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ABSTRACT. We study a shape optimization problem for the first eigenvalue of
an elliptic operator in divergence form, with non constant coefficients, over a
fixed domain Q. Dirichlet conditions are imposed along 92 and, in addition,
along a set 3 of prescribed length (1-dimensional Hausdorff measure). We look
for the best shape and position for the supplementary Dirichlet region ¥ in or-
der to maximize the first eigenvalue. The limit distribution of the optimal sets,
as their prescribed length tends to infinity, is characterized via I'-convergence
of suitable functionals defined over varifolds: the use of varifolds, as opposed
to probability measures, allows one to keep track of the local orientation of
the optimal sets (which comply with the anisotropy of the problem), and not
just of their limit distribution.

1. INTRODUCTION

We investigate an optimization problem for the first Dirichlet eigenvalue of an
elliptic operator in divergence form, where the unknown is a compact set ¥ of
prescribed length L, along which a homogeneous Dirichlet condition is imposed.
Our interest is focused on the behavior of the optimal sets, when the prescribed
length L — oo.

The case of the Laplacian was studied in [19]. Here, on the contrary, the elliptic
operator is anisotropic, and this requires the introduction of new ideas and tech-
niques: among them, the main novelty is the use of varifolds (instead of probability
measures), as a tool to properly handle the anisotropy of the problem.

Throughout we shall assume, without further reference, that we are given:

(i) abounded domain 2 C R? with a Lipschitz boundary 99 (we do not assume
Q to be simply connected);

(ii) a2x2 symmetric, positive definite, matrix-valued function A(x) = [a;; ()],
defined for z € Q and continuous there.

Observe that A(z) is uniformly elliptic, i.e. for some constant C' > 0
(1) CHyl < (A(x)y,y) <Cly|* VyeR? VreQ.

For every L > 0, the class of admissible sets (the “supplementary Dirichlet regions”)
is defined as follows:

(2) Ap(Q):={2CQ : ¥isa continuum and #'(X) < L}
(throughout, “continuum” stands for “non-empty, connected, compact set” while

H! denotes the one-dimensional Hausdorff measure). We are interested in the
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maximization problem
(3) max {\{(Q\2): S € AL(Q)},
where the first eigenvalue \{(Q\ ) is given by

) MO\S) = min Jo(A(z)Vu(x), Vu(z))dx

ueHé;?\z) fQ u(z)?dx

(since any admissible ¥ has zero Lebesgue measure, integration over {2 is equivalent
to integration over 2\ X). For fixed ¥ € A (), the coefficient matrix A(x) gives
rise, in the open set 1\ X, to the elliptic operator —div A(z)Vu: the number
MY\ X) is then the first eigenvalue relative to this operator, with a homogeneous
Dirichlet condition along X UOQ. Every set ¥ € A () is rectifiable and (except for
the uninteresting case where it is a singleton) it has a positive capacity: therefore,
the condition u € H}(Q\ ¥) is in fact equivalent to u € HJ () with the additional
condition that u = 0 along X, a.e. with respect to the Hausdorff measure H!.
Thus, if 2 is a membrane fixed along its boundary 02, ¥ can be interpreted as
a stiffening rib, that will increase the fundamental frequency of the membrane.
Observe that, by monotonicity with respect to the domain, the larger 3, the higher
the first eigenvalue.

In (2), the length constraint H'(X) < L, combined with the connectedness as-
sumption, prevent ¥ to become too large and spread out over €2: these constraints
can also be seen as a bound on the total resources available, in order to raise the
membrane frequency (for related problems in the same setting, see e.g. [8, 14]).
Without any length constraint, the best choice would be ¥ = ), and the problem
would be trivial: in (3), however, the optimal sets Xy, still tend to saturate Q as
much as possible, compatibly with the constraint that ¥ € Ar(€). In this paper
we shall investigate how this saturation occurs as L — co, answering questions such
as: with what limit density (length per unit area) will X, saturate 2?7 With what
local orientation?

Due to Gotlab and Blaschke theorems (see [4]), AL () is compact with respect to
the Hausdorff convergence, while the first eigenvalue A\{! is continuous (see [17, 13]).
Therefore, the existence of an optimal set Xy, for problem (3) is immediate:

Theorem 1. For every L > 0 there exists a mazximizer in (3). Moreover, every
mazimizer Xy, satisfies H'(Xp) = L.

The last part of the claim is typical of constrained problems that obey mono-
tonicity with respect to domain inclusion: if H!(X) < L, then A\{(Q\ ¥) could
be increased, e.g. by attaching to ¥ some short segment (see [7, 8, 19]). Observe,
en passant, that the corresponding minimization problem is trivial: the optimal
sets are all singletons ¥ = {z} and all sets ¥ C 99 (in both cases, one has
MY(Q\ X) = MY(Q) which is clearly optimal).

Our goal is to study the limit behavior of the optimal sets ¥y as L — oo, via
I-convergence. If A(x) = o(x)[ is a multiple of the identity matrix, i.e. if the mem-
brane  is isotropic (though not necessarily uniform), this has been investigated in
a previous paper [19]. Passing from A(z) = o(z)I to an anisotropic matrix A(x),
however, is not a merely technical extension: indeed, several new ideas are required,
and even the final expression for the I'-limit functional is not easy to figure out.
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In [19], along lines typical of this kind of problems (see [5, 6, 8, 9, 14]), the
main idea was to associate, with every admissible set ¥, € AL (), the probability
measure piy, defined as

HILY
5 =
(5) R VIS
where H'L Y is the one-dimensional Hausdorff measure restricted to ¥. If ¥ is a
solution to (3) and L — oo, knowledge of the weak-* limits i of the corresponding
measures py, in the space of probability measures P(€2), provides information on
how the optimal sets ¥ tend to saturate € in the limit. In concrete terms, one

can define the functionals G, : P(2) — [0, +o0]
LQ

(6) Gr(p) = { M (Q\X)

400 otherwise,

if = py for some ¥ € Ar(Q),

and investigate their I-limit in P(Q) as L — oo. Indeed, for fixed L, the maxi-
mization problem (3) is equivalent to the minimization of G, while the factor L2
is a renormalization that allows for a nontrivial I'-limit. If the coefficient matrix
A(x) = o(x)I is isotropic and o(x) is continuous, it was proved in [19] that the
functionals G, T-converge (with respect to the weak-* topology on P(f2)) to the
functional
Goo(p) := L ess sup _
U w e fula)?o(x)
where f,(z) is the density of p w.r.to the Lebesgue measure (note the interac-
tion between f,(z) and o(z), the Young modulus of the membrane). This func-
tional is minimized by a unique probability measure, an L' function proportional
to o(x)1/2: as a consequence ([19]), one infers that for large L the optimal sets X,
have, at small scales, a comb-shaped structure, essentially made up of parallel lines
whose spacing is locally proportional to a(m)l/ 2. The local orientation of the comb
teeth is, on the other hand, irrelevant, and rotating an optimal pattern preserves
optimality: this clearly reflects the isotropy of the coefficient matrix A(z) = o(z)I.

When the matrix A(x) is anisotropic, the previous analysis is no longer valid.
One still expects optimal sets to look like comb-shaped patterns at small scales, but
their local orientation will now depend on A(x): heuristically, since in the smooth
case the gradient Vu(z) of the first eigenfunction u € H}(Q\ ¥) is roughly directed
as the normal unit vector £(x) at z € X, one expects X to be locally directed in such
a way that £(x) is parallel to an eigenvector of A(x), namely the one relative to its
largest eigenvalue, so that the quadratic form (A(z)Vu, Vu) is (locally) maximized
in (4). On the other hand, the probability measures p in (5) and their weak-* limits
keep no track of the orientation of the optimal X : they just keep memory of the
density (length per unit area) of ¥, inside Q. In other words, to fully understand
the anisotropic case we have to associate, with every admissible ¥ € Ay (2), a more
complex object than a measure 1 € P(€2), possibly one that carries information also
on the unit normal to 3, and study I'-convergence in that setting.

Roughly speaking, the main idea is to associate, with every ¥ € Ap(Q), a
probability measure 6y in the product space  x S', defined via integration by

1 1 o) 1
M | s = g [ eles@) d@), o e Con@xs?),
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where &s:(x) is the unit normal vector to ¥ at x € X, while
Coym(Q x St) := {gp cCOQxSY | p(z,y) = p(x,—y) VxecQ,Vyec Sl}

is the space of continuous functions with antipodal symmetry. Since every set ¥ €
Apr(Q) is 1-rectifiable, a unit normal £&x(z) is well defined, up to the orientation,
at H'-a.e. z € X, and &x(z) in (7) denotes any measurable selection of this normal
field: due to the antipodal symmetry of ¢, the second integral in (7) does not
depend on the particular selection.

In fact, (7) defines 0. as an element of the dual space of Csym, (Q x S), that is,
as a (probability) measure over Q x P!, where P! is the projective space. In other
words, (7) defines 0y, as the 1-dimensional varifold induced by ¥ (see [1, 16]), with
the proviso that we work with the normal instead of the more usual tangent space.

We denote by V;(Q) the space of 1-dimensional varifolds with unit mass, that
is, probability measures over  x P!, endowed with the usual weak-* topology.
Throughout, however, we shall always consider a varifold 6 € V;(Q) as an equiva-
lence class of probability measures on  x S!, two measures being equivalent <+~
they induce the same linear functional on Cysym (€2 x S'): thus, by choosing a rep-
resentative in its equivalence class, we can still treat # € V;(Q) as a probability
measure over () x S!. With this agreement (useful to avoid the technical language
of varifolds), the weak-* convergence of a sequence {6} in V;(Q) to a varifold

0 € V1(Q) takes the concrete form

(8) lim p(x,y)dfr = /

L—oo Joxst

o(x,y)d0 Vo € Coym(Q x S).

QxSt
Now we are ready to state our main result. By analogy with (6), for L > 0 we
define the functional Fr, : V1(2) — [0, 0] as
L2
(9) Fr(0) = ¢ M(2\ %)

400 otherwise,

if = 05, for some ¥ € AL (Q),

where 0y, is as in (7). The definition of the I'-limit functional F,,, which of course
should depend on the coefficient matrix A(z), is more involved.

Definition 2. Given 6 € V1(Q2), by choosing a representative in its equivalence
class we can regard 0 as an element of P(§2 x S1), and we can consider its first
marginal p, i.e. the probability measure over () defined by

w(E) :=0(E xSY), for every Borel set E C Q.

Then, by well known results (see [2]), one can disintegrate 0 as p® v, where {v;}
is a p-measurable family of probability measures over S' defined for p-a.e. x € Q.
This means that

/ﬁxgl p(z,y)dd = /ﬁ </§ ¢(@,y) dw(y)) dp(z), Ve e CExS).

The measure p depends only on 6 as an element of V1(Q2) (not on the choice of
its representative in P(Q x St)), while the measures v, may well depend on the
particular representative. However, the integrals

T /Sl V{A(Z)y,y) dve(y) (defined for u-a.e. x € Q)
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are independent of the particul&r representative of 6, since the function (z,y) —
(A(z)y, y)'/? belongs to Csym(Q x St). As a consequence, if f,(x) denotes the
density of u (w.r.to the Lebesgue measure on 1), the functional

(10) Fo(0) := 1 ess su ! ) 0 € V()

™ en’ (ful@) Jor V(A@g5) dvay))”

is well defined over V1(Q) (with values in [0,+00]), since it only depends on 6 as
an element of V1 ().

The main result of the paper is then the following.

Theorem 3. As L — oo, the functionals F, defined in (9) T'-converge, with respect
to the weak-* topology on V1(Q2), to the functional Fy defined in (10).

This has several consequences, as soon as we single out all those varifolds ¢ €
V1(2) that minimize the functional F,,. For z € Q, we let opax(x) denote the
largest eigenvalue of A(x), while opmin(2) denotes its smallest eigenvalue.

Theorem 4. A varifold 0, € V1(2) is a minimizer of Fs if and only if it can be
disintegrated as 0o = foo(7) dx @ US°, where fo is the L' function defined as

1/7/Gmax (@)
11 - (z) =
(11) foo(@) 1/ omm(@)da

while, for a.e. x € Q, v° € P(S') is any probability measure supported on a set
made up of (normalized) eigenvectors of A(x), relative to omax(T).

The minimizer is unique if and only if A(x) is purely anisotropic, that is, if and
only if omin(z) < Omax(x) occurs at a.e. x € Q. In any case, the first marginal p
of a minimizer 0 is necessarily the function in (11).

As V1 (9) is compact in the weak-* topology, from standard I'-convergence theory
(see [11]) we have

Corollary 5. For L > 0, let X1 be a mazximizer of problem (3) and let 0x, be
the associated varifolds, according to (7). Then, as L — oo, Os, — O (up to
subsequences) in the weak-* topology of V1(Q2), where 0 is a minimizer of Fy

In spite of its abstract formulation, this corollary has interesting consequences
in the applications. In particular, it enables us to determine the asymptotic den-
sity (length per unit area) of the optimal sets X, as well as their local direction
(distribution of the unit normal on the projective space), when L — oo:

Theorem 6. For L > 0, let X1, be a mazimizer of problem (3). For every square
QCq,

(12) 1m1H (2.NQ)

P VIS / foo(x) dx (optimal density of length)

where fo is as in (11). Moreover, if Q is contained in the anisotropy region where

Omin () < Omax(z), for every ¢ € C(S') such that ¥(—y) = ¥(y) one has

I oy @) da
13t s /Q et i) = S
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where &1, (x) is the unit normal to Xy, at x € X, while £(x) is the (unique up to
the orientation) eigenvector of A(x) relative to omax(x). Finally,

. 12 (fQ 1/\/0max(x)da:)2
(14) P vIT RS 2 '

The meaning of (12) is that, if L is large, in order to solve (3) one should spread
Y over Q with a density (length per unit area) roughly proportional to foo(2).
Moreover, by (13), the optimal set ¥, should be directed in such a way that its
unit normal £, (z) is essentially parallel to the eigenvector £(x) relative to the largest
eigenvalue of A(z) (this is uniquely determined only in the region where A(z) is
anisotropic).

The initial assumption on the continuity of A(z) plays an important role in our
proofs, since it enables us to localize our estimates, as if A(x) were constant at
small scales (the analog problem when A(z) is merely measurable and satisfies (1)
is entirely open). On the other hand, all our results are easily extended to cover
the case where A(z) is piecewise continuous, i.e. continuous over disjoint open sets
Q; with smooth boundaries, such that Q = [ JQ;. This extension would be a merely
technical one and is not pursued in detail.

Finally, we point out that regularity of the optimal sets ¥ is an open problem.
In particular, it is not known whether X satisfies no-loop or blow-up properties,
similar to those of the minimizers of the irrigation problem (see [10, 15]).

Notation For a Borel set E C R? we denote by |E| the two-dimensional
Lebesgue measure of E and by H!(E) its one-dimensional Hausdorff measure. If
X is a compact space, P(X) denotes the space of all (Borel) probability measures
over X. If u is a measure, “p-a.e.” is an abbreviation of “u-almost everywhere” (if
u is omitted, Lebesgue measure is understood), while “w.r.to p” stands for “with
respect to u”.

2. SOME AUXILIARY ESTIMATES

In this section we prove some preliminary results on the first Dirichlet eigen-
value, when the coefficient matrix A(z) is constant and the Dirichlet condition is
prescribed along a generic compact set D.

More precisely, let D C Q be a compact set with finitely many connected com-
ponents, such that 0 < H!(D) < oo: such a set is 1-rectifiable (see [4]) and has
positive capacity, therefore given u € H'(Q) the Dirichlet condition

u(z) =0 for H'-a.e. x € D

is meaningful and defines a nontrivial closed subspace of H!(£2) (it can be inter-
preted as a trace condition, since by rectifiability every connected component of
D can be covered by a Lipschitz curve). Then, one can define the first Dirichlet
eigenvalue of the domain 2 (relative to the coefficient matrix A(z)) with Dirichlet
condition along D, as follows:

(15) A (D)= min Jo{A@)Vu(z), Vu(z))dz

TN Jo u(@)*de

Observe that this is more general than (4), where the minimization takes place in
a H} environment: given ¥, the eigenvalue A\{(Q\ ¥) in (4) is a particular case of
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M(Q; D), namely when D = X UJQ (as ¥ is connected while 92, being Lipschitz,
has finitely many connected components, the same is true of D).

When A(z) = M is constant, equal to a 2 x 2 positive definite matrix M inde-
pendent of x, it is possible to give an upper bound to AM(Q; D) in terms of some
geometric quantities, among which an important role is played by the “Riemannian”
length

(16) H (D) = /D VOTE(), €(2)) dH (x),

where £(z) is (a measurable selection of) the unit normal to D at the point x € D
(by rectifiability, this normal is well defined, up to the orientation, at H!-a.e. = €
D).

Theorem 7. Let M be a positive definite 2 x 2 matriz, and let D C Q be a compact
connected set with r connected components, such that 0 < H*(D) < co. Then

2 1/2
M T kmtdet M
. < e
(17) AL (D) < 172 <1+ H(D) )

where the number t is defined as
t= it .
HL, (D) + /H},(D)? + kr|Q] det M1/2

(18)

Proof. Set N = M~'/2. Recalling (15), by the change of variable z = Nz in the
two integrals we have
M(Q; D)= min Jo(MVu(z), Vu(z))dz = min M

senle Jo u(z)*dx seniovey [0 0(2)2dz

so that A} (€2; D) is the first eigenvalue of the Laplacian on the deformed domain
NQ (the image of Q through the linear map N), with Dirichlet conditions along
ND (observe that also ND has k connected components). Therefore, applying
Theorem 2.4 of [19] combined with Remark 2.5 therein, we obtain

2
M 0 kT
. < -
(19) AT (D) < 472 (1 + Hl(ND)) ’
where
(20) |INQ|

T:= .
HL(ND) + /HL(ND)2 + krr|NQ|

Therefore, to prove (17), it suffices to relate 7" and t.
Using the area formula (see for example [2, lemma 2.91]), we have

(21) HUND) = /D | Nr(2)|dH (),

where 7(z) is the unit tangent vector to D at the point z € D. Now, for H!-a.e.
x € D, 7 = 7(x) is orthogonal to the unit normal & = £(z) that appears in (16):
therefore, since N2 = M~!, we have

INT|2 = (M7, 7) = det M~ Y (Mr,7) = det M~ (ME, &)
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where M is the cofactor matrix of M (the last equality is typical of dimension two).
Taking square roots and integrating, we find from (21) and the preceding formula

HYND) = det M—W/D V(ME(z), E(x)) dH (z) = det M~Y/2H}, (D).

Moreover, [NQ| = det M~1/2|Q)|. Plugging the last two identities in (20), we see
that (19) is equivalent to (17). O

The upper bound (17) will be at the basis of the I-liminf inequality (24), and is
therefore asymptotically optimal when H!(D) — oo (see [18] for a similar estimate
for the compliance functional).

We shall also need the following result.

Theorem 8 (The first eigenvalue of thin domains). Let E C R? be a bounded open
set contained in a strip

S={zecR?|0< (2,8) <h}

of width h > 0, where £ is the direction orthogonal to S (|1¢ = 1|). If M € R?**? is
positive definite, then

2 <M§? £>

hz
Proof. Performing the linear change of variable z = M'/2y in the integrals of the
Rayleigh quotient, the anisotropic eigenvalue A (E) is easily seen to coincide with
the first Laplace eigenvalue of a new domain F, namely

(22) M(E)>x

(B~ i e MYe@LVe@)de 0Py
1 ueHééE) fE u(:c)2 dx UEHééE‘) fE v(y)2 dy 1

where E = M~'/2F is now contained in the new strip S = M~1/28. Observe that
§={y eR®*| 0< (y, M) < h},

so that the width of the strip S is given by

h h

[MI2¢] T \JME €)

Therefore, since Eis bounded, it can be boxed in a thin rectangle R of size hx k for

~

some k > 0 (e.g. k = diam(FE)). Then, by monotonicity and the explicit expression
for the first Laplace eigenvalue of a rectangle, we obtain

(23) h=

2 2 2
i Ipy=r" T T
MEB) 2 MR =T+ T > &

which combined with (23) proves (22). O

3. THE I'-LIMINF INEQUALITY

This section is devoted to proving that the I'-liminf functional is not smaller
than the functional F, defined in (10).

Proposition 9 (I-liminf inequality). For every varifold 6 € V1(2) and every se-

quence {01} C V1(Q) such that 0, — 6, it holds
(24) liminf Fr(6L) > Fx(9).
L—o0
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Proof. Passing if necessary to a subsequence (not relabelled), we may assume that
the liminf is a finite limit. By (9) this implies that, for L large enough, every 0y, is
of the kind 1, = 0y, as defined in (7), for a suitable set X1, € AL (). Therefore,
by (7) and (8), the weak-* convergence 0, — 6 takes the concrete form

1 _
2 li Yz) = 0 wm(Q x St
@) Jim s | plen @@ = [ eds Ve e Cun@xS)),
where &, is the unit normal to ¥;. Similarly, using (9) and (10), the inequality
in (24) is, after taking square roots, equivalent to

L 1 1
26 lim —————— > esssup
R CRSATERE oy Ay RETE e
where the function f,, and the measures {Vx} are as in Definition 2.

The finiteness of the limit in (26) entails that A\{'(2\ ¥1) — oo, and this in
turn forces the sets ¥ to converge to Q in the Hausdorff metric (otherwise, a
subsequence among the open sets Q \ ¥ would contain a ball B,(zr) of fixed
radius r > 0, and by monotonicity we would have A\{}(Q\ 1) < MY(B,.(x)): by
(1) this bound would be uniform in L, a contradiction).

Now choose an arbitrary open square @) such that ) C €2. Since X, is connected,
the convergence Xj, — ) implies (see e.g. [14]) that

(27) Jim HY (L NQ) =00

and forces X7, to cross the boundary 9@ for large L, so that
(28) ErN@)uoQ is connected (if L is large enough).

Now fix a number ¢ > 0, and consider the matrix Mg = A(x¢), where x¢ is the
center of the square Q: since A(x) is uniformly continuous, the conditions

(29) (A@)y,y) < (1+¢)*(Mgy,y) VzeQ,VyeSs

are satisfied as soon as the diameter of @ is small enough (depending only on ¢).
Therefore, using the inequality L > H*(X 1), the monotonicity of the first eigenvalue
with respect to domain inclusion, and (29), it follows that

L W) H(SL)
AM@OQAZ)Y2 T AN Q\NEDY2 T (14 )A2(Q\ np) /2

provided that, as we shall assume, diam(Q) is small enough.

Now /\i\/lQ (Q\X1) is the first eigenvalue in H'(Q), with Mg as coefficient matrix
and Dirichlet condition along (X7, N Q) U JQ: therefore, it can be estimated using
Theorem 7, applied with Q@ = Q, M = Mg and D = (£, N Q) U0Q (by (28), we
also have k = 1 if L is large). Then (17), taking square roots, reads

(30)

1/2
mty det My /
lr ’

(31) M@\ < o <1+

where tr,, according to (18), is given by

Q)

(32) tr, = )
0+ \/E% + 7|Q| det Mg'/?
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while ¢, according to (16), is the Riemannian length
(33) o= (ML), €0(2)) 1 (2),
(ZLNQ)UOQ

¢r(x) being the unit normal to (X N Q) U 0Q. We shall let L — oo in (30) and
use (31), hence we are interested in the asymptotics (as L — o) of both ¢ and
lr. As Mg = A(xz), the last equation and (1) give

> CTVPHY((2LNQ)UAQ) > CT PN (S, N Q),
so that £, — oo by (27). Therefore, from (32) we find the asymptotics

Q|
4 ~— s L
(34) tr, 2, as L — oo
so that, letting L — oo in (30), and using (31), (34), we obtain
. L 1. JHNED) 2t
lim > lim inf
(35) L—oo )\f(Q\EL)l/Q l+¢ Lo e
1
b
= 7|Q| lim inf H(Z) ( L).

(I+e)r L—oo lr

To estimate the last liminf, we get back to (33) and observe that

(36) Ly, ~ /z: o \/<MQ§gL (z),&s, (z)) dH (z) as L — oo,

since the contribution of 9@ to the integral in (33) is fixed, while that of X7, N Q
is dominant by (27). Now if n € C(Q) is a cutoff function such that 0 <7 < 1 and
n =1 over Q, letting

(37) @(x7y) = 77(35) <Man y>7 T e ﬁa (/S Sla

we clearly have ¢ € Csym(Q x St). Therefore, using (36) and (25) we infer that

. 14 . 1
Ty = A Ve B

< lim ——=— Pz, dH! :/ P(z,y) do.

< jim s [ B @ i@ - [ d)
Now, recalling the properties of the cutoff function n in (37), it is possible to let
n(z) L xg(z) pointwise in the last integral, and obtain by dominated convergence

iy ks < [ fngan= [ ([ ion s an) ) dute)

L—oo
where § = p ® v, is the slicing of 6 as in Definition 2. Passing to reciprocals in
the previous inequality, we obtain a lower bound for the last liminf in (35) which,
plugged into (35), yields

(38) lim > <] .
L—oo MH(Q\ Xp)1/2 (1+e)r 5 (fSl v Moy, y) dux(y)) dp(x)

This lower bound holds for every square Q such that @ C 2, and having a suffi-
ciently small side length (depending only on €, as to guarantee the validity of (29)).
Moreover, the matrix Mg = A(zo) where x¢ is the center of @, so that Mg is inde-
pendent of the side length of (). Thus, given € > 0, we can first choose an arbitrary
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xo € 2, and then rely on the previous inequality for every @ (of sufficiently small
side length) centered at xzq: it is therefore possible, for fixed xg, to let @ shrink
around zg. On the other hand, from Lebesgue Differentiation Theorem we have

5, i) - | T

for a.e. xg € Q (w.r.to the Lebesgue measure), where f, is as in Definition 2. Thus,
to obtain (26), we can first shrink @ around its center xo in (38), then take the
essential supremum over xy € 2 on the right, and finally use the arbitrariness of
€. ([

4. THE I'-LIMSUP INEQUALITY

In the following proposition we construct a fundamental pattern, whose periodic
homogenization inside 2 will be the main ingredient in the construction of the
recovery sequence, for the I'-limsup inequality.

Proposition 10 (tile construction for elementary varifolds). Let Q C R? be an
open square with sides parallel to the coordinate axes, and let v be a probability
measure over S'. Moreover, let M € R?>*2 be a positive definite matriz. Then, for
every length € large enough, there exists a continuum Xy € Ay(Q) with the following
properties.

(i) Boundary-covering and length matching properties:

1
(39) 0Q C ¥y, and lim H ()

£— 00 J4

=1
(ii) FEstimate on the anisotropic eigenvalue:

2 2
(40) lim sup ¢ < <]

{—00 (Q\Ee ( fsl‘/ yydy ) )

(iii) The varifolds associated with ¥y converge to |Q\*1 Xq ®v, that is, for every
function ¢ € C(Q x S) such that p(x,y) = ¢(z,—y), one has

1
) Jim s [ ema@ ant@ =g [ [ eg ) ar

where & is any measurable selection of the unit normal to ¥y.

Proof. Tt is not restrictive to assume that @ has a side length of 1 (the general case,
with a side length of s, is recovered by a scaling argument, replacing @@ with s@
and the constructed ¥, with the rescaled s¥, /).

Moreover, we initially assume that the measure v is purely atomic, that is

(42) v=> Bibe,, > Bi=1 (n>1)
j=1 j=1

for suitable weights 3; > 0 and unit vectors £; € S'. With this notation, we have

(13) I [ VOIS ave) = 3 5016,
j=1
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(the first equality is the definition of I) and, more generally,
(44) JRGIZEE !
j=1

The sets ¥, will be obtained as the periodic homogenization, inside the square @,
of suitably rescaled fundamental tiles I'., initially constructed inside a unit square.
Our construction consists of three main steps.

Step 1: tile construction. We first slice the unit square Y := (0,1) x (0,1) into n
stacked rectangles Y; (1 < j < n) of size 1 x hj, the height h; being defined as

 BiVAME; &)
(45) hj = 7
Note that, by (43), > h; = 1 so that the heights of the n rectangles match the height
of Y. Then, by drawing inside every Y a maximal family of parallel line segments,
orthogonal to §; and equally spaced a distance of €; apart from one another (¢; < 1
to be chosen later), we further slice every rectangle Y; into several thin polygons of
width €;. For fixed j, the number of polygons inside Y; is O(1/¢;): every polygon
is a trapezoid of height ¢;, with the exception of at most four polygons that, due
to the corners of Y}, may degenerate into a triangle or a pentagon (one hexagon
may also occur, if the line segments are almost parallel to a diagonal of Y; and one
polygon touches two opposite corners of Y;).
Let K; denote the union of all these line segments, orthogonal to &;, drawn inside
Y;. Since every polygon (with at most four exceptions) is a trapezoid of height ¢;,
summing the areas of the polygons we see that

i H (K;) + O(g5) = [Y;] = by,

where O(g;) is the correction due to the exceptional polygons, whose total area is
at most 4\/§5j. Thus, for the total length of K; we have the asymptotics

Iy

HY(K;)~ L ase; — 0.
€5

From now on, the values of the ¢;s shall be fixed according to

(46) gj =\ (ME;,&), 1<j<nm

(where € < 1 is a scale parameter to be tuned later) so that, using (45), the previous
asymptotics take the concrete form

(47) 'Hl(Kj)N% as € = 0.

Our fundamental object, the tile T';, is defined as

(48) l.:=RUS.,, R:=Joy;, S.=JK;.
j=1 j=1

The set R (which is independent of €) consists of the boundaries of the n rectangles
Y; and acts as a frame, while S; is the union of all the oblique line segments inside
the rectangles. Clearly I'. is compact and connected, and moreover

(49) gy c I,
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Yl e AN
¢ 7 N
= =
7 A
T
L
Y, &

=
SN

Vs \{ 2L
3

(a) Stepl: tile construction with n = 3. (b) Step2: periodic homogenization.

since Y C R. We also have
1
(50) HY(R) =n +3, H(S.) ~ g Be~ 0

having used, in the last expansion, (47) and the fact that > 8; = 1.

In view of (41), let £&.(x) denote the unit normal to the set S. at = € S. (as usual,
any measurable selection of £&.(z) will do). By our construction, & (x) = £¢; for
every x € Kj; therefore, if v € C(S!) is such that v(y) = v(—y), we have

1 n
(5 /S v(&(t) g

Therefore, using (47) and (50) we have
1)l [ e Zﬁj o) = [ @ )

by (44). Finally, since every connected component of Y \ I'; is, by construction, a
polygon of width ¢; in the direction &; for some j € {1,...,n}, Theorem 8 gives

ME. . 2
(52) MOATL) 2 mine? 28) T
J €] €
having used (46) in the last passage.

Step 2 (periodic homogenization). Since the square @ has a side length of 1, given
an integer m > 1 we may fit m? copies of the rescaled tile m T, inside @ as in an
m x m checkerboard: the resulting tiling is then 1/m-periodic in the two directions
parallel to the sides of Q.

We denote by I', . the union of these m* rescaled tiles: this set is connected,
because so is I'. and, by (49), each tile shares a side of length 1/m with each
neighbor. The sets ¥, we want to construct are defined, for large ¢, as follows:

Y =T, m =m(f) and € = ¢({),

2
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where
(53) e(f) = 0723 (o) = [zéﬂ

(observe that e — 0 and m — oo when £ — 00).

According to (48), ¥, is the union of m? disjoint copies of the rescaled set m =15,
(hereafter denoted by Sy, _, 1 <4 < m?) of total length ~ m/(eI) according to (50),
plus the union of m? copies of the rescaled frame m™'R: these are not disjoint,
since adjacent tiles share a side, but their total length does not exceed m(n + 3)
according to (50), and is therefore negligible compared to the total length of the

Sy 8- As a consequence,

i=1

1 1 m® m
(54) HY (D) ~ H (U sm’5> ~ 5 asl— oo,

and (39) follows from (53) (the first part of (39) is immediate, hence claim (i) is
proved).

Similarly, the limit in (41) is unchanged if we restrict integration to the union of
the S}, _s, and therefore (41) is equivalent to

m2

) 1 1oy L
i) i [, e e@ e =g [ [ pima

having used the first equivalence in (54) and the fact that the S;, _s are disjoint

and congruent. In addition, by a density argument, it suffices to prove (41) when

o(z,y) = u(z)v(y) with u € C(Q) and v € C(S') such that v(y) = v(—y), so that

the last equation reduces to

(55) lim S ;/ u(z)v(&e(z)) dH (z) = I,1T
I o0 — mQ/Hl(Sjn,s) . 4 = dudo,

where

Iu:/Qu(x) dz, I”:/Sl v(y) dv(y)

(as 1/|Q| = 1, this factor can be omitted). Now fix functions u, v as above, and let

, 1
(56) Un = 7 u(z) de = m? u(z) dx
@il Jas, Qi
denote the integral average of u over the square QF,, of side-length 1/m, whose
boundary frames Sf, _. If w(d) = SUp|,_y|<s |u(2) — u(z)] is the modulus of conti-

nuity of u over @, since S}, . C Q}, and diam(Q},) = V2/m we have

1

Hl(Sm)/ E'“(””")‘UHW (x) w(v2/m), 1<i<m?

From these estimates, we immediately see that

m2

1 l_ 1
Enﬂmsm)/ - (ul@) = Up)v(&(@) di' (@) < w(v2/m)|v]|,

m,e
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which tends to zero as ¢ (hence m) tends to infinity. Thus, to prove (55), we can
freeze u(z) in each integral, and replace it with the constant U}, . On the other
hand, since each S, . is a rescaled copy of the set S,

1 1 _ ; v T 1 T ; m2
}[I(S;Lns)/;'m v(&(z)) dH (z) = H(S) /s (E(2))dH (z), 1<i<m?

where &, as before, is the unit normal to S.. Therefore, if we replace u(z) with
Ut in (55) and take it out of the integral, (55) simplifies to

m2

Jim gjﬂ;% Gt /. E ) aH (@) ) = LT,

which is now obvious, since the sum coincides with I,, by (56), while the second
factor tends to I, by (51). Summing up, (41) is proved.

Finally, to prove (40), observe that @ \ X, is highly disconnected due to the
checkerboard structure of ¥, and each of its connected component is, by construc-
tion, congruent to a connected component of Y \ I'; scaled down by a factor 1/m
(which amplifies the first eigenvalue by a factor m?). Therefore, we have using (52)
and (53)

w2m?

M(Q\Ze) =m* (Y \T.) > ~ T2 as £ — oo,

5
so that (40) follows immediately from (43).

Step 3 (general v). By a diagonal argument, we can now remove the restriction
(42) and consider an arbitrary probability measure v over S!.

Let {v1} be a sequence of atomic probability measures over S, such that v, — v.
For each k, we can apply Proposition 10 in the form just proved (with v in place
of v), thus obtaining continua ¥¥ € A,(Q) satisfying claims (i)—(iii) relative to
V). Then, since the weak-* topology of probability measures over S' is metrizable,
by a standard diagonal argument one can find an increasing sequence of lengths
{1 < ly < --- such that, letting 3, := E? whenever ¢, < ¢ < {j11, the resulting
continua {¥,} satisfy claims (i)—(iii) relative to v. O

In view of extending Proposition 10 to a more general class of varifolds, the
following terminology is needed.

Definition 11. For s > 0, let Q4 denote the collection of all those open squares
Qi C R?, with side-length s and corners on the lattice (sZ)?, such that Q; NQ # 0.
We say that a varifold 6 € V, () is fitted to Qs if it can be represented as

(57) 6= Z A XQNQ; X v
Qi€Qs
for suitable constants o; > 0 and probability measures v; over S', satisfying
(58) > al2nQi|=1.
Qi€Qs

Roughly speaking, a varifold is fitted to Qs if its restriction to a cylinder of the
form QN Q; x St is the product measure a; ® v;. In particular, for such a varifold
its first marginal (i.e. its projection over Q) is absolutely continuous with respect
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to the Lebesgue measure, and is piecewise constant over ): as a consequence, (58)
is equivalent to the request that the varifold has unit mass.

We observe, for future reference, that if 6 is as in (57) the functional F, defined
in (10) takes the form

(59) Fy(0) = max sup

1
Qi€Q: 2e0n@: a2 (1 [y /(A[@)y, y) dui(y))®

Proposition 12. Let § € V; (Q) be a varifold fitted to Q,. Then there exists a
sequence of continua Y, C Q such that (25) holds true,

1
by
(60) im L) g
L—o0
and
2
(61) lim sup < Fo(0).

Lo M(Q\ZL) —

Proof. We keep for 6 the same notation as in Definition 11 (in particular (57) and
(58)), and fix a number n > 1. By replacing s with s/2™ for some large n > 1 and
relabelling the «;s (thus keeping v fitted to Qy), we may assume that s is so small
that the following two conditions hold:

(C1) no connected component of 92 is strictly contained in any square Q; € Qs;
(C2) for every square Q; € Qy, there exists a positive definite matrix M; such
that

1
(62) (A(z)y,y) > 5<Miy,y> Ve e QNQ;, VyeS.

Condition C1 holds, for s small enough, since 0f2, being Lipschitz, has finitely many
connected components whose diameters have a positive lower bound. On the other
hand, C2 is guaranteed, for small s, by the uniform continuity of the function A(z)
(one can set e.g. M; = A(x;), for some z; € QN Q;).

The sets ¥, we want to construct will be obtained as a patchwork of sets ¥}, one
for each square @; € Q, obtained from Proposition 10. More precisely, for every
square @); € Q, we apply Proposition 10 when the square @@ = @;, the measure
v = v; and the matrix M = M;. This yields, for large enough /¢, sets Zé such that:

(i) 0Q; ¢ ¥) and HY(ZY) ~ £ as  — oo;
2 4

(i) limsup —7 — < > 33
oo ATHQINEY) (7 [y /(Miy, ) dvi(y))
(iii) for every p € C(Q; x S) with ¢(z,y) = ¢(x

77y)7
i # z, & (x Ya :L T V; T
©) gy [, e g oc@ =g [ e

where f} is any measurable selection of the unit normal to Zé.

Observe that the domain 2 plays no role in this construction, and this is natural
for those squares Q; € Qg such that Q; C Q. If, however, Q); € Qg is such that
Qi N O # 0, the weak-* convergence in (iii) (that occurs in the whole @; x S*')
can still be localized to QN Q; x S'. More precisely, since (2 N Q;) has null
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Lebesgue measure, and the limit measure |Q;| ™! x o, ®v; does not charge the cylinder
AN Q;) xS, from (63) we infer that

i ; z, E(x ) = L x v; T
o Jm g [ pes@ e =g [ ] e pano,

for every ¢ € C(QNQ; x S') with ¢(z,y) = ¢(z,—y) (in the first integral, a
localization to Q; is implicit since ¥} C @; by assumption). In particular, testing
with ¢ = 1, we find

. HNQNE)  [2NQi
lim o =
t=oo  HY(E)) Qi

i.e., using the second property in (i) above,

. HIQNE) QN Q)
1 £ = K
(65) T4 Qi
(when Q; C € this is obvious since, in this case, it is contained in (i) above).
In (57) we may assume that a; > 0 for all 4, since if a; = 0 for some ¢ then the
right-hand side of (61) is +o00. Then, for large L we can define the sets

(66) Sp=0QU( | Bharn9).
QiEQs
where EZ%ML denotes the set X defined above, when ¢ = s?a; L (recall that s? =

|Q;], the area of Q;).

Some remarks are in order. First, since each set Eézai ;, is connected and covers
0Q;, building on (C1) above one can check that ¥, is connected (to this purpose,
the fact that X D 9 is essential). Then, setting £ = s%c; L in (65) we obtain

Hl(ﬁﬂzizail) 82041-|QOQ1-\

(67) thgo I = 10i] =N Q| VQi € Qs.

Now, observing that H!(99) is finite, and that the sets EZZQiL are pairwise disjoint,
except for their overlapping along |J0Q; whose total length is independent of L,
from (66) and (67) we obtain

HH(OQANDL, 1)

(68) lim 72 _ > lim > D al2nQ =1
L—oo L L—o0 L ! ’

Qi€Qs Qi€Qs

according to (58). Along the same lines, given ¢ € C(Q x S!) with ¢(z,y) =
o(z, —y), denoting by &, the unit normal to ¥, we may split

. 1 1
LILH;OW/ZL o(x, & () dH ()
69) H (Zhen,r) 1

Q;Qf% HI(C)  H(The,,) /Q p(@, &i(@)) dH ()

Now for every Q; € Q, using (68) and condition (i) above with ¢ = s?«; L, we have

Hl(zf;QaiL) 2
e N = Sy,
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while putting ¢ = s?a; L in (64) gives

1 i 1oy L .
Lh_{r;o H! ( s2a L) /§20222%L 90(‘%55(1.)) " (x) a ‘QZ| /QﬂQi /Sl ‘p(x,y) dyl(y) -

Plugging the last two limits into (69), since s? = |Q| we obtain

1
(70) Tim )/Ebw,&(w))d%( QEQ /Q/S () dvi(y) da,

L—oo Hl(
that is (25), due to the structure of 6 as established in (57).
Finally, to prove (61), observe that every connected component of Q \ ¥ is
contained inside some square Q); € Q, and moreover, by construction, ¥, > 9(Q2N
Q;) for every square Q; € Q;. As a consequence, we have

MO\ EL) = min M((@0Q)\Ex) = guin M (RNQ:)\ By, 1)

27]71 ernelg )\i\/fl((Q N Ql) \ Es 2y L) 2 7771 inelg A (QZ \ ES fo L)

s i s

(the last two inequalities follow from (62) and monotonicity of Ay with respect to set
inclusion, respectively: observe that, since M; is a constant matrix, the eigenvalue
M (Q;\ i, 24, 1,) Makes sense for every @;, while A(Qq \ 252(1 1) would make no
sense if Q; N OQ # (), since A(x) is defined only for 2 € Q). Passing to reciprocals,
swapping limsup and max, and using (ii) with £ = s?a; L, we obtain

L? L?
limsup ———— < nlimsu
s M@\ E,) — TR\ Q€S N @\ T, )
L2
<7 max | limsu
nQ €Q L—>oop )\M (Ql \ Eé 20,1
et

< max < nF4(0),

staf QeQ. (r [, \/(Miy, ) dvi(y))® 1)
having used (59) in the last passage. This proves (61) up to the multiplicative
constant 17 > 1 which, being arbitrary, can easily be remove by a diagonal argument,
as in the final part of the proof of Proposition 10. O

The passage to general v is standard: by the classical I'-convergence theory the
[-limsup inequality for every varifolds in V() holds if one proves the density in
energy of those varifold considered in (57) in the space of all varifolds V;(Q).

Lemma 13 (renormalization). For some a > 0, let p : [a,00) — RY be a function
such that p(L) ~ L as L — oo. Then, for some b > 0, there exists another function
q:[b,00) = [a,00) such that

p(¢(L)) <L VL>b, and p(q(L))~L asL — cc.
Proof. For large L define the set E(L) := {z > a]| p(z) < L}, and let s(L) :=

sup E(L). Since p(L) ~ L as L — oo, one can easily check that also s(L) ~ L as
L — oo. Then, any function ¢(L) satisfying

q(L) € E(L) and s(L)—1<gq(L) < s(L) (for every L large enough)

will satisfy the claim of the Lemma, since clearly ¢(L) ~ s(L) ~ L as L — oo, while
q(L) € E(L) guarantees that p(¢(L)) < L. O



WHERE BEST TO PLACE A DIRICHLET CONDITION 19

Remark 14. Using the previous lemma, one can strengthen the claim of Proposi-
tion 12 with the additional requirement that

(71) HY (X)) < L, thatis, X € .AL(Q).

Indeed, it suffices to apply the lemma to the function p(L) := H'(X1), where
the sets X are those initially yielded by Proposition 12 (note that p(L) ~ L
by (60)). Then, one can define the new sets ¥} := X, thus gaining that
HY(Z,) = p(g(L)) < L while keeping H'(X}) ~ L. Then, replacing each ¥,
with the corresponding X proves the claim.

Proposition 15 (T-limsup inequality). For every varifold 6 € V (), there exists
a sequence of varifolds {0} C V1(R2) such that 0, — 0 and, moreover,
(72) limsup Fr,(01) < Foo(0).

L—oo

Proof. Given 6 € V;1(9), if 0 is fitted to Q, for some s > 0, then the claim follows
from Proposition 12, strengthened according to (71). Indeed, in this case, is suffices
to define 65, as the varifold associated with the set ¥, so that the left hand side
of (72) coincides with that of (61) (the fact that 6, — 6 follows from (70)).

Then, by well known properties of I'-convergence, it suffices to prove that the
class of varifolds fitted to Q, (for some s > 0) is dense in energy. More precisely, it
suffices to prove that for every varifold 6 € V; () there exist varifolds 8, € V;(Q),
each fitted to Qy for some s > 0 that may depend on L, such that

(73) 0, — 0 inVi(Q), as L — oo

and, at the same time,

(74) limsup Foo (01) < Fso ().
L—o0

Now fix an arbitrary L > 0, set e.g. s = 1/L, and consider the family of squares
Q, as in Definition 11. The main idea is to define 6, fitted to Q,, by averaging 6
over a partition of () essentially based on Q. Observe that the open squares in Q,
cover  only up to a set C' of measure zero, while the measure § may well charge
the set C' x S'. We overcome this difficulty by choosing intermediate Borel sets €;
such that

0NQ; € CON@;, Q=% N9 =0 Vi#j

(the actual choice of the ;s is irrelevant) and define

L= Y aixanq, ® Vi,

Qi€
where the constants a; and the probability measures v; are given by
0(Q; x St 0(Q2; x E
Q= (|Q>:|) and v (E) := 9((§L>>:Sl)) (for every Borel set E C S').

It is clear that 0f, is a varifold fitted to Qs (note that (58) is satisfied, since €; is
equivalent to 2 N Q; up to a Lebesgue-negligible set). This definition makes sense
only if 0(€; x S') > 0 for every i: on the other hand, if §(; x S*) = 0 for some
i, then a; = 0 and v; becomes irrelevant (for definiteness, one can define v; as any
probability measure). Observe that, in this case, one has F.(0) = 400, and (74)
becomes trivial, regardless of 0.
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The measure 07, so defined is a discretization of 6 over Q, and in concrete terms
its action on a Borel function ¢(z,y) > 0 is given by

/ﬁxgl o(z,y)dop(z,y) = Y ! </QMS1 o(z,y) d9(z,y)) da

It is routine to check that (73) holds: e.g., the Wasserstein distance (see [3])
W(6,0r) does not exceed v/2/L, the diameter of each Q;. As a consequence,
we only focus on (74) (assuming all «; > 0, otherwise (74) is trivial as already
observed).

Now let 0 = 1 ® v, be the disintegration of € (as discussed in Definition 2), and
let f € LY(Q2) be the density of u with respect to the Lebesgue measure (clearly,
> f as measures). For every @; € Q, and for every x € QN Q;, we have

wo [ VA ) = 5 [ A b
a1 | ([ VA o ) duce)
> | ([ VA o ) 562

Now, for every small £ > 0, since the matrices A(z) are uniformly continuous and
positive definite over 2, if L is large enough (and consequently the side length
s =1/L of every Q; € Q; is small enough) we have

v,z € Qi = V(A@)y,y) > (1 -e)V(A(2)y.y) VyeS
This allows us to replace, up to a factor 1 — e, A(x) with A(z) in the previous
estimate: thus, recalling (10), we obtain

s [ V@ s = S5 [ ([ ViG] -
>(1 = e)m essinf (f(Z) /S \/mdvz(y)> = 1F;zo),

valid for L large enough (depending only on ¢). Squaring and passing to reciprocals,
the arbitrariness of x gives

1 Fo(0)
ess sup <

0@ 20 ([ Ay dn)

Taking the maximum over Q; and using (59), one obtains (72) up to a multiplicative
factor (1 —e)~2, which can then removed by the usual diagonal argument. O

in € Qs-

5. PROOFS OF THE MAIN RESULTS
We are in a position to prove all the results stated in the introduction.

Proof of Theorem 3. The claim follows immediately as a consequence of Proposi-
tion 9 combined with Proposition 15. ([l

Proof of Theorem 4. Consider a generic varifold § € V;(9), disintegrated as 6 =
i ® vy as in Definition 2. A look at (10) reveals that the following conditions are
in any case necessary, for 6 to be a (candidate) minimizer of Fi:
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(a) the density f,, must satisfy f,(z) > 0 for a.e. x € §, otherwise the denom-
inator in (10) vanishes on a set of positive measure, and F (6) = +00;

(b) the first marginal € P(Q) must be absolutely continuous w.r.to the
Lebesgue measure, i.e. p = f,(z)dz, in such a way that fQ fu = 1: other-
wise, the varifold 6 := f(x) ® vy, where f = fu/ll fullzr is the renormaliza-
tion of f,, would be such that Foo(g) < F5(6);

(c) for a.e. z € €, the measure v, € P(S!) must be supported on a set of
normalized eigenvectors of A(z) relative to its largest eigenvalue omax ().
Indeed, for any probability measure v € P(S*) one has the double inequality

(75) Vouin@ < [ VAR 00(0) < /om®)

where opmin(2) is the smallest eigenvalue of A(z). If opmin(2) = Omax(x),
ie. if A(z) is a multiple of the identity matrix, then both inequalities are
in fact equalities, and in this case the condition that v, be supported on
a set of eigenvectors relative to omax () is trivial, since any y € S! is such
an eigenvector. On the other hand, if opin(z) < omax(z) (ie. if A(z) is
anisotropic) then the second inequality in (75) becomes an equality only
when the measure v is supported in {&,—¢}, where € € S! is such that
A(x)€ = omax(x)€ (this eigenvector is now unique up to the orientation,
and this completely determines v as a probability measure on the projective
space). In order to minimize the essential supremum in (10), it is necessary
that the second inequality in (75) becomes an equality for a.e. x € Q: this
is the claimed condition on the support of v,.

Thus, in the light of these necessary conditions, any candidate minimizer has the
form 6 = f,(x) dx ® vy, with f, > 0 such that [, f, =1 and the v, as in (c). For
any such varifold 6, from (10) we find

1 1 1

ess sup 5 = —5 €sssup

re (fu(@)y/Omn@)” 7 e u(2)20max(2)’

and by Cauchy-Schwarz it is immediate to check that the only optimal choice for
fu(x), under the constraints f, > 0 and [, f, = 1, is that in (11).

Combining with condition (b) above, we see that the first marginal p of any
minimizer is necessarily given by fo (z) dz. If, moreover, A(x) is purely anisotropic,
condition (c) forces the measures v, to be uniquely determined (as measures on the
projective space): as a consequence, the minimizer ¢ is uniquely determined as an

element of V; (). O

Proof of Theorem 6. By Corollary 5, up to a subsequence (not relabelled) we have
05, — 0 in V1(Q), where 0 is an absolute minimizer of F.,. Recalling (8), this
means that

19 i [ s, = [ pla)dia Vo€ Cun(@x S,

L—oo Jxst Qxst

Moreover, by the last part of Theorem 4, the first marginal u of 0. is uniquely
determined as a probability measure over €2: it is the absolutely continuous measure
with density foo(x) defined in (11). Now fix a square @ C . Since p is absolutely
continuous w.r.to the Lebesgue measure in 2 and [0Q| = 0, we have 0, (0Q xS!) =
0, that is, the measure 6 does not charge the set (9Q) x S'. This set is the boundary
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(relative to Q x S') of the cylinder @ x S!: therefore, from standard results in
measure theory, the weak convergence in (76) can be localized to the cylinder
Q x S', that is, we have

lim p(z,y) dis, = / o(7,y)dfs Vo € Ceym (2 x SY).
L—oo Joxst QxSt

More explicitly, according to (7) written with Xy, in place of ¥, this means that

Jim gy [ e @it = [ ([ o) owas

having used the slicing 0o, = foo(2)dx ® v,, provided by Theorem 4, in the right
hand side. In particular, (12) follows if we choose ¢ = 1.

Similarly, choosing o(x,y) = 1(y) where ¢ € C(S') satisfies ¥(—y) = (y), we
have

Jim gy [ vt )it = [ ([ o) et

If @ is contained in the anisotropy region where omin(2) < omax(x), then by The-
orem 4 for a.e. x € @ the probability measure v, is supported on the set {{(z),
—&(x)}, where &(x) is the eigenvector of A(z) relative to its largest eigenvalue
Omax (). Therefore, since ¥(y) = ¢¥(—y), the last equation simplifies to

; 1 1 = ) dr
Jim /Q Ve (@) a ) = /Q b (@) foo ) da

If we multiply and divide the left hand side by H!(QNX 1), then (13) follows, using
(12).

Finally, using the explicit structure of the minimizers 6, provided by Theorem 4,
from (11) we find

( o1/ Jmax(x)dx)2

2

min F(0) = Fo(0) =
0eV1(Q) ™

Then (14) follows immediately, from basic I'-convergence theory. d

Acknowledgements. The second author wishes to express his gratitude to
Gianni Dal Maso for some discussions on the problem studied in this paper.

REFERENCES

(1] F.J. ALMGREN, The theory of warifolds: A wvariational calculus in the large for the k-
dimensional area integrand, Princeton: Princeton University Library, 1965.

[2] L. AMBROsSIO, N. Fusco AND D. PALLARA, Functions of bounded variation and free discon-
tinuity problems, Oxford Mathematical Monographs, The Clarendon Press, Oxford University
Press, New York, 2000.

[3] L. AMBROSIO, N. GIGLI AND G. SAVARE, Gradient flows in metric spaces and in the space of
probability measures, Second Edition, Lectures in Mathematics ETH Ziirich, Birkh&duser Verlag,
Basel, 2008.

[4] L. AMBROSIO AND P. TiLLl, Topics on analysis in metric spaces, Oxford Lecture Series in
Mathematics and its Applications, 25, Oxford University Press, Oxford, 2004.

[5] G. BoucHITTE, C. JIMENEZ AND R. MAHADEVAN, Asymptotic analysis of a class of optimal
location problems, J. Math. Pures Appl. (9), 95 (2011), pp. 382-419.

[6] G. BoucHITTE, C. JIMENEZ AND R. MAHADEVAN, Asymptotique d’un probléme de position-
nement optimal, C. R. Math. Acad. Sci. Paris, 335 (2002), pp. 853-858.



WHERE BEST TO PLACE A DIRICHLET CONDITION 23

[7] G. Burtazzo, E. OUDET, AND E. STEPANOV, Optimal transportation problems with free
Dirichlet regions, in Variational Methods for Discontinuous Structures, Birkh&user, Basel, pp. 41—
65, 2002.

[8] G. BurTAazzo AND F. SANTAMBROGIO, Asymptotical compliance optimization for connected
networks, Netw. Heterog. Media, 2 (2007), pp. 761-777.

[9] G. BurTAZZO, F. SANTAMBROGIO AND E. STEPANOV, Asymptotic optimal location of facilities
in a competition between population and industries, Ann. Sc. Norm. Super. Pisa Cl. Sci. (5), 12
(2013), pp. 239-273.

[10] G. ButTAZZO AND E. STEPANOV, Optimal transportation networks as free Dirichlet regions
for the Monge-Kantorovich problem, Ann. Sc. Norm. Super. Pisa Cl. Sci. (5), 2 (2003), pp. 631—
678.

[11] G. DAL MAso, An introduction to I'-convergence, Progress in Nonlinear Differential Equations
and their Applications, 8, Birkhauser, Boston, 1993.

[12] E. M. HARRELL II, P. KROGER AND K. KURATA, On the placement of an obstacle or a well
so as to optimize the fundamental eigenvalue, STAM J. Math. Anal., 33 (2001), pp. 240-259.

[13] A. HENROT, Extremum problems for eigenvalues of elliptic operators, Frontiers in Mathe-
matics, Birkh&user, Basel, 2006.

[14] S. J. N. MoscoNI AND P. TiLL1, I'-convergence for the irrigation problem, J. Convex Anal.,
12 (2005), pp. 145-158.

[15] F. SANTAMBROGIO AND P. TiLLI, Blow-up of optimal sets in the irrigation problem, J. Geom.
Anal., 15 (2005), pp. 343—-362.

[16] L. SIMON, Lectures on geometric measure theory, Proceedings of the Centre for Mathematical
Analysis, Australian National University, Centre for Mathematical Analysis, Canberra, 1983.

[17] V. SVERAK, On optimal shape design, J. Math. Pures Appl. (9), 72 (1993), pp. 537-551.

[18] P. TiLLl, Compliance estimates for two-dimensional problems with Dirichlet region of pre-
scribed length, Netw. Heterog. Media, 7 (2012), pp. 127-136.

[19] P. TiLLl AND D. Zucco, Asymptotics of the first Laplace eigenvalue with Dirichlet regions
of prescribed length, SIAM J. Math. Anal. (6), 45 (2013), pp. 3266-3282.

PAoLO TILLI, DIPARTIMENTO DI SCIENZE MATEMATICHE, POLITECNICO DI TORINO, ITALY
E-mail address: paolo.tilli@polito.it

DAVIDE ZUCCO, SCUOLA INTERNAZIONALE SUPERIORE DI STUDI AVANZATI, TRIESTE, ITALY
E-mail address: davide.zucco@sissa.it



