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Abstract We study the effective time evolution of a large quantum system consisting
of a mixture of different species of identical bosons in interaction. If the system is
initially prepared so as to exhibit condensation in each component, we prove that
condensation persists at later times and we show quantitatively that the many-body
Schrodinger dynamics is effectively described by a system of coupled cubic non-linear
Schrodinger equations, one for each component.
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1 Introduction: BEC mixtures and non-linear effective dynamics

Bose-Einstein condensation is the well-known quantum phenomenon that occurs in a
large many-body system of identical bosons when a macroscopic number of particles
occupy the same one-body state. It can be thought of as a crowding phenomenon where
the many-body state is for a large part factorised into the product of identical copies
of the same one-body orbital, the condensate wave-function.
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The mathematics of the Bose gas and its condensation is an extraordinarily rich and
active subject that dates back from the very first systematic treatment of Bogolubov in
the mid 1940’s (that is, some 20 years after the theoretical discovery of BEC), boosted
recently by the first experimental realisations of condensates in the mid 1990’s and
the subsequent advances in the techniques for manipulating ultra-cold atoms. The
literature is therefore huge: we refer to the monograph [8] for what concerns the
“static” picture (emergence of BEC, characterisation of the ground state, etc.) and to
the works we will be mentioning in the following and to the references therein for the
“dynamical” picture (the condensate’s evolution).

Let us only recall here a few main and well-known points in order to formulate our
problem. Let us consider the Hilbert space

h = L*(A) @ CHT! (1.1)

for a quantum particle of spin s € %No confined in a domain A C R? (possibly R?
itself) and, correspondingly, for a d-dimensional (bosonic) system of N such particles,
let us consider the Hilbert spaces

Hy = h®Ns Hy sym = f)ggp (1.2)

namely the N-fold and the symmetric N-fold tensor product of f. Let y, a positive
trace-class operator on Hy sym With unit trace, be the density matrix describing a
state of a given bosonic system. Consistently with the physical notion of “occupation
numbers”, the standard mathematical tool to express the occurrence of BEC when the
system is in the state yy is the so-called one-body marginal (or one-body reduced
density matrix)

y = Try_1yn. (1.3)

Here, the map Try_1 : Bi(Hy sym) — Bi(h) is the partial trace from trace class
operators on H y to trace class operators on b, defined by

(o, Ty DYy = D (9 Q& TY®&)n, Ve vebh (14
k

where (&) is an orthonormal basis of Hy_1,sym. Observe that (1.4) is in fact inde-
pendent of the choice of the basis and is equivalent to

Trg(A-Try—1 T) = Trp(A® In—1)-T)) VA € B(h). (1.5)

Thus, ylfll) is obtained by “tracing out” N — 1 degrees of freedom from yy: for
example, for a system of N spinless (s = 0) bosons in the pure state ¥y sym €

L>(RV4 dxy -+ -dxy) (L% ;,, = the wave-functions that are symmetric under per-

mutation of any two variables), the corresponding one-body marginal y,ﬁ,l) has kernel
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V;i;l)(x,x’) =/ U (x, x2, ..., XN) W (X', x2, ..., xy) dxg - - dxy.
RN-1d

(1.6)

Being a density matrix, the one-body marginal ylﬁ,l) has a complete set of real non-
negative eigenvalues that sum up to 1, and being it the partial trace of a many-body
state vy, it is natural to think of these eigenvalues as the occupation numbers in yy,
that is, each eigenvalue of ylf,l) can be interpreted as the fraction of the N particles that
are in the same one-body state given by eigenvector associated with the considered
eigenvalue.

In a sense to be specified in the given context, one therefore says that the many-body
state yy exhibits condensation in the state ¢ € h(||¢|| = 1) if ¢ is an eigenvector of
ylf,l) that belongs to a non-degenerate eigenvalue that is by far larger than all other
eigenvalues, i.e., it is almost 1 while all other eigenvalues are almost zero. In other
words, yjfll) ~ |@){pl|, the rank-one projection onto ¢. This notion of condensation
becomes conceptually well-posed and mathematically rigorous in the limit N — oo
— a genuine thermodynamic limit, or some simpler prescription on N — oo that
mimics the thermodynamic limit. For the present discussion we only consider the case
of complete condensation, namely

lim y\" = |g)(¢| (complete BEC). (1.7)

N—o00

Even if a priori the limit in (1.7) can be stated in several inequivalent operator topolo-
gies, from the trace norm to the weak operator topology, the bounds

L=terie) < T —lodel| < 2/1=tere) a8

(see Lemma 3.2 below) show that the occurrence of the convergence ylg,l) — |p){e]

can be monitored equivalently in any of them.

In (1.7) ¢ is customarily referred to as the condensate wave-function and in the
presence of condensation the diagonal yjf,l)(x, x) of the one-body marginal becomes,
for large N, a good approximation of the condensate profile |¢(x)|>. While the limit
(1.7) is naturally interpreted as if the many-body state was almost completely fac-
torised as ¢®", the closeness ylfll) ~ |p)(p| is obviously much weaker than the actual

closeness Wy ~ ¢®V in the norm of Hy. It can instead be argued that )/15,1) ~ @) {p]
implies a factorisation of the many-body state when an amount k = O(N) of parti-
cles are considered: for the precise meaning of this control, as well as for equivalent
characterisation of complete BEC, we refer to [11] and [6, Section 2], as well as to
the following considerations in Sect. 3.

Within this formalism, the dynamical problem for the time evolution of a condensate
is the problem of the persistence of BEC, in the form of the asymptotic condition (1.7),
along the evolution yy — yn; = e HN et N governed by a given many-body
Hamiltonian Hy, and thus of the rigorous derivation of the law ¢ — ¢, that gives the
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condensate wave-function at later times. Whereas the solution to the Schrodinger equa-
tion for a system of N interacting particles is obviously out of reach when N is large,
both analytically and numerically, the language of the reduced density matrix boils
down the dynamical problem to the level of one-body states, a major simplification in
which one renounces to the complete knowledge of yu ;. The price is the replacement
of the many-body linear dynamics for yx ; with an effective non-linear dynamics for
¢;, the non-linearity being due to the inter-particle interaction and emerging in the
form of a non-linear self-interaction term (a cubic non-linearity, for typical two-body
interactions) in the non-linear Schrodinger equation for ¢;. In shorts, the dynamical
problem consists of the completion of the following diagram, assuming that the first
line holds at time ¢ = 0:

partial trace (1) N—oo
YN YN lo) (ol
many-body nonlinear ( 1 9)
linear dynamics Schrodinger eq. :
(1) N—oo
UN .t N o) (x|

There is a vast literature on the rigorous derivation of non-linear Schrédinger equa-
tions as the effective equations for the dynamics of a many-body Bose gas that at time
t = 0 displays the asymptotic factorisation (1.7). It covers different space dimen-
sions (d = 1,2, 3), a wide range of local singularities and long-distance decays for
the inter-particle interactions, and various types of scaling limits in the many-body
Hamiltonian Hy. We refer to the reviews [1,19,20] for a comprehensive outlook,
remarking that this problem has involved a variety of approaches and techniques from
analysis, operator theory, kinetic theory, and probability.

Let us emphasize that in the lack (so far) of a rigorous control of the asymptotics
(1.7) in a genuine thermodynamic limit, it is customary to investigate and reproduce it
in an ad hoc scaling limit in which the N-body Hamiltonian is suitably re-scaled with
N, thus making the actual inter-particle interaction N-dependent. This artifact on the
one hand allows for an explicit determination of the limit N — oo in y(l), while on
the other hand it preserves at any N an amount of relevant physical features of the
system and of its Hamiltonian, among which the property that kinetic and potential
energy remain of the same order so that the interaction is still visible in the limit,
as well as certain dilution properties of the system and short-range features of the
interaction. Typical relevant scaling limits are those in which the two-body potential
V that models the interaction among particles is replaced by a N-dependent two-body
potential

Vn(x) = NP lv(nPx),  Belo,1] (1.10)

(here x = x; — x; is the relative coordinate between particle i and particle j). The
regime = 0 is the mean-field regime, whereas 8 = 1 gives the so-called Gross—
Pitaevskii scaling regime. We refer to [10] for an extended discussion.

Coming now to the problem we intend to study, let us mention that a large amount
of theoretical and experimental studies in the dynamics of Bose gases involve the
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interaction among two or more samples, each of which is in a condensate (see [18,
Section 12.11] and the references therein). These configurations are usually realised
using atoms occupying different hyperfine states [13,21] or also different atoms [12]. In
either case the particles of the two samples must be considered as different species and
one then refers to such a system as a mixture of condensates. For mixtures one has the
additional possibility of producing transitions between the two components, typically
by applying an external oscillating magnetic field tuned close to the hyperfine splitting,
which gives rise to a new variety of physical phenomena. In suitable circumstances
condensation is robust enough to be preserved in time, each condensate keeping its
own individuality, even in the presence of a significant transfer of atoms from one
state to the other.

Physical arguments corroborated by experimental data show that to a very good
approximation the effective dynamics of the mixture is described by a system of two
coupled non-linear Schrodinger equations, the coupling among them accounting for
how each of the two condensates affect the evolution of the other. The rich variety
of phases exhibited by the mixture is also well described in terms of the sign and
the magnitude of the effective couplings appearing in the non-linear system [18, Sec-
tion 12.11]. In analogy to the rigorous derivation of the effective evolution equation
from the quantum dynamics of a condensate, we are therefore interested in reproducing
the effective evolution equations for the mixture dynamics.

To this aim, we shall study a large three-dimensional system consisting of two
distinguishable populations of identical bosons, with two-body interactions among
particles of the same species and of different species. We also allow for the possibility
of an external electro-magnetic field coupled with the particles, by means of a confining
potential in case of a mixture in a trap or an external magnetic potential. We will
assume that at time + = 0 condensation occurs in both components and we will
consider the quantum evolution of this mixture. As we shall discuss in Sects. 2, 3,
and 4, where the model will be set up, the appropriate language to formulate the
assumption of condensation and to conveniently monitor the many-body dynamics is
the generalisation of the notion of reduced density matrix for a Bose gas with two
distinguishable components. The effective dynamics will then emerge in a scheme
that doubles (1.9) in a suitable sense: this is our main result, presented in Sect. 2.

On a more technical level, we find that several among the many alternative tech-
niques developed so far for the (one-component) dynamical problem (1.9) can be
conveniently adapted to approach the multiple-component setting, with an amount of
non-trivial modifications that depend on the considered techniques. In this work we
employ a particularly robust and versatile method, invented and refined in a recent
series of papers by Pickl [15-17], with the contribution of Knowles [6], which mon-
itors how the displacement y]fjl)t — |¢r){@:| changes with time by means of an ad
hoc “counting” of the amount of particles in the many-body state yy ; that occupy
the one-body state ¢;. A number of tools and estimates that are crucial for this
approach are reviewed in “Appendix A”. Such a counting method has the virtue
of being based on a few key algebraic steps that only involve the potential part of
the Hamiltonian, and the estimates that then follow do not concern the differential
part of the operator. In Sect. 5, where we prove our main result, we discuss the
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non-trivial adaptation that we developed for Pickl’s method in the multi-component
setting.

In order to access complementary aspects of the present analysis, in particular the
very much relevant control of the fluctuations around the emergent effective dynamics,
a parallel study by one of us in collaboration with De Oliveira [3] is being developed
within the Fock space approach [1, Chapters 3 and 4], so that the two works are in fact
part of a unified project.

One last comment is about our treatment of the problem within the mean-field
approximation. As our primary goal is to give evidence of the mechanism by which
the many-body Schrodinger dynamics of an initial mixture of condensates give rise
to an effective dynamics of coupled non-linear equations for the persistence of con-
densation in each component, we found it instructive to place our discussion in the
technically easiest framework, the mean field. As discussed in Sect. 4, in order to
derive the effective dynamics actually expected in a regime of almost zero tempera-
ture and high dilution one has to adopt the more realistic Gross—Pitaevskii scaling.
Given the high versatility of Pickl’s method, that has been proved to be success-
ful also for the Gross—Pitaevskii scaling [15,17], the results of our multi-component
analysis too can be proved to hold also for in such a (technically more difficult)
scheme.

Notation. Essentially all the notation adopted here is standard, and we defer to Sect. 5.1
the introduction of ad hoc extra notation for the proof of our main result. Let us only
emphasize the following. As customary, by “<” we shall mean inequalities with a
universal constant as an overall pre-factor, otherwise the dependence of the constants
on other quantities of interest will be declared. Scalar products and norms in the
considered Hilbert spaces will only be explicitly indexed whenever the underlying
Hilbert space is not evident from the context or when we want to emphasize it. In
the same spirit we shall deal with the identity operator 1. We shall also adopt the
customary convention to distinguish the operator domain and the form domain of any
given self-adjoint operator H by means of the notation D(H) vs. D[ H]. When taking
the trace of an operator, suitable subscripts will be occasionally added, such as Try or
Trye2, in order to clarify the underlying Hilbert space, while unambiguously symbols
like Try—x will denote the partial trace map.

2 Model and main results

2.1 Many-body and one-body picture and condensate mixture

For N1, N> € N we consider the Hilbert spaces

HN],Nz = HN] ® HNZ
L2R3M dxy - -doxy,) @ L2(R3M2, dyy - - - dyw,), (2.1)
HNl,Nz,sym = HNl,sym ® HNz,sym
= L3R dxy - dryy) ® L, RN dy; - dyw,)  (2.2)

sym



Mean-field quantum dynamics for a mixture of Bose—Einstein...

where Hy, n, (resp., Hy sym) is the N-body (resp. N-body bosonic) Hilbert space
introduced in (1.2) built upon the one-body Hilbert space h = L?(R%). An element ¥
of H Ny, N,,sym 18 a square-integrable function with two distinguishable sets of variables
and

W (X1y ooy XN Vs oo o5 YN9)

is invariant under exchange of any two x-variables or any two y-variables, with no
overall permutation symmetry among the two sets of variables. The same double
bosonic symmetry is induced on the density matrices acting on Hy, n,, sym-

The states of Hy,n,,sym describe systems consisting of Ny identical bosons of the
species A and N, identical bosons of the (different) species B. We want to focus on
those states where condensation occurs in both species. For concreteness one may
think of the special case of a density matrix yn; ® yn, on Hy| vy sym = Hyy sym ®
‘HnN,,sym Where for j =1, 2 YN;.sym is a bosonic density matrix on HNj that exhibits
complete condensation in the asymptotic sense (1.7). For a generic density matrix
YNi,N> On H vy N, sym the assumption of double condensation has a natural formulation
in terms of the double partial trace realised by doubling (i.e., tensoring) the map Try—1
discussed in (1.3)—(1.5). This leads us to introduce the “double” reduced density
matrix

1,1
yli’]’,l\)/z = Ter_l ®TrN2—1 ¥YNi,N> (23)

associated with y, n,, clearly a density matrix on h® h = L?(R?, dx) ® L*(R?, dy).
The operation in (2.3) amounts to tracing out N1 — 1 degrees of freedom of type A and
N> — 1 degrees of freedom of type B from yu,,n,. Explicitly, for a pure state (i.e, a

normalised function) ¥y, n, € Hn;, N, sym the associated ylfjll’;),z has integral kernel

(1.1) Ly ) = dxr - -dxn dyy---d
yN],Nz(xvx ,y,)’) /]1{3(1\/171) /R3(N271) X2 xN] y2 )’Nz

XN N (X, X2, oo XN Y, Y2, oo YNS)

XUN, N (X X0, XN Y Ve YN). (2.4)
In general ylf,ll”ll\),z is neither factorised as a product of two density matrices on ) ® b
nor with rank one.

Instead of averaging out all but one particles for each species, one could also think
of controlling a small portion of each component of the system that corresponds to an
arbitrary number k; < Nj of A-particles and k> < N; of B-particles, thus tracing out
N — k; degrees of freedom, j = 1, 2, from yn, n,. Definitions (2.3)—(2.4) are then
modified straightforwardly so as to define the (ky, k7)-reduced density matrix y,i,kl‘) /\2)
on the space Hy, ,. This is the appropriate marginal to study the particle correlations.
Another relevant indicator is obtained by tracing out from the many-body state all the
degrees of freedom of one component, and all but one of the other component, thus

ending up with 7/15/1.’(1)\)/2 and y,i,(:’lj\),z, that are density matrices on the one-body space
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b. In Sect. 3 we develop a more systematic discussion on the marginals ylf,kl' ’/\‘é), their

algebra, and an amount of useful bounds for them.

In full analogy with the corresponding definition for a one-component condensate,
one says that the state yn, n, on Hpy, n,,sym exhibits condensation for both species
of particles (that is, a two-component mixture BEC), with condensate functions u and
v (two normalised one-body wave-functions), if for the associated reduced density
matrix one has

. 1,1

M vhN, = e @)@ vl = lu)u] @ [v) vl 25)
Ny— 00

As for (1.7), the limit in (2.5) is of thermodynamic type. It expresses, in the

interpretation of occupation numbers discussed in Sect. 1, the idea that the actual

many-body state has the double-condensate form u®M ® v®V2, although the van-

ishing of yjf,ll”ll\),z — lu ® v){u ® v| is much weaker than the actual vanishing of

1PNy, N, — u®N @ v®N2.

Observe that the distinguishability of the two species results in a precise ordering
in the product # ® v € h ® b of the two condensate functions. Thus, even in the case
u = v (as elements in L2(R?)), the double condensation yjf,ll’ll\),z ~lu®u)u® ul
expresses the fact that each component undergoes BEC with the same spatial profile
of the condensate: the two condensates then sit on top of each other, while the two
species remain distinguishable.

While V]&/llll\)lz allows for a simultaneous control of BEC for each species, the reduced

. . 1,0 0,1 . . .
density matrices y}vl 1\),2 and yli,l 1\),2 monitor the occurrence of condensation in one

component, irrespectively of the other. In Sect. 3 (Lemma 3.1), we establish the bound

1,0 0,1 1,1
max {1 — {(u, 715/1,/\)12”% 1— (v, VJEII,/\)/2U>} < 1—-—(u®v, 71511,/\)/2” ® v)

1,0
< (1= yp Q)

+1 = (. ym)  (26)

which shows that V/i/lflzx)/z — |u ® v){u ® v| is equivalent to y,i,ll’%z — |u)(u| and

0,1
YL, = )L,

2.2 Double-component Hamiltonian

Let us now come to the dynamical model we intend to study. First of all, we introduce
two one-particle Hamiltonians /| and sy on f, one for each species. We have in
mind for concreteness two non-relativistic Schrodinger operators with given external
magnetic and electric potentials, namely

hi = —=(Vx —i41(0)* + U1(x), hy = —(Vy —iA2(3)* + U2(y).  (2.7)
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for suitable measurable functions A; : R?® — R3 (magnetic potentials) and U i
R? — R (trapping potentials), j = 1, 2, or their pseudo-relativistic version

ho= 1= Ve —ia, )2 + U, =12,

We then consider a model for N identical bosons of one species and N, identical
bosons of another species, in which each particle of the first (resp., of the second)
species is subject to the one-body Hamiltonian %1 (resp., h2) and is coupled with the
other particles of the same species via a two-body potential V; : R — R (resp.,
V5 : R} — R), plus an additional inter-species two-body potential Vi : R? — R
that couples the two components of the mixture.

We consider the mean-field Hamiltonian for this system, namely the operator

Np 1 N1
Hy,ny = D (h)f + N > Vixi —x))
i=1

i<j

N> 1 N>
B
+> (h)f + A D Valyr — )
r=1 r<s
N1 N>

1
+m Z Z Via(xi — yr) (2.8)

i=1r=1

acting on Hy, n,. In (2.8) and throughout this work, we adopt the following compact
notation: if 7' is an operator acting only on one of the two factors of Hy,, v, and we
need to consider it as an operator on the whole Hy,  y, with trivial action on the other
factor, we shall denote T ® 1 (resp., 1 ® T') as T4 (resp., 5. Clearly T4 and S8
commute for any single-sector operators 7 and S. Thus, if V2 = 0, then Hy, n,
consists of the sum of two (commuting) Hamiltonians, one for each species.

As we intend to study the quantum evolution governed by Hy;, ,n, in the limit of very
large N1 and N, keeping the ratio N1 /N, (asymptotically) constant and non-zero, it
is easily seen that the mean-field pre-factors N~ ! Ny ! and (N + N>)~ ! inserted
in front of the potential terms ensure that in this limit the kinetic and the potential
part of the Hamiltonian remain comparable. Indeed, there are N1 + N3 kinetic terms
and %(N 1 + N2)(N1 + N2 — 1) potential terms in Hy, n,, however the mean-field
pre-factors reduce the order of the potential energy to

1 Nl(N1—1)+ 1 Nz(N2—1)+ 1 Ni Ny = O(Ny + No)
Ny 2 Ny 2 Ny + No e = ! 2

There are of course other choices that would preserve the mean-field character of the
Hamiltonian, for example a common pre-factor (N7 + N>)~ ! in front of all potential
terms, or a pre-factor (N N2)~ Y2 in front of the mixed interaction term. In Sect. 4 we
will show that our choice in (2.8) is the physically meaningful one, for it yields the
physically correct effective dynamics.
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We alsoremark that Hy, v, , albeitnot factorised (unless V12 = 0), maps Hy, v, sym
into itself, because of its permutation symmetry separately in each set of variables.
Therefore, given a density matrix yn,,n, on Hy,, N,,sym, i.€., a many-body state that
is bosonic for each species of particles, its evolution e~ *#¥:N2 . el NN along
the dynamics generated by Hy, y, remains a density matrix on Hy, v, sym. In this
evolution the number of particles of each kind is constant, there is an inter-species
interaction (V12) but no transfer of particles among the two populations.

2.3 Asymptotic limit and effective dynamics

As discussed in the Introduction, if the system is prepared at time t = 0 in a state
¥N;,N, Where (complete) BEC occurs in both components, one expects that

— condensation persists also at later times for the quantum dynamics generated by
Hy, Ny,

— and the evolution of the two condensate functions is governed by a system of two
coupled non-linear Schrodinger equations.

In this work we prove these facts in the sense of the reduced density matrices.

What equations have to be expected can be seen by means of several heuristic
arguments. We discuss them in detail in Sect. 4. To give a sketch here of the ‘formal’
derivation, let us fix first of all the precise sense of the double limit Ny — oo, Ny —
oco. We want the two population numbers to remain comparable when they become
arbitrarily large, so we assume that there are two constants c1, ¢ > 0 such that

N .

lim —— =¢; (j=12), 2.9
Jim = (=12 2.9)
Ny— 00

that is, the ratio N1/N; is assumed to be asymptotically constant. From now on, by

limy, §,—>oc We shall mean a limit under the constraint (2.9).

To see formally the emergence of the effective dynamics it is enough to make the
Ansatz

. —itHy N ®N| QN> — ®N| QN>

for some time-dependent functions u; and v; in b, given uo and vg at time ¢t = 0.
This, of course, cannot be true at finite N1, N>, owing to the presence of the mixed
interaction potential Vi in Hy, n,, still, one can compute the limit energy-per-particle
functional

. Hy, N
Elurv] = lim (uPM @ v, S PN @ P
Ni,Ny—00 Ni + No

and then determine, by taking the variations of £[u,, v;], the equations that u, and v,
must satisfy in order to preserve the value of this energy in time. Alternatively, one
can re-write the initial value problem for many-body Schrodinger equation
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Nl ® v®N2

10N Nyt = HN1 NN No Lt
WNIJVZJL:O =

in terms of the corresponding initial value problem for the finite hierarchy of equa-
tions for the marginals y]f,kll k2)t (the BBGKY hierarchy) and close formally the limit
hierarchy as N1, N — o0 by plugging in the Ansatz above, re-written in the reduced

density matrix form

: (k1,k2)
lim Ni,Npt ™
N1,Ny—o00

)

o

U;X)k2> <U;X>k2 .

this decouples the equation for yoo Cx)) = limp, Ny—>o0 yli,lllj\)lz ;» which yield.s the cor-
responding equations for u#; and v,. We work out these formal calculations in Sect. 4.
What one finds is the system

10 = hyuy + (Vi g 4 c2(Viz * v |)uy
10,0, = hovy + (Vo * |9 + e1(Via * [ug [Py (2.10)

of two coupled non-linear Schrédinger equations of Hartree type, in the two unknowns
u; and vy, with initial condition u;—o = ug and v;—¢ = vg. Observe in the first equation
of (2.10) the two self-interaction terms: the first, (V| * |u; |2)ut, accounts for the
interaction of an A-particle with the effective potential due to the presence of the other
particles of the same species around it, the second, ¢ (V12 * |v; |2)u, accounts for the
analog effective interaction of the A-particle with the B-particles. Same considerations
for the second equation in (2.10). The weights ¢; and ¢> adjust the magnitude of each
inter-species self-interaction term with respect to the relative ratio of each population
in terms of the total number of particles.

It can be argued that, within the mean-field scheme, (2.10) is the correct system of
evolution equations for the effective dynamics of a condensate mixture. Indeed, it is
the mean-field version of the system of non-linear Schrodinger equations that physical
theoretical heuristics produce, in extraordinary agreement with the experimental data,
when the mixture is modelled with the more realistic assumption of strong short-scale
interactions and high dilution. This is another point that we discuss in detail in Sect. 4.

2.4 Assumptions and main theorem

We shall work under the following set of assumptions.

(A1) The one-particle Hamiltonians /1 and h, are self-adjoint and semi-bounded
below on . It is not restrictive to assume both of them positive. This implies
that for any Ny, N> € N the free (kinetic) part in the Hamiltonian (2.8), namely

Hy vy = Z(W‘ +Z<h2> @.11)

i=1
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is self-adjoint and positive on Hy,  n,, and that the corresponding form domain
DIH 1(\2 ) n, 118 a Hilbert space w.r.t. the scalar product

v, o
( >D[H1<vol>w2

1/2 172
_ ) )
| = <(11 + ) e (1)) q>>. 2.12)
(A2) The potentials Vi, Va, and V), are real-valued even functions satisfying

Vo € L™(R%) 4 L% (RY)

forsome2 < ry < sy < 400’ *€ {1,2,12}. (2.13)

(A3) For all N, N> € N the Hamiltonian Hy, n, (2.8) is self-adjoint and semi-
bounded below on My, ;. and D[Hy, n,] C DIHY 5.1

(A4) The initial value problem consisting of the system (2.10) with initial condition
u(0) = ug and v(0) = vg for given functions ug € D[h] and vy € D[h;] has
a unique global-in-time solution

(u,v) € CR,X)N CI(R, Dlh1* ® Dlha]") (2.14)
where

X = (DU N L™ AT ®Y) @ (Dlho) LA @) (2.15)

and
1 1 1 1 1 1
—+ = = =, —+ = = =, a€{l,2,12}. (2.16)
Ta T 2 Sa Sa 2

We remark that assumptions (A1)—(A4) above are cast in an “operational” form that
is immediately ready to be exploited in our proofs, whereas the precise constraints
that they impose on the potentials A, A>, Uy, U, Vi, Va, Vi, are left in a somewhat
implicit form—observe, for instance that a priori conditions (A3) and (A4) select a sub-
class of potentials from condition (A2). It is however easy to recognise that (A1)—(A4)
cover a wide range of practically relevant cases (analogously to what observed already
in [6, Section 3.2]), including for example the inter-particle Coulomb interactions
Vy(x) = colx|~!, @ € {1, 2, 12} for ordinary one-body Hamiltonians i; = hy = —A.

In particular, concerning the non-emptiness of assumption (A4), the global-in-time
well-posedness of the non-linear Cauchy problem associated with (2.10) holds for
generic (i.e., not too singular) potentials irrespective of the sign of the interaction:
this is due to the fact that the cubic non-linearity is non-local (i.e., of convolution
form V s |@|?) and hence energy sub-critical, in full analogy to what happens with
the usual one-component non-linear Schrédinger equation [2, Corollary 6.1.2]. For
local non-linearities as in the system (4.5) below, which are expected to emerge from
the more realistic scaling (4.4), finite time blow-up phenomena may instead occur,
depending on whether the interactions are attractive or repulsive—see, e.g., [5,7,9]:
in this case one still has existence and uniqueness locally in time, but the analog of
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Theorem 2.1 below would then make only sense at any fixed time in the interval of
local well-posedness of the non-linear problem.
We can now state our main result.

Theorem 2.1 Consider a two-species bosonic system under assumptions (Al)—(A4)
above. Suppose, at timet = 0, Wy, n, € D[Hy, N1 N Hny, Ny, sym With [|Wn, n, 2 =
1, and (up, vo) € X (the space defined in (2.15)) with ||uoll2 = |lvoll2 = 1. Corre-
spondingly, for t € R let U, n,(t) = e —itHNy Ny Yy, . N, be the unique solution in
C(R, DIHpn,,N,]1 N HNy, Ny, sym) to the many-body Schréodinger equation

10:¥Nn, N, (1) = Hyy n¥n v (1), Wy N, (0) = Wy v, s (2.17)
and let (u;, v;) be the unique solution in C (R, X) (the space (2.14)—(2.15) of assump-

tion (A4)) to the initial value problem consisting of the Hartree system (2.10) with

initial condition (ug, vo) att = 0. Let yjfll 1]\), (t) be the double reduced density matrix

associated with Wy, n,(t), given by (2. 4) and define

A @ = 1= (@ v 7R, 0w @ ). (2.18)

Assume further that in the limit N1, Ny — oo the two populations have given
asymptotic ratios c1,cy > 0, according to (2.9). Then there exists a constant
Kk = k(c1, c2) > 0, such that

1 .
(1,1) (1,1) kf(1)
o) < (aNl O+ 5 Nz) eI, (2.19)
where
t
f@ = ||V1||L"1+LA'1/O dt (lluclls + luclls)
'
+||V2||Lf2+m/0 dr (lvellm + llvelisy)
'
+IViallLriz 4 Lo /0 dr (”’/‘r“'ﬂz + lluclis, + lvellm, + ”Ut”ﬂz) :

We are clearly interested in applying Theorem 2.1 to the case where the initial
many-body state of the mixture displays double condensation in the orbitals u(y and
vp, in the sense of the discussion of Sect. 2.1 and of the asymptotics (2.5) therein.
This, together with the estimates of Sect. 3 for the indicators of convergence, leads to
the following:

Corollary 2.1 If, in addition to the hypothesis of Theorem 2.1, the sequence of initial
data (Wn, N,) Ny, N, Satisfies

a1 1
ay (0 < K —— (2.20)



A. Michelangeli, A. Olgiati

for some constant K that depends only on the population fractions ci and c3, then
vVt € R one has

1 ,
(1,1) AU
@y @) < (K1) e 2.21)

and also

1
(LD _ kf(1)/2
Tr | Yy, @ = lue @ v)(w @ vl | S (K +1) T - (222

Corollary 2.1 provides therefore a quantitative proof of the persistence of the double
condensation in the mixture at any finite time. Observe that no matter how faster
than (N7 4+ N3)~! is the asymptotic BEC (2.20) at ¢+ = 0, the bound (2.19) always
gives at later times a rate of convergence of magnitude (N + N>)~Vin (2.21). We
emphasize also that the exponential deterioration in time of all the above controls
(2.19), (2.21), (2.22) of BEC along the time evolution is certainly non optimal and
is rather a consequence of the Gronwall-type estimate at the basis of the proof of
Theorem 2.1.

2.5 Further consequences and remarks

Controls in the energy space. By replacing assumptions (A2) and (A4) above with

(A2') The potentials Vy, o € {1, 2, 12} are real-valued, even, and such that

2 2
(M o [

2 2
Viz * 191"l

I¢ilb,, Yo € DAl j=1,2
IId),/II%[h,-] Vé¢; € Dlh;]  j=1,2 (223)

N N

(A4’) The initial value problem consisting of the system (2.10) with initial condition
u(0) = up and v(0) = vg for given functions ug € D[h] and vg € D[h;] has
a unique global-in-time solution

(u,v) € C[R,Dlh]® Dlhal) N C' (R, DIhi]* & Dlhal*)  (2.24)

then Theorem 2.1 and Corollary 2.1 hold with

t
f@) Z=/0 dr (”ut”%)[hl] + “UTHZD[hz]) :

Indeed, assumptions (2.23) take the role of Lemma 5.1 below and our proof remains
virtually unchanged.

Persistence of condensation for a fraction of the two populations. It follows straight-
forwardly from the properties of the indicators of condensation discussed in Lemma 3.2
of Sect. 3 below that the conclusion of Corollary 2.1 implies also
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(k1.k2) max{ky, ka} i
H < 2L Vi € R, 225
AN Ny ® 3 Ni+ N, e ( )

which is interpreted as the control of the persistence in time of condensation for o(N ;)
particles of the j-th species, j = 1, 2.

More singular potentials. Although we are not interested in discussing in full gen-
erality the class of interaction potentials that can be dealt with by the present method,
it is worth remarking that with a moderate additional effort one can adapt the proof of
Theorem 2.1 (in the spirit of [6, Section 5]) so as to include potentials with stronger
singularities than those admitted by Assumptions (A1)-(A4) above.

Control of condensation separately in each component. In a similar setting to the
one analysed here, Heil [4] has discussed the large N1, Ny asymptotics separately for
each one-component reduced density matrix, yN N (t) and y(o D (t) in our notation.
As remarked already with our bound (2.6), such a control 1s covered by our collective

indicator y( D (t)

3 Partial marginals and indicators of condensation

We have already introduced in Sect. 2.1 the notion of double reduced density matrix
)/]f,kll 1’\?) associated with a given state yy, n, for a mixture of Ny + N particles and rel-
ative to a choice of k; < N particles of the j-th species, j = 1, 2, see Egs. (2.3), (2.4)
and the discussion thereafter, In this section we elaborate further on these indicators
and on equivalent quantitative characterisations of asymptotic BEC.

Explicitly, for a pure state (a normalised function) ¥n, N, € Hn,,N,,sym the asso-

ciated marginal

ki,k
Y = Tony i ® Trwy—i 9w (¥ | G.1)

has integral kernel

(k1,k1) / /. / /
Yy, (XL oo X XL o X Vs ey ks V1o -0 Vhy)
= / / dxk]-l—l T de] d)’k2+1 T dyNz
R3(N17k1) R3(N27k2)
XII/Nl,NQ (-xlv e Xkps Xky4-1s oo o s XNys Yo oo oy Yoo Yhp+1s + v s yNz)
N7 / L /
X'I/Nl,Nz(xly e 1xk17xk1+la L ,.le, ylv e yk27 yk2+11 e ey yNQ) (32)
Aslongasky, kp > 1, y ) is a density matrix acting on Hy, i, sym. In the extremal

cases, (3.1)—(3.2) above deﬁne reduced density matrices y,E,kl‘ /8; and y;,(: 15\212 acting,

respectively, on the single-species bosonic spaces Hy, and Hy,, that is, all the degrees
of freedom of one of the two components are traced out.

For given one-body orbitals u, v € h with ||u|| = ||v]| = 1, which are going to play
the role of condensate functions for the two component of the mixture, and for given
kj < Nj,j=1,2, we define



A. Michelangeli, A. Olgiati

a](\l;ll 1];22) P <u®k1 ® U®k1 , y]&/]il ,k2) ®k1 ® U®k2> (33)
and
ki,k ki,k
RI(\/]I,sz) = Tr ‘y;/.lN;) u® @ p®k2) (y®1 @ Bk (3.4)

The scalar product in (3.3) and the trace in (3.4) are taken in the Hilbert space Hy, «,.

(kl,

Both these indicators measure a displacement of the marginal yy k') from

[u®1 @ v®2) (y®K1 @ y®2| which is the (ki ko)-reduced density matnx relatlve
to the purely factorised (N1 + N)-body state u®V1 ® v®N2_ As already discussed in
Sect. 2.1, their vanishing for large N1, N, has the natural interpretation of occurrence
of double (simultaneous) condensation for the two components of the mixture. This is
in complete analogy to the indicators of condensation adopted for the one-component
case (see Eqgs. (1.7)—(1.8) and the following comments in the Introduction), which in
the present notation are precisely a;\l’cll’,](\)])z and R%‘::% relative to the first component
(and the analogs for the second component).

We discuss the properties of such indicators in these two Lemmas and in the fol-
lowing observations. For notational convenience we omit the subscripts N1, N».

Lemma 3.1 For the quantities defined in (3.3) for k1, ky € {0, 1}, one has
a0 < 0D, aOD < @D 3.5)
and
oD < a0 4 O 3.6)

Lemma 3.2 For the quantities defined in (3.3)-(3.4) fork; € {1,...,N;},j =1,2,
one has

q k) < RK1.k2) < 2V akik) (3.7)
a®k) < max{ky, ko) - oD, (3.8)

In this work we are mainly concerned with the «-indicators, that measure the dis-
placement between the maximal possible value 1 and the expectation of the reduced
density matrix on the factorised state. The apparently stronger trace norm displacement
(the R-indicators) turns out to be equivalent to the former, in view of (3.7). Lemma 3.1
shows that for the control of the double condensation, simultaneously in each compo-
nent, one can equivalently monitor the vanishing of a('") or the vanishing of 1?9
and «©V . Lemma 3.2 shows in addition that the vanishing of """ or of higher order
a-indicators are also equivalent, with a deterioration (the factor max{ky, k»} in (3.8))
that depends on the size of the subsystem of particles in each component on which
one monitors the absence of correlation, that is, the pure factorisation and hence the
occurrence of condensation.
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Proof (Proof of Lemma 3.1) 1f (v,)° , is an orthonormal basis of h = L?(R?) such
that vi = v, one has

oo
(u®v,y(1’l)u®v)h®z < Z(u@vn,y(l’l)u@)vn)h@z = (u,y(l’o)u)b

n=1

where the inequality is due to the positivity of I:1) and in the following identity we
used the definition of partial trace. This shows that o9 < o'D | and analogously
o@D < oD To prove (3.6), we exploit the positivity of the projections 1 — |u) (u|
and 1 — |v)(v[, and hence of their tensor product: one finds

0

N

Trgor [ ¥ (1 = Juptul) & (1 — [u)(o) |
= Trye [y““(n,, — ) (u]) ® 11,,] + Tryer [y(l’l) 1y ® (Ly — Iv)(vl)]

~Trgen [ D (Lo = Ju) (] @ [0} 0 ]
— @0 O _ (D

and the conclusion follows. O

Proof (Proof of Lemma 3.2) Inequalities (3.7) are established precisely as in the one-
component case, since here one only deals with the rank-one projection |u®* ®
v®R2) (u®k1 @ v®k2| and the density matrix y *1:k2) on the (k| 4 k2)-body space Hy, 1,
with no reference to the two-component structure or to the numbers k1, ko—see, e.g.,
[6, Lemma 2.3] (the constant 2 in the second inequality in (3.7) is an easy improve-
ment of the constant 2+/2 obtained in [6, Lemma 2.3]). As for (3.8), one first repeats
component-wise the very same argument that allows for a control of the k-th mar-
ginal in terms of the (k — 1)-th marginal precisely as in the one-component case [6,
Lemma 2.1], thus obtaining

akik) < gli=lla=D 4 o (D),

By iteration, and supposing for example k; < kp, one gets
a®rk) < D 4 g Ok—k)

(0,k2

In turn, for the one-component (ko — ki)-marginal o —k1) the standard one-

component argument [6, Lemma 2.1] yields
2Ok < (o — k) gD
and by Lemma 3.1 @D < (1D By combining these inequalities,
a1k < gD 4 (ky — k) @@ < kpatD

which proves (3.8).
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4 Mean-field scaling for a two-component mixture

The purpose of this section is to justify the mean-field scaling factors chosen in (2.8)
for the many-body Hamiltonian Hy, n,. It was already remarked after (2.8) that there
is large freedom in finding N1, N>-dependent pre-factors that ensure that the kinetic
and the potential part of Hy, y, remain of the same order as Ni, No — oo. One then
has to make a choice driven by physical considerations, given the asymptotic fractions
c1 and ¢ of the two populations of particles.

We focus first on the expected system (2.10) of non-linear Schrodinger equations
for the effective dynamics of the mixture. It is a well familiar fact in the quest
for effective evolution equations of many-body quantum dynamics that performing
a mean-field scaling in the Hamiltonian produces at the effective level non-linear
Schrodinger equations of Hartree type, that is, with “non-local” non-linearities of
the form (V * |u|®)u—see, e.g., [1, Chapter 2]. Realistic interaction potentials have
strong magnitude on a short range and as opposite to the mean-field picture each par-
ticle interacts with the neighbouring others on a short scale only: the non-linearity
expected in the effective dynamics is then “local”, namely of the form g|u|?u. For
the two-component condensate mixture under consideration, an amount of physical
heuristics and experimental observations [18, Section 12.11] show that the effective
dynamics is governed by the system

10u; = hu, +g1N1|uzI2uz +g12N2|U,|2u,
00, = hov + g2Nalvi*v; + g12N1lue vy .1

as an accurate approximation in the regime of ultra-low temperature, high dilution,
and large N1, N>. In (4.1) the couplings g1, g2, g12 are, in suitable units, the two-body
scattering lengths of the corresponding particle-particle interactions and the functions
N1 u, /Ny v, with ||lull> = ||v]l> = 1, represent the so-called “order parameters” of
the two components of the mixture.

For a mathematical derivation of (4.1) one goes through a suitable scaling of the
interaction potentials, and hence of the couplings g1 (N1, N2), g2(Ny1, N2), g12(Ny,
N3), as Ny, No — 00, so as to have asymptotically constant couplings

g1(N1, N2))N1 — y1, g (N1, N2o)Ni — 2
g12(N1, N2))N» — Dy, g1a(N1, N2)N1 — Do 4.2)

in a limiting, N, N>-independent version of (4.1). It is then immediate to see that
(4.2), under the constraint Ni/No — c1/c2, imposes D = yj2cz and Dy = yjacg
for some constant y1> > 0 and hence the scalings

Y1 V2 C1 2 Y12
81 = —, 82 = —2 812 = Y125 = Y12

2 - w3
Ny Ny N1+ N>

Based on the definition of scattering length for short-range potentials [8, Appendix C],
it is easy to see that the re-scaling (4.3) of the scattering lengths g1, g2, g12 is repro-
duced by scaling the interaction potentials as
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Vi(x) = NPVI(N1x),  Va(x) = N3V (Nax),
Via(x) = (N1 + N2)*Via((Ny + Na)x), (4.4)

for fixed potentials Vi, V», V1> with scattering length, respectively, yi, y2, y12: this
is precisely the Gross—Pitaevskii scaling, namely the case § = 1 in (1.10). In this
scaling, the non-linear effective system to be derived takes therefore the form

Ry 4 yilugPug + 2 yiolvPug
0,0, = hove + yalve v + 1 yinlug oy 4.5)

ialu,

As in the present work we put emphasis on the mechanism for the emergence of a
non-linear effective description and for this we content ourselves to discuss the mean-
field problem, (4.5) has to be converted to its mean-field form: using that the Born
approximation for the scattering length is y, = [ Vy, « € {1, 2, 12}, we see that for
a formal short-range potential V,, (x) = y,d(x) the counterpart of the non-linearities
Yol f1?g has the form (V, * | f|*)g. The mean-field version of (4.5) is therefore the
Hartree system (2.10). This also indicates that the mean-field version of the Gross—
Pitaevskii scaling (4.4) for the interaction potentials is, in view of (1.10),

Vi) = Ny'Wi),  Vax) = Ny,
Via(x) = (N1 + N2~ '), (4.6)

which accounts for the actual mean-field pre-factors chosen in (2.8).

We find it instructive to present two alternative arguments for the emergence of
the choice (4.6) in the many-body Hamiltonian. In the first one we allow for generic
mean-field pre-factors

Vo(x) = mo(N1, N2) V(x),  aef{l,2,12}, 4.7)
in the expression (2.8) for the many-body Hamiltonian Hy, n, and we compute the

asymptotics of the energy per particle for the purely double condensate state with
orbitals u# and v, thus finding

_ ) (M®N' ® U®N2, HNl,Nz M®N1 ® U®N2>
Elu,v] = lim
Nj,Ny— 00 N1+ N>
2
ciki 5
= ci{u, hiu) + c2(v, hov) + 5 (u, Vi * |ul"u)
2k
C5K2 2 2
+T<v, Vo x [v]“v) + crc2kia(u, Vig * [v]“u), (4.8)

where we set

ky = lim  (Nj+Ny)-mg. «c{l,2,12). (4.9)
N1{,N»—0
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The energy & has to be conserved along the time evolution generated by Hy, n,:
making the Ansatz that the pure factorisation of the initial state is preserved in time,
an easy computation shows that for smooth enough solutions (u;, v;) to the system

W, = hyug + crki (Vi * |ug|Dup + cakia(Via * o[ Py
1,0, = hav + caka(Va * |ve ) vr + crkin(Vin * [ug*)vy (4.10)

one has
d
Eg[u” vl = 0, 4.11)

which shows that (4.10) is the correct effective description of the many-body dynam-
ics under the formal factorisation Ansatz. The comparison between (4.10) and the
expected (2.10) gives

citki =1, k=1, ckip = 2, cikip = ¢y,
whence, owing to (4.9),
mi =N omy= Ny, ompo= (N +N)Th (4.12)

With the choice (4.12), (4.7) reproduces precisely (4.6).

Alternatively, one can check the correctness of the chosen mean-field pre-factors
by plugging the formal Ansatz of complete factorisation into the hierarchy of cou-
pled PDE’s that must be satisfied by the reduced marginals VlS/kl "}]C,i)(t) associated
with the solution ¥y, n,(t) to the many-body Schrodinger equation 19; ¥y, n, (1) =
Hy, N, YNy, N, (2). This is the so-called BBGKY hierarchy [1, Chapter‘2], that consists
of coupled equations for the (k1, k2)-marginals for each k; and k> in {1, ..., N;}, the
first of which is

) 1,1 1,1 1,1
i 0 = [0t L]+ [ f ri ]

Ny —1
T [(Vl (r1 —x2)”, szzzl’,lzaz]
Ny —1
+ 3 Try, [(Vz(y1 —y))?, ylS/ﬁ%\)’z]
1
+— T Ny — 1)V, -
Ni+ N, (N2 = DViax1 = y2)

+(N1 = DViz(yr — x2) + Viaxr — y1), V;£,2,2,32] - (413)

In (4.13) and in the following the notation Try, and its analogs denotes the partial
trace over the degrees of freedom of the second particle of the first species, etc. Taking
formally y' N2 (1) — ysbls (1) as N1, Ny — oo yields the limiting infinite BBGKY

hierarchy for which (4.13) takes the limiting form
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. 1,1 1,1 L1
e = [0t i+ [0 782,

2,1 1,2
T, [ (Vi — o)™ 78R |+ Ty, [ 0200 =320 % 782

+Try, .y, [62 Via(x1 — y2) +c1 Via(y1 — x2), ch,’gg,t] . (4.14)

With a direct computation one then checks that the formal Ansatz yo(f,‘g)?)(t) =

(Jug) (s NBF @ (Jvg) (v;])®F2 in the limit of infinitely many particles, where (i;, v;) is
a solution to the Hartree system (2.10), produces a solution to (4.14) and in fact to all
the other equations of the infinitte BBGKY hierarchy.

5 Proof of Theorem 2.1

In this section we present the proof of our main result, Theorem 2.1, and of Corol-
lary 2.1. We shall discuss it in various steps.

The proof goes through a suitable modification of Pickl’s counting method for the
dynamics of a single-component condensate [6,15-17], in order to deal with the inter-
species interaction terms and the new mean-field coupling factors. This method is
specifically tailored for the quantity aﬁ\;{,ll)\’z (t) and it is designed to control it in terms
of its value at + = 0. In fact, what in an appropriate sense is actually “counted” is,
informally speaking, the number of “bad” particles of each species in the many-body
state Yy, n, (t) which are not of the type u, or v;, more precisely which are described
by a one-body orbital orthogonal to u; or v;. The quantity of interest, according to
this interpretation, is therefore the expectation of the single-orbital observable |u; ®
V) (u; @ vr] on ) ® b on the state Yy, v, (t) € Hy,,N,,sym» and hence the quantity

(Wi (1), (1= Jur @ ve) (s ® ve]) Wiy n, (1)

. 1,1
= 1= (v, i, O w o) = o 0. 5.1)

In order to obtain the bound (2.19) in Theorem 2.1 we shall establish the following

estimate on the time derivative of al(\}f,llilz (1):

) B(1)
GO < BOR 0+ 5

t e R, 5.2
I € (5:2)

for some function B(r) that is given in terms of certain norms of the interaction
potentials Vi, V2, Viz and of the solutions u,, v, to the Hartree system, and independent
of the number of particles. Explicitly,

B(@) =« (IVillrsrs (lulm + luls) + V2l i (Il + i)
FIVizllizrzrse (lullm, + lulls, + lvliz, + llvlis,)) (5.3)

for some constant « that depends only on the population fractions ¢; and ¢. Comparing
(5.23) with (5.2), we obtain (5.5) and hence the thesis (2.19).
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After an integration in time (5.2) gives
a,n a1 1 ! ! a,n
oy n, (1) < aNl»N2(0)+m A B(s)ds + A B(s)ay, y,(s)ds (5.4)
which is of the form
t
alt) < B() + / y(5) a(s)ds
0

for B(t) = 0‘1(\}1’,11{/2 (0) + (N; + Ny)~! fot B(s)ds and y (t) = B(¢) and hence implies
the Gronwall-like estimate [14, Theorem 1.3.2]

! t
a(t) < W)+ / B(s)y(s)eh v drds,
0

By further integrations by parts we finally conclude that (5.2) implies

1 '
1,1 1,1

The bound (5.5) above, together with (5.3), leads to (2.19).

5.1 Additional notation

An amount of simplified notation will be useful from now on.
We shall drop the ¢-variable and N-subscripts, thus setting ¥ = Wy, , () for the
solution to the many-body Schrodinger equation, # = u; and v = v, for the solutions

to the Hartree system (2.10), and o'V = a](\}l’}]zlz(t) for the corresponding quantity

(5.1). Also, we shall denote the time derivative as ¢V,

We shall keep the convention T4 (resp., T8) for T ® 1 (resp., 1 ® T) where T
is an operator that acts only on one of the two factors of Hy, n, and we need to
consider it as an operator on the whole H y, y, with trivial action on the other factor.
When, in particular, T is a one-particle operator (that is, 7' acts on §), the notation
TjA for some j € {1,..., N1} or TZB for some £ € {1, ..., N>} indicates that we are
considering T as acting non-trivially on the one-body space of the j-th particle of type
A or the ¢-th particle of type B. In analogy to this convention, we shall write 7;; when
a two-body operator T (i.e., an operator on f) @ b, meant to be the one-body spaces
of each component) acts on Hy, n, non-trivially only in the variables x; and y; of
the wave-function ¥ (x1, ..., Xn;; Y1, ..., Yn,). Observe that this is clearly not to be
confused with the symbol Vi, for the inter-species potential: when needed, according
to the convention above we shall rather write (V12);; as a multiplication operator.

Henceforth we shall also omit the explicit tensor product notation ®: this will leave
product expressions that it will be straightforward to interpret as tensor products based
on the context.
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A special notation for anumber of relevant one-particle operators will be convenient.
By A" and h¥ we shall denote the two “one-body non-linear Hamiltonians”

R = hy A+ Vi Ju? 4 caVia # v
RY = hy + Vo (v 4 c1 Vig * Ju, |? (5.6)

and by p4, p® and ¢g*, g% we shall denote the orthogonal projections
ph o= luduls gt = 1= ) ]
PP o= il % = 1 —lu)ul. 5.7)

Furthermore, we shall make use of the shorthands

V= Vi w2, VY o= Vo |y
VI = Vipslul?, VY o= Vig kvl (5.8)

Observe that according to our convention (V") I.A denotes the multiplication operator
by the function (V; # |u;|*)(x;) in the i-th of the variables for the species A, and so
on.

If f¢ is any of the shorthands (5.8) for some functions f and ¢, then in terms of
the above conventions one has

P fps = P3O = P31 s (5.9)
as an identity of two-body operators acting on the A-sector of the many-body Hilbert

space—here fé is the function f(x; — x2)—and the same holds for the B-sector.
Analogously,

pifupt = ptH? = pi et
ptfupt = pf(OF = pf O P! (5.10)
as an identity of mixed-component two-body operators—here f; is the function

flxr = y).

5.2 Estimates on convolutions

As we will systematically need to bound the L>°-norm of functions of the form V s |¢|?
or V2 x |¢|?, where V = Vi, Vs, Vi3 and ¢ = u;, v;, we cast two standard estimates
in the following Lemma.

Lemma 5.1 For given r, s such that2 < r < s < 00 let 7 and's be defined by
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Then, for V € L"(R?) 4+ L*(RY) and ¢ € L*(R?) N L™ (RY) with ||¢]l2 = 1 one has
¢pelL’ (RYY and moreover

[V«1oP| < 1ViLses Agl7+ 1615 (5.11)
and
[V 10| < 20V 1 pns (el + 19100 (5.12)

Proof By assumption one can split V.= V©) + V) with V) e L"(RY) and V) ¢
L*(R?), Then

N

IV %10 lloo + 1V % 102 ll0o

IVl + 1Vl
(v @u, +1veus) (||¢>||?z,l + ||¢>||22s])

(V@1 +1VOL) gl + Il

|V 18]

N

N

/A

where the second step follows by Young’s inequality and the last step by interpolation
on 2_r1 € [2,7] and on sszl € [2,75], using also the fact that ||¢||» = 1. By taking the

=
infimum over all decompositions of V one obtains

[v«1oP| < Vi aglz+ 1615

which proves (5.11). Analogously one finds

[v2 102 <2 H(v<’>)2 ok

N2
oo+2 H (V(”) « |2

< 2V ||¢||2% +2(Ve)2 ||¢>||2Az

o0

2
<2 (IVOl +1IVOL) Uglr + 912

using again Young’s inequality in the second step. By taking the infimum over all
decompositions of V one obtains

[V3 18P < 20V I prs Ul + 1910

which proves (5.12).
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5.3 Time derivative of a(l D (t) and cancellation of the Kinetic terms

We intend to differentiate in time the quantity o!-!) written in the form (5.1), that is,

oD = <l1/, (]l - pf\pfg) l1/>. (5.13)

When the time derivative hits the W’s, this produces a commutator term
[Hy, N, p1 D 3] owing to (2 17), and this term is well defined because assumptions
(A2) and (A4) imply pf‘ pT¥ € D[Hn,,n,]. When instead the time derivative hits
p1 p1 , this produces a commutator term [(h”)A + (h”)B P plB] owing to (2.10),
where h* and hY are the operators (5.6). This term too is well defined: indeed, on
the one hand Lemma 5.1 together with assumptions (A2) and (A4) implies that the
multiplicative parts of 4" and A" (i.e., the functions V| |u|2, Vo % |v|2, Vi % |u|2,
and Vy3 * |v|?) are all bounded, which in turn implies the boundedness of 4* and
hV as operators h* : D[hi] — Dlh1]*, h¥ : D[hy] — Dlh;]*; on the other hand
ppBw e D[Hy, n,] as already observed, and D[Hy, n,] C D[HI(\;)I)NZ] owing to
assumptions (A3), which makes the expectation (¥, [(h’f)A + (hll’)B, p1 D] By well
defined. The conclusion is therefore that !V is differentiable in time and

G — <lp, [HNI,N2 — (A — (h0)B 1 - p{‘plB] qf>. (5.14)
In the r.h.s. of (5.14) the insertion of further terms (h’]‘.)A and (h;?)B with j > 2

does not produce any effect, since their commutator with 1 — pf‘ pf vanishes. This
gives

¢tV =i (v [y — (Y = HDP 1= pipf W) s15)
where
Ny Na
= > hf.  HY:=>hl. (5.16)
k=1 =1

Further, one can re-write the r.h.s. of (5.15) as the expectation of an operator that is
completely symmetric in each component, namely

N

. ) " 1-pip
ah = 1<q/, [HNI,NZ—m A = (HY)?, ZZ NN } sv>. (5.17)

k=1 (=1

Observe that when passing from (5.14) to (5.15) one obtains a complete cancellation
of the kinetic terms and they will play no role henceforth. Thus,
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1 1<
e = i (v | > Vit =)t + — D (Valr — 9P
Nl i<i N2 r<s
J
Ny Ny

N1 mn N2 ZZ Via(xi — yr)

=1 r=1

Nj
=D ViHt - czZ(v1”2>;‘
i=1 i=1

N> N> N1 N> 1— p p
> (v)HB - 1% — kT 5.18
§< B — ¢ §< “)B, kz;ezl A (5.18)

where we used the shorthands (5.8).
We separate the contributions given to &) by each potential Vi, V5, V}, and write

a'V = i(Cy, + Cy, + Cyyp) (5.19)
with
[ A Ny N 1-p pB
Cv, :=<w, wa, x,)—Z(v1 i) 2> w>,
13<j k=1 t=1 1¥2
(5.20)
N1 N2 IL—pA pB
Cv, :=<w, ( szm—yv)—Z(vz)r) DI e W>,
r<s k=1 (=1 1iV2
(5.21)
B 1 N1 N>
C = W7 Via(xi — r) — C V A
= Nl%;; i =30 =23 04

s oo L= ol
—ci Z](Vlz) 22w ) (5.22)

k=1 t=1

In the following subsections we shall estimate separately these three terms, see
Propositions 5.1 and 5.2 below. The final result, obtained by plugging (5.26) and
(5.33) into (5.19), is

1
o (1.1) (1.1
o <k |la + —
= ( Ni +N2)

 (IVilleriern (lellz + llulls) + 1Vallzzgre (I0lls + lvls)
HIVialiriz g ne (lulm, + luls, + 1llz, + vls,)) (5.23)
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for some constant « that depends only on the population fractions cj and ¢;. Comparing
(5.23) with (5.2), we obtain (5.5) and hence the thesis (2.19).

5.4 Terms containing V7 and V,

By means of straightforward commutation properties we re-write (5.20) as

o) sose el
Cy, = <w, Evl(xl X)) Z(v1 )i ;; NS >
A
= <q/, —Zvl(x,—xj)—Z(vl),,z ple>
i<i -
— <q/, —Zvl(x,—x,)—Z(vl )iy il pqu/>
i<j

1
= (e [V = DD =MV =My Bl pEe) 524

where m is the auxiliary operator defined in (A.5) and (A.8), and where in the third
step we applied property (A.9) for m and in the last step we exploited the symmetry
of ¥. Analogously, from (5.21),

1
Cr = o (0 [V = D212 = MoV = Na (V. 1) pf ). (5.29)

2

Proposition 5.1 Under the hypotheses of Theorem 2.1,

ICv,| < K1 (a“v“+ ) IVillzners (lullz + lulls)

N1+ N>

ICv,| < K2 (a<“>+ ) IVallz sz (Ivlls + Ivlls) - (5.26)

Ni+ N

For both j = 1,2 the constant k ; depends only on the population fraction c;.

Proof We shall focus on Cy,, the proof for Cy, is completely analogous. In fact, since
the commutator in the r.h.s. of (5.24) is non-trivial on the first component only, the
treatment of Cy, is analogous to the single-component case. By inserting on both sides
of the commutator in (5.24) the identity

= (p{' +aH(pf +q3) (5.27)

one obtains 16 terms; however, owing to Lemma 5.4, only those terms with different
numbers of ¢’s on the left and on the right are non-zero (see the remark after (A.17)).
We cast them in the following self-explanatory notation



A. Michelangeli, A. Olgiati

Cv, = 2(pp,qp) +2(qp, qq) + (pp, qq) + complex conjugate  (5.28)

We shall estimate each summand above in terms of a1 and (N; + N2)~L.
The first term is

NI'-‘I\)I'-'

(pp.qp)

(w,p pA [N = DV = Ny (Vi 7 1 af pi P )
@, pip [N = DOV = Ny (v | af ph p )
i

~ 1A
= —5<W,p [ (Vi ] qu?pfw>

i
=3 (w pitptviDtaf ps ).
where we used p1 ql = 0 in the first and last identities and property (5.9) in the
second identity. Therefore, by Lemma 5.1,

1 1
I(pp. gp)| < WII%*IMI loo < Wll%llmun (luell7 + lluells;)
11
< WWillinags - =) 5.29
S NI IVillzrers (lullz + llulls) (5.29)

Following analogous steps, the second summand in (5.28) becomes
i ~
@p.qq) = 5 (¥.af pAIV = DOV = M (Vi i g fias pf o)

i Ny —

Splitting the difference we obtain two terms: the second is controlled by a Cauchy—
Schwarz inequality and by estimate (5.11) of Lemma 5.1 as

| A
VD12 — (V1”)2) ai'qs pi ‘1’>

1
S aitps (VY3 atas )l < S IV ullloo a1

N = N =

1,1
Vil s (lullm + luls) o0,

having bounded ||q]AlI/||2 = a9 with 1D (Lemma 3.1). The first term is again
controlled by Cauchy—Schwarz as

1
2|(‘1’ ai pi (VD i as pEw))|

1
< SV Wal v (Vi phate) (. afad o)

1
= 5\/(‘“ q1 P (Vl * |M|2)1 Pz q1 l1/)\/01/7 q1 412 P W)
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JIVZ s ulloo llgf vl llgswll

| V2 s ul?] o«

<

=N =

having used Lemma 3.1 in the last step. Then, owing to estimate (5.12) of Lemma 5.1,

1

1
S, ai ps (VD aitgdt pPw)l < Envlnu.m (lullz + Nulls;) oD

and the conclusion is
1P, )| S IWVillensrs (lulls + lulls) oD, (5.30)

The third summand in (5.28) reads

i .
(ppoqq) = 5 (¥ pitpd LV = DV 2. 1 gi'af pfw)
N1 —
=1
N1
N — 1

= iy (v et Et ha el o),

1 o
<l1/, plpr (vt @ YA gl ¢d pl '1’>

where in the second step we applied Lemma (5.4) and we introduced the auxiliary
operator 71 defined in (A.5) and (A.7), using the fact that @ H4 is well defined on
the range of q{‘ since (?Tl)Aqflll = Z;{V:l (N/k)'/2 Pyq1 ¥, while the last identity
follows from Lemma 5.4 in the form (A.17). Then

I(pp. qq)| < \/(lI’, pipiont (Vi)i)A t’zFAp{‘p?W)\/(W, m2)4qi'q5 pPw)

Ny
< . pitpd V2w ) T ot pp ), | e v

IV 5 uPlloe |GA4w | VoD

2
= 2/IVf * ullloo \JD + = VD
1
4 1
< — IV [ul? Dy ——
S VIVE Pl (a A

where we used the Cauchy—Schwarz inequality in the first step, (5.9) and (A.13) of
Lemma 5.3 in the second, the control ¢1:® < (1D (Lemma 3.1) in the third, (A.5),
(A.7), and (A.15) in the fourth, and

N

2 1 N1+ N, 1
a1,y L = LD < Ly . = < (LD
o + N o o + N N o +
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2 1
()
cl N1+ N>

in the last, for N1, N; sufficiently large. Then, owing to estimate (5.12) of Lemma 5.1
we conclude

(5.31)

42 .
(PP gl < == IVillzen (luell; +I|ulla)(a(’)+m)~

Plugging (5.29), (5.30), and (5.31) into (5.28) yields finally (5.26).

5.5 Term containing Vi,

We first exploit in (5.22) the asymptotics N; (N + Nyl ~ ¢j,j = 1,2 and the
symmetry of ¥:

Cvl < NiN>
S NN,
Ni N2 pA pB
w, | (Vi — (VT — (Vi) SRy (532
x < [( 12— (Vi = vt > > NV (5.32)
k=1 ¢=1
For the estimate of Cy,, we shall establish the following:
Proposition 5.2 Under the hypotheses of Theorem 2.1,
ICviy| < k2 IVizllpragrse (lullm, + lulls, + Ivliz, + vls,)
1
(1,1)
x|« + — 5.33
( N1+ N2) -39
where the constant k1, depends only on the population fractions ¢ and c;.
Proof We insert on both sides of the commutator in (5.32) the identity
L = (pi +4{)p7 +ap) (5.34)

(observe that, as opposite to (5.27), in (5.34) the insertion involves both components),
which produces 16 terms to estimate. Unlike our previous bookkeeping (5.28), it is not
possible to apply Lemma 5.4 in order to identify a priori those that vanish, because here
the p’s and ¢’s inserted on the left and on the right are relative to distinct components.
We rather group these terms depending on whether the number of the ¢’s is the same
or not on both sides, that is,

A = (pp, pp) + (pq, pq) + (qp, qpP)]1 + (99, 99)
+ [(pq, gp) + complex conjugate] (5.35)
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and

£2 = (pp,qp) + (qp.q99) + (pp.qq) + (pp, pg) + (pq.q99)
+ complex conjugate (5.36)

where a self-explanatory notation analogous to (5.28) is used. In Sects. 5.5.1 and 5.5.2
below we shall find

1Al < IWViallzegrse (lellzs + luls, + Tol7, + lvls,) @ &P (5.37)
(see (5.41) below) and

121 < K2 IVizllzra ooz (lulz, + lulls, + lvlF, + llvls,)

1
(L,1)
X +—-). 5.38

(a N1 + Nz) -39

(see (5.44) below), for some constant k5 that depends on ¢; and ¢, only, which
completes the proof.

5.5.1 Terms with the same number of q’s on the left and on the right

In order to apply a number of straightforward symmetry and permutation arguments
it will be convenient to re-write systematically

N N Ny N>
|:A11, > >k Pf} = [An, > it P+ pitpf —pf‘pf] (5.39)

k=1 (=1 k=1 =1

whenever we deal with an observable A acting on the first variable of each compo-
nent.
The summand (pp, pp) in (5.35) vanishes because

N1 Ny
<¥/, pipt |:(V12)11 — Vit =P > pi pf] pf‘plBlI’>

k=1 ¢=1
= <l1’, pipk [(Vlz)u — (vt = it
N N
S it pF+> pitpf - pf‘pf} p?ﬁf“’>
k=1 =1
=0
where in the first identity we used (5.39) and in the second one we used the fact that

the pi-operators inside the commutator can be re-absorbed in the corresponding p1’s
outside, thus yielding a vanishing commutator.
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The summand (pq, pq) in (5.35) vanishes because

<w, piaf [(vu)ll—(v;a)l (vn)f,ZZpk pe]plq l1f>

k=1 £=1
= (w pilaf [V = it = (vinf,

Ny No
S it pF+> pipt - pf‘pf} pf‘qlB‘l’>
k=1 =1
N
= <w, pial [(Vlz)u — (Vi — (v E, pr} qFW> =0

=2

where in the first identity we used (5.39), in the second identity we used pf qf =0
and we re-absorbed pf‘ outside the commutator, and in the last one we used the fact that
the two entries of the commutator act on different variables. Obviously, the summand
(gp, gp) in (5.35) vanishes for the same reason, upon exchanging the roles of A and
B.

The summand (gq, gg) in (5.35) vanishes owing to pg = O, indeed

Ny N
<‘1’, ai'at {(Vlz)u — (V1 = VT DD ik pf} ai'qi lIf> =0,
k=1 t=1

Thus, in order to estimate the quantity A in (5.35) it only remains to give a bound
to the term of type (pgq, gp). One has

NiN> . B ALE
— Vi) — (VY Vinr. > E 14
Ni+ N, p1ay | Vi) — ( 12)1 ( 12)1

k=1 £=1

N1 N
1
lI/, A_B Vv , A B A qu
—N1+N2< piai [( i > > it el | aipl

k=1 (=1

1
— (Y, V , +
N+ N, < Pl q1 |:( 12)11 Zpk P] ZP] Pe:| >

k=1

_ Ni—1
T NI+ M

Ny —1 A _B_ B A B
—— (Y, \% lI/>
N +N2< P14y P2 (V211497 pi

<‘1’ piraB (Vio)npsai pl q’>

where in the first identity the summand (Vlz)A (respectively (Vlz) ) does not con-
tribute because p1 (resp., ql 4) from the right can be pulled through the commutator
all the way to the left with ‘11 p1 = O (resp., p1 q1 = 0), in the second identity we
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used (5.39) and again pg = O, and in the last identity we used the fact that one term
of each commutator vanishes because of pg = O.
Therefore, since asymptotically (N; — 1)(Ny + No)~ Lt < c;j<1,j=12,

A1 < |(w ptaf Viuptal pPw )|+ |( piaf pf Viuafpf )| (540
For the first summand in the r.h.s. of (5.40) one has

’<W, PlAQF(V12)11P£‘Qf4PFW>‘ < NViduptar wlillla py pL ¥l
J@ piaB (Vi) piatw) g )

J W pAgB(VE x B plqBw) gfw |

IVE * lulPllo lgE @il lIgiw ]

1,1
< NV20Viliregrse (luli, + luls,) oD

N

N

where we used the Cauchy—Schwarz inequality in the first step, the operator bound
O < p < 1 in the second and fourth step, identity (5.10) in the third step, and the
identities o9 = ||qfl1/||2 and ¢ @D = ||qf5’l1/||2 in the fourth step together with
the bounds (3.5) of Lemma 3.1 that produce a1V, Along the same line, the second
summand in the r.h.s. of (5.40) is estimated as

(. paf p§ Vional pP9)| < V21Viallre i (0l + lss) .
The conclusion is
1Al S IWVizllizregrse (lullz, + luls vliz, + llvlls,) oD (54D
5.5.2 Terms with a different number of q’s on the left and on the right
We first check that the terms (pp, gp) and (pp, pq) in (5.36) are zero. Indeed,

N1 Np
<w, pip? [(Vlz)u — (VP =V DD i pl } qufW>

k=1 =1

N1 N>
<w, pipt [mz)u it 3OS pf}qufw>

k=11(=1

N1 N>
<w, piot [«vm . S pf}q¢p9w> .

k=1 (=1

where in the first identity the term ( V{‘z)f does not contribute because qlA from the
right can be pulled through the commutator all the way to the left with pf‘q f‘ = Q,



A. Michelangeli, A. Olgiati

and in the second identity we applied (5.10). This shows that (pp, gp) = 0 and an
analogous argument shows that (pp, pq) = 0.
For the term (gp, qq) in (5.36) one has

NiN N1 N
11V2 A _B v 3
— (Y, (Vi) — (Vi) — (Vi)5, E E v
N1+N2< CI1P1|: 121 121kHZl 91
1 Al
= —— (¥, Vi — (Vi9)F, E
N1+N2< 6]1P1|: 1271 klPkPl

N>
+zpf‘pf—Pf‘p13}qf‘qlB¥’>
=1

Ny
1
= — lp’ A_ B V o Vu B’ A _B W
N1+N2 < q1 P |:( 12)11 ( 12)1 E pk P1 ql qi

k=2
G/

N1+N2< gi Py \(Vi2)u — (V)1 ) 41 a7 p2

where in the first 1dent1ty we applied (5.39) and we dropped the (V. 2)A-term owmg to
the commutation of ‘11 from the right all the way through to the left with p1 gk =0,
in the second identity we used plAqlA = 0, and in the third we used the symmetry
of ¥ and again p{gqlB = 0. In the above quantity, the summand with (Vi2) can be
estimated with the very same arguments used for the control of the first summand in
the r.h.s. of (5.40) above, that is,

‘<11/, gt pE (Vinngitqf pa ‘1’>‘
< Vg el gl gl piw |
JW gt pPvRnglpP w) (. qigl w)

JW g pB v it pf vy Jigtw i g w )

VIVE 02 o oD

V2IIVialipriz s (vl + llvlls,) o8P,

N

NN

N

The summand with (V* )1 is estimated via a Cauchy—Schwarz inequality and the
bound (5.12) of Lemma 5.1 as

(&, g pB (VDB ataE p2 vl < IVia * [ullls llgf @Il g P W |
< V2 IVl e (luls, + luls,) o0

Therefore, since asymptotically (N1 — 1)(N] + Ng)_1 <cp <1,

1(gp, 9| < IViallzregrse (lulz, + luls, + Ivliz, + i, ) oD,
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The very same discussion above for (gp, g¢q) can be repeated for the term (pgq, gq)
in (5.36). Thus,

[(gp, q)| + (pq. q)| S Vil
x (lulls + lullss + Ivliz, + Ivlls,) @D, (5.42)

It remains to control the term (pp, gq) in (5.36). One has

N1Ny A _B & & 1? B
— (Y, V — (V" \%4 , E E '4
Ni+ N, iy | (Vi —( 12)1 ( 12)1 NN, q1

k=1 {=1

1
lI/ v , + A B A Bl]/
N < pipi [( 12)11 Zpk PP Zpl pe — pi'pi ]ql qi

k=1 =1
Ny —1 A B A _B
- M7y [V , ] By
N1+N2( pipr Vi, papy |aiar )
Ny —1 A B A B| A B
+— ll/y I:V ’ ] w
N1+N2( pipr | Vi, pipy |aiar W)

1
+ w, A B[V ’ A B] By
—N1+N2< pipr Vi, il |99y )

= (pp, 991 + (PP, q9)2 + (PP, 49)3,
where in the first identity we applied (5.39) and we dropped the (V, 2)A-term (respec-

tively, the (V12)B -term) owing to the commutation of ql (resp., q; A from the right
all the way through to the left with p1g; = O, and in the second identity we used the

symmetry of ¥.
One has
Ni—1
(PP, qq)1 = SN (w, pfpf [(V12)11, P?PHCI?‘I{BW)

Ny —1

= “Nim (. pi'p? Vi pratal )
Ny —1 ~A

T N+N, W, pi' pf Vit @ Hpiafalw)
Ny —1 A 1\A

— _m(lll pitpt Tt (Vi@ A pialtel w)

where in the third step we introduced the auxiliary operator 77 defined in (A.5) and
(A.7), using again the fact that (7~")4 is well defined on the range of qlA, and in the
last step we applied Lemma 5.4 in the form (A.17). Therefore,

I(pp. gl < [, pitpP T (Vi )2 pigitqf w)
\/ v, ptpf Tt (Vi) Tt pitpf w) \/<‘I/, a4 pialtal w)

< 2/, plpBEA(VE + o) E et pf pF w) lgf v |
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211V * P lloo W, Tt vy Valh

<
R 1
= 2\/ ||V122 * |v|2||oo\/<q/7 (mA + F]) l1’>\/ adD
1
= 2 IV * [Ploo \Ja - 4+ - VD
42 1
4 " " (1,1)
< o IVizllzriz s (Ivliz, + vlis,) (Ol + m)

where in the first step we used the asymptotic bound (N1 — 1)(Ny + Nz)’1 <cp <1,
in the second we applied the Cauchy—Schwarz inequality, in the third we used (5.10)
and (A.7), as well as Lemma 5.3 in the form (A.14), in the fourth we used again (A.7)
and |g{w)> = O < D ((3.5) of Lemma 3.1), in the fifth we used (A.5), in
the sixth we used (A.8) and again ||qf‘§l/ > < oD, and in the last we applied (5.12)
of Lemma 5.1 and

N

1 1 N1+ N> 1
1,0 o = /1) < (LD (1,1
o + N o o + N N o +

2 1
< — (a(l’]) + —) .
Cl Nl +N2

With the very same arguments one finds

22 1
(PP, qq)2| < ?nvunmmz (lullzy, + lulis,) (a“>‘>+—).

Ni+ N>
Last,
I(pp.q9)3| = ‘m <‘P, pip? [(Vlz)lls pi‘pf]qf‘qfll’>‘
<y pipE Vi gftqfw)|
< e te? Wi ptefe)
= m J @ ptpB (VR ) pipBw)
< ﬁ‘/”% o
< V2 IVizll ez (lullm, + luliss)

Ny + N>
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where the second step follows by pg = O, the third by a Cauchy—Schwarz inequality
and the operator bound O < ¢g < 1, the fourth by (5.10), the fifth by O < p < 1, and
the last by (5.12).

Therefore,
[(pp,q@)| < |(pp, g1l + 1(pp, qq)2| + |(pp, q9)3]
< ki IViallpnesrne (lulls, + lulls, + iz, + lvlis,)
1
(1,1
N + — 5.43
( Ny + Nz) G4

where the constant k1, only depends on the population fractions ¢; and c;.
Plugging (5.42) and (5.43) into (5.36), which are the only non-zero contributions
to §2, and renaming k17, we finally obtain

121 < Kz IVizllzna oo (lulzs + lulls, + vllF, + 1vls,)

X (a(l'l) + ;) (5.44)
N1+ N>

Appendix A: Tools exported from the treatment of the single-component
case

We collect in this Appendix a number of tools, needed in the proof of Theorem 2.1,
on which the “counting” method is based, quoting their properties from the previous
treatments of the single-component case [6,15-17].

The notation is that introduced in Sect. 5.1 as applicable for one component only.
Thus, in particular, we consider the projections

p = 10)ol. g = 1—|p) S (A.D)

on the one-body Hilbert space b and their realisation p;, g;, j € {1, ..., N} as orthog-
onal projections on the many-body Hilbert space Hy = h®", where ¢ € b with
l¢|| = 1.Clearly, p+¢g = 1 and pg = O = [p, q].

Associated to p and g one defines the family of orthogonal projections Py acting
on Hy, defined by

N
P = > []ri %" ifke{0.1.....N)

ac{o, 1}V i=1

2 ai=k
Py = 0 otherwise. (A2)

Each Py consists by construction of the sum of all possible N-fold tensor products of
the p’s and the ¢g’s with k factor ¢g. It therefore arises as the k-th term in the expansion
of the identity
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N
L= pitq) - (pyn+av) = D P (A3)
k=0

in powers of g. It is also clear by the commutation properties of the p;’s and g;’s that
Py Py = Sk Pr. (A4)
A relevant role is played by suitable weighted linear combinations of the Py’s. To

this aim one introduces, associated to any function f : {0, 1,..., N} — C, i.e., any
(N + D)-ple (f(0), ..., f(N)) € CN*! the operator

N
=2 fl) P (A.5)
k=0

As an immediate consequence of (A.4) and of the commutation properties of the p;’s,
[fopjl =1/, P1 =0, [] g =0 (A.6)

Two convenient choices for the function f shall be

(k) ‘ (k) \/ ‘ (A7)
mk) = —, nk) =,/ —. .
N N
For the operator i one has
L | NN |
N4 = 22 b = 5 2 kP = . (A8)
j=1 k=0 j=1 k=0
Therefore, if ¥ € Hy,sym = (h®")sym, then (A.8) implies
(T, q¥) = (W, m¥). (A.9)

We thus come to the following useful bounds (see [6, Lemma 3.9]):

Lemma 5.2 Forany f :{0,..., N} — [0, +00) and any ¥ € Hy sym one has

W fqw) = (W fav) (A.10)

~ N
W faq¥) <

v, 2 w). Al
o ) (A1)

—

A further relevant tool is a modification of Lemma 5.2 above for the case when
Y carries only a partial permutation symmetry. In the present context this is the case
when we consider the two-component many-body states of the form pf‘ ¥ —see the
control of terms of the form (pp, gq)1 in Sect. 5.5.2. We import the following result
from [17, Lemma 4.2]:
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Lemma 5.3 Forany f : {0,..., N} — [0, +00) and any ® € b ® Hy_1 sym one

has
fao)? < A12
Ifa®l® < 57— (A.12)
In particular, in the context of Sect. 5.4, the bound (A.12) above implies
(w. @ afas pfw) < G afas pf w2
N 1A A
< v
2 ||(n yAntaspf Wi
< 2llg3 wnz (A.13)
and similarly, in the context of Sect. 5.5.2,
W, @ piaital W) = 1@ D el pd 1P
A1 ASA A B g2
< g l@hrateiel vl
< 2llgf el (A.14)

Next to the operators of the form f, arelevantrole in the estimates for the “counting”
method is played by the operators of the form 7, f, where 1, for given n € Z is the
operation that produces the shifted function

(Tt f)k) == f(k+n), ke{0,1,...,N}. (A.15)

The following important property holds (see [6, Lemma 3.10]):

Lemma 5.4 Let Ay.., = A® Ly_, be an operator on Hy = H, @ Hn—_, that acts
non-trivially only on the first factor H,, and let Q, j = 1,2, be two orthogonal
projections on 'H, given by monomials of p’s and q’s, each with n; factors q and
r — nj factors p. Setn :=ny — ny. Then

Q1A fOr = Q1 Taf ALr Qs (A.16)

as an identity of bounded operators on Hy (with a tacit identification Q; = Q; ®
In—p)

In fact, as a consequence of the presence of two-body interactions only in the
many-body Hamiltonian Hy, y,, the use of Lemma 5.4 is in practice limited to the
case r = 2: formula (A.16) then reads

pip2tfAnqg p2
pi;nfAnqg ¢
ap2tfAnqg g (A.17)

pip2An f a1 pa
pip2An a1 g
g p2 A fq1q
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while in all other cases with equal number of ¢’s on the left and on the right we have
a commutation of the form 182 A2 f 12 = 1t f A2 f11.
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