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GROMOV-WITTEN THEORY OF SCHEMES IN MIXED CHARACTERISTIC

FLAVIA POMA

ABSTRACT. We define Gromov-Witten classes and invariants of smooth projective schemes of finite
presentation over a Dedekind domain. We prove that they are deformation invariants and verify
the fundamental axioms. For a smooth projective scheme over a Dedekind domain, we prove that
the invariants of fibers in different characteristics are the same. We show that genus zero Gromov-
Witten invariants define a potential which satisfies the WDVV equation and we deduce from this
a reconstruction theorem for genus zero Gromov-Witten invariants in arbitrary characteristic.
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1. INTRODUCTION

Gromov-Witten theory was originally introduced for compact symplectic manifolds by Chen and
Ruan ([7]) and was later developed in the algebraic language for smooth projective varieties over
a field of characteristic zero ([17], [6], [13]). The construction in the algebraic setting is based on
Kontsevich’s moduli stack, denoted by mgm(X ,B), of n-pointed stable maps of genus g and class
B € Ai1(X) into a smooth projective variety X. This stack is defined for any projective scheme
X of finite presentation over a noetherian base scheme S and is a proper algebraic stack over S
with finite stabilizers ([1]). When the base is a field k of characteristic zero, the stack Mg, (X, B) is
Deligne-Mumford and admits a perfect obstruction theory ([5]). This leads to a virtual fundamental

class [M (X, B)]Vlrt Au(Myn(X,B)) and the Gromov-Witten invariants of X are obtained by

integrating cohomology classes on X against [Mg n(X, B)]Vlrt

In this paper we define Gromov-Witten classes and invariants associated to smooth projective
schemes of finite presentation over a Dedekind domain. The main motivation for us is to compare
the invariants in different characteristics for schemes defined in mixed characteristic. We hope that
this approach could give a useful insight into the Gromov-Witten theory in characteristic zero,
providing a new technique for computing Gromov-Witten invariants.

The main problem in developing Gromov-Witten theory in positive or mixed characteristic is that
in general the stack M, (X, 3) is not Deligne-Mumford. When the base is a field of characteristic
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p > 0, then ﬂgm(X , B) is still Deligne-Mumford for certain values of the fixed discrete parameters
g,n, 3 which are big with respect to p. However, this is not satisfactory from the point of view of
Gromov-Witten theory, because most of the properties of Gromov-Witten invariants (e.g. WDVV
equation, Getzler relations) involve all the invariants at the same time.

The strategy we follow to construct Gromov-Witten invariants for varieties in mixed characteris-
tic is to extend the construction in [5] to the case of a morphism of Deligne-Mumford type of Artin
stacks over a scheme S. In particular, we describe a way of constructing virtual fundamental classes
of Artin stacks which admits a Deligne-Mumford type morphism into a smooth Artin stack and a
relative perfect obstruction theory. We apply this to the natural forgetful functor 4: Mg,n(X ,B) —
M., which is representable and quasi-projective, after we exhibited a perfect relative obstruction

theory for 6, and we construct a virtual fundamental class [M, (X, 5)]Vlrt € A,(Myn(X,5)).

1.1. Outline of the paper. In section 2] we recall the definition of Kontsevich’s moduli stack of
stable maps for schemes X of finite presentation over a Dedekind domain. We define the stack
M., (X/s,3,) which parametrizes stable maps to X, but we take /3, to be a cycle class over
the generic fiber X, of X rather than over X itself. This stack turns out to be more conve-
nient when we want to compare the Gromov-Witten invariants in mixed characteristic. We prove
that Mgm(X /S, By) is a proper Artin stack with finite stabilizers and that it has the resolution
property. Section [ is devoted to illustrating the definition of the relative intrisic normal cone
and extending to Deligne-Mumford type morphisms of Artin stacks the techniques used in [5]
for constructing virtual fundamental classes of Deligne-Mumford stacks. In this way, we are able
to construct virtual fundamental classes of Artin stacks which admits a Deligne-Mumford type
morphism into a smooth Artin stack and a relative perfect obstruction theory. Moreover, using
the deformation theory of stacks, we prove a criterion for verifying whether a complex is an
obstruction theory. In section Ml we construct explicitly a perfect obstruction theory relative to
the natural forgetful functor 6: M, ,(X,3) — M, . This leads to a virtual fundamental class

(Mgn(X, 5)]‘/lrt € A (Mgn(X,p)). In section [l we define Gromov-Witten classes and invariants
associated to smooth projective schemes of finite presentation over a Dedekind domain. We prove
that they are deformation invariants and verify the fundamental axioms. For a smooth projective
scheme over a Dedekind domain, we prove that the invariants of fibers in different characteris-
tics are the same. Section [6] contains some results for genus zero Gromov-Witten invariants. We
show that the Gromov-Witten potential satisfies the WDVV equation and we deduce from this a
reconstruction theorem for genus zero Gromov-Witten invariants in arbitrary characteristic.

In appendix [A] we recall the formal criterion for smoothness of schemes and prove it for stacks;
moreover, we study the deformation theory of Artin stacks and of Deligne-Mumford type morphisms
of Artin stacks (over a base scheme), which is a key point in the construction of a perfect relative
obstruction theory. These results are well-known to the experts and we include a proof for com-
pleteness. Appendix [Bl is devoted to intersection theory on Artin stacks over a Dedekind domain.
In particular we observe that Kresch’s intersection theory for stacks over a field ([18]) extends nat-
urally to stacks over a Dedekind domain. As a consequence we are able to generalize Manolache’s
construction of the virtual pullback ([2I]) for Deligne-Mumford type morphisms of Artin stacks
over a Dedekind domain. An essential ingredient for defining Gromov-Witten invariants in posi-
tive and mixed characteristic is the non-representable proper pushforward for morphisms of Artin
stacks. We describe the construction of this pushforward as suggested in [10]. In addition, we prove
Costello’s pushforward formula for proper morphisms of Artin stacks with quasi-finite diagonal.
1.2. Future work. A natural generalization would be to develop a Gromov-Witten theory for tame
Deligne-Mumford stacks in positive or mixed characteristic, using the moduli stack of twisted stable
maps constructed in [2].



In another direction, it would be interesting to prove a degeneration formula in the mixed char-

acteristic setting. This would give a useful tool to compute Gromov-Witten invariants of varieties
in characteristic zero out of simpler invariants of varieties in positive characteristic. We imagine
this is far from easy, but we hope to return to these points in a future paper.
1.3. Acknowledgements. I am very grateful to my Ph.D. supervisors, Barbara Fantechi and
Angelo Vistoli, for their support and for very helpful conversations. This paper will form part of
my Ph.D. thesis. I learned a lot during a three mounths stay at Stanford University. I would like
to thank Prof. Jun Li and Prof. Ravi Vakil for their hospitality. Grateful thanks are extended for
the wonderful work enviroment.

A special thank is due to Stefano Maggiolo and Fabio Tonini for providing [Commu, a software
to draw commutative diagrams in I¥TEX, which has been of great help during the drafting of this
paper.

I want to acknowledge my host institution SISSA for support; I was partly supported by prin

“Geometria delle varietd algebriche e dei loro spazi di moduli”, by Istituto Nazionale di Alta
Matematica.
1.4. Notations. We write (Sch/s) for the category of schemes over a base scheme S. For a scheme
X € (Scb/s), we denote by A.(X/s) the group of numerical equivalence classes of cycles. All stacks
are Artin stacks in the sense of [3], [19] and are of finite type over a base scheme. Unless otherwise
specified, the words ”stack of stable maps” refer to ﬂgm(x /S, By) in Definition

2. STABLE POINTED MAPS

2.1. Stacks of stable maps ([I] 2). Let D be a Dedekind domain and set S = Spec D. Let X
be a projective S-scheme of finite presentation and let &(1) be a very ample sheaf on X. We fix
B € A1(¥X/s) and integers g > 0, n >0, d > 1.

2.1. Definition. Let T be a scheme over S. Let £ = (C 5 T,t;, f), where

(1) the morphism 7 is a projective flat family of curves,

(2) the geometric fibers of 7 are reduced with at most nodes as singularities,

(3) the sheaf m.wc/yp is locally free of rank g (where we, is the relative dualizing sheaf),

(4) the morphisms t1,...,t, are sections of 7 which are disjoint and land in the smooth locus
of T,

(5) f: C — X is a morphism of S-schemes,

(6) the group scheme Aut(C, f,m,t;) of automorphisms of C, which commute with f, 7 and ¢;,

is finite over T.

We say that £ is a stable n-pointed map of genus g and

(a) degree d if the degree of f*&(1) on geometric fibers of 7 is d;
(b) class B if, for every geometric point ¢ — T', we consider the following induced morphisms

CEZCXTfi?—)X{:Xng;ngAXng—)Xs:XXsSi)X,

where s = Speck € S is the image of 7 and 5 = Speck, with k a separable closure of k, then
we have f; [Cf] = 7%(i* ), where i*5 € A;(X:/s) induces i*5 € A;(Xs/5).

2.2. Definition. Let T' and 7" be schemes over S. Given two stable maps ¢ = (C' = T,t;, f) and
¢ = (C" I Tt f'), a morphism of stable maps a: & — & is a pair of morphisms of S-schemes

(C 2% ¢, 7 25 T'), inducing an isomorphism C = ¢’ x7v T and such that /o g = ap o,
tioar =acot, floac = f.
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2.3. Definition. We denote by M, ,(X/s,d) the category fibered in groupoids over (Sch/s) of stable
n-pointed maps of genus g and degree d into X. We denote by Mg,n(X /s, 3) the category of stable
maps of class f.

2.4. Theorem ([1] 2.5). The category Mgy, (X/s,d) is a proper Artin stack over S with finite stabi-
lizers, admitting a projective coarse moduli scheme Mg, (X/s,d) — S. The category Mgy, (X/s,3)
is an open and closed substack of Mgy, (X/s,d).

2.2. An other stack of stable maps. Let 1 be the generic point of S and set X,, = X xg 1.
Fix B, € Ai(Xs/n). For any closed point s € S, we denote by X, the fiber over s. Let my C D
be the maximal ideal corresponding to s and consider the localization R = Dy,, of D at mg. Let

)N(s = X xg SpecR and let Xy — X and X 2y X be the natural inclusions. Notice that R is a
dicrete valuation ring and, by [12] 20.3, there exists a specialization homomorphism

Os: Au(Xnfn) = A (X:/5),

sending a cycle a to i'a, for some & € A,(X./R) such that j*& = a. By [12] 20.3.5, there exists an
induced specializzation homomorphism

o7 Au(Xof) > A(Xo),
where 77 and § are geometric points over 1 and s. We denote by 5_77 € Ai(Xa/n) the cycle class
induced by 8, and we notice that 5 (3,) = os(8,)-

2.5. Definition. A stable n-pointed map of genus g and class 3, into X is £ = (C 5T, t;, f) asin
Definition 2], which satisfies conditions (1)—(5) and the following
(c) with notations as in condition (b) in Definition 211 for every geometric fiber Cf of w, we
have f;,[Cf] = 7%, (5_77)

2.6. Definition. We denote by M, ,(X/s,3,) the category fibered in groupoids over (Sch/s) of
stable n-pointed maps of genus g and class 3, into X.

2.7. Corollary. The category M, ,(X/s,B,) is a proper Artin stack over S with finite stabilizers,
admitting a projective coarse moduli scheme M 4., (X/s,3,) = S.

Proof. Let d = deg 3,. It is enough to show that Mg,n(x /8, By) is an open and closed substack of
Mg n(X/s,d). Notice that Mgy, (X/s, 8,) = || Mgn(X/s,3), where the union is over 3 € A;(X/s)
such that j*3 = f3,. By Theorem 2.4, M, ,(X/s,/3,) is an open substack of M, (X/s,d), because
it is a union of open substacks. On the other hand Mg, (X/s,d) \ Mg (X/s, B,) = | Mgn(X/s, 3)
is open, where the union is over § € A;(X/s) such that degB = d, j* # f,. It follows that
Mo (X/s,,) is a closed substack of Mg, (X/s,d). O
2.8. As noted in [13] and [6], there is a representable and quasi-projective morphism
0: Mg,”(X/S7 577) — i)ﬁg,n/s,

which forgets the morphism into X. Recall, moreover, that the stack 9y, /s is smooth of dimension
3g — 3+ n over S.

2.9. For every S-scheme T, a morphism T' — M, ,,(X/s, 3,) corresponds to a stable map (Cr =
T,t;, fr) over T, then, by descent theory, the identity of M, ,(X/s,(,) corresponds to a universal

stable map (¢ = ﬂgm(X/S,ﬁn),Uiﬂ/J)-

2.10. REMARK. Let .2 = wey, (3011, Ti) ® f*O(3), T; is the image of ¢;. By [I] 2.2, the sheaf £®" is

relative very ample and has no higher cohomology along geometric fibers, for v > 3 fixed. Moreover

dim H°(C, £®") = M + 1 and deg £®" are constant along geometric fibers, and M, ,(X/s, 8,)) =
4



[V/PGL(M +1)], where V is a quasi-projective scheme parametrizing stable maps (C — T,t;, f)
together with a choice of a basis s = (sg,...,sy) of HY(C, Z%") up to scalar multiplication
(the action of PGL(M + 1) on V is the natural action on the bases of H’(C, £%") up to scalar
multiplication).

2.11. Theorem. The resolution property holds for Mg, (X/s,B,).

Proof. Set G = PGL(M +1). By Remark 2. I0]and [25], it is enough to show that every G-equivariant
coherent sheaf on V' is a quotient of a G-equivariant vector bundle on V.

We need to construct a G-equivariant ample line bundle L on V. Recall that V is a locally closed
subscheme of Homy (U, X), where H = Hilb” (P}) is the Hilbert scheme of closed subschemes of P4
with Hilbert polynomial P and U is the universal family of H ([1] 2.2). Notice that Hompy (U, X) C
Hilb(U x ¢ X) and recall that Hilb({ x ¢ X) is locally closed in the Grassmannian Gr(r,['(U x s X, F)),
where E = (04(1) ® 0x(1))®™, for sufficiently large m. Thus we have a sequence of inclusions

V < Hompy (U, X) < Hilb(U x5 X) < Cr(r, DU x5 X, E)) = P (/\ T(U x5 X, E)) =P,

where i is the Pliicker embedding. Moreover G acts naturally on each of these schemes (the action is
induced by the action on ¢/ and the trivial action on X') and observe that all the above inclusions are
G-equivariant. It follows that ¢* ﬁpg (1) is a G-equivariant ample line bundle on the Grassmannian
and thus the pullback of ¢* ﬁﬂlﬂé (1) to V is a G-equivariant ample line bundle L on V.

Let F be a G-equivariant coherent sheaf on V. Then there exists m € Z such that ' @ L®™ is
generated by G-equivariant global sections. This gives a G-equivariant surjection

HYV,F® L*™) @ Oy — F @ L™,

which induces a G-equivariant surjection H(V, F® L®™)® L®~™ — F, and the statement follows.
d

2.12. Corollary. There exists a quasi-affine scheme W with an action of the group GL(m), for
some m, such that Mgy, (X/s,B,) = [W/GL(m)|. In particular Mg, (X/s,By,) is a global quotient
stack in the sense of [18] 3.5.4.

Proof. Follows from Theorem 2.11] and [26] 1.1. O

3. RELATIVE INTRINSIC NORMAL CONE

3.1. 1In [5], the authors construct a cone stack, associated to a given Deligne-Mumford stack,
called the intrinsic normal cone and give a relative version of it for morphisms of Deligne-Mumford
type of Artin stacks over a field. They also introduce the notion of perfect obstruction theory and
use this to construct virtual fundamental classes of Deligne-Mumford stacks. In this section we
extend the construction in [5] to the case of a morphism of Deligne-Mumford type of Artin stacks
over a scheme S. In particular, we describe a way of constructing virtual fundamental classes for
Artin stacks which admits a Deligne-Mumford type morphism into a smooth Artin stack, with the
additional condition that M satisfies the resolution property. The latter assumption is technical and
not indeed required; we assume it — since we are interested in constructing a virtual fundamental
class for the stack of stable maps, which has the resolution property (Theorem 2.11]) — because it
simplifies the proofs. Moreover, we give a criterion to verify whether a complex is an obstruction
theory.

3.1. Cones and cone stacks ([5], [27]). Let S be a scheme and let M be an Artin S-stack. We
consider the lisse-étale topos Mjjs. ¢ of M. Let .® be a quasi-coherent sheaf of graded & -algebras
in the topos Mjjs.¢ such that

(1) the canonical morphism @ — . is an isomorphism,
5



(2) .71 is coherent,
(3) .#* is locally generated by .71

3.2. Definition. The cone associated to .#® is the S-stack C(.#*) associated to the groupoid
Spec.”f = Spec.”;, where R = U is a presentation of M and .7 (respectively .73) is the
restriction of .#* to U (respectively R). A morphism of cones over M is induced by a graded
morphism of sheaves of graded & -algebras.

3.3. REMARK. The natural morphism .#* — .#° induces a morphism of S-stacks 0: M — C(.7*)
called the vertex of C(.#*). Moreover the morphism .#* — .#*[z] induces an action v: AL xg
C(s*) = C(7°).

3.4. Definition. If .% is a coherent sheaf of &y(-modules over M, the cone C(.%) associated to
Sym(%) is called an abelian cone. An abelian cone C(%) is a vector bundle over M if .Z is a locally
free coherent sheaf over M.

3.5. REMARK. The natural morphism Sym(.#!) — .#* is surjective, because .#*® is locally generated
by .71, hence the induced morphism of cones C'(.#*) — C(.#!) is a closed immersion. The abelian
cone C(1) is called the abelianization of C = C(.*) and it is denoted by A(C). Moreover a
morphism of cones C' — C’ induces a morphism A(C) — A(C"). In particular the abelianization
defines a functor A from the category of cones over M to the category of abelian cones over M.

3.6. Definition. A sequence of morphisms of cones

0ELC =0 =0

is exact if E is a vector bundle and locally over M there is a morphism of cones C' — E splitting ¢
and inducing an isomorphism C' = E x (.

3.7. REMARK. A sequence of coherent sheaves on M
0=+ -7 &0,
with & locally free, is exact if and only if
0-CE)—C(ZF)—=C(F)—0
is exact ([12] Example 4.1.7).

3.8. For the definitions of Al-action and A'-equivariant morphism and 2-isomorphism we refer to
[5].

3.9. Definition. A cone stack over M is an algebraic M-stack € together with a section and an
Ag-action such that, smooth locally on M, there exist a cone C, a vector bundle F over M and
a morphism of abelian cones F — A(C') such that C' is invariant under the induced action of E
on A(C), and there exists an Al-equivariant morphism [C/E] — € which is an isomorphism. A
morphism of cone stacks is an Ag—equivariant morphism of M-stacks. A 2-isomorphism of cone
stacks is an Ag-equivariant 2-isomorphism. An abelian cone stack over M is a cone stack € such
that smooth locally € = [C/E], where C' is an abelian cone. A vector bundle stack over M is a cone
stack € such that smooth locally € 2 [C/E], where C' is a vector bundle.

3.10. Abelian cone stacks over M form a 2-category denoted by (ACS/am). We consider the associ-

ated homotopy category Ho(ACS/um).

3.2. Abelian cone stacks and complexes of sheaves. Let C [_1’0}(C0h(Mlis_ét)) be the category

of complexes (E®,dg) of coherent sheaves in the topos My ¢ such that hi(E® dg) = 0, for i #

0, —1; consider the subcategory C1=1:0] (Coh(Myis.4t)) of complexes (E®, dg) with ker d% locally free.
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3.11. Definition. Let ¢, p: (E®,dg) — (F*,dr) be morphisms in CA’[_LO}(COh(M]iS_ét)). A homeo-
topy s 1) — ¢ is a morphism s: E* — F*[1] in Cl=19(Coh(Myise)) such that

{%H—ld% = i — i

d%%i+1 — ol it

3.12. We can view C [_1’0](Coh(./\/(hs_ét)) as a 2-category, where the 2-morphisms are homotopies.
We define a morphism of 2-categories

h: GO (Coh(Miser)) ™ — (ACS/m)

such that h(E®) = [C(E™Y) /o) if B* = [E! LEN E°], and h(E*) = il(T[_LO]E') in general. In
the following we can assume, for every complex E°®, that E' = 0 for i # —1,0. If ¢p: E* — F*®is a
morphism of complexes, then it induces a commutative diagram of abelian cones

C(F% — C(F 1)

l l

C(E%) — C(E™1)

which gives a morphism of cones h(t): h(F*) — h(E®). Finally, »: E® — F~! is a homotopy of
morphisms 1, ¢ of complexes from E® to F*®, then sxodg = ¢! — ¢! and dp 0 3¢ = ©* — %, The
2-morphism h(s): h(y)) — h(p) is defined in the following way. For every M-scheme U and every
(P, f) € h(F*)(U), let {U;} be an open cover of U such that U; xg P = U; x o C(FP), then

h()(U)(P, f): h()U)(P, f) = h()(U)(P, f)
is obtained by gluing the isomorphisms

Ui X m C(EO) (idu; CGAofilui x pq o} P1HP2)

> Ui X m C(EO)7
where C(5¢) is the morphism of cones induced by s. In particular h(z) is a 2-isomorphism.

3.13. Proposition ([5] 1.6, 2.1). Let D=L Coh(Myis.er)) be the derived category of complezes
(E*,dE) of coherent sheaves in the topos My;s.¢ such that ker dOE is locally free and h'(E*®,dg) = 9
for i # —1,0. Let Ho(ACS/m) be the homotopy category associated to (ACS/m). The functor h
induces a functor of categories

op:

DI Coh( M) ™ — Ho(ACS/nm).

3.14. Lemma. Let D[_I’O}(Coh(Mlis_ét)) be the derived category of complexes of coherent sheaves in
the topos M;s_g with cohomology sheaves concentrated in degree —1 and 0. If M has the resolution
property then the natural functor

DO Coh(Miis.ar)) — DI Cob(Myis.ar))
is an equivalence of categories.

Proof. Notice that the functor is fully faithfull. We want to show that every complex FE°® in

D=L (Coh(Miyjggt)) is in the essential image. We can assume E® = [E~1 LN EP] because T<oE*®
is quasi-isomorphic to E* and 7/_; g £°. Since M has the resolution property, there exists a locally
7



free sheaf FV and a surjective morphism ¢": FY — E°. We form the cartesian diagram

Ffl i FO

cp—ll lwo
dE

E~l — EO

then F* = [F~! ar, FO) € DL (Coh(Miyis.g)). We claim that ¢: F® — E* is a quasi-isomorphism.
Since ¥ is surjective, we have immediately that h%(y) is surjective and the following sequence

d —1 0__
0— p—t Yne ) po g gt #de, po g
is exact. Using this we get that F*® is quasi-isomorphic to F° @ E®, which is quasi isomorphic to
E*. O
3.15. Lemma. Let D[C;f}’o} (M is.¢t) be the derived category of complexes of sheaves of Orq-modules
in the topos M s.g with coherent cohomology sheaves concentrated in degree —1 and 0. If M has
the resolution property then the natural functor
DIV Coh(Mis.ar)) — DL (Miis-er)

coh

is an equivalence of categories.

Proof. First we show that the functor is fully faithfull. Let E®, F'® € D[_I’O](COh(Mhs_ét)), we want
to show that the canonical map

HomD[fl'O](COh(Mlis_ét)) (E., F.) — HOIIlD[fl,O] E., F.)

coh

(Miis-ét) (

is a bijection. We can assume E® = [E~! LLR EY% and F* = [F~! e, FY]. Recall that Hom(e, F'*)
is a cohomological functor. Using the following distinguished triangle
B2 g0 pe L By,

we can reduce to the case where E*® is a coherent sheaf F, similarly F'* = F. By resolution property,
there exists a locally free sheaf PV and a surjective morphism ¢: P° — E. Set P~! = ker, then
P* = [P~! — PY is a complex of locally free sheaves quasi-isomorphic to E, hence E = P*® in
D[_I’O}(Coh(./\/l]is_ét)). Using the distinguished triangle

Pt PO pe 2L pripy),

we can reduce to the case where E*® is a locally free sheaf E. Let E' = E/o,,, then tk E' < rk F,
hence we can reeduce to £ = 0. That is, we have reduce to showing that

HomD[fl,o] (Coh(Miyiser)) (ﬁM, F[’I’L]) — HOInD[fLo] (Muiest) (ﬁM, F[’I’L])

coh

is a bijection for every coherent sheaf F and n = —1,0. If n = —1, both groups are zero. If n =0
then both sides are I'(M, F').
It remains to show that every complex E® € Dgﬁ 0l (Miis¢t) is in the essential image. We can

assume E® = [F~! LI EP]. We have the following exact sequence of complexes of sheaves
0— h Y E*)[1] — E* — [imdg — E°] — 0,
which induces a distinguished triangle

h"YE*)[1] = E* = [imdg — E°] =5 h1(E*)[2].
8



[_170]
coh

Notice that [imdg — EY] = h%(E®) in D (Miis¢t)- Then we have a distinguished triangle

hY B[] = B* — BO(E*) s hmY(E%)[2).
Since h°(E*) and h~!(E*®) are coherent, the morphism h°(E®)[—1] BN h~Y(E)[1] corresponds to a
morphism t: h°(E®)[—1] — h~1(E)[1] in D=Y(Coh(Miis.¢t)). Completing v to a distinguished tri-
angle in D=9(Coh(Mjs.¢¢)) and mapping it to D=0 (Miis-¢t), we deduce that E® is quasi-isomorphic

coh
to the mapping cone of ¢, hence it is in the essential image. O

3.16. If M has the resolution property then the functor h induces a functor
. ~1,0 opp
R DY (Myest) - — Ho(ACS/m).

3.17. Proposition ([5] 2.6, 2.7). Let ¢: E®* — F* be a morphism in D[C;;}’O} (Miis¢t). If M has the
resolution property then
(1) 1 [no(ap) is representable if and only if h°(y)) is surjective,
(2) ' [ho() is a closed immersion if and only if h~'(v) is surjective and h°(y)) is an isomor-
phism,
(3) 1 [no() is an isomorphism if and only if h°(v) and h='(¢)) are isomorphisms.

3.18. Theorem. If M has the resolution property then the functor
L —1, opp
' Jno: D[CO;} N M) — Ho(ACS/rm)
is an equivalence of categories.
Proof. By [B] 1.6, and Proposition B.I7, it follows that »'/n is fully faithfull. It remains to show
that every abelian cone stack € over M is in the essential image of »'/h°. By definition, for every

smooth M-scheme U, there exist a coherent sheaf Egl and a locally free sheaf EIOJ over U such
that € x v U 22 [C(E;Y)/c(E9)]. The collection {E;" — E{},, defines a complex [E~! — EY] €

DI M) O

coh

3.3. Relative intrinsic normal cone.

3.19. Theorem ([19] 17.3, [23], [20] 2.2.5). Let S be a scheme and let M, M be Artin S-stacks.
Let f: M — 9N be a quasi-compact and quasi-separated morphism of algebraic stacks. Then there

exists L} € Dq%)h(Mlis-ét) such that

(1) f is of Deligne-Mumford type if and only if L} e D?Cgh(Mlis_ét);
(2) for every cartesian diagram

f/
M — N
a |
f
M— M
there exists a morphism Lg*L} — L}, s if hois flat, this is an isomorphism;

(8) given two morphisms of S-stacks M i> m L Z with h = g o f, there exists a natural
distinguished triangle
Lf*Ly — Ly — Ly — Lf*Lg[1].
If moreover f is of Deligne-Mumford type, then

1) f is smooth if and only if LY is locally free in degree 0;
f
(2) f is étale if and only if L} =0;
9



(3) if f factors as M 5 M B o with i representable and a closed embedding and p of Deligne-
Mumford type and smooth, then

T>_1L} 2 [7/)52 = Qpl ],
where .Z is the ideal sheaf corresponding to 1.

3.20. REMARK. Notice that if f is of Deligne-Mumford type then T>-1L% € pl-to (Miis-ét)-

coh

3.21. Definition. Let f: M — 9 be a morphism of Artin S-stacks. If f is of Deligne-Mumford
type, we define the relative intrinsic normal sheaf of f as the abelian cone stack 9y = ' /h“(TZ_lL}).

3.22. REMARK. Smooth locally on M and 9, the morphism f factors as M — M 2 M, with
i a closed embedding and p representable and smooth. More explicitly, let V' be a smooth atlas
for 9 and let U be an affine scheme which is an etale atlas for M xgp V. In particular there
exists a closed embedding j: U < A%. Let M = A% xgV and let fy: U — V be the morphism

induced by f, then fy; factors as U SME V', where i is a closed embedding and p is smooth.
Moreover, by Theorem B9, we have 9y, = [A(Ci)/1,|,], where C; = C(#/#?) and .# is the ideal
sheaf corresponding to i.

3.23. Proposition ([5] 7). There exists a unique closed subcone stack €; C Ny such that

(1) if f factors as poi, with i representable closed embedding and p representable smooth, then
Cr = [C/1]m];

(2) for every smooth morphism V.— M, let g: U =V xgqn M — V be the induced morphism,
then €4 = &r xpq U.

3.24. Definition. The unique closed subcone stack € of 9Ny is called the relative intrinsic normal
cone of f.

3.25. ([5] 7) If 9 is purely dimensional of pure dimension n, then € is purely dimensional of pure
dimension n.

3.26. Proposition ([5] 7.1). Consider the following commutative diagram of algebraic Artin stacks
over a scheme S,

M 4’f/ om’
(1) QJ ; Jh

M—M
where the morphisms f and f' are of Deligne-Mumford type. Then there exists a natural morphism
a: €y — g* €y such that

(1) if (@) is cartesian then « is a closed immersion;
(2) if moreover the morphism h is flat then « is an isomorphism.

3.4. Perfect obstruction theories. Let f: M — 91 be a morphism of Artin stacks over S.
Assume that f is of Deligne-Mumford type.

3.27. Definition. Let E* € D

coh coh

(M). A morphism ¢: E* — 7>_1L} in pl-to (M) is called a
relative obstruction theory for f if h%() is an isomorphism and h~!(y) is surjective.

3.28. REMARK. If (E®,¢) is a relative obstruction theory for f, then, by Proposition B.I7] the
morphism 7' /ro(p): Ny — h'/n°(E®) is a closed embedding.

10



3.29. Theorem. A pair (E*®, p) is a relative obstruction theory for f if and only if, for any geometric
point s of S, for any small extension A" — A = A'/1 in (At/és5) and any commutative diagram

Spec A LN M

i| Jf

Spec A’ LA m

the obstruction h'(p")(obs(g, 1)) € K ((g*E®)V)® I vanishes if and only if there exists a morphism
g Spec A’ = M such that ¢ oi =g, fog =h', and moreover if h'(¢")(obs(g,h')) = 0 then the
set of isomorphism classes of such morphisms g’ is a torsor under h°((¢*E®)V) ® I.

Proof. Follows by Proposition [A.23] and by [5] 4. d

3.30. Definition. Let (E*, ¢) be a relative obstruction theory for f. We say that (E®, ¢) is perfect
(of perfect amplitude contained in [—1,0]) if, smooth locally over M, it is isomorphic to [E~1 — EY|
with E~1, E° locally free sheaves over M.

3.31. REMARK. A relative obstruction theory (E*®, ) is perfect if and only if »'/no(E®) is a vector
bundle stack over M.

3.5. Virtual fundamental class. Let D be a Dedekind domain and set S = SpecD. Let f: M —
M be a morphism of Deligne-Mumford type of Artin stacks over S. Assume that 9 is purely
dimensional of pure dimension m and that M has the resolution property. Let (E®, ¢) be a perfect
relative obstruction theory for f, we denote by
p: €p=r/m(E®) - M
the associated vector bundle stack of rank r. By Remark [3.28], the relative intrinsic normal cone €
is a closed substack of €. Moreover, by Theorem [B.2] and [18] Proposition 3.5.10, the flat pullback
i AU > Aug o (€50)
is an isomorphism and we denote the inverse by 0'.

3.32. Definition. The virtual fundamental class of M relative to (E®, ) is the cycle class
(M, BT = 0']€f] € Au(M)s).

3.33. The intrinsic cone €y is purely dimensional of pure dimension m, hence [./\/l,E']Virt €

Ap—r(M/s) and m — r is called the virtual dimension of M.

3.34. REMARK. By resolution property and Theorem BI8 we can assume that E® = [E~! — E]

with E~1, EY locally free sheaves over M, up to replacing E® by a quasi-isomorphic complex in
p-1o (M). In particular € is isomorphic to a globally presented vector bundle stack [C(E™") /c(E°)]

coh

with C'(E%) — C(E£~!) morphism of vector bundles over M.

3.35. Proposition. Let (E®, @) be a perfect relative obstruction theory for f, such that h%(E®) is
locally free. Then
(1) if h\"Y(E®) =0, then M is smooth over 9 and [M, E*]""" = [M];
(2) if M is smooth over M, then h™'(E*) is locally free and
M, E*]" = ¢, (C(hH(E®))) - IM],

where 1 is the rank of C(h™1(E®)).
11



Proof. By Remark B.34] we can assume E® = [Ey — Fi] with E~!, E° vector bundles over M.
If h~Y(E®) = 0, then h_l(TZ_lL}) = h_l(L}) = 0, since h™1(y) is surjective. Hence T>_1L} is
quasi-isomorphic to hO(L}), which is locally free since h(¢) is an isomorphism. Then, from the
following distinguished triangles

TS_QL} — L} — Tz_lL;c +—1>
Te L% — LY — hO(LY) T
we get that 7<_1L% and 7<_L} are quasi-isomorphic and hence 7>_1L% = L?f. It follows that

L?c =n0 (L}) is locally free and, by Theorem B.19] f is smooth. In particular M is smooth over S.
Moreover, we have

rk ¢ = —tkh°(E®) = —rkh’(L}) = — 1k Ty = — dimpy M,

hence the virtual dimension of M is equal to dimg M. Notice that in this case &; = N; = &; =
[M/1;], hence p*[M] = [€;] and

M, BT = 0'[¢] = [M].

Assume now that f is smooth then, by Theorem [B.19] h_l(L}) =0 and Ny = & = [M/1y]. Since

hO(E®) is locally free and E® is perfect, we get that h~!(E®) is locally free. Let us consider the
natural morphism p: C(h™1(E®)) — &; and set i = po p. Notice that € X ¢, C(h~Y(E®)) = M,
hence we have a cartesian diagram

M C(hY(E®))

| L

€ —— &

where s is the zero-section of C'(h~'(E®)). Let 0' be the inverse of ii*, then 0' = 0' o p*. By [12]
Corollary 6.3,

e (C(hHE®))) - IM] = 0's.[M] = 0'p*[e] = 0'[¢y] = [M, E*]™. -

3.36. Proposition. Consider the following cartesian diagram of Artin stacks over S,

M/Lml

gl ; lh

M——M

where [ and f' are of Deligne-Mumford type, M and M’ are smooth and purely dimensional of pure
dimension m, M and M’ have the resolution property. Let (E®, ) be a perfect relative obstruction
theory for f. If h is flat or a regular local immersion (of constant dimension) then

g* [M, Eo]virt _ ['/\/(/7 Lg*Eo]UiTt.

Proof. Let us notice that Lg* E® is a perfect relative obstruction theory for f’. The statement follows
by [5] 7.2 and Theorem [B.2 O
12



4. A VIRTUAL FUNDAMENTAL CLASS

4.1. Let D be a Dedekind domain and set S = Spec D. Let X be a smooth projective connected
scheme of finite presentation over S. We want to define a virtual fundamental class for M ,,(X/s, 5,)
relative to the forgetful morphism

0: Mg,n(x/sy 577) — mgyn/sv
following the construction of Bl For this, we need a perfect relative obstruction theory for 6.
4.1. The stack of morphisms.

4.2. Definition. Let C be the universal curve of My, /s, we define the algebraic stack Mor(C, X)
over My, /s as follows

(1) for every S-scheme T, an object of Mor(C, X)(T) is a pre-stable curve (Cp —= T',t;) over
T together with a morphism of S-schemes fr: Cr — X;

(2) for every S-scheme T, a morphism from ((Cr = T,t;), fr) to ((C4 o, th), fr) is an
isomorphism of pre-stable curves Cp = Cl such that fr.oa = fr.

4.3. There is a canonical functor §: Mor(C, X) — 9y, /s which forgets the map into X. Let us
notice that 6 is representable and quasi-projective. Moreover, since stability is an open condition,
the stack M, ,(X/s, 3,) is an open substack of Mor(C, X).

Notice that ¢ = C xun, /s Mor(C, X) is a universal family for Mor(C,X) and we have the
following commutative diagram

(s o '

ngn(x/saﬁn) - MOI‘(C7X)

where € = € X Mor(C, X) M n(X/s, ;) is the universal stable map.

4.4. Lemma. We have F* = RT, (E*QX/S®(UE)[—1] € Dghl’o)(l\/[or(C’, X)) and W' [no(F*®) is a vector
bundle stack.

Proof. Since X is smooth over S, the sheaf {1x /s is a vector bundle over X. The dualizing sheaf wz
is a line bundle over &, because % is a family of curves with at most nodal singularities (which are
Gorenstein). Hence P Qx /s @ wr is a vector bundle on % . Recall that the cohomology of the total
pushforward is the higher pushforward sheaf. Moreover, T is a flat projective morphism of relative

dimension 1, so the i-pushforward vanishes for ¢ > 1 by the cohomology and base-change theorem
(1] Corollary 8.3.4), therefore

R (4" Qx s ® wr) € DY (Mor(C, X)).

coh
Set .F = E*QX/S@MF. Let .Z be a T-ample line bundle (for istance, we can take .Z = wz(> 1, 7;)®
b 0(3)) then, for n big enough, .# ® .£™ is generated by global sections and R7,(F ® £~") = 0.
Thus we have a surjection
G =TT (FRLYQL " = F,
and we denote by % the kernel. Notice that J# is a vector bundle because it is the kernel of a
surjection of vector bundles. Hence we get the following exact sequence

0 — R'7,.# - R'7.9 —» R'7.Z — R'7.¥ — R'7.9 — R'7.F — 0.
13



Since R'7.(F ® £~ ") = 0, we have that R'%,% = 0 and thus R°%,.# = 0. As a consequence,
R'7,.# and R'7,% are vector bundles and F*® is quasi-isomorphic to [le*,}i/ — Rlﬁ*%]. O

4.5. We define a morphism @: F* — 7>_1 L% in Dé;hl’o) (Mor(C, X)) as follows. By adjuction, this
is equivalent to define a morphism

(¥ Qx5 @ wr)[—1] — L7 (LY).
Recall that if 7 is a flat proper Gorenstein morphism of relative dimension N, then L7 = 7 @
wz[—N]. This applies in our case with N = 1 and we get LT = 7 ® wx[—1]. Hence to give the
morphism @ is equivalent to giving a morphism E*Qx /s = f*Lé. Notice that Qx5 = L% = since X
is smooth over S (Theorem B.19). We define the morphism E*L; /s ™ f*Lé as the composition

O Ly)s = L — Lo =T L,

where C' is the universal curve of My, /s, the isomorphism Lz Jo = f*Lé follows from the fact that
€ =C Xon, s Mor(C, X) and the morphism C' — My, »/s is flat (Theorem B.19)).

4.6. Proposition. The pair (F*, %) defined above is a perfect relative obstruction theory for 6.

Proof. LEt Speck z, Mor(C, X) be a geometric point. Then T corresponds toa pre-stable curve
Cz over k together with a morphism v, : Cz — X, obtained by pulling back (¢,) along Z. Using
Serre duality and cohomology and base chage theorem ([II] Corollary 8.3.4), we have

H'(Cs,03Tx)s) = H' 7 (Co, T (0 Qxys @ wr))¥ = A H(F*[=1])Y) = B (LT F*)Y).

Now, let A" — A = 4'/I be a small extension in (Art/é,) and consider a commutative diagram

Spec A <, Mor(C, X)

Spec A’ L My, n/s

In particular i/ corresponds to a family of pre-stable curves C'4s over A’ obtained by pulling back
C — My, n/5 along I, and g corresponds to a family of pre-stable curves C'4 over A together with a
morphism v 4 : C4 — X obtained by pulling back (%¢’,1) along g. Thus g extends to ¢’: Spec A’ —
Mor(C, X) if and only if ¢, extends to ¢4 : Car — X if and only if, by Proposition [A.23] and
Proposition [A25], h'(7")(obg(g, h')) is zero in H'(Cr, ¥ Tx /s)® 1. Moreover the extensions, if they
exist, form a torsor under HY(Cg, E;Tx Js) @ I. By Theorem [B.29] this implies that (F*,%) is a
relative obstruction theory for 6 and, by Lemma 4] F*® is perfect. O

4.2. A perfect obstruction theory for M, (X/s, 3,).

4.7. Corollary. Let E* = Rr. (" Qx/s @wr)[—1] and let p: E* — 7>_1Lg be the morphism induced
by ©. Then (E°®,p) is a perfect relative obstruction theory for 6.

Proof. Since the natural inclusion j: Mg, (X/s,8,) < Mor(C, X) is an open immersion, it fol-
lows that Lj*Ls = Lg, Lj*F* = E°, and ¢ = j'p. Hence, by Lemma [L4] we have E® €

Dgglll 0 (Mg.n(X/s,By)). By Proposition B8, we know that (F®, %) is a perfect obstruction the-

ory for @, hence h°(®) is an isomorphism and h~!() is surjective. Since the pullback j* is an

exact functor, we have that h%(y) is an isomorphism and h~!(y) is surjective, which implies the

statement. O
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4.8. Definition. We define the virtual fundamental class of Mgy, (X/s,3,) to be
My (X5, B)]™ = [Mgn(X/5, By), B*]™™ € Avaion (Mo (5/5.6)/5).
4.9. Consider the vector bundle stack p: €& = h'/n°(E®) — M ,(X/s, 3,). Then, by cohomology
and base-change theorem ([11] Corollary 8.3.4) and Riemann-Roch theorem,
rk & = dimh~ ' (LT*E®) — dim h°(LT* E*)
= dim H' (5,5 Tx js) — dim HY (€, ¥3Tx /)
— — deg(ch(UTy ) - td(Tis))

K( g
~ —deg (sk(us) + ) - (1- FED) )
=dimg X (g — 1) + e1(Tx/s) - ¥, [5]
= dimg X(g — 1) + Cl(TXn/n) . ,877,
for a geometric point T of M ,,(X/s, 3,). Thus
vdim = dimg My, /s — 1k € = (dimg X — 3)(1 — g) — c1(Tx,,) - By +n.

5. GROMOV-WITTEN CLASSES AND INVARIANTS

5.1. Definitions. Let D be a Dedekind domain, set S = Spec D and denote by 7 the generic
point of S. Let X be a smooth projective connected scheme of finite presentation over S and set
X, =X xgn. Fix g, € A;(X+/n) and g,n > 0.
5.1. REMARK. Notice the following facts:

(1) the natural functor

v=(0,ev): Myn(X/s,By) = Mgnjs x5 X"

is proper because 6 is proper (since My, (X/s,3,) is proper and Mg,n/s is separated) and
X is a projective scheme;
(2) the projection
I'B Mg,n/s xg X" — X"
is flat of relative dimension 3g — 3 + n because Mg,n/s is smooth of dimension 3g — 3+ n
(since stability condition is open);
(3) the projection
q: Mg’n/s Xg X" — Mg’n/s
is projective because X is projective.

5.2. If § = Speck with k an algebraically closed field and if [ is a prime different from the
characteristic of k, we can define the [-adic étale cohomology as

H' (X, Z;) = lim H}, (X, %/i72).

Moreover H"(X,Q;) = H"(X,Z;) ®z, Q; and we have the cycle map
ol: A"(X/k)q = H* (X, Qy(r))
as described in [22] VI.9. We set H*(X) =Y H"(X,Q;(7)), where 7 is the integral part of r/2.

5.3. Definition (Gromov-Witten classes). Let Cﬁfn,@, € A*(My,nss xs X"/S)q be the class defined
by vi[Mgn(X/s, 577)]‘/lrt € Au(My,nss xs X"[S)q, via Poincaré duality.
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(1) If 29 — 3+ n > 0, we define the linear operator
L5, A(X/8)g" = A* (Mo ws/s)g

g7n7

to be 1N, 5. (¢) = g. (p"(0) N1 CY, 5. ).
(2) If moreover S = Speck with k an algebraically closed field, we can define

L, H*(X)®" = H*(Mo,n)s))

as above (abusing the notation, we write Cg n,3, stead of cl(Cg nBn))-

5.4. REMARK. By Poicaré duality, we can consider Ig,nvﬁn as a homomorphism A, (X /S)Q" —
Ax(My,/5/S) g, defined as

Ii]{n,ﬁn(.) = G« (p (8) N v [Myn(X/s, Bn)]vm) _

5.5. Definition (Gromov-Witten invariants). If 2g — 3 +n > 0, we define

<I§{n7ﬁn> (1) = /_ Iin,ﬁn (1)7

My n/s

fory=m® @y, € A* (X/S)®" If S = Speck with k an algebraically closed field then (IX g ()
is defined for every v € H*(X )er

5.6. NOTATION. Let M be a proper Artin stack over a field k. Let L be a finite algebraic extension of
k, then My, = M x; L 2% X is smooth and finite of degree [L : k]. By [12] 1.7.4, pr.p% = [L : k],
therefore pj gives an isomorphism A.(M/k)q = A(Mr/L)g. Let k be an algebraic closure of k
and set M = M xy, k, then A, (M/k) = lim A,(Mc/L), where the limit is over all finite algebraic
extensions L of k such that L C k. There is an induced homomorphism p: A,(M/k) — A,(M/E)
which gives an isomorphism A.(M/k)g = A (M/k)q; for all B € A (X/k) we set B = p(B). The same
holds for bivariant Chow groups A*(e),.

5.7. Proposition. Let X be a smooth projective scheme of finite presentatzon over a ﬁeld k. Let k
be an algebraic closure of k and set X = X xy k. Then, for all 11 ® --- @ v, € A*(X/k)

L@ @mm) =L (1@ @7).

Ig n.B
Proof Let L be a ﬁmte algebraic extension of k and set X7 = X x; L. Let 81, = p} 8. Notice that
gn(Xz/L, BL) = Mgy (X /k, B) % L and thus, by Proposition [3.36]

Mo (e, B = Mg (X2 /1, B)]™ € Au(Moon K/ O)fk) gy 2 Au (Mo X2/, 1) 1)y

Then for all y € A*(X/k)q, we have IgﬁﬁL(fy) I;fnﬁ(fy) and hence IX’ 75( 7) =1 nﬁ( )- 0
5.2. Deformation invariance and comparison of invariants in mixed characteristic. Let
D be a Dedekind domain, set B = Spec D. We denote by 1 = Spec K the generic point of B and let
bo, b1 € B be closed points of B. Let m: Y — B be a smooth projective family of smooth projective
schemes and set ¥;, =Y xpn, Y =Y xpby for h = 0,1. By [12] 20.3, there are specialization
morphisms o: A.(Ya/y) — A.(Ye/b,) for h = 0,1. Let b, = Specky, and let kj, be an algebraic
closure of kp, for h = 0,1. We set b, = Speckj,. Recall that the cospecialization map gives an
isomorphism H*(Y() & H*(Y), where Y, = Y}, Xy, kj, for h = 0,1 ([22] V1.4.1).
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5.8. Theorem. Let 8 € A1(Yn/n) and set By, = op(B) for h=0,1. Then
Yo _
Ig n BO (1) 197 7E1 (1)
for every v € H*(?O)®n = H*(?1)®n
Proof. Let Ry, be the localization of D at by, for h =0, 1, then Ry, is a discArete valuation ring with
generic point 1 and closed point b,. Let Ry, be the completiop of Ry, then Ry, is a complete discrete
valuation ring with closed point b;, and generic point 1 X R, Ry. Moreover Ry ®p R1 K and hence
1 X Ry Ry = N XR, R;. We denote by 11 = SpecK the generic point of Rp,. Set Yh =Y xp R, and
Y Y xp . Let i: Y, — V3 and ji Y — Y}, be the natural inclusions. Let 3 € 4; (v,/7) be the
pullback of 3. We have the following carte51an diagram

My (Vafis B) = Mgun (5 /00, B) = Moy (b, )

N

My, n/i M, n/Ry, My, n/by,

Let K be an algebraic closure of K. We set B = E € A1 (Y, /q), where 77 = Spec K and ?n =Y Xp7.
By [12] 20.3.5 and Theorem [B.2], there exists a specialization homomorphism

6 Ax(Mon (Ta/m B) /1) = As(Mon(Tnfons Bi) fon) @
and, by the functoriality of the virtual fundamental class (Proposition [3.36]),

N virt i — — \qvirt

Gh([(Mgn (T, B ) = [Mgn(Tafon, B)]
By [22] VI.4.1, there are isomorphisms H*(Y,) = H*(Y}) and H*(My,ny) = H*(My,np,) com-
patible with py, py. Ghs: @yys Vhs, Vn, - 1t follows that

Y Y * A (7 \ON ~ Vi * (Y7, 8"
Crn = Clt € HY (Mougy) @ H' (V)™ = H* (Myp,) © H* (V1)

Then, foryeH*(?h) , we haveI h_ (7)—17 B( v) for h =0, 1. O
- 9,8 — g,n,

5.9. Corollary. Let X be a smooth projective scheme of finite presentation over a field k. Then the

Gromov- Witten invariants (Ig 7,8y ) are invariant under deformations of X .

5.3. Axioms. Let X be a smooth projective scheme of finite presentation over an algebraically
closed field k.

(GW0) Effectivity. Let Ay(X/k), be the set of 3 € Ay(X/k) such that §-c1(£) > 0 for every ample
line bundle .. Then Ié{n,ﬁ =0, for all B ¢ A1 (X/k),..

Proof. If Mg (X/k, B) # 0 then 8 = f.[C] for some stable map (C,z;, f), hence 8 € A;(X/e),. It
follows that Mg, (X/k, B) = 0 for every 3 ¢ A1(X/k),, and thus [M,(X/k, ﬁ)]virt =0. O
(GW1) Sp-covariance. For all v; € H™i(X), we have

L@ ®%®%m1® @) = (1)L (1 ® - 71 Q% Q- ® ).
Proof. The statement follows from the following ([22] VI.8)

NR RV RVl ® @y, = (1) @ @Y1 @Y R @y, € H(X™). O
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(GW2) Grading. We have

n

X, gt (R H™ (X) — HEm2(lo=) dime X=pes(Txj) (R, )
i=1
Proof. The virtual fundamental class [M, (X /k, ﬁ)]virt is a cycle class of dimension
vdim = (dim; X — 3)(1 — g) +n+ 8- c1(Txy).
Recall that ﬂg,n/k is smooth of dimension 3g — 3 4+ n, then, by Poincaré duality,
v, [ﬂgm(X/k,,B)]Vlrt c H2(3g—3+n+n dimy, X —vdim) (Mg,n/k Xk Xn)
Finally, if vy € @[, H™(X) then p*(y) € HX™ (M, ns,) and therefore

I;{n,ﬂ(l) e H2=mit2((g—1) dimg X—=F-c1(Tx 1)) (M, ni)- 0

5.10. REMARK. Notice that Mg,n/s is smooth since My, /5 is and stability condition is open. Thus,
using the formal criterion of smoothness (Proposition [A.14] Proposition [A.22]), one can show that
the following morphisms are smooth

(1) the natural functor that forgets the last marked point and stabilizes
Pn: Mo+ /s = ﬂg,n/s§
(2) the natural functor that identifies the last marked points

P Mgy ny +1/5 X8 Mg2,n2+1/s — Mg,n/sa

with 2g; +n; +1 >3 for j = 1,2, g = g1 + g2, n = ny + ng;
(3) the natural functor that identifies the last marked points

’l)[): Mgfl,anZ/S %Mg,n/s-

Moreover, using the valuative criterion for properness, we can prove that ¢, is proper, since M, » /s
is proper.

(GW3) Fundamental class. With notations as in Remark [5.10l we have

I;—n-i—l,ﬁ(. ® ldX) = QD:L 0 I;—n,ﬁ(.)’

JxmUy iff=0

X ® v ®idx) =
0’3’5(% 2 x) {0 otherwise.

Proof. Let us form the cartesian diagram

M —"— N =5 Myn(X /e, B)
o
E)ng,nJrl/k N iInfim/lc

| J

- Yn —
Mg,n+1/k > Mg,n/k
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and notice that M is the algebraic stack of stable maps of genus g and class § with n + 1 marked
points which remain stable if we forget the last marked point. IIAl particular there is a regular embed-
ding i: M — MWLH(X /k, ) which commute with 6,11 and . If we define a virtual fundamental

class [M]""™ relative to 6 as described in section H then
A virt vir
i M1 (X/k, B = M,
If we define a virtual fundamental class [N]""" relative to 0 then, by Proposition [3.36]

virt vir
G Mg (X /e, B = INT™,
and, by Proposition B4, j,[M]""™" = [NV ]Vlrt. Let us consider the following natural morphisms

N Z, Mg,rwl/k X X" j’ X"
|a
Mo+ 1/k
and set 7 = voj. Then the morphisms p and ¢ commute with py,, Pp+1, ¢n and g,+1 via the following
maps
M, sy xp X" LGNy v S i1 Xp X" enxid, 1 i X X
where m: X"+ — X™ is the projection on the first n copies of X. We have
(o % 1) e [ (/s B ™ = D5 (M (X, )™

= Dl [Myasr (/. )]

= 04! [Myner (¥/k, B)] ™

= (id % ) v Mg (S 8™,

hence (id x ﬂ)*Cgan’ﬁ (o x id)* anﬁ Let y =71 ® -+ ® Yp, then

er 10 5(0) = Ohtny (D5 (1) N Cyy )
= Gu(pn x 1d)* (p1(1) N CyY )
=G (P"(7) N (id x 1), Cgli1,5)
= q.(id x ), ((id x )" 5" (1) N Cypyn5)
= gni1s (Phr (Y ©1dx) N Ty )
=150y ®idx).

Notice that Mo, s/ = Speck and Mo 3(X/k,0) = X, hence by Proposition[3.35] we have [Mg 3(X /&, O)]Vlrt
[X]. Then
I050(11 ® 72 ®idx) = g3, (P5(11 ® 72 @ idx) Nv3.[X])
= ¢3.((71 ® 72 ®@idx) N w3, [X])

:/ v1 U 2.
X

Let assume 8 # 0. Recall that H*(Speck) = 0 for all i # 0. If X =P then 8 =d € Z, d > 0 and
hence 8- c1(Tpy) = d(r +1) > r. Let v1 ® y2 € H™ (P}) ® H™2(P},), then

Ios a(71 ® 72 ® idpy) € H™+m2=2=2d0+1) (Spec k),
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If my <0 or my > 2r, then H™ (P}) = 0, which implies that I0 5.4(71 ® 72 ®@idpy) = 0. Otherwise,

if 0 < mq,my < 2r then mq 4+ mg — 2r — 2d(r + 1) < 0 and H™ tm2=2r=2d(r+1)(}:) — (. In general
let i: X — P}, be a closed embedding and set d = i,3; since X is smooth over k, i is a regular
embedding ([I12] B.7.2). Form the fiber diagram

M =5 Mo3(Pi/k, d)

|

X3 _r P?};i’)

where M = U;, 5—aMo 3(X/k, B). Let j: Mo 3(X/k, 8) — M be the natural inclusion, then j is finite
and flat. Set T=10 j, then

1 Mo (B i, )™ = Mo a(X/k, )™
It follows that
vi[Mo3(X/k, )]Vlrt = 1, §* 1 [Mo3(P ;/k7d)]Virt — 0.3 [Mo.3 (%, d)]wrt ey Voo d)]mt
Finally, we have
[3,5(1 ® 72 @ idx) = 0. (0" (1 @72 @ idx) N [Mos(¥/k, B)]™)
= qry ix(P (M @72 ®@idx) N i!VP;*[mo,g(PZ/k, d)]virt)
= qpy_(ix0" (1 ® 72 @ idx) Nvey [Mos(Bi/k, d)]"™)
= ey, (Phyis (11 ® 792 ® idx) Ny [Mos(F fr, d)]™™)
= Iph (i ® b7z ® idy) = . .

(GW4) Divisor. With notations as in Remark [5.10, we have, for all v € H?(X),

SOn*I;an,g( ) (B - ’Y)Ig nﬁ( )-
Proof. Consider the functor
Bt Mg (X /e, B) = Mg n(X/k, B)
which forgets the last marked point and stabilizes. We have the following commutative diagram

dn+1 —_—
g,n+1( /k: )*M/\/lg nt 1/ Xk Xl Mg,n+1/k

J@n \[Lanid J/SOYL

- n Xid — Q N
M. (X, B) xp X 255 My gy 5 X7 M,

where ¢, = P,, X evp4+1. By the Kiinneth formula ([22] VI.8), we can write

Pros M ir (K, O™ = Mg (K, O] @ 6 + a,

where 8 € H*"2(X) and o € H™(M_ (X /k, 8)) @ HY(X), with m less than 2vdim. The class 8’

can be calculated by restricting to what happens over a generic point of M, ,(X/k, 8). Representing
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such a point by £ = (C,x1,...,2,, f), we have the cartesian diagram

C d € %, X ¢

. !

Mo i1 (X, 8) 2 My (X /i, B) X1 X —— My n(X/k, )

where, for £ generic, the map i is a regular embedding, hence

i Mgt (i, B = £ Mg st (X, )] = £[C] = B,
on the other hand
"B Mo (5o B = it (M (¥, B) ™ @ 8 +0) = 6.
It follows that 5’ = 3 and
(n X id), vnr1, [Monpr (/e 8] = (v x id), @rs[Mg i1 (X/i, )]
= Vo [Mgn (X1, )] © B+ o,
and hence (@, X id)*Cganﬁ = Cf]fnﬁ ®pB+a. Let y =71 ® -+ ® Yy, then
Pnalpni18(7®7) = Cratnst, (D1 (Y ® ) N CY i1 )
= s ((pn ¥ 1d)* (v ®9) N (g x id),Co011.5)
=§n*(( *(’Y) ) (CX pOB+A))

(GW5) Mapping to point. Let B = 0, then Mg, (X/k,0) = Mg,n/k X1 X. Let us consider the
universal stable map

o
Mg (X [k, 0)
and notice that E = R'm, (¢*Tx /i) i a vector bundle of rank gdim X. Then
0 @ @) = G (P (11 U+ U ) N ([Mgn(X/k,0)] - ciop(E))) ,
where p: Mg,n/k X X — X and §: Mg,n/k X X — Mg,n/k are the projections.
Proof. Recall that E* = Rm.(¢*Qx ), ® wr)[—1]. By Poincaré duality,
hHE®) = B (Rm (4" Qx ), ® wr)) = hH (R, (' Tx ) = Rim (¥ T ).

In this case 6 is smooth, since it is the composition Mg,n/k Xp X — ﬂg,n/k — DMy, )., Where
the first arrow is the projection, which is smooth because X is smooth, and the second arrow is
the natural inclusion, which is an open immersion because stability condition is open. Hence, by

Proposition [3.35], _
[ﬂg,n(X/k, 0)]V1rt = CtOp(Rlﬂ'*(f*TX/k)) ’ [ﬂg,n(x/ka 0)]
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Notice that q o v = ¢, therefore g.v. = §i; we have also the following cartesian diagram

mg,n/lc XkX L) Mg,n/k Xk X"

X X"

where 7 = (idx)". Then
Lm0 ® - ®7) =g (p*(% ® @ V) NV [My (X, 0)]virt)
= QxVx (y*p*(% ® - ®7,) N [mg’n(x/k,o)]virt>
=@ (" (1 U Un) N (Mgn (X8, 0)] - crop(E))) - O

(GW6) Splitting. Let g1, g2,n1,n2 > 0 be integers such that 2¢g; +n; +1 > 3 and set g = g1 + g2,
n = ny + ny. With notations as in Remark 5.I0, let v = v ® - - - ® 7y, then

oL = D, Gimtrs ®lners ™ @ [A]@y™MW),
B1+B2=08

where A is the diagonal in X2 and (%) = ~; @ Yit1 @ &Y.
5.11. Costello’s decorated pre-stable curves. Before proving Axiom (GW6), we need to recall
Costello’s construction of My, », 5. Roughly speaking, My, x5/, is a smooth Artin stack over an
algebraically closed field of characteristic zero, which parametrizes pre-stable curves C' of genus g
with n marked points, together with a labelling of each irreducible component of C' by an element
of a semigroup A, such that the sum over irreducible components of the associated elements of A
must be 8 € A. In the following we extend Costello’s construction over an arbitrary base scheme
S.
Let A be a commutative semigroup, with unit 0 € A, such that
(1) A has indecomposable zero: 8+ ' = 0 implies § = 5/ =0, for all 35,8’ € A;
(2) A has finite decomposition: for every 8 € A, the set of 1, f2 € A such that f; + B2 = [ is
finite.

Let us fix 8 € A.

5.12. Definition. Given integers g, n > 0, we say that the triple (g, n, 3) is stable if either 5 # 0
or f=0and 2g —3+n > 0.

5.13. Definition. The category fibered in groupoids My, ». 5, /s is defined inductively as follows.

(1) If (g,n, B) is unstable, then My, . 5,/ is empty.

(2) Suppose (g,n, 3) is stable. Let T be an S-scheme, then an object of My, ., s,/5(T) is a pre-
stable curve (C — T,t;) of genus g with n marked points together with a constructible
function A: Cyer, — A, where Cye,, — T is the complement of the nodes and the marked
points of C, such that X is locally constant on the geometric fibers of Cye,, — T

(3) If Ty C T is the open subscheme parametrizing non-singular curves and Cy = C xp Tp, then
At Cogen, — A must be constant with value j3.

(4) Let g1, g2,n1,n2 > 0 be such that g = g1+¢2 and n = ny;+ns. Let T and T” be S-schemes and

let T' 25 T be a morphism of S-schemes. Given an object (C' — T',t;, \) € My, n,5,/5(T), we
denote by (C” — T",t}) the pre-stable curve obtained by pulling-back the curve (C' — T,t;)
via h. Assume that there exist two pre-stable curves (C; — T",t},) € My, n, +15(T"), for

j = 1,2, such that C’ is obtained by C; and Cj identifying the last marked points. We
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require that the induced constructible functions A;: C; — A, for j = 1,2, define a

morphism

gen

/
T — U 93/t511y7l1+1,131/s Xs m92»7lz+1,ﬂ2/s'
B1+B82=0

(5) Let T and T” be S-schemes and let T” M T hea morphism of S-schemes. Given an object
(C — T,t;,A) € My n,5,/5(T), we denote by (C' — T",t}) the pre-stable curve obtained by
pulling-back (C' — T,t;) via h. Assume that there exists a pre-stable curve (C” — T",t!) €
DMy~ 1,n+2/5(T") such that C’ is obtained by C” identifying the last two marked points. We
require that the induced constructible function \": Cy.,, — A defines a morphism

T — mgf1,n+2,5/s.
One can show directly that the category My, n, 5,5 is a stack over the base scheme S.

5.14. Proposition. The natural functor Mg, n, s, /s — Mg, n/s which forgets the labelling with values
in A is étale. In particular Mgy, s,/s 18 a smooth algebraic stack over S.

Proof. We use the formal criterion for étaleness ([22] 1.3.22 and Proposition [AT4]). Let Z: Speck —
Mg, n, 8, /s be a geometric point and let

0—>I—>A—>A-0

be a square-zero extension in (Art/és ). Given a decorated pre-stable curve (C' — Spec 4, a;, A) and
a pre-stable curve (C" — Spec A, a}) such that the diagram

C/

(|l

Spec A — Spec A’

is cartesian, we want to show that there exists a unique constructible function \': C;en — A such
that A factors through X and (C" — Spec A, a}, \') is a decorated pre-stable curve. Let us notice

s Wi

that C' and C’ has the same underlying topological space and that the labelling with values in A
depends only on the topology of the family of pre-stable curves, hence there exists a unique function
X with the required properties. O

Proof of Aziom (GW6). Let us notice that A;(X/k), is a commutative semigroup then, by effec-
tivity, the sum is finite. Denote for simplicity

ﬂ(ﬁlﬁz) _ Mgl,m-i-l(X/k’ B1) Xk ﬂg%m-i-l(x/ky B2).

Let us form the fiber diagram

N(ﬁhﬁz) A» m(ﬁ1752)
\[ Jevn1+1 ><eVn2+1
A
X—X Xk X
where A is the diagonal. The stack N (¥1:%2) is the moduli stack of pairs

((Cl’xi7 fl)’ (027 Yis fZ)) S ﬂ(ﬁhﬁz)

such that fi(xn,+1) = f2(YUnot1)-
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Let us notice that the morphism 6: ﬂgm(x [k, B) — My, np, factors through My, n, s/, More-
over, by Proposition 5.14] the natural forgetful map Mg, n, 55 — My, ny, is étale. Therefore we can

construct a virtual fundamental class [M, (X /k, ﬁ)];irt relative to the morphism
65 Mgm(x/k,ﬁ) — 5Ing,n,ﬁ/k

(as described in section 3) and, by Theorem B.I9, we get [M, (X /k, ﬁ)]vnrt = [mgm(x/k,ﬂ)]vm.
Notice that the composition

A A ’
N(BhBZ) — M(Bl P2) — mgl»”l +1,81/k Xk mgz,”z + 1,82 /k

is the natural forgetful functor that we denote by #(%1:82) Moreover we can define a virtual funda-

mental class [N (51’62)]‘/irt relative to the morphism 6(1:82) ag described in section @ and, since A
is a regular embedding, we get

virt virt

A![ﬂ(ﬁl,ﬁﬁ]
Let us consider the commutative diagram

|_| N (B1,52) @ _
M (X/k,
B1+B2=p ol /hs )

JH(BLBZ) 98

— [N(ﬁl,ﬁz)]

|_| 9:'Tt91;n1+1,61/k X 9:'Ttgzyanrl,Bz/lc ® >9thyn”3/k
B1+B82=0

and note that it is actually cartesian. By Proposition [3.36]

My O™ = 3 W
B1+B2=8

Let H(M) = Moy ni+1 i Xk Moz ns +1 s and consider the following natural morphisms

idxm

N (B1,82) SN M(l 2) Xn+1 S M( 2) X X7 i» M(lﬁ)

| |

Xn+1 Xn

3

where p o U is the evaluation at the first n 4+ 1 marked points and 7 is the projection on the first n
components, and set 7 = (id X ) o ¥, § = g o (id o 7). It is easily seen that the morphisms p, p, ¢
and ¢ commute with py, ¢n, Pni+1 X Pny+1 and @n,+1 X @ny+1 via the following maps

M(172) Xan pxid Mg n/k XkX
idxA

—(1,2
M( ) ><]€)(TL—|—1 —)M an+2.
Let us denote for simplicity
V1,2 = Vni+1 X Uno+1
P1,2 = Pni+1 X Pna+1
41,2 = Qni+1 X Gno+1

Cﬁl B2 T Cgl n1+1,61 ng7n2+1 B2°
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We have

(p x i) o [My (X i, B)] ™ = 05" Mg (X, O™
. ~ — virt
= (id x ), B A M5, )]
B1+B2=p
= (id X F)*(id X A)!I/l,g*[M(BLBQ)]VIrt,
B1+52=0
hence (¢ x id)*C =D 8,4 p,=p (id x ), (id x A)!Cé(lﬂz. Let y =7 ® - @y, then

I 5(7) = @ ne (Pn*(7) N C )
= Gu(p xid)" (p* (1) N C;., )

Y (m) N (id x 7). (id x A)'CH 4, )

Bi1+B2=p8
= Y @ (Frmnidxaycs,,)
B1+pB2=p
. ~s . 3 I~X
= > qa(idxA), <p (y@id) N (id x A) Cﬁl,ﬁz)
Bi1+B2=p8
= Z qiz, ((id x A),p*(y ®id) N CF, 5,)
Bi1+B2=p8
= > qa, (Pl,z*(l("l) ®A®y")Nn Cé{lm)
B1+pB2=p
— Z L 1.8 ® L0 nai16 (7™ @ [A] @ y"2)). O
B1+pB2=p

(GW7) Genus reduction. With notations as in Remark [5.10, we have

P OIgn,B( )= Ig 1n+2,5(0 @ [A]),

where A is the diagonal in X?2.

Proof. Let us form the fiber diagram

N g 1n+2( /kvﬁ)

J Jevn+1 XeVp42

X -2 X xp X

where A is the diagonal. Notice that N is the moduli stack of stable maps of genus g — 1 with n + 2
marked points such that the images in X of the last two marked points coincide. Thus N fits in
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the following cartesian diagram

P
N - Mg,n(X/ka B)
él Je
gjtgf 1,n+2/k — mg,n/k

| |

JR— w _
Mg* 1,7L+2/k i Mg,n/k
and the composition
A —
N = M9—17n+2(X/k7 B) — M, - Ln+2/

is the functor §. We can define a virtual fundamental class [N]""" relative to the morphism 6, as
described in section dl Since A is a regular embedding and by Proposition B.36] we get

— virt V1r virt
A'[Myg1m2(X /e, )] = NI = F [Mg 0 (X, B)]
Consider the following natural morphisms

dxm —

_/\/'4&/\/1971 n+2/k Xan—H *)Mgfl n+2/k XkX %Mgfl n+2/

| ;

Xn+1 i Xn

where p o U is the evaluation at the first n 4+ 1 marked points and 7 is the projection on the first n
components, and set 7 = (id X ) o ¥, § = g o (id o 7). It is easily seen that the morphisms p, p, ¢
and ¢ commute with p,, ¢, Pri2 and g,1o via the following maps

My 1ingop xp X" wxid, Mg X X
My 1ngop xp X M, - Lt Xp X2
Moreover, we have
(1 X i) v Mg (X, O™ = D00 [M, (5.8 )
= (id x 7), 5 A M1 g2 (X, )]

— (id x ), (1d X A)vyo, Myt na (X, B,
hence (1) x id)*CY, ;= (id x 7),(id x A)'CX |, 5 Let y =7 @+ ® 7, then
U0 5(7) = U qns (pn* (1) N Coly )

= Gu(¢p x 1d)" (pn" () N C )

=7 (50 0 (id % 7, (1d % AYCX i)
= . (B"(id x ™)"() N (id % A)'C 1y 5)
= gn+2, ((id x A), p*(y ®id) N Cg Ln+2,8)
= gn+2, (Pnr2" (Y @ [A]) N Cg—l,n+2ﬂ)

=1 | a5y ®[A]). 0
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(GWS8) Motivic axiom. There exists a class Cg g € AT (Mo n xx X" [k) o such that
Ln,p(®) = a:(p"(¢) N Cgly )

6. GENUS ZERO INVARIANTS IN POSITIVE CHARACTERISTIC

6.1. Gromov-Witten potential. Let k be an algebraically closed field (of arbitrary characteristic)
and let X be a smooth projective connected scheme of finite type over k. Fix 5 € A;(X/k) and
n > 0. Let [ be a prime different from the characteristic of k.

6.1. By [22] V.1.11, H*(X) =Y, H"(X,Q;(7)) is finitely generated over Q. Let Tp = 1,T1,...,Tp,
be generators for H*(X). For each i = 1,...,m, we introduce a variable t; of the same degree of
T;, such that the t; supercommute, which means

tlt] — (_1)degti degtj t]t“
and t? = 0 if ¢; has odd degree.

6.2. REMARK. If v; € H™i(X) then <I§n75>(71 ® -+ ®7,) € Qy is zero unless

n
Zmi = 2(vdim — 3g + 3 — n).
i+1
6.3. NOTATION. We denote the vector (ag, ..., a) as a; we set |a| = ap+- - -+a,, and al = ag! - - - a !
Moreover we set (Ié{n’ ) =0 forn < 3.

6.4. Definition. Let v = > 7" #;,T; (regarding T; and ¢; as supercommuting variables). We define
the genus 0 Gromov- Witten potential as the formal series

1 n
n>0Be Ay (X/K)

where ¢? is a free variable and

a

%(Iéfn,m(’v") =) e )(10n6>(Tﬁ)%,

la|=n
with €(a) = £1 determined by
(Tp)" - (b T) ™ = ()T -~ TS50 -2
.5. REMARK. By effectivity axiom, the Gromov-Witten potential is a formal series in R =
R[to, ... tm], with R = Q;[¢%; B € A (X /k),].
6.2. Quantum product. By [22] VI.8, H*(X x; X) = H*(X) ® H*(X). Let A C X xj; X be the

diagonal, then
A=Y T, @1y
e7f
6.6. Definition. We define

P3P
T xT; = .
’ Z oot
Extending this linearly gives the (big) quantum product on H*(X,R).

6.7. REMARK. Notice that the Gromov-Witten invariants with n < 3 do not affect the quantum
product.
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6.8. Lemma. For all i j,h we have
at 875 8th Z Z nl <IO 3 (L @T; @ Ty @ A g?
n>0 BEAl X/k)

Proof. For simplicity, we will assume that H*(X,R) has only even cohomology so that we don’t
have to worry about signs. We have

50(7) ,
T“ —¢ = (T A
Ot;0t;0ty, ot 875 ath Z Z 0.n,8)( Z Z 0,60 ( 'q ’
B lal=n n, B lal=n
where ' =a —e; —ej —ej, and ¢; = (0,...,0,1,0,...,0) with 1 in the i-th position. Moreover
1
Y i) LT @Tiey)ed” =)0 Y (sl 0T ®Th®T“)
n, B n, B lal=n =
teitejtenyte B
ate;+e;+e
—Z Z (I 3,60 (T I h)aQ- a
n, B lal=n+3 =

6.9. Theorem (WDVV equation). The Gromov- Witten potential satisfies the equation
>’ gef >’ - _1)degti(degtj+degth) Z o*® gef o’®
7 ot;0t;0t.”  Otyot,ot " Ot;0tpdt.”  Otpot;of

for all i,j,h,l.

Proof. For simplicity, we will assume that H*(X,R) has only even cohomology so that we don’t
have to worry about signs. If we set

Fe o P
ot0t;0t."  ot;0t,0t;
then we want to show that F'(ij|hl) = F(jh|il). Consider the following cartesian diagram

D(’l/j|hl) Mo,n+4/k

| &

N N 0o —
Speck = Mo, i, 1 Us/e Xk MO,{h,l}u./k — ./\/10,4/;c

F(ij|hl) =

where the image of g is a boundary point of Mo,% = IP’,lf. Since the boundary points are linearly
equivalent, the same is true for the fibers of p over these points, hence D(ij|hl) and D(jhl|il) are
linearly equivalent divisors in Mo, » 1 4 /.- Let AU B be a partition of {1,...,n+4} such that i,j € A
and h,l € B. Form the following fiber square

D(A|B) D(ij|ht)

J |

_ _ o —
MO,AUo/k Xk MO,BUo/k — MO,n+4/k

then D(ijlhl) = S aup—1, .ns1y D(AIB). We set
i,jJEA, hleB

Ms,,8,) = Mo, aue(X/k, B1) X Mo, Bue(X/k, B2).
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With notations as in the proof of splitting axiom, we have the following commutative diagram

J— @ A —
Monra(X/k, B) <= NEP) —20 Mg, )

lev Je’{, leVLz
s

idx A
X" Xn+1 Xn+2
where the left square is cartesian. Therefore
A Ak % Ak K
/ v1rt *SD ev (.) = Z / M virt ev (.)
51+/32 (Ms,.62)] AUB={1,...n+4} 7 & Monta(X/k.B)]
AUB f{ll’h l,ng4} i,jEA, hl€EB
27]6 b b e
- L)
~ ~ N A VIr
AUB={L,...n+4} / P+@* [Mon+a(X/k,0)]

i,jEA, hlEB

= Z / 0n+46 °)

AUB={1,...,n+4}
1,jEA, hleB

= / I())fn+4,6(.)'
D(ij|hl)

Let us set for simplicity v,, = T; ® T; ® v"* and vy, = Tj, ® T} ® ¥*2. Then, by Lemma and
splitting axiom,

.. 1
F(ij|hl) = Z m(lé{n1+3,ﬁl>(Te ® Y )9 (10 nyt3,80) (Tf @ Yy ) g™ 72
61762777/17”276 f 1

=X > vanu By 3,60 (Te © 11)9 Wy 18.,) (Tr @ s )a”
B

B1+B2=8 e,f
ni+ns=n
1 *
- Z Z Z nilna! Jivq virt gejev(l,?) (Te @y, @ Ty @ ’Ynz)qﬁ
B B1+B2=P e.f Msy,82)]
ni1+ns=n
1 / 5
- Z Z | virt =" (1,2) (Yny ® [A] ® Yny)
B, B1+B2=p naIny! Mgy .82)] ‘
ni+no=n
1
=>. > / A (e T, @ T 04"
G Bripa=p L2 M, )"
ni+ns=n
1
Bn B1+B2=0 Mgy .82)]
AUB={1,....n+4}
i,jEA, h,leB

1
2 n! /D(' 1) Bnras(Ti @ T; @ Ty @ Ty @ 7")g”
B? Z]

Since D(ij|hl) and D(jhl|il) are linerly equivalent, it follows that F(ij|hl) = F(jhlil). O

6.10. Proposition. The quantum product is supercommutative with identity Ty and associative.
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Proof. By Lemma and S),-covariance axiom,

1
TixTi= Y, — (5 (T 0T @ Te ©9")g" Tyq”

1 ) .
= Z _(_1)deng deg T <Iéfn+3,ﬁ>(1} & ,TZ & Te & ’Yn)gechqu

— (—1)desTides Ty
By the mapping to point axiom,
T; U Ty = pa.(p1(Ti U T5) U[A])
=> ¢ (T UT)) U (T, ® Ty)
ef

- ([ mounun) e
ef X

= Z(Igfs,oﬂTi ®T; @ T.)g! T}
e7f

Moreover, we have <Iéfn+375>(o ® Tp) = 0 unless 8 = 0 and n = 3. Therefore

1
To+T; = Z E<Ié{n+3,ﬁ>(T0 QT @ T ®v")g Trq°

B7n7e7f

= Z(Ié?,,oxTO ®T; ®T.)g" Ty
e7f

=TouT; =T,

Finally, we prove that the quantum product is associative. For simplicity, we will assume that
H*(X,R) has only even cohomology so that we don’t have to worry about signs. We have
03 Fe L P,

— T xT), = T
2 91,0101, et ih otot,0t.°  otjot,ot, O

(Ti +T5) + Tp, =

and
Ty (Tj  Ty) = (~1)*ETELTCED (T 0 T) £ T,

since the quantum product is supercommutative. Therefore, associativity follows from Theorem [6.9
O

6.3. Reconstruction for genus zero Gromov-Witten invariants.

6.11. Theorem. If H*(X) is generated by H*(X) then every genus zero Gromov-Witten invariant
can be uniquely reconstructed starting with the following system of Gromov-Witten invariants

{L53n @72 ®73) | B-c1(Txy) < dimp X +1, degyz =21} .
Proof. Apply the WDVV equation (Theorem [69]) to 71 ® -+ ® 4,41 with indeces {i,7,h,1} =
{1,2,n,n + 1}. Let us define a partial order on pairs (3,n), with 3 € A;(X/k), and n > 3, by

setting (8,n) > (8',n’) if and only if either 5 = 3+ 8" or § = 3/ and n > n’. Then there are four
terms of higher order in the WDVV equation each of the form

Lop = Y (155.0)(va ® % @ Te)g (150-1,5) (T5 © (Dsa,675));

e7f
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with (a,b) € {(1,2), (n,n+1),(2,n), (1,n+1)}. As shown in the proof of Proposition [6.10, we have

Ya Ut =D (15500 (Ya ® % ® Te)g™ Ty,
e,f
hence I, = (IOXm_Lﬁﬂ’ya U ® (®sa,bs))- Let consider (Ié{n’ﬁﬂ’n ® - ®@p). If degy, =2, then
we can apply divisor axiom to reduce n. Otherwise, since H*(X) is generated by H2(X), we can
write v, = Y. 0} U d;, with degd; = 2. By linearity, we can assume v, = ¢’ U J, with degd = 2.
Apply the construction above with ~, = ¢’ and 7,41 = §. Then, by WDVV equation, we get

(15,15 (MUR®1B @1 6 ®6) £ (I, 15N @ @1 ® UJ)
(10, 15 (MUR®1D Y1 ©6) £ I, 15N ©72 U8 @7 o1 ®0) =
= a combination of higher order terms.
By divisor axiom, the first and the fourth summands are lifted from Mo, . -1 /i Moreover in the
third summand we have degd’ < deg~,. If degd’ = 2 then, by divisor axiom, we can reduce n,

otherwise we repeat this trick and in a finite number of iterations we will reduce n. Finally, we can
apply the procedure described above to <Igf37 B>(’yl ® 72 ® v3) and diminish deg~y; > 2. O

APPENDIX A. DEFORMATION THEORY

A.1. Formal criteria of smoothness. We recall a few results on smoothness and formal smooth-
ness of morphisms of schemes and algebraic stacks.

A.1. Definition. A morphism of schemes f: X — Y is smooth if it is flat, locally of finite presen-
tation and the fibers of f are geometrically regular (i.e. for every point = € X, all the localizations
of Oxu @6y, k(f(z)) are regular, where k(f(x)) is an algebraic closure of the residue field of

f(@)).

A.2. REMARK. If Y is locally Noetherian, then f is locally of finite presentation if and only if it is
locally of finite type ([14] 1.6).

A.3. Definition. A morphism of schemes f: X — Y is formally smooth if for every ring A, for

every nilpotent ideal I C A and for every morphism of schemes Spec A — Y, the canonical map
Homy (Spec A, X') — Homy (Spec 4/1, X)

is surjective.

A.4. REMARK. Both smoothness and formal smoothness can be checked locally.

A.5. REMARK. It is enough to verify the condition of formal smoothness only on ideals I C A with
I? = 0. Indeed, let A be a ring and I C A a nilpotent ideal. In particular I” = 0 for some n.
Consider A; = A/ri for i = 1,...,n. Then A;_y = 4i/s,, where J; = I'/r+1. Notice that J? = 0 and
we have the following sequence of surjective maps

Homy (Spec A, X)) — Homy (Spec4/i"~*, X) — --- — Homy (Spec 4/1, X).

A.6. Proposition ([I5] Corollary 17.5.2). Let f: X — Y be a morphism of finite type. Then f is
smooth if and only if it is formally smooth.

A.7. Proposition ([22] Proposition 1.3.24). Let f: X — Y be a morphism of finite type. Then
f is smooth of dimension d if and only if locally it is of the form SpecS — Spec R with S =

Rlzy, s zavr] [(py, ... p,) and the matriz of partial derivatives (9pi/sz;) has rank r at every point of
Spec S.

A.8. Lemma. Let f: SpecS — Spec R be a morphism of finite type. The following are equivalent:
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(1) f is smooth;
(2) for every prime ideal p C R, the induced morphism f,: Spec S ®@r Ry, — Spec R, is smooth;
(3) for every prime ideal p C R, the induced morphism fp: Spec S ®gr ]A%p — Spec Rp s smooth.

Proof. Notice that S ®g }A%p = (S ®r Rp) ®r, Rp. Since smoothness is stable under base change
([15] Proposition 17.3.3) we have (1) = (2) and (2) = (3).

We want to prove (2) = (1). Assume by contradiction that f is not smooth then, by Proposi-
tion [A.7] we have S = Rl[z1,--..@n]/(p,,...,p,) and there exists a prime ideal ¢ C R[z1,...,2,]| such
that p1,...,pr € q (hence q corresponds to a prime ideal ¢ C S) and dp-/sz; € q for all j. In
particular p, € ¢%. Let ff: R — S be the homomorphism induced by f and let p = fﬁ_l(q’ ). Notice
that Spec S ®@gr Ry = Bele1,-- zal/(py,... p,) with p, € q2Rp [€1,...,x,]. Since the relative dimension
of f and f, at q' are the same, we get that f, is not smooth, which contradicts (2). Hence f is
smooth. A . .

Finally we prove (3) = (2). We assume that R is a local ring and that f: Spec S® g R — Spec R is
smooth, then we want to prove that f: SpecS — R issmooth. Assume by contradiction that f is not
smooth then, by Proposition [A.7] we have S = Rlz1,---.2]/(p,,...,p,) and there exists a prime ideal
q C R[z1,...,7,] as above such that p, € q. Notice that Spec S ®p R= Rlay,...,z0)/(ps,...,p,) With
pr € q2R[x1,. .., x,). Since the relative dimension of f and f at g’ are the same ([4] Corollary 11.19),
we get that f is not smooth, which contradicts (3). Hence f is smooth. O

A.9. Proposition. Let f: X — Y be a morphism of finite type. Then f is smooth if and only if
for every point x € X, for every Artinian local Oy, y(,)-algebra A and for every ideal I C A such
that I?> = 0, the canonical map

Homy (Spec A, X)) — Homy (Spec4/1, X)
18 surjective.

Proof. Since both conditions are local, we can assume X = SpecS and Y = Spec R. Moreover, by
Lemma [A.8] we can assume that R is a local ring. If f is not smooth then, by Proposition [A.7] we
have S = Rlz1,---,2a]/(p,,...,p,) and there exists a prime ideal ¢ C R[z1,...,z,] such that py,...,p, €
q (hence q corresponds to a prime ideal ¢’ C S) and p; € g2 for some 4. In other words, we can write
S = T/j with SpecT — Spec R smooth and 0 # J C g°. Notice that we can assume that q C T is
maximal. Then there exists i such that J C ¢* but J ¢ q**!. Consider the following commutative
diagram

Notice that A = T/qi+* is an Artinian local R-algebra and /¢ = 4/1, where I = a’/gi+* C A and
I? = 0. Then by assumption there exists a lifting ¢: S — A of . Moreover, since T is smooth over
R, there exists a lifting ¢: T' — A of 9. in particular we get the following commutative diagram

T — A=Tjgo

L7

S=T/s

which is absurd since J ¢ q'*!. Hence f is smooth. g
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A.10. Proposition. Let f: X — Y be a morphism of finite type. Then [ is smooth if and only
if for every geometric point T of X, for every Artinian local Oy, j(z)-algebra A and for every ideal
I C A such that I? = 0, the canonical map

Homy (Spec A, X)) — Homy (Spec 4/1, X))
18 surjective.
Proof. Follows from Lemma [A.8] and Proposition [A.9 O

A.11. Definition. A morphism of Artin stacks f: X — Y is smooth if for every commutative
diagram

where U, V are schemes, u, v are representable and smooth, and U — X xy V is smooth, then f
is smooth.

A.12. REMARK. If f is representable then the condition above is equivalent to require that for every
morphism V — Y from a scheme V', the induced morphism V xy X — V is smooth.

A.13. Proposition. Let f: X — Y be a representable morphism of finite type of Artin stacks. The
following are equivalent:
(1) f is smooth;
(2) for every geometric point T of X, for every Artinian local @A’y,f@)—algebm A and for every
ideal I C A such that I?> =0, the canonical map

Homy (Spec A, X)) — Homy (Spec 4/1, X))

18 surjective;
(8) for every smooth representable morphism w: W — X from a scheme W, the morphism
fow is smooth.

Proof. We prove (1) = (2) = (3) = (1). Let T be a geometric point of X and let A and I be as in
the statement. Consider a commutative diagram

SpecA/1 2 x

zl ) Jf

g
Spec A —,

We claim that if f smooth then there exists a morphism ¢’ : Spec A — X such that ¢y o = g,,
fodyx =gy. Set V.= SpecA/r and U =V xy X. If f is smooth then, by definition, the induced
morphism f: U — V is smooth. Notice that ¢ and gx define a unique morphism gy : Spec4/1 — U
such that fogy =4, u °gu = gx. By Proposition [A.10] there exists a morphism gj;: Spec A — U
such that g;; 0@ = gy, f o g;; = id. Then we can take ¢’y = uo g;;.

Let w: W — X be a smooth representable morphism from a scheme W. The morphism f o w
is smooth if and only if, for every morphism v: V — Y from a scheme V', the induced morphism
V xy W — V is smooth. Set U =V xy X, Z =W xy V, and let f: U—=V,w: Z— U be the
induced morphisms. The morphism f o w is smooth if and only if, for every geometric point T of
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Z =V xy W, for every Artinian local 5’\/@-algebra A, for every ideal I C A such that I? = 0, and
for every commutative diagram

SpecA/1 .,z

zl , Jfo@

g
Spec A v,

there exists a morphism g7, : Spec A — Z such that g/, 0i = gz, fOGOg’Z = g/ . Let us fix such data.
By assumpNtions, there exists a morphism g;,: Spec A — U such that g;; 0t = wo gz, fogy = gy -
Moreover w is smooth thus there exists a morphism g, with the required properties.

Finally, by Proposition [A.10, f is smooth if and only if, for every morphism v: V — Y from a
scheme V, for every geometric point  of U = V xy X, for every Artinian local Oy z-algebra A, for

every ideal I C A such that I? = 0, and for every commutative diagram

Spec 4/1 U
zl o lf
SpecA —— V

there exists a morphism g;,: SpecA — U such that g;; 04 = gy, f o g, = gi,. Let us fix such
data. Let w: W — X be a representable smooth surjective morphism from a scheme W. Set
Z =W xx U and let w: Z — U be the induced morphism, which is smooth and surjective. Then
T — U factors through w and there exists a morphism gz: Spec4/r — Z such that wo gz = gy .
By assumptions, fo w is smooth and thus there exists a morphism g% : Spec A — Z such that
gy 01 =gz, fotwo ¢ = gi,- Therefore we take g;; = W o ¢/,. O
A.14. Proposition. Let f: X — Y be a morphism of finite type of Artin stacks. Then f is smooth
if and only if, for every geometric point T of X, for every Artinian local @A’y,f@)—algebm A and for
every ideal I C A such that I? =0, the canonical map

Homy (Spec A, X)) — Homy (Spec 4/1, X))
18 surjective.

Proof. Let us assume that f is smooth and let Z, A and [ as in the statement. Consider a commu-
tative diagram

SpecA/1 2 x

zl o Jf

Spec A Yy

We want to show that there exists a morphism g’ : Spec A — X such that ¢y oi = gx, fogy = g}
Let v: V — Y be a representable smooth and surjective morphism from a scheme V', then T — Y
factors through v. By Proposition [A.I3] there exists a morphism g{,: SpecA — V such that
vo gy = gy . Let us form the fibre diagram
F
U——V
f
X—Y
Then u is smooth surjective and, by assumptions, f s smooth. Moreover there exists a unique

morphism gy : Spec4/1 — U such that uo gy = gx, f o gu = g, o i. Thus, by Proposition [A.10]
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there exists a morphism g;;: Spec A — U such that g;; oi = gy, f o g, = gy . It follows that
¢’x = wo gj; has the required properties.
Now we want to prove the other implication. Let us consider a commutative diagram

f

*)V

d )

X —Y

where U, V' are schemes, u, v are representable and smooth, and u: U — X Xy V is smooth. By
Proposition [AT0) f is smooth if and only if, for every geometric point T of U, for every Artinian
local O, f(z)—algebra A, for every ideal I C A such that I? = 0, and for every commutative diagram

SpecA/1 U

zl p lf

Spec A v, vV

there exists a morphism g;,: Spec A — U such that fo gy = 94> 9y ©% = gu. Let us fix such data.
By assumptions, there exists g’y : Spec A — X such that gy o7 =uogy, fogly =vog. Let us
form the fibre diagram
f
W-—V
w J/ v
f
X —Y

Then Ehere exists a unique morphism gy, : Spec A — W such that wo gy, = ¢, fogy = gy -
Since w is smooth, Proposition [A.10] ensures the existence of a morphism g;;: Spec A — U with the
desired properties. O

A.2. Deformation theory. We review some results of deformation theory (for further details see
[24], [16]). Let S be a scheme. We consider Artin stacks of finite type over S. Fix a geometric point
Speck = S of S. Let A = ﬁs,g and consider the category (Art/A) of local artinian A-algebras with
residue field k.

Let F — (Art/A)°PP be a category fibered in groupoids. Let 7': A" — A and n”: A” — A be
morphisms in (Art/A), with 7”7 surjective. We form the cartesian diagram

q//
Ay AT = A"

q l lﬂ'”
7.r/

A A

then the functors
F(r')o F(¢), F(r") o F(¢"): F(A x4 A”) — F(A)
are isomorphic and we get an induced functor
U: F(A x4 A") — F(A) X F(A) F(A").

A.15. Definition. A deformation category over A is a category fibered in groupoids F — (Art/)°PP

such that, given morphisms ’: A’ — A and 7”: A” — A in (Art/A), with 7" surjective, the functor
¥ is an equivalence of categories.
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A.16. Definition. A small extension is an exact sequence
0—-IT—-A—>A4A-0

in (Art/a) such that Imy = 0, where my is the maximal ideal of A’.

A.17. Definition. Let F, G be deformatign categories and v: F — G a functor of categories
fibered in groupoids. Let T'v and T2%v be k-vector spaces. We say that v has tangent space T'v
and obstruction space T?v if, for every small extension

0—+1—-A A0,

there is a functorial exact sequence

[¢]

T @ T — F(A') = F(A) xgay G(A") 25 T @ 1.

A.18. Definition. Let F, G be deformation categories and v: F — G a functor of categories fibered
in groupoids. Let A — A = A’/ be a small extension and fix ¢’ € F(A'), o € F(A), 7 € G(A),
7 € G(A") such that F(i)(¢') = o, v(A")(¢') = 7" and G(i)(7') = 7 = v(A)(0). Let Auta/(c’) be
the group of authomorphisms of ¢’ in F(A’). There is a natural homomorphism

AutAr(O'/) — Aut (o) X Aut 4 (r) AutAr(T,).
An infinitesimal automorphism of o’ is an element of the kernel of this homomorphism.

A.19. NoTATION. Let 0 € F(A), 7 € G(A), 7" € G(A") such that G(i)(7') = 7 = v(A4)(0). If
ob,(o,7') = 0, we denote by S, the set of isomorphism classes of o’ € F(A’) such thatF(i)(c’) = o,
v(A (o) =T

A.20. Let F': X — Y be a Deligne-Mumford type morphism of algebraic Artin stacks over S. Let
Speck & X be a geometric point of X. Let A = @A’SE. Consider the deformation category hx z
such that, for all A € (Art/a), the objects of hx z(A) are morphisms fy: Spec A — X such that
f X‘Spec% = 7. There is a natural functor vr: hxz — hyz given by the composition with F'.

A.21. Proposition. Let LY, be the relative cotangent complex of F'. If F' is representable then, for
every geometric point T of X and for every small extension A" — A = A'J1 in (Art/és ),

(1) there is a functorial surjective set-theoretical map
ObF: hX’j(A) thy;(A) hy@(A/) — hl((Lf*L;ﬂ)v) ® 1

such that obp(fx, fy) = 0 if and only if there exists f% € hxz(A") such that fi ot = fx
and F o f\ = f{;

(2) if obr(fx, fi;) = 0 then the set of isomorphism classes of f% € hxz(A"), such that f5 oi =
fx and F o fi = fi,, is a torsor under h®((LT*L%)") @ I;

(3) if obp(fx, i) =0 and f% € hxz(A") is such that Fo fi = fi,, fioi = fx, then the group
of infinitesimal authomorphisms of f with respect to (fx, fy) contains only the identity.

Proof. Let v: V. — Y be a smooth surjective morphism from a scheme V' and form the fibre diagram
G
U——V
X -y

By Theorem 319, Lu*L$, = Lg.. By Proposition [A.14] T — X factors through u and we know, by
deformation theory of schemes, that there exists a functorial exact sequence

0— W (LFLL)) T — huz(A") = hyz(A) X hyz(A) hyz(A") obe, MLz L)) @ T — 0.
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Let us consider a commutative diagram

Spec A *>fx X

zl P JF

Spec A’ — .y

By Proposition [A.13] there exists fi,,: Spec A" — V such that v o f{,; = fy.. Then there exists a
unique morphism fy,1: Spec A — U such that uo fy1 = fx, Gofu1 = fi, 0i. If fi,5: Spec A" =V
is another morphism such that vo f{,, = f}- then there exists a unique morphism f{,, ,: Spec A" —
V xy V such that v; o f\//va = f‘//,j for j = 1,2, where v;: V xy V — V are the projections. Let
us form the fibre diagram

UXyVEVXyV
Uj

G

é
|

ém
}LU

X

Then there exists a unique morphism fyx,v: Spec A — U xy V such that u; o fyx,v = fu,; for
j=1,2,and H o fuxyv = fi/y, v ©i. Therefore

oba(fu.j, f175) = 0ba(uj o fusyv,vj © fireyv) = Obu(fusy v, firsyv)-

Hence, if we set obp(fx, f3) = oba(fu,1, f"/71), this gives a well-defined surjective map
Obr: hxz(A) Xy oty hya(A) — B (LT Le)Y) @ T = (L7 T3)Y) o 1.

Moreover, if obp(fx, f3-) = 0 then there exist fyr € hyz(A), f{, € hvz(A’) such that uo fy = fx,
vo f{, = fy and obq(fu, f{,) = 0. Thus there exists a morphism f{; € hyz(A’) such that f/,0i = fr,
Go f, = fi,, and f = wo f{, € hxz(A’) is such that fy oi = fx, F o f% = f{. Therefore
TVZF = h}((Lz*L$%)V) is an obstruction space for vp.

Let us now fix fy € hxz(A), fly € hyz(4'), ﬂ/ € hyz(A") such that Fofy = flyoz', voflv = fly,
and let fi; € hyz(A) be the unique morphism such that w o f; = fx, G o fyy = fy 0 i. Assume
that obp(fX,ﬂ/) = 0. There is a natural map p: S¢ — S such that p(f{;) = wo f{;. We know
that S¢ is a torsor under h%((Lz*LE,)V) @ I. We claim that p is an isomorphism and thus Sp is a
torsor under hO((Lz*LE)V) @I = hO((Lz*L%)Y) @ I. Let fy € Sp, then Fo fi = vo fy and hence
there exists a unique morphism f{; € hyz(A’) such that G o f], = ﬂ/, wo f{; = fk. It follows that
fiy € Sq and fic = p(fl).

Finally, let fx € hxz(A), fv € hyz(A), i, € hyz(A") such that F o fx = fy = f;, 0. Assume
that obr(fx, fi/) = 0 and fix fi € hxz(A’) such that Fo fi = fi,, fy oi = fx. We claim that
the natural homomorphism

Autx (f) = Autx (fx) Xauty (fy) Auty (fy),

where Autx (f%) is the authomorphism group of f% in X, is injective. Since F' is representable, if
an authomorphism « of f% induces the identity of F o f5 in Y then a = id. O

A.22. Proposition. Let L% be the cotangent complex of X. Then, for every geometric point T of
X and for every small extension A" — A = A'/1 in (Art/6s),
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(1) there is a functorial set-theoretical map
obx: hxz(A) — RN ((LTLY)V) & T
such that obx (fx) = 0 if and only if there exists f5 € hxz(A’) such that f oi = fx;
(2) if obx(fx) = 0 then the set of isomorphism classes of f% € hxz(A") such that f5 oi = fx
is a torsor under h°((Lz*L%)") ® I;
(3) if obx(fx) =0 and f € hxz(A’) is such that f% ot = fx, then the group of infinitesimal
authomorphisms of fh with respect to fx is isomorphic to h™*((LT*L%)") ® I.
Proof. Let u: U — X be a representable smooth and surjective morphism from a scheme U, then
T — X factors through u. By Theorem B.I9, h'((LZ*L%)Y) = h'((LZ*Ly;)Y) and we have the
following exact sequence
0— A Y((LT*LY)Y) — h°(LT*LY)Y) — RO ((LF*LY)") — h((Lz*L%)Y) — 0.
Moreover, by deformation theory of schemes, we know that there is a functorial exact sequence
0 — (LT LY)Y) @ T — hyz(A) — hyz(A) obu, WLz L)) @ T — 0.

Let fx € hxz(A). By Proposition [A13] there exists fy1 € hyz(A) such that uo fy1 = fx. If
fu2 € hyz(A) is another morphism such that wo frro = fx then there exists a unique morphism
fuxxu € huxyuz(A) such that uj o fux,v = fuj for j = 1,2, where u;: U xx U — U are the
projections. By Theorem[B19] u; and ug induces isomorphisms hl((LE*LbXXU)V) > pl((Lz*Ly)Y).
Therefore
oby (fu,;) = obu(uj o fuxxv) = obuxxu(fuxxv)-

Hence, if we set obx (fx) = oby(fy,1), this gives a well-defined surjective map

obx: hxz(A) — W ((LF*LY)Y) @ I = ' (LT*L%)Y) @ 1.
Moreover, if obp(fx) = 0 then there exist fiy € hyz(A) such that wo fy = fx and oby(fr) = 0.
Thus there exists a morphism f{; € hyz(A’) such that f{;, oi = fy and fi =wo f{, € hxz(A') is

such that f% oi = fx. Therefore h'((LZ*L%)") is an obstruction space for hx z.
By Theorem [B.19] we have the following commutative diagram with exact rows

PUX xU

0 — h (LT LY)Y) — hO((LF*Ly)Y) = hO(LT LYy, 1)¥) —— hO(LT"LY)¥) — 0

l pu] l pu]

0 — W (LT L8)Y) — KL Ly)Y) 2 hO((LE° L)) R((LT°L%)") — 0

where we set & = u o u;. Let us fix fx € hxz(A), fy € huz(A), fuxyv € huxxuz(A) such
that wo fiy = fx, uj o fux,u = fu- Assume that obx(fx) = 0 and fix ffx € Sy, f/U e Sy,
7lU><xU € Suxyu such that uo T/U = T/X, u; o T/KJX)(U = T/U There is a natural surjective map
Sy — Sx given by composition with u. We know that Sy and Syy are torsors under h°((Lz*L{;)Y)®1
and hO((LT*L2)Y) ® I, respectively. Let ay € hO((Lz*LY;)Y) @ I be such that py(ay) is the identity
ex € hO((LT*L%)V)®I, then oy = py(a) for some ay, € hO((Lz*L2)Y)® 1. It follows that oy fy; =
fu and therefore ay = ey. As a consequence, for every ay € ho((LE*L"X)V) ® I, we can define
aX-TfX = uo(aU-T/U) € Sx for some ay € h((Lz*L{;)V)®1 such that py(ay) = ax. We claim that
this defines an action of h%((Lz*L%)Y) ® I over Sx which is transitive and free. Let fi € Sx, then
there exists f{; € Sy such that wo f{; = f. Moreover f{; = CYU'T/U for some ayy € hO((Lz*LY)V)®1,
hence f5 = pu(av) ffx Now if ax 7;( = f{x then ax = py(ay) and v o (ay - f/U) =u 07/(].
Hence there exists o, . € hO(LT* Ly, )Y) @ I such that py, (af, 1) TU = ayu T/U and
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—/ —/
pw(o/UXXU) - fu = fu- Therefore py,(avux ) = ev, pu, (Uxyv) = av, and ayx v = palog). It
follows that

ax = pu(av) = pupu (Cuxxv)) = puxxv(Quxxv) = ex,

and this proves that Sx is a torsor under h®((LZ*L%)Y) @ I.
Finally, if fx € hxz(A) is such that obx (fx) = 0, let us fix f5 € hxz(A’) such that fi oi = fx.

We claim that the kernel of the natural homomorphism Autx (f%) X Aut x(fx) is isomorphic to
A= ((Lz*L%)V) ® I. Let fu € huz(A), fi; € huz(A’) such that ff;0i = fu, uo fi; = fi. We know
that we have the following commutative diagram with exact rows

Auty (ff;) — Aty (fr) Xauy (rx) Autx (fx) —— RO((LF*LY)Y) @ I

| s

Auty (fyr) —————— WO(LF L)) 1

Auty (ff)

where Auty (f{;) = Auty(fu) = {id} since U is a scheme. Therefore
ker(i%) = Auty (fu) X auty (fx) Autx (fy) C RO(LT*LY)Y) @ 1.

Moreover, an element of h((LZ*L)") ® I acts trivially on S, if and only if it is in the image of w.
Therefore Auty (fur) X auty (£x) Autx (fy) = h (LT LY)Y) @ 1. O

A.23. Proposition. Let L}, be the relative cotangent complex of F'. Then, for every geometric point
T of X and for every small extension A" — A = A'/1 in (A/és ),

(1) there is a functorial surjective set-theoretical map
obr: hxz(A) Xpy(a) hyz(A) = W ((LT*Ly)Y) @ 1

such that obp(fx, fy) = 0 if and only if there exists f% € hxz(A") such that fi ot = fx
and F o f\ = f{;

(2) if obr(fx, fi;) = 0 then the set of isomorphism classes of f% € hxz(A"), such that f5 oi =
fx and F o fi = fi,, is a torsor under h®((LT*L%)") @ I;

(3) if obp(fx, i) =0 and f% € hxz(A") is such that Fo fi = fi,, fi 0i = fx, then the group
of infinitesimal authomorphisms of f with respect to (fx, fy) contains only the identity.

Proof. Let v: V. — Y be a smooth surjective morphism from a scheme V', then U is a Deligne-
Mumford stack. Let w: W — U be an étale surjective morphism from a scheme W then, by
Theorem B19, Lu*L}, = LY, and Lw*LY, = L. . By Proposition [A14] T — X factors through u
and u o w. Moreover hyz = hyz, because w is étale ([22] 1.3.22), and, by deformation theory of
schemes, we get a functorial exact sequence

0 = KO((LT°LE)Y) © T = hua(A') = hua(A) Xy (a) hva(A) 2% B (LF*Lg)Y) @ 1 — 0.

Therefore the first and the second part of the statement follows by the proof of Proposition [A.21]
By Theorem [3.19] we have the following exact sequence
0— h '(LT*LY)Y) = W ((LT*LY)Y) — WO ((LTF*LY)Y) — RO((LT*L%)Y) — hP((LZ*LY)Y).

Let fx € hxz(A), fy € hyz(4), fi, € hyz(A") such that F o fx = fy = f;, oi. Assume that

(
obp(fx, fyy) = 0 and fix f € hxz(A’) such that F o f5 = f{,, fi oi = fx. By Proposition [A.22]
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we have the following commutative diagram with exatc rows

Autx (fy) — Autx(fx) Xauty (fy) Auty (fy)

|

0 —— h Y ((LT*LY)Y) @ T —— Autx(fY) Autx (fx)

[ | |

0—— h_l((Lf*L;/)v) QKT —— Auty(f)l/) Auty(fy)

from which we deduce that the only infinitesimal automorphism is the identity. O

A.24. Let X be a smooth S-scheme and let Speck I X be a geometric point of X. Let C' — SpecT
be a flat morphism of schemes, with C' separated. Let A = 05 z. We define the deformation category

Defe such that, for all A € (Art/a), the objects of Defc(A) are flat morphisms C'4 —2 Spec A such
that the following diagram is cartesian

c Ca

J [

SpecT — Spec A

If 7: A — A is a morphism in (Art/A), then
Defc(ﬂ'): Defc(A/) — Defc(A)

sends w4/ : Cyr — Spec A’ to Car Xgpec a7 Spec A — Spec A. Given a morphism of schemes f: C —
X, we define the deformation category Defc ¢ such that, for all A € (Art/A), the objects of Defe (A)

are pairs of morphisms (Cg T4y Spec A, fa) where 74 is an object of Defc and fq: Cy — X is
such that f40g = f. There is a natural functor vy: Defc y — Defc which forgets the morphism to
X.

A.25. Proposition. The functor vy has tangent and obstruction spaces Tiuf = H71(C, f*Tx/S),
fori=1,2.

Proof. Given a small extension
(2) 0—-1—A —A—0,
we want to study the functor
Defc r(A’) — Defc £ (A) Xpet..(4) Defc(A").

An object of Defc t(A) Xpeg,(4) Defc(A) is a cartesian diagram

Ca Cu

ma | |7

Spec A — Spec A’

togheter with a morphism f4: Cyp — X. We want to know whether there exists a morphism
far: Cy — X such that far|c, = fa and how unique is such a morphism.
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Assume X = SpecT and C = Spec R, then Cy» = Spec R4 and C4 = Spec R4 with Ry =
R®p A and Ry = R®a A. By assumption w4 is flat, then the tensor product R4 ® 4/ e is exact
and from the sequence (2 we get an exact sequence

0—>RAI—>Ra — Rgqg— 0.

Notice that (R4 ®a/ I)(Rar ® 4» my/) = 0, because Im 4 = 0. The morphism f4 induces a homo-
morphism fE‘: T — Ra. We have that T = T'/s, with T = Blx1,...,x,). There exists always a

lifting gAﬁA,: T — Ry of fﬁx and the set of such liftings is a principal homogeneous space under

Homyr (Qr /e BN T ). Moreover there exists a homomorphism
a: Homp/(Qzv )/, R @p I) — Hompr(7/72, R @ I),
induced by restriction, such that kera =T 1l/f ® I and coker o = T21/f ® I. Since
Ryl = (Roak)@p1 2 Ry,
we have
Homy (Q /5, R @ I) = Homypr (v, R) @7 1 = H(C, f*Thnys|x)

Hory (722, R @4 1) = Homp (77, R) & I = HO(C, f*(7/5)").

We have an exact sequence
0= J/52 = Qg @ T — Qrypy — 0,
from which we deduce the following exact sequence
0 — H(C, f*Txys) = H(C, [*Tuys|x) — H(C, f*(7/7)") = H'(C, f*Txys),

where H'(C, [*Txs) = 0, because C is affine and T’ g is locally free. Hence T?vs =0 and T'vy =
HO(C7 f*TX/S)

In general, we cover X and C by open affine schemes {X; = SpecT;} and {C; = SpecR;},
and we consider open affine covers {C4,; = SpecR4;} and {Ca/; = SpecRy/;} of Cx and Cy
respectively, where Ra; = R; ®A A and Ry ; = R; ®a A’. We can chooce these covers in such
a way that fa(Ca;) C X;. To define far is the same as to define far;: Car; — X; such that
farile, = farjle, " where Car;; = Car; Xc,, Caj. By the affine case, there exist always a
collection of liftings {fa;}. We can assume that Cy ;; is affine (otherwise we consider an affine

cover), then there exists a unique element 7;; € HO(Cij,f*TX/S) ® I such that 0y (far;) = farj
Over Ch;; we have

Mg (farn) = 0ij(Mi(farn)),
hence np; = ni; + npi and so {n;;} € C'({Ci}, f*Txss) ® I is a cocycle. For each i, the set of
liftings {fas;} is a principal homogeneous space under H°(C;, f*Tx /s) @ I. Therefore, given another
collection of liftings {fas;}, there exists a unique collection {n; € H°(C;, f*Tx)s) ® I} such that
ni({fA’,i}) = {fari} Let 7 € HO(CZ-]-, f*TX/S) ® I be such that ﬁij(ngi) = fA/J. Over C;; we have

0;(7ij (fari)) = farg = mig(fari) = nig(ni(far i),
hence 7;; = m;j + n; — n; and the cocycle {n;;} is unique up to a coboundary. Now there ex-
ists a collection of morphisms fas; which coincide on Cy;; if and only if the class of {n;;}
in H'({C;}, f*Txs) ® I is zero. In this case the set of such collections is equal to the set of
{ni € H(Cy, f*Tx/s) ® I’} and the gluing condition is equivalent to 7; = n; on Cj;. It follows that
{m} € HO({Ci}, f*Tx,5) @ I. Finally
H"({Ci}, [*Txys) = H'(C, [ Txys),
because C' is separated. O
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APPENDIX B. INTERSECTION THEORY ON ARTIN STACKS OVER DEDEKIND DOMAINS

Intersection theory for schemes of finite type over a field was developed by Fulton and MacPher-
son ([12]) and was extended by Vistoli to a Q-valued intersection theory on Deligne-Mumford
stacks ([27]). In [9], Edidin and Graham define equivariant Chow groups, which provide integer-
valued Chow groups for global quotient stacks. In [18], Kresch takes the idea of Edidin, Graham
and Totaro further and develops an intersection theory on Artin stacks over a field together with
an integer-valued intersection product on smooth Artin stacks which admit stratifications by global
quotient stacks. Using an appropriate definition of relative dimension, one can define Chow groups
for schemes over a Dedekind domain and show that they satisfy the properties expected from in-
tersection theory ([12] 20). It follows that the theories in [27] and [9] are valid for stacks over a
Dedekind domain ([27], [9] 6.2).

Although not mentioned in [18], one can verify that the theory can be extended to Artin stacks
over a Dedekind domain. As a consequence we get that Manolache’s construction of the virtual
pullback in [21] is valid for Deligne-Mumford type morphisms of Artin stacks over a Dedekind
domain. As a consequence we are able to extend Manolache’s proof of Costello’s pushforward
formula to proper morphisms of Artin stacks with quasi-finite diagonal.

B.1. Chow groups of Artin stacks with quasi-finite diagonal. Let D be a Dedekind domain
and let M be an Artin stack over S = Spec D. For an integral closed substack Z C M, we define
the relative dimension ([12] 20.1)

dimg Z = trdegy,1)k(Z) — codimgT,
where T is the closure of the image of Z in S, and k(Z), k(T') are function fields ([27] 1.14).

B.1. Definition. We denote by Z.(M/s) the free abelian group on the set of integral closed
substacks of M, graded by relative dimension. Let W;(M/s) = @z k(Z)*, where the sum is
taken over all integral substacks Z of M of relative dimension j + 1. There is a homomorphism
0: W;(M/s) — Z;(M/s) which locally for the smooth topology sends a rational function to the
corresponding Weil divisor. The Chow groups of M are defined to be A;(M/s) = Zi(M/s) Jow,; (Mm/s).

B.2. Theorem ([18] 3.5.7, 5.3.1). Let M be an Artin stack with quasi-finite diagonal over a
Dedekind domain D. Then A,(M/s) = AKresch(M/s), where AK™5¢M(M/s) are Kresch’s Chow groups
(I8] 2.1.11).

B.3. Theorem ([10] 2.7). Let M be an Artin stack with quasi-finite diagonal over a Dedekind
domain D. Then there exists a finite surjective morphism U — M from a scheme U.

B.4. REMARK. The morphism U — M is strongly representable.

B.2. Proper pushforward ([27] 3.6-3.8, [10] 2.8). Let m: ' — M be a proper morphism of Artin
S-stacks. If M and N have quasi-finite diagonal then it is possible to define a nonrepresentable
proper pushforward 7, as follows.

B.5. Definition. Let u: U — M be a finite and surjective morphism from a scheme U. We define
the proper pushforward

us: Ap(U/Js) = A(M[s)
by u«[Z] = deg(?/u(z))[u(Z)], where deg(Z/u(z)) = deg(V *xmU/v) for a smooth atlas V — u(Z).

B.6. REMARK. Notice that V xa U =V X,y Z is a scheme and the degree deg(Z/u(2)) is inde-
pendent of the chosen atlas. Let V' — u(Z) be another smooth atlas and set W = V x5 V".
Then

deg(V %1 Ufv) = deg(W o U/w) = deg(V" s UV,
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B.7. REMARK. The proper pushforward commutes with projective pushforward and flat pullback
(this follows easily from the properties of the relative degree).

B.8. NOTATION. We set A,(M/s)q = A.(M/s) ®z Q.

B.9. Lemma. Let u: U — M be a finite and surjective morphism from a scheme U and let uq,
ug: U XU — U be the projections. Then we have the following exact sequence

Aj(UxmU[s) o == Aj(U)s)g > Aj(M[5)g — 0.
Proof. For surjectivity of u,, let [Z] € Aj(M/s)q. Let Z be a j-dimensional component of Z x (U,
then [Z] € A;(U/s), and

w (g 12)) = 121 € A
Notice that also u.: Wi (U/s) = W.(M/s) is surjective. Moreover, for [Z] € A;(U s U[s)q,
(U1, — u2,)[ 2] = ux(deg(Z/un(2)[ur (Z)] — deg(Z/uz(2))[u2(2)])
= deg(Z/u(ui(2))[u(u1(2))] — deg(#/u(ua(2))))[u(u2(Z))] = 0.

So it is enough to show that every a = Y7 | n;[Z;] € Z;j(U/s)q such that u.(a) = 0 in Z;(M/s)q
lies in the image of u1, — u9,. Since

ue(@) =Y nydeg(% fu(z)[u(Z)] = 0,
=1

we may assume that w(Z;) = Z for i = 1,...,s. Therefore we get > 7 ; n;d; = 0, where we set
d; = deg(%:/z). For i = 2,...,s, let V; be a j-dimensional component of Z; x z Z;, then

uz,[Vi] = deg(V1/2,)[Zi] = eidr[Z4],
where we set e; = deg(Vi/z, x= z,). By properties of relative degree,

u,[Vi] = deg(V/2,)[21] = eidi[ 2],
and it follows that

s

(14 — Uu24) Z o Vil = . O

eid
=2 11

B.10. REMARK. If p: T'— U is a finite surjective morphism from a scheme T and we set t = u o p,
then we have the following commutative diagram with exact rows

Au(TxmTs)g RN A(T)5)g AN AL(MJs)g — 0

J | H

A (UxnUJs)g YT u2s A(U/s)q N A M[8)g — 0
B.11. Let u: U — M be a finite surjective morphism from a scheme U and form the fibre diagram

71'/

V—U
o
N—M
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Then V is a scheme and v is finite surjective. Moreover, by Lemma [B.9] we get the following
commutative diagram with exact rows

AV 5w Vs)g S8 AL (V)S)g — Au(NV/s)g — 0

| |

UL —U24

Au(UxaUfs)g ——=3 A, (U[5)g —— Au(M/S)q — 0

which induces a map m,: AL (V/s)g — Ax(M/S)g-

B.12. Lemma. The map 7, does not depend on the choice of the finite surjective morphism u: U —

M.

Proof. Let u': U’ — M be a finite surjective morphism from a scheme U’ and consider T' = U x o, U’
with the natural morphism p: T — U, which is finite surjective. Let us form the fibre diagram

and set t = wop, w = vogq. Let us denote by 7, the pullback defined via t: T" — M. Let
a € A,(N/s)g and let o € A.(W/s)q such that w.a” = a, then

~ n_n n_n / "
T = LT @ = UgPaeTr, & = uy Ty (g ) = e,

where the last equality follows from the fact that v.(g.a”) = t.a” = a. O
B.13. Definition. We call m.: A.(N/s)q — A«(M/S)q the proper pushforward for .

B.3. Costello’s pushforward formula. In [2I] Manolache uses the virtual pullback to give a
short proof of Costello’s pushforward formula ([8] 5.0.1). Here we apply Manolache’s construction
to prove the pushforward formula in a more general setting.

B.14. Proposition. Let D be a Dedekind domain. Let us consider a cartesian diagram

ML My

nl e

My — My

where

(1) My, My are Artin stacks over D of the same pure dimension,
1, Mo are Artin stacks over D with quasi-finite diagonal,
2) My, M Arti k D with -finite di l
g 158 a Deligne-Mumford type morphism of degree d,
3 s a Deli M d hi d d
(4) f is proper,
or1=1,2, p; admats perfect obstruction theory £ such that = .
5 ,=1,2 dmsi b ' h E? h th By = EY
Then ‘ ‘
FolMu, BT = d[ M, B3]
in each of the following cases
(a) g is projective,
44



(b) My, My are Deligne-Mumford stacks and g is proper,
(¢) My, My have quasi-finite diagonal and g is proper.

Proof. Since in each of the cases listed above we are able to pushforward along g, the statement
follows by the same argument of [21] 5.29, after noticing that non-representable proper pushforward
commutes with virtual pullback. O
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