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Abstract

We study self propelled stokesian robots composed of assemblies of balls, in dimen-
sions 2 and 3, and prove that they are able to control their position and orientation.
This is a result of controllability, and its proof relies on applying Chow’s theorem
in an analytic framework, similarly to what has been done in [3] for an axisymmet-
ric system swimming along the axis of symmetry. However, we simplify drastically
the analyticity result given in [3] and apply it to a situation where more complex
swimmers move either in a plane or in three-dimensional space, hence experiencing
also rotations. We then focus our attention on energetically optimal strokes, which
we are able to compute numerically. Some examples of computed optimal strokes
are discussed in detail.

Key words: Optimal Swimming, Stokes Flow, Low Reynolds Numbers, Optimal
strokes, Boundary Element Method.
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1 Introduction

Self propulsion at low Reynolds number is a problem of considerable biolog-
ical and biomedical relevance which has also great appeal from the point of
view of fundamental science. Starting from the pioneering work by Taylor [25]
and Lighthill [18], it has received a lot of attention in recent years (see the
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encyclopedia article [4] for an elementary introduction and the review paper
[16] for a comprehensive list of references).

Both relevance for applications and theoretical interest stem from the fact that
one considers swimmers of small size. Reynolds number Re = LV /v gives an
estimate for the relative importance of intertial to viscous forces for an ob-
ject of size L moving at speed V through a newtonian fluid with kinematic
viscosity v. Since in all applications V rarely exceeds a few body lengths per
second, if one considers swimming in a given medium, say, water, then Re
is entirely controlled by L. At small L, inertial forces are negligible and, in
order to move, micro-swimmers can only exploit the viscous resistance of the
surrounding fluid. The subtle consequences of this fact (which are rather para-
doxical when compared to the intuition we can gain from our own swimming
experience) are discussed in [23]. For example, the motion of microswimmers
is geometric: the trajectory of a low Re swimmer is entirely determined by
the sequence of shapes that the swimmer assumes. Doubling the rate of shape
changes simply doubles the speed at which the same trajectory is traversed. As
observed in [24], this suggests that there must be a natural, attractive math-
ematical framework for this problem (which the authors, indeed, unveil). On
the other hand, bacteria and unicellular organisms are of micron size, while
artificial robots to be used non-invasively inside human bodies for medical
purposes must be small. Discovering the secrets of biological micro-swimmers
and controlling engineered micro-robots requires a quantitative understanding
of low Re self-propulsion.

The basic problem of swimming is easy to state: given a (periodic) time history
of shapes of a swimmer (a sequence of strokes), determine the corresponding
time history of positions and orientations in space. A natural, related question
is the following: starting from a given position and orientation, can the swim-
mer achieve any prescribed position and orientation by performing a suitable
sequence of strokes? This is a question of controllability. The peculiarity of low
Re swimming is that, since inertia is negligible, reciprocal shape changes lead
to no net motion, so the question of controllability may become non trivial
for swimmers that have only a few degrees of freedom at their disposal to
vary their shape. The well known scallop theorem [23] is precisely a result of
non-controllability.

Once controllability is known, i.e., it is shown that it is possible to go from A
to B, one can ask the question of how to go from A to B at minimal energetic
cost. This is a question of optimal control.

In spite of the clear connections between low Re self propulsion and control
theory, this viewpoint has started to emerge only recently, and mostly in the
mathematical literature. Examples are [15], and the more recent contributions
[14], [19], and [9]. The papers [3], [4], [2] study in detail both controllability
and optimal control for axisymmetric swimmers whose varying shapes are



described by few (in particular, two) scalar parameters.

In this paper we analyze the problem of low Reynolds number swimming from
the point of view of geometric control theory, and focus on a special class
of model systems: those obtained as assemblies of a small number of balls.
These systems offer an interesting balance between complexity of the analysis
and richness of observable behavior. In addition, they enable us to resolve
hydrodynamic interactions numerically by using a fast implementation of the
boundary integral method, in which integration points are chosen based on
Fibonacci numbers.

Our approach is similar in spirit to the one in [3], [4], [2], but we extend it
to non-axisymmetric systems such as three spheres moving in a plane, and
systems of four spheres moving in space. The motion of these systems is de-
scribed by both positional and orientational variables, leading to a much richer
geometric structure of the state space.

For all the model swimmers described above, controllability is proved by using
two main ingredients. The first is Chow’s theorem, leading to local controllabil-
ity in a neighborhood of a point X in state space. We verify the full rank (3.7)
hypothesis of this theorem by showing that the vector fields of the coefficients
of the governing ODEs (a linear control system without drift) and their first
order Lie brackets span the whole tangent space to the state space at X. The
second is the analyticity of the coefficients, and the fact that our shape space
is always connected: this allows us to use a classical result by Hermann and
Nagano (see e.g. [13]). A similar analyticity result has been already proved in
3], but we exhibit here a much simpler proof, which is also easier to generalize
to more complex situations. In the same paper [3], Chow’s theorem was also
used to prove local controllability. In this simpler axisymmetric case, however,
position is described only by one scalar parameter (the position p of one dis-
tinguished point along the axis of symmetry). The non-degeneracy condition
reduces then to the non-vanishing of a single scalar quantity, namely, the curl
of the vector field V, giving the rate of change of position as a consequence
of shape changes at rates & according to p = V1(€)€; + Vo(€)&. In the richer
context of this paper, which involves also rotational degrees of freedom of the
swimmers, proving controllability requires an explicit computation of all the
first order Lie Brackets. In fact, all the systems we analyze here satisfy the
condition

M+MM-1)/2=d

where M is the number of controls (rate of change of shape variables) and d
is the dimension of the state space (position, orientation, and shape). This is
the necessary condition that first order Lie brackets alone suffice to show that
the Lie algebra of the coefficients has full rank, so that controllability follows.

For controllable systems, it makes sense to confront the issue of how to achieve
the desired target (position and orientation) at minimal energy cost. We



present a method to address this optimal control question numerically, and we
then examine in detail several examples of optimal strokes in a concrete exam-
ple (three balls swimming in a plane with a prescribed lateral displacement).
Depending on whether the final orientation is also prescribed, and whether the
initial shape is prescribed as well or rather one treats it as a parameter to be
optimized, we obtain dramatically different answers. Their variety illustrates
the suprisingly richness of behavior of low Re swimmers.

The rest of the paper is organized as follows. In Section 2 we recall some results
on Stokes flows and in Section 3 we give a precise mathematical statement of
the swimming problem. In this latter section we also discuss in detail the three
concrete model swimmers to which our analysis applies. Section 4 is devoted
to the proof of the controllability of these model systems. In Sections 5 and 6
we state the optimal control problem and a numerical strategy for its solution.
Examples of optimal strokes for three balls swimming in a plane are discussed
in detail in Section 7.

2 Mathematical setting of the problem

We investigate the problem where the swimmer is composed of N identical
and non intersecting balls By, - - - , By of radius @ > 0 not necessarily aligned.
We call x; € R? the center of the ball B;, and Q = R?\ UY | B; the unbounded
domain filled by the fluid. Since the balls do not intersect, the vector x =
(x1,--- ,xn) € Q) is restricted to belong to

Sy = {x c (RHY . m<in|xi — x| > 2a} .
i<j

We work at low Reynolds number, so that the fluid obeys Stokes equations

—nAu+Vp = 0 in Q,
V-u =0 in Q,

(2.1)
—on = f on 09,
u— 0 at oo

where (u,p) are respectively the velocity and the pressure of the fluid, n its
viscosity, o := n(Vu + Vu') — pId is the Cauchy stress tensor and n is the
outer unit normal to 02 (hence, n points from the fluid to the interior of the
balls). Existence and uniqueness of a solution to (2.1) is classical in the Hilbert



space

V= {ue D(QRY) | Vue LA(Q), ——— e L[2(Q) ),
V1t
endowed with the norm
2 = Vul?.
[l = [ [vu

Assuming that the force field belongs to 7—[*1/2(8(2), the solution of (2.1) can
be expressed in terms of the associated Green’s function, namely the stokeslet

_ (1 ror
G(r) = 8m<|r’+ ’r|3> (2.2)
u(r) = /a Glr—0)f(0)do (2.3)

where f is a distribution of forces on 9€). The Neumann-to-Dirichlet map

T - HV2(0Q) — HY2(00)

£ upn = ( /8 Glr—o)t(o) da) (24)

|09

is a one to one mapping onto while, by the open mapping Theorem, its inverse
(the Dirichlet-to Neumann map) 7 ! is continuous.

Calling B = B(O, a) the ball of radius a centered in the origin O, the special
structure of our domain allows us to identify 992 with (9B)" in such a way
that 7 can be seen as a map

Te: Hy'? — HY?

(fh"' afN) — (ulu"' 7uN)

(2.5)

in which H3, stands for (H*(dB))" and the dependence on x € Sy has been
emphasized, defined by

M-

/ G(x; —x;+r—o)fj(0)do
< JoB

(2.6)
= > (£,G(x; —x;+r—")),5, TrEOIB.

u,(r) =

=i

<
Il
—

1 Here, and in all the paper the symbol H* denotes the Sobolev space of order s.



2.1 Analyticity of the Dirichlet-to-Neumann map

This section is devoted to the following lemma which will be essential in the
proof of the controllability theorem. We denote by L(E, F') the Banach space
of linear maps from E to I endowed with its usual norm.

Lemma 1 The mapping x — Ty is analytic from Sy into E(HN1/2 HI/Z).

The notion of analyticity in a Banach space is classical: it means that at all
pointx xg € Sy, Tx is equal to its Taylor series which converges in £L(H Nl/ 2 N 2)
for all x in a suitable neighborhood of xq.

Proof of Lemma 1
Let x € Sy. From (2.6), we have for all f = (f;,--- ,fy) € H;,l/g and for all
ie{l,---,N}

(Tx£)i(r) = (£, G(r 8B+§ X; =X +T—"))yp-

Since the first term does not depend on x, we only need to prove the analyticity
of

U : R3\ 2B — L(H Y2(OB),H'/*(OB)),
Z —> <fr—>g(r) =, G(z+r—"))yp )

which follows from the analyticity of G in R*\ {0} since this formula does
not involve the singular part of the Green’s kernel G. a
We have the following consequence.

Corollary 2 Since Tx is an isomorphism for every x € Sy, the mapping
x — Tt is also analytic from Sy to E(H1/2 7'[_1/2),

Proof
For x € Sy and for |y| small enough, writing the Taylor series of Tx.y as

x+y + Z

q>1

where Tx ,(y) denotes the g—homogeneous term in y of T4y, we have

Ty = {(Id+ZTx,q(y)7;‘1>Tx} :T;l{ﬂ—l)p (zfrx,q@m—l) }

where the last expression may be rearranged as a converging Taylor series.
O



2.2 Approximation for large distances

We will also use the asymptotic behavior of 7! as 6(x) := min;<; [x; — X;
tends to co. We introduce the notation for 7,57 € {1,--- N}

Xi,j = X; — Xj, 7"1',]' = |X7,,]| and ei,j = s

and, for every f € H~Y/2(0B,R?),

(Tf) (r) = /63 G(r —o)f(o)do, VredB.

Proposition 3 For every f € HN1/2,

_ 1 1
(Txf); = TH+ - —Y —(Id +e;; ®e;; ) (f;,Id),, + O~ )HfHH 12 .
M i Ti

(2.7)
For every g € ’H}V/Q, x € Sy and y € (R®)Y, we have

— 1 1 —
(T 'e) = T 1{& oo —(d+e @e,) (T 1gj,Id>aB}+O<é‘2>||gW-

8mn i Tig
(2.8)
Proof
Let x € Sy and f € 7—[;\,1/2. From (2.6) we have fori =1,--- /N and r € 0B,
(Txf)i(r) = THi(r) + D (£, G(xij +1—))yp - (2.9)

J#i
Using the expansion (valid uniformly for bounded z)
G(xi; +2) = G(xi;) + 067,
we get
{f;, G(xij +1=))op = Glxij) (£, 1d)yp + O[]0z

Substituting into (2.9), and using (2.2), we obtain (2.7). For (2.8) we re-
mark that (2.7) is!che asymptotic expansion in x of the analytic operator 7Ty
at infinity. Since T is invertible, we obtain the expansion (2.8) by inverting
(2.7). O

In the sequel, we will use furthermore the fact that the spheres are non de-
formable and may thus only move following a rigid body motion. In this case,



the velocity of each point r of the i—th sphere is given by
vi(r) =uw;+w; Xr. (2.10)

Using (2.8) we find the expansion of the total force that the system applies to
the fluid
N 9mna’ N 9
F:Z67rnaui— 9 ZZSijuj+O(5_ )||11||, (211)
i=1 i=1 j#i
where S;; is the matrix defined by

1
Sij = — (Id + em- & em') s (212)

i

while the total torque (with respect to the origin O) is given by

N
T =6mna_x; x u; + O(1)||ul] . (2.13)

i=1
3 The swimmers

We will focus our attention on some special swimmers. Namely, we assume that
the swimmer is composed of N balls, and we restrict ourselves to configurations
which can be described by two sets of variables:

e the shape wariables, denoted by ¢ € S, where § is an open connected
subset of R, from which relative distances (x4j)1<ij<n between the balls
(B;)1<i<n are obtained,

e the position variables, denoted by p € P, which describe the global position
and orientation in space of the swimmer. In our examples, the set P is typi-
cally a manifold of dimension less than or equal to six. The six-dimensional
case is given by p € P = R?® x SO3 and p consists of a translation and a
rotation in the three-dimensional space.

We also assume that the orientation of the balls (B;)i1<;<n and the distances
(x4j)1<ij<n depend analytically on (£, p), therefore the state of the system
is analytically and uniquely determined by the variables (£, p), so that there
exist NV (analytic) functions

X;:SxPx0B—R3?

which give the position of the current point of the :—th sphere of the swimmer
in the state (£,p) in & x P. The non-slip boundary condition on dB; imposes
that the velocity of the fluid is given by

V(e p) = SXAE D) = (€ VOXAEp 1) + (5 X6 pr). (3)



3.1  Self propulsion

The question we want to address is whether it is possible to control the state of
the system (i.e. both £ and p) using as controls only the rate of shape changes
é . For this aim, we need to understand the way p varies when one changes
&. This is done assuming that the swimmer is self propelled, and that the
swimmer’s inertia is negligible, which implies that the total viscous force and
torque exerted by the surrounding fluid on the swimmer must vanish. As we
shall see, using these conditions, p is uniquely determined by f . The condition
that total viscous force and torque vanish is written as

al 1
> /8 T pvil&pr) do(x) = 0. (3.2)

and
Z/ (6,01) X Tl vil€ pox) do(e) = 0, (3.3)

which lead, using (3.1), to a set of linear equations which link p to ¢ In all
the examples we have in mind (see below), this allows us to solve p uniquely
and linearly in terms of &

p=2V£@a (3.4)

In the preceding equation (V;(&,p))i<i<y are M vector fields defined on TP,
the tangent bundle of P.

The state of the system (&, p) thus follows the ODE

£ X :
D i=1
€;
where now for all 1 <i < M, F;(§,p) = is a vector field defined

on TS x TP (here e; is the i-th vector of the canonical basis of RY).
3.2 Geometric control theory

When we use (§;)1<;<a as control variables, systems like (3.5) belong to the
class of linear control systems with analytic coefficients of the form

dt = ;az Fi( (3.6)



where X is a point of a d—dimensional manifold M, and (F})1<;<ar are p vector
fields defined on T'M, the tangent bundle of M. For such systems, the tools
of geometric control theory can be applied. In our case, M and the vector
fields F; are furthermore analytic, which enables us to use stronger results.
The theory for such systems may be found in [1,13], for instance.

In (3.6), the control which governs the system is the vector (ay,--- ,q,), and
the question of controllability of the system can be stated as follows:

Question 4 For any couple of states (Xo, X1) € M?, are there M functions
a; : [0,T] — R such that solving (3.6) starting from X(0) = Xy leads to
X(T)=X,?

A classical result by Chow states that the system (3.6) is locally controllable
near Xy € M (which means that question 4 possesses a positive answer for
any Xj in a suitable neighborhood of Xj) if the Lie algebra generated by
(Fy,---, Fp) is of full rank at X

Here, the Lie algebra Lie(Fy,--- , Fpr)(Xp) is the algebra obtained from the
vector fields (Fy,- -, Fiy) by successive applications of the Lie bracket oper-
ation defined as

[F,GI(X) = (F-V)G(X) = (G- V)F(X).

The rigorous proof of Chow’s theorem may be found in [1,13] but we would
like to give here a hint of why such a result holds. Given a vector field F' :
M — TM, we call exp(tF)(Xo) the solution at time ¢ of

X
a PO (3.8)

The main idea is that one can reach from X, points in the direction g =
> BiFi(Xo) by using (3.8) with F' = Y, B;F; since we have, to first order,

exp(tF)(Xo) = Xo +tF(Xo) + O(t*) = X + tg + O(t?) .

This formula shows that the global displacement of the solution of the dynam-
ical system is proportional to time for these directions.

A more subtle move allows to reach points in the direction [F;, F};]. Namely,
we now need to consider

exp(—tF;) oexp(—tFj) oexp(tF;) oexp(tF;)(Xo) = Xo+*[F}, Fj](Xo) +O(t%)
which also shows that in time ¢, one can reach a displacement in the desired

direction which is proportional to 2. Lie bracket directions of higher order

10



are also attainable at the price of a higher order expression in ¢, leading to
smaller displacements. If the Lie algebra has a full rank, every direction in M
is attainable and the system is locally controllable.

As a special case in our applications, we will focus on systems for which the
full rank condition (3.7) is satisfied with first order Lie brackets only, and a
necessary condition for

dim Span(Fh"' Fr, [F1,F2]> [F17F3], T >[FM71,FM])(X0) =d,
is that
MM —1
M MOTZY

Our three systems are specially designed in such a way that they satisty M +
M(M —1)

5 = d, and local controllability near X follows from verifying that

det (Fl,"' ,FM, [Fl,FQ],[Fl,Fg],"' ,[FM_l,FM])(Xo) 7é 0 (39)

We then pass from local to global controllability by using the fact that our
systems are, in addition, analytic. In this case, the following stronger result
holds.

Theorem 3.1 ([13], p. 48, Theorem 6 of Hermann-Nagano) For the analytic
linear control systems without drift (3.6), the dimension of the Lie algebra gen-
erated by the vector fields (F;)1<i<ar is constant on each connected component

of M.

In view of the preceding result, since in our case M is always connected, we
simply need to prove local controllability at one point (&y, pg) in order to obtain
global controllability. The remaining of this section consists in considering
systems of increasing complexity which all fit into the preceding framework.
For each case, we describe the system, explain how the model can be written
in the form (3.5), with analytic vector fields F;, and show that (3.9) holds at
one point.

3.8 The three sphere swimmer of Najafi and Golestanian (3S)

This swimmer, initially proposed in [20] has been studied thoroughly in [3]
and [5]. Tt is composed of 3 spheres of radius a > 0 aligned along the x—axis,
as depicted in Fig. 1.

We call £ = (&,&,) the length of the arms, and p the position of the central
sphere which leads us to consider the shape set S = (2a, +00)? and the position

11



Fig. 1. Three Sphere Swimmer (3S)
set P = R. Using e; = (1,0,0)7, we can write
x1(§;p) = (p—&)er,x2(§,p) =per,x3(§,p) = (p+ &)en,

and
Xi(€,p,r) =x,(E,p) +1, Vie{l,2,3},VredB,

from which we deduce =e;.

dp
Due to axial symmetry, the only nontrivial equation in (3.2) is the one con-
cerning the component of the total viscous force along the axis of symmetry.

This reads
2

Z (&, )&k + Mo(&,p)p =0,

G 0X; 0X, 0X
. —1 1 2 3
Z/ ( x(§p (afl ) agl 9 851 >>Z dI‘
3
- /63 351 X_(E]-,p) (91,61,81)>i dr

== aBel : (T(gp)<elaelae1))1 dr,

where

and, similarly,
)\2(5) = /{)B e (T(gp) (el, e, el))3 dr s
while the coefficient of p is simply given by

Z/@Bel p eluelael>) dr

> 0.

Positivity of the viscous drag force Ay arising from a rigid translation at unit
speed is a consequence of the positive-definiteness of the Oseen resistance
matrix, see [11]. The coefficients above are independent of p because of trans-
lational invariance of the problem. From the analyticity of the coefficients and
Tx in x, we have that

2
= Vi(&)é,
k=1

12



where V() = ()

are analytic functions of &;,&. The complete system

Ao(€)
reads
1 0
i(f)amw 0 |taxn| 1
p
Vi(€) Va(€)

where oy (t) and ap(t) are the control functions.

The controllability condition (3.9) becomes

oV,
23}

oV

det(Fy, Fy, [y, F))(€) = 96,

(&) — 5 (6) #0, (3.10)

which is enough to verify for one configuration. For this purpose, and in order
to further simplify the computation, we make the observation that, due to
symmetry

)\1<§17€2) = _)\2(52751)7 while )‘0(51752) = /\0(52751) :

Therefore, if we consider a symmetric shape & = (¢, ¢), showing that condition
(3.10) holds at ¢ is equivalent to proving that

O\ =
e @ #0

Using the expansion for large distances of the total force (2.11) with u; =
(p — & )er, us = peq, and uz = (p + &)ey, leads to

)\0(51,52):67m77<3—3a<1 T )>+0<<-2>,

& & &Sité
M &) =oman (15 (L4 o)) roe),
Ao (€1, &) = 6man (—1 4 a (; 3 Jlr&)) +0(¢7?).
Therefore
g =Tl ol

which does not vanish for ( sufficiently large. This proves the global control-
lability of the system.

13



Fig. 2. The three-sphere planar swimmer (3SP)

3.4 The three sphere swimmer moving in a plane (3SP)

This swimmer has been proposed and studied in [17]. It is composed of three
balls Bi, B, Bs of equal radii a > 0. We assume that the three balls can

27
move along three horizontal axes that mutually meet at ¢ with angle 5 (see

Fig. 2). We further assume that the balls do not rotate around their axes so
that the shape of the swimmer is characterized by the three lengths &, &5, &3
of its arms, measured from the origin to the center of each ball. However, the
swimmer may rotate around c in the horizontal plane.

We thus consider (S, 52, S3) a reference equilateral triangle with center O €
R? in the horizontal plane (O,x,y) such that dist(c,S;) = 1 and we call
t; = cTS’i. Position and orientation in the horizontal plane are described by
the coordinates of the center ¢ € R? (but ¢ stays confined to the horizontal
plane) and the horizontal angle o that one arm — say arm number 1 — makes
with a fixed direction — say (O, z) — , in such a way that d = 3. Therefore, we
place the center of the ball B; at x; = ¢ + §;Ryt; with & > 0 for ¢ = 1,2, 3,
where Ry stands for the horizontal rotation of angle 6 given for instance by
the matrix:

cos(f) —sin(6) 0
Ry = | sin(d) cos(d) 0
0 0 1

The swimmer is then fully described by the parameters X = (£,¢,0) € S x P,

14



where S := (0,400)% and P = R? X R, and the functions X; are now defined
as

Xz(ga C,Q, I') =cC+ R9<€ltz + I') Vi € {17 2a 3} 3
Notice that the functions X; are still analytic in (£, ¢, d), and we use them to
compute the instantaneous velocity on the sphere B;

09X
ViT o

where es is the vertical unit vector.

(5, C, 0, 7") =c + 983 X (f,tz + r) + Rgtlfz .

Due to the symmetries of the system, the swimmer stays in the horizontal
plane. Therefore, the third component of the total force F3 vanishes, while
only the third component of the total torque 75 might not vanish. The con-
straints of self-propulsion (3.2) and (3.3) — more precisely, the vanishing of
the components Fi, and F; of the force, and of the third component 73 of the
torque — lead to a linear system that can be written as

where neither R, nor V; depend on c or 6 because of translational and rota-
tional invariance of the Stokes problem.

The complete system reads

where V(£) is the 3 X 3 matrix whose columns are V;(¢), and a(t) € R? are
the controls.

We check the controllability condition (3.9) at a symmetric shape £ = (¢, ¢, (),
with ¢ € R sufficiently large.

Calling F; = —R~'V,, the special form of our system (in particular the fact
that the coefficients do not depend on the position variali)les) allows us to
rewrite the sufficient condition (3.9) for controllability at (¢, c,0) as

OF, 0OF, OF, OF; OF, _8F1> _
0% 067 06 0% 06 0%

A = det ( - - (&) #0. (3.11)

OF
We now turn to the computation of —k(ﬁ ) for k # [ or at least its asymptotic

s

expansion in terms of negative powers of (.

15



From the definition of Fy, one has

OF, . (avk OR )
— =-R'[Z—+ —F|,
0 ag og "

and we need to compute all the factors of this expression at &.

(3.12)

The first step consists in computing an expansion for R(£). We get from (2.11)
and (2.13), and taking N = 3,

R(E) = 6man 3d+ 0™ O1) (313
o1)  32+0() ) |
and . 3 .
T (= - Eol (o MYl (o)
R (§) = s 1 : (3.14)
a0 g5+ 0T

Differentiating R with respect to & gives (notice that from Section 2, R is
analytic in £ and we may therefore differentiate its expansion term by term)

gR(f):ﬁwan S5 (i S“)*f)@_g) tixes+O(CT) ) (3.15)
& (t: % e3)' + O(C™Y) 0(¢)

where S;;, originally given by (2.12), is now seen as its restriction to the
horizontal plane, and the vector t; X e3 as a horizontal vector.

Similarly
V() = (67”7“% — 9mna® i, Sty + O(Cz)) (3.16)
O(1)
gives
_ t, +O(C!
Fi.(§) = —; ( k+ 0l >> (3.17)
0

(here we have used the fact that, for a symmetric configuration, the displace-
ment of one sphere induces no torque) and

0Sx. _3

— O
W 6) — —gmyar | 06T (3.8
“ ()

From these expressions, and using (3.12), and the identity

0S; 1
a&l =3 (—(eg-t)Id+t, ®@e;+e; @t — 3(e;y - t))e; @ ey)
b
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one gets (after some calculations)

8Fk — 8Fl — 4*(2l(tl - tk) _3
— ) —-=—©=|"° +0(¢?). (3.19)
agl afk‘ —%tl Xty - es
The determinant A given by (3.11) is thus equal to
1642 to—t t; —t tp—t
A= @ 1ot 2 — b 3 — b2 1— 3 + O
9 to Xt -e3tg Xty-e3t; Xts:es
which does not vanish for ¢ large enough. a

We emphasize again that the global controllability result proven here means
that the swimmer, by using suitable controls, is capable of moving anywhere
in the horizontal plane and of rotating around the vertical axis by any angle.

3.5 The four sphere swimmer moving in space (45S)

We now turn to the more difficult situation of a swimmer able to move in the
whole three dimensional space and rotate in any direction. In this case, we fix
N = 4 and we consider a regular reference tetrahedron (S, S, S3,5) with
center O € R? such that dist(0O, S;) = 1 and as before, we call t; = OﬁSi for
1=1,2,3,4.

The position and orientation in the three dimensional space of the tetrahedron
are described by the coordinates of the center ¢ € R? and a rotation R € SOs,
in such a way that d = 6. The four ball cluster is now completely described
by the list of parameters X = (£,¢,0) € S x P, where S := (0,+00)* and
P =R? x SO;.

We place the center of the ball B; at x; = c+&Rt; with & > 0fore=1,2,3,4
as depicted in Fig. 3 and forbid possible rotation of the spheres around the
axes. A global rotation (R # Id) of the swimmer is however allowed.

Furthermore, the function X; are now defined as
Xz(ga C, 07 I') =cC+ R(gztz + I') Vi € {17 27 37 4} ;

which is still analytic in (£, ¢, R), from which we compute the instantaneous
velocity on the sphere B;
0X,;
Vv, =
ot

(&, c,R,r)=¢c+wx (§t; + 1) —i—Rtifi.
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Fig. 3. The four sphere swimmer (4S).

where w is the angular velocity. Constraints of self propulsion (3.2) and (3.3)
now become

K(£e,R) Cl(EeR) | [ ¢ +Z4:V.(§ c,R)& =0
C ¢, R) Q(¢,¢,R) w i=1 o ’

where the 6 X 6 matrix

(3.20)

R(E.c.R) (K(g,c,R) CT(g,c,R))

C(f? C? R) Q(f? C? R)
known as the resistance matrix [11] is symmetric positive definite, and depends
analytically on (£, ¢, R) as the vectors V;(£, ¢, R).

In this case, the complete system reads

¢ Idy
¢|= ’ a(t)
_Ril (57 C, R)V<€7 C, R)

w

where V(, ¢, R) is the 6 x 4 matrix whose columns are V;(§, ¢, R), and a(t) €
R* are the controls.

As before, we check the controllability condition (3.9) at a symmetric shape

¢ =1(¢,¢, ¢, (), with ¢ € R sufficiently large. Also, we use ¢ = 0, and R = Id
in the verification of the Lie bracket condition (3.9).

We call F; = —R~'V,. Notice that for the symmetric configuration &, the vec-
tors F; have no torque components, and that F; does not depend on ¢ because
of the translational invariance of the problem. Taking into account these facts,
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the sufficient condition (3.9) for controllability at (£, 0,1Id) simplifies to

0F1 0F2 8F3 8F4

A:da(a&—a&,---,a&—%) (£,0,1d) # 0. (3.21)

OFy, -
We now turn to the computation of a—;(ﬁ, 0,Id) for k # [, or at least of its
!

asymptotic expansion in terms of negative powers of (.
The definition of F;, still gives

OF | (avk OR )
Tk gt (2 TRy ) 3.22
9% o5 g (322)

and we need to compute all the factors of this expression at (£,0,1Id).

The first step consists in computing an expansion of R(¢, 0,1d). We have from
(2.11) and (2.13)

2 N
K=6ranNId — Jmia Z Z Si; + 0™,

i=1 j#i

C :67Ta77§:f1;t@' x +0(¢°),

i=1

Qszmiéf(Id —t;®t;) +0(C().

=1

which gives (here N = 4, ¥} t; = 0 and 1, (Id — t; ® t;) = %Id for a
regular tetrahedron)

_ Ald+0(¢h) o)
R(&,0,1d) = 6man 8(2 , (3.23)

0 =14+ 0()

and

1 [id+o¢h) o
5 L 3 | (3.24)
man O((™?) 8—CQId + O(( )

R7(£,0,1Id) =

Differentiating R with respect to & gives (notice that from section 2, R is
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analytic in £ and we may therefore differentiate its expansion term by term)

3,0 (v g L ,
OR (¢ 0 1) — ran | 307 (Zea8u) + 01 —tix +0(¢7)
851 tl X +O(C_l) O(C)
(3.25)
Similarly
v, _ [ 6mmats = 97" Ciz Sutic + O(C) (3.26)
o(1)
leads to
—1
F,,(,0,Id) = _i b, + O(C) -
0

(here we have used the fact that for a symmetric configuration, the displace-
ment of one sphere induces no torque) and

S
—Zt,4+0
8(;2k(501d)——97ﬂ7a2 9 L+ 06T . (3.28)

O(¢™)

From these expressions, and using (3.22), one gets after a tedious but straight-
forward computation

9/3a .
aa?“ (,0,1d) - 35@ R ) RECTCU NCEY)
k 16C2tl X t

The determinant A given by (3.21) is thus equal to

27 to -ty t3—t; -ty —t
A=c ( \/_a>dt 2 =T T3 — 1 4— T3 Lo
1024v/2 fy X b1 b3 X by - by Xt
which does not vanish for ¢ large enough. a

4 Optimal swimming

A possible notion of optimal swimming consists in minimizing the energy
dissipated while trying to reach a given position pr at time 7" from an initial
position py at time 0. In this sense, the optimal stroke is the one that minimizes

=) X

TNN

> [ e Tdyviepndo@d (@)

i=175=1
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where v satisfies the self propulsion conditions expressed by Equations (3.2)
and (3.3), subject to the constraint that p(T) is equal to pr.

The special structure of our problem allows us to express the dissipated energy
solely in terms of the shape variables &, by virtue of equation (3.4). We start
by expressing the velocity of the m—th ball due to a unit shape change in the
i-th component of £ as

W;n(f,p7 I‘) = (V5XW(£7P7 I‘) - € + VpXm<€7p, I') : (V(f,p) : el)) (42>

This allows us to simplify the energy of the system to an expression depending
on the rate of shape and position changes &:
T M M .
= [ X6 né dn (43

i=1j=1

where the metric G is defined by

Gij(€,0) = z e Ty (W€ ) WY (Ep)" o),
(4.4)

Since dissipation is invariant with respect to the current position p, it is pos-
sible to show that G;;(&,p) = Gi;(&,0) := G;;(€) for any position p.

Optimal swimming is then given by the solution (£,p) € (S x P) x [0,T] of

T . .
Gmin o [TEG() ga= () (4.50)
subject to c,p,t)=0 vt € [0, 7] (4.5b)

G<Et) <& veel0,T],  (450)

where the contraints C'(§, p,t) = 0 are given explicitly by

V), p(t) - £(t) —p(t) =0, Vte[0,T],

£(0) = &(T) =0,

p(0) — po 0, (4.6)
p(T) —pr =0,

£(0) — & 0.

Some of the constraints in (4.6) can be relaxed. For example, it is possible to
fix only the periodicity of the shape, but not its actual initial and final values
(so that the last constraint in (4.6) disappears), or to fix only some of the
components of p(T'), leaving the others free to be optimized.
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5 Numerical Approximation

Our strategy for the solution to problem (4.5) is to discretize in time both
&(t) and p(t) using cubic splines, and rewrite everything as a finite dimensional
constrained optimization problem, defined only on the coefficients of the spline
approximation of ¢ and p.

A custom C++ code for boundary integral methods, based on the deal.II
library (see [7] and [6]), solves the Dirichlet to Neumann map 7 !, which is
then used to construct G(§) and V (&, p).

The finite element method in the spline space is then used to produce a fi-
nite dimensional approximation to (4.5), which is solved using the reduced
space successive quadratic programming algorithm (rSQP) provided with the
Moocho package of the Trilinos C++ library [12].

In this section we touch only briefly on the numerical implementation of the
discrete Dirichlet to Neumann map for a collection of spheres, and we refer
to [2] for more details on the rSQP technique used for the search of constrained
minima.

In principle, standard surface meshing techniques could be employed to inte-
grate on the surface of our swimmer, but they lack the speed and accuracy
that specialized methods can offer when integrating on such special domains
like collections of spheres.

The method we use for the integration on the spheres is presented in [10] for
use with smooth functions and experimental data. It uses an oblique array
of integration sampling points based on a chosen pair of successive Fibonacci
numbers.

The pattern which is obtained on each sphere has a familiar appearance of
intersecting spirals, avoiding the local anisotropy of a conventional latitude-
longitude array. We modified the original method to take explicitly into ac-
count multiple spheres and the singularity of the Stokeslet (see [21] for a more
detailed introduction on boundary integral methods for viscous flow).

The discrete versions uy, and fj, of the continuous velocity and force densities u
and f are obtained by sampling the original functions at the quadrature points,
translated and replicated on each sphere according to £ and p, to obtain Ny
scalars that represent Ny /3 vectors applied to the quadrature points sampled

on 0f).

Integration on 052 of the function uy,(x) is then effectively approximated by

|, ux) dolx) ~ u(d')e'
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where the weights w’ and quadrature points q' are derived according to [10].

The construction of a discrete Dirichlet to Neumann map for our swimmers
follows the usual collocation method (see, for example, [22]),

u(@) = [ Gly —q)E(y) do(y)
N3 (5.1)
~ Y G(d - d)f(qd )’ + G (g’ i=0,...,Ny/3.

j=1j#i

A specialized calculation of the singular integral is performed in Equation (5.1)

when 4 is equal to j, by deriving G" according to the (known) exact solution
of the flow around a sphere.

Equation (5.1) can be expressed more compactly as:

where the matrix A4 is obtained by writing explicitly the various components
of Equation (5.1), and we have used the notation uy, and fj, to indicate the Ny
dimensional vector that samples the functions u(x) and f(x) at the quadrature
points q.

The construction of the discrete Dirichlet to Neumann map allows us to com-
pute explicitly, given a pair of shape and position variables (&, p), the numer-
ical approximations of Gp(§) and V; (€, p). These can in turn be used to solve
the constrained minimization problem as in [2], i.e., by using the implemen-
tation of the rSQP method included in the Moocho package of the Trilinos
library [8].

6 Numerical Results

In this section we analyze some of the optimal strokes that can be obtained
with our software for the case of the three-sphere swimmer in the plane [17]
(3SP), depicted in Figure 4. While this is one of simplest possible extension
of the three-sphere swimmer by Najafi and Golestanian [20], it adds already
a high degree of complexity to the numerical approximation scheme.

The added complexity comes both from the presence of three additional time
dependent variables (one shape and two positions), and from the fact that the
vector field that relates positional changes to shape changes (p = V(£,p) - €)
depends also (though in an explicit way) on the orientation § = ps of the
swimmer.
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P2 =y

Fig. 4. Parameters for the 3SP swimmer.

In the software used to compute the optimal strokes for axisymmetric swim-
mers [2], there is only one position variable p;(t) = ¢(t), which can be obtained
by post-processing the vector field V(§) (which, in the axisymmetric case, is
independent on the position p) and ¢ itself.

In the present case of a planar swimmer, this is no longer possible, and the
optimization software has to go from optimizing over the two shape vari-
ables & (t) and & (t) to optimizing over the entire shape-position space, com-
posed of the siz time dependent variables £(t) = (&1 (t), &(t),£3(t)) and p(t) =

(ca (), ¢y (1), 6(2))-

In the experiments that follow, we use water at room temperature (20° C) as
the surrounding fluid, and we express lengths in millimeters (mm), time in
seconds (s) and weight in milligrams (mg). Using these units, the viscosity
of water is approximately one (ImPas = lmgmm~'s™1), and the energy is
expressed in pico-Joules (1pJ = Imgmm? s72 = 10712J).

The radius of each ball of the swimmer is .05mm, and additional constraints
are added to the optimization software to ensure that each component of the
shape variable £ stays in the interval [.1mm,.7mm], so that the balls never
touch each other and that they don’t separate too much.

We present some of the computed optimal strokes that illustrate the richness
of the problem. In all the examples that follow, we ask the swimmer to go
from p(0) = (0mm, 0mm, 6y) to p(T') = (.0lmm, 0mm, O7), for various combi-

nations of 6y, 6y and £(0) = &(7T).

Since the swimmer is 27 /3 periodic, it is sufficient to study the optimal strokes
varying 6y between 0 and 27 /3 while keeping ¢, and ¢, constant to explore all
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possible optimal swimming strokes. All other combinations can be obtained by
rotations and permutations between the components of the optimal solution

(& p).

Moreover, since rotating the swimmer of 7 is equivalent to asking it to swim in
the opposite direction, reversibility of Stokes flow allows us to further reduce
the study of the optimal strokes to the interval 6y € [0, 7/3].

In particular, if the pair £(¢) and p(t) = (c(t),6(¢)) is an optimal solution
of (4.5), then we have that all the following permutations, symmetries and
rotations of (£, p) are also optimal swimming strokes, but with different initial
and final positions:

£t)  e(t) +k,0(t) vk € R? (6.1a)

&) Ra.(v)e(t), () + vy € [0, 27] (6.1b)
&(1),6(1),&u(t)  R=(2m/3)c(t), 0(1) (6.1c)
&(1),6(1),&(1)  Ra(4m/3)c(t), 0(1) (6.1d)
§T—t) (T —t)—c(T),0(T —1). (6.1e)

Given a family of optimal solutions with different starting angles 6y € [0, 7/3],
then properties (6.1) can be used to derive the optimal solutions in all of the
interval [0, 27].

The optimal strokes we present have been formatted to show the trajectory of
the center of the swimmer amplified of a factor 60 with respect to the dimen-
sions of the swimmer itself, and the orientation # of the swimmer amplified
of a factor 10. The full configuration of the swimmer is shown at ten equally
spaced instants of time between t =0 and t =T = 1.

Our first optimal stroke (Figure 5) is obtained by fixing the initial and final
rotation 6y = 01 to be zero and the initial shape of the swimmer to be £ =
(.4,.4,.4ymm. The total energy consumption to swim by .0lmm in the z
direction with a single stroke is 0.511pJ.

The first important thing to notice is that, although the initial configuration is
symmetric with respect to the translation axis, the stroke is not. This implies
that the optimal solution is not unique: exchanging the off axis shape variables
& (t) and &5(t) yields to the same final displacement with the same total energy
consumption.

A configuration which is symmetric with respect the y—axis can be obtained
by setting 6y = 7/6, and also in this case the solution is non symmetric and
non unique.

Given the permutation properties (6.1), we deduce that two distinct global
solutions with the same energy dissipation exist for 8y = N7 /6, for any integer
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.0lmm

‘\< L E0) =€(T) = (4, 4, mm

Fig. 5. 3SP swimmer: optimal stroke for g = 0 = 07 radians. The initial shape is
fixed at £(0) = &(T) = (4, .4, .4)mm. Energy consumption to swim by .0lmm in
the x—direction: 0.511pJ.

N. From the existence of these different global minima we can deduce that
at least two branches of local minima exist outside those particular points,
starting off as continuous perturbations of the two global solutions.

Numerical evidence show that at least three stable branches exist, as shown
in Figure 6, where we plot the energy dissipation of all the (local) optimal
strokes with respect to the starting initial angle p3(0) = 6. It is possible to
steer the software towards one or the other local branch by feeding it with
initial guesses which are close to the desired branch.

From Figure 6 it is also clear that the swimmer prefers to swim along directions
which are close to parallel to one of the arms: N7 /347 /30 are the approximate
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Fig. 6. Branches of optimal swimming for 3SP swimmer: dissipated energy VS start-
ing angle.

preferred swimming directions. The directions perpendicular to one of the arms
(y = m/6+ N /3) are the most expensive ones (although they differ in energy
only by approximately 2%).

From Figure 5 it is evident that a lot of energy is wasted in forcing the final
rotation to be equal to the initial one. If we relax this requirement and allow
the software to optimize the stroke without forcing the rotation to be periodic
in time, then the swimmer does not follow an “eight-shaped” path anymore,
and the actual target displacement is reached with a smaller stroke (Figure 7),
and by dissipating less than half the energy (.209pJ instead of .511pJ). The
final rotation is approximately .058 radians (about 3.3 degrees).

The main defect associated with this strategy is that all successive strokes will
be rotated with respect to the initial swimming direction. If the stroke were
to be repeated, we would observe a rotational drift and an average circular
motion along a trajectory of radius r = .35mm. To ensure that N successive
strokes produce an average trajectory along a straight line, one cannot use N
copies of the same stroke. Instead, N different optimization problems need to
be solved, in each of which the initial orientation is the one reached at the end
of the previous stroke.

A complementary strategy to reduce the energy of a single stroke without
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Fig. 7. 3SP swimmer: optimal stroke for 6y = 0, 07 optimized to .058 radians. The
initial shape is fixed at £(0) = &(T) = (.4, .4,.4)mm. Energy consumption to swim
by .0lmm in the x—direction: .209pJ.

generating a rotated final configuration consists in optimizing also on the
starting shape, rather than on the final angle. Figure 8 shows this strategy,
where the final angle is fixed to be equal to the initial angle. From the figure it
is clear that the more complex hydrodynamic interaction due to the closeness
of the spheres can be effectively exploited by the optimization software to
reduce the dissipated energy.

The optimal initial shape is found to be (.15,.15,.19)mm, a non symmetric
shape. The total energy dissipation with this stroke strategy is about .221pJ.
While this is already less than half of the energy consumed by our first optimal
stroke (Figure 5), it is still about 10% more expensive than the second attempt
(Figure 7).
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Fig. 8. 3SP swimmer: optimal stroke for 8y = 0 = 6. The initial shape is optimized
to £(0) = &(T') = (.15,.15,.19)mm. Energy consumption to swim by .0lmm in the
x—direction: .221pJ.

The combination of the two strategies, in which both the initial shape and the
final angle are left free for the software to optimize, is shown in Figure 9. In
this case the total energy dissipation drops down to .100p.J. The initial shape
is optimized to the value (.23,.35,.2)mm and the final angle is 0.057 radians,
or about 3.28 degrees. In this case the optimal stroke hits the boundary of the
region of allowed shapes.

Acknowledgments: The first and last authors benefited from the support
of the “Chair Mathematical modelling and numerical simulation, F-EADS —
Ecole Polytechnique — INRIA — F-X”
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£(0) =¢&(T) = (.23,.35,.2)mm
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Fig. 9. 3SP swimmer: optimal stroke for 6y = 0, 87 optimized to .057 radians. The
initial shape is optimized to £(0) = &(T") = (.23,.35,.2)mm. Energy consumption
to swim by .0lmm in the x—direction: .100pJ.
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