = exp <— SR ) . (2.17)

be1€2

This can be interpreted as follows: the low energy effective theory has a sector which is described
by the very same Seiberg-Witten curve ¥ and differential Agw as the flat space. However, the
volume factor is rescaled by the order of the quotient group. This sector corresponds to point-
like instantons sitting in the regular representation of I',,. These probe the whole quotient
space X, , and their contribution is weighted by the equivariant volume. Besides this sector,
there is also the one of instantons in the irreducible representation of the finite group. These
are stuck at the invariant loci of the orbifold action, namely on the blown-up spheres, and as
such their contribution is independent on €1, €. This contribution is fully characterized by the
intersection matrix of X, , as displayed in the second line of (ZI3]). The subleading terms in
the first and second lines of (2.15) represent the gravitational couplings.

One can check that the same behavior holds in the NS limit e, — 0 with € finite [3]. In
particular, regular instantons contribute as follows

WXra(d@, €,) = — lim pey In Zéﬁ’q =W (@, e), (2.18)

ea—0

where we redefined the limit in terms of the equivariant volume of the orbifold. This can be
derived in the following way. In the full partition function (2.I]) the only part which contributes
to this limit is the one with ¢ = L — 1, because the only possibility to get é behavior in the
exponential is this case as can be seen from the explicit form of e%@ (A.21)). Then, we see that
ZE (7D Y GUE-1Y = exp(-L Fy(ey, 0, d)), which leads to (ZIR).

pe2

2.1.1 ALE space

In this subsection, we consider the expansion (2.15)) in the case of the ALE space. The A, ALE

space corresponds to X, ,_;. In this case, we have
> 7 1
ZfﬁﬁE(El, €2,d,q) = (Zgn(ﬁ, €2, d, Q)) ’ exp {(—P + 5) Fi(a, Q)}

o0 1 p—1 N , 2 af (m)
X Z ' exp 5 Z Z kO Cy, <’7‘eﬁ) kg |, (2.19)

{E(Z)} m=1 a,5=1

since e, = 2 for all £ and Ng = 0.



For illustration, let us consider A;, where the expansion is

ap
Zfﬁlll(elae%@ q)= qu11(€1a€2>a C.I)_ Shlda /22561 exXp [Z Ka ( oﬁ> kﬁ] . (2.20)
{k} a,f=1
Note that in this case k, is integer or half-integer. So far, we did not specify which gauge
theory we were considering. Now, let us analyze N' = 2* gauge theory with gauge group U(2).

We write Fj as

Fy=mitg »_ a} + Iy, (2.21)
i=1,2

where Fj includes the one-loop and instanton contributions, while the first term is the classical
one. Since Fy only depends on the difference a; — a, in this theory, we can write the coupling

constant term as
kaks (7)) = kokpd 0P Fy = mitak? + mitegh? (2.22)

where ky = ki & ko and we have defined 7.4 = 7 + Fo with a+ = a; & a9. Therefore we

can rewrite (2.20) as

Zfﬁlll _ (qull) —3F1/2 Z £2k+ eT('ZTclk+ eﬂ"TCfka
{k}
= (Zg, 11) T2 (93(ga; €2)93(Getr; 1) + 92(qar; €)92(gers 1)) (2.23)

mé)z

where gg = €™ and geg = €™ and
_ an2$n, 192((]; ZL’) _ Zq(n—1/2)2zn—1/2. (224)
nez nez

It is interesting to consider the above results for fixed first Chern class. For even ¢y, the first
term of the r.h.s. of (2.23) contributes as

ch =even

g _
(ngé%l)lﬂ = g5 (gotr)- (2.25)

For odd ¢, we get

ch =odd

G
W = qoire 205 (qent).- (2.26)

These provide blow-up formulae for singular points.



2.1.2 Opi(—p) space

We consider in this subsection the Opi(—p) space, that is X, ;. Since in this case there are two

patches L = 2 and e = p as can be seen in Appendix [A] the expansion ([Z.I5]) becomes

ENY- 1 . -2
qun (61762& Q) <Z§1:j1(€17€27a7 Q)> €xXp {(—2 + 5) Fl(%‘]) + %G(av Q)

N
X > € exp [ Z ke ( CQ) ks + (p—z)ZkaaaH] : (2.27)
{k} a=1
Let us specify the above formula for the U(2) gauge theory where the manipulation of the
coupling constant term is the same as above. We find that in this case the second line in ([2.27])
becomes
Oa(aet” Ex0a(@ ) + Dalgll”, E)0a(aly ), (2.28)

where z = exp (2(”;2) Ouy H ) The above formulas generalize to Op:1 (—p) the results in [17].

3 Classical, one-loop, and instanton partition functions

In this section, we separately compute the classical, the one-loop and the instanton contribu-
tions for the Nekrasov partition function of the theory on X, , via consistency of the blow-up
formula. The classical and the one-loop parts are directly computed by orbifold projection.
By substituting these parts in the blow-up formula (2Z1]), we obtain the instanton partition
function. In this section, we concentrate on the U(N) SYM theory, but all the following results

can be easily generalized to the cases with hypermultiplets and to quiver gauge theories.

3.1 Classical partition function

As a starting point, let us consider the classical parts. These are given for C? and X, , cases as
. —9 . —9
TITad TITad

Z5 (€1, €2,d@) = exp (— d ) ) Z)7 (€1, €2, @) = exp (— d ) . (3.1)
€1€2 peicr

We calculate the contribution from the classical part of the r.h.s. of (2I]), which is given by

2
L1 N g2 4 2a, (#’k&“” + eg%g@) + (e@k&“” + eg%g@)

7
=0 a=1 Eg )Eg)

(3.2)

exp | —miTy

The summation over £ can be explicitly calculated by using (B.4]) (B:6) and (B). Then, the

classical part of the blow-up formula gives

H (0,0, DR 1 OFO) = 259(r, 5, @)g Stk (33)



3.2 One-loop partition function
The one-loop partition function on C? is given as follow:

N
2 —
Zic—loop(elv €2, a) = H exp [_761762 (aaﬁ)] ) (34)
a#B

where a,3 = a, — ag and 7, ., is the logarithm of the Barnes double gamma function:

Yei,e2 () = log'(xle, €). (3.5)

For the moment, we assume that ¢, > 0, e < 0. In this case, the Barnes double gamma

function is represented as a regularized infinite product as

[(z|er,€60) = H (x + mey + nes). (3.6)

m>0,n<—1

The one-loop contribution for X, , is obtained by projecting (3.6]) on the part of the spectrum
which is invariant under the orbifold action. We note that the weights of the torus action (C*)?

on C? are transformed by the Z, orbifold action as

2m 2m
€ — €+ —, 62—>€2+—q. (37)
p p

The transformation of the weights a, of the Cartan torus (C*)V under the orbifold action
depends on the magnetic fluxes through the blown-up spheres. These are specified by the
Uy = Cimk™ and are calculated by imposing that each weight @ of the Cartan torus at the
fixed points, given in (Z2l), is invariant under the orbifold action. From ([A.20)) it follows that

@ — @+ 2m(qk " — g KO) (mod 27). (3.8)
Since
QW(ng(”l) — qg+1lg“)) — QW(qg_llg(Z) — qglg“_l)) = 27qetiy) (3.9)

from the explicit calculation, we see that (B.8) gives the consistent expression for arbitrary ¢.

In the following, we choose ¢ = 0, which simplifies (B.8) as
o — Qg — 2kLV (mod 27). (3.10)

Note that fixing kY determines the holonomy of the gauge field at infinity.

!'Note that in [19] we used a different regularization for the one-loop contributions which changes the argument

of the ~-function.



Therefore, the one-loop factor for the theory on X, , depends on ksﬁ) =k - kél) mod Z,

which divides the partition function into p" sectors. These are obtained by replacing 7., ,(@as)

in Z;CQIOOP by
~ 1
Vel,ez(aaﬁ,pkéﬁ)) = Z log(aag + me; + ney)
m>0,n<—1
11’L+'n,q:pkg}ge mod p
_ 3 log <aa5 +me? 4 ne(0)> , (3.11)
gn<pm,n<-—1
(m,n):(kglg,o) mod 72
where e§°) = peq, ego) = —qe; + €. That is,
Zl ploop(av €1, 627pk( H exp ( /751,62 aaﬁapka5)> (312)
a#B

We note that Z1 Lloop depends on plg(l) by mod p.

We calculate the contribution from the one-loop part of the r.h.s. of (ZI). Note that if
€1 > 0,65 < 0, then el > 0, e ) < 0. This follows from the convexity of the dual fan, which
indicates py/q; > p/q for 2 < ¢ < L. Therefore, we can use the expression (3.6) for each
one-loop factor.

The key identity to construct the blow-up formula at one-loop is

L-1
) 4 (41
E 7(5) (Z) 761,62(aa57pka6 +§ :qu aOtﬁle 762 7k(()lﬁ7kaﬁ+ ))’ (3'1?))
=0

where e, ¢, (@ag, k((xlﬁ)) corresponds to the one-loop factor for X, , while fgg is the finite sum

(
Z log (a + me; + ney) pev < Prsifl
m>0,n<—1
pe(v+m)>ppiq(ntn)
0 beV = Pey1 4
f;gg(% €1, €2, W, V) =9 * (314)

Z log (a + me; + nesy) PeV > Praifl

m<—1,n>0
\ P[(V+m)<PZ+1(#+”)

Note that the condition defining the fgg function weights differently the contributions ac-
cordingly to the sign of —pok™ + p,1k® that is the sign of the coefficient of eg)) in
egz) kY 4 eg)k((f) expanded using ([B.I0]). By analytic continuation (I3 and ([BI4]) are valid
for any complex values of €; and es.

The identity (3.I3) can be understood pictorially when u®) > 0 for V¢, as depicted in Figure
[ for L = 4. In this figure, each points (m,n) corresponds to the factor

log(aas + met” 4+ nel™)y. (3.15)

10



qn = pm

/ o ul®

(=pa; —aa)
=(-p,—q) o u®
/ o
(=3, £43) ocu

m

(—pz%qg)J kYT (—go, —po, ) = (1,0)

(a1, —p1) = (0,-1)

Figure 1: Pictorial rendering of the identity (B.I3) for L = 4

Since

egé) = —C_Ieego) —peeéo)a Eg) = QZ+1€§O) ‘|‘P€+1€§0)> (3.16)

cach of the summand in the left hand in (3:I3]) adds lattice points between the lines generated

by the vectors (—qs, —p¢) and (—qi1, —pes1) starting from the points corresponding to affg

2 respectively. The first term in the r.h.s. corresponds to the points in the region

and a((f;
gn < pm, n < —1 by definition. The remaining term corresponds to the points in the region
surrounded by the bold lines in Figure [Il It is remarkable that the boundary of this region
consists of the lines n = 0, gn = pm, and the generating vectors of the dual fan, each of which
length is proportional to the magnetic fluxes u((f% =) — u(;). We also note that the region is
naturally divided into L — 1 regions, which is interpreted as the contribution from each blown-
up sphere. From (B.I5) and (BI6]), we see that the point corresponding to affg satisfies the
condition

(m,n) = (k,(xlg)>0) mod Z?, (3.17)

which is part of the condition for the summation in (BI1). Moreover, the basis egg) and egg)

generates the lattice points exactly the same as those generated by e§°> and eéo) because ppqri1—
qeper1 = 1. Therefore, each term in ([B.13)) adds the points satisfying the condition (B.I7) inside
its relative region as previously stated and this explains the identity (3.13).

By using the identity ([BI3]), we find that the blow-up formula for the one-loop part is given

11



H Zl loop (61 765 )a qt ) - gvector(ela €2, {k }) 1— 100p(€17 €2, C_ia pE(l))> (318)
where
Evector(ela €2, {E( H H eXp ( a%’ €1 62 ) kgﬁa kaéﬁ-i_l))> : (319)
(=0 a#B

3.3 Instanton partition function

The instanton partition function is obtained by combining the full blow-up formula (21I) with
the results in section [B.1] and Since the one-loop factor depends on kD mod Z, the full

partition function is written by the sum of these sectors,

p—1
Zéﬁ’q(ﬁa%@a {&e}) = Zjl( “(e1,€2,d Z Z Z1 loop <€1,€2757 [) ngtq <€1,€2757[7 {fe})
n=0  Iy=0
(3.20)

where [ = pE(l) mod p parametrizes the holonomy class of the gauge field in the Cartan torus.
Finally, by using the classical (8:3), the one-loop (818), and the full blow-up formula (2.1]), we

obtain the instanton partition function as

Zi (e li@d) = 3 @Bt (o e, ()

{ﬁ(l)}EZN(Lil)

pg(l):fmodp
H inst (61 762 ’d’(e) X Hg - O‘(Z) (321)

where uq ) = Comki™.

3.4 ALE space

In this subsection we explicitly consider the above formulae for the ALE case, namely ¢ = p—1.
In this case, L = p, and p, = £. The classical partition function is given by (B1). The one-loop

partition function is given as

p—1
= 7 14 4 14 14 4 4 =
Zl loop(€17 €2, a, {k(Z)}> = Hg(Z)(a((xg7 Eg )7 Eé )7 kfxﬁ)’ k((xﬁ—i—l ) H Zl loop ( g )7 Eé )7 a(Z)) (322)
=0 £=0
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with

( H (a + mey + nes) w<(l+1)u

m>0,n<—1
L(v+m)>(L+1)(p+n)

1 lv=_U+1)p

g(g)(aa €1, €2, W, V) = (323)

H (a + mey + nes) >+ 1)

m<—1,n>0
[ etm)< (1) (utn)

Here oY is defined in (23) and €”, €} are given in (A20). Note that the dependence on {k(©}
actually reduces to the dependence on pE(l) mod p. The instanton partition function is given
by

ALE > 7 . k(‘f) C, k(m) _1 0) (£+1)
stt (617627a7 ]7 {55}) - Z q e Hg aaﬁuel 762 7kaﬁ7kaﬁ )

{a@pyezN (=1

pg(l):frxlodp
HZI((;lzt <€1 ,62 ’ _» ) Hé’é a=1 a(l) (324)

We note that C' is the A,_; Cartan matrix and I specifies the twisted sector:

orl
R S (3.25)
p

In appendix [C] we list the explicit first orders of the instanton partition function of U(2) SYM
theory on the Ay ALE space.

4 M-theory on toric singularities and blow-up formulae

In this section we discuss how the blow-up formulae in the €1, €5 — 0 limit of section 2] can be
derived from M-theory considerations. As we will shortly explain, these can be obtained by
considering the classical partition function of a single M5-brane on a suitable product geometry.
The e-corrections should be calculable from the quantum contribution to the Mb-partition
function at least in the €; + €2 = 0 case via a generalization of [20], but we will not discuss this
issue in the present paper.

Let us recall that the low-energy effective theory of N = 2 four-dimensional gauge theory
is described by a single space-time filling M5-brane wrapping the Seiberg-Witten curve [21], so
that the appropriate six-dimensional manifold is the direct product Mg = ¥ x X, ,. We will
show that the M5-brane partition function can be computed in this setting. Let us first quickly

13



review the case of compact six-manifolds and then specify the modifications relevant to the
non-compact case.

The world-volume theory of the M5-brane is described by an anti-self-dual tensor multiplet
T minimally coupled with a three-form gauge field C5 by a term | v I'A (3. Let us consider a
symplectic basis E4 = (e, &,) for the middle cohomology H?(M;g,Z) of the six-manifold Mg

/ EaAEg = Jup, (4.1)
Ms

namely

/ e Ne’ =0, / Ea N E =0, / e A&y = 0, (4.2)
Mg Mg Mg
where Jap = 1® (fl 1). Then the period matrix Z = Z1) +iZ® is defined by expanding

0
Ea=20e"+ 22 x e, (4.3)

The simplest way to get the M5-brane classical contribution is by computing the full partition
function of an abelian two-form potential 7' = dB in six dimensions. This holomorphically
factorizes in chiral times anti-chiral blocks. The Mb5-brane partition function is extracted as
one of such chiral blocks, in the very same way as chiral partition functions are obtained in
two-dimensions [22] 23], 24] 25 26]. The explicit form of this partition function is given in terms
of a theta function ©(Z) with suitable characteristics and arguments. The arguments of the
theta function are related to the period matrix of the six-manifold and the background value
of the C-field.

This approach can be extended also to non-compact six-manifolds. In this case, one should
restrict to the L? sector of the middle cohomology in order to count finite action configurations
only. In particular, let us consider Mg = X x X, ,. In this case, the Kiinneth decomposition of

the middle cohomology reads
H¥ Y x X,0,2) = H'(X,2) ® H*(X, 4, 7). (4.4)
Let us choose a polarization given by a symplectic basis

e — (b A W™,

Ea(m) = —[aa) A Lo, (4.5)

where [a,] and [b%] are the Poincaré duals of the a and b cycles on X and T satisfies

Img/ W AW =0 (4.6)
X

p,q
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The L? sector of the middle cohomology of X, , coincides with the anti-selfdual part of H*(X, 4, Z)

p,a>
[27]. Therefore, in the subspace which is relevant to our computation, *w™ = —w™ and, by
choosing the normalization [ AW = 0, we get that 7 = —C' is nothing but the intersection ma-

trix of X, , homology cycles, see Appendix [Alfor details. In our notation then b~ (X, ,) = L—1.

To compute the period matrix, one can use the standard relation
1 2
(aa] = =7 [0°] = 73 * [V°]

which holds on a generic Riemann surface [28], where 7 = 7 + i7® is its period matrix.

Indeed one gets
atm) = (0] ACo” = { =77 = Q) % D] ACn = (=78 Conn ) €4 (75 Cop ) )
so that the complete period matrix relevant to finite action configurations is

Z=-C®T.

Another subtle feature arise in the non-compact case when considering the possible allowed
three- form fluxes. Let us show that the most natural condition in M-theory leads to the correct
lattice of four-dimensional gauge theory. First of all we expand the three-form T' € H3(Xx X, )
as

T = kg €™ + h*™E 4y (4.7)

and compute its periods on generic compact 3-cycles as

A A b (O™ i =
[ 1=t [ [ i [ [t = Rl
a 7t n i An pe(m) ifi=g+a.

Here {T'*} = {A, x 7'}, where {7} = {aq, b} is our reference basis in H,(X,Z) and {A,} are
the blown-up spheres in X, ,.

The lattice of the relevant theta function is obtained by dualizing the lattice of the {e®}
sector [24], namely the first line in the r.h.s. of (A8]). Being this the lattice of fundamental
M-theory charges we assume that it is the integer one, namely (C~! ® 1) k € 794=1_ Then its
dual reads (C ® 1) k € Z9L=Y 5o that finally

ke (Cl®1)zs (4.9)

whose four-dimensional factor describes the magnetic fluxes of the gauge field on X, ,. There-
fore, the relevant generalized ©-function contribution is given by the anti-holomorphic block

which reads
@(C ® 7_|Q) _ Z 6ni[k(0®r)k+2Q(C’®1)k] (410)

ke(C—1@1)Z9(L—1)
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where () is a background for the three-form C-field which couples to the non-trivial ¢; of the

four-dimensional gauge bundle. Indeed from the minimal coupling term we get

C3NT = / CsNA (]%a(m)ea(m) + ila(m)éa(m)) = Z (@a(m) ]%a(m) + Qa(m) ila(m)) (4.11)
Mg SxXp.q

a(m)

where Q* and Q, are the components of the background C-field. After Poisson resummation,
one gets the linear term k(@ in (£I0) which reproduces the term (Sm)cmkg‘m in the gauge
theory f-function. The complete background field is actually Q*™ = ﬁ In¢, + Q;‘T(»ZZL)) whose
first term describes, after the reduction, the coupling of an external source to the first Chern
class of the gauge bundle. The second term ()44, has to be set by considerations of anomaly
cancelation conditions. In order to address this issue, one should compute the full quantum
mechanical contribution to the partition function in the product geometry. The requirement of
modular invariance then would correspond to the anomaly cancelation conditions in the string
theory engineering. In general there are pure gravitational and mixed anomalies to cure. Fixing
the pure gravitational part means fixing the overall normalization of the M5-brane partition
function, namely the coefficients of the F; and G terms in (ZIH), while fixing the mixed
anomalies corresponds to fix the coefficients of the linear term in the kY. This corresponds
to fix the gravitational part of the background C-field as Q?ﬁg}) = 0,H(ey — 2). Although we
don’t give an M-theoretic detailed account for this assignment, let us notice that it measures an
anomaly induced the lack of the four manifold from being hyperkahler, that is from admitting a
reduced holonomy which would make the topologically twisted and the untwisted N' = 2 gauge
theories equivalent.

It is then easy to recognize that, after the above background value is selected, (4.10) coincides

with the (SU(N) part of the) ¥-function arising in the blow-up formulae of the previous sections

2.13).

5 Two-dimensional CFT counterpart

In this section, we consider the relation between the gauge theories on toric singularities and
two-dimensional CFTs. The M-theory argument in the previous section gives a hint to this
relation: one side is the four-dimensional gauge theory on X, , obtained by compactifying M5-
branes on a punctured Riemann surface C. The other side is the two-dimensional effective
theory on C obtained after integration over the four-dimensional modes of the M-theory. As it
is well-known, the two-dimensional theory in the case of R , turns out to be the Wy CFT

[2, 29] with an extra U(1) free boson factor. The partition function of the gauge theory can

be related with the conformal block By, of Wy-algebra, under a proper identification of the
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parameters,
7% = Zya)Bw, (5.1)

where By, is defined in a specific marking of C which in turn corresponds to a particular
weak coupling description of the gauge theory. Non-trivial four-dimensional geometry should
change the two-dimensional CFT algebra to Ax(X,,). Indeed, it was found and checked in
[30, [10] 18, [31), 19, 32], [33] 34], [35] that the U(N) gauge theory on the A, ; ALE space is related
to the product of the Heisenberg, affine su(p)y and Z, para-Wy algebras. In this section, we
study this relation by using the gauge theory partition function computed in section 2l and the
M-theory considerations presented in section [ and investigate their possible implications on
the mysterious two-dimensional side.

The blowup formula (2.1]) directly imply that the fixed points of the moduli space of instan-
tons on X, , provide a basis for the representation of L copies of Heisenberg plus Wy algebrae

with suitable central charges related to the (ege), egé)) weights under the (C*)%-action

An(Xpq) = &5 (H S W) (5.2)

where the central charge of ‘Wy is ¢, = (N — 1) (1+ Q?N(N + 1)), Q% = % +2. As
we will see in a moment, the overall central charge of (5.2]) coincides with the central charge of
the two-dimensional CF'T that can be computed from M-theory compactification.

The result (5.2) suggest that in the ALE case ¢ = p — 1 the conformal blocks of Z,
parafermionic Wy algebra plus p copies of Heisenberg algebrae can be computed as p-nested
conformal blocks of the algebra (B.2]) in terms of the blowup formula (3:24]). This has been
shown in [I8, [19, 35] in the p = 2 case, corresponding to the N = 1 super Virasoro algebra
whose conformal blocks are known. The conformal blocks for the general case are instead
unknown and the blowup formula ([3.:24)) provides a natural candidate for them.

From the mathematical viewpoint, the above correspondence should be viewed as a gen-
eralization to higher rank cases of the Frenkel-Kac construction discussed in [36] for Hilbert

schemes, i.e. U(1) gauge group.

5.1 Central charges

Let us compute the central charge of the corresponding two-dimensional CF'T from the anomaly
polynomial of the six-dimensional (2,0) theory [8, [0, [I0]. Consider N M5-branes compactified
on a four-manifold X. Under a suitable twist, the integrated anomaly eight-form over X leads

to the central charge of the remaining two-dimensional theory:
c=Nx(X)+ N(N?* - 1)(P(X) +2x(X)). (5.3)
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where x(X) = [, e(X) and P(X) = [, pi(X) are the equivariant Euler number and the
integrated first Pontryagin class respectively.

Let us focus on X = X, ,, namely the blow up of a toric singularity C?/T',,,. Since we are
working with the deformation € 2, x(X,,) and Pi(X,,) should be computed in the equivariant

sense. This gives the following results

L-1 L-1 )\2 )\2
(X =S 1= L A=Y Gl re) (5.4)
£=0 £=0 €1 €

where L is the number of the fixed points of the torus action and egg are given in (A.20). By
plugging these values into (B.3]) we recover the central charge of the algebra (5.2)). The central
charge can be easily expressed through Ng defined in (2.16]) as

c=NL+ N(N*-1) (%2 — NG) : (5.5)

Note that since €; and €y enter symmetrically in the above formula, also the coefficient Ng is

also symmetric under the exchange ¢ <> q;_1, following from the argument just below (ZIT).

A,_1 ALE space

In the case of the blow up of C?/Z, (¢ = p — 1), the number of the fixed points is p and the

eﬂ are given in (A.9). Thus, we get

N(N? — 1)Q?
¢ = Np4 XV D& (5.6)
p
where we defined Q = b+ 1/b with \/€;/ea = b. One can check that this is indeed the sum

of the central charges of the Heisenberg, affine su(p)y and p-th para-Wy algebras, as found in
[10]):

c=1+

NPoD) | (ASD) NP 67)

N+p N +p D

Op1(—p) space

In the case of the Opi(—p) space (¢ = 1), the number of the fixed points is 2 and the e&% are

given in ([A.6). Therefore, we obtain
N(N?—1)
p

c=2N+ (Q*—(p—2)%). (5.8)
In the case of p = 2, this coincides with (5.6]) with p = 2.
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Other examples

For example, we can compute the first cases which are not of the two types above. For I's,

and I's 3, we get, due to the ¢ <+ p;—; symmetry, the same result

N(N? - 1)

¢=3N+ 5 (@*-2). (5.9)
For I'7 5, we get
N(N? -1
c:3N+¥ (@*—38). (5.10)

6 Conclusions and open issues

In this paper we started a systematic study of N' = 2 gauge theories on toric singularities. The
results we obtained raise a number of issues that it would be interesting to further study.

First of all, the blow-up formula (21]) together with AGT correspondence implies that the
instanton partition function provides an analytic form for the conformal blocks of the algebra
An(X,,,) we discussed in section [l see (5.2)). Moreover, the one-loop contribution should
be interpreted as the three-point functions of the corresponding two-dimensional CFT. These
should be regarded as the structure constants of the OPE algebra of primaries, whose spectrum
is not known at the moment for general X, , varieties. It would be interesting to investigate
further this issue. In the ALE case a natural candidate has been proposed in [10] as the Z,
parafermionic Wy theory, whose conformal blocks and three-point functions are however not
known in general. Our result can be regarded as a proposal for their computation. Let us
remark that for p = N = 2 this is verified both for the conformal blocks [30], 18], [33] 35] and the
three-point functions [19] and for p =4, N = 2 case in [32,[34]. In the ALE case and N = 2 one
might compare our one-loop formulas with the parafermionic Liouville three-point functions as
given in [37].

Another interesting aspect that could help in elucidating the above problem is to investigate
the N/ = 4 limit of the partition function in the generic I',, case, which should be expressed
in terms of the characters of the full conformal algebra [19]. It could be useful in this respect
to study the level-rank duality properties of these partition functions in full generality. Let
us remark that the algebraic structure that we find in the ALE case contains as a factor the
Kac-Moody algebrae found in [3§] and further discussed in [39] 40, [41].

Although we did not discuss two-dimensional CEF'T correlators, we expect that these would
arise by computing the N' = 2 partition function on S*/T',, along the lines of [42]. It would

be also interesting to study BPS observables in the gauge theory on toric singularities, in
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particular surface operators and their possible relationship with degenerate fields insertions in
the two-dimensional CF'T.

The results presented in this paper are obtained under some natural quantum field theoretic
assumptions, namely the patch-by-patch factorization of the full partition function. This is a
well established result for some particular cases, and it would be relevant to have a rigorous
proof in general. This would amount to have a direct computation of the ¢-factor in (B.19) from
the localization formula in each topological sector of the theory. To this end a generalization of
the ADHM of [43] to I',, orbifolds would also be welcome. This could also help to extend the
rigorous proof of the AGT correspondence of [44] to instanton counting on toric singularities.

An open problem is the geometric engineering of these four-dimensional gauge theories,
which would shed light on the topological string description of their Nekrasov partition function
at least in the unrefined €; + €5 = 0 case. This issue would naturally lead to a comparison with
the results of [45] where the holomorphic anomaly equation for the A; ALE space is discussed.

Finally, the role of integrable systems in this whole story has to be elucidated. Our result
[21) again suggests the emergence of a quiver integrable system made of nested copies of the
systems relevant for the flat space, whose intertwining is dictated by the intersection matrix
of the X, , variety. For example for linear quivers we expect to obtain nested copies of the
Calogero-Sutherland system, which is the relevant one in the flat space case [46], [44]. A more
general view on the problem would be gained in terms of a suitable generalization of the Hitchin

system approach to X, , varieties.
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Appendix

A Hirzebruch-Jung resolution:

The (p,q) toric singularity is the quotient C?/T,,, where the action is in local coordinates
21 — €¥™/Pz and zy — e¥/P2, with (p, q) being coprime and ¢ < p.

The Hirzebruch-Jung resolution of the above singularity is prescribed as follows. Let p/q =

[e1,...,er_1] = e;——L1— be the continuous fraction expansion of the ratio p/q in terms of the

62 637“.
finite sequence of positive integers {e1,...,er_1}. The fan of the resolved toric variety is given

in terms of the set of vectors {v,} =0...L in Z? satisfying the recursion relation vp , +vs_; = sy
with boundary conditions vy = (0, 1) and v, = (p, —¢q). Each internal vector vy, £ =1,..., L—1
of the fan corresponds to a blown-up sphere A,. Recalling that the intersection pairing of these
spheres can be computed from the toric fan as Ay - Ay = vp_1 Awvgypr and Ay - Ay = v A vpyq,

we can compute the intersection matrix to be

—e; 1 0. 0
1 —ey
Lo=-C=1]1 0 "-. . . (A1)
1
0 I —ep

The cones of the fan are oy = {vg, vp11}, with £ = 0,..., L — 1, and those of the the dual fan
o; = {—uvee, v 172}, where Ty :(fl (1)) The ring of holomorphic functions on the toric variety
can be described in terms of the dual cones as follows. Let us denote the entries of the vectors

of the dual fan as o} = {(sz, te), (S, fg)}. By using this notation, the polynomial ring reads
O Clutwy, wiw]] = @ Cleb "zl 5], (A.2)

where we used the invariant variables w; = 27 and wy = z5/2{.
The torus action (C*)? on the singular variety (21, z2) — (€121, €*225) descends to a torus

action on the resolved variety whose weights can be obtained directly from (A.2]) as

Egé) = (ps¢ — qte)er + tyea,
eéé) = (p5, — qty)er + toes. (A.3)

Let us now consider some explicit examples that are relevant for the main text calculations.
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A.1 Op(—p) space

The resolution of the I';,; singularity is given by the total space of Op1(—p)-bundle. The cones

are
oo ={(0,1),(1,0)}, a1 ={(1,0),(p,-1)},
and the dual cones
o5 = {(1,0),(0,1)}, o7 ={(0,-1),(1,p)}-
The weights of the torus action in the two patches are

0 0
Eg):p€17 Eg) = €2 — €1,

1
6%1)261 — €9, Eg) = P€a.

A.2 A, , ALE space

The cones of the resolution of the I', ,_; singularity are

o =4{,1-0),((+1,—-0)}
with £ =0,...,p — 1. The dual cones are

o, ={(1—-¢,-0),(¢,0+1)}.

The weights of the torus action in the p patches are

egg) = (p— e — les, 655) = (=p+ L+ Dea + ({+ e

A.3 F572, F5,3 and F7,2 singularities

Let us consider other simple cases. For the I's 5 case, the cones are

0o = {(071)’(170)}a o1 = {(170)a(3>_1)}> 02 = {(3a_1)a(57_2)}>

and the dual cones

05: {(170)7(071)}7 UI: {(07_1)7(173)}7 0-; = {(_17_3)7(275)}'

The weights of the torus action in the three patches are
e&o) =5€q, eéo) = €9 — 2€q,

egl) =261 — €9, egl) = —€1 + €9,

652) =€ — Jé€g, 6;2) = bes.
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For the I's 3 case, the weights of the torus action in the three patches are

e§°) =€y, eéo) = €y — Je€q,
Ggl) =3€1 — €, 651) = —€1 + 26,
e&z) =€, — 269, eéz) = beg. (A.13)

Finally, for the I'75 case, we get the weights of the torus action again in the three patches:

e§°) =Teq, ego) = €y — 2€1,
egl) =261 — €9, egl) = —e€1 + e,
652) =€ — 4dey, 6%2) = Tes. (A.14)

A.4 Comment

In this section, we show a way to solve the relation vy, + vy_1 = epvp explicitly. We define the

following two sets of sequences of integers:

po =0, p1 =1, (p2 = e1), Per1 = epe —pe—1 (€ >1), (A.15)
q = —1, ¢ =0, (g2 =1), Qo1 =€ — Q-1 (£ >1). (A.16)

By definition, they satisfy the same recursion relation as v,. It is known that p, and ¢, are

coprime to each other and that they are the numerator and the denominator of [eq, -, ep 1]
respectively:
Pe
le1, -+ e q] = q_ (£ >2) (A.17)
[

In particular, this means that p;, = p and qp = ¢. It is also known that

PeGe+1 — qepetr = 1. (A.18)

Comparing the recursion relation and the boundary condition, we identify
Se=—q, 0= qu1, te=—pe, to=pe. (A.19)

In terms of (A.19) we have

¢
Eg = —(pge — qpe)er — peea,

&) = (pger1 — qpesr)er + pesaés. (A.20)
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Explicitly,
e§°) = pe1, 650) = —qe€ + €9,

e =ger — e, &) =(p—qe)er +eren,

€§2) = (—p+qge1)er — e, 652) =,

= Y = e 4 e,
D e Cpr e €5 = pey, (A.21)

where we have used (AI8) for £ = L — 1 to calculate e5" > and e\,

B Various summations of Omega deformation parame-

ters
By construction, the Omega deformation parameters egg) and eég) are related by egz) = —eg_l),
and respectively satisfy the recursion relations
egz_l) + eﬁ“” = egegz), eg_l) + egﬂ) = eg+1e§£). (B.1)
They satisfy the boundary condition e&o) = pep and eéL_l) = pés.
It follows from (A.I8)) that
pg+1e§£) —l—pgegz) = 6&0). (B.2)
By using this identity and (A.20), we can show that
— 1 Pm
> = B.3)
0) (¢ 0) (m)’ (
L PP~ I
which form =L —11is
L—1
1 P 1
= — = . (B.4)
; e&“e? e§°’e§L D pee
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We list here other useful formulae used in section

L—

Z + 62 _ 61 + €9 (B 5)
=0 61 62 peres
L— (z+1) D10
Z i =0, (B.6)
=0 E1 52

L HON 9 L1
Z (6’ _atel patat? o S s

=0 Sy perez p =1

L1

( (61 + 62)2
pe1€2

L— 1 + 6;))( 0) k(Z+1 ng)k((f)) L-1

20 —2 —pp_1 —
+ p PrL—1 q‘l‘ (2_6£)>

OGN0 =D 2=k, (B-8)
=0 €1 € =1
L—1 L-1
( = kU 4 kD Cemkﬁ)
(=1 m=1
L—1 ¢ (), (641) (£) 1.(0) (5) (e+1) (€) 1.(6) p—1 p—1
€ ke + ey ka k +e 'k m
(£) (f) B
(=0 € € (=1 m=1
Note that (B.) respect the symmetry exchanging
Pr-1 = P and ¢ = P (B.10)
[eL—h T 761] [617 7€L—1]
Derivation of (2.2) from (2II) From (ZI1]) we have
L—1 ¢ ¢
aff =aa = Y (00 = ap)uacs = Y Umed” = da = Y uemae™,  (B11)
/=1 m=1 m=0
where we have defined
= Pqe — qp
¢ — qPe
U(0)a = —U)a (B.12)
=1 p
Now, we are going to rewrite it in terms of k = C'~'u. Note that
—_1\ 14
pae — qpe = —p (C) (B.13)
for 1 < ¢ < L — 1. Therefore, (B.12) is rewritten as
L-1 _ L-1 ,
Dqe — qpe C_Ipe _ (C 1)1 Uy = _kg) (B.14)

/=1 /=1
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and thus, is rewritten as
¢
a“) =y + k‘(l Z U(m) a€1 ) (B.15)
m=1
By considering the third term and taking into account that k& = k() = 0, we find
¢
- Z U(m)a€§m) = —k§>e§0’ + /{:g“)ey) + k(¢ )eg), (B.16)

where we used (B.Il). Therefore, we finally obtain the shift formula ([2.2)).

C U(2) SYM theory on A; ALE

We give the explicit calculation for the A; ALE instanton partition function. We expand the
instanton partition function (B.24)) as

Cgl) (2)

Zlnst(€1>€2>a ] Cl , C Z Z(C(l) C(Z) f)g gc (Cl)

cD), ¢(2)

where a = (a; — a2)/2 and I, = 3k mod 3. We note that k1) and cgé) are not independent

but are related as

M- = (L + L) mod 3. (C.2)
We calculate the lowest order in instanton number for —1 < cgl), 2) < 1. The results are given
by
Z(O’O)(O, 0)=1+---

700(1,2)

= ! + — + - 3+

T |@a—e)@ata)  Catea)2a+2e+e) (20— —26)(2a—e)]

700 (2, 1)

-1 —1 —1 2
e —'— + 3 +.-.
{(2a+62)(2a—61) (20— e)(2a — 26 — &) | (2a + e +2e2)(2a+62)] 1

—1 —1 2
2a—a —0)2a)  a)2atax 62)} @t

701(2,2) =

26



Z(Ovl)(O’ 1) = q% 4.
Z(O’l)(l,O) = qé 4.

1 . 1
(2a — €1 — €2)(2a)  (2a)(2a + €1 + €)

Z0(1,1) = g+ -

Z(l’o)(O, 2) = q% 4.
Z(LO)(Q7 0) = qé 4.

—1 -1

20D = e aes F GG ra e

Z(O’_l)((), 2) = q% 4.
Z(O,—l)(2’ 0) = q% 4.

—1 -1

Z19(2,2) = (20 — €1 — €2)(2a) i (20)(2a + 1 + &)

Z(—LO)(Q’ 1) = q% 4.
ZC10(1,0) = g3 + - --

1 ) 1
(2a — €1 — €2)(2a)  (2a)(2a + €1 + €)

Wl

Z39(0,0) =

Z(lvl)(1’2) =q+---
Z(lvl)(2’ D=q+---

1 ) 1
(20 — €1 — €2)(2a)  (2a)(2a + €1 + €)

Z479(0,0) =
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q3_|_

2
q3_|_

q+...



—1 —1 2

71.=1)(9 9} — 3 ...
2= G a o T mamrata)lC T

Z(l’_l)(O, 1) = q% 4.

Z0D(1,0) = g3 + - --

—1 —1 2
ZEW(1,1) = ...
O =G a o  Gomrara

Z(l’_l)(O, 2) = q% 4.

Z(lv_l)(Q’ 0) = q% 4.

These results coincide with the computation done using the orbifold projection method of [47].
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