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Abstract
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1. Introduction and main result

In this work we study the Cauchy problem for the non-linear Schrodinger equation

iu = —(V—iA)2u+Vu+ W xul®)u (D)
in the unknown u(t, x), with (r,x) € R x R?, d € N, for given measurable functions
AR RV R > R,and W : RY — R. The non-linearity

Nw) = Wxul*)u 2

is non-local and is customarily referred to as the Hartree non-linearity and the functions A and
V are usually interpreted respectively as an external magnetic and an external electric field.
For this reason we refer to (1) as (electro-)magnetic Hartree equation.
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Among the other reasons of interest towards the magnetic Hartree equation, let us mention
that in d = 3 space dimensions (1) is the effective evolution equation for a quantum many-
body system of identical bosons (each of which is characterised by the one-body orbital
u(t,-) € L*(R?) at time ¢) which are coupled by a two-body interaction W (x j — Xi) between
particle j and particle k and which are further subject to an external magnetic field A and an
external electric field V (V has as well the natural interpretation of a confining potential for
the bosons). The magnetic Hartree equation emerges from the many-body /inear Schrodinger
equation in a suitable limit of infinitely many particles when the many-body Hamiltonian
is re-scaled with a mean-field scaling (see the review [17] and the references therein): the
cubic non-linearity (2) is indeed the effect of the mean-field scaling and is interpreted as a
self-interaction of the particle in the orbital  (its density being |u|?).

As we shall discuss in the first part of this Introduction, our motivation is to study the
well-posedness of the initial value problem associated with (1) in a regime of A’s and V’s for
which standard existence + uniqueness techniques based on magnetic Strichartz estimates are
not applicable. In fact, magnetic Strichartz estimates are well known for classes of A’s and
V’s under certain restrictions on their regularity or on their behaviour at spatial infinity. In
this work we shall rather discuss the well-posedness without Strichartz estimates, by means
of tools that are standard in a way (energy methods plus diamagnetism) but whose application
in this context allows one to consider A’s and Vs that escape the Strichartz-restrictions. Let
us stress that our interest is towards a Hartree equation with singular coefficients; from the
point of view of the criticality, (1) is in any case a (energy) sub-critical non-linear Schrodinger
equation.

Let us consider the initial value problem

{ia,u = —(V—iA)2u+Vu+Wsxu>u
u@©) = ¢.
In fact, when A = 0, (3) has already been extensively studied and its main features (well-

posedness and scattering) are well understood (see, e.g. [S] and the references therein). In
particular, the following is known ( [5], corollary 6.1.2):

3)

Theorem 1.1. Let d € N. Under the conditions

(i) A=0

(ii)) V:RY - R, V e LP(RY) +L°°(Rd)f0rs0me p=>1l,p> %
(iii) W : RY = R, even, W € L"(R?) + L®RY) for somer > 1, r > 2—1
(iv) W_ € L1(R?) + L®(R?) for some g > 1, g > % (andq > 1ifd =2)
the initial value problem (3) is globally well-posed in H'(RY), meaning that (3) has a unique
solutionu € C(R, H'(R?)), which is also in L* (R, H'(R?)) and which depends continuously
on the initial value in the sense that if ¢, — ¢ in H'(R?) as n — oo, then the corresponding
solutions u, and u to (3) with initial data, respectively, @, and @, are such that u, — u in
LR, H'(R?)). For such a u, the charge and the energy (given by (4) below with A = 0)
are constant for all t € R

In the special case W(x) = A|x|™*, theorem 1.1 (plus some further analysis in the case of
small initial data, see [5], corollary 6.1.5 and remark 6.8.2) implies the following:

Corollary 1.2. Let d € N. Under the conditions
(i) A=0
(ii) V:R? - R, V e LP(RY) + L®RY) for some p > 1, p > %
(iii) W(x) = Alx|™® for some . > 0 and 0 < a < min{d, 4}, or for some A < 0 and
0<a<?2
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the initial value problem (3) is globally well-posed in H'(R?), with uniformly bounded
norm ||u(t)||g:. Global well-posedness holds true also if in (iii) one has » < 0 and
2 < o < min{d, 4}, provided that ||¢| g is sufficiently small.

The proof of theorem 1.1 is based on a very standard scheme, where the two fundamental
tools are the Strichartz estimates for the solutions to the free Schrodinger equationid,u = —Au,
which are needed to establish the existence and uniqueness of the solution to (3), with A = 0,
locally in time (see, e.g. [5], section 4.2), and the conservation of charge and energy for
the solutions to (3), which is needed to establish the actual existence globally in time ( [5],
section 3.4). Alternatively, local existence can be proved first in a weak sense by means of
charge and energy conservation only: the solution turns out then to be strong once uniqueness
is proved (see, e.g. [5], section 3.3).

Within a natural modification of this scheme one can also exploit the dispersive properties
of —A + V as a whole and hence use the Strichartz estimates, when existing, for the linear
evolution e "=2*V)g as long as the non-linearity is sub-critical with respect to the energy
space of the differential operator —A + V. For instance, Strichartz estimates for the scale-
covariance elliptic operator —A+a|x|~2ind > 2 space dimensions are known for a’s up to the
Hardy threshold, a > _le(d —2)? [3]. Alternatively, the usual time-decay dispersive estimate

[e=it—A+alx gl o < |#]79/2||@]|, (from which Strichartz estimates follow in a standard way)
are known in the special cases d = 3 [9] and d = 2 [10]. These results, in turn, allow to
establish a well-posedness result analogous to that of corollary 1.2 but with potentials that are
more singular than what prescribed by the assumptions therein (see [16,21] for an explicit
result when d > 3).

When this well-posedness scheme is exported to the case A # 0, charge and energy of
the solutions u (¢, x) to (3) take the formal expression

Olul = |lul3

£l = oo (51O — AP+ LV I+ § W 5P ul? @
and one searches for solutions that are regular enough so as (4) are conserved quantities.
As for the needed ‘magnetic’ Strichartz estimates, a first approach is to regard (1) as a non-
linear Schrodinger equation with free linear part given by —(V — iA)?u and non-linearity
Vu+ (W s |u|?)u, in which case one needs Strichartz estimates for the free magnetic evolution
e~ i(V=iA) in place of the analogous estimates for the free evolution /2. In this case A must be
chosen so that —(V —iA)? has a self-adjoint realisation on L?(R?): the natural energy space is
then the form domain of such an operator, namely the magnetic Sobolev space H i (R?) ([14],
section 7.20), and the potentials V and W have to ensure that the non-linearity is indeed a map
from Hj (R?) into its dual with good locally Lipschitz features. A second natural approach
is to regard (1) as consisting of a linear part hu, where h is a self-adjoint realisation of the
operator —(V —iA)? + V on L*(R9), and a non-linearity (W # |u|*)u: in this case one needs
Strichartz estimates for the group e~ and a requirement on W so to make the non-linearity
a suitable map from the form domain of % into its dual.

In either approach above, in order for the non-linearity to be controlled by the
electromagnetic kinetic energy and to have suitable locally Lipschitz properties in L”-spaces
controlled by the energy space—precisely as conditions (iii) and (iv) of theorem 1.1 make the
corresponding non-linearity well-behaved with respect to H'(R?)—one then combines the
standard Sobolev embedding H'(RY) < Lis (RY) and the diamagnetic inequality

fora.e. x € R¢

A

&)
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valid whenever A € L2 (R?, R?) ([14], theorem 7.21). This way one comes to a very natural,
Strichartz-based generalisation of theorem 1.1 to the case A # 0. Although we are not aware
of a general formulation to quote from the literature, we cite at least theorem 9.1.5 of [5] for a
special case in d = 3 dimensions and a constant magnetic field B = V x A.

The magnetic Strichartz estimates needed in the well-posedness scheme described so far
are known for certain classes of A’s and Vs that are reviewed in appendix A. They include
smooth electric and magnetic potentials V € C*(R¢, R) and A € C*(R¢, RY) with a growth
at spatial infinity that is at most quadratic for V and linear for A (local-in-time Strichartz
estimates [15,23]). Alternatively, they also include rough A’s and V’s up to the critical scaling
[A(x)| ~ |x|7" and |V (x)| ~ |x|~2 (global-in-time Strichartz estimates): in particular, a
general class of fields with sub-critical scaling both locally and at spatial infinity is covered
in [7] for d > 3, special cases of critical-scaling A-fields are treated in [9] when d = 2
(we have already mentioned above the case of critical-scaling V-fields when d > 2), and
counterexamples are known to the validity of Strichartz estimates for certain A-fields when
d > 3 and certain V-fields when d > 3 which decay as [x| — oo less than the critical
behaviour [11, 12]. We refer to appendix A for details.

Alternative to the route discussed so far, our motivation in the present work is, as announced
at the beginning, to study the well-posedness of the initial value problem (3) also in regimes of
coefficients A’s and V’s for which magnetic Strichartz estimates are not available or are known
to fail. To this aim we only apply energy methods in the natural energy space associated with
(1), namely:

(a) we set up the appropriate energy space that identifies, as a form domain, the self-adjoint
realisation of the map u + —(V — iA)?u + Vu corresponding to the linear part of the
Hartree equation,

(b) we prove local existence and uniqueness by means of a contraction argument based on the
fact that the Hartree non-linearity NV («) = (W x |u|*)u is locally Lipschitz in the energy
space (no conservation rules are used in this step),

(c) we prove that this solution is global by means of the charge and energy conservation.

All the conditions on A, V, and W needed for such a programme are collected together
for convenience here:

deN
Ael?

loc

(RY, RY)
Ve L}OC(Rd, R)
V_ is A-form-bounded with relative bound < 1
W e L R?, R) + LR, R) (6)
VW e LT (R4, RY) + L*(R?, RY)
for some go > max {1, }(qo > 1if d =2)
and some ¢; > max{1, %1}
W is even.

To start with part (a) of the above programme, let us introduce now the energy space
H'(R?) and collect its relevant properties in the following proposition.

Definition 1.3. Assume that A and V satisfy conditions (6). The energy space for the magnetic
Schrodinger operator with magnetic potential A and electric potential V is

(V—iA) f € L2 (RY) }

VI f e L2RY) @

HY(RY) = {f e L>(R%)
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H'(R?) is equipped with the scalar product

(f g = /R (V=187 (v —if)g + F(Va+ g) ®)
and with the associated norm
12
17l = (17 =M f I+ 1) 713) ©)

Proposition 1.4. Assume that A and V satisfy conditions (6). Then:
(i) (HY(RY), (-, -)/Hl) is a Hilbert space and (up to an isomorphism) coincides with the
completion of(Cgo(]Rd), - 1150)-
(ii) H'(RY) is the form domain of a unique self-adjoint operator h on L*>(R?) whose quadratic

form is
Wfgl = fou (V=R (V—id)g + T V) 10,
Dlh] =H'(RY).
One has
D(h) = |f e L2RY)| — (V—iA2f +Vf e LA(RY))} an

hf = —(V—iA)2f + V.

In particular, C(‘)’O(Rd) C D(h) C H'(RY).
(iii) h is bounded below, and so is its quadratic form, with the same bound.
(iv) If =M € R is any lower bound for h, then H'(R?) is complete with respect to the norm

2
1/l = (/R (17 A+ VISP + (401 P ) (12)

and for |M| large enough the two norms || - || and || - ||/Hl are equivalent:
Ifle 2 Ifly VfeH'RD. (13)
(v) One has
e fllsa = Iflba YfeH'®RY, VieR. (14)

We shall prove proposition 1.4 within the more general discussion of section 2, where we
carry on in parallel both the operator language and the quadratic form language. Let us only
make here a few important remarks.

Remark 1.5. (i) Definition 1.3 and part (ii) of proposition 1.4 indicate that H'(R?) is the
natural space where to give meaning to the energy [p. [(V —iA) f1* + [z, VI f|* of the
magnetic Schrodinger operator. The underlying operator 4 is in fact ‘naturally unique’
in the precise sense of proposition 2.3(iii) below, and what is fundamental for our energy
arguments is that the L2-unitary group associated to 4 maps unitarily ' (R¢) into itself
(part (v) of proposition 1.4), meaning that the solution to the linear (‘non-interacting”)
part id,u = —(V — iA)?u + Vu of the Hartree equation, whose initial datum has finite
‘H'-energy, is unique and remains in the energy space at later times.

(i) The boundedness from below of /4 is precisely what conditions (6) on V_ are designed
for, and it is fundamental to introduce the natural energy norm || - || in H'(R?). In turn,
the energy norm is central both to express the property that the Hartree non-linearity is
locally Lipschitz in the energy space (part (b) of the above programme) and to extend the
local solution globally in time (part (c)) by controlling the '-norm in terms of the total
energy and charge, two quantities that are conserved in time. The equivalent norm || - [|},,
is simply more manageable to prove the Lipschitz property. Whereas || - ||}, makes sense
irrespectively of V_, we need suitable conditions on V_ as in (6) in order to prove the
norm equivalence (13).
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(iii) Definition 1.3 and proposition 1.4 are consistent with these two special cases:

whenA =0,V =0

1
HERD, |- ) = R, - 1) = H'RD, -y, )

when V =0

H R, - ) = (R, |- ) (16)

HAR). || ).

Introduced the energy space H'(R), we can now state our main result concerning the
well-posedness of the Hartree equation.

Theorem 1.6. Assume that A and V satisfy conditions (6). Then:

(i) For any ¢ € H' (RY) there exists a unique solution to the initial value problem (3) in the
space C(R, H'(RY)) N C' (R, H' (RY)*) with initial datum ¢ att = 0.
(ii) For this solution one has

sup ||u(t)|[r < 400. (17
teR

(iii) For this solution one also has that the charge Q[u] and the energy E[u] defined by
Qlul = [|ull3

el = Lo (1107 AP+ VIl + LW n ) 0P

are constant in t.

(iii) Let ¢, — ¢ in H'(RY) as n — oo and, correspondingly, according to part (i), let
u, € CR,H' R NC'(R, H' (R)*) andu € CR, H'(R?Y)) NC'(R, H'(R)*) be the
unique solution to (3) with initial datum at t = 0 given, respectively, by ¢, and ¢. Then
uy, — uin LR, H'(RY)) as n — oo.

We shall split the proof of theorem 1.6 into a number of steps, namely proposition 4.1 in
section 4 and proposition 5.1, corollary 5.2, and remark 5.3 in section 5.
A few important comments on theorem 1.6 are in order.

Remark 1.7. (i) As sketched in the first part of this Introduction, a result like theorem 1.6
can be obtained within the standard well-posedness scheme for semi-linear Schrodinger
equations by means of magnetic Strichartz estimates. Our conditions (6), however, are
considerably more general then those needed for the validity of magnetic Strichartz
estimates (see appendix A for details).

(i) When A = 0, the comparison with theorem 1.1 (that is based on Strichartz estimates for
the free group e'’#) shows that in order to prove global well-posedness with sole energy
methods we need somewhat more restrictive conditions on V_ and on W. More precisely,
we have the same requirements on W_ as in theorem 1.1, but additional restrictions on
VW.

(iii) Related to (ii), in the special case where A = 0 and W(x) = A|x|™%, thus comparing
theorem 1.6 with corollary 1.2, we see that we can cover the same range o € [0, 2) as
in the approach via Strichartz estimates. The latter, in the case of repulsive non-linearity,
i.e. A > 0, allows to cover the largerrange & € [0, min{d, 4}), whereas the energy methods
are clearly insensitive to the sign of A.

(iv) Recently Cao [4] proved with energy methods theorem 1.6 (in fact, only part (i) explicitly)
in the special case W(x) = |x|~' under implicit conditions on A and V that ensure
—(V —iA)? + V to be self-adjoint and positive, plus a further unnecessary restriction on
the size of V_. From this perspective our work generalises [4] and our proof highlights
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the fact that it is rather a suitable smallness of V_ with respect to —A, and hence the
consequent semi-boundedness of the magnetic energy form, the correct assumption to
make.

To conclude this Introduction, we collect here the notation we adopted, besides the standard
one. For shortness we set V4 = (V —iA), (z) = /1472, V4 = max{£V, 0}. Given an
operator T on a Hilbert space, | T| and T are, respectively, the operator absolute value and the
operator closure of T'; D(T) is the domain of T. T[-, -] is the quadratic form associated with a
self-adjoint operator T, and D[T] = D(|T|'/?) is the its form domain; also, T[f] = T[f, f]
(see, e.g. [18]). H* denotes the topological dual of a Hilbert space H and (-, )3+ is the
corresponding duality product.

2. Energy space and energy norm for the magnetic Schrédinger operator

In this Section we introduce and discuss the notion of energy space for the magnetic Schrodinger
operator —(V —iA)? + V which is appropriate for the initial value problem (3), revisiting also
a number of facts from the literature. In particular, we prove proposition 1.4.

Whether one identifies the energy space through an operator language or a quadratic form
language, this space is meant to be the form domain of a self-adjoint realisation of the operator

hg = —(V—iA)?+V with domain D(hg) = C°(R?) (19)

acting on the Hilbert space L?(R?) for given real-valued measurable functions A : RY — R?
and V : RY — R.

In the theory of Schrodinger operators, /o has been studied extensively under fairly general
conditions of regularity and integrability on the coefficients A and V (as, e.g. in the Leinfelder
and Simander theorems, [13]). One typically regards kg as a ‘distortion’ of the Laplacian,
namely hp = —A +2iA - V +idivA + A? + V, so that for its essential self-adjointness it
is enough to require a suitable local integrability and regularity of A and size restrictions on
V_ := max(—V, 0) analogous to those needed for the essential self-adjointness of —A + V,
typically a local singularity for V_ that is small with respect to —A and a not too high growth
of V_ at spatial infinity; in contrast, no restrictions are needed on V, := max(V, 0), except for
an amount of natural local integrability of V.

In this work we need to further constrain (the self-adjoint realisation of) /4 to be bounded
below, in order to apply the energy methods with which we prove the well-posedness study
the initial value problem (3). This boils down to prevent V_ to grow at spatial infinity, still
allowing for a local singularity for V_ that is suitably small with respect to —A.

Moreover, in order to set up a contraction argument in the energy space and to express
the solution to (3) by means of a Duhamel formula (see (51) below), we do not need strictly
speaking to require /i to be essentially self-adjoint; we only need that the natural energy
form for —(V — iA)? + V (in fact, the quadratic form gp, introduced in proposition 2.3(i))
realises uniquely a self-adjoint operator %, which is of course a self-adjoint extension of hg.
Thus, we only need conditions on A and V for the energy quadratic form associated to the
magnetic Schrodinger operator to be closed and bounded below, namely it is enough to work
in the framework of quadratic forms instead of the slightly more restrictive framework of the
magnetic Schrodinger operator itself.
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For the sake of completeness, however, throughout this Section we carry on in parallel both
the operator and the quadratic form language. We introduce these two classes of conditions:

e Conditions (C.1):
AelL}

loc

Vel?

loc

(R4, RY), divA € L%OC(R"I)
R, R)
V_ is A-bounded with relative bound a < 1

e Conditions (C.2):
Ael?

loc (Rds Rd)
VelLl (R R)

V_ is form-bounded w.r.t. to — A with relative bound a < 1.

Clearly (C.1)=(C.2), so in the rest of this work we shall assume the more general class (C.2).
We organise our discussion in the following two Propositions.

Proposition 2.1. Let A and V satisfy conditions (C.1). Correspondingly, let hy be the operator
defined in (19).

(i) ho is essentially self-adjoint and hy is (self-adjoint and) bounded below.

(ii) ho, ho, and the quadratic form of hqy have the same largest lower bound. Denoting by
—M € R a lower bound of hy, the form domain D[hy) is the completion of CRY) with
respect to the norm || f |ln, :== ((f, hof) + (1 + M)||f||%)1/2.

(iii) Dlho] is complete with respect to the norm

I fllz = (hol f1+ 1+ M) FID>.
(iv) One has

le ™ fll = IIfllz  Vr eR. (20)

(v) For M| sufficiently large, the norm || - ||, on C§° (R?) is equivalent to the norm
1/2 .

1l = (IVAFI3+ 1V FI3)
(vi) The space Dlho) is the completion of (Cgo(Rd), | - ||;{,).

Proof. Part (i) follows from a Leinfelder—Simander theorem ([13], theorem 3), owing to
the assumptions (C.1). As for part (ii), since A is symmetric and bounded below, then the
quadratic form (f, g) = (f, hog), f, g € C5° (R%), is closable and by standard arguments (see,
e.g. [18], proposition 10.3) its closure is the form ¢ whose domain D(g) is the completion of
(Cf)x’(]Rd), Il - Il,) and whose action is given by g[ f, g] = lim, .o { fs, hogn) for f, g € D(q)
and for any two Cauchy sequences ( f;,),, and (g,), in (C§° @R, |- l|n,) such that f, — f and
gn — g in L%. From this, and from the fact that iy + M is self-adjoint and positive, we now
show that D(q) = D((hg+M)'/?). Indeed, f € D(q) if and only if for some Cauchy sequence
(fu)n in (CCRY), || - ll4,) one has f, — f in L%, which is equivalent to the fact that for some
(fu)n in C§°(RY) one has || fo — fll2 = Oand (f, — fu, (ho+ M) f,, — fiu) — Oasn,m — oo,
i.e. the sequence ( f;,), L>-converges to f and itis Cauchy in (O (R?) with respect to the norm
gl := (Il + || (ho+ M) /2¢|13)/2. In this norm D((ho+ M)'/?) is closed, because ho+ M
is a self-adjoint and hence closed operator, so the last condition on (f;), is equivalent to the
fact that f, — f in L2(RY) and f, — g € D((ho + M)'/?) in the || ||"-norm. Conclusion:
f € D(g) & f =g € D((hg + M)'/?), and the claim D(q) = D((ho + M)'/?) is proved.
From this last fact we conclude (see, e.g. [18], proposition 10.5(i) for the straightforward
argument) D(q) = D(|hg + M|'/?) = D(|ho|'/*) = D[ho]. Part (iii) is equivalent to the claim
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that the quadratic form of & is closed and bounded below, which follows straightforwardly
(see, e.g. [18], proposition 10.5(ii)) from the fact that ho is self-adjoint and bounded below.
Part (iv) follows from the fact that the self-adjointness of ho implies ho[e™ o fl = hol f]
and [le7 "M £, = || f]l» for all f € Dlho]. As for part (v), leta € (0,1) and b > 0O
be the two constants in terms of which the A-boundedness of V_ is expressed, namely,
IV_flla < allAflla+bl fll2 for f € H*(RY). Then V_ is also form-bounded with respect to
— A with the same relative bound a, whence

delflzdx = /d(V+—V_)|f|2dx > Ve FI5 = all VA5 = BI 1
R R
for some b’ > 0 and for all f € H'(R?). Since f € H'(R?) = | f| € H'(R?), one also has
/iVIflzdx > V2 FIR—al VAR = P ILFI3
RL

for any f € H'(R?). Last inequality holds true in particular for any f € CSO(R" ), and
(O RY c H A (R?) under the conditions (C.1), so that the diamagnetic inequality (5) yields

/dVIfIde > WVIRFR —alVafIB—BIfIE.  f € CR®Y.
R

Therefore

I£12, = Jeu F (= (V—iA2+V+M+1) fdx
> (1 —a)l|VaflI3+ IV FIB+ 1+ M =0 fI3

and hence, choosing M > 1 — b/,

IR, 2 IVAfI3+ (V) F13 [ eCPMRY). 1)
On the other hand,
A2, < IVAFIZ+ IV FI5 + 11+ MI 12 )
S AFIB+ IV FI3, feCemy.
(21) and (22) yield (v). Part (vi) follows from (ii) and (v). U

Remark 2.2. In the special case A = 0, V = 0, proposition 2.1 above states the well-known
facts that — A is essentially self-adjoint on C° (RY), its operator closure (the negative Laplacian
on H2(RY)) is positive, with form domain given by H' (R%), and the last space is the closure
of C°(R?) in the H'-norm. Similarly, in the special case V = 0 proposition 2.1 above states
that —(V — iA)? is essentially self-adjoint on (Ohe (R%), its operator closure has form domain
given by H, (R?), and the last space is the closure of C{°(R?) in the H,-norm.

Proposition 2.3. Let A and V satisfy conditions (C.2). Correspondingly, let hg be the operator
defined in (19). Then:

(i) The quadratic form q,* defined by
D(gp™) = {f € LXRY) |Vaf, V. f e Lz(Rd)}

ap1f. 8] = fa (VAS) - Vag + fVg)
is densely defined, closed, and bounded below.
(ii) The quadratic form

(f18) — (f.hog) = /R (VA Vag + V), fige CGREY,

is densely defined, closable, and bounded below. Thus, denoting by q;l‘(‘)in its form closure,
min max

one has q;)" = qp, }030 .
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(iii) C§° (RY) is a form core for qp, and therefore q;"* = q}‘,‘(‘)i" =: gp,.
(iv) Denoting by —M € R a lower bound for qy,, the form domain D(qy,) is complete in the
norm

1fllg, = (@nlf1+ A+ M f15)?

and C§° (R?) is dense in D(gp,) in such a norm.
(v) The operator h associated with the form qy,, namely

D(h)

Jg; € L>(R?) with }

D
{f € D(qn,) ann, f1=(n,gs)V¥n € Dign,)

/’lf = gf s
is self-adjoint and bounded below, with the same lowest bound as qy,, and in fact

D(h) = {f € L*R)| —(V—iA)’f+Vf e L*R'))}
hf = —(V—iA2f+ V],
h is a self-adjoint extension of ho, DIh] = D(qn,), and hlf, g1 = qn,L f> &]-
(vi) One has

e fllgy = 1fllay Vi ER.
(vii) For |M| sufficiently large the norm || - llg,, o1 Cye (R?) is equivalent to the norm

1/2

1l = (IVAFI3+ VA2 £13)
(viii) The space D(qy,) is the completion of (Cgo(Rd), | - ||;{,).

(23)

Proof. Parts (i) and (ii) follow by standard quadratic-form-theoretic arguments, in fact (i) is
a straightforward extension of lemma 1 in [13] to the case in which V has a negative part
that is form bounded, with relative bound strictly smaller than 1, with respect to the negative
Laplacian. Similarly, part (iii) follows by a generalisation of a theorem of Simon [19] and of
Leinfelder and Simander [13]: in fact it straightforward to adapt the proof of theorem 1 in [13]
to the case in which V has a negative part that is form bounded, with relative bound strictly
smaller than 1, with respect to the negative Laplacian. According to this generalisation, one
has that under conditions (C.2) the space C{° (R%) is a form core for qps e Cg° (RY) is
dense in D(gp, ™) in the || llg,, -norm. Since by (i) D(q]‘{:)a") is complete in the || || 1, "DOTM and
by (ii) D(q;l‘(‘)i“) is the completion of C§° (R?) in the same norm, then D(q,‘l"‘)"‘x) = D(q;,‘?)i"). Part
(iv) is just a convenient way to re-write what was proved so far, and part (v) is again a standard
quadratic-form-theoretic argument (see, e.g. [18], theorem 10.7). Part (vi) follows from the
fact that the self-adjointness of 4 implies A[e™"'" f] = h[f] and |le™"!" f||, = || f || for all
f € D[h]. The proof of (vii) and (viii) is precisely the same as that of proposition 2.1(iv) and
(v): the form boundedness of V' is now given by conditions (C.2), and the || ||, -norm and the
Il l,, -norm coincide on C§°(RY). O

Remark 2.4. Under the more restrictive conditions (C.1), the self-adjoint operator & of
proposition 2.3(v) is nothing but the operator o of proposition 2.1(i) and hence the
quadratic form gy, [ f, g] of proposition 2.3(i)—(iii) is precisely the quadratic form [ f, g]
of proposition 2.1(ii).

10
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Corollary 2.5. Assume that A and V satisfy conditions (C.1) or, more generally, (C.2) as
specified below. Then the space H'(R?) and the norms || - I3 and || - |3 defined in the
Introduction respectively by (7), (9), and (12) make sense. One has:

Dlhy] under conditions (C.1)
1 Rd — 24
HRD {D[h] under conditions (C.2) 24)
and
_ |lIfllz;  under conditions (C.1)
1f e = {||f||qh0 under conditions (C.2). (25)

Proof. Conditions (C.2) (and hence conditions (C.1) too) are clearly contained in our general
assumptions (6), which proves the first part of the statement. Assuming (C.2), proposition 2.3(1)
and (v) gives H'(RY) = D(gn,) = DIh], hence the second equality in (24). Assuming further
(C.1), one has h = hy (remark 2.4), whence H'(R?) = D[h] = D[hg], which is the first
equality in (24). As for (25), assuming (C.2), proposition 2.3(i) and (iv) gives || f |l = I|.f ||th s
hence the second equality in (25). Assuming further (C.1), one has g, [f, g] = hol f, gl
(remark 2.4) and hence proposition 2.1(iii) gives || fllg, = IIfllz;; thus, [ fllz = I £l
which is the first equality in (25). g

Based upon the discussion above, it is clear now how proposition 1.4 is established.

Proof.[Proof of proposition 1.4] Part (ii) and in particular identities (10) and (11) follow from
(24) of corollary 2.5 and from proposition 2.3(i), (v). Part (iii) is another consequence of
proposition 2.3(v). The first statement of part (iv) follows from (25) of corollary 2.5 and
from proposition 2.3(iv). The second statement of part (iv) follows from (25) of corollary 2.5
and from proposition 2.3(vii). Now that the equivalence of norms (13) is established, part (i)
follows from part (iv) and from proposition 2.3(iv). Part (v) follows from (25) of corollary 2.5
and from proposition 2.3(vi). U

We conclude this discussion with three further remarks.

Remark 2.6 (Weaker conditions of self-adjointness). The essential self-adjointness of /g is
actually known also when V_ has a mild growth at infinity and hence the notion of energy
space makes sense for a larger class of potentials then those considered in (C.1). However, in
those cases /1 is not bounded below and the natural norm on the form domain D[/], namely
(||f||% + |%|1/2f||§)1/2, is not equivalent any longer to the || ||;1-norm, which plays a crucial
role in our energy space argument for the well-posedness of (3) (|| f || involves only V., not
V_). More precisely: if V_ is form-bounded with respect to —A with relative bound a < 1,
this constraints the singularity of V_ at x = 0 to be at most of the form |x|~2*?, § > 0 (or also
B|x|72, if | ] is sufficiently small), and the behaviour of V_ at infinity to be vanishing with at
most the same power law. One can deal with a more general class of potentials V =V, — V_,
Vo =VP4v® where V € L2 (R%), v is (—A)-form-bounded with relative bound a < 1

loc
and V? < c{x)? for some ¢ > 0, thus allowing for a certain amount of divergence of V
to —oo, as |x| — oo: in this case, by a Leinfelder-Simander theorem ([13], theorem 4), the
corresponding A is still essentially self-adjoint, albeit in general unbounded below, and D[/]
is not controlled any longer by the || ||1-norm.

Remark 2.7 (Alternative conditions). Conditions (C.1), (C.2) above have various variants
in the literature, which suit for further specific analysis. The A-boundedness of V_ is often
replaced by the requirement that V_ be in the Stummel class (as, e.g. in [1], theorem 1.2),
as well as the form boundedness of V_ is replaced by the requirement that V_ be in the Kato

11
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class (as, e.g. in [20], theorem B.13.2), for Stummel potential are infinitesimally A-bounded
and Kato potentials are infinitesimally form bounded with respect to —A. (The Kato and
Stummel classes are discussed, among others, in [2], section 4, in [20], section A.2, and in [6],
section 1.2.) Itis also customary to formulate the smallness of V_ in terms of its so-called Kato
norm ||V_|x = ||| - 1>"¢ % |V_| |le: for instance it is straightforward to show (see, e.g. [7],
lemma 2.1) that if |V_|lx < 47%?/T(4 — 1), then [p, V_|f[?dx < a||Vf|3 for some
a € (0, 1) (recall, however, that the finiteness of || f||x, unless f is spherically symmetric, is
not enough to guarantee that f belongs to the Kato class: [2], appendix 1).

Remark 2.8 (Time-dependent potentials). Under suitable conditions on the time derivatives
of A(x,t), V(x,t) it is as well possible to prove the essential self-adjointness of the
corresponding time-dependent magnetic Schrodinger operator, typically requiring that A (x, t),
V(x,t) are perturbations of time frozen potentials A(x, 0), V(x, 0) that satisfy the usual
conditions like (C.1). For this segment of the literature we refer to [1] and the references
therein.

3. Local Lipschitz property of the non-linearity in the energy space

In this Section we will establish the following property of the Hartree non-linearity.

Proposition 3.1. Let d > 1, integer. Assume the following:
A€ L} (RY RY)
Vel (R R)
V_ is A-form-bounded with relative bound < 1
W e L9R?, R) + L*(R?, R) (26)
VW e L9 (R4, R?Y) + L*(R?, RY)
for some go > max{1, ¢}(go > 1if d =2)
and some ¢; > max{l, %1}.
Correspondingly, let (H'(R?), || - |l301) be the energy space as defined in (7) and (13), and let
N ) = (W x |u|*) u be the associated Hartree non-linearity. Then, for any u, v € H'(R?),
IN@) =N [, < Cw (lullp +vl5,) lu = vl 27)

for some constant Cyy = Cyw (| Wllgos IWlloo, IVWlg, IVW o) > 0 independent of u and
v. In particular, the map u — N (u) maps H'(R?) into itself and is bounded on bounded sets
of H'(RY).

We shall prove proposition (3.1) by means of lemma 3.2 below and using the equivalence
of norms (13).

Lemma 3.2. Assume conditions (26). Then

| W s fulPu— (W o] |, < Cw (IlullFp + 0113,) e — vl
Yu,ve CPMRY

forsome constant Cyy = Cw ([|W gy, |Wlloo, IVWllg,, IVWll) > Oindependent of u and v.

(28)

Proof. One has

[ VA (W s [uPyu — (W s [v]*)v) < (Y W (Jul> = [v1)ull2
+ (VW u]?) (=)
+ W s (Jul* = [v]?) Vaull
+ W [v]* Va(u —v)|2

B
(29)

12
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and
[V (W 5 JulPyu — (W [oP)v) [, < IW s (ul? = [v?) (Vi) ull

+ W ol (Vi) 2 — )2

“2 (30)

The first (and analogously the second) term in the r.h.s. of (29) is estimated as follows. If
d>3andgq €[%,00],0rifd =2and q; € (1, oc], then

(VW (lul = [o))ull < IYW) % (ul* = [v[*) 2, luell 20,
q1-
S NVWilgy Ml = 0P 2o Nl 20
91— q1-
S MNVWilg, e = vll s lull s+ 0l 20 ) [uell] 20 GD
2q1 -1 2911 2q1 -1 q1-1
S VWG Hu = ol Alalllg + ol a) [l
< NYWlg, lu = vl Qull gy + 10l lull gy

where we used Holder’s inequality in the first and third step, Young’s inequality in the second
step, Sobolev’s inequality in the fourth step, and the diamagnetic inequality in the last step.
With the same scheme, if d = 2 and ¢; = 1, then

IOV W (Jul® = [oP))ulla - < VW) (ul® = [o]) lallulls

S AVWIL ul? = 1ol llulls

S VWL llu = vlls Ululls + [[vlls) llulla (32)
S VWL e = vl Al + ol Tl

<

VWl = vllgy el + ol Nl
ifd = 1and g; € [1, o0], then
IV Ws (ul* = vP)ulla < 1YW (ul = [0 llgugen 1l 220,

q|2+q—2
S IVWllg Mul® = [0 o ]l 2200,
L q12+q72
< VW — (33)
S IVWilg Nl — vz (el 2a + [[vll2aen) 1]l 2240,
1 q1 q1 q12+q72
S VWG, e = vlllae Alalllz + 1l el g
S IVWig llu = vl Alullg + 1ollg) lullqg
andifd > 3and g; € [, 4], then
(VY W (Jul? = [oP)ull - < IYW) s (ul* = [0) ]| o lull 2,
d—2q; dqq —2d+4q;
< 2 _ 2y,
S VWG Hul™ = vl o IIuIqulg% N
< _
S VWl lla = vl e, Clall g, + 10l ) el sy 39
S VWG VI = vl VIl + 1VIvH2) [l e
S VWG IVa@ = v)ll2 (IVaullz + Vavll2) llullgy -
We thus deduce from (31)—(34) that
(VW (Jul® = [oP)ully S IVWilg, (lullz + 0115,) lu = vligg (35)
q1 € [max{l, §}, oc],
and, analogously for the second term in the r.h.s. of (29),
(VW u?) =l S IVWig, (luliz, + 10l17,) e — vl (36)

q1 € [max{l, 4}, oo].

13
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The third (and, analogously, the fourth) term in the r.h.s. of (29) is estimated as
W s (ul*>  —[v[») Vaula < W (ul* = 0[]l [ Varlz
IWillg INul* — |v|2||q[‘)’79| | Vaull2

<

~

< Willgy e — vl 200 (el 200 + [[V]] 200 ) | Vel
901 901 901

S IWillgo e = vl Al + ol [ Vaullz (37)
< Willgo llu = vy (el + 10llg) 1Vaull2
qo € [4,00] ifd >3
qgo € (1,00] ifd=2
qo € [1,00] ifd=1,
where in (37) we used Holder’s in the first and third step, Young’s inequality in the second
step, Sobolev’s inequality in the fourth step, and the diamagnetic inequality in the last step.
Thus,
IW s (Jul> = [o*) Vaulls S IWllg, (lll7, + Nvll3,) e — vl
qo €[4, 00] ifd >3

qo € (1,00] ifd=2 (38)
qo € [1,00] ifd=1,
and, analogously for the fourth term in the r.h.s. of (29),
W s v Va@ = )lla S (1Wlg (el + 101134) Nl = vl
qgo €[4, 00] ifd >3 (39)

qgo € (1,00] ifd=2
go €[1,00] ifd=1.
Therefore (29), (35), (36), (38), and (39) yield
IVA( (W s [uPu — (W = [v]P)v) |,
S UWllge + 1YWl (luell, + 0113,4) e = vllpp
go € [max{l, 4}, colif d # 2 (40)
qgo € (1,00]ifd =2
q1 € [max{l, £}, oc].
The treatment of the r.h.s. of (30) is the same as for the third and fourth term of (29): one
re-does (37) with (V,)'/%y instead of Vu in the Lh.s. Thus,
[V 2 W s uPyu — (W wPv) |,

S UWllge + IV Wlg) (el + 1oll7,) e — vl
qoe[max{l,%}, oo]if d # 2 4D
qo € (1,00]ifd =2
q1 € [max{l, £}, oo].

Last, combining (40) and (41) leads to (28). O
We are now ready for the proof of our initial claim.

Proof.[Proof of proposition 3.1] It follows from lemma 3.2 that
IN@) =N@) [, < C (Il +vl3) lu = vl Vu,ve CFERY. (42)

What is left is a density argument, using the fact that C§° (R%) is dense in H' (RY). To this aim
let (#,)nen and (v,),en be two sequences in Cg° (RY) with

U, —> U and v, — v in H'(R?) as n — o0. (43)

14
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By (42)
[N ) = N @) [ < C (lanli3s + vallF) litn = vallze Vn € N (44)
and by (43)

(lnllFp + loall) Nw — vallzg — (el + 10l50) llu = vl (45)

asn — oo. In turn, by (44) both sequences (N (u,))nen and (N (v,,)),en are Cauchy sequences
in H'(R?) and hence

N(u,) — N, and N(@,) — N, in H'(RY) as n — oo (46)

for some A, \V,. Each convergence in (43) and (46) holds as well in the weaker L2-sense, for

1/2 . .
£ 12 < (IVAFIB + 1V 2 £13) = 1£1, < Cll fllsa: therefore, by the Riesz-Fischer
theorem and up to extracting a further subsequence,

U, —> U and v, — v pointwise a.e. as n — 00 an
and
N@u,) — N, and N©w,) — N, pointwise a.e. as n — 00. (48)
By (47) one also has

N(u,) — N(u) and N, — N() pointwise a.e. as n — 00 (49)

thus, comparing (48) and (49), N, = N () and N, = N (v) as elements in 7' (R?). With this
information, (46) gives

|N@) =N ||, — [Nw)=NQ©)|,, (50)
as n — oo. Last, taking the limits (45) and (50) in (44) leads to (27) for arbitrary
u, v e H'(RY). O

4. Local well-posedness

In this Section we establish the local well-posedness of the initial value problem (3) in the
energy space H'(R?), in the following sense.

Proposition 4.1. Assume that A, V, and W satisfy conditions (26). Then:

(i) For any ¢ € H'RY) there exist Tyin, Tmax € [0, +00] such that the initial
value problem (3) has a unique solution in the space C((—Tmin, Tmax), H'(R?)) N
C' (= Tmins Tna), HE(RYY*) with initial datum patt =0.

(ii) If Tmax < 400, then limyyp, Nu(t)|l4 = +00.
If Tiyin < +00, then lim, |7, [lu(t) |z = +o0.

(iii) Let ¢, — ¢ in H'(R?) as n — oo and, correspondingly, according to part (i), let
u, € C(,, H!®R) N Cc'(1,, H! RY)*) and u € CI, H'R?)) N C' (I, H'(RY)*) be
the unique maximal solution to (3) with initial datum at t = 0 given, respectively, by ¢,
and ¢. If J C I is a closed interval, then J C I, for n large enough and u,, — u in
C(J, H'RY) as n — oo.

The proof of proposition 4.1 is based on a contraction argument in the energy space H' (R?)
which is possible owing to the local Lipschitz property of the Hartree non-linearity established
in proposition 3.1. In the following corollary 4.5 and lemmas 4.6-4.8 we will give the detail
of this argument.
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Remark 4.2. Unlike the standard treatment of the Hartree equation without magnetic field
(see, e.g. [5], theorems 3.3.5 and 3.3.9, and propositions 4.2.3 and 4.2.9), we need not establish
charge and energy conservation to prove the existence of a local solution that is continuous (and
not just L) in ¢; moreover, as remarked in the Introduction, magnetic Strichartz estimates
are not required (and in fact would not hold, in general, under conditions (26)) for the proof of
local uniqueness. Also, because of the fact that charge and energy conservation is not used, the
potential W is not required by (26) to be an even function—this is instead needed to establish
proposition 5.1, identity (70).

We first of all highlight this classical fact.

Lemma 4.3 (Duhamel’s formula). Let I C R be an open interval such that 0 € I and let
u e C(, H'(R?Y)). Assume that A, V, and W satisfy conditions (26). Then u is a solution to
the initial value problem (3) if and only if

ut) = ethy — / e NN (u(s)) ds Vi e I. (51)
0

Proof. By proposition 3.1 the map N : H!(RY) — H!'(R?) is bounded on H'-bounded sets,
hence (51) is a standard Duhamel’s formula (see, e.g. [5], proposition 3.1.3). ]

Let us now start the proof of proposition 4.1 (lemma 4.4, corollary 4.5 and lemmas 4.6—4.8
below). Foreach T, M > 0 and ¢ € H'(R?) we introduce the space

o0 ([— d < M
Xrany = fwe crmy ity [l raee < M (52)
u(0,) = ()
equipped with the Banach norm
lulx = llullsq-r.71.00 @) - (53)

Moreover, for every u € Xty and any t € (=T, T) we introduce the map u —— S, (u)
defined by

Sp(u) = ey —i / e TN (u(s)) ds . (54)
0

Lemma 4.4. Assume that A, V, and W satisfy conditions (26). For every M > 0 there exists
T (M) > 0 with the following property: for every ¢ € H'(R?) such that |||y < M, the map
S, defined by (54) is a contraction in the space Xt 2m,o defined by (52).

Proof. We choose
1
T(M) = E(SCWMZ)*, (55)

where Cy is the constant of inequality (27) of proposition 3.1. Let u € X7(a),2m,,, arbitrary.
Then, for ¢ € [0, T (M)), we deduce from (14), (27), and (55)

1S, < lle ™ llyn + fy e N (u(s)) [l ds

l@liz + fy IN @) ll50 ds

lollzo + Cwllull oy 500 T (M) (56)
M + Cyw QM) T(M)

2M

NINCIN
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and the same fort € (=T (M), O], which proves that S, (X 7(a).2m,0) C X7(M),2M,0- Moreover,
given any two u, v € X7y 2m,e, (14), (27), and (55) give, for t € [0, T(M)),

15,G0) = S, )l < fo [ €7 W () = N @)D ds

Jo IV @(5)) = N () ll3: ds

Cw fy (lu()I2 + [v12,0) lleels) = v(s)llpor ds 57
Cw T(M) (llull} +lvl%) lle —vlx

8§ CywM>T(M) |u — vlx

5 llu—vllx

and the same fort € (—T (M), 0]. Thus,

N

(/AN AN/

1
1S, () — S, lx < 7 lu —vlx Yu,v € Xy, om,e (58)

which completes the proof. (|

Corollary 4.5 (Local existence and uniqueness). Assume that A, V, and W satisfy
conditions (26). Let ¢ € H'(R?). For every M > O there exists T(M) > 0 with the
following property: for every ¢ € H'(RY) such that |¢ll;n < M, there exists a unique
ue C(=TM), T(M)), H' (R?)) that solves the initial value problem (3). In addition,

el oo (=T a), T 11 (REY) S 2M. (59)

Proof. By lemma 4.4 and by Banach’s fixed-point Theorem, there exists 7 (M) > 0 and there
exists a unique u € Xrr),2m, Such that S,(u) = u. By lemma 4.3 this is equivalent to say
that there exists T (M) > 0 and there exists a unique u € C((—T (M), T(M)), H'(R%)) that
solves the initial value problem (3). The fact that u € X7 2p,, Obviously implies (59). [

Lemma 4.6 (Maximality). Assume that A, V, and W satisfy conditions (26). Given ¢ €
HURY), there exist Tuin, Tmax > 0 such that the initial value problem (3) has a unique solution
in the space C((_Tmins Tmax)s Hl(Rd)) N Cl((_Tmin’ Tmax)’ Hl (Rd)*)

Proof. By corollary 4.5 the following definitions are well-posed:

Tmax = sup{T > 0| there exists a solution of (3) in C ([0, Tinax), H'(R?))

Twin = sup{T > 0| there exists a solution of (3) in C ((—Tppin, 0], H' (R%Y) . (60)

Therefore for any T € [0, Tynax), T’ € (—Tmin, 0] there exists a solution to the initial value
problem (3) in the space C([-T', T], H'(RY)) N C'([—T’, T], H'(R%)*). This solution is
actually unique, for any two u, v € C([—T", T], H' (R¢)) that solve (3) must satisfy, owing to
(51) and for any ¢ € [0, T,

lu@®) = vl < [y [ €7 W wis) = N@s)))|,, ds
= o IV (5)) = N () I3 ds
< Cw [y (120 + 0 12,) lluls) = v(s)llg ds
<

t
o (1 7150y + 10710 ) Sy N05) = 0l ds

(61)

(where we used (14) and (27)), and therefore u () = v(t) on [0, T] because of Gronwall’s
inequality; with an analogous argument u(¢) = v(¢) also on [—7", 0]. g
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Lemma 4.7 (Blow-up alternative). Assume that A, V, and W satisfy conditions (26). Given
@ € HY(RY), let u be the unique maximal solution to the initial value problem (3) in
C((_Tminv Tmax)» Hl(Rd)) N Cl((_Tmin» Tmax)» Hl(Rd)*): as given by lemma 4.6. Imeax
+00, then limysr,, u(t)|ly = +00 (respectively, if Tin < +00, then lim, 7, |[u(t) |4
+00).

I A

Proof. Suppose that T;,,x < +00 and assume that there exists M > 0 and a sequence (%), cn in
R such that f, ? Thux asn — oo and ||u(t,)]y1 < M for all n. Correspondingly, let T'(M) be
the local existence time for a solution to (3) given by corollary 4.5 when the initial datum has
H'-norm below M. Then there exists k € N such that #; + T (M) > Tpax. Let v be the unique
solution to (3) in C((=T (M), T (M), H' (R%)) with initial datum u (). Then v(- — ;) solves
(3)in C((tx — T(M), t + T(M)), H' (R%)), it coincides with u(#;) at t = t;, and in fact owing
to the same argument of (61) it can be glued to u so to obtain a solution to (3) with initial datum
@ att = 0in the space C((—Tin, & + T (M)), H' (RY)). Since the interval (— Ty, t + T (M))
contains (—7Tin, Tmax), this conclusion violates the maximality of Tj,,. Hence, necessarily,
lim;4 7, lu(2)|l30 = +00. The argument for Ty, is completely analogous. O

Lemma 4.8 (Continuous dependence on the initial data). Assume that A, V, and W satisfy
conditions (26). For each n € N let ¢,, ¢ € H'(R?) with ¢, — ¢ in H'RY) as n — oo.
Correspondingly, let u, € C(I,, H'(R%) N C'(I,, H'R)*) and u € CI, H'(RY)) N
C'(I, H'(RY*) be the unique maximal solution to (3) with initial datum at t = 0 given,
respectively, by ¢, and ¢. If J C I is a closed interval, then J C I, for n large enough and
u, — uin C(J, H'R?Y) as n — oo.

Proof. It is enough to assume that / > 0. Let M := 2sup{|lu(®)|¢ |t € J} and,
correspondingly, let 7(M) > 0 be the local existence time for the solution to (3) in the
space C((—T (M), T (M)), H'(R?)) with initial datum at # = 0 whose '-norm is below M,
as given in corollary 4.5. Since ||@, |l — |l¢ll% as n — oo, then ||, |l1 < M for n large
enough, and hence u, is defined at least on [—T (M), T (M)]. This means, in particular, that
[-T (M), T(M)] € I NI, for nlarge enough. By means of Duhamel’s formula (51), for any
t € [-T(M), T(M)] one has

up(t) —u(t) = e (@, — )+ Sy(uy) — S, (u) (62)

where S, is the map defined by (54). Therefore, if ¢ € [0, T (M)] (if t € [-T (M), 0] one gets
the same estimate), we deduce from (13), (57), and (62) that

lun@) —u@®llz < len — @llrn + 1S (Un) — S (@)l
i
< llon — @llwg + 3llun — ullzoq—ron,r0011Y

(recall that T'(M) is actually given by (55)). Hence,
lun — ullL~q-ron.rammy < 2llon —@llig —> 0 asn — 00 (63)

thus proving that u, — u in C([—T (M), T (M)], H'(R¢)) as n — oc. Since T (M) depends
only on M, we may repeat the argument above to cover the whole interval J, thus concluding
that J C I, for n large enough and u,, — u in C(J, H'(R?)). O
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5. Conservation laws and global well-posedness

In this last Section we conclude the proof of theorem 1.6 by establishing the conservation of
charge and energy (proposition 5.1) and, consequently, the validity globally in time of the local
solution determined in proposition 4.1 (corollary 5.2).

Proposition 5.1 (Conservation of charge and density). Let A, V, and W satisfy conditions
(6) and let ¢ € H' (R9). Correspondingly, let u € C((—Tmin, Tmax), H' RYY) N
C (= Tmins Trmax), H'(RD)*) be the unique maximal solution to the initial value problem (3)
with initial datum ¢, as guaranteed by proposition 4.1, and let Q[u] and E[u] be, respectively,
the associated charge and density, as defined by (18). Then

Qlu(n] = Qlyl and Elu®)] = £Ely] Vt € (—Thin, Timax)- (64)

Proof. The first identity in (64) follows by

Lul3 = 2Re(u, du)p 40
= 2Re(u, i (V —iA)2u — i (W * [u>)u)y g+ (65)
= 2Rei fpo (IVaul> = (W ul»)|ul?) = 0,
where we used (1) in the second step. As for the energy, we first use (2), (10), and (18) to
re-write it as
1 1
Elul = 3 hlu] + 7 (u, N()) 31 3917 (66)

One has
HI0ul3 = (Qpu,i0u)ppe gpe
= (Quu, hu)yp= gy + (1, N'(U)) g1 g1+ (67)
= hou, ul + (Qu, N(W))s* 30+,

where we used (1), (2), and (11) in the second step, and (10) in the third step. As a consequence,

Re (h[d,u, ul + (Qpu, N())ys 9+) = 0. (68)
On the other hand, from (10) one has
Lhlul = S hlu,u] = 2Reh[du, ul. (69)

Owing to the last condition in (6), one also has
& (1 N @Y v -
= 2Re (Qu, N(u))3+ 30+ + 2Re [o, dx|u()* [, dy W(x — ) du(y) u(y)
= 2Re (u, N ()3 0+ + 2Re [ dyafu—(y)< Jpa dx W(y —x) Iu(x)lz) u(y) “
= 4Re (0;u, N (U))p* 30+ .
Therefore, differentiating (66) in time yields

d
I Elu] = Re (h[atu, ul + (o;u, N(u))Hl*,HI*) =0, (71)
where we used (69) and (70) in the first step and (68) in the second step. O

Corollary 5.2. One has

sup lu(®) |l < +00. (72)
teR

and hence Ty = Thay, = +00.
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Proof. (72) follows by

lulyy < 2&Mw] + |1+ M| Qul = 2€[p] + |1+ M| Qly] (73)
which is a consequence of (12) and (18) (first step) and of (64) (second step). Then
Tnin = Thaz = +00, because of the blow-up alternative of proposition 4.1(ii). O
Remark 5.3. When Tyin = Tmay = 400, and hence u € C(R, H'(R?)), the continuous

dependence on the initial data stated in proposition 4.1(iii) holds in L>®°(R, H!(R%)).
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Appendix A. Magnetic Strichartz estimates

In this appendix we review briefly the Strichartz estimates for the magnetic Schrodinger
operator which are currently available in the literature. They are inequalities of the form

_ithf”L‘l(I,L’(R")) < Cror 1 fll2may Vf e L*(RY) (A.1)
for some constant C,,; > 0 and for all the admissible couples (g, r), i.e.

2d :
2 VE[z,m] lfd>3
-7 ref200) ifd=2 (A.2)
q

rel2,00] ifd=1,

lle

where I C R is an open interval with 0 € T,t,x)el xRy hisa self-adjoint realisation
of —(V —iA)2 + V. We will tacitly exclude the endpoint case (g, r) = (2, dz—fz) from the
following discussion, for some of the results quoted below do not cover it.

Within the ample literature on this topic one can distinguish, roughly speaking, between
two regimes of electromagnetic potentials, depending on whether (A.1)—(A.2) is required
globally or only locally in time.

Global-in-time electromagnetic Strichartz estimates

When [ = R, there are natural obstructions for (A.1)—(A.2), essentially due to possible
confinement properties of %, such as the occurrence of eigenvalues or resonances, which allow
for the existence of non-dispersive components in e " f. Restrictions on A and V that impose
an amount of decay at spatial infinity and a bound on the local singularities are thus needed to
derive (A.1)—(A.2).

More precisely, the known scheme to prove (A.1)—(A.2) globally in time is to treat
—(V —iA)?+V perturbatively with respect to — A under conditions that preserve the dispersion
properties of —A, typically by excluding zero-energy resonances for & or by imposing
suitable repulsivity conditions on V and non-trapping conditions on A, namely imposing
enough smallness to those obstructions to the dispersion such as the positive part (9, V), of
9, V(x) := \;—I - VV and the trapping component B; (x) := ﬁB(x) of the d x d antisymmetric
matrix B = (B;;), Bjx = 0jAr — 0¢Aj, that represents the strength tensor of the magnetic
field. (When d = 3 the independent entries of (Bj;) can be organised in the actual magnetic
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field vector B =V x A, and B; = \;_I x B.) The amount of regularity required for A and V
is virtually only the one needed for such smallness conditions to make sense; the perturbative
scheme only accommodates potentials with a certain amount of local singularity and of decay
at spatial infinity.

Within this scheme, D’Ancona, Fanelli, Vega, and Visciglia [7] proved (A.1)-(A.2)
globally in time for d > 3, in fact covering also the endpoint case (g, r) = (2, %) for

v d—2
d > 4, under conditions that, practically speaking, correspond to

x|~ (+) lx|~CG*8)  as x| - oo
|A(X)| S { |x|_(]_5A) |B‘[(-x)| S/ |x|—(2—53) as |-x| -0
x|~ Ix|~G+)  as x| — o0 (A.3)
Vi(x 9,V (x <
| ( )| N { |x|,(2,5) |( -V ( ))+| ~ |x|7(375v) as |x| = 0

IV_llx < 4x9?/T(4 - 1)

for some 8, §4 > 0, and some g, 8y > O ford = 3, 65 = 8y = 0 ford > 4, where

Il fllx := Il 1x1>~? % | f] | is the Kato norm. In an analogous perspective Erdogan, Goldberg,
and Schlag [8] proved (A.1)—(A.2) globally in time for d > 3 requiring
A e CORY, RY
A < ()70
()A€ W R R A4
V()] < (x)~ @) A

h  has no zero-energy resonance
h  has only continous spectrum

for some §4 > &/, > 0 and 8y > 0.

The critical scalings |A(x)| = |x|! and |V (x)| = |x|~? are not covered by the above
results in d > 3 space dimensions. In the purely electric case A = 0, critically scaling
potentials V’s are known which still give rise to global-in-time Strichartz estimates. This is
the case of the Strichartz estimates for the scale-covariance elliptic operator 4 = —A +a|x|~>
in d > 2 dimensions, proved by Burq, Planchon, and Stalker [3] for a’s up to the Hardy
threshold, a > —1(d — 2).

An alternative approach towards (global-in-time) Strichartz estimates at scaling-criticality
is to exploit the dispersive properties of & = —(V — iA)? + V, that is, to establish the
time-decay dispersive estimate |le " ¢| o < |t|7¢?|l@|l; (from which Strichartz estimates
follow in a standard way). For instance, in the purely electric case the dispersive estimate
et A% g o, < [t]742|lpll1 is known for a > —1(d — 2)?, proved by Fanelli, Felli,
Fontelos, and Primo, in the special cases d = 3 [9] and d = 2 [10]. In the purely magnetic
case V = 0, the dispersive estimate ||e’i’(v’iA)2<p||Oo < |t|74?||@||; is known, proved again
in [9], in the special case of the Aharonov-Bohm magnetic fields in d = 2 dimensions,
namely A(xy,x;) = (—ﬁ, ﬁ), x = (x1,x) € R% In fact, the work [9] established
the estimate |le " ¢| o < |t|7%/?||l¢||; for an entire class of magnetic Schrodinger operators
h = —(V —iA)?>+V ind > 2 dimensions with critically scaling homogeneous potentials A’s
and V’s, under an additional abstract condition that involves the eigenfunctions of 4. Such a
condition, so far, has been explicitly worked out only in the above-mentioned special cases in
d = 2, 3 dimensions.

The critical scalings for A and V represent a threshold for the validity of global-in-time
Strichartz estimates. If A or V decrease as |x| — oo less than the threshold behaviour,
then counterexamples to Strichartz are known: this is the case of Goldberg, Vega, and
Visciglia [12] who produced, in the purely electric case, certain Schrodinger operators with
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homogeneous potentials V(x) = |x|7%¢(x/|x]), o € [0,2), in d > 2 dimensions, which
belong to C3(R? \ {0}) and do not satisfy (A.1), (A.2) globally in time except for the
trivial case (¢,r) = (00, 2); in an analogous fashion, Fanelli and Garcia [11] produced,
in the purely magnetic case, certain Schrodinger operators with homogeneous potentials
A(x) = |x|¢(x/|x]), o € (0,1), ind > 3 dimensions, that belong to C®(R? \ {0})
and do not satisfy (A.1), (A.2) globally in time except for the trivial case (g, r) = (00, 2).

Local-in-time electromagnetic Strichartz estimates

The finite-interval version of (A.1)—(A.2) is in fact all what is needed when Strichartz
estimates are used to prove local uniqueness of the solution to the Cauchy problem of non-
linear Schrodinger equations, which is in turn a key step for the local well-posedness (see, for
a comprehensive review, [5], chapter 4, or [22], chapter 3). For finite / the factors that prevent
global dispersion of e™" play no obstruction against (A.1)—(A.2). Local-in-time Strichartz
estimates can thus be proved also in different schemes than the global-in-time ones, with less
restrictions on the potentials. At the price of requiring high regularity on A, or also on V,
(A.1)-(A.2) are known locally in time up to a moderate amount of growth of A and V at
spatial infinity (respectively, linear and quadratic). Smoothness is a technical requirement
needed for constructing the propagator e " directly in the form of integral operators, owing
to underlining micro-local analysis and semi-classical parametrix techniques involved in the
proof.

The standard reference for local-in-time magnetic Strichartz estimates is the seminal work
of Yajima [23], where (A.1)—(A.2) is proved locally in time under the assumptions

A € C®[R? RY
fA)| < Cp VBeNg, I8l =1 A
0 Bjr(x)] < Cplx)= 1+ VBeNG, Il > 1 (A
V eL®*RH+LIRY) p>4

for some § > 0, Cg > 0, where B = (B;;), Bjy = 0;A; — 0¢A;. At spatial infinity (A.5)
allows for an at most linear growth of A, which still includes the physically relevant case of a
constant magnetic field, and puts no decay constraint on V (but for its boundedness). Locally,
A must be bounded (smooth) and the allowed local L”-singularity of V corresponds to the
same critical case |V (x)| ~ |x|~2 as in (A.3) and (A.4). Recently, Mizutani [15] adapted
the previous methods for smooth A’s and V’s with, respectively, an at most linear and an
at most quadratic growth at spatial infinity and proved (A.1)-(A.2) locally in time under the
assumptions

A € C®R?, RY)

FA)| < Cplx)! W Vg eNg

07 Bjr(x)| < Cplx)! 1A= VBeNd, Bl > 1 (A.6)
V e C®(RY)

1LV ()| < Cplx)> el VB eNd

for some 6 > 0, Cg > 0.

In view of (A.3)-(A.6) above, it has to be remarked that such conditions for the validity
of Strichartz estimates are considerably more restrictive than those needed for the mere self-
adjointness of —(V — iA)? + V, such as conditions (C.1) or (C.2) in section 2.
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