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Abstract

We provide a necessary and sufficient condition for permanence related to
a dynamical system on a suitable topological space. We then illustrate
an application to a Lotka—Volterra predator—prey model with intraspecific
competition.
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1. Introduction

A fundamental problem in mathematical biology concerns the long-term
survival of all species in an ecological context of interacting populations.
Although many criteria have been proposed to define the notion of long-
term survival, the most suitable from a biological point of view seems to be
the one known as permanence, cf. [16, 20]. As we will make more precise
below, it guarantees that the size of each population asymptotically settles
above a certain threshold, and all the populations do not grow indefinitely.

This basic question raises also in other contexts, of very different nature,
from catalytic reactions to evolutionary game dynamics. Different names
have sometimes been used in these situations (see, e.g. [10, 13, 14, 19]).

We now enter a bit more into details. Let 7: X xR — X be a continuous
dynamical system in a suitable locally compact space X. Typically, when
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dealing with a population model, X is the set RJX (where R denotes the
set of nonnegative real numbers), and 7 is generated by an autonomous
ordinary differential equation. Let us denote by S a closed proper subset of
X. This is the subset we would like to avoid, when aiming for permanence.
In the case described above, S consists of those elements of Rf having at
least one coordinate equal to zero.

Definition 1. The system 7 is said to be permanent with respect to S if
there exists a compact set K C X \ S with the following property: for every
x € X \ S there exists a T,, > 0 such that n(z,t) € K, for every t > T,.

The notion of permanence is strongly related with the one of uniform
persistence, that means requiring S to be a uniform repeller, cf. [2, 6, 7, 8,
12, 23]. If X is a compact metric space, then permanence is equivalent to
uniform persistence with respect to S. Otherwise, in general, permanence
is a stronger condition than uniform persistence. In the applications, it is
very often asked as an assumption, or intrinsically contained in the model,
that the numerosities of the populations remain bounded, motivating this
by the fact that our world is indeed bounded (see, e.g. [5, 17, 18, 21, 22]).
This dissipativity property of the system 7 permits to recover the desired
compactness.

The aim of this paper is to provide a general theorem characterizing
permanence, in the same spirit of a theorem provided by the first author
in [6] for uniform persistence. A crucial point in [6, Theorem 1] was to
assume that S is a compact set. In order to deal with the general situation
when S can be non-compact, we will make use here of the Alexandroff
compactification of the space X, so to recover the needed compactness.

Let us notice that compactification arguments have already been intro-
duced in this setting, cf. [4, 11]. However, it seems that no simple charac-
terization of permanence has been given yet, in the non-compact case.

In recent years, a large number of applications have been provided for
uniform persistence theorems in different fields (see [20], and the references
therein). In view of the increasing interest in this field, we trust that our
main theorem will facilitate further applications to the permanence problem.

The paper is organized as follows. In Section 2 we provide a version
of [6, Theorem 1], originally proved for metric spaces, in the case of compact
Hausdorff spaces. This will be used in Section 3 to prove our main result,
through the above mentioned compactification of the space. In Section 4



we illustrate an application of our main theorem to a generalized Lotka—
Volterra predator—prey model, where an effect of intraspecific competition
is introduced. We will show how permanence can be obtained by a small
modification of the classical model.

2. Semi-dynamical systems in compact topological spaces

In this section, we consider a continuous semi-dynamical system 7: X X
R+ — X, in the case when X is a compact Hausdorff space.

Theorem 2. If X is a compact Hausdorff space, m: X x Ry — X is a
continuous semi-dynamical system and S is a closed proper subset of X
such that X \ S is positively invariant, then a sufficient condition for m to
be permanent with respect to S is that there exist an open neighborhood U
of S and a function P: X — Ry such that

(a1) P is continuous;
(ag2) P(x) =0 if and only if x € S;
(ag) for every x € U\ S there exists a ty > 0 such that P(mw(x,t;)) > P(x).

Moreover, if X is perfectly normal, the above condition is also necessary.

We recall that a Hausdorff space is perfectly normal if for any two disjoint
closed subsets E and F' there is a continuous function f: X — [0,1] such
that f~(0) = E and f~1(1) = F. For instance, any metric space is perfectly
normal, cf. [3, Prop. IX.5.2].

Proof. We first prove the sufficiency, following [6]. For every positive real
number p, we consider the sets

I(p) :== P~}([0,p]) = {x € X: P(z) < p}.

By (a1) and (a2), these are closed neighborhoods of S, and we can fix a
sufficiently small p > 0 so that I(p) C U. For every positive real number
q € (0,p), we define the closed sets

V(g) =P~ '(lg.p]) = {z € X: ¢ < P(x) < p}.
We are going to prove the following

Claim. Given q € (0,p], there exists T > 0 with the property that, taken
any x € V(q), there is a ty € (0,T] such that P(n(z,t)) ¢ 1(p).



By assumption (a3), for every y € I(p) \ S there exist T, > 0 and ¢, > 0
such that P(7(y,Ty)) > P(y) + 2. By the continuity of P, there exists an
open neighborhood B, of y such that, for all z € By,

P(r(2,T,)) > P(z) + & 1)

The open sets By, as y varies in V(gq), cover V(g). Since V(gq) is compact,
there exists a finite subcover By, , ..., By,.

Setting € = min;—; ey, by (1), for every z € V(q) there exists an
index i € {1,...,k} such that

P(n(z,Ty,)) > P(z) + .

Defining 7' = max;—1, ., Iy, it follows that for all z € V(q) there exists a
T. € [0,T] such that
P(n(z,T,) > P(z) +e. (2)

Let n be the integer satisfying
g+ (n—1)e<p<q+ne,

and set T = nT. We affirm that this choice of T satisfies the Claim.
Suppose by contradiction that there exists € V(q) such that w(x,t) €
I(p) for all t € [0,T]. Since z € V(q), by (1) there exists t; = T, € [0,7]
such that
P(n(z,t1)) > P(x)+e>q+e.

If n =1, then P(m(x,t1)) > p and we get the contradiction. If n > 1, since
we are assuming 7 (z,t) € I(p) for all ¢ € [0,T], we get m(z,t1) € V(g) and
hence by (1) we can define t3 = Ty, 4,y € [0,77], which is such that

P(m(x,t1 +t2)) > P(n(z,t1)) +€ > q + 2e.

If n = 2, then P(n(z,t1 + t2)) > p and we get the contradiction, since
t1 +to < 27T =T. Else, if n > 2, we can repeat the same argument and
define t3,...,t,. We have

P(rm(z,t1 +ta+ - +1ty)) > q+ne > p.

Since ty +ty+-- -+, < nT = T, this contradicts the fact that m(z,t) € I(p)
for all ¢ € [0,T]. Thus the claim is proved.



The claim has some important consequences. The first fact is that for
every x € I(p) \ S there exists a t; > 0 such that w(z,t;) ¢ I(p). This can
be seen by fixing any ¢ < P(x). Now let us consider a point x outside I(p).
Its orbit either always stays out of I(p) or, fixed any g € (0,p], it enters
V(g). By the claim, it follows that, whenever an orbit enters V(§), there is
a T > 0 such that the orbit must go out of I(p) within a time at most equal
to T. From these two facts it follows straightforwardly that the compact set

K = {n(x,1): P(z)>p, t € [0,T]} = W(X \1(p) x [0,T]>

verifies the definition of permanence with respect to S.

Let us now prove the necessity, in the case when X is perfectly normal.
Consider the disjoint closed subsets S and K, where K C X \ S is the
compact set provided by the definition of permanence. Since X is perfectly
normal, there exists a function P: X — [0,1] such that P~1(0) = S and
P~1(1) = K. Clearly P satisfies (a1) and (ag). Let U = X \ K, and take a
certain point x € U \ S, so that P(z) < 1. By permanence, there is ¢, > 0
such that 7(z,t;) € K. This implies that P(w(x,t;)) = 1 > P(x), and
hence also (a3) is satisfied. O

Notice that, in the above statement, U has to be a proper subset of
X. Indeed, since X is compact, if it were U = X, then P would have a
maximum point in X, and (a3) would not be possible.

As a consequence of Theorem 2, we have the following

Corollary 3. If X is a compact perfectly normal space, m: X x R, — X
is a continuous semi-dynamical system and S is a closed proper subset of
X such that X \ S is positively invariant, then a necessary and sufficient
condition for w to be permanent with respect to S is that there exist an open
neighborhood U of S and a function P: U — Ry such that conditions (aq),
(a2) and (a3) hold.

Proof. Let Ky = X \ U. Then, there exists a continuous function f: X —
[0,1] such that f~1(0) = S and f~!(1) = Ko. Set

Klz{xeX:f(x)Z%},

and define P;: X — R, as follows:

P(x) if.%'GX\Kl,
Pi(z) =31-2(1— f(z))(1 - P(z)) ifzeK\ Ko,
1 ifx e K.



Then, the conclusion follows applying Theorem 2, with P; instead of P. [

Remark 4. It is easy to verify that analogues of Theorem 2 and Corollary 3
hold also for discrete semi-dynamical systems. For briefness, we do not enter
into details.

3. Permanence for dynamical systems

In this section, we consider a continuous dynamical system 7: X xR —
X, in the case when X a is locally compact Hausdorff space.

We construct the Alexandroff compactification X of X introducing an
abstract point oo, and setting X=XU {oo}. If z = o0, a base of neighbor-
hoods is given by the complements of the compact subsets of X, while, if
x € X, any base of neighborhoods in X is also a base in X. It is well known
that X, provided with this topology, is a compact Hausdorff space, cf. [3].
The inclusion map c: X — X is an embedding (i.e. a homeomorphism
between X and ¢(X)), the so-called Alexandroff extension.

Remark 5. If, for instance, X = R, then its Alexandroff compactification
is homeomorphic to the sphere SV and a possible choice of the inclusion
map c is given by the inverse of the stereographic projection.

Given a function F: X — R, we set

A A -1

hxrglcgf F(z) = hyrgggf F(c(y)),
where the inferior limit on the right hand side is taken on the Alexandroff
compactification X. The same notation is adopted also for the limit, when
it exists. When oo is an isolated point of X , i..e. when X is compact,
usually the notion of limit is not defined. However, since any extension of
the function F to oo would be continuous, for practical convenience we agree
that, in this case, any statement concerning the limit (or liminf) is to be
considered automatically true.

Here is our main result.

Theorem 6. If X is a locally compact Hausdorff space, m: X x R — X is
a continuous dynamical system and S is a closed proper subset of X such
that X \ S is positively invariant, then a sufficient condition for m to be
permanent with respect to S is that there exist an open neighborhood U of S
such that X \ U is compact, and a function P: X — Ry such that



(A1) P is continuous and lim P(z) = 0;

T—r 00
(A2) P(x) =0 if and only if x € S;

(A3z) for every x € U\ S there exists a ty > 0 such that P(mw(x,t;)) > P(x).

Moreowver, zf)Nf is perfectly normal, the above condition is also necessary.

Proof. If X is compact, then the theorem reduces to Theorem 2, in view
of the adopted agreement on the limits at the isolated point co. Hence, we
hereafter consider the case of a non-compact space.

We want to extend 7 to a dynamical system 7 on X. Thus we define

7y, t) = {C(”(C_l(y)vt)) if y € ¢(X),

00 if y = o0.

All the conditions for 7 being a dynamical system are trivially satisfied
except for the continuity of 7 at (oo, tg), for any tg € R. To prove this, we
have to show that, for every compact set K in X, there is a further compact
set K’ in X and a & > 0 such that, if z € X \ K’ and |t — to| < 4, then
m(x,t) ¢ K. This is true since, once K has been chosen, it is sufficient to
take 6 = 1 and

K' = 7I'(K X [—to -1, -t + 1])

Indeed, if |t —to] < 1 and 7(x,t) € K, then,
r=m(n(z,t),—t) € (K x [~tg — 1,—to + 1]) = K.

Define the set S = ¢(S) U {oo}. Hence, 7 is permanent with respect to S
if and only if 7 is permanent with respect to S. The proof is then easily
completed applying Theorem 2 to 7, after defining U = ¢(U) U {oc}, and
P: X - Ry as

~ P(cNy)) ifye X)),

By) = { (') (

0 if y = o0.
O

In order to ensure that X is perfectly normal, a possibility is to assume
that the locally compact space X is second-countable (indeed, for locally
compact spaces, X is second-countable if and only if X is metrizable, see |3,
Theorem XI.8.6]). More generally, we have the following



Proposition 7. Let X be a o-locally compact perfectly normal Hausdorff
space. Then its Alexandroff compactification X is perfectly normal.

We recall that a locally compact Hausdorff space is o-locally compact if
it is the union of countably many compact sets. The proof of Proposition 7
is provided, for the reader’s convenience, in the Appendix.

Let us state the analogue of Corollary 3 in this case.

Corollary 8. If X is a o-locally compact perfectly normal Hausdorff space,
m: X X R — X is a continuous dynamical system and S is a closed proper
subset of X such that X \ S is positively invariant, then a necessary and
sufficient condition for w to be permanent with respect to S is that there exist
an open neighborhood U of S such that X \ U is compact, and a function
P: U — Ry such that conditions (A1), (Az) and (As) hold.

The proof is a straightforward consequence of Corollary 3. Even in this
situation, analogues of Theorem 6 and Corollary 8 can be stated for discrete
dynamical systems, as well.

We now want to find some more explicit conditions for permanence, in
the case when X is a subset of R, provided with the Euclidean distance, and
the continuous dynamical system 7 is generated by an autonomous ordinary
differential equation, for which X is positively invariant. The derivative
along the orbits of a function P: X — R, when it exists, is defined, as

usual, by

. d

P(e) = 2 P(x(x,1)|
Given a point x € X, we recall that the w-limit set w(x) of z is the set of
all z € X such that there exists a sequence (t,), in R, with ¢, — 400, for

which 7(z,t,) — z. For a subset M of X, we write

t=0

zeM
We propose the following version of [15, Theorem 2.5] (see also [10]).

Corollary 9. Let X be a subset of RV, 7: X x R, — X a continuous dy-
namical system generated by an autonomous ordinary differential equation,
and S a proper subset of X such that X \ S is open in RN and positively
invariant. Assume that there exist a function P € C(X,R.)NCH(X\S, Ry),
a lower semicontinuous function ¢: X — R, bounded below, and a constant
a € [0,1] such that



(i) lim P(x) =0 and liminfy(z) > 0;

(13) P(x) =0 if and only if x € S;
(iii) P(z) > [P(z)]*¢(z) for allz € X\ S;
(iv) for every z € S, we have supps fOT1/}(7T(Z, s))ds > 0.

Then, the dynamical system 7 is permanent with respect to S. The same is
true if (iv) is replaced by

(v) for every z € (S), we have supps fOTz/J(ﬂ(z, s))ds >0,

provided that the following dissipativity condition on S is verified: there
exists a compact set K in X such that, for every x € S, there is a 7, > 0
for which ww(x,t) € KC, for every t > 7.

Proof. We start proving the first statement. By assumption, P satisfies (A;)
and (Asg). Let us prove that (As) also holds, for some open neighborhood U
of S such that X \ U is compact.

By (iv), for every z € S there is a t, > 0 such that [,* ¢(7(2,s))ds > 0.
By the lower semicontinuity of 1, there exists an open neighborhood B, of
z such that, for every x € B,, we have fotz W(m(xz,s))ds > 0. Hence, by (iii),
ifxe B, \S,

1
l—«o

| [p(ﬂ(x,tz))l_o‘ — P(;r)l_o‘] if o <1,
A e S

1 ifa=1
og Pl) if a )

and thus P(m(z,t,)) > P(x). Moreover, since liminf, ., ¢ (x) > 0, there is
an open neighborhood Uy, of oo where 1) is positive, so that, by (iii), we
have that P(x) > 0 for every z € (X NUx) \ S, and then P(m(z,t)) > P(x)
for any sufficiently small ¢ > 0. Taking U = |J,cg B. U U, we have that
X \U is compact and P satisfies (As), so the proof follows from Theorem 6.

Assume now the dissipativity condition on S, and that (v) holds. By
Fatou’s Lemma, for every fixed T' > 0 the function z — fOTw(ﬂ(z, s))ds is

lower semicontinuous. So, also the function z — suprg fOT Y(m(z,s))ds is

lower semicontinuous. The set £2(S) is compact, being contained in K, so



by (v) there exists a 6 > 0 and an open neighborhood W of Q(S) such that,
for every w € W,

SUPT> fOT P(m(w,s))ds > 4. (3)

Fix now z € S. Since the positive semiorbit of z is bounded and W is a
neighborhood of w(z), there exists t, > 0 such that 7(z,t) € W for all t > ¢,

cf. [9, Theorem 1.8.1]. So, by repeated use of (3), we get

SUpr>q fOTw(W(z, s)) ds = +o0.

We have thus shown that (iv) is satisfied, and the proof is completed. [

4. An application to a Lotka—Volterra model

We will consider a modification of the classical Lotka—Volterra predator—
prey model (cf. [1])
&= ﬂf(a - by)a
. (4)
Yy =y(—c+ dx).

Here, we recall, all constants a, b, ¢, d are positive, and we have a dynamical
system on X = Ri. The function x models the population of the preys, while
y stands for the predators. We are interested in the problem of permanence
with respect to the set

S = ({0} x Ry) U (Ry x {0}),

so to guarantee, in some sense, the survival in the long-term of both species.
System (4), however, is not permanent since, besides an equilibrium point
(Z,7), with

_ __a

r = d Y y - b Y
its orbits in X \ S are all periodic (rotating counter-clockwise around (z, 7)),
they are arbitrarily near S, and become arbitrarily large.

We propose the following modification of system (4):

{:b = z(a — by + fi(z,y)),

- (5)
¥ =y(—c+dz + faz,y)).

Here, the functions fi, fo: X — R are assumed to be continuous, and it will
be useful to introduce the function f: X — R?, defined as

f(xvy) = (f1(w,y),f2(x,y)).

10



We denote by m: X x R — X the dynamical system generated by (5).
We will generally say that system (5) is permanent if 7 is permanent with
respect to 5. We have the following consequence of Theorem 6.

Corollary 10. Assume that, for every (x,y) € X\ S, either f(z,y) =0, or

(f(z,y), (d(z —T),b(y —¥))) <0. (6)

If, moreover, there is a point (xg,y0) in S for which f(xg,y0) # 0, then
system (5) is permanent.

We notice that condition (6) also reads as

(dz —¢) fi(z,y) + (by — a) f2(z,y) <0,

and it says that the field f(x,y) points inward with respect to the orbits
of (4).

Proof. As long as f(x,y) = 0, the orbits follow the periodic orbits of the
classical system (4), and if f(z,y) # 0, then they cross those periodic orbits
from the outer to the inner regions. Since f(xg,yo) # 0 for some (g, y9) € S,
there is an open neighborhood Uy of (zg,yo) on which f remains nonzero.
Let U; be the set of all points in X \ S whose orbits in system (4) cross Up.
Clearly, U = U1 U S is an open neighborhood of S in X, and its complement
in X is a compact set.

Let, for z > 0 and y > 0,
V(z,y) =d(@Inz —z)+ b(ylny —y),
and define the continuous function P: X — R as

V@) if () € B2\ S,

Play) = {0 if (z,y) € S.

The level sets of this function are precisely the orbits of system (4) and,
by the above reasoning, for every (x,y) € U, there is a time ¢(,,) > 0 for
which P(7((z,y),t(zy)) > P(x,y). So, all the assumptions of Theorem 6
are satisfied, and the proof is completed. O

Remark 11. Notice that the function f(x,y) could be equal to zero every-
where except on a small neighborhood Uy of a point (zg,yp) of S, where it
has to satisfy (6). More generally, instead of asking that f(xo,yo) # 0, it
would be sufficient that f(z,y) be nonzero on Uy \ S.

11



We propose two examples where the above corollary applies.

Example 12. We introduce in the Lotka—Volterra system (4) a negative
intraspecific effect for the preys, which becomes effective only when their
number crosses a certain threshold. We are thus considering the system

{fzﬂAuwww,

g =y(—c+dx), @

where the continuous function A: Ry — R si defined as

Al) = a %f;ve[(),a],
a+gi(z) ifz>a.

All the constants a,b,c,d and « are assumed to be positive, with da > ¢
(i.e. @« > ), and g1: (a, +00) — R is a negative function. Then, system (7)
satisfies the hypotheses of Corollary 10, with

0 if x € [0, af,
gi(z) ifz>a,

fl(l’,y) = {

and fa(z,y) identically zero. Hence, system (7) is permanent.

Notice that, in the above example, we are “penalizing” the preys, when
they become too numerous, so to have permanence. This could at first seem
counter-intuitive.

Example 13. In this second example we consider a different perturbation
of the Lotka—Volterra system (4), introducing a positive term that affects
predators when their population is small. The system we consider is

{mzma—@x
9 =y(C(y) + dx),

where the continuous function C': Ry — R is as follows:

(8)

) et aa(y) ify€0,8),
Cly) = {—c ity > 5.

All the constants a, b, ¢,d and (3 are assumed to be positive, with b5 < a (i.e.

B < g), and g2: [0,3) — R is a positive function. Also system (8) satisfies
the hypotheses of Corollary 10, and hence is permanent.

12



So, in the second example above, we are “encouraging” a bit the preda-
tors, when rare, and this provides permanence.

Remark 14. As already observed in Remark 5, the compactification needed
in the proof of Theorem 6 can be carried out, in this case, by the use of the
stereographic projection. Let us describe how this type of compactification
transforms system (4). We have two fixed points, 0 and oo, and two hetero-
clinic orbits connecting them, coming from the two semiaxes {x = 0,y > 0}
and {y = 0,z > 0}. There is a third fixed point in the interior region, and
all other solutions are periodic, rotating around this point. The situation is
then surprisingly similar to the one encountered when studying in the phase
plane the behavior of an oscillating pendulum.

To conclude, as a variant of Corollary 10, we can easily prove the follow-
ing.

Corollary 15. Assume that, for every (x,y) € X, either f(z,y) =0, or
(f(z,y), (d(z — T),b(y — y))) <0.

If, moreover, there is a constant R > 0 such that
[x> R andy > R] = f(z,y) #0,

then system (5) is permanent.

Appendix A. Proof of Proposition 7

In this section, we provide a proof of Proposition 7 which, we recall,
states that, if X is a o-locally compact perfectly normal Hausdorff space,
then its Alexandroff compactification X is perfectly normal.

By assumption, there exists a countable family of compact subsets K,
with n € N, such that

K,N(X\Kpi1)=0, U 5. =x.
neN

Since X is perfectly normal, for all n € N there exists a continuous function
ln: X — [0,1] such that [,;1(0) = X \ K,,41 and [,,1(1) = K,,. We define
the continuous function [: X — (0,2] as

) = Y2 1)

2k
k=0

13



and consider the function I: X — [0,2] defined as

c ! i c

Notice that, if x € K1\ Ky, for some n, then I(xz) = 27"(l,,(z)+1), whence

lim I(z) = 0.

T—00
Therefore, [ is continuous on the whole X.

Remark 16. If X = R", we can take the closed balls K, = B(0,n), and

set
1 if ||z|| < n,
ln(z) =< 2rti=llzl — 1 if o < |J2f| < n +1,
0 if ||z|| > n+1,

so that [(z) = 21l

A topological space is perfectly normal if and only if every closed set
is a zero set, cf. [3, Section VIL4]. Let E C X be a closed set. Define
E = ¢ !(E); since the function ¢ is an embedding, F is closed in X. We
need to consider two cases: either £ = ¢(E), or E = ¢(E) U {oo}.

If oo ¢ E, then there exists n such that £ C K;. We define the closed
set ¥ = X \ Kpy1. Since X is a perfectly normal space, there exists a
continuous function f: X — [0,1] such that f~1(0) = E and f~(1) = F.
Setting

fleH(y) ify € c(X),
(y) = {

1 if y = oo,
we have found a continuous function f: X — R such that f~1(0) = E.

Assume now oo € E. Since X is perfectly normal and F is closed,
there is a continuous function f: X — R such that f~(0) = E. We define

f: X —=>Ras

Fy) = {f(cl(y))l(y) ify € o(X),
0 if y = o0,

and we see that f is continuous and f*I(O) = E. The proof is thus com-
pleted.

14



Remark 17. Notice that, in Corollary 8, the assumption of X being o-
locally compact and perfectly normal is weaker than assuming X to be
locally compact and second countable. Indeed, if X is locally compact and
second countable, then on one hand it is separable, hence o-compact; on the
other hand, X is metrizable, so X is metrizable, as well.
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