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Abstract

In this paper we prove that, given a compact four dimensional smooth Riemannian manifold (M, g) with
smooth boundary there exists a metric conformal to g with constant 7T-curvature, zero @-curvature and
zero mean curvature under generic and conformally invariant assumptions. The problem amounts to
solving a fourth order nonlinear elliptic boundary value problem (BVP) with boundary conditions given by
a third-order pseudodifferential operator, and homogeneous Neumann one. It has a variational structure,
but since the corresponding Euler-Lagrange functional is in general unbounded from below, we look for
saddle points. In order to do this, we use topological arguments and min-max methods combined with a
compactness result for the corresponding BVP.
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1 Introduction

In recent years, there has been an intensive study of conformally covariant differential (or even pseudod-
ifferential) operators on compact smooth Riemannian manifolds, their associated curvature invariants in
order to understand the relationships between analytic and geometric properties of such objects.

A model example is the Laplace-Beltrami operator on compact closed surfaces (%, ¢g), which governs
the transformation laws of the Gauss curvature. In fact under the conformal change of metric g, = e®“g,
we have

(1) Ay, = 6_2UA9? —Agu+ Ky = Kgu€2ua

where A, and K (resp. Ay, and K,,) are the Laplace-Beltrami operator and the Gauss curvature of

(2,9) (resp. of (X,gu))-
Moreover we have the Gauss-Bonnet formula which relates fz K4dV, and the topology of ¥ :

/ KydVy = 2mx(X);
b

where x(X) is the Euler-Poincaré characteristic of Y. From this we deduce that [;, K¢dVj is a topological
invariant (hence also a conformal one). Of particular interest is the classical Uniformization Theorem
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which says that every compact closed Riemannian surface carries a conformal metric with constant Gauss
curvature.

There exists also a conformally covariant differential operator on four dimensional compact closed
Riemannian manifolds called the Paneitz operator, and to which is associated a natural concept of
curvature. This operator, discovered by Paneitz in 1983 (see [30]) and the corresponding Q-curvature
introduced by Branson (see [4]) are defined in terms of Ricci tensor Ricy and scalar curvature Ry of
the Riemannian manifold (M,g) as follows

.2 ,
(2) Pyp = A2+ dzvg(gRgg — 2Ricy)dy;

1 .
(3) Qg = fﬁ(AgRg—R§+3|Rwy|2),
where ¢ is any smooth function on M.

As the Laplace-Beltrami operator governs the transformation laws of the Gauss curvature, we also
have that the Paneitz operator does the same for the Q-curvature. Indeed under a conformal change of
metric g, = e?“g we have

Py, = e *Py; Pyu+2Q, = 2Q,, *".

Apart from this analogy, we also have an extension of the Gauss-Bonnet formula which is the Gauss-
Bonnet-Chern formula

W ? 2

(@ + 20y, = amx(),
M

where W, denotes the Weyl tensor of (M, g), see [I7]. Hence, from the pointwise conformal invariance

of |W,|2dV,, it follows that the integral of @, over M is also a conformal invariant one.

As for the Uniformization Theorem for compact closed Riemannian surfaces, one can also ask if ev-

ery closed compact four dimensional Riemannian manifolds carries a metric conformally related to the
background one with constant @Q-curvature.
A first positive answer to this question was given by Chang-Yang[11] under the assumptions that P, non-
negative and [ w QgdVy < 872. Later Djadli-Malchiodi[17] extend Chang-Yang result to a large class of
compact closed four dimensional Riemannian manifold assuming that P, has no kernel and |’ v QgdVy is
not an integer multiple of 872

On the other hand, there are high-order analogues to the Laplace-Beltrami operator and to the Paneitz
operator for high-dimensional compact closed Riemannian manifolds and also to the associated curva-
tures (called again @Q-curvatures), see[20],[21] and [23].

As for the question of the existence of constant @-curvature conformal metrics on a given compact closed
four dimensional Riemannian manifold, regarding high-dimensional @-curvature, one can still ask the
same question for a compact closed Riemannian manifolds of arbitrary dimensions.

A first affirmative answer has been given by Brendle in the even dimensional case under the assumption
that the high-dimensional analogue of the Paneitz operator is non-negative and the total integral of the
Q-curvature is less than (n — 1)lw, ( where w, is the area of the unit sphere S™ of R"1)using a
geometric flow, see[6]. The result of Djadli-Malchiodi[I7] (and the one in[6]) has been extended to all
dimensions in [27].

As for the case of compact closed Riemannian manifolds, many works have also been done in the study
of conformally covariant differential operators on compact smooth Riemannian manifolds with smooth
boundary, their associated curvature invariants, the corresponding boundary operators and curvatures in
order also to understand the relationship between analytic and geometric properties of such objects.



A model example is the Laplace-Beltrami operator on compact smooth surfaces with smooth bound-
ary (X, g), and the Neumann operator on the boundary. Under a conformal change of metric the couple
constituted by the Laplace-Beltrami operator and the Neumann operator govern the transformation
laws of the Gauss curvature and the geodesic curvature. In fact, under the conformal change of metric
gu = €2%g, we have

Ay, = 6_2“Ag; —Agu+ K, = KgueQU in 3
0 0 and ou
=e Y—; — t+ kg =ky " ox.
ong, ‘ Ong ong Thg = g, c7 om

where Ay (resp. Ay, ) is the Laplace-Beltrami operator of ( X, g) (resp. (2,¢,)) and K, (resp. K, ) is

the Gauss curvature of (¥, g) (resp. of (X, gu)), 6% (resp 87? ) is the Neumann operator of ( X, g) (resp.
g

du

of (¥ gu)) and kg (resp. kg, ) is the geodesic curvature of (0%, g) (resp of (9% g.)) -
Moreover we have the Gauss-Bonnet formula which relates [ KqdVy+ [, o3, kgdSy and the topology of X

4) /Kngg —|—/ kydS, = 2mx (%),
s ox

where x(X) is the Euler-Poincaré characteristic of X, dVj is the element area of ¥ and dS, is the line
element of 0%. Thus fz KydVy + |, o kgdSy is a topological invariant, hence a conformal one.

In this context, of particular interest is also an analogue of the classical Uniformization Theorem, namely
given a compact Riemannian surface (X, g) with boundary, does there exists metrics conformally related
to g with constant Gauss curvature and constant geodesic curvature. This problem has been solved
through the following theorem (for a proof see [5])

Theorem 1.1 FEvery compact smooth Riemannian surface with smooth boundary (3, g) carries a metric
conformally related to g with constant Gauss curvature and constant geodesic curvature.

As for compact closed four dimensional Riemannian manifolds, on four-manifolds with boundary we
also have the Paneitz operator P; and the Q-curvature. They are defined with the same formulas (see
@) and (@))) and enjoy the same invariance properties as in the case without boundary, see ().

Likewise, Chang and Qing|[8] have discovered a boundary operator Pg3 defined on the boundary of com-
pact four dimensional smooth Riemannian manifolds and a natural third-order curvature T, associated
to Pg3 as follows

10A,p Op Ry, 0p
Plp = 3 a;g + Aga—ng —2H,A50 + (Lg)ab(V)a(Vg)o + VgHy .V + (F — ?g)a—ng
1 OR 1 1
T, = ’Ea_ngg + 5B Hy— < Gy, Ly > +3H — gTr(L3) + AgH,,
where ¢ is any smooth function on M, § is the metric induced by g on M, Ly = (Lg)as = f%%
g
is the second fundamental form of OM, Hy, = tr(Ly) = 39°°Las (g are the entries of the in-

verse ¢! of the metric g¢)is the mean curvature of 9M, R’gcd is the Riemann curvature tensor F =
RE .y Raped = gakR’gcd ( g,k are the entries of the metric g) and < G4, Ly, >= Ranin(Lg)ab-

On the other hand, as the Laplace-Beltrami operator and the Neumann operator govern the transfor-
mation laws of the Gauss curvature and the geodesic curvature on compact surfaces with boundary under
conformal change of metrics, we have that the couple (P;, Pg3) does the same for (Qg,T,) on compact
four dimensional smooth Riemannian manifolds with smooth boundary. In fact, after a conformal change
of metric ¢, = e**g we have that

P =e P} 1 P} +2Qg =2Qq, ™ in M
an
P} =e %P} P} + Ty =Ty, e* on OM.



Apart from this analogy we have also an extension of the Gauss-Bonnet formula (@) which is known
as the Gauss-Bonnet-Chern formula

W, 4
(5) /M(Qg + 3 )dVy + /BM(TJr Z)dSy = 4m*x (M)

where W, denote the Weyl tensor of (M,g) and ZdS, (for the definition of Z see [§]) are pointwise
conformally invariant. Moreover, it turns out that Z vanishes when the boundary is totally geodesic (by
totally geodesic we mean that the boundary OM is umbilic and minimal).

Setting
fip;}:/ QqdVy, npgs.:/ TydSy;
M oM

we have that thanks to (), and to the fact that W,dV, and ZdS, are pointwise conformally invari-
ant, kps + K p3 is conformally invariant, and will be denoted by

(6) K(p4,p3) = Kpi + Kp3.

The Riemann mapping Theorem is one of the most celebrated theorems in mathematics. It says that

an open, simply connected, proper subset of the plane is conformally diffeomorphic to the disk. So one
can ask if such a theorem remains true in dimension 4. Unfortunately in dimension 4 few regions are
conformally diffeomorphic to the ball.
However, in the spirit of the Uniformization Theorem (Theorem[LT]), one can still ask, if on a given
compact four dimensional smooth Riemannian manifold with smooth boundary, there exists a metric
conformal to the background one with zero Q-curvature, constant T-curvature and zero mean curvature.
In the context of the Yamabe problem, related questions were raised by Escobar [19].

In this paper, we are interested to give an analogue of the Riemann mapping Theorem (in the spirit
of Theorem [[T)) to compact four dimensional smooth Riemannian manifold with smooth boundary under
generic and conformally invariant assumptions. Writting ¢, = e?"g, the problem is equivalent to solving
the following BVP:

Plu+2Q, =0 in M;
P;u +T, = Te3*  on OM;

0

gu Hyu=0 on OM.

Ong

where @ is a fixed real number and 6% is the inward normal derivative with respect to g.
9

Due to a result by Escobar, [19], and to the fact that we are interested to solve the problem under
conformally invariant assumptions, it is not restrictive to assume H, = 0, since this can be always
obtained through a conformal transformation of the background metric. Thus we are lead to solve the
following BVP with Neumann homogeneous boundary condition:

Plu+2Q, =0 in M;
(7) P;u +T, = Te3*  on OM:;
0
a—u =0 on 8M
g

Defining H o as



and Pg? as follows, for every u,v € Ho

2 )
<P;13u, v>L2(M) = /M (AguAgv + gRngquv> dvy —2 /M Ricy(Vgu, V4v)dV,
—2/ Lg(Vgu, VgU)ng,
oM

we have that by the regularity result in Proposition[2.3 below, critical points of the functional

4
[I(u) = <P473u7’u>L2(M) +4/M QQUdV;] +4/{9M Tgung - gK(P4’P3) log/aM e3udsg; = H%,

which are weak solutions of (7)) are also smooth and hence strong solutions.

A similar problem has been adressed in [28], where constant Q-curvature metrics with zero T-
curvature and zero mean curvature are found under generic and conformally invariant assumptions.

In [29], using heat flow methods, it is proven that if the operator P-? is non-negative, KerP}? ~ R, and
k(pa,psy < 4m? the problem () is solvable.

Here we are interested to extend the above result under generic and conformally invariant assumptions.
Our main theorem is:

Theorem 1.2 Suppose KerP;’3 ~ R. Then assuming k(ps ps) # kdn? fork = 1,2,---, we have that
(M, g) admits a conformal metric with constant T-curvature, zero Q-curvature and zero mean curvature.

Remark 1.3 a) Our assumptions are conformally invariant and generic, so the result applies to a large
class of compact 4-dimensional manifolds with boundary.

b) From the Gauss-Bonnet-Chern formula, see [ we have that Theorem[1.2 does NOT cover the case
of locally conformally flat manifolds with totally geodesic boundary and positive integer Euler-Poincaré
characteristic.

Our assumptions include the two following situations:

(8)  Kpapsy < 47% and (or) P;’?’ possesses k negative eigenvalues (counted with multiplicity)

9)

K(p4,p3) € (4k7r2 , 4k + 1)7r2) , for some k€ N* and (or) Pg4’3 possesses k negative eigenvalues

(counted with multiplicity)

Remark 1.4 Case (8) includes the condition (k = 0) under which in [29] it is proven existence of solu-
tions to (), hence will not be considered here. However due to a trace Moser-Trudinger type inequality
(see Proposition[2.4) below) it can be achieved using Direct Method of Calculus of Variations.

In order to simplify the exposition, we will give the proof of Theorem[L.Qin the case where we are in
situation (@) and k = 0 (namely P;’?’ is non-negative). At the end of Section 4 a discussion to settle
the general case (@) and also case B) is made.

To prove Theorem[L.2lwe look for critical points of I1. Unless r(ps psy < 472 and k = 0, this Euler-
Lagrange functional is unbounded from above and below (see Section 4), so it is necessary to find extremals
which are possibly saddle points. To do this we will use a min-max method: by classical arguments in
critical point theory, the scheme yields a Palais-Smale sequence, namely a sequence (u;); € H 2 satisfying
the following properties "

II(w) — ceR; II/(ul) — 0 asl — +o0.



Then, as is usually done in min-max theory, to recover existence one should prove that the so-called
Palais-Smale condition holds, namely that every Palais-Smale sequence has a converging subsequense or
a similar compactness criterion. Since we do not know if the Palais-Smale condition holds, we will employ
Struwe’s monotonicity method, see [33], also used in [I7] and [27]. The latter yields existence of solutions
for arbitrary small perturbations of the given equation, so to consider the original problem one is lead to
study compactness of solutions to perturbations of (7). Precisely we consider

Plu;+2Q; =0 in M;
(10) ng’ul + T, = T on OM;
% =0 on OM.
ong
where
(11) T, —To >0 in C*(OM) T} — Ty in C*(OM) Q;— Qo in C*(M);

Remark 1.5 From the Green representation formula given in LemmalZ.Z below, we have that if wu; is a
sequence of solutions to ([IQ), then w; satisfies

w(e)=-2 [ Gz y)Qy)dV, - 2/6M G(z,y)Ty(y)dS,(y) + 2 » G(z,y)Ti(y)e* W dS,y(y).

Therefore, under the assumption (II)), if supgy, wi < C, then we have w; is bounded in C*T% for every
a € (0,1).

In this context, due to Remark[[.Hl we say that a sequence (u;) of solutions to ([I0l) blows up if the
following holds:

(12) there exist x; € OM such that wu;(z;) — +o00 as | — +o0,

and we prove the following compactness result.

Theorem 1.6 Suppose KerP;* ~ R and that (w) is a sequence of solutions to (I0) with T;, T; and
Q satisfying (IIl). Assuming that (u;); blows up (in the sense of ([[2))) and

(13) QuaV, + [ TodS, (1) = [ Tieds,
M oM OM

then there exists N € N\ {0} such that

QodV, + / TydS, = AN,
M oM

From this we derive a corollary which will be used to ensure compactness of some solutions to a sequence of
approximate BVP’s produced by the topological argument combined with Struwe’s monotonicity method.
Its proof is a trivial application of Theorem [[L6l and Proposition 2.3 below.

Corollary 1.7 Suppose KerP}? ~R.
a) Let (u;) be a sequence of solutions to (I0) with Ty, Ty and Qq satisfying ([1)). Assume also that

/ Qod‘/tq +/ Tong + 01(1) = / Tl€3uld‘/;7;
M oM oM



and

ko = QodVng/ TodS, # 4km* k=1,2,3,....
M oM
then (u;); is bounded in CT*(M) for any o € (0,1).

b) Let (u;) be a sequence of solutions to (T) for a fived value of the constant T. Assume also that K(pa,p3y 7
4km?, then (u;); is bounded in C™(M) for every positive integer m.

c) Let (up,) pr — 1 be a family of solutions to (l) with T, replaced by piT,, Qg by prQy and T by
pT for a fized value of the constantT. Assume also that k(ps+ psy # 4km?, then (up, )y is bounded in
C™(M) for every positive integer m.

d) If K(pa psy # 4km? k=1,2,3,..., then the set of metrics conformal to g with constant T -curvature
the constant being the same for all of them, and with zero Q-curvature and zero mean curvature is com-
pact in C™(M) for positive integer m.

f) If k(p1,psy # 4km? k =1,2,3,..., then the set of metrics conformal to g with constant T-curvature
,zero Q-curvature, zero mean curvature and of unit boundary volume is compact in C™(M) for every
positive integer m.

We are going to describe the main ideas to prove the above results. Since the proof of Theo-
rem[[ 2 relies on the compactness result of Theorem [ (see corollary[[7), it is convenient to discuss
first the latter. We use the same arguments as in [27] and [28] and noticing that, due to the Green
representation formula (see Lemma[2.2)), we have only to take care of the behaviour of the restriction of
u; on OM, see Remark [L5

Now having this compactness result we can describe the proof of Theorem[[2]assuming (@) and
that P} is non-negative. First of all from k(ps ps) € (k4n?, (k + 1)47%) and considerations coming
from an improvement of Moser-Trudinger inequality, it follows that if I7(u) attains large negative values
then e3* has to concentrate near at most k points of OM. This means that, if we normalize u so that
faM e3%ds, = 1, then naively e3* ~ Zle ti0y;, x; € OM, t; >0, Zle t; = 1. Such a family of convex
combination of Dirac deltas are called formal barycenters of OM of order k, see Section 2 , and will
be denoted by OMj. With a further analysis (see Proposition (£I0) ), it is possible to show that the
sublevel {II < —L} for large L has the same homology as 0M}. Using the non contractibility of 9Mj,
we define a min-max scheme for a perturbed functional II,, p close to 1, finding a P-S sequence to
some levels c,. Applying the monotonicity procedure of Struwe, we can show existence of critical points
of II, for a.e p, and we reduce ourselves to the assumptions of Theorem [Tl
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2 Notation and Preliminaries

In this brief section we collect some useful notations, state a lemma giving the existence of the Green
function of the operator (P;, P;’) with its asymptotics near the singularity and a trace analogue of the
well-known Moser-Trudinger inequality for the operator Pg4’3 when it is non-negative.

In the following B, (r) stands for the metric ball of radius r and center p , B,f (r) = By(r) N M if
p € OM. Sometimes we use B (r) to denote By (r) N M even if p ¢ OM.
In the sequel, B*(r) will stand for the Euclidean ball of center = and radius r, BY (r) = B*(r)NR% if z €
OR%. We use also B%(r) to denote B*(r) NR% even if = ¢ OR%. We denote by dy(z,y) the metric



distance between two points x and y of M and dg(z,y) the intrinsic distance of two points z and
yof OM. Given a point = € OM, and r > 0, BM(r) stands for the metric ball in M with respect
to the (intrinsic) distance dy(-,-) of center z and radius 7. H?(M) stands for the usual Sobolev space
of functions on M which are of class H? in each coordinate system. Large positive constants are always
denoted by C, and the value of C' is allowed to vary from formula to formula and also within the same
line. M? stands for the Cartesian product M x M, while Diag(M) is the diagonal of M?2. Given a
function u € L'(OM), igpr denotes its average on M, that is @anr = (Volg(OM)) ™" Jons w(@)dSy(z)
where Voly(OM) = [,,,dS,.

N denotes the set of non-negative integers.

N* stands for the set of positive integers.

A; = 0;(1) means that A; — 0 as the integer [ — +o0.

A = 0(1) means that A, — 0 as the real number ¢ — 0.

As = 05(1) means that A5 — 0 as the real number § — 0.

A; = O(B;) means that A; < CB; for some fixed constant C..

dV, denotes the Riemannian measure associated to the metric g.

dS, stands for the Riemannian measure associated to the metric § induced by g on OM.

dogy stands for the surface measure on boundary of balls of dM.

| - |5 stands for the norm associated to g.

f=f(a,b,c,...) means that f is a quantity which depends only on a,b, ¢, ....

Next we let dM}, denotes the family of formal sums

k k
(14) OMy ={)_tida,, t; >0, Y t;=l;a; € OM},
=1 i=1

It is known in the literature as the formal set of barycenters relative to dM of order k. We recall that
OMj, is a stratified set namely a union of sets of different dimension with maximum one equal to 4k — 1.

Next we recall the following result (see Lemma 3.7 in [I7]), which is necessary in order to carry out
the topological argument below.

Lemma 2.1 (well-known) For any k > 1 one has Hy—1(0My;Z2) # 0. As a consequence OMjy, is
non-contractible.

If p € CY(OM) and if o € DMy, we denote the action of o on ¢ as

k k
<Ua 90> = Zti@(ﬂﬂi), o= Ztiézi.
i=1 i=1

Moreover, if f is a non-negative L' function on M with faM fdsy = 1, we can define a distance of f
from M}, in the following way

(15) a(f,00M) = inf sup{ [ seis,— @0 Helloxan = 1} |
o €M, oM

We also let

(16) D.p={feL'OM) : f>0,[fllrronm =1,d(f,OMy) <e}.

Now we state a Lemma which asserts the existence of the Green function of (P, P?) with homoge-
neous Neumann condition. Its proof can be found in [27].

Lemma 2.2 Assume that KerPy?® ~ R, then the Green function G(x,y) of (P}, P2) exists in the
following sense :
a) For all functions u € C*(M), 2% =0, we have

g9

u(z) —u = y G(x, y)P;u(y)dVg(y) +2 - G(x, y’)Pg?’u(t)ng(y’) xEM



b)
G(z,y) = H(z,y) + K(z,y)

is smooth on M?\ Diag(M?), K extends to a C*T% function on M? and
S%f(r) log% if Bs(x)NOM = 0;
H(w,y) =
= f(r)(log 2 +1og ) otherwise.

and f(-) € C§°(=4,9), § < %min{él,ég}, 01 1s the injectivity radius of M in

where f(-) = 1 in [—$, 3]
=dgy(z,y) and 7 = dgy(z, 7).

)
o 2
M, and 52:%“,7’ d

Next we give a regularity result corresponding to boundary value problems of the type of BVP ()
and high order a priori estimates for sequences of solutions to BVP like ([I0) when they are bounded from
above. Its proof is a trivial adaptation of the arguments of Proposition 2.3 in [2§]

Lemma 2.3 Let u € Hai be a weak solution to
{ Plu=h in M;
3 _ F.3u
Plu+ f = fe on OM.
with f € C®(OM), h € C>(M) and f a real constant. Then we have that u € C=(M).
Let u; € Hai be a sequence of weak solutions to
P;ul = hy imn M,
P;’ul + fi = fie®™™  on OM.
with fi — fo in C*(OM), fi — fo in C¥(OM) and h; — hg in C*(M) for some fired k € N*. Assuming

supgy w < C' we have that
lwil[orss+aary < C

for any « € (0,1).

Now we give a Proposition which is a trace Moser-Trudinger type inequality when the operator Pg4*3 is
non-negative with trivial kernel. Its proof can be found in [29], but for the reader convenience we will
repeat it here.

Proposition 2.4 Assume Pg4*3 i$ a mon-negative operator with KGTP;’B ~ R. Then we have that for
all o < 1272 there exists a constant C = C(M, g, ) such that

a(u—aaM)2

(17) / T 200 49, <
oM

for allu € Hai’ and hence

. 9
(18) log /6M AU 0ds, < O+ 1o <P;’3u,u> Vue Ho .

L2(M.,g)

PRrROOF. First of all, without loss of generality we can assume ugy; = 0. Following the same argument
as in Lemma 2.2 in [9]. we get V3 < 1672 there exists C = C(3, M)

B2
/ em12gvIPdvg avy, <C, Yv e Hai with v = 0.
o m



From this, using the same reasoning as in Proposition 2.7 in [28], we derive

B2

4,31)51) . —
(19) / €<Pg >L2(M) dVg <C, Ye Hai with v = 0.
M n
Now let X be a vector field extending the the outward normal at the boundary dM. Using the divergence

theorem we obtain
/ e’ dS, = / divg (Xewz)dVg.
oM M

Using the formula for the divergence of the product of a vector fied and a function we get
(20) / e S, = / (divgX + 2uaV uV,X) e dV,.
oM M
Now we suppose < Pg473u, u >r2a)< 1, then since the vector field X is smooth we have
(21) ‘ / dingeo‘“deg‘ < C;
M
thansk to (I9). Next let us show that

<C

/ 20uV ,uV y X e dV,.
M

Let € > 0 small and let us set 4 4
p1=5—, P2=4, p3=—.
—€ €

w

It is easy to check that

+—+
b1 P2 P3
Using Young’s inequality we obtain

3—e

2 4
/ 2auV9quXeo‘“2dVg < Cllull 4 [IVgullpa (/ 3 dVg)
M M

On the other hand, Lemma 2.8 in [28] and Sobolev embedding theorem imply
(e

and
||Vgu||L4 S C

Furthermore from the fact that a < 1272, by taking e sufficiently small and using ([J), we obtain

4,2 4
()
M

(22) ’ / 20uV ,uV , X e dV,
M

Thus we arrive to

<C.

Hence (20), 2I) and (22]) imply

/ e’ dS, < C,
oM

as desired. So the first point of the Lemma is proved.

Now using the algebraic inequality
2

3b
3ab < 37%a® + ==,
4~2

we have that the second point follows directly from the first one. Hence the Lemma is proved. B

10



3 Proof of Theorem

This section is concerned about the proof of Theorem[[.6l We use the same strategy as in [27] and [28].
Hence in many steps we will be sketchy and referring to the corresponding arguments in [27]. However,
in contrast to the situation in [28], due remark[[5 we have only to take care of the behaviour of the
restriction of the sequence wu; to the boundary M.

PROOF of Theorem [L.@]
First of all, we recall the following particular case of the result of X. Xu ( Theorem 1.2 in [34]).

Theorem 3.1 ([3]]) There exists a dimensional constant o3 > 0 such that, if u € C1(R?) is solution of

the integral equation
u(zx) = / oslog (—|y| ) S W dy + ¢,
R3 |z —yl

where cq is a real number, then e* € L3(R3) implies, there exists 1 > 0 and o € R3 such that

21
)= (=)

Now, if o3 in Theorem Bl we set k3 = 27203 and 3 = 2(k3)3
We divide the proof in 5-steps as in [27].

Step 1

There exists N € N*, N converging points  (z;;) C OM i =1,...,N, N with limit points z; € OM,

sequences (i;;) 4 = 1;...; N ; of positive real numbers converging to 0 such that the following hold:

a)

dg (i, 1)
il

b)For every i

— fo0 iFj i, j=1,.,N and Ti(wi)pde® @) =1;

473 )

1 .
v () = Ul(ezpmi,L(Mz‘,lz»*ul(fci,l)*g log(ks) — Vo(z)  in CL.(RY), Vojors () := 10g(m
3

and

lim lim Ti(y)e™ Wdsy(y) = 4n*;
R—tool—=too Jpt (Ru;)noM ’ |

c)
There exists C >0 such that }nf ng(:ciyl, z)etu®) < ¢ VredM, VleN.

Proof of Step 1

First of all let 2; € OM be such that u;(z;) = max,ean ui(x), then using the fact that u; blows up we
infer w;(z;) — +o0.

Now since 0M is compact, without loss of generality we can assume that z; — & € OM.

Next let u; > 0 be such that Tl(xl),u?e%l(zl) =1. Since T; — Ty CY(OM), Ty > 0and u(x;) —
400, we have that p; — 0.

11



Let BY(6u; ') be the half Euclidean ball of center 0 and radius du; ', with d > 0 small fixed . For
z € BY(op; "), we set

(23) (o) = wleaps, (uz) — war) — 3 log(ko);
(24) Qu(x) = Qulexps, (u));
(25) Qi(z) = Qulexps, (m));
(26) gi(z) = (exp},g) ().

Now from the Green representation formula we have,

(27) w(x) — a4 = /M G(x,y)Pyui(y)dVy(y) + 2 - G(z,y ) Plui(y')dSy(y'); Va € M,

where G is the Green function of (P}, P?) (see Lemma 22).
Now using equation (I0) and differentiating ([27]) with respect to x we obtain that for k=1,2

IV uly(2) < / VA (e, )|, i) W av, + O(1),
OM

since T} — Tp in CY(OM) and Q; — Qo in C*(M).
Now let u € B} (Ru), R > 0 fixed, by using the same argument as in [27]( formula 43 page 11) we
obtain

(28) /a VGl P, ) = Ol )
Hence we get

(29) |Vkvl|g(x) <C.

Furthermore from the definition of v; (see (23), we get

(30) v(z) < v (0) = —% log(ks) Vo € RY

Thus we infer that (v;); is uniformly bounded in C?(K) for all compact subsets K of R%. Hence by
Arzela-Ascoli theorem we derive that

(31) v — Vo in Cl(RY),

On the other hand @0) and (31) imply that

1
(32) Vo(x) < Vo(0) = —3 log(ks) Va € RY.
Moreover from (29) and [BI]) we have that Vj is Lipschitz.

On the other hand using the Green’s representation formula for (P;, Py) we obtain that for « € RY fixed
and for R big enough such that = € B (R)

(33) wi(expq, () — = /M Gleaps, (), y) Pyui(y)dVy(y) +2 - Glexpas, (x), y' ) Prui(y')dSy(y').

12



Now let us set

2 / (G(eaps, (), y') — Glexps, (0),y)) Ti(y)e*™ @ dS, (y);
B (Ru)NOM

I (z) = 2 / (Glexpy, (), y') — Glexps, (0),y) Tu(y)e> @ dS, (y');
OM\(BH, (R)

I () = 2/6M (Glexps, (), y") — Glexps, (0),y) Ti(y)dSy(y');

and

HHl(SC):2/]\4(6‘(6%%(#@), y) = Gleaps, (0), y)) Qu(y)dVy(y)-

Using again the same argument as in [27] (see formula (45)- formula (51)) we get
1
(34) v(z) = Ii(x) + I (x) — T (x) — T (x) — 1 log(3).

Moreover following the same methods as in [27]( see formula (53)-formula (62)) we obtain

(35) lim I;(z) = / o3 log < |z > e3V0(2) g
! B (R)NORY |z — 2|
(36) limsup IT;(z) = ogr(1).
l
(37) I(x) = or(1)
and
(38) 1IL (2) = or(1).

Hence from (31), (34)-(B8) by letting I tends to infinity and after R tends to infinity, we obtain Vogs(
that for simplicity we will always write by V) satisfies the following conformally invariant integral equa-
tion on R3

z 1
(39) Volz) = /R _oslog <ﬁ> V@ gy — 5 log(ks).

Now since Vj is Lipschitz then the theory of singular integral operator gives that Vo € C*(R3).
On the other hand by using the change of variable y = exp,, (1), one can check that the following holds

(40) lim Tleguldvg = kg/ e3Vodx;
l=—=+00 JB} (Ru)noM By (R)NORL.

Hence (3) implies that e'o € L3(R3).
Furthermore by a classification result by X. Xu, see TheoremB1] for the solutions of ([B9) we derive
that

(41) Vo(z) = log (27l|)

12+|SC*

for some [ >0 xg € R3.
Moreover from Vp(z) < V5(0) = —3 log(ks) Va € R3, we have that | =2k3 and xp =0 namely,

dvys
= log(——2 ).
Vo(a) = log( 15—

13



On the other hand by letting R tends to infinity in (@0) we obtain

42) lim lim Ty(y)e* W ds, (y) :kg/ e3Vo gy
( R—+o00 |—+o0 B;(Rm)ﬁaRi ( g( s

Moreover from a generalized Pohozaev type identity by X.Xu [34] (see Theorem 1.1) we get

03/ esv‘)(y)dy =2,
]RB

hence using [#2]) we derive that

lim lim Ti(y)e* W dS, (y) = 4r?
Rtool=+00 | gt (Ruynom g

Now for k> 1 we say that (Hy) holds if there exists k converging points (z;;); C OM i=1,..,k, k
sequences (i) @ =1,...,k of positive real numbers converging to 0 such that the following hold

(A1)

dg (i1, 71)
il

(47)

For every i =1,k

— 400 i#j i, j=1,.,kand Ty(wi)u e T =1;

T — T € OM;

vi(z) = w(expy, , (L)) — w(zig) — %log(kzg) — Vo(z) in CL.(RY), Vojors = 1og(ﬁ>
and
lim  lim Ty(y)e® W) = 472
R—+o0l—+o0 B, (Rpi)NoM
Clearly, by the above arguments (H;) holds. We let now &k > 1 and assume that (Hjy) holds. We also
assume that

(43) sup Ry (2)%e®(®) — 400 as | — +o0,
oM

where
Ry (z) = -,Hllinkdg(xivl’x)'
Now using the same argument as in [18],[27] and the arguments which have rule out the possibility of

interior blow up above that also apply for local maxima, one can see easily that (Hy41). Hence since
(A,lc) and (Ai) of Hj imply that

/ i) W dS, (y) > kdr? + or(1).
OM

Thus (I3) imply that there exists a maximal k,1 < k < X5 ([,, Qo(y)dVy(y) + [oa, To(y)dS,(y"))

such that (Hy) holds. Arriving to this maximal k, we get that (@3)) cannot hold. Hence setting N =k
the proof of Step 1 is done.

14



Step 2
There exists a constant C' > 0 such that

(44) Ri(x)|Vgulg(z) < C Vee M and Vle N; Yz € oM

where
Ri(x) = mindg(zi,z);

and the z;;’s are as in Step 1.

Proof of Step 2
First of all using the Green representation formula for (P;, Pg3) see Lemma[2.2 we obtain

w(x) — a4 = / G(x,y)P;ul(y)dVg(y) + 2/ G(z,y’)P;ul(y’)ng(y’).
M oM

Now using the BVP () we get
wle) ~m =2 [ G)QuVy) 2 [ Glay/ Y yuly)dS, )
M d

(45) M

12 / Gz, ) Ti(y)e* WS, (o).
oM

Thus differentiating with respect to z (@5) and using the fact that Q; — Qo, Q; — Qo and T; — Ty in
C', we have that for z; € OM

IV (), = O </6 #e%l(y)dsg(y)) o).

M dg(xla y)

Hence at this stage following the same argument as in the proof of Theorem 1.3, Step 2 in [27], we obtain

o ™50 = (i )

hence since x; is arbitrary, then the proof of Step 2 is complete.

Step 3
Set
R;; =mindg(z; 1, x;,);
i#]

we have that
1) There exists a constant C' > 0 such that V7€ (0,R;;] Vs € (3,7]

| w

(46)  |u; (expy, , (rz)) — w (exps, , (sy)) | < C  for all z,y € ORY such that |z|, |y| <

2)If d;;issuch that 0 <d;; < R2“ and % — 400 then we have that

if '

) L oy 0008, ) = 4 (1
zi i,l

then

/B+ o 6MTl(y)e3“l(y)dsg(y) = 4m® + o (1).
z;(2di )N

15



diy
Hi,l

3) Let R be large and fixed. If d;; > 0is such that d;; — 0,
then if

R;
— 400, and d;; < 4—1’{

/B+ (d' LynoM Ql(y)egul(y)dsg(w =4r* + or(1);
2 (3R IN

2R
then by setting
w(x) = wi(ewps, ,(diix)); € Ajg;

where AJ, = (BY(2R) \ B} (35)) N ORY, we have that,

||d?,z€3ﬁl||ca(,4£) — 0 as | — +o0;
for some o € (0,1) where A}, = (BY(R)\ B(%)) NOR:.

Proof of Step 38
We have that property 1 follows immediately from Step 2 and the definition of R;;. In fact we can join
rr to sy by a curve whose length is bounded by a constant proportional to 7.

Now let us show point 2. Thanks to Z?'i — +o00, point ¢) of Step 1 and [@T) we have that

(48) T AW s, (y) = o(1).
2

/Bat-,z (di,)NOM\BY, | (

Thus using @6), with s = § and r = 2d;; we get

3w (y) dsy(y) < C

B, ,(2di )NOM\BY, | (di,)nOM By, (di,)NOM\B, | (

d:
LLynoM

Hence we arrive

/ egul(y)ng(y) =o(1).
B;i’l (2di,l)maM\B;i’l (di,1)NOM

So the proof of point 2 is done. On the other hand by following in a straightforward way the proof of
point 3 in Step 3 of Theorem 1.3 in [27] one gets easily point 3. Hence the proof of Step 3 is complete.

Step 4
There exists a positive constant C' independent of [ and ¢ such that

/B+ = Ti(y)e* W dS, (y) = 472 + oy(1).
Ti,l

ZhynoM

Proof of Step 4
The proof is an adaptation of the arguments in Step 4 ([27])

Step 5 :Proof of Theorem [1.6]

Following the same argument as in Step 5([27]) we have

AW ds, (y) = o(1).

/6M\<uzi¥ B, (Z5h)nom)

C

So since B (Rci:L) N OM are disjoint then the Step 4 implies that,

/ Tl(y)e?’“’(y)ng(y) = 4N72 + o1(1),
aM
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hence (I3)) implies that

.y Qo(y)dVy(y) + /6 y To(y')dSy(y') = 4N72.

ending the proof of Theorem [[.Gl W

4 Proof of Theorem

This section deals with the proof of Theorem[[2l It is divided into four Subsections. The first one
is concerned with an improvement of the Moser-Trudinger type inequality (see Proposition[Z4]) and its
corollaries. The second one is about the existence of a non-trivial global projection from some negative
sublevels of IT onto OMj, (for the definition see Section 2 formula[4]). The third one deals with the
construction of a map from OMj into suitable negative sublevels of II. The last one describes the
min-max scheme.

4.1 Improved Moser-Trudinger inequality

In this Subsection we give an improvement of the Moser-Trudinger type inequality, see Proposition 2.4l
Afterwards, we state a Lemma which gives some sufficient conditions for the improvement to hold (see
[ 3). By these results, we derive that, for v € H 2 such that IT (u) attains large negative values,
e3% can concentrate at most at k points of M. (see LemmalL3)). Finally from these results, we derive
a corollary which gives the distance of e3* (for some functions w suitably normalized) from OMj,.

As said in the introduction of the Subsection, we start by the following Lemma giving an improvement of
the Moser-Trudinger type inequality (Proposition[2.4]). Its proof is a trivial adaptation of the arguments
of Lemma 2.2in [I7].

Lemma 4.1 For a fized | € N, let Sy---Sit1, be subsets of OM satisfying, dist(S;, S;) > 0 for i # 7,
let o € (0, ﬁ)
Then, for any € > 0, there exists a constant C = C(€, do, Y0,1, M, ) such that the following hods

1)
3 1

1 3(u—tanr) <C
og/aMe - Jr167r2(l—i-1—é

for all the functions u € Hai satisfying

) <P;13ua U>L2(1\/[) 5

Js, €*“dSg

49 _
(49) Jonr €34dSg

Z Yo, (XS {1)al+1}

In the next Lemma we show a criterion which implies the situation described in the first condition in
([@9). The result is proven in [I7] Lemma 2.3.

Lemma 4.2 Let [ be a given positive integer, and suppose that € and r are positive numbers. Suppose
that for a non-negative function f € L'(OM) with || f||L1onr) = 1 there holds

/ fdSy, <1—¢ for every (-tuples p1,...,p¢ € OM
Ullef?NI(pi)

Then there exist € > 0 and T > 0, depending only on &,r,¢ and OM (but not on f), and £ + 1 points

Pis--->Pep1 € OM (which depend on f) satisfying

/ fdS, > =, ..., / fds, > = B2M(5) N B2 (B,) = 0 fori # J.
B2M (p,) BIM(

M(Boyr)
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An interesting consequence of LemmaldTlis the following one. It characterize some functions in
H 2 for which the value of [T is large negative.

Lemma 4.3 Under the assumptions of Theorem[L2, and for k > 1 given by (@), the following property
holds. For any ¢ > 0 and any r > 0 there exists large positive L = L(e,r) such that for any u €
Hai with I1(u) < —L, faM e3vdSy =1 there exists k points piu,...,pku € OM such that

(50) e3dS, < e

/aM\u?lBsm (r)

PROOF. Suppose that by contradiction the statement is not true. Then there exists € > 0, > 0, and
a sequence (u,) € Hp, such that faM e3vndS, =1, II(u,) — —oc asn — +oo and such that
for any k tuples of points p1,...,pr € OM ,we have

(51) / edS, < 1 —¢
(LS, BIM, (r))

Now applying Lemma 2 with f = e3¥», and after Lemma @Il with 6y = 27, S; = BI‘%M(F), and vy =€
where €, 7, p; are given as in Lemmald2] we have for every € > 0 there exists C depending on e, r,
and € such that

S —
1672(k +1 —¢€)

*Cli(p4,p3) — 4[{(1347133)%3]\4

4
II(un) > <Pg4’3un, un> + 4/ qunqu + 4/ Tgunng — g/ﬁ(p{ps) Pg413un, un>
M 19}

M

where C'is independent of n. Using elementary simplifications, the above inequality becomes

() > (P*3u,, u, 4/ LAV, 4/Tnd5—%P4v3nn
(u )—< g Un,U >+ MQgU g T ou gl g 47r2(k+1—€)< g U ,u>

—Clip47p3 - 4HP4,P3W¢9M-

So, since Kpa ps < (k+ 1)472, by choosing € small we get

I (uy) > 5<P;’3un,un> —4C <Pg4’3un,un>% — CKpa ps;

thanks to Holder inequality, to Sobolev embedding, to trace Sobolev embedding and to the fact that
KerPy> ~R (where §=1— % > 0). Thus we arrive to

IT(u,) > -C.
So we reach a contradiction. Hence the Lemma is proved. B

Next we give a Lemma which is a direct consequence of the previous one. It gives the distance of the
functions e3*, from OM; for wu belonging to low energy levels of I such that faM e3vdS, = 1. Its
proof is the same as the one of corollary in [17].

Corollary 4.4 Let € be a (small) arbitrary positive number and k be given as in (). Then there exists
L >0 such that, if I(u) < —L and [,,, €*dSy =1, then we have that d(e*",0M},) <.
4.2  Mapping sublevels of ] into (M)

In this short Subsection we show that one can map in a non trivial way some appropriate low energy
sublevels of the Euler-Lagrange functional I into 0Mj.
First of all arguing as in Proposition 3.1 in [I7], we have the following Lemma.

18



Lemma 4.5 Let m be a positive integer, and for € > 0 let D, be as in ([I6). Then there exists €y, > 0,
depending on m and OM such that, for € < e, there exists a continuous map Iy, : Dy, — OM,y,.

Using the above Lemma we have the following non-trivial continuous global projection form low energy
sublevels of IT into OMjy.

Proposition 4.6 For k > 1 given as in ([9)), there exists a large L > 0 and a continuous map ¥ from
the sublevel {u:II(u) < —L, [,, e*dS, =1} into OM, which is topologically non-trivial.

By the non-contractibility of OMj, the non-triviality of the map is apparent from b) of Proposi-
tion [4.10 below.

PRrROOF. We fix e so small that LemmalL3l applies with m = k. Then we apply Corollary 4] with
g = &1 We let L be the corresponding large number, so that if IT(u) < —L and faM e3vdS, = 1, then
d(e3*,0M},) < €. Hence for these ranges of u , since the map u — €3 is continuous from H'(M) into
LY(OM), then the projections Iy from H'(X) onto My, is well defined and continuous. . B

4.3 Mapping 0JM,; into sublevels of ]

In this Subsection we will define some test functions depending on a real parameter [ and give estimate
of the quadratic part of the functional I on those functions as [ tends to infinity. And as a corollary
we define a continuous map from 0M}, into large negative sublevels of I1.
For ¢ > 0 small, consider a smooth non-decreasing cut-off function y;s: Ry — R satisfying the following
properties (see [17]):

xs(t)=t, for te]0,d];

xs(t) =20, for t> 26;

xs(t) € [6,28], for t € [d,20].

Then, given o =€ My, 0 = Zle t;05, and [ > 0, we define the function ;p; , : M — R as follows

R 2l ’
(52) PLo(y) = 3 log l;;:ti<i_§7f5§gaif§55> 1;

where we have set

with dg(-,-) denoting the Riemannian distance on M.
Now we state a Lemma giving an estimate (uniform in o € dM},) of the quadratic part <Pg47330170, ©,0) Of
the Euler functional 11 as | — 4-o00. Its proof is a straightforward adaptation of the arguments in Lemma
45 in [27].

Lemma 4.7 Suppose @i, asin (B2) and let € > 0 small enough. Then as | — 400 one has

(53) <P;’3gp170, Pro) < (167%k + € + 05(1)) log L + Ce

Next we state a lemma giving estimates of the remainder part of the functional I along ¢,,;. The proof
is the same as the one of formulas (40) and (41) in the proof of Lemma 4.3 in [I7].

Lemma 4.8 Soppose @1 as in (B2). Then as | — 400 one has

Qgpo1dVy = —rpslogl+ O(6*logl) + O(log §) + O(1);
M

/ Typo,1dVy = —kps logl + O(8%logl) + O(log §) + O(1);
oM

log/ e3¢l = 0(1).
oM
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Now for [ > 0 we define the map ®;: M — H 2 by the following formula
V o € 0Mj (Pl(a) = Qo,l-
We have the following Lemma which is a trivial application of Lemmas 7 and [£8]

Lemma 4.9 For k > 1 (given as in (@) ), given any L > 0 large enough, there exists a small § and a
large 1 such that 11(®;(0)) < —L for every o € OMj.

Next we state a proposition giving the existence of the projection from 0Mj into large negative sublevels
of II, and the non-triviality of the map W of the proposition (&0).

Proposition 4.10 Let VU be the map defined in proposition[{.6]. Then assuming k > 1 (given as in
@), for every L > 0 sufficiently large (such that proposition[].6| applies), there exists a map

(I)[:aMk—>Hai

with the following properties
a)

I1(®7(z)) < =L for any z € OMj;
b)

W o &7 is homotopic to the identity on OMj.

PROOF. The statement (a) follows from Lemma To prove (b) it is sufficient to consider the family
of maps T; : OMy — My, defined by

Ti(o) = U(®,(0)), o€ M,

We recall that when [is sufficiently large, then this composition is well defined. Therefore , since
e3%ao,l
JSonr eS*"mlng

W o ® and Idgps, . This concludes the proof.

— ¢ in the weak sens of distributions, letting [ — +o0o0 we obtain an homotopy between

4.4 Min-max scheme

In this Subsection, we describe the min-max scheme based on the set dMj, in order to prove Theorem [[2
As anticipated in the introduction, we define a modified functional 11, for which we can prove existence
of solutions in a dense set of the values of p. Following a idea of Struwe ( see [33]), this is done by
proving the a.e differentiability of the map p — ﬁp ( where ﬁp is the minimax value for the functional
I1,).

We now introduce the minimax scheme which provides existence of solutions for (8). Let 87\7;6 denote the

(contractible) cone over 9 My, which can be represented as oM, = (OMy, x [0, 1]) with M}, x 0 collapsed

to a single point. First let L be so large that Proposition[£6 applies with %, and then let [ be so large

that PropositionEI0 applies for this value of L. Fixing I, we define the following class.
(54) I ={r: M, — H o :mis continuous and m(-x 1) = ®()}.
We then have the following properties.

Lemma 4.11 The set I} is non-empty and moreover, letting

— — L
IT;= inf  sup II(w(m)), there holds I} > ——.
mEB/]W? 2
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PROOF. The proof is the same as the one of Lemma 5.1 in [I7]. But we will repeat it for the reader’s
convenience.
To prove that II7is non-empty, we just notice that the following map

ﬁ-(" t) = t(I)[(-)
L.

belongs to II;. Now to prove that I1; > —%, let us argue by contradiction. Suppose that II; < -3
then there exists a map 7 € II; such that sup 50 II(m(m)) < —2L. Hence since Proposition €.d

applies with writing m = (z,t) with z € 9M}, we have that the map

L
10
t— Vomr(,t)

is an homotopy in OMj, between W o ®;7and a constant map. But this is impossible since 0M}, is non-
contractible and ¥ o ®;is homotopic to the identity by Proposition[4.10)
|

Next we introduce a variant of the above minimax scheme, following [I7] [33] and[27]. For p in a small
neighborhood of 1, [1 — pg, 1+ po], we define the modified functional II, : Ho —R

4
(54) II,(u) = <P;’3u,u> + 4p/ QqudVy + 4p/ TyudSy — - pk(pa,p3) log/ e*dSy; u€ Ho .
M oM 3 oM on

Following the estimates of the previous section, one easily checks that the above minimax scheme applies
uniformly for p € [1 — po, 1+ po] and for [ sufficiently large. More precisely, given any large number

L > 0, there exist [ sufficiently large and pg sufficiently small such that

— L
(55) sup sup [I(m(m)) < —=2L; I, inf sup II,(7(m)) > —55 PE [1— po, 1+ pol,
L s v rell

where II7is defined as in (B4). Moreover, using for example the test map, one shows that for po
sufficiently small there exists a large constant L such that

(56) I, <L, foreverypé€|[l—po,1+ pol

We have the following result regarding the dependence in p of the minimax value I7,,.

Lemma 4.12 Let [ and po such that (B3) holds. Then the function

11
p— —L is non-increasing in [1 — po, 14+ 1 — po]

Proor. Forp > p,, there holds

Iy Iy _ <1 _ l) (P43, )

/

P P

Therefore it follows easily that also

hence the Lemma is proved. B

From this Lemma it follows that the function p — I_% is a.e. differentiable in [1 — po, 1+ pol, and we
obtain the following corollary.
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Corollary 4.13 Let l_anipo be as in Lemmalf.12, and let A C [1 — po,1 + po] be the (dense) set of
p for which the function % is differentiable. Then for p € A the functional 11, possesses a bounded

Palais-Smale sequence (w;); at level I1,.

PROOF. The existence of Palais-Smale sequence (u;); at level 11, follows from (B5) and the bounded
is proved exactly as in [15], Lemma 3.2. B

Next we state a Proposition saying that bounded Palais-Smale sequence of II, converges weakly (up to
a subsequence) to a solution of the perturbed problem. The proof is the same as the one of Proposition
5.51in [17].

Proposition 4.14 Suppose (u;); C Hai is a sequence for which
IT(w) = c€Ry  ILu] — 0 / e?dSy =1 |lwllg2(ar) < C.
oM

Then (u;) has a weak limit u (up to a subsequence) which satisfies the following equation:

Plu+2pQ, =0 in M;
ng’u +ply = pn(p47ps)63“ on OM;
0
gu 0 on OM.
ong

Now we are ready to make the proof of Theorem [[.2

PROOFOF THEOREM

By (I3) and (EI4]) there exists a sequence p; — 1 and w; such that the following holds :

Plug+2pQqg =0 in M;
ngul +pTy = pm(p47ps)63“l; on OM;
0
a—“l =0 on OM.
g

Now since (ps psy = [1; QydVy+ [5,, TgdS, then applying corollary LA with Q; = p1Qg, Ty = piTy and
T, = piri(ps,psy we have that w; is bounded in C** o for every « € (0,1). Hence up to a subsequence it
converges in C'(M) to a solution of (7). Hence Theorem [[2is proved. m

Remark 4.1 As said in the introduction, we now discuss how to settle the general case.
First of all, to deal with the remaining cases of situation 1, we proceed as in [17]. To obtain Moser-
Trudinger type inequality and its improvement we impose the additional condition ||4| < C where 4 is
the component of w in the direct sum of the negative eigenspaces. Furthermore another aspect has to be
considered, that is not only €3* can concentrate but also ||@|| can also tend to infinity. And to deal with
this we have to substitute the set OMy, with an other one, Ay which is defined in terms of the integer k
(given in (@) and the number k of negative eigenvalues of P}, as is done in [17). This also requires
suitable adaptation of the min-max scheme and of the monotonicity formula in Lemmalf-13, which in
general becomes
I, S

p— > Cp is non-increasing in [1 — po, 1+ pol;
for a fized constant C > 0.
As already mentioned in the introduction, see Remark, to treat the situation 1, we only need to consider
the case k # 0. In this case the same arguments as in [17] apply without any modifications.
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