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GROMOV-WITTEN THEORY OF SCHEMES IN MIXED CHARACTERISTIC

FLAVIA POMA

Abstract. We define Gromov-Witten classes and invariants of smooth projective schemes of finite
presentation over a Dedekind domain. We prove that they are deformation invariants and verify
the fundamental axioms. For a smooth projective scheme over a Dedekind domain, we prove that
the invariants of fibers in different characteristics are the same. We show that genus zero Gromov-
Witten invariants define a potential which satisfies the WDVV equation and we deduce from this
a reconstruction theorem for genus zero Gromov-Witten invariants in arbitrary characteristic.
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1. Introduction

Gromov-Witten theory was originally introduced for compact symplectic manifolds by Chen and
Ruan ([7]) and was later developed in the algebraic language for smooth projective varieties over
a field of characteristic zero ([17], [6], [13]). The construction in the algebraic setting is based on
Kontsevich’s moduli stack, denoted byMg,n(X,β), of n-pointed stable maps of genus g and class
β ∈ A1(X) into a smooth projective variety X. This stack is defined for any projective scheme
X of finite presentation over a noetherian base scheme S and is a proper algebraic stack over S
with finite stabilizers ([1]). When the base is a field k of characteristic zero, the stackMg,n(X,β) is
Deligne-Mumford and admits a perfect obstruction theory ([5]). This leads to a virtual fundamental

class [Mg,n(X,β)]
virt
∈ A∗(Mg,n(X,β)) and the Gromov-Witten invariants of X are obtained by

integrating cohomology classes on X against [Mg,n(X,β)]
virt

.
In this paper we define Gromov-Witten classes and invariants associated to smooth projective

schemes of finite presentation over a Dedekind domain. The main motivation for us is to compare
the invariants in different characteristics for schemes defined in mixed characteristic. We hope that
this approach could give a useful insight into the Gromov-Witten theory in characteristic zero,
providing a new technique for computing Gromov-Witten invariants.

The main problem in developing Gromov-Witten theory in positive or mixed characteristic is that
in general the stackMg,n(X,β) is not Deligne-Mumford. When the base is a field of characteristic
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p > 0, thenMg,n(X,β) is still Deligne-Mumford for certain values of the fixed discrete parameters
g, n, β which are big with respect to p. However, this is not satisfactory from the point of view of
Gromov-Witten theory, because most of the properties of Gromov-Witten invariants (e.g. WDVV
equation, Getzler relations) involve all the invariants at the same time.

The strategy we follow to construct Gromov-Witten invariants for varieties in mixed characteris-
tic is to extend the construction in [5] to the case of a morphism of Deligne-Mumford type of Artin
stacks over a scheme S. In particular, we describe a way of constructing virtual fundamental classes
of Artin stacks which admits a Deligne-Mumford type morphism into a smooth Artin stack and a
relative perfect obstruction theory. We apply this to the natural forgetful functor θ :Mg,n(X,β)→
Mg,n, which is representable and quasi-projective, after we exhibited a perfect relative obstruction

theory for θ, and we construct a virtual fundamental class [Mg,n(X,β)]
virt
∈ A∗(Mg,n(X,β)).

1.1. Outline of the paper. In section 2 we recall the definition of Kontsevich’s moduli stack of
stable maps for schemes X of finite presentation over a Dedekind domain. We define the stack
Mg,n(X/S, βη) which parametrizes stable maps to X, but we take βη to be a cycle class over
the generic fiber Xη of X rather than over X itself. This stack turns out to be more conve-
nient when we want to compare the Gromov-Witten invariants in mixed characteristic. We prove
that Mg,n(X/S, βη) is a proper Artin stack with finite stabilizers and that it has the resolution
property. Section 3 is devoted to illustrating the definition of the relative intrisic normal cone
and extending to Deligne-Mumford type morphisms of Artin stacks the techniques used in [5]
for constructing virtual fundamental classes of Deligne-Mumford stacks. In this way, we are able
to construct virtual fundamental classes of Artin stacks which admits a Deligne-Mumford type
morphism into a smooth Artin stack and a relative perfect obstruction theory. Moreover, using
the deformation theory of stacks, we prove a criterion for verifying whether a complex is an
obstruction theory. In section 4 we construct explicitly a perfect obstruction theory relative to
the natural forgetful functor θ : Mg,n(X,β) → Mg,n. This leads to a virtual fundamental class

[Mg,n(X,β)]
virt
∈ A∗(Mg,n(X,β)). In section 5 we define Gromov-Witten classes and invariants

associated to smooth projective schemes of finite presentation over a Dedekind domain. We prove
that they are deformation invariants and verify the fundamental axioms. For a smooth projective
scheme over a Dedekind domain, we prove that the invariants of fibers in different characteris-
tics are the same. Section 6 contains some results for genus zero Gromov-Witten invariants. We
show that the Gromov-Witten potential satisfies the WDVV equation and we deduce from this a
reconstruction theorem for genus zero Gromov-Witten invariants in arbitrary characteristic.

In appendix A we recall the formal criterion for smoothness of schemes and prove it for stacks;
moreover, we study the deformation theory of Artin stacks and of Deligne-Mumford type morphisms
of Artin stacks (over a base scheme), which is a key point in the construction of a perfect relative
obstruction theory. These results are well-known to the experts and we include a proof for com-
pleteness. Appendix B is devoted to intersection theory on Artin stacks over a Dedekind domain.
In particular we observe that Kresch’s intersection theory for stacks over a field ([18]) extends nat-
urally to stacks over a Dedekind domain. As a consequence we are able to generalize Manolache’s
construction of the virtual pullback ([21]) for Deligne-Mumford type morphisms of Artin stacks
over a Dedekind domain. An essential ingredient for defining Gromov-Witten invariants in posi-
tive and mixed characteristic is the non-representable proper pushforward for morphisms of Artin
stacks. We describe the construction of this pushforward as suggested in [10]. In addition, we prove
Costello’s pushforward formula for proper morphisms of Artin stacks with quasi-finite diagonal.
1.2. Future work. A natural generalization would be to develop a Gromov-Witten theory for tame
Deligne-Mumford stacks in positive or mixed characteristic, using the moduli stack of twisted stable
maps constructed in [2].
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In another direction, it would be interesting to prove a degeneration formula in the mixed char-
acteristic setting. This would give a useful tool to compute Gromov-Witten invariants of varieties
in characteristic zero out of simpler invariants of varieties in positive characteristic. We imagine
this is far from easy, but we hope to return to these points in a future paper.
1.3. Acknowledgements. I am very grateful to my Ph.D. supervisors, Barbara Fantechi and
Angelo Vistoli, for their support and for very helpful conversations. This paper will form part of
my Ph.D. thesis. I learned a lot during a three mounths stay at Stanford University. I would like
to thank Prof. Jun Li and Prof. Ravi Vakil for their hospitality. Grateful thanks are extended for
the wonderful work enviroment.

A special thank is due to Stefano Maggiolo and Fabio Tonini for providing Commu, a software
to draw commutative diagrams in LATEX, which has been of great help during the drafting of this
paper.

I want to acknowledge my host institution SISSA for support; I was partly supported by prin
“Geometria delle varietá algebriche e dei loro spazi di moduli”, by Istituto Nazionale di Alta
Matematica.
1.4. Notations. We write (Sch/S) for the category of schemes over a base scheme S. For a scheme
X ∈ (Sch/S), we denote by A∗(X/S) the group of numerical equivalence classes of cycles. All stacks
are Artin stacks in the sense of [3], [19] and are of finite type over a base scheme. Unless otherwise
specified, the words ”stack of stable maps” refer toMg,n(X/S, βη) in Definition 2.6.

2. Stable pointed maps

2.1. Stacks of stable maps ([1] 2). Let D be a Dedekind domain and set S = SpecD. Let X
be a projective S-scheme of finite presentation and let O(1) be a very ample sheaf on X. We fix
β ∈ A1(X/S) and integers g ≥ 0, n ≥ 0, d ≥ 1.

2.1. Definition. Let T be a scheme over S. Let ξ = (C
π
−→ T, ti, f), where

(1) the morphism π is a projective flat family of curves,
(2) the geometric fibers of π are reduced with at most nodes as singularities,
(3) the sheaf π∗ωC/T is locally free of rank g (where ωC/T is the relative dualizing sheaf),
(4) the morphisms t1, . . . , tn are sections of π which are disjoint and land in the smooth locus

of π,
(5) f : C → X is a morphism of S-schemes,
(6) the group scheme Aut(C, f, π, ti) of automorphisms of C, which commute with f , π and ti,

is finite over T .

We say that ξ is a stable n-pointed map of genus g and

(a) degree d if the degree of f∗O(1) on geometric fibers of π is d;
(b) class β if, for every geometric point t→ T , we consider the following induced morphisms

Ct = C ×T t
ft−→ Xt = X ×S t

τ
−→ Xs = X ×S s→ Xs = X ×S s

i
−→ X,

where s = Speck ∈ S is the image of t and s = Speck, with k a separable closure of k, then
we have ft∗[Ct] = τ∗(i∗β), where i∗β ∈ A1(Xs/s) induces i∗β ∈ A1(Xs/s).

2.2. Definition. Let T and T ′ be schemes over S. Given two stable maps ξ = (C
π
−→ T, ti, f) and

ξ′ = (C ′ π′

−→ T ′, t′i, f
′), a morphism of stable maps α : ξ → ξ′ is a pair of morphisms of S-schemes

(C
αC−−→ C ′, T

αT−−→ T ′), inducing an isomorphism C ∼= C ′ ×T ′ T and such that π′ ◦ αC = αT ◦ π,
t′i ◦ αT = αC ◦ ti, f

′ ◦ αC = f .
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2.3. Definition. We denote byMg,n(X/S, d) the category fibered in groupoids over (Sch/S) of stable

n-pointed maps of genus g and degree d into X. We denote byMg,n(X/S, β) the category of stable
maps of class β.

2.4. Theorem ([1] 2.5). The categoryMg,n(X/S, d) is a proper Artin stack over S with finite stabi-

lizers, admitting a projective coarse moduli scheme Mg,n(X/S, d) → S. The category Mg,n(X/S, β)

is an open and closed substack ofMg,n(X/S, d).

2.2. An other stack of stable maps. Let η be the generic point of S and set Xη = X ×S η.
Fix βη ∈ A1(Xη/η). For any closed point s ∈ S, we denote by Xs the fiber over s. Let ms ⊂ D
be the maximal ideal corresponding to s and consider the localization R = Dms of D at ms. Let

X̃s = X ×S SpecR and let Xs
i
−→ X and Xη

j
−→ X be the natural inclusions. Notice that R is a

dicrete valuation ring and, by [12] 20.3, there exists a specialization homomorphism

σs : A∗(Xη/η)→ A∗(Xs/s),

sending a cycle α to i!α̃, for some α̃ ∈ A∗(X̃s/R) such that j∗α̃ = α. By [12] 20.3.5, there exists an
induced specializzation homomorphism

σs : A∗(Xη/η)→ A∗(Xs/s),

where η and s are geometric points over η and s. We denote by βη ∈ A1(Xη/η) the cycle class

induced by βη and we notice that σs
(
βη

)
= σs(βη).

2.5. Definition. A stable n-pointed map of genus g and class βη into X is ξ = (C
π
−→ T, ti, f) as in

Definition 2.1, which satisfies conditions (1)–(5) and the following

(c) with notations as in condition (b) in Definition 2.1, for every geometric fiber Ct of π, we

have ft∗[Ct] = τ∗σs
(
βη

)
.

2.6. Definition. We denote by Mg,n(X/S, βη) the category fibered in groupoids over (Sch/S) of
stable n-pointed maps of genus g and class βη into X.

2.7. Corollary. The category Mg,n(X/S, βη) is a proper Artin stack over S with finite stabilizers,

admitting a projective coarse moduli scheme Mg,n(X/S, βη)→ S.

Proof. Let d = deg βη. It is enough to show that Mg,n(X/S, βη) is an open and closed substack of

Mg,n(X/S, d). Notice that Mg,n(X/S, βη) =
⊔
Mg,n(X/S, β), where the union is over β ∈ A1(X/S)

such that j∗β = βη. By Theorem 2.4,Mg,n(X/S, βη) is an open substack ofMg,n(X/S, d), because

it is a union of open substacks. On the other handMg,n(X/S, d) \Mg,n(X/S, βη) =
⊔
Mg,n(X/S, β)

is open, where the union is over β ∈ A1(X/S) such that deg β = d, j∗β 6= βη. It follows that

Mg,n(X/S, βη) is a closed substack ofMg,n(X/S, d). �

2.8. As noted in [13] and [6], there is a representable and quasi-projective morphism

θ :Mg,n(X/S, βη)→Mg, n/S,

which forgets the morphism into X. Recall, moreover, that the stack Mg, n/S is smooth of dimension
3g − 3 + n over S.

2.9. For every S-scheme T , a morphism T →Mg,n(X/S, βη) corresponds to a stable map (CT
πT−−→

T, ti, fT ) over T , then, by descent theory, the identity ofMg,n(X/S, βη) corresponds to a universal

stable map (C
π
−→Mg,n(X/S, βη), σi, ψ).

2.10. Remark. Let L = ωC/T (
∑n

i=1 Ti)⊗f
∗O(3), Ti is the image of ti. By [1] 2.2, the sheaf L ⊗ν is

relative very ample and has no higher cohomology along geometric fibers, for ν ≥ 3 fixed. Moreover
dimH0(C,L ⊗ν) =M + 1 and degL ⊗ν are constant along geometric fibers, andMg,n(X/S, βη) =
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[V/PGL(M + 1)], where V is a quasi-projective scheme parametrizing stable maps (C → T, ti, f)
together with a choice of a basis s = (s0, . . . , sM ) of H0(C,L ⊗ν) up to scalar multiplication
(the action of PGL(M + 1) on V is the natural action on the bases of H0(C,L ⊗ν) up to scalar
multiplication).

2.11. Theorem. The resolution property holds forMg,n(X/S, βη).

Proof. SetG = PGL(M+1). By Remark 2.10 and [25], it is enough to show that every G-equivariant
coherent sheaf on V is a quotient of a G-equivariant vector bundle on V .

We need to construct a G-equivariant ample line bundle L on V . Recall that V is a locally closed
subscheme of HomH(U ,X), whereH = HilbP (PMS ) is the Hilbert scheme of closed subschemes of PMS
with Hilbert polynomial P and U is the universal family of H ([1] 2.2). Notice that HomH(U ,X) ⊂
Hilb(U×SX) and recall that Hilb(U×SX) is locally closed in the Grassmannian Gr(r,Γ(U×SX,E)),
where E = (OU (1)⊗ OX(1))

⊗m, for sufficiently large m. Thus we have a sequence of inclusions

V →֒ HomH(U ,X) →֒ Hilb(U ×S X) →֒ Gr(r,Γ(U ×S X,E))
i
−→ P

(∧
Γ(U ×S X,E)

)
= PaS,

where i is the Plücker embedding. Moreover G acts naturally on each of these schemes (the action is
induced by the action on U and the trivial action on X) and observe that all the above inclusions are
G-equivariant. It follows that i∗OPa

S
(1) is a G-equivariant ample line bundle on the Grassmannian

and thus the pullback of i∗OPa
S
(1) to V is a G-equivariant ample line bundle L on V .

Let F be a G-equivariant coherent sheaf on V . Then there exists m ∈ Z such that F ⊗ L⊗m is
generated by G-equivariant global sections. This gives a G-equivariant surjection

H0(V, F ⊗ L⊗m)⊗ OV → F ⊗ L⊗m,

which induces a G-equivariant surjection H0(V, F ⊗L⊗m)⊗L⊗−m → F , and the statement follows.
�

2.12. Corollary. There exists a quasi-affine scheme W with an action of the group GL(m), for
some m, such that Mg,n(X/S, βη) ∼= [W/GL(m)]. In particular Mg,n(X/S, βη) is a global quotient
stack in the sense of [18] 3.5.4.

Proof. Follows from Theorem 2.11 and [26] 1.1. �

3. Relative intrinsic normal cone

3.1. In [5], the authors construct a cone stack, associated to a given Deligne-Mumford stack,
called the intrinsic normal cone and give a relative version of it for morphisms of Deligne-Mumford
type of Artin stacks over a field. They also introduce the notion of perfect obstruction theory and
use this to construct virtual fundamental classes of Deligne-Mumford stacks. In this section we
extend the construction in [5] to the case of a morphism of Deligne-Mumford type of Artin stacks
over a scheme S. In particular, we describe a way of constructing virtual fundamental classes for
Artin stacks which admits a Deligne-Mumford type morphism into a smooth Artin stack, with the
additional condition thatM satisfies the resolution property. The latter assumption is technical and
not indeed required; we assume it — since we are interested in constructing a virtual fundamental
class for the stack of stable maps, which has the resolution property (Theorem 2.11) — because it
simplifies the proofs. Moreover, we give a criterion to verify whether a complex is an obstruction
theory.
3.1. Cones and cone stacks ([5], [27]). Let S be a scheme and let M be an Artin S-stack. We
consider the lisse-étale toposMlis-ét ofM. Let S • be a quasi-coherent sheaf of graded OM-algebras
in the toposMlis-ét such that

(1) the canonical morphism OM → S 0 is an isomorphism,
5



(2) S 1 is coherent,
(3) S • is locally generated by S 1.

3.2. Definition. The cone associated to S • is the S-stack C(S •) associated to the groupoid
SpecS •

R ⇒ SpecS •
U , where R ⇒ U is a presentation of M and S •

U (respectively S •
R) is the

restriction of S • to U (respectively R). A morphism of cones over M is induced by a graded
morphism of sheaves of graded OM-algebras.

3.3. Remark. The natural morphism S • → S 0 induces a morphism of S-stacks 0:M→ C(S •)
called the vertex of C(S •). Moreover the morphism S • → S •[x] induces an action γ : A1

S ×S
C(S •)→ C(S •).

3.4. Definition. If F is a coherent sheaf of OM-modules over M, the cone C(F ) associated to
Sym(F ) is called an abelian cone. An abelian cone C(F ) is a vector bundle overM if F is a locally
free coherent sheaf overM.

3.5.Remark. The natural morphism Sym(S 1)→ S • is surjective, because S • is locally generated
by S 1, hence the induced morphism of cones C(S •)→ C(S 1) is a closed immersion. The abelian
cone C(S 1) is called the abelianization of C = C(S •) and it is denoted by A(C). Moreover a
morphism of cones C → C ′ induces a morphism A(C) → A(C ′). In particular the abelianization
defines a functor A from the category of cones overM to the category of abelian cones overM.

3.6. Definition. A sequence of morphisms of cones

0→ E
i
−→ C → C ′ → 0

is exact if E is a vector bundle and locally overM there is a morphism of cones C → E splitting i
and inducing an isomorphism C ∼= E ×C ′.

3.7. Remark. A sequence of coherent sheaves onM

0→ F
′ → F → E → 0,

with E locally free, is exact if and only if

0→ C(E )→ C(F )→ C(F ′)→ 0

is exact ([12] Example 4.1.7).

3.8. For the definitions of A1-action and A1-equivariant morphism and 2-isomorphism we refer to
[5].

3.9. Definition. A cone stack over M is an algebraic M-stack C together with a section and an
A1
S-action such that, smooth locally on M, there exist a cone C, a vector bundle E over M and

a morphism of abelian cones E → A(C) such that C is invariant under the induced action of E
on A(C), and there exists an A1

S-equivariant morphism [C/E] → C which is an isomorphism. A
morphism of cone stacks is an A1

S-equivariant morphism of M-stacks. A 2-isomorphism of cone
stacks is an A1

S-equivariant 2-isomorphism. An abelian cone stack over M is a cone stack C such
that smooth locally C ∼= [C/E], where C is an abelian cone. A vector bundle stack overM is a cone
stack C such that smooth locally C ∼= [C/E], where C is a vector bundle.

3.10. Abelian cone stacks overM form a 2-category denoted by (ACS/M). We consider the associ-
ated homotopy category Ho(ACS/M).

3.2. Abelian cone stacks and complexes of sheaves. Let C [−1,0](Coh(Mlis-ét)) be the category
of complexes (E•, dE) of coherent sheaves in the topos Mlis-ét such that hi(E•, dE) = 0, for i 6=

0,−1; consider the subcategory Ĉ [−1,0](Coh(Mlis-ét)) of complexes (E•, dE) with ker d0E locally free.
6



3.11. Definition. Let ψ,ϕ : (E•, dE) → (F •, dF ) be morphisms in Ĉ [−1,0](Coh(Mlis-ét)). A homo-

topy κ : ψ → ϕ is a morphism κ : E• → F •[1] in Ĉ [−1,0](Coh(Mlis-ét)) such that
{
κi+1diE = ϕi − ψi

diFκ
i+1 = ϕi+1 − ψi+1.

3.12. We can view Ĉ [−1,0](Coh(Mlis-ét)) as a 2-category, where the 2-morphisms are homotopies.
We define a morphism of 2-categories

ĥ : Ĉ [−1,0](Coh(Mlis-ét))
opp
→ (ACS/M)

such that ĥ(E•) = [C(E−1)/C(E0)] if E• = [E−1 dE−−→ E0], and ĥ(E•) = ĥ(τ[−1,0]E
•) in general. In

the following we can assume, for every complex E•, that Ei = 0 for i 6= −1, 0. If ψ : E• → F • is a
morphism of complexes, then it induces a commutative diagram of abelian cones

C(F 0) C(F−1)

C(E0) C(E−1)

which gives a morphism of cones ĥ(ψ) : ĥ(F •) → ĥ(E•). Finally, κ : E0 → F−1 is a homotopy of
morphisms ψ,ϕ of complexes from E• to F •, then κ ◦ dE = ϕ−1 −ψ−1 and dF ◦κ = ϕ0 −ψ0. The
2-morphism ĥ(κ) : ĥ(ψ)→ ĥ(ϕ) is defined in the following way. For everyM-scheme U and every

(P, f) ∈ ĥ(F •)(U), let {Ui} be an open cover of U such that Ui ×U P ∼= Ui ×M C(F 0), then

ĥ(κ)(U)(P, f) : ĥ(ψ)(U)(P, f)→ ĥ(ϕ)(U)(P, f)

is obtained by gluing the isomorphisms

Ui ×M C(E0)
(idUi

,C(κ)◦fi|Ui×M{0F }◦p1+p2)
−−−−−−−−−−−−−−−−−−−−−→ Ui ×M C(E0),

where C(κ) is the morphism of cones induced by κ. In particular ĥ(κ) is a 2-isomorphism.

3.13. Proposition ([5] 1.6, 2.1). Let D̂[−1,0](Coh(Mlis-ét)) be the derived category of complexes
(E•, dE) of coherent sheaves in the topos Mlis-ét such that ker d0E is locally free and hi(E•, dE) = 0

for i 6= −1, 0. Let Ho(ACS/M) be the homotopy category associated to (ACS/M). The functor ĥ
induces a functor of categories

D̂[−1,0](Coh(Mlis-ét))
opp
→ Ho(ACS/M).

3.14. Lemma. Let D[−1,0](Coh(Mlis-ét)) be the derived category of complexes of coherent sheaves in
the toposMlis-ét with cohomology sheaves concentrated in degree −1 and 0. IfM has the resolution
property then the natural functor

D̂[−1,0](Coh(Mlis-ét))→ D[−1,0](Coh(Mlis-ét))

is an equivalence of categories.

Proof. Notice that the functor is fully faithfull. We want to show that every complex E• in

D[−1,0](Coh(Mlis-ét)) is in the essential image. We can assume E• = [E−1 dE−−→ E0] because τ≤0E
•

is quasi-isomorphic to E• and τ[−1,0]E
•. SinceM has the resolution property, there exists a locally

7



free sheaf F 0 and a surjective morphism ϕ0 : F 0 → E0. We form the cartesian diagram

F−1 F 0

E−1 E0

dF

dE

ϕ0ϕ−1

then F • = [F−1 dF−−→ F 0] ∈ D̂[−1,0](Coh(Mlis-ét)). We claim that ϕ : F • → E• is a quasi-isomorphism.
Since ϕ0 is surjective, we have immediately that h0(ϕ) is surjective and the following sequence

0→ F−1 (dF ,ϕ
−1)

−−−−−−→ F 0 ⊕ E−1 ϕ0−dE−−−−→ E0 → 0

is exact. Using this we get that F • is quasi-isomorphic to F 0 ⊕ E•, which is quasi isomorphic to
E•. �

3.15. Lemma. Let D
[−1,0]
coh (Mlis-ét) be the derived category of complexes of sheaves of OM-modules

in the topos Mlis-ét with coherent cohomology sheaves concentrated in degree −1 and 0. If M has
the resolution property then the natural functor

D[−1,0](Coh(Mlis-ét))→ D
[−1,0]
coh (Mlis-ét)

is an equivalence of categories.

Proof. First we show that the functor is fully faithfull. Let E•, F • ∈ D[−1,0](Coh(Mlis-ét)), we want
to show that the canonical map

HomD[−1,0](Coh(Mlis-ét))
(E•, F •)→ Hom

D
[−1,0]
coh (Mlis-ét)

(E•, F •)

is a bijection. We can assume E• = [E−1 dE−−→ E0] and F • = [F−1 dF−−→ F 0]. Recall that Hom(•, F •)
is a cohomological functor. Using the following distinguished triangle

E−1 dE−−→ E0 → E• +1
−−→ E−1[1],

we can reduce to the case where E• is a coherent sheaf E, similarly F • = F . By resolution property,
there exists a locally free sheaf P 0 and a surjective morphism ψ : P 0 → E. Set P−1 = kerψ, then
P • = [P−1 → P 0] is a complex of locally free sheaves quasi-isomorphic to E, hence E = P • in

D[−1,0](Coh(Mlis-ét)). Using the distinguished triangle

P−1 → P 0 → P • +1
−−→ P−1[1],

we can reduce to the case where E• is a locally free sheaf E. Let E′ = E/OM, then rkE′ < rkE,
hence we can reeduce to E = OM. That is, we have reduce to showing that

HomD[−1,0](Coh(Mlis-ét))
(OM, F [n])→ Hom

D
[−1,0]
coh (Mlis-ét)

(OM, F [n])

is a bijection for every coherent sheaf F and n = −1, 0. If n = −1, both groups are zero. If n = 0
then both sides are Γ(M, F ).

It remains to show that every complex E• ∈ D
[−1,0]
coh (Mlis-ét) is in the essential image. We can

assume E• = [E−1 dE−−→ E0]. We have the following exact sequence of complexes of sheaves

0→ h−1(E•)[1]→ E• → [im dE → E0]→ 0,

which induces a distinguished triangle

h−1(E•)[1]→ E• → [im dE → E0]
+1
−−→ h−1(E•)[2].
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Notice that [im dE → E0] = h0(E•) in D
[−1,0]
coh (Mlis-ét). Then we have a distinguished triangle

h−1(E•)[1]→ E• → h0(E•)
+1
−−→ h−1(E•)[2].

Since h0(E•) and h−1(E•) are coherent, the morphism h0(E•)[−1]
+1
−−→ h−1(E)[1] corresponds to a

morphism ψ : h0(E•)[−1]→ h−1(E)[1] in D≤0(Coh(Mlis-ét)). Completing ψ to a distinguished tri-

angle in D≤0(Coh(Mlis-ét)) and mapping it to D≤0
coh(Mlis-ét), we deduce that E

• is quasi-isomorphic
to the mapping cone of ψ, hence it is in the essential image. �

3.16. IfM has the resolution property then the functor ĥ induces a functor

h1/h0 : D
[−1,0]
coh (Mlis-ét)

opp
→ Ho(ACS/M).

3.17. Proposition ([5] 2.6, 2.7). Let ψ : E• → F • be a morphism in D
[−1,0]
coh (Mlis-ét). IfM has the

resolution property then

(1) h1/h0(ψ) is representable if and only if h0(ψ) is surjective,
(2) h1/h0(ψ) is a closed immersion if and only if h−1(ψ) is surjective and h0(ψ) is an isomor-

phism,
(3) h1/h0(ψ) is an isomorphism if and only if h0(ψ) and h−1(ψ) are isomorphisms.

3.18. Theorem. IfM has the resolution property then the functor

h1/h0 : D
[−1,0]
coh (Mlis-ét)

opp
→ Ho(ACS/M)

is an equivalence of categories.

Proof. By [5] 1.6, and Proposition 3.17, it follows that h1/h0 is fully faithfull. It remains to show
that every abelian cone stack C over M is in the essential image of h1/h0. By definition, for every
smooth M-scheme U , there exist a coherent sheaf E−1

U and a locally free sheaf E0
U over U such

that C ×M U ∼= [C(E−1

U )/C(E0
U )]. The collection {E−1

U → E0
U}U defines a complex [E−1 → E0] ∈

D
[−1,0]
coh (Mlis-ét). �

3.3. Relative intrinsic normal cone.

3.19. Theorem ([19] 17.3, [23], [20] 2.2.5). Let S be a scheme and let M, M be Artin S-stacks.
Let f :M→ M be a quasi-compact and quasi-separated morphism of algebraic stacks. Then there
exists L•

f ∈ D
≤1
qcoh(Mlis-ét) such that

(1) f is of Deligne-Mumford type if and only if L•
f ∈ D

≤0
qcoh(Mlis-ét);

(2) for every cartesian diagram

M′ M′

M M

f ′

g h
f

there exists a morphism Lg∗L•
f → L•

f ′; if h is flat, this is an isomorphism;

(3) given two morphisms of S-stacks M
f
−→ M

g
−→ Z with h = g ◦ f , there exists a natural

distinguished triangle

Lf∗L•
g → L•

h → L•
f → Lf∗L•

g[1].

If moreover f is of Deligne-Mumford type, then

(1) f is smooth if and only if L•
f is locally free in degree 0;

(2) f is étale if and only if L•
f = 0;

9



(3) if f factors asM
i
−→M

p
−→M with i representable and a closed embedding and p of Deligne-

Mumford type and smooth, then

τ≥−1L
•
f
∼= [I/I 2 → Ωp|M],

where I is the ideal sheaf corresponding to i.

3.20. Remark. Notice that if f is of Deligne-Mumford type then τ≥−1L
•
f ∈ D

[−1,0]
coh (Mlis-ét).

3.21. Definition. Let f :M → M be a morphism of Artin S-stacks. If f is of Deligne-Mumford
type, we define the relative intrinsic normal sheaf of f as the abelian cone stackNf = h1/h0(τ≥−1L

•
f ).

3.22. Remark. Smooth locally on M and M, the morphism f factors as M
i
−→ M

p
−→ M, with

i a closed embedding and p representable and smooth. More explicitly, let V be a smooth atlas
for M and let U be an affine scheme which is an ètale atlas for M ×M V . In particular there
exists a closed embedding j : U →֒ AnS. Let M = AnS ×S V and let fU : U → V be the morphism

induced by f , then fU factors as U
i
−→ M

p
−→ V , where i is a closed embedding and p is smooth.

Moreover, by Theorem 3.19, we have NfU
∼= [A(Ci)/Tp|U ], where Ci = C(I/I 2) and I is the ideal

sheaf corresponding to i.

3.23. Proposition ([5] 7). There exists a unique closed subcone stack Cf ⊆ Nf such that

(1) if f factors as p ◦ i, with i representable closed embedding and p representable smooth, then
Cf = [Ci/Tp|M];

(2) for every smooth morphism V → M, let g : U = V ×MM→ V be the induced morphism,
then Cg ∼= Cf ×M U .

3.24. Definition. The unique closed subcone stack Cf of Nf is called the relative intrinsic normal
cone of f .

3.25. ([5] 7) If M is purely dimensional of pure dimension n, then Cf is purely dimensional of pure
dimension n.

3.26. Proposition ([5] 7.1). Consider the following commutative diagram of algebraic Artin stacks
over a scheme S,

(1)

M′ M′

M M

f ′

f
hg

where the morphisms f and f ′ are of Deligne-Mumford type. Then there exists a natural morphism
α : Cf ′ → g∗Cf such that

(1) if (1) is cartesian then α is a closed immersion;
(2) if moreover the morphism h is flat then α is an isomorphism.

3.4. Perfect obstruction theories. Let f : M → M be a morphism of Artin stacks over S.
Assume that f is of Deligne-Mumford type.

3.27. Definition. Let E• ∈ D
[−1,0]
coh (M). A morphism ϕ : E• → τ≥−1L

•
f in D

[−1,0]
coh (M) is called a

relative obstruction theory for f if h0(ϕ) is an isomorphism and h−1(ϕ) is surjective.

3.28. Remark. If (E•, ϕ) is a relative obstruction theory for f , then, by Proposition 3.17, the
morphism h1/h0(ϕ) : Nf → h1/h0(E•) is a closed embedding.

10



3.29. Theorem. A pair (E•, ϕ) is a relative obstruction theory for f if and only if, for any geometric
point s of S, for any small extension A′ → A = A′/I in (Art/ÔS,s) and any commutative diagram

SpecA M

SpecA′ M

g

h′
fi

the obstruction h1(ϕ∨)(obf (g, h
′)) ∈ h1((g∗E•)∨)⊗I vanishes if and only if there exists a morphism

g′ : SpecA′ →M such that g′ ◦ i = g, f ◦ g′ = h′, and moreover if h1(ϕ∨)(obf (g, h
′)) = 0 then the

set of isomorphism classes of such morphisms g′ is a torsor under h0((g∗E•)∨)⊗ I.

Proof. Follows by Proposition A.23 and by [5] 4. �

3.30. Definition. Let (E•, ϕ) be a relative obstruction theory for f . We say that (E•, ϕ) is perfect
(of perfect amplitude contained in [−1, 0]) if, smooth locally overM, it is isomorphic to [E−1 → E0]
with E−1, E0 locally free sheaves overM.

3.31. Remark. A relative obstruction theory (E•, ϕ) is perfect if and only if h1/h0(E•) is a vector
bundle stack overM.

3.5. Virtual fundamental class. Let D be a Dedekind domain and set S = SpecD. Let f :M→
M be a morphism of Deligne-Mumford type of Artin stacks over S. Assume that M is purely
dimensional of pure dimension m and thatM has the resolution property. Let (E•, ϕ) be a perfect
relative obstruction theory for f , we denote by

µ : Ef = h1/h0(E•)→M

the associated vector bundle stack of rank r. By Remark 3.28, the relative intrinsic normal cone Cf
is a closed substack of Ef . Moreover, by Theorem B.2 and [18] Proposition 3.5.10, the flat pullback

µ∗ : A∗(M/k)→ A∗+r(Ef/k)

is an isomorphism and we denote the inverse by 0!.

3.32. Definition. The virtual fundamental class ofM relative to (E•, ϕ) is the cycle class

[M, E•]virt = 0![Cf ] ∈ A∗(M/S).

3.33. The intrinsic cone Cf is purely dimensional of pure dimension m, hence [M, E•]virt ∈
Am−r(M/S) and m− r is called the virtual dimension ofM.

3.34. Remark. By resolution property and Theorem 3.18, we can assume that E• = [E−1 → E0]
with E−1, E0 locally free sheaves over M, up to replacing E• by a quasi-isomorphic complex in

D
[−1,0]
coh (M). In particular Ef is isomorphic to a globally presented vector bundle stack [C(E−1)/C(E0)]

with C(E0)→ C(E−1) morphism of vector bundles overM.

3.35. Proposition. Let (E•, ϕ) be a perfect relative obstruction theory for f , such that h0(E•) is
locally free. Then

(1) if h−1(E•) = 0, then M is smooth over M and [M, E•]virt = [M];
(2) ifM is smooth over M, then h−1(E•) is locally free and

[M, E•]virt = cr(C(h−1(E•))) · [M],

where r is the rank of C(h−1(E•)).
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Proof. By Remark 3.34, we can assume E• = [E0 → E1] with E−1, E0 vector bundles over M.
If h−1(E•) = 0, then h−1(τ≥−1L

•
f ) = h−1(L•

f ) = 0, since h−1(ϕ) is surjective. Hence τ≥−1L
•
f is

quasi-isomorphic to h0(L•
f ), which is locally free since h0(ϕ) is an isomorphism. Then, from the

following distinguished triangles

τ≤−2L
•
f → L•

f → τ≥−1L
•
f

+1
−−→

τ≤−1L
•
f → L•

f → h0(L•
f )

+1
−−→ ,

we get that τ≤−1L
•
f and τ≤−2L

•
f are quasi-isomorphic and hence τ≥−1L

•
f = L0

f . It follows that

L0
f = h0(L•

f ) is locally free and, by Theorem 3.19, f is smooth. In particularM is smooth over S.
Moreover, we have

rkEf = − rkh0(E•) = − rkh0(L•
f ) = − rkTf = − dimMM,

hence the virtual dimension of M is equal to dimSM. Notice that in this case Ef ∼= Nf = Cf =
[M/Tf ], hence µ∗[M] = [Cf ] and

[M, E•]virt = 0![Cf ] = [M].

Assume now that f is smooth then, by Theorem 3.19, h−1(L•
f ) = 0 and Nf = Cf = [M/Tf ]. Since

h0(E•) is locally free and E• is perfect, we get that h−1(E•) is locally free. Let us consider the
natural morphism ρ : C(h−1(E•)) → Ef and set µ̃ = µ ◦ ρ. Notice that Cf ×Ef

C(h−1(E•)) ∼=M,
hence we have a cartesian diagram

M C(h−1(E•))

Cf Ef

s

ρ

where s is the zero-section of C(h−1(E•)). Let 0̃! be the inverse of µ̃∗, then 0! = 0̃! ◦ ρ∗. By [12]
Corollary 6.3,

cr(C(h−1(E•))) · [M] = 0̃!s∗[M] = 0̃!ρ∗[Cf ] = 0![Cf ] = [M, E•]virt. �

3.36. Proposition. Consider the following cartesian diagram of Artin stacks over S,

M′ M′

M M

f ′

f
hg

where f and f ′ are of Deligne-Mumford type, M and M′ are smooth and purely dimensional of pure
dimension m,M andM′ have the resolution property. Let (E•, ϕ) be a perfect relative obstruction
theory for f . If h is flat or a regular local immersion (of constant dimension) then

g∗[M, E•]virt = [M′, Lg∗E•]
virt

.

Proof. Let us notice that Lg∗E• is a perfect relative obstruction theory for f ′. The statement follows
by [5] 7.2 and Theorem B.2. �
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4. A virtual fundamental class

4.1. Let D be a Dedekind domain and set S = SpecD. Let X be a smooth projective connected
scheme of finite presentation over S. We want to define a virtual fundamental class forMg,n(X/S, βη)
relative to the forgetful morphism

θ :Mg,n(X/S, βη)→Mg, n/S,

following the construction of 3. For this, we need a perfect relative obstruction theory for θ.
4.1. The stack of morphisms.

4.2. Definition. Let C be the universal curve of Mg, n/S, we define the algebraic stack Mor(C,X)
over Mg, n/S as follows

(1) for every S-scheme T , an object of Mor(C,X)(T ) is a pre-stable curve (CT
πT−−→ T, ti) over

T together with a morphism of S-schemes fT : CT → X;

(2) for every S-scheme T , a morphism from ((CT
πT−−→ T, ti), fT ) to ((C ′

T

π′
T−−→ T, t′i), f

′
T ) is an

isomorphism of pre-stable curves CT
α
−→ C ′

T such that f ′T ◦ α = fT .

4.3. There is a canonical functor θ : Mor(C,X) → Mg, n/S which forgets the map into X. Let us

notice that θ is representable and quasi-projective. Moreover, since stability is an open condition,
the stackMg,n(X/S, βη) is an open substack of Mor(C,X).

Notice that C = C ×Mg, n/S
Mor(C,X) is a universal family for Mor(C,X) and we have the

following commutative diagram

C C X

Mg,n(X/S, βη) Mor(C,X)

ψ

σi σi

ψ

π π

where C = C ×Mor(C,X)Mg,n(X/S, βη) is the universal stable map.

4.4. Lemma. We have F • = Rπ∗(ψ
∗
ΩX/S⊗ωπ)[−1] ∈ D

(−1,0)
coh (Mor(C,X)) and h1/h0(F •) is a vector

bundle stack.

Proof. Since X is smooth over S, the sheaf ΩX/S is a vector bundle over X. The dualizing sheaf ωπ
is a line bundle over C , because C is a family of curves with at most nodal singularities (which are

Gorenstein). Hence ψ
∗
ΩX/S ⊗ ωπ is a vector bundle on C . Recall that the cohomology of the total

pushforward is the higher pushforward sheaf. Moreover, π is a flat projective morphism of relative
dimension 1, so the i-pushforward vanishes for i > 1 by the cohomology and base-change theorem
([11] Corollary 8.3.4), therefore

Rπ∗(ψ
∗
ΩX/S ⊗ ωπ) ∈ D

(0,1)
coh (Mor(C,X)).

Set F = ψ
∗
ΩX/S⊗ωπ. Let L be a π-ample line bundle (for istance, we can take L = ωπ(

∑n
i=1 σi)⊗

ψ
∗
O(3)) then, for n big enough, F ⊗L n is generated by global sections and R0π∗(F ⊗L −n) = 0.

Thus we have a surjection
G = (π∗π∗(F ⊗L

n)⊗L
−n → F ,

and we denote by K the kernel. Notice that K is a vector bundle because it is the kernel of a
surjection of vector bundles. Hence we get the following exact sequence

0→ R0π∗K → R0π∗G → R0π∗F → R1π∗K → R1π∗G → R1π∗F → 0.
13



Since R0π∗(F ⊗ L −n) = 0, we have that R0π∗G = 0 and thus R0π∗K = 0. As a consequence,
R1π∗K and R1π∗G are vector bundles and F • is quasi-isomorphic to [R1π∗K → R1π∗G ]. �

4.5. We define a morphism ϕ : F • → τ≥−1L
•
θ
in D

(−1,0)
coh (Mor(C,X)) as follows. By adjuction, this

is equivalent to define a morphism

(ψ
∗
ΩX/S ⊗ ωπ)[−1]→ Lπ!(L•

θ
).

Recall that if π is a flat proper Gorenstein morphism of relative dimension N , then Lπ! = π∗ ⊗
ωπ[−N ]. This applies in our case with N = 1 and we get Lπ! = π∗ ⊗ ωπ[−1]. Hence to give the

morphism ϕ is equivalent to giving a morphism ψ
∗
ΩX/S → π∗L•

θ
. Notice that ΩX/S = L•

X/S, since X

is smooth over S (Theorem 3.19). We define the morphism ψ
∗
L•

X/S → π∗L•
θ
as the composition

ψ
∗
L•

X/S → L•
C/S → L•

C/C
∼= π∗L•

θ
,

where C is the universal curve of Mg, n/S, the isomorphism L•
C/C
∼= π∗L•

θ
follows from the fact that

C = C ×Mg, n/S
Mor(C,X) and the morphism C →Mg, n/S is flat (Theorem 3.19).

4.6. Proposition. The pair (F •, ϕ) defined above is a perfect relative obstruction theory for θ.

Proof. Let Speck
x
−→ Mor(C,X) be a geometric point. Then x corresponds to a pre-stable curve

Cx over k together with a morphism ψx : Cx → X, obtained by pulling back (C , ψ) along x. Using
Serre duality and cohomology and base chage theorem ([11] Corollary 8.3.4), we have

H i(Cx, ψ
∗
xTX/S) = H1−i(Cx, x

∗(ψ
∗
ΩX/S ⊗ ωπ))

∨ = hi−1((F •[−1])∨) = hi((Lx∗F •)∨).

Now, let A′ → A = A′/I be a small extension in (Art/ÔS,s) and consider a commutative diagram

SpecA Mor(C,X)

SpecA′ Mg, n/S

g

h′
θi

In particular h′ corresponds to a family of pre-stable curves CA′ over A′ obtained by pulling back
C →Mg, n/S along h′, and g corresponds to a family of pre-stable curves CA over A together with a

morphism ψA : CA → X obtained by pulling back (C , ψ) along g. Thus g extends to g′ : SpecA′ →
Mor(C,X) if and only if ψA extends to ψA′ : CA′ → X if and only if, by Proposition A.23 and

Proposition A.25, h1(ϕ∨)(obθ(g, h
′)) is zero in H1(Cx, ψ

∗
xTX/S)⊗I. Moreover the extensions, if they

exist, form a torsor under H0(Cx, ψ
∗
xTX/S) ⊗ I. By Theorem 3.29, this implies that (F •, ϕ) is a

relative obstruction theory for θ and, by Lemma 4.4, F • is perfect. �

4.2. A perfect obstruction theory for Mg,n(X/S, βη).

4.7. Corollary. Let E• = Rπ∗(ψ
∗ΩX/S⊗ωπ)[−1] and let ϕ : E• → τ≥−1L

•
θ be the morphism induced

by ϕ. Then (E•, ϕ) is a perfect relative obstruction theory for θ.

Proof. Since the natural inclusion j : Mg,n(X/S, βη) →֒ Mor(C,X) is an open immersion, it fol-
lows that Lj∗L•

θ
= L•

θ, Lj
∗F • = E•, and ϕ = j∗ϕ. Hence, by Lemma 4.4, we have E• ∈

D
(−1,0)
coh (Mg,n(X/S, βη)). By Proposition 4.6, we know that (F •, ϕ) is a perfect obstruction the-

ory for θ, hence h0(ϕ) is an isomorphism and h−1(ϕ) is surjective. Since the pullback j∗ is an
exact functor, we have that h0(ϕ) is an isomorphism and h−1(ϕ) is surjective, which implies the
statement. �
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4.8. Definition. We define the virtual fundamental class ofMg,n(X/S, βη) to be

[Mg,n(X/S, βη)]
virt

= [Mg,n(X/S, βη), E
•]
virt
∈ Avdim(Mg,n(X/S, βη)/S).

4.9. Consider the vector bundle stack µ : Eθ = h1/h0(E•) → Mg,n(X/S, βη). Then, by cohomology
and base-change theorem ([11] Corollary 8.3.4) and Riemann-Roch theorem,

rkEθ = dimh−1(Lx∗E•)− dimh0(Lx∗E•)

= dimH1(Cx, ψ
∗
xTX/S)− dimH0(Cx, ψ

∗
xTX/S)

= − deg(ch(ψ∗
xTX/S) · td(TCx

))

= − deg

(
rk(ψ∗

xTX/S) + c1(ψ
∗
xTX/S) ·

(
1−

[KCx
]

2

))

= dimS X(g − 1) + c1(TX/S) · ψx∗[Cx]

= dimS X(g − 1) + c1(TXη/η) · βη,

for a geometric point x ofMg,n(X/S, βη). Thus

vdim = dimS Mg, n/S − rkEθ = (dimS X − 3)(1 − g)− c1(TXη/η) · βη + n.

5. Gromov-Witten classes and invariants

5.1. Definitions. Let D be a Dedekind domain, set S = SpecD and denote by η the generic
point of S. Let X be a smooth projective connected scheme of finite presentation over S and set
Xη = X ×S η. Fix βη ∈ A1(Xη/η) and g, n ≥ 0.

5.1. Remark. Notice the following facts:

(1) the natural functor

ν = (θ̂, ev):Mg,n(X/S, βη)→Mg, n/S ×S X
n

is proper because θ̂ is proper (sinceMg,n(X/S, βη) is proper andMg, n/S is separated) and
X is a projective scheme;

(2) the projection

p :Mg, n/S ×S X
n → Xn

is flat of relative dimension 3g − 3 + n becauseMg, n/S is smooth of dimension 3g − 3 + n
(since stability condition is open);

(3) the projection

q :Mg, n/S ×S X
n →Mg, n/S

is projective because X is projective.

5.2. If S = Spec k with k an algebraically closed field and if l is a prime different from the
characteristic of k, we can define the l-adic étale cohomology as

Hr(X,Zl) = lim
←−
m

Hr
ét(X, Z/l

m
Z).

Moreover Hr(X,Ql) = Hr(X,Zl)⊗Zl
Ql and we have the cycle map

cl : Ar(X/k)Q → H2r(X,Ql(r))

as described in [22] VI.9. We set H∗(X) =
∑

rH
r(X,Ql(r)), where r is the integral part of r/2.

5.3. Definition (Gromov-Witten classes). Let CXg,n,βη ∈ A
∗(Mg, n/S ×S Xn/S)Q be the class defined

by ν∗[Mg,n(X/S, βη)]
virt
∈ A∗(Mg, n/S ×S Xn/S)Q, via Poincaré duality.
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(1) If 2g − 3 + n ≥ 0, we define the linear operator

IXg,n,βη : A
∗(X/S)⊗nQ → A∗(Mg, n/S/S)Q

to be IXg,n,βη(•) = q∗

(
p∗(•) ∩CXg,n,βη

)
.

(2) If moreover S = Speck with k an algebraically closed field, we can define

IXg,n,βη : H
∗(X)⊗n → H∗(Mg, n/S))

as above (abusing the notation, we write CXg,n,βη instead of cl(CXg,n,βη)).

5.4. Remark. By Poicaré duality, we can consider IXg,n,βη as a homomorphism A∗(X/S)
⊗n
Q →

A∗(Mg, n/S/S)Q, defined as

IXg,n,βη(•) = q∗

(
p∗(•) ∩ ν∗[Mg,n(X/S, βη)]

virt
)
.

5.5. Definition (Gromov-Witten invariants). If 2g − 3 + n ≥ 0, we define

〈IXg,n,βη〉(γ) =

∫

Mg, n/S

IXg,n,βη(γ),

for γ = γ1⊗· · ·⊗γn ∈ A
∗(X/S)⊗nQ . If S = Speck with k an algebraically closed field then 〈IXg,n,βη〉(γ)

is defined for every γ ∈ H∗(X)⊗n.

5.6. Notation. LetM be a proper Artin stack over a field k. Let L be a finite algebraic extension of

k, thenML =M×k L
ρL−→ X is smooth and finite of degree [L : k]. By [12] 1.7.4, ρL∗ρ

∗
L = [L : k],

therefore ρ∗L gives an isomorphism A∗(M/k)Q
∼= A∗(ML/L)Q. Let k be an algebraic closure of k

and set M =M×k k, then A∗(M/k) = lim−→L
A∗(ML/L), where the limit is over all finite algebraic

extensions L of k such that L ⊂ k. There is an induced homomorphism ρ : A∗(M/k) → A∗(M/k)
which gives an isomorphism A∗(M/k)Q

∼= A∗(M/k)Q; for all β ∈ A∗(X/k) we set β = ρ(β). The same

holds for bivariant Chow groups A∗(•)Q.

5.7. Proposition. Let X be a smooth projective scheme of finite presentation over a field k. Let k
be an algebraic closure of k and set X = X ×k k. Then, for all γ1 ⊗ · · · ⊗ γn ∈ A

∗(X/k)⊗nQ ,

IXg,n,β(γ1 ⊗ · · · ⊗ γn) = IX
g,n,β

(γ1 ⊗ · · · ⊗ γn).

Proof. Let L be a finite algebraic extension of k and set XL = X ×k L. Let βL = ρ∗Lβ. Notice that

Mg,n(XL/L, βL) ∼=Mg,n(X/k, β)×k L and thus, by Proposition 3.36,

[Mg,n(X/k, β)]
virt

= [Mg,n(XL/L, βL)]
virt
∈ A∗(Mg,n(X/k, β)/k)Q

∼= A∗(Mg,n(XL/L, βL)/L)Q.

Then for all γ ∈ A∗(X/k)Q, we have IXL
g,n,βL

(γ) = IXg,n,β(γ) and hence IX
g,n,β

(γ) = IXg,n,β(γ). �

5.2. Deformation invariance and comparison of invariants in mixed characteristic. Let
D be a Dedekind domain, set B = SpecD. We denote by η = SpecK the generic point of B and let
b0, b1 ∈ B be closed points of B. Let π : Y → B be a smooth projective family of smooth projective
schemes and set Yη = Y ×B η, Yh = Y ×B bh for h = 0, 1. By [12] 20.3, there are specialization

morphisms σh : A∗(Yη/η) → A∗(Yh/bh) for h = 0, 1. Let bh = Spec kh and let kh be an algebraic
closure of kh for h = 0, 1. We set bh = Speckh. Recall that the cospecialization map gives an
isomorphism H∗(Y 0) ∼= H∗(Y 1), where Y h = Yh ×kh kh for h = 0, 1 ([22] VI.4.1).
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5.8. Theorem. Let β ∈ A1(Yη/η) and set βh = σh(β) for h = 0, 1. Then

IY 0

g,n,β0
(γ) = IY 1

g,n,β1
(γ),

for every γ ∈ H∗(Y 0)
⊗n ∼= H∗(Y 1)

⊗n
.

Proof. Let Rh be the localization of D at bh for h = 0, 1, then Rh is a discrete valuation ring with
generic point η and closed point bh. Let R̂h be the completion of Rh, then R̂h is a complete discrete
valuation ring with closed point bh and generic point η×Rh

R̂h. Moreover R0⊗DR1 = K and hence

η ×R0 R̂0 = η ×R1 R̂1. We denote by η̂ = Spec K̂ the generic point of R̂h. Set Ŷh = Y ×D R̂h and

Ŷη = Y ×D η̂. Let ih : Yh → Ŷh and jh : Ŷη → Ŷh be the natural inclusions. Let β̂ ∈ A1(Ŷη/η̂) be the
pullback of β. We have the following cartesian diagram

Mg,n(Ŷη/η̂, β̂) Mg,n(Ŷh/R̂h, β̂) Mg,n(Yh/bh, βh)

Mg, n/η̂ Mg, n/R̂h
Mg, n/bh

̂

ı̃̃

ı̂

Let K be an algebraic closure of K̂. We set β = β̂ ∈ A1(Y η/η), where η = SpecK and Y η = Y ×D η.
By [12] 20.3.5 and Theorem B.2, there exists a specialization homomorphism

σ̂h : A∗(Mg,n(Y η/η, β)/η)Q → A∗(Mg,n(Y h/bh, βh)/bh)Q,

and, by the functoriality of the virtual fundamental class (Proposition 3.36),

σ̂h([Mg,n(Y η/η, β)]
virt

) = [Mg,n(Y h/bh, βh)]
virt

.

By [22] VI.4.1, there are isomorphisms H∗(Y η) ∼= H∗(Y h) and H∗(Mg, n/η) ∼= H∗(Mg, n/bh) com-
patible with p∗h, p

∗
η, qh∗, qη∗, νh∗, νη∗. It follows that

C
Y η

g,n,β
= CY h

g,n,βh
∈ H∗(Mg, n/η)⊗H

∗(Y η)
⊗n ∼= H∗(Mg, n/bh)⊗H

∗(Y h)
⊗n

.

Then, for γ ∈ H∗(Y h)
⊗n

, we have IY h

g,n,βh
(γ) = I

Y η

g,n,β
(γ) for h = 0, 1. �

5.9. Corollary. Let X be a smooth projective scheme of finite presentation over a field k. Then the
Gromov-Witten invariants 〈IXg,n,βη〉 are invariant under deformations of X.

5.3. Axioms. Let X be a smooth projective scheme of finite presentation over an algebraically
closed field k.

(GW0) Effectivity. Let A1(X/k)+ be the set of β ∈ A1(X/k) such that β · c1(L ) ≥ 0 for every ample

line bundle L . Then IXg,n,β = 0, for all β /∈ A1(X/k)+.

Proof. IfMg,n(X/k, β) 6= ∅ then β = f∗[C] for some stable map (C, xi, f), hence β ∈ A1(X/k)+. It

follows thatMg,n(X/k, β) = ∅ for every β /∈ A1(X/k)+, and thus [Mg,n(X/k, β)]
virt

= 0. �

(GW1) Sn-covariance. For all γj ∈ H
mj (X), we have

IXg,n,β(γ1 ⊗ · · · ⊗ γi ⊗ γi+1 ⊗ · · · ⊗ γn) = (−1)mimi+1IXg,n,β(γ1 ⊗ · · · ⊗ γi+1 ⊗ γi ⊗ · · · ⊗ γn).

Proof. The statement follows from the following ([22] VI.8)

γ1 ⊗ · · · ⊗ γi ⊗ γi+1 ⊗ · · · ⊗ γn = (−1)mimi+1γ1 ⊗ · · · ⊗ γi+1 ⊗ γi ⊗ · · · ⊗ γn ∈ H
∗(Xn). �
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(GW2) Grading. We have

IXg,n,β :

n⊗

i=1

Hmi(X)→ H
∑
mi+2((g−1) dimkX−β·c1(TX/k))(Mg, n/k).

Proof. The virtual fundamental class [Mg,n(X/k, β)]
virt

is a cycle class of dimension

vdim = (dimkX − 3)(1 − g) + n+ β · c1(TX/k).

Recall thatMg, n/k is smooth of dimension 3g − 3 + n, then, by Poincaré duality,

ν∗[Mg,n(X/k, β)]
virt
∈ H2(3g−3+n+n dimkX−vdim)(Mg, n/k ×k X

n).

Finally, if γ ∈
⊗n

i=1H
mi(X) then p∗(γ) ∈ H

∑
mi(Mg, n/k) and therefore

IXg,n,β(γ) ∈ H
∑
mi+2((g−1) dimkX−β·c1(TX/k))(Mg, n/k). �

5.10. Remark. Notice thatMg, n/S is smooth since Mg, n/S is and stability condition is open. Thus,
using the formal criterion of smoothness (Proposition A.14, Proposition A.22), one can show that
the following morphisms are smooth

(1) the natural functor that forgets the last marked point and stabilizes

ϕn :Mg, n + 1/S →Mg, n/S;

(2) the natural functor that identifies the last marked points

ϕ :Mg1, n1 + 1/S ×SMg2, n2 + 1/S →Mg, n/S,

with 2gj + nj + 1 ≥ 3 for j = 1, 2, g = g1 + g2, n = n1 + n2;
(3) the natural functor that identifies the last marked points

ψ :Mg − 1, n + 2/S →Mg, n/S.

Moreover, using the valuative criterion for properness, we can prove that ϕn is proper, sinceMg, n/S

is proper.

(GW3) Fundamental class. With notations as in Remark 5.10, we have

IXg,n+1,β(• ⊗ idX) = ϕ∗
n ◦ I

X
g,n,β(•),

IX0,3,β(γ1 ⊗ γ2 ⊗ idX) =

{∫
X γ1 ∪ γ2 if β = 0

0 otherwise.

Proof. Let us form the cartesian diagram

M N Mg,n(X/k, β)

Mg, n + 1/k N Mg, n/k

Mg, n + 1/k Mg, n/k

θ̃

j

ϕn

θnθ̂

ϕ̃n

18



and notice thatM is the algebraic stack of stable maps of genus g and class β with n+ 1 marked
points which remain stable if we forget the last marked point. In particular there is a regular embed-
ding i :M→Mg,n+1(X/k, β) which commute with θn+1 and θ̂. If we define a virtual fundamental

class [M]virt relative to θ̂ as described in section 4 then

i![Mg,n+1(X/k, β)]
virt

= [M]virt.

If we define a virtual fundamental class [N ]virt relative to θ̃ then, by Proposition 3.36,

ϕ̃∗
n[Mg,n(X/k, β)]

virt
= [N ]virt,

and, by Proposition B.14, j∗[M]virt = [N ]virt. Let us consider the following natural morphisms

N Mg, n + 1/k ×k X
n Xn

Mg, n + 1/k

ν̃

q̃

p̃

and set ν̂ = ν̃◦j. Then the morphisms p̃ and q̃ commute with pn, pn+1, qn and qn+1 via the following
maps

Mg, n + 1/k ×k X
n+1 id×π
−−−→Mg, n + 1/k ×k X

n ϕn×id
−−−−→Mg, n/k ×k X

n

where π : Xn+1 → Xn is the projection on the first n copies of X. We have

(ϕn × id)∗νn∗[Mg,n(X/k, β)]
virt

= ν̃∗ϕ̃
∗
n[Mg,n(X/k, β)]

virt

= ν̃∗j∗i
![Mg,n+1(X/k, β)]

virt

= ν̂∗i
![Mg,n+1(X/k, β)]

virt

= (id × π)∗νn+1∗[Mg,n+1(X/k, β)]
virt

,

hence (id× π)∗C
X
g,n+1,β = (ϕn × id)∗CXg,n,β. Let γ = γ1 ⊗ · · · ⊗ γn, then

ϕ∗
nI
X
g,n,β(γ) = ϕ∗

nqn∗
(
p∗n(γ) ∩ CXg,n,β

)

= q̃∗(ϕn × id)∗
(
p∗n(γ) ∩ CXg,n,β

)

= q̃∗
(
p̃∗(γ) ∩ (id× π)∗C

X
g,n+1,β

)

= q̃∗(id× π)∗
(
(id× π)∗p̃∗(γ) ∩ CXg,n+1,β

)

= qn+1∗

(
p∗n+1(γ ⊗ idX) ∩ CXg,n+1,β

)

= IXg,n+1,β(γ ⊗ idX).

Notice thatM0, 3/k = Speck andM0,3(X/k, 0) = X, hence by Proposition 3.35, we have [M0,3(X/k, 0)]
virt

=
[X]. Then

IX0,3,0(γ1 ⊗ γ2 ⊗ idX) = q3∗(p
∗
3(γ1 ⊗ γ2 ⊗ idX) ∩ ν3∗[X])

= q3∗((γ1 ⊗ γ2 ⊗ idX) ∩ ν3∗[X])

=

∫

X
γ1 ∪ γ2.

Let assume β 6= 0. Recall that H i(Spec k) = 0 for all i 6= 0. If X = Prk then β = d ∈ Z, d > 0 and
hence β · c1(TPr

k
) = d(r + 1) > r. Let γ1 ⊗ γ2 ∈ H

m1(Prk)⊗H
m2(Prk), then

I
Pr
k

0,3,d(γ1 ⊗ γ2 ⊗ idPr
k
) ∈ Hm1+m2−2r−2d(r+1)(Spec k).
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If m1 < 0 or m1 > 2r, then Hm1(Prk) = 0, which implies that I
Pr
k

0,3,d(γ1 ⊗ γ2 ⊗ idPr
k
) = 0. Otherwise,

if 0 ≤ m1,m2 ≤ 2r then m1 +m2 − 2r − 2d(r + 1) < 0 and Hm1+m2−2r−2d(r+1)(k) = 0. In general
let i : X → Prk be a closed embedding and set d = i∗β; since X is smooth over k, i is a regular
embedding ([12] B.7.2). Form the fiber diagram

M M0,3(P
r
k/k, d)

X3 Prk
3

ı̂

ν̂ νPr
k

i

whereM = ∪i∗β=dM0,3(X/k, β). Let j :M0,3(X/k, β)→M be the natural inclusion, then j is finite
and flat. Set ı̃ = ı̂ ◦ j, then

j∗ ı̂![M0,3(P
r
k/k, d)]

virt
= [M0,3(X/k, β)]

virt
.

It follows that

ν∗[M0,3(X/k, β)]
virt

= ν∗j
∗ ı̂![M0,3(P

r
k/k, d)]

virt
= ν̂∗̂ı

![M0,3(P
r
k/k, d)]

virt
= i!νPr

k∗
[M0,3(P

r
k/k, d)]

virt
.

Finally, we have

IX0,3,β(γ1 ⊗ γ2 ⊗ idX) = q∗(p
∗(γ1 ⊗ γ2 ⊗ idX) ∩ ν∗[M0,3(X/k, β)]

virt
)

= qPr
k∗
i∗(p

∗(γ1 ⊗ γ2 ⊗ idX) ∩ i
!νPr

k∗
[M0,3(P

r
k/k, d)]

virt
)

= qPr
k∗
(i∗p

∗(γ1 ⊗ γ2 ⊗ idX) ∩ νPr
k∗
[M0,3(P

r
k/k, d)]

virt
)

= qPr
k∗
(p∗Pr

k
i∗(γ1 ⊗ γ2 ⊗ idX) ∩ νPr

k∗
[M0,3(P

r
k/k, d)]

virt
)

= I
Pr
k

0,3,d(i∗γ1 ⊗ i∗γ2 ⊗ idPr
k
) = 0. �

(GW4) Divisor. With notations as in Remark 5.10, we have, for all γ ∈ H2(X),

ϕn∗I
X
g,n+1,β(• ⊗ γ) = (β · γ)IXg,n,β(•).

Proof. Consider the functor

ϕn :Mg,n+1(X/k, β)→Mg,n(X/k, β)

which forgets the last marked point and stabilizes. We have the following commutative diagram

Mg,n+1(X/k, β) Mg, n + 1/k ×k X
n+1 Mg, n + 1/k

Mg,n(X/k, β)×k X Mg, n/k ×k X
n+1 Mg, n/k

νn+1

ϕn×id

νn×id q̃n

ϕnϕ̃n

qn+1

where ϕ̃n = ϕn × evn+1. By the Künneth formula ([22] VI.8), we can write

ϕ̃n∗[Mg,n+1(X/k, β)]
virt

= [Mg,n(X/k, β)]
virt
⊗ β′ + α,

where β′ ∈ H2n−2(X) and α ∈ Hm(Mg,n(X/k, β)) ⊗H
l(X), with m less than 2vdim. The class β′

can be calculated by restricting to what happens over a generic point ofMg,n(X/k, β). Representing
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such a point by ξ = (C, x1, . . . , xn, f), we have the cartesian diagram

C ξ ×k X ξ

Mg,n+1(X/k, β) Mg,n(X/k, β)×k X Mg,n(X/k, β)

f

ϕ̃n

i

where, for ξ generic, the map i is a regular embedding, hence

i!ϕ̃n∗[Mg,n+1(X/k, β)]
virt

= f∗i
![Mg,n+1(X/k, β)]

virt
= f∗[C] = β,

on the other hand

i!ϕ̃n∗[Mg,n+1(X/k, β)]
virt

= i!
(
[Mg,n(X/k, β)]

virt
⊗ β′ + α

)
= β′.

It follows that β′ = β and

(ϕn × id)∗νn+1∗[Mg,n+1(X/k, β)]
virt

= (νn × id)∗ϕ̃n∗[Mg,n+1(X/k, β)]
virt

= νn∗[Mg,n(X/k, β)]
virt
⊗ β + α′,

and hence (ϕn × id)∗C
X
g,n+1,β = CXg,n,β ⊗ β + α′. Let γ = γ1 ⊗ · · · ⊗ γn, then

ϕn∗I
X
g,n+1,β(γ ⊗ γ) = ϕn∗qn+1∗

(
p∗n+1(γ ⊗ γ) ∩ CXg,n+1,β

)

= q̃n∗
(
(pn × id)∗(γ ⊗ γ) ∩ (ϕn × id)∗C

X
g,n+1,β

)

= q̃n∗
(
(p∗n(γ)⊗ γ) ∩

(
CXg,n,β ⊗ β + α′

))

= (β · γ)qn∗
(
p∗n(γ) ∩CXg,n,β

)

= (β · γ)IXg,n,β(γ). �

(GW5) Mapping to point. Let β = 0, then Mg,n(X/k, 0) = Mg, n/k ×k X. Let us consider the
universal stable map

C X

Mg,n(X/k, 0)

f

π

and notice that E = R1π∗(ψ
∗TX/k) is a vector bundle of rank g dimX. Then

IXg,n,0(γ1 ⊗ · · · ⊗ γn) = q̂∗
(
p̂∗(γ1 ∪ · · · ∪ γn) ∩

(
[Mg,n(X/k, 0)] · ctop(E)

))
,

where p̂ :Mg, n/k ×k X → X and q̂ :Mg, n/k ×k X →Mg, n/k are the projections.

Proof. Recall that E• = Rπ∗(ψ
∗ΩX/k ⊗ ωπ)[−1]. By Poincaré duality,

h−1(E•) = h0(Rπ∗(ψ
∗ΩX/k ⊗ ωπ)) = h1(Rπ∗(ψ

∗TX/k)) = R1π∗(ψ
∗TX/k).

In this case θ is smooth, since it is the composition Mg, n/k ×k X → Mg, n/k → Mg, n/k, where
the first arrow is the projection, which is smooth because X is smooth, and the second arrow is
the natural inclusion, which is an open immersion because stability condition is open. Hence, by
Proposition 3.35,

[Mg,n(X/k, 0)]
virt

= ctop(R
1π∗(f

∗TX/k)) · [Mg,n(X/k, 0)].
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Notice that q ◦ ν = q̂, therefore q∗ν∗ = q̂∗; we have also the following cartesian diagram

Mg, n/k ×k X Mg, n/k ×k X
n

X Xn

ν

p̂ p

ν̂

where ν̂ = (idX)
n. Then

IXg,n,0(γ1 ⊗ · · · ⊗ γn) = q∗

(
p∗(γ1 ⊗ · · · ⊗ γn) ∩ ν∗[Mg,n(X/k, 0)]

virt
)

= q∗ν∗

(
ν∗p∗(γ1 ⊗ · · · ⊗ γn) ∩ [Mg,n(X/k, 0)]

virt
)

= q̂∗
(
p̂∗(γ1 ∪ · · · ∪ γn) ∩

(
[Mg,n(X/k, 0)] · ctop(E)

))
. �

(GW6) Splitting. Let g1, g2, n1, n2 ≥ 0 be integers such that 2gi + ni + 1 ≥ 3 and set g = g1 + g2,
n = n1 + n2. With notations as in Remark 5.10, let γ = γ1 ⊗ · · · ⊗ γn, then

ϕ∗ ◦ IXg,n,β(γ) =
∑

β1+β2=β

IXg1,n1+1,β1 ⊗ IXg2,n2+1,β2(γ
(1,n1) ⊗ [∆]⊗ γ(n1+1,n)),

where ∆ is the diagonal in X2 and γ(i,j) = γi ⊗ γi+1 ⊗ · · · ⊗ γj .
5.11. Costello’s decorated pre-stable curves. Before proving Axiom (GW6), we need to recall
Costello’s construction of Mg, n, β/k. Roughly speaking, Mg, n, β/k is a smooth Artin stack over an
algebraically closed field of characteristic zero, which parametrizes pre-stable curves C of genus g
with n marked points, together with a labelling of each irreducible component of C by an element
of a semigroup A, such that the sum over irreducible components of the associated elements of A
must be β ∈ A. In the following we extend Costello’s construction over an arbitrary base scheme
S.

Let A be a commutative semigroup, with unit 0 ∈ A, such that

(1) A has indecomposable zero: β + β′ = 0 implies β = β′ = 0, for all β, β′ ∈ A;
(2) A has finite decomposition: for every β ∈ A, the set of β1, β2 ∈ A such that β1 + β2 = β is

finite.

Let us fix β ∈ A.

5.12. Definition. Given integers g, n ≥ 0, we say that the triple (g, n, β) is stable if either β 6= 0
or β = 0 and 2g − 3 + n ≥ 0.

5.13. Definition. The category fibered in groupoids Mg, n, βη/S is defined inductively as follows.

(1) If (g, n, β) is unstable, then Mg, n, βη/S is empty.
(2) Suppose (g, n, β) is stable. Let T be an S-scheme, then an object of Mg, n, βη/S(T ) is a pre-

stable curve (C → T, ti) of genus g with n marked points together with a constructible
function λ : Cgen → A, where Cgen → T is the complement of the nodes and the marked
points of C, such that λ is locally constant on the geometric fibers of Cgen → T .

(3) If T0 ⊂ T is the open subscheme parametrizing non-singular curves and C0 = C×T T0, then
λ : C0gen → A must be constant with value β.

(4) Let g1, g2, n1, n2 ≥ 0 be such that g = g1+g2 and n = n1+n2. Let T and T ′ be S-schemes and

let T ′ h
−→ T be a morphism of S-schemes. Given an object (C → T, ti, λ) ∈Mg, n, βη/S(T ), we

denote by (C ′ → T ′, t′i) the pre-stable curve obtained by pulling-back the curve (C → T, ti)
via h. Assume that there exist two pre-stable curves (Cj → T ′, t′j,i) ∈ Mgj , nj + 1/S(T

′), for

j = 1, 2, such that C ′ is obtained by C1 and C2 identifying the last marked points. We
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require that the induced constructible functions λj : Cjgen → A, for j = 1, 2, define a

morphism

T ′ →
⊔

β1+β2=β

Mg1 , n1 + 1, β1/S ×S Mg2, n2 + 1, β2/S.

(5) Let T and T ′ be S-schemes and let T ′ h
−→ T be a morphism of S-schemes. Given an object

(C → T, ti, λ) ∈Mg, n, βη/S(T ), we denote by (C ′ → T ′, t′i) the pre-stable curve obtained by
pulling-back (C → T, ti) via h. Assume that there exists a pre-stable curve (C ′′ → T ′, t′′i ) ∈
Mg − 1, n + 2/S(T

′) such that C ′ is obtained by C ′′ identifying the last two marked points. We

require that the induced constructible function λ′ : C ′′
gen → A defines a morphism

T ′ →Mg − 1, n + 2, β/S.

One can show directly that the category Mg, n, βη/S is a stack over the base scheme S.

5.14. Proposition. The natural functor Mg, n, βη/S →Mg, n/S which forgets the labelling with values
in A is étale. In particular Mg, n, βη/S is a smooth algebraic stack over S.

Proof. We use the formal criterion for étaleness ([22] I.3.22 and Proposition A.14). Let x : Spec k →
Mg, n, βη/S be a geometric point and let

0→ I → A′ → A→ 0

be a square-zero extension in (Art/ÔS,x). Given a decorated pre-stable curve (C → SpecA, ai, λ) and
a pre-stable curve (C ′ → SpecA′, a′i) such that the diagram

C C ′

SpecA SpecA′

ai a′i

is cartesian, we want to show that there exists a unique constructible function λ′ : C ′
gen → A such

that λ factors through λ′ and (C ′ → SpecA′, a′i, λ
′) is a decorated pre-stable curve. Let us notice

that C and C ′ has the same underlying topological space and that the labelling with values in A
depends only on the topology of the family of pre-stable curves, hence there exists a unique function
λ′ with the required properties. �

Proof of Axiom (GW6). Let us notice that A1(X/k)+ is a commutative semigroup then, by effec-
tivity, the sum is finite. Denote for simplicity

M
(β1,β2) =Mg1,n1+1(X/k, β1)×kMg2,n2+1(X/k, β2).

Let us form the fiber diagram

N (β1,β2) M
(β1,β2)

X X ×k X

∆̂

∆

evn1+1×evn2+1

where ∆ is the diagonal. The stack N (β1,β2) is the moduli stack of pairs

((C1, xi, f1), (C2, yi, f2)) ∈ M
(β1,β2)

such that f1(xn1+1) = f2(yn2+1).
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Let us notice that the morphism θ : Mg,n(X/k, β) → Mg, n/k factors through Mg, n, β/k. More-
over, by Proposition 5.14, the natural forgetful map Mg, n, β/k → Mg, n/k is étale. Therefore we can

construct a virtual fundamental class [Mg,n(X/k, β)]
virt

β relative to the morphism

θβ :Mg,n(X/k, β)→Mg, n, β/k

(as described in section 3) and, by Theorem 3.19, we get [Mg,n(X/k, β)]
virt

β = [Mg,n(X/k, β)]
virt

.

Notice that the composition

N (β1,β2) ∆̂
−→M

(β1,β2) →Mg1, n1 + 1, β1/k ×k Mg2, n2 + 1, β2/k

is the natural forgetful functor that we denote by θ(β1,β2). Moreover we can define a virtual funda-

mental class [N (β1,β2)]
virt

relative to the morphism θ(β1,β2), as described in section 4 and, since ∆
is a regular embedding, we get

∆![M
(β1,β2)]

virt
= [N (β1,β2)]

virt
.

Let us consider the commutative diagram
⊔

β1+β2=β

N (β1,β2)
Mg,n(X/k, β)

⊔

β1+β2=β

Mg1, n1 + 1, β1/k ×k Mg2, n2 + 1, β2/k Mg, n, β/k

ϕ̂

ϕ

θβθ(β1,β2)

and note that it is actually cartesian. By Proposition 3.36,

ϕ̂∗[Mg,n(X/k, β)]
virt

=
∑

β1+β2=β

[N (β1,β2)]
virt

.

LetM
(1,2)

=Mg1, n1 + 1/k ×kMg2, n2 + 1/k and consider the following natural morphisms

N (β1,β2) M
(1,2)
×k X

n+1 M
(1,2)
×k X

n M
(1,2)

Xn+1 Xn

ν̂ q̃

p̂

id×π

π

p̃

where p̂ ◦ ν̂ is the evaluation at the first n+ 1 marked points and π is the projection on the first n
components, and set ν̃ = (id × π) ◦ ν̂, q̂ = q̃ ◦ (id ◦ π). It is easily seen that the morphisms p̂, p̃, q̂
and q̃ commute with pn, qn, pn1+1 × pn2+1 and qn1+1 × qn2+1 via the following maps

M
(1,2)
×k X

n ϕ×id
−−−→Mg, n/k ×k X

n

M
(1,2)
×k X

n+1 id×∆
−−−→M

(1,2)
×k X

n+2.

Let us denote for simplicity




ν1,2 = νn1+1 × νn2+1

p1,2 = pn1+1 × pn2+1

q1,2 = qn1+1 × qn2+1

CXβ1,β2 = CXg1,n1+1,β1
× CXg2,n2+1,β2

.
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We have

(ϕ× id)∗νn∗[Mg,n(X/k, β)]
virt

= ν̂∗ϕ̂
∗[Mg,n(X/k, β)]

virt

=
∑

β1+β2=β

(id× π)∗ν̃∗∆
![M(β1,β2)]

virt

=
∑

β1+β2=β

(id× π)∗(id×∆)!ν1,2∗[M(β1,β2)]
virt

,

hence (ϕ× id)∗CXg,n,β =
∑

β1+β2=β
(id × π)∗(id×∆)!CXβ1,β2 . Let γ = γ1 ⊗ · · · ⊗ γn, then

ϕ∗IXg,n,β(γ) = ϕ∗qn∗
(
pn

∗(γ) ∩ CXg,n,β
)

= q̂∗(ϕ× id)∗
(
pn

∗(γ) ∩ CXg,n,β
)

=
∑

β1+β2=β

q̂∗

(
p̂∗(γ) ∩ (id × π)∗(id ×∆)!CXβ1,β2

)

=
∑

β1+β2=β

q̃∗

(
p̃∗π∗(γ) ∩ (id×∆)!CXβ1,β2

)

=
∑

β1+β2=β

q1,2∗(id×∆)∗

(
p̃∗(γ ⊗ id) ∩ (id ×∆)!CXβ1,β2

)

=
∑

β1+β2=β

q1,2∗
(
(id×∆)∗p̃

∗(γ ⊗ id) ∩ CXβ1,β2
)

=
∑

β1+β2=β

q1,2∗

(
p1,2

∗(γ(n1) ⊗∆⊗ γ(n2)) ∩ CXβ1,β2

)

=
∑

β1+β2=β

IXg1,n1+1,β1 ⊗ IXg2,n2+1,β2(γ
(n1) ⊗ [∆]⊗ γ(n2)). �

(GW7) Genus reduction. With notations as in Remark 5.10, we have

ψ∗ ◦ IXg,n,β(•) = IXg−1,n+2,β(• ⊗ [∆]),

where ∆ is the diagonal in X2.

Proof. Let us form the fiber diagram

N Mg−1,n+2(X/k, β)

X X ×k X

∆̂

∆

evn+1×evn+2

where ∆ is the diagonal. Notice that N is the moduli stack of stable maps of genus g−1 with n+2
marked points such that the images in X of the last two marked points coincide. Thus N fits in
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the following cartesian diagram

N Mg,n(X/k, β)

Mg − 1, n + 2/k Mg, n/k

Mg − 1, n + 2/k Mg, n/k

ψ̂

ψ

st

θ̂ θ

and the composition

N
∆̂
−→Mg−1,n+2(X/k, β)→Mg − 1, n + 2/k

is the functor θ̂. We can define a virtual fundamental class [N ]virt relative to the morphism θ̂, as
described in section 4. Since ∆ is a regular embedding and by Proposition 3.36, we get

∆![Mg−1,n+2(X/k, β)]
virt

= [N ]virt = ψ̂∗[Mg,n(X/k, β)]
virt

.

Consider the following natural morphisms

N Mg − 1, n + 2/k ×k X
n+1 Mg − 1, n + 2/k ×k X

n Mg − 1, n + 2/k

Xn+1 Xn

ν̂ q̃

p̂

id×π

π

p̃

where p̂ ◦ ν̂ is the evaluation at the first n+ 1 marked points and π is the projection on the first n
components, and set ν̃ = (id × π) ◦ ν̂, q̂ = q̃ ◦ (id ◦ π). It is easily seen that the morphisms p̂, p̃, q̂
and q̃ commute with pn, qn, pn+2 and qn+2 via the following maps

Mg − 1, n + 2/k ×k X
n ψ×id
−−−→Mg, n/k ×k X

n

Mg − 1, n + 2/k ×k X
n+1 id×∆
−−−→Mg − 1, n + 2/k ×k X

n+2.

Moreover, we have

(ψ × id)∗νn∗[Mg,n(X/k, β)]
virt

= ν̃∗ψ̂
∗[Mg,n(X/k, β)]

virt

= (id× π)∗ν̂∗∆̂
![Mg−1,n+2(X/k, β)]

virt

= (id× π)∗(id×∆)!νn+2∗[Mg−1,n+2(X/k, β)]
virt

,

hence (ψ × id)∗CXg,n,β = (id× π)∗(id×∆)!CXg−1,n+2,β. Let γ = γ1 ⊗ · · · ⊗ γn, then

ψ∗IXg,n,β(γ) = ψ∗qn∗
(
pn

∗(γ) ∩ CXg,n,β
)

= q̃∗(ψ × id)∗
(
pn

∗(γ) ∩ CXg,n,β
)

= q̃∗

(
p̃∗(γ) ∩ (id× π)∗(id×∆)!CXg−1,n+2,β

)

= q̂∗

(
p̂∗(id× π)∗(γ) ∩ (id×∆)!CXg−1,n+2,β

)

= qn+2∗

(
(id ×∆)∗p̂

∗(γ ⊗ id) ∩ CXg−1,n+2,β

)

= qn+2∗

(
pn+2

∗(γ ⊗ [∆]) ∩ CXg−1,n+2,β

)

= IXg−1,n+2,β(γ ⊗ [∆]). �
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(GW8) Motivic axiom. There exists a class CXg,n,β ∈ A
∗(Mg, n/k ×k Xn/k)Q such that

IXg,n,β(•) = q∗(p
∗(•) ∩ CXg,n,β).

6. Genus zero invariants in positive characteristic

6.1. Gromov-Witten potential. Let k be an algebraically closed field (of arbitrary characteristic)
and let X be a smooth projective connected scheme of finite type over k. Fix β ∈ A1(X/k) and
n ≥ 0. Let l be a prime different from the characteristic of k.
6.1. By [22] V.1.11, H∗(X) =

∑
rH

r(X,Ql(r)) is finitely generated over Ql. Let T0 = 1, T1, . . . , Tm
be generators for H∗(X). For each i = 1, . . . ,m, we introduce a variable ti of the same degree of
Ti, such that the ti supercommute, which means

titj = (−1)deg ti deg tj tjti,

and t2i = 0 if ti has odd degree.

6.2. Remark. If γi ∈ H
mi(X) then 〈IXg,n,β〉(γ1 ⊗ · · · ⊗ γn) ∈ Ql is zero unless

n∑

i+1

mi = 2(vdim− 3g + 3− n).

6.3.Notation.We denote the vector (a0, . . . , am) as a; we set |a| = a0+· · ·+am and a! = a0! · · · am!.
Moreover we set 〈IX0,n,β〉 = 0 for n < 3.

6.4. Definition. Let γ =
∑m

i=0 tiTi (regarding Ti and ti as supercommuting variables). We define
the genus 0 Gromov-Witten potential as the formal series

Φ(γ) =
∑

n≥0

∑

β∈A1(X/k)

1

n!
〈IX0,n,β〉(γ

n)qβ,

where qβ is a free variable and

1

n!
〈IX0,n,β〉(γ

n) =
∑

|a|=n

ǫ(a)〈IX0,n,β〉(T
a)
ta

a!
,

with ǫ(a) = ±1 determined by

(t0T0)
a0 · · · (tmTm)

am = ǫ(a)T a00 · · ·T
am
m ta00 · · · t

am
m .

6.5. Remark. By effectivity axiom, the Gromov-Witten potential is a formal series in R =
RJt0, . . . , tmK, with R = QlJq

β; β ∈ A1(X/k)+K.

6.2. Quantum product. By [22] VI.8, H∗(X ×k X) = H∗(X)⊗H∗(X). Let ∆ ⊂ X ×k X be the
diagonal, then

[∆] =
∑

e,f

gefTe ⊗ Tf .

6.6. Definition. We define

Ti ∗ Tj =
∑

e,f

∂3Φ

∂ti∂tj∂te
gefTf .

Extending this linearly gives the (big) quantum product on H∗(X,R).

6.7. Remark. Notice that the Gromov-Witten invariants with n < 3 do not affect the quantum
product.
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6.8. Lemma. For all i, j, h, we have

∂3Φ(γ)

∂ti∂tj∂th
=

∑

n≥0

∑

β∈A1(X/k)

1

n!
〈IX0,n+3,β〉(Ti ⊗ Tj ⊗ Th ⊗ γ

n)qβ .

Proof. For simplicity, we will assume that H∗(X,R) has only even cohomology so that we don’t
have to worry about signs. We have

∂3Φ(γ)

∂ti∂tj∂th
=

∂3

∂ti∂tj∂th

∑

n, β

∑

|a|=n

〈IX0,n,β〉(T
a)
ta

a!
qβ =

∑

n, β

∑

|a|=n

〈IX0,n,β〉(T
a′)
ta

′

a′!
qβ,

where a′ = a− ei − ej − eh and ei = (0, . . . , 0, 1, 0, . . . , 0) with 1 in the i-th position. Moreover

∑

n, β

1

n!
〈IX0,n+3,β〉(Ti ⊗ Tj ⊗ Th ⊗ γ

n)qβ =
∑

n, β

∑

|a|=n

〈IX0,n+3,β〉(Ti ⊗ Tj ⊗ Th ⊗ T
a)
ta

a!
qβ

=
∑

n, β

∑

|a|=n+3

〈IX0,n+3,β〉(T
a+ei+ej+eh)

ta

a!
qβ. �

6.9. Theorem (WDVV equation). The Gromov-Witten potential satisfies the equation

∑

e,f

∂3Φ

∂ti∂tj∂te
gef

∂3Φ

∂tf∂th∂tl
= (−1)deg ti(deg tj+deg th)

∑

e,f

∂3Φ

∂tj∂th∂te
gef

∂3Φ

∂tf∂ti∂tl
,

for all i, j, h, l.

Proof. For simplicity, we will assume that H∗(X,R) has only even cohomology so that we don’t
have to worry about signs. If we set

F (ij|hl) =
∂3Φ

∂ti∂tj∂te
gef

∂3Φ

∂tf∂th∂tl
,

then we want to show that F (ij|hl) = F (jh|il). Consider the following cartesian diagram

D(ij|hl) M0, n + 4/k

M0, {i, j} ∪ •/k ×kM0, {h, l} ∪ •/kSpeck M0, 4/k

ϕ0

ρ

where the image of ϕ0 is a boundary point ofM0, 4/k
∼= P1

k. Since the boundary points are linearly
equivalent, the same is true for the fibers of ρ over these points, hence D(ij|hl) and D(jh|il) are
linearly equivalent divisors inM0, n + 4/k. Let A∪B be a partition of {1, . . . , n+4} such that i, j ∈ A
and h, l ∈ B. Form the following fiber square

D(A|B) D(ij|hl)

M0, A ∪ •/k ×kM0, B ∪ •/k M0, n + 4/k

ϕ

then D(ij|hl) =
∑

A∪B={1,...,n+4}
i,j∈A, h,l∈B

D(A|B). We set

M(β1,β2) =M0,A∪•(X/k, β1)×kM0,B∪•(X/k, β2).
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With notations as in the proof of splitting axiom, we have the following commutative diagram

M0,n+4(X/k, β) N
(β1,β2)
A,B

M(β1,β2)

Xn Xn+1 Xn+2
π

∆̂

id×∆

ev1,2ev êv

ϕ̂

where the left square is cartesian. Therefore
∑

β1+β2=β
A∪B={1,...,n+4}
i,j∈A, h,l∈B

∫

[M(β1,β2)
]
virt

∆̂∗ϕ̂
∗ev∗(•) =

∑

A∪B={1,...,n+4}
i,j∈A, h,l∈B

∫

ϕ̂∗[M0,n+4(X/k,β)]
virt

ϕ̂∗ev∗(•)

=
∑

A∪B={1,...,n+4}
i,j∈A, h,l∈B

∫

ϕ̂∗ϕ̂∗[M0,n+4(X/k,β)]
virt

ev∗(•)

=
∑

A∪B={1,...,n+4}
i,j∈A, h,l∈B

∫

D(A|B)
IX0,n+4,β(•)

=

∫

D(ij|hl)
IX0,n+4,β(•).

Let us set for simplicity γn1 = Ti ⊗ Tj ⊗ γ
n1 and γn2 = Th ⊗ Tl ⊗ γ

n2 . Then, by Lemma 6.8 and
splitting axiom,

F (ij|hl) =
∑

β1,β2,n1,n2,e,f

1

n1!n2!
〈IX0,n1+3,β1〉(Te ⊗ γn1)g

ef 〈IX0,n2+3,β2〉(Tf ⊗ γn2)q
β1+β2

=
∑

β,n

∑

β1+β2=β
n1+n2=n

∑

e,f

1

n1!n2!
〈IX0,n1+3,β1〉(Te ⊗ γn1)g

ef 〈IX0,n2+3,β2〉(Tf ⊗ γn2)q
β

=
∑

β,n

∑

β1+β2=β
n1+n2=n

∑

e,f

1

n1!n2!

∫

[M(β1,β2)
]
virt

ge,f ev∗(1,2)(Te ⊗ γn1 ⊗ Tf ⊗ γn2)q
β

=
∑

β,n

∑

β1+β2=β
n1+n2=n

1

n1!n2!

∫

[M(β1,β2)
]
virt

ev∗(1,2)(γn1 ⊗ [∆]⊗ γn2)q
β

=
∑

β,n

∑

β1+β2=β
n1+n2=n

1

n1!n2!

∫

[M(β1,β2)
]
virt

∆̂∗ϕ̂
∗ev∗(Ti ⊗ Tj ⊗ Th ⊗ Tl ⊗ γ

n)qβ

=
∑

β,n

∑

β1+β2=β
A∪B={1,...,n+4}
i,j∈A, h,l∈B

1

n!

∫

[M(β1,β2)
]
virt

∆̂∗ϕ̂
∗ev∗(Ti ⊗ Tj ⊗ Th ⊗ Tl ⊗ γ

n)qβ

=
∑

β,n

1

n!

∫

D(ij|hl)
IX0,n+4,β(Ti ⊗ Tj ⊗ Th ⊗ Tl ⊗ γ

n)qβ.

Since D(ij|hl) and D(jh|il) are linerly equivalent, it follows that F (ij|hl) = F (jh|il). �

6.10. Proposition. The quantum product is supercommutative with identity T0 and associative.
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Proof. By Lemma 6.8 and Sn-covariance axiom,

Ti ∗ Tj =
∑

β,n,e,f

1

n!
〈IX0,n+3,β〉(Ti ⊗ Tj ⊗ Te ⊗ γ

n)gefTfq
β

=
∑

β,n,e,f

1

n!
(−1)deg Ti deg Tj 〈IX0,n+3,β〉(Tj ⊗ Ti ⊗ Te ⊗ γ

n)gefTfq
β

= (−1)deg Ti deg TjTj ∗ Ti.

By the mapping to point axiom,

Ti ∪ Tj = p2∗(p
∗
1(Ti ∪ Tj) ∪ [∆])

=
∑

e,f

gefp2∗(Ti ∪ Tj) ∪ (Te ⊗ Tf )

=
∑

e,f

(∫

X
Ti ∪ Tj ∪ Te

)
gefTf

=
∑

e,f

〈IX0,3,0〉(Ti ⊗ Tj ⊗ Te)g
efTf .

Moreover, we have 〈IX0,n+3,β〉(• ⊗ T0) = 0 unless β = 0 and n = 3. Therefore

T0 ∗ Ti =
∑

β,n,e,f

1

n!
〈IX0,n+3,β〉(T0 ⊗ Ti ⊗ Te ⊗ γ

n)gefTfq
β

=
∑

e,f

〈IX0,3,0〉(T0 ⊗ Ti ⊗ Te)g
efTf

= T0 ∪ Ti = Ti.

Finally, we prove that the quantum product is associative. For simplicity, we will assume that
H∗(X,R) has only even cohomology so that we don’t have to worry about signs. We have

(Ti ∗ Tj) ∗ Th =
∑

e,f

∂3Φ

∂ti∂tj∂te
gefTe ∗ Th =

∑

c,d,e,f

∂3Φ

∂ti∂tj∂te
gef

∂3Φ

∂tf∂th∂tc
gcdTd

and

Ti ∗ (Tj ∗ Th) = (−1)deg Ti(deg Tj+deg Th)(Tj ∗ Th) ∗ Ti,

since the quantum product is supercommutative. Therefore, associativity follows from Theorem 6.9.
�

6.3. Reconstruction for genus zero Gromov-Witten invariants.

6.11. Theorem. If H∗(X) is generated by H2(X) then every genus zero Gromov-Witten invariant
can be uniquely reconstructed starting with the following system of Gromov-Witten invariants

{
IX0,3,β(γ1 ⊗ γ2 ⊗ γ3)

∣∣ β · c1(TX/k) ≤ dimkX + 1, deg γ3 = 2
}
.

Proof. Apply the WDVV equation (Theorem 6.9) to γ1 ⊗ · · · ⊗ γn+1 with indeces {i, j, h, l} =
{1, 2, n, n + 1}. Let us define a partial order on pairs (β, n), with β ∈ A1(X/k)+ and n ≥ 3, by
setting (β, n) > (β′, n′) if and only if either β = β′ + β′′ or β = β′ and n > n′. Then there are four
terms of higher order in the WDVV equation each of the form

Ia,b =
∑

e,f

〈IX0,3,0〉(γa ⊗ γb ⊗ Te)g
ef 〈IX0,n−1,β〉(Tf ⊗ (⊗s 6=a,bγs)),
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with (a, b) ∈ {(1, 2), (n, n+1), (2, n), (1, n+1)}. As shown in the proof of Proposition 6.10, we have

γa ∪ γb =
∑

e,f

〈IX0,3,0〉(γa ⊗ γb ⊗ Te)g
efTf ,

hence Ia,b = 〈I
X
0,n−1,β〉(γa ∪ γb ⊗ (⊗s 6=a,bγs)). Let consider 〈I

X
0,n,β〉(γ1 ⊗ · · · ⊗ γn). If deg γn = 2, then

we can apply divisor axiom to reduce n. Otherwise, since H∗(X) is generated by H2(X), we can
write γn =

∑
i δ

′
i ∪ δi, with deg δi = 2. By linearity, we can assume γn = δ′ ∪ δ, with deg δ = 2.

Apply the construction above with γn = δ′ and γn+1 = δ. Then, by WDVV equation, we get

±〈IX0,n−1,β〉(γ1 ∪ γ2 ⊗ γ3 ⊗ · · · γn−1 ⊗ δ
′ ⊗ δ) ± 〈IX0,n−1,β〉(γ1 ⊗ · · · ⊗ γn−1 ⊗ δ

′ ∪ δ)

±〈IX0,n−1,β〉(γ1 ∪ δ ⊗ γ2⊗ · · · γn−1 ⊗ δ
′)± 〈IX0,n−1,β〉(γ1 ⊗ γ2 ∪ δ

′ ⊗ γ⊗ · · · γn−1 ⊗ δ) =

= a combination of higher order terms.

By divisor axiom, the first and the fourth summands are lifted from M0, n − 1/k. Moreover in the
third summand we have deg δ′ < deg γn. If deg δ

′ = 2 then, by divisor axiom, we can reduce n,
otherwise we repeat this trick and in a finite number of iterations we will reduce n. Finally, we can
apply the procedure described above to 〈IX0,3,β〉(γ1 ⊗ γ2 ⊗ γ3) and diminish deg γ3 ≥ 2. �

Appendix A. Deformation theory

A.1. Formal criteria of smoothness. We recall a few results on smoothness and formal smooth-
ness of morphisms of schemes and algebraic stacks.

A.1. Definition. A morphism of schemes f : X → Y is smooth if it is flat, locally of finite presen-
tation and the fibers of f are geometrically regular (i.e. for every point x ∈ X, all the localizations

of OX,x ⊗OY,f(x)
k(f(x)) are regular, where k(f(x)) is an algebraic closure of the residue field of

f(x)).

A.2. Remark. If Y is locally Noetherian, then f is locally of finite presentation if and only if it is
locally of finite type ([14] 1.6).

A.3. Definition. A morphism of schemes f : X → Y is formally smooth if for every ring A, for
every nilpotent ideal I ⊂ A and for every morphism of schemes SpecA→ Y , the canonical map

HomY (SpecA,X)→ HomY (SpecA/I,X)

is surjective.

A.4. Remark. Both smoothness and formal smoothness can be checked locally.

A.5. Remark. It is enough to verify the condition of formal smoothness only on ideals I ⊂ A with
I2 = 0. Indeed, let A be a ring and I ⊂ A a nilpotent ideal. In particular In = 0 for some n.
Consider Ai = A/Ii for i = 1, . . . , n. Then Ai−1 = Ai/Ji, where Ji = Ii/Ii+1. Notice that J2

i = 0 and
we have the following sequence of surjective maps

HomY (SpecA,X)→ HomY (SpecA/In−1,X)→ · · · → HomY (SpecA/I,X).

A.6. Proposition ([15] Corollary 17.5.2). Let f : X → Y be a morphism of finite type. Then f is
smooth if and only if it is formally smooth.

A.7. Proposition ([22] Proposition I.3.24). Let f : X → Y be a morphism of finite type. Then
f is smooth of dimension d if and only if locally it is of the form SpecS → SpecR with S =
R[x1, . . . , xd+r]/(p1, . . . , pr) and the matrix of partial derivatives (δpi/δxj) has rank r at every point of
SpecS.

A.8. Lemma. Let f : SpecS → SpecR be a morphism of finite type. The following are equivalent:
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(1) f is smooth;
(2) for every prime ideal p ⊂ R, the induced morphism fp : SpecS⊗RRp → SpecRp is smooth;

(3) for every prime ideal p ⊂ R, the induced morphism f̂p : SpecS⊗R R̂p → Spec R̂p is smooth.

Proof. Notice that S ⊗R R̂p = (S ⊗R Rp) ⊗Rp R̂p. Since smoothness is stable under base change
([15] Proposition 17.3.3) we have (1)⇒ (2) and (2)⇒ (3).

We want to prove (2) ⇒ (1). Assume by contradiction that f is not smooth then, by Proposi-
tion A.7, we have S = R[x1, . . . , xn]/(p1, . . . , pr) and there exists a prime ideal q ⊂ R[x1, . . . , xn] such
that p1, . . . , pr ∈ q (hence q corresponds to a prime ideal q′ ⊂ S) and δpr/δxj ∈ q for all j. In

particular pr ∈ q2. Let f ♯ : R→ S be the homomorphism induced by f and let p = f ♯
−1

(q′). Notice
that SpecS ⊗R Rp = Rp[x1, . . . , xn]/(p1, . . . , pr) with pr ∈ q2Rp[x1, . . . , xn]. Since the relative dimension
of f and fp at q′ are the same, we get that fp is not smooth, which contradicts (2). Hence f is
smooth.

Finally we prove (3)⇒ (2). We assume that R is a local ring and that f̂ : SpecS⊗RR̂→ Spec R̂ is
smooth, then we want to prove that f : SpecS → R is smooth. Assume by contradiction that f is not
smooth then, by Proposition A.7, we have S = R[x1, . . . , xn]/(p1, . . . , pr) and there exists a prime ideal

q ⊂ R[x1, . . . , xn] as above such that pr ∈ q2. Notice that SpecS ⊗R R̂ = R̂[x1, . . . , xn]/(p1, . . . , pr) with

pr ∈ q2R̂[x1, . . . , xn]. Since the relative dimension of f and f̂ at q′ are the same ([4] Corollary 11.19),

we get that f̂ is not smooth, which contradicts (3). Hence f is smooth. �

A.9. Proposition. Let f : X → Y be a morphism of finite type. Then f is smooth if and only if
for every point x ∈ X, for every Artinian local OY,f(x)-algebra A and for every ideal I ⊂ A such

that I2 = 0, the canonical map

HomY (SpecA,X)→ HomY (SpecA/I,X)

is surjective.

Proof. Since both conditions are local, we can assume X = SpecS and Y = SpecR. Moreover, by
Lemma A.8, we can assume that R is a local ring. If f is not smooth then, by Proposition A.7, we
have S = R[x1, . . . , xn]/(p1, . . . , pr) and there exists a prime ideal q ⊂ R[x1, . . . , xn] such that p1, . . . , pr ∈
q (hence q corresponds to a prime ideal q′ ⊂ S) and pi ∈ q2 for some i. In other words, we can write
S = T/J with SpecT → SpecR smooth and 0 6= J ⊂ q2. Notice that we can assume that q ⊂ T is
maximal. Then there exists i such that J ⊂ qi but J 6⊂ qi+1. Consider the following commutative
diagram

R T/qi+1

T T/J + qi = T/qi

S = T/J
ϕ

ψ

Notice that A = T/qi+1 is an Artinian local R-algebra and T/qi = A/I, where I = qi/qi+1 ⊂ A and
I2 = 0. Then by assumption there exists a lifting ϕ̂ : S → A of ϕ. Moreover, since T is smooth over
R, there exists a lifting ψ̂ : T → A of ψ. in particular we get the following commutative diagram

T A = T/qi+1

S = T/J

which is absurd since J 6⊂ qi+1. Hence f is smooth. �
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A.10. Proposition. Let f : X → Y be a morphism of finite type. Then f is smooth if and only

if for every geometric point x of X, for every Artinian local ÔY,f(x)-algebra A and for every ideal

I ⊂ A such that I2 = 0, the canonical map

HomY (SpecA,X)→ HomY (SpecA/I,X)

is surjective.

Proof. Follows from Lemma A.8 and Proposition A.9. �

A.11. Definition. A morphism of Artin stacks f : X → Y is smooth if for every commutative
diagram

U V

X Y

f̃

f
vu

where U , V are schemes, u, v are representable and smooth, and U → X ×Y V is smooth, then f̃
is smooth.

A.12. Remark. If f is representable then the condition above is equivalent to require that for every
morphism V → Y from a scheme V , the induced morphism V ×Y X → V is smooth.

A.13. Proposition. Let f : X → Y be a representable morphism of finite type of Artin stacks. The
following are equivalent:

(1) f is smooth;

(2) for every geometric point x of X, for every Artinian local ÔY,f(x)-algebra A and for every

ideal I ⊂ A such that I2 = 0, the canonical map

HomY (SpecA,X)→ HomY (SpecA/I,X)

is surjective;
(3) for every smooth representable morphism w : W → X from a scheme W , the morphism

f ◦ w is smooth.

Proof. We prove (1)⇒ (2)⇒ (3)⇒ (1). Let x be a geometric point of X and let A and I be as in
the statement. Consider a commutative diagram

SpecA/I X

SpecA Y

gX

i f
g′Y

We claim that if f smooth then there exists a morphism g′X : SpecA → X such that g′X ◦ i = gx,
f ◦ g′X = g′Y . Set V = SpecA/I and U = V ×Y X. If f is smooth then, by definition, the induced

morphism f̃ : U → V is smooth. Notice that i and gX define a unique morphism gU : SpecA/I → U

such that f̃ ◦ gU = i, u ◦ gU = gX . By Proposition A.10, there exists a morphism g′U : SpecA→ U

such that g′U ◦ i = gU , f̃ ◦ g
′
U = id. Then we can take g′X = u ◦ g′U .

Let w : W → X be a smooth representable morphism from a scheme W . The morphism f ◦ w
is smooth if and only if, for every morphism v : V → Y from a scheme V , the induced morphism

V ×Y W → V is smooth. Set U = V ×Y X, Z = W ×Y V , and let f̃ : U → V , w̃ : Z → U be the

induced morphisms. The morphism f̃ ◦ w̃ is smooth if and only if, for every geometric point x of
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Z = V ×Y W , for every Artinian local ÔV,x-algebra A, for every ideal I ⊂ A such that I2 = 0, and
for every commutative diagram

SpecA/I Z

SpecA V

gZ

i f̃◦w̃
g′V

there exists a morphism g′Z : SpecA→ Z such that g′Z ◦i = gZ , f̃ ◦w̃◦g
′
Z = g′V . Let us fix such data.

By assumptions, there exists a morphism g′U : SpecA→ U such that g′U ◦ i = w̃ ◦ gZ , f̃ ◦ g
′
U = g′V .

Moreover w̃ is smooth thus there exists a morphism g′Z with the required properties.
Finally, by Proposition A.10, f is smooth if and only if, for every morphism v : V → Y from a

scheme V , for every geometric point x of U = V ×Y X, for every Artinian local ÔV,x-algebra A, for
every ideal I ⊂ A such that I2 = 0, and for every commutative diagram

SpecA/I U

SpecA V

gU

i f̃
g′V

there exists a morphism g′U : SpecA → U such that g′U ◦ i = gU , f̃ ◦ g
′
U = g′V . Let us fix such

data. Let w : W → X be a representable smooth surjective morphism from a scheme W . Set
Z = W ×X U and let w̃ : Z → U be the induced morphism, which is smooth and surjective. Then
x → U factors through w̃ and there exists a morphism gZ : SpecA/I → Z such that w̃ ◦ gZ = gU .

By assumptions, f̃ ◦ w̃ is smooth and thus there exists a morphism g′Z : SpecA → Z such that

g′Z ◦ i = gZ , f̃ ◦ w̃ ◦ g
′
Z = g′V . Therefore we take g′U = w̃ ◦ g′Z . �

A.14. Proposition. Let f : X → Y be a morphism of finite type of Artin stacks. Then f is smooth

if and only if, for every geometric point x of X, for every Artinian local ÔY,f(x)-algebra A and for

every ideal I ⊂ A such that I2 = 0, the canonical map

HomY (SpecA,X)→ HomY (SpecA/I,X)

is surjective.

Proof. Let us assume that f is smooth and let x, A and I as in the statement. Consider a commu-
tative diagram

SpecA/I X

SpecA Y

gX

i f
g′Y

We want to show that there exists a morphism g′X : SpecA→ X such that g′X ◦i = gX , f ◦g
′
X = g′Y .

Let v : V → Y be a representable smooth and surjective morphism from a scheme V , then x→ Y
factors through v. By Proposition A.13, there exists a morphism g′V : SpecA → V such that
v ◦ g′V = g′Y . Let us form the fibre diagram

U V

X Y

f̃

f
vu

Then u is smooth surjective and, by assumptions, f̃ is smooth. Moreover there exists a unique

morphism gU : SpecA/I → U such that u ◦ gU = gX , f̃ ◦ gU = g′V ◦ i. Thus, by Proposition A.10,
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there exists a morphism g′U : SpecA → U such that g′U ◦ i = gU , f̃ ◦ g
′
U = g′V . It follows that

g′X = u ◦ g′U has the required properties.
Now we want to prove the other implication. Let us consider a commutative diagram

U V

X Y

f̃

f
vu

where U , V are schemes, u, v are representable and smooth, and ũ : U → X ×Y V is smooth. By

Proposition A.10, f̃ is smooth if and only if, for every geometric point x of U , for every Artinian

local Ô
V,f̃(x)

-algebra A, for every ideal I ⊂ A such that I2 = 0, and for every commutative diagram

SpecA/I U

SpecA V

gU

i f̃
g′V

there exists a morphism g′U : SpecA→ U such that f̃ ◦ g′U = g′V , g
′
U ◦ i = gU . Let us fix such data.

By assumptions, there exists g′X : SpecA → X such that g′X ◦ i = u ◦ gU , f ◦ g
′
X = v ◦ g′V . Let us

form the fibre diagram

W V

X Y

f̂

f
vw

Then there exists a unique morphism g′W : SpecA → W such that w ◦ g′W = g′X , f̂ ◦ g
′
W = g′V .

Since ũ is smooth, Proposition A.10 ensures the existence of a morphism g′U : SpecA→ U with the
desired properties. �

A.2. Deformation theory. We review some results of deformation theory (for further details see
[24], [16]). Let S be a scheme. We consider Artin stacks of finite type over S. Fix a geometric point

Speck
s
−→ S of S. Let Λ = ÔS,s and consider the category (Art/Λ) of local artinian Λ-algebras with

residue field k.
Let F → (Art/Λ)opp be a category fibered in groupoids. Let π′ : A′ → A and π′′ : A′′ → A be

morphisms in (Art/Λ), with π′′ surjective. We form the cartesian diagram

A′ ×A A
′′ A′′

A′ A

q′′

q′

π′
π′′

then the functors

F(π′) ◦ F(q′),F(π′′) ◦ F(q′′) : F(A′ ×A A
′′)→ F(A)

are isomorphic and we get an induced functor

Ψ: F(A′ ×A A
′′)→ F(A′)×F(A) F(A

′′).

A.15. Definition. A deformation category over Λ is a category fibered in groupoids F → (Art/Λ)opp

such that, given morphisms π′ : A′ → A and π′′ : A′′ → A in (Art/Λ), with π′′ surjective, the functor
Ψ is an equivalence of categories.
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A.16. Definition. A small extension is an exact sequence

0→ I → A′ → A→ 0

in (Art/Λ) such that ImA′ = 0, where mA′ is the maximal ideal of A′.

A.17. Definition. Let F , G be deformation categories and ν : F → G a functor of categories
fibered in groupoids. Let T 1ν and T 2ν be k-vector spaces. We say that ν has tangent space T 1ν
and obstruction space T 2ν if, for every small extension

0→ I → A′ → A→ 0,

there is a functorial exact sequence

T 1ν ⊗k I → F(A
′)→ F(A)×G(A) G(A

′)
obν−−→ T 2ν ⊗k I.

A.18. Definition. Let F , G be deformation categories and ν : F → G a functor of categories fibered
in groupoids. Let A′ → A = A′/I be a small extension and fix σ′ ∈ F(A′), σ ∈ F(A), τ ∈ G(A),
τ ′ ∈ G(A′) such that F(i)(σ′) = σ, ν(A′)(σ′) = τ ′ and G(i)(τ ′) = τ = ν(A)(σ). Let AutA′(σ′) be
the group of authomorphisms of σ′ in F(A′). There is a natural homomorphism

AutA′(σ′)→ AutA(σ)×AutA(τ) AutA′(τ ′).

An infinitesimal automorphism of σ′ is an element of the kernel of this homomorphism.

A.19. Notation. Let σ ∈ F(A), τ ∈ G(A), τ ′ ∈ G(A′) such that G(i)(τ ′) = τ = ν(A)(σ). If
obν(σ, τ

′) = 0, we denote by Sν the set of isomorphism classes of σ′ ∈ F(A′) such thatF(i)(σ′) = σ,
ν(A′)(σ′) = τ ′.
A.20. Let F : X → Y be a Deligne-Mumford type morphism of algebraic Artin stacks over S. Let

Speck
x
−→ X be a geometric point of X. Let Λ = ÔS,x. Consider the deformation category hX,x

such that, for all A ∈ (Art/Λ), the objects of hX,x(A) are morphisms fX : SpecA → X such that
fX |Spec k = x. There is a natural functor νF : hX,x → hY,x given by the composition with F .

A.21. Proposition. Let L•
F be the relative cotangent complex of F . If F is representable then, for

every geometric point x of X and for every small extension A′ → A = A′/I in (Art/ÔS,x),

(1) there is a functorial surjective set-theoretical map

obF : hX,x(A)×hY,x(A) hY,x(A
′)→ h1((Lx∗L•

F )
∨)⊗ I

such that obF (fX , f
′
Y ) = 0 if and only if there exists f ′X ∈ hX,x(A

′) such that f ′X ◦ i = fX
and F ◦ f ′X = f ′Y ;

(2) if obF (fX , f
′
Y ) = 0 then the set of isomorphism classes of f ′X ∈ hX,x(A

′), such that f ′X ◦ i =
fX and F ◦ f ′X = f ′Y , is a torsor under h0((Lx∗L•

F )
∨)⊗ I;

(3) if obF (fX , f
′
Y ) = 0 and f ′X ∈ hX,x(A

′) is such that F ◦f ′X = f ′Y , f
′
X ◦ i = fX, then the group

of infinitesimal authomorphisms of f ′X with respect to (fX , f
′
Y ) contains only the identity.

Proof. Let v : V → Y be a smooth surjective morphism from a scheme V and form the fibre diagram

U V

X Y

G

F

vu

By Theorem 3.19, Lu∗L•
F
∼= L•

G. By Proposition A.14, x→ X factors through u and we know, by
deformation theory of schemes, that there exists a functorial exact sequence

0→ h0((Lx∗L•
G)

∨)⊗ I → hU,x(A
′)→ hU,x(A) ×hV,x(A) hV,x(A

′)
obG−−→ h1((Lx∗L•

G)
∨)⊗ I → 0.

36



Let us consider a commutative diagram

SpecA X

SpecA′ Y

fX

i F
f ′Y

By Proposition A.13, there exists f ′V,1 : SpecA′ → V such that v ◦ f ′V,1 = f ′Y . Then there exists a

unique morphism fU,1 : SpecA→ U such that u◦fU,1 = fX , G◦fU,1 = f ′V,1◦i. If f
′
V,2 : SpecA′ → V

is another morphism such that v◦f ′V,2 = f ′Y then there exists a unique morphism f ′V×Y V
: SpecA′ →

V ×Y V such that vj ◦ f ′V×Y V
= f ′V,j for j = 1, 2, where vj : V ×Y V → V are the projections. Let

us form the fibre diagram

U ×Y V V ×Y V

U V

X Y

H

F

G

u v

uj vj

Then there exists a unique morphism fU×Y V : SpecA→ U ×Y V such that uj ◦ fU×Y V = fU,j for
j = 1, 2, and H ◦ fU×Y V = f ′V×Y V

◦ i. Therefore

obG(fU,j, f
′
V,j) = obG(uj ◦ fU×Y V , vj ◦ f

′
V×Y V ) = obH(fU×Y V , f

′
V×Y V ).

Hence, if we set obF (fX , f
′
Y ) = obG(fU,1, f

′
V,1), this gives a well-defined surjective map

obF : hX,x(A)×hY,x(A) hY,x(A
′)→ h1((Lx∗L•

G)
∨)⊗ I ∼= h1((Lx∗L•

F )
∨)⊗ I.

Moreover, if obF (fX , f
′
Y ) = 0 then there exist fU ∈ hU,x(A), f

′
V ∈ hV,x(A

′) such that u ◦ fU = fX ,
v◦f ′V = f ′Y and obG(fU , f

′
V ) = 0. Thus there exists a morphism f ′U ∈ hU,x(A

′) such that f ′U ◦i = fU ,
G ◦ f ′U = f ′V , and f ′X = u ◦ f ′U ∈ hX,x(A

′) is such that f ′X ◦ i = fX , F ◦ f
′
X = f ′Y . Therefore

T 2
νF = h1((Lx∗L•

F )
∨) is an obstruction space for νF .

Let us now fix fX ∈ hX,x(A), f
′
Y ∈ hY,x(A

′), f
′
V ∈ hV,x(A

′) such that F ◦fX = f
′
Y ◦i, v◦f

′
V = f

′
Y ,

and let fU ∈ hU,x(A) be the unique morphism such that u ◦ fU = fX , G ◦ fU = f
′
V ◦ i. Assume

that obF (fX , f
′
Y ) = 0. There is a natural map ρ : SG → SF such that ρ(f ′U ) = u ◦ f ′U . We know

that SG is a torsor under h0((Lx∗L•
G)

∨)⊗ I. We claim that ρ is an isomorphism and thus SF is a

torsor under h0((Lx∗L•
G)

∨)⊗ I ∼= h0((Lx∗L•
F )

∨)⊗ I. Let f ′X ∈ SF , then F ◦ f
′
X = v ◦ f

′
V and hence

there exists a unique morphism f ′U ∈ hU,x(A
′) such that G ◦ f ′U = f

′
V , u ◦ f

′
U = f ′X . It follows that

f ′U ∈ SG and f ′X = ρ(f ′U ).
Finally, let fX ∈ hX,x(A), fY ∈ hY,x(A), f

′
Y ∈ hY,x(A

′) such that F ◦ fX = fY = f ′Y ◦ i. Assume
that obF (fX , f

′
Y ) = 0 and fix f ′X ∈ hX,x(A

′) such that F ◦ f ′X = f ′Y , f
′
X ◦ i = fX . We claim that

the natural homomorphism

AutX(f
′
X)→ AutX(fX)×AutY (fY ) AutY (f

′
Y ),

where AutX(f
′
X) is the authomorphism group of f ′X in X, is injective. Since F is representable, if

an authomorphism α of f ′X induces the identity of F ◦ f ′X in Y then α = id. �

A.22. Proposition. Let L•
X be the cotangent complex of X. Then, for every geometric point x of

X and for every small extension A′ → A = A′/I in (Art/ÔS,x),
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(1) there is a functorial set-theoretical map

obX : hX,x(A)→ h1((Lx∗L•
X)

∨)⊗ I

such that obX(fX) = 0 if and only if there exists f ′X ∈ hX,x(A
′) such that f ′X ◦ i = fX ;

(2) if obX(fX) = 0 then the set of isomorphism classes of f ′X ∈ hX,x(A
′) such that f ′X ◦ i = fX

is a torsor under h0((Lx∗L•
X)

∨)⊗ I;
(3) if obX(fX) = 0 and f ′X ∈ hX,x(A

′) is such that f ′X ◦ i = fX , then the group of infinitesimal
authomorphisms of f ′X with respect to fX is isomorphic to h−1((Lx∗L•

X)
∨)⊗ I.

Proof. Let u : U → X be a representable smooth and surjective morphism from a scheme U , then
x → X factors through u. By Theorem 3.19, h1((Lx∗L•

X)
∨) ∼= h1((Lx∗L•

U )
∨) and we have the

following exact sequence

0→ h−1((Lx∗L•
X)

∨)→ h0((Lx∗L•
u)

∨)→ h0((Lx∗L•
U )

∨)→ h0((Lx∗L•
X)

∨)→ 0.

Moreover, by deformation theory of schemes, we know that there is a functorial exact sequence

0→ h0((Lx∗L•
U )

∨)⊗ I → hU,x(A
′)→ hU,x(A)

obU−−→ h1((Lx∗L•
U)

∨)⊗ I → 0.

Let fX ∈ hX,x(A). By Proposition A.13, there exists fU,1 ∈ hU,x(A) such that u ◦ fU,1 = fX . If
fU,2 ∈ hU,x(A) is another morphism such that u ◦ fU,2 = fX then there exists a unique morphism
fU×XU ∈ hU×XU,x(A) such that uj ◦ fU×XU = fU,j for j = 1, 2, where uj : U ×X U → U are the
projections. By Theorem 3.19, u1 and u2 induces isomorphisms h1((Lx∗L•

U×XU
)∨) ∼= h1((Lx∗L•

U )
∨).

Therefore
obU (fU,j) = obU (uj ◦ fU×XU ) = obU×XU (fU×XU ).

Hence, if we set obX(fX) = obU (fU,1), this gives a well-defined surjective map

obX : hX,x(A)→ h1((Lx∗L•
U )

∨)⊗ I ∼= h1((Lx∗L•
X)

∨)⊗ I.

Moreover, if obF (fX) = 0 then there exist fU ∈ hU,x(A) such that u ◦ fU = fX and obU (fU ) = 0.
Thus there exists a morphism f ′U ∈ hU,x(A

′) such that f ′U ◦ i = fU and f ′X = u ◦ f ′U ∈ hX,x(A
′) is

such that f ′X ◦ i = fX . Therefore h
1((Lx∗L•

X)
∨) is an obstruction space for hX,x.

By Theorem 3.19, we have the following commutative diagram with exact rows

0 h−1((Lx∗L•
X)

∨) h0((Lx∗L•
ũ)

∨) h0((Lx∗L•
U×XU

)∨) h0((Lx∗L•
X)

∨) 0

0 h−1((Lx∗L•
X)

∨) h0((Lx∗L•
u)

∨) h0((Lx∗L•
U )

∨) h0((Lx∗L•
X)

∨) 0

ρU×XU

ρujρuj

ρu

ρũ

ρU

where we set ũ = u ◦ uj. Let us fix fX ∈ hX,x(A), fU ∈ hU,x(A), fU×XU ∈ hU×XU,x(A) such

that u ◦ fU = fX , uj ◦ fU×XU = fU . Assume that obX(fX) = 0 and fix f
′
X ∈ SX , f

′
U ∈ SU ,

f
′
U×XU

∈ SU×XU such that u ◦ f
′
U = f

′
X , uj ◦ f

′
U×XU

= f
′
U . There is a natural surjective map

SU → SX given by composition with u. We know that SU and SU are torsors under h0((Lx∗L•
U )

∨)⊗I
and h0((Lx∗L•

u)
∨)⊗I, respectively. Let αU ∈ h

0((Lx∗L•
U )

∨)⊗I be such that ρU (αU ) is the identity

eX ∈ h
0((Lx∗L•

X)
∨)⊗I, then αU = ρu(αu) for some αu ∈ h

0((Lx∗L•
u)

∨)⊗I. It follows that αU ·f
′
U =

fU and therefore αU = eU . As a consequence, for every αX ∈ h
0((Lx∗L•

X)
∨) ⊗ I, we can define

αX ·f
′
X = u◦(αU ·f

′
U ) ∈ SX for some αU ∈ h

0((Lx∗L•
U )

∨)⊗I such that ρU (αU ) = αX . We claim that
this defines an action of h0((Lx∗L•

X)
∨)⊗ I over SX which is transitive and free. Let f ′X ∈ SX , then

there exists f ′U ∈ SU such that u◦f ′U = f ′X . Moreover f ′U = αU ·f
′
U for some αU ∈ h

0((Lx∗L•
U )

∨)⊗I,

hence f ′X = ρU (αU ) · f
′
X . Now if αX · f

′
X = f

′
X then αX = ρU (αU ) and u ◦ (αU · f

′
U ) = u ◦ f

′
U .

Hence there exists α′
U×XU

∈ h0((Lx∗L•
U×XU

)∨) ⊗ I such that ρu1(α
′
U×XU

) · f
′
U = αU · f

′
U and
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ρu2(α
′
U×XU

) · f
′
U = f

′
U . Therefore ρu2(αU×XU ) = eU , ρu1(αU×XU ) = αU , and αU×XU = ρũ(αũ). It

follows that

αX = ρU (αU ) = ρU (ρu1(αU×XU )) = ρU×XU (αU×XU ) = eX ,

and this proves that SX is a torsor under h0((Lx∗L•
X)

∨)⊗ I.
Finally, if fX ∈ hX,x(A) is such that obX(fX) = 0, let us fix f ′X ∈ hX,x(A

′) such that f ′X ◦i = fX .

We claim that the kernel of the natural homomorphism AutX(f
′
X)

i∗X−→ AutX(fX) is isomorphic to
h−1((Lx∗L•

X)
∨)⊗ I. Let fU ∈ hU,x(A), f

′
U ∈ hU,x(A

′) such that f ′U ◦ i = fU , u ◦ f
′
U = f ′X . We know

that we have the following commutative diagram with exact rows

AutU (f
′
U ) AutU (fU )×AutX(fX ) AutX(f

′
X) h0((Lx∗L•

u)
∨)⊗ I

AutU (f
′
U ) AutU (fU ) h0((Lx∗L•

U )
∨)⊗ I

ρu

ω

where AutU (f
′
U ) = AutU (fU ) = {id} since U is a scheme. Therefore

ker(i∗X) = AutU (fU )×AutX(fX) AutX(f
′
X) ⊂ h

0((Lx∗L•
u)

∨)⊗ I.

Moreover, an element of h0((Lx∗L•
u)

∨)⊗ I acts trivially on Su if and only if it is in the image of ω.
Therefore AutU (fU )×AutX(fX) AutX(f

′
X) = h−1((Lx∗L•

X)
∨)⊗ I. �

A.23. Proposition. Let L•
F be the relative cotangent complex of F . Then, for every geometric point

x of X and for every small extension A′ → A = A′/I in (Art/ÔS,x),

(1) there is a functorial surjective set-theoretical map

obF : hX,x(A)×hY,x(A) hY,x(A
′)→ h1((Lx∗L•

F )
∨)⊗ I

such that obF (fX , f
′
Y ) = 0 if and only if there exists f ′X ∈ hX,x(A

′) such that f ′X ◦ i = fX
and F ◦ f ′X = f ′Y ;

(2) if obF (fX , f
′
Y ) = 0 then the set of isomorphism classes of f ′X ∈ hX,x(A

′), such that f ′X ◦ i =
fX and F ◦ f ′X = f ′Y , is a torsor under h0((Lx∗L•

F )
∨)⊗ I;

(3) if obF (fX , f
′
Y ) = 0 and f ′X ∈ hX,x(A

′) is such that F ◦f ′X = f ′Y , f
′
X ◦ i = fX, then the group

of infinitesimal authomorphisms of f ′X with respect to (fX , f
′
Y ) contains only the identity.

Proof. Let v : V → Y be a smooth surjective morphism from a scheme V , then U is a Deligne-
Mumford stack. Let w : W → U be an étale surjective morphism from a scheme W then, by
Theorem 3.19, Lu∗L•

F
∼= L•

G and Lw∗L•
G
∼= L•

G◦w. By Proposition A.14, x→ X factors through u
and u ◦ w. Moreover hW,x ∼= hU,x, because w is étale ([22] I.3.22), and, by deformation theory of
schemes, we get a functorial exact sequence

0→ h0((Lx∗L•
G)

∨)⊗ I → hU,x(A
′)→ hU,x(A) ×hV,x(A) hV,x(A

′)
obG−−→ h1((Lx∗L•

G)
∨)⊗ I → 0.

Therefore the first and the second part of the statement follows by the proof of Proposition A.21.
By Theorem 3.19, we have the following exact sequence

0→ h−1((Lx∗L•
X)

∨)→ h−1((Lx∗L•
Y )

∨)→ h0((Lx∗L•
F )

∨)→ h0((Lx∗L•
X)

∨)→ h0((Lx∗L•
Y )

∨).

Let fX ∈ hX,x(A), fY ∈ hY,x(A), f
′
Y ∈ hY,x(A

′) such that F ◦ fX = fY = f ′Y ◦ i. Assume that
obF (fX , f

′
Y ) = 0 and fix f ′X ∈ hX,x(A

′) such that F ◦ f ′X = f ′Y , f
′
X ◦ i = fX . By Proposition A.22,
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we have the following commutative diagram with exatc rows

AutX(f
′
X) AutX(fX)×AutY (fY ) AutY (f

′
Y )

0 h−1((Lx∗L•
X)

∨)⊗ I AutX(f
′
X) AutX(fX)

0 h−1((Lx∗L•
Y )

∨)⊗ I AutY (f
′
Y ) AutY (fY )

from which we deduce that the only infinitesimal automorphism is the identity. �

A.24. Let X be a smooth S-scheme and let Speck
x
−→ X be a geometric point of X. Let C → Specx

be a flat morphism of schemes, with C separated. Let Λ = ÔS,x. We define the deformation category

DefC such that, for all A ∈ (Art/Λ), the objects of DefC(A) are flat morphisms CA
πA−−→ SpecA such

that the following diagram is cartesian

C CA

Specx SpecA

g

πA

If π : A′ → A is a morphism in (Art/Λ), then

DefC(π) : DefC(A
′)→ DefC(A)

sends πA′ : CA′ → SpecA′ to CA′ ×SpecA′ SpecA→ SpecA. Given a morphism of schemes f : C →
X, we define the deformation category DefC,f such that, for all A ∈ (Art/Λ), the objects of DefC,f (A)

are pairs of morphisms (CA
πA−−→ SpecA, fA) where πA is an object of DefC and fA : CA → X is

such that fA ◦ g = f . There is a natural functor νf : DefC,f → DefC which forgets the morphism to
X.

A.25. Proposition. The functor νf has tangent and obstruction spaces T iνf = H i−1(C, f∗TX/S),
for i = 1, 2.

Proof. Given a small extension

(2) 0→ I → A′ → A→ 0,

we want to study the functor

DefC,f (A
′)→ DefC,f (A)×DefC(A) DefC(A

′).

An object of DefC,f (A) ×DefC(A) DefC(A
′) is a cartesian diagram

CA CA′

SpecA SpecA′

πA′πA

togheter with a morphism fA : CA → X. We want to know whether there exists a morphism
fA′ : CA′ → X such that fA′ |CA

= fA and how unique is such a morphism.
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Assume X = SpecT and C = SpecR, then CA′ = SpecRA′ and CA = SpecRA with RA′ =
R⊗Λ A

′ and RA = R ⊗Λ A. By assumption πA′ is flat, then the tensor product RA′ ⊗A′ • is exact
and from the sequence (2) we get an exact sequence

0→ R⊗Λ I → RA′ → RA → 0.

Notice that (RA′ ⊗A′ I)(RA′ ⊗A′ mA′) = 0, because ImA′ = 0. The morphism fA induces a homo-

morphism f ♯A : T → RA. We have that T = T ′/J, with T ′ = B[x1, . . . , xn]. There exists always a

lifting g♯A′ : T ′ → RA′ of f ♯A and the set of such liftings is a principal homogeneous space under
HomT ′(ΩT ′/B, R⊗Λ I). Moreover there exists a homomorphism

α : HomT ′(ΩT ′/B, R ⊗Λ I)→ HomT ′(J/J2, R⊗Λ I),

induced by restriction, such that kerα = T 1νf ⊗ I and coker α = T 2νf ⊗ I. Since

R⊗Λ I ∼= (R⊗Λ k)⊗k I
∼= R⊗k I,

we have

HomT ′(ΩT ′/B, R⊗Λ I) ∼= HomT ′(ΩT ′/B, R)⊗k I
∼= H0(C, f∗TA

n
S/S|X)

HomT ′(J/J2, R⊗Λ I) ∼= HomT ′(J/J2, R)⊗k I
∼= H0(C, f∗(J/J2)∨).

We have an exact sequence

0→ J/J2 → ΩT ′/B ⊗T ′ T → ΩT/B → 0,

from which we deduce the following exact sequence

0→ H0(C, f∗TX/S)→ H0(C, f∗TA
n
S/S|X)→ H0(C, f∗(J/J2)∨)→ H1(C, f∗TX/S),

where H1(C, f∗TX/S) = 0, because C is affine and TX/S is locally free. Hence T 2νf = 0 and T 1νf =

H0(C, f∗TX/S).
In general, we cover X and C by open affine schemes {Xi = SpecTi} and {Ci = SpecRi},

and we consider open affine covers {CA,i = SpecRA,i} and {CA′,i = SpecRA′,i} of CA and CA′

respectively, where RA,i = Ri ⊗Λ A and RA′,i = Ri ⊗Λ A
′. We can chooce these covers in such

a way that fA(CA,i) ⊂ Xi. To define fA′ is the same as to define fA′,i : CA′,i → Xi such that
fA′,i|CA′,ij

= fA′,j|CA′,ij
, where CA′,ij = CA′,i ×CA′ CA′,j. By the affine case, there exist always a

collection of liftings {fA′,i}. We can assume that CA′,ij is affine (otherwise we consider an affine
cover), then there exists a unique element ηij ∈ H

0(Cij , f
∗TX/S) ⊗ I such that ηij(fA′,i) = fA′,j.

Over Chij we have
ηhj(fA′,h) = ηij(ηhi(fA′,h)),

hence ηhj = ηij + ηhi and so {ηij} ∈ C1({Ci}, f
∗TX/S) ⊗ I is a cocycle. For each i, the set of

liftings {fA′,i} is a principal homogeneous space under H0(Ci, f
∗TX/S)⊗I. Therefore, given another

collection of liftings {f̃A′,i}, there exists a unique collection {ηi ∈ H
0(Ci, f

∗TX/S) ⊗ I} such that

ηi({f̃A′,i}) = {fA′,i}. Let η̃ij ∈ H
0(Cij , f

∗TX/S)⊗ I be such that η̃ij(f̃A′,i) = f̃A′,j. Over Cij we have

ηj(η̃ij(f̃A′,i)) = fA′,j = ηij(fA′,i) = ηij(ηi(f̃A′,i)),

hence η̃ij = ηij + ηi − ηj and the cocycle {ηij} is unique up to a coboundary. Now there ex-
ists a collection of morphisms fA′,i which coincide on CA′,ij if and only if the class of {ηij}
in H1({Ci}, f

∗TX/S) ⊗ I is zero. In this case the set of such collections is equal to the set of

{ηi ∈ H
0(Ci, f

∗TX/S)⊗ I} and the gluing condition is equivalent to ηi = ηj on Cij. It follows that

{ηi} ∈ H
0({Ci}, f

∗TX/S)⊗ I. Finally

Hr({Ci}, f
∗TX/S) ∼= Hr(C, f∗TX/S),

because C is separated. �
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Appendix B. Intersection theory on Artin stacks over Dedekind domains

Intersection theory for schemes of finite type over a field was developed by Fulton and MacPher-
son ([12]) and was extended by Vistoli to a Q-valued intersection theory on Deligne-Mumford
stacks ([27]). In [9], Edidin and Graham define equivariant Chow groups, which provide integer-
valued Chow groups for global quotient stacks. In [18], Kresch takes the idea of Edidin, Graham
and Totaro further and develops an intersection theory on Artin stacks over a field together with
an integer-valued intersection product on smooth Artin stacks which admit stratifications by global
quotient stacks. Using an appropriate definition of relative dimension, one can define Chow groups
for schemes over a Dedekind domain and show that they satisfy the properties expected from in-
tersection theory ([12] 20). It follows that the theories in [27] and [9] are valid for stacks over a
Dedekind domain ([27], [9] 6.2).

Although not mentioned in [18], one can verify that the theory can be extended to Artin stacks
over a Dedekind domain. As a consequence we get that Manolache’s construction of the virtual
pullback in [21] is valid for Deligne-Mumford type morphisms of Artin stacks over a Dedekind
domain. As a consequence we are able to extend Manolache’s proof of Costello’s pushforward
formula to proper morphisms of Artin stacks with quasi-finite diagonal.
B.1. Chow groups of Artin stacks with quasi-finite diagonal. Let D be a Dedekind domain
and let M be an Artin stack over S = SpecD. For an integral closed substack Z ⊂ M, we define
the relative dimension ([12] 20.1)

dimS Z = trdegk(T )k(Z)− codimST ,

where T is the closure of the image of Z in S, and k(Z), k(T ) are function fields ([27] 1.14).

B.1. Definition. We denote by Z∗(M/S) the free abelian group on the set of integral closed
substacks of M, graded by relative dimension. Let Wj(M/S) =

⊕
Z k(Z)

∗, where the sum is
taken over all integral substacks Z of M of relative dimension j + 1. There is a homomorphism
∂ : Wj(M/S) → Zj(M/S) which locally for the smooth topology sends a rational function to the
corresponding Weil divisor. The Chow groups ofM are defined to be Aj(M/S) = Zj(M/S)/∂Wj(M/S).

B.2. Theorem ([18] 3.5.7, 5.3.1). Let M be an Artin stack with quasi-finite diagonal over a
Dedekind domain D. Then A∗(M/S) ∼= AKresch

∗ (M/S), where AKresch
∗ (M/S) are Kresch’s Chow groups

([18] 2.1.11).

B.3. Theorem ([10] 2.7). Let M be an Artin stack with quasi-finite diagonal over a Dedekind
domain D. Then there exists a finite surjective morphism U →M from a scheme U .

B.4. Remark. The morphism U →M is strongly representable.

B.2. Proper pushforward ([27] 3.6–3.8, [10] 2.8). Let π : N →M be a proper morphism of Artin
S-stacks. If M and N have quasi-finite diagonal then it is possible to define a nonrepresentable
proper pushforward π∗ as follows.

B.5. Definition. Let u : U →M be a finite and surjective morphism from a scheme U . We define
the proper pushforward

u∗ : A∗(U/S)→ A∗(M/S)

by u∗[Z] = deg(Z/u(Z))[u(Z)], where deg(Z/u(Z)) = deg(V ×M U/V ) for a smooth atlas V → u(Z).

B.6. Remark. Notice that V ×M U ∼= V ×u(Z) Z is a scheme and the degree deg(Z/u(Z)) is inde-
pendent of the chosen atlas. Let V ′ → u(Z) be another smooth atlas and set W = V ×u(Z) V

′.
Then

deg(V ×M U/V ) = deg(W ×M U/W) = deg(V ′ ×M U/V ′).
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B.7. Remark. The proper pushforward commutes with projective pushforward and flat pullback
(this follows easily from the properties of the relative degree).

B.8. Notation. We set A∗(M/S)Q = A∗(M/S)⊗Z Q.

B.9. Lemma. Let u : U → M be a finite and surjective morphism from a scheme U and let u1,
u2 : U ×M U → U be the projections. Then we have the following exact sequence

Aj(U ×M U/S)
Q

u1∗−u2∗−−−−−→ Aj(U/S)Q
u∗−→ Aj(M/S)Q → 0.

Proof. For surjectivity of u∗, let [Z] ∈ Aj(M/S)Q. Let Z be a j-dimensional component of Z×MU ,

then [Z] ∈ Aj(U/S)Q and

u∗

(
1

deg(Z/Z)
[Z]

)
= [Z] ∈ Aj(M/S)Q.

Notice that also u∗ : W∗(U/S)→W∗(M/S) is surjective. Moreover, for [Z] ∈ Aj(U ×M U/S)
Q
,

u∗(u1∗ − u2∗)[Z] = u∗(deg(Z/u1(Z))[u1(Z)]− deg(Z/u2(Z))[u2(Z)])

= deg(Z/u(u1(Z)))[u(u1(Z))]− deg(Z/u(u2(Z))))[u(u2(Z))] = 0.

So it is enough to show that every α =
∑s

i=1 ni[Zi] ∈ Zj(U/S)Q such that u∗(α) = 0 in Zj(M/S)Q
lies in the image of u1∗ − u2∗. Since

u∗(α) =

s∑

i=1

ni deg(Zi/u(Zi))[u(Zi)] = 0,

we may assume that u(Zi) = Z for i = 1, . . . , s. Therefore we get
∑s

i=1 nidi = 0, where we set
di = deg(Zi/Z). For i = 2, . . . , s, let Vi be a j-dimensional component of Z1 ×Z Zi, then

u2∗[Vi] = deg(Vi/Zi)[Zi] = eid1[Zi],

where we set ei = deg(Vi/Zi ×Z Z1). By properties of relative degree,

u1∗[Vi] = deg(Vi/Z1)[Z1] = eidi[Z1],

and it follows that

(u1∗ − u2∗)
s∑

i=2

ni
eid1

[Vi] = α. �

B.10. Remark. If p : T → U is a finite surjective morphism from a scheme T and we set t = u ◦ p,
then we have the following commutative diagram with exact rows

A∗(T ×M T/S)Q A∗(T/S)Q A∗(M/S)Q 0

A∗(U ×M U/S)Q A∗(U/S)Q A∗(M/S)Q 0

p∗

t1∗−t2∗ t∗

u1∗−u2∗ u∗

B.11. Let u : U →M be a finite surjective morphism from a scheme U and form the fibre diagram

V U

N M

π′

π

uv

43



Then V is a scheme and v is finite surjective. Moreover, by Lemma B.9, we get the following
commutative diagram with exact rows

A∗(V ×N V/S)Q A∗(V/S)Q A∗(N/S)Q 0

A∗(U ×M U/S)Q A∗(U/S)Q A∗(M/S)Q 0

π′
∗

v1∗−v2∗ v∗

u1∗−u2∗ u∗

which induces a map π∗ : A∗(N/S)Q → A∗(M/S)Q.

B.12. Lemma. The map π∗ does not depend on the choice of the finite surjective morphism u : U →
M.

Proof. Let u′ : U ′ →M be a finite surjective morphism from a scheme U ′ and consider T = U×MU ′

with the natural morphism p : T → U , which is finite surjective. Let us form the fibre diagram

W T

V U

N M

π′′

π

π′

v u

q p

and set t = u ◦ p, w = v ◦ q. Let us denote by π̃∗ the pullback defined via t : T → M. Let
α ∈ A∗(N/S)Q and let α′′ ∈ A∗(W/S)Q such that w∗α

′′ = α, then

π̃∗α = t∗π
′′
∗α

′′ = u∗p∗π
′′
∗α

′′ = u∗π
′
∗(q∗α

′′) = π∗α,

where the last equality follows from the fact that v∗(q∗α
′′) = t∗α

′′ = α. �

B.13. Definition. We call π∗ : A∗(N/S)Q → A∗(M/S)Q the proper pushforward for π.

B.3. Costello’s pushforward formula. In [21] Manolache uses the virtual pullback to give a
short proof of Costello’s pushforward formula ([8] 5.0.1). Here we apply Manolache’s construction
to prove the pushforward formula in a more general setting.

B.14. Proposition. Let D be a Dedekind domain. Let us consider a cartesian diagram

M1 M2

M1 M2

f

g

p2p1

where

(1) M1,M2 are Artin stacks over D of the same pure dimension,
(2) M1,M2 are Artin stacks over D with quasi-finite diagonal,
(3) g is a Deligne-Mumford type morphism of degree d,
(4) f is proper,
(5) for i = 1, 2, pi admits perfect obstruction theory E•

i such that f∗E•
2
∼= E•

1 .

Then
f∗[M1, E

•
1 ]

virt = d[M2, E
•
2 ]

virt

in each of the following cases

(a) g is projective,
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(b) M1,M2 are Deligne-Mumford stacks and g is proper,
(c) M1,M2 have quasi-finite diagonal and g is proper.

Proof. Since in each of the cases listed above we are able to pushforward along g, the statement
follows by the same argument of [21] 5.29, after noticing that non-representable proper pushforward
commutes with virtual pullback. �
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