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three strings vertex in the presence of a background B field. We determine a large family of
lump solutions, illustrate their interpretation as D—branes and study the low energy limit.
We show that in this limit the lump solutions flow toward the so—called GMS solitons.
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1. Introduction

Recently, as a consequence of the increasing interest in tachyon condensation, String Field
Theory (SFT) has received a renewed attention. There is no doubt that the most complete
description of tachyon condensation and related phenomena has been given so far in the
framework of Witten’s Open String Field Theory, [[l]. This is not surprising, since the study
of tachyon condensation involves off—shell calculations, and SFT is the natural framework
where off—shell analysis can be carried out.

All these developments can be described along the blueprint represented by A.Sen’s
conjectures, [P]. The latter can be summarized as follows. Bosonic open string theory
in D=26 dimensions is quantized on an unstable vacuum, an instability which manifests
itself through the existence of the open string tachyon. The effective tachyonic potential
has, beside the local maximum where the theory is quantized, a local minimum. Sen’s
conjectures concern the nature of the theory around this local minimum. First of all, the
energy density difference between the maximum and the minimum should exactly compen-
sate for the D25-brane tension characterizing the unstable vacuum: this is a condition for
the stability of the theory at the minimum. Therefore the theory around the minimum
should not contain any quantum fluctuation pertaining to the original (unstable) theory.
The minimum should therefore correspond to an entirely new theory, the bosonic closed
string theory. If so, in the new theory one should be able to explicitly find in particular all
the classical solutions characteristic of closed string theory, specifically the D25—brane as
well as all the lower dimensional D-branes.

The evidence that has been found for the above conjectures does not have a uniform
degree of accuracy and reliability, but it is enough to conclude that they provide a correct
description of tachyon condensation in SE'T. Especially elegant is the proof of the existence
of solitonic solutions in Vacuum String Field Theory (VSFT), the SFT version which is
believed to represent the theory near the minimum.

The aim of this review is not of giving a full account of the entire subject of SFT
and tachyon condensation. In this regards there are already several reviews, [B, i, 1d, Fl.
We will rather concentrate on some specific topics which are not covered in other reviews.
The first part of this article is devoted to the operator formulation of SFT. The reason for
this is that the latest developments in VSFT and especially in supersymmetric SFT (see
in particular [E, H]), have brought up aspects of the theory that had not been analyzed in
sufficient detail in the existing literature. We refer in particular to the ghost structure of
SFT and the relation between the operator formulation and the (twisted) conformal field
theory formulation. To clarify this issue we extensively use the CFT interpretation of SFT,
advocated especially by [, .

The second part of this review is a synopsis of D-branes in VSFT and noncommutative
solitons. Our main purpose is finding families of tachyonic lumps that can consistently be
interpreted as D—branes and studying their low energy limit. We do so by introducing a
constant background B field, with the purpose of smoothing out some singularities that
appear in the low energy limit when the B field is absent. The result is rewarding: we find
a series of noncommutative solitons (the GMS solitons) that were found some time ago by



studying noncommutative effective field theories of the tachyon.

2. A summary of String Field Theory

The open string field theory action proposed by E.Witten, [I], years ago is

S(W)z—%/(%@*@ﬁ/—i—%ﬁl*ﬁl*@) (2.1)
In this expression W is the string field, which can be understood either as a classical
functional of the open string configurations or as a vector in the Fock space of states of
the open string. We will consider in the following the second point of view. In the field
theory limit it makes sense to represent it as a superposition of Fock space states with
ghost number 1, with coefficient represented by local fields,

B) = (¢(x) + Au(z)al’ + .. )er]0) (2.2)

The BRST charge @ has the same form as in the first quantized string theory. The star
product of two string fields Wy, ¥y represents the process of identifying the right half of
the first string with the left half of the second string and integrating over the overlapping
degrees of freedom, to produce a third string which corresponds to Wi x Ws. This can
be done in various ways, either using the classical string functionals (as in the original
formulation), or using the three string vertex (see below), or the conformal field theory
language []. Finally the integration in (R.1) corresponds to bending the left half of the
string over the right half and integrating over the corresponding degrees of freedom in such
a way as to produce a number. The following rules are obeyed

Q*=0

/QWzO

(\I’l * \112) * \1’3 == \1/1 * (\I’Q * \1/3)

QU % Wy) = (QU)) Uy + (=1)V1W, « (QWy) (2.3)

where || is the Grassmannality of the string field ¥, whic, for bosonic strings, coincides
with the ghost number. The action (R.1) is invariant under the BRST transformation

W=QA+TxA—AxVU (2.4)

Finally, the ghost numbers of the various objects Q, U, A, *, [ are 1,1,0,0, —3, respectively.

Following these rules it is possible to explicitly compute the action (R.1]). For instance,
in the low energy limit, where the string field may be assumed to take the form (R.9), the
action becomes an integrated function F' of an infinite series of local polynomials (kinetic
and potential terms) of the fields involved in (2.9):

sop)zl/}fﬁxFophawhn) (2.5)



2.1 Vacuum string field theory

The action (P.J) represents open string theory about the trivial unstable vacuum |¥g) =
¢1]0). Vacuum string field theory (VSFT) is instead a version of Witten’s open SF'T which
is conjectured to correspond to the minimum of the tachyon potential. As explained in
the introduction at the minimum of the tachyon potential a dramatic change occurs in the
theory, which, corresponding to the new vacuum, is expected to represent closed string
theory rather that the open string theory we started with. In particular, this theory
should host tachyonic lumps representing unstable D—branes of any dimension less than
25, beside the original D25-brane. Unfortunately we have been so far unable to find an
exact classical solution, say |®g), representing the new vacuum. One can nevertheless
guess the form taken by the theory at the new minimum, see [[[J]. The VSFT action has
the same form as (R.1]), where the new string field is still denoted by W, the * product
is the same as in the previous theory, while the BRST operator @ is replaced by a new
one, usually denoted Q, which is characterized by universality and vanishing cohomology.
Relying on such general arguments, one can even deduce a precise form of Q ([l4],[Ld], see

also [, [3, [3, 9, B0, BT and 23, B3, B4, B4, 27, B3, B9,
Q= o+ (—1)" (con + c-20) (2:6)

n>0

Now, the equation of motion of VSF'T is

OV =¥ xU (2.7)
and nonperturbative solutions are looked for in the factorized form

UV=v, Y, (2.8)

where ¥, and ¥, depend purely on ghost and matter degrees of freedom, respectively.
Then eq.(R.7) splits into

QU, = U, x U, (2.9)
U, = U+ Ty (2.10)

We will see later on how to compute solutions to both equations. A solution to eq.(R.9)
was calculated in [[[4, [J]. Various solutions of the matter part have been found in the

literature, , E, @, @, 7 @7 -

2.2 Organization of the paper. First part

In the first part of this review we rederive the three strings vertex coefficients by relying
on the definition and the methods introduced by [0, [, B, f]. We do it first for the matter
part (section 3). In section 4 we derive the ghost Neumann coefficients and in section 5
we concentrate on the equation of motion of VSFT and look for matter—ghost factorized
solutions. We show how to rederive the solution for the ghost part with a new method.
Finally section 6 is meant as an introduction to the second part of the paper.



3. Three strings vertex and matter Neumann coefficients

The three strings vertex [fl, i4, i5] of Open String Field Theory is given by

Vs) = /d26p(1)d26p(2)d26p(3)526(p(1) + P2y + p(3)) exp(—F) [0, p)123 (3.1)
where
3 1 )
b= 5 Z nMVa%)MT Vn%lzzagzb)yT + Z Wuupl(ta) V’O(ﬁ)agzb)yT + 5%11]96) ‘/()%bp(yb) (32)
a,b=1 m,n>1 n>1
Summation over the Lorentz indices u,v = 0,...,25 is understood and 7 denotes the flat

Lorentz metric. The operators a%)“ ,aﬁf?“ f denote the non—zero modes matter oscillators

of the a—th string, which satisfy
[al@H O] = v, 69 m,n > 1 (3.3)

p(r) is the momentum of the a-th string and |0, p)123 = [p(1)) ® [p(2)) @ |p(3)) is the tensor
product of the Fock vacuum states relative to the three strings. \p(a)> is annihilated by
(a)

the annihilation operators a,,’" and it is eigenstate of the momentum operator ﬁé‘a) with
eigenvalue pé‘a). The normalization is

<p(a) | p,(b)> = 6ab526 (p + p/) (34)

The symbols V% V@ Vb will denote the coefficients computed in [[id, [f]. We will use
them in the notation of Appendix A and B of [iff] and refer to them as the standard ones.
The notation V};y for them will also be used at times (with M(N) denoting the couple
{0,m} ({0,n})) -
An important ingredient in the following are the bpz transformation properties of the
oscillators
bpz(af) = (~1)"Halt)" (3.5)

—-n

Our purpose here is to discuss the definition and the properties of the three strings
vertex by exploiting as far as possible the definition given in [fl] for the Neumann coefficients.
Remembering the description of the star product given in the previous section, the latter
is obtained in the following way. Let us consider three unit semidisks in the upper half
zq (@ = 1,2,3) plane. Each one represents the string freely propagating in semicircles
from the origin (world-sheet time 7 = —o0) to the unit circle |z,| = 1 (7 = 0), where the
interaction is supposed to take place. We map each unit semidisk to a 120° wedge of the
complex plane via the following conformal maps:

fa(za) = oz27“f(za) ,a=1,2,3 (3.6)

where

1+z’z>%
1—1z

)= (



27

Here a = e73 is one of the three third roots of unity. In this way the three semidisks are
mapped to nonoverlapping (except at the interaction points z, = i) regions in such a way
as to fill up a unit disk centered at the origin. The curvature is zero everywhere except
at the center of the disk, which represents the common midpoint of the three strings in
interaction.

Figure 1: The conformal maps from the three unit semidisks to the three-wedges unit disk

The interaction vertex is defined by a correlation function on the disk in the following
way

/ b 65y = (f1 09(0) f2 0 $(0) f5 0 x(0)) = (Vaas[t)1[6)alx)s (3.8)

Now we consider the string propagator at two generic points of this disk. The Neumann
coefficients N§; ab s are nothing but the Fourier modes of the propagator with respect to the
original coordinates z,. We shall see that such Neumann coefficients are related in a simple
way to the standard three strings vertex coefficients.

Due to the qualitative difference between the au,~g oscillators and the zero modes p,
the Neumann coefficients involving the latter will be treated separately.

3.1 Non—zero modes

The Neumann coefficients N are given by [f]

ab NC dw 1 1 f 1 o
Vit = Wil l0m = 0 55 § S, RTAE R <;9>

where the contour integrals are understood around the origin. It is easy to check that

N, -
NE, = (—1yemae (3.10)
N;?l]b _ Nﬁ;—bl,b-{-l



In the last equation the upper indices are defined mod 3.
Let us consider the decomposition

1
b
N = 3v/nm

After some algebra one gets

1 1 1 1
74 7{ dw ) (3.12)
omi | 2mi 2 wm (1+zw)? (2 —w)?

1

w 2 z
7{2m %zi”wim<f ) +2;((w)))
f( )

1*(2)
_ -1 dw 1 1 2(2) w
nm — 2
v 3vnm | 2mi | 2mi 20 wm <f2( * )

<Enm +a® Uy + oﬂ—”Unm> (3.11)

< 1+ zw) (z —1w)2>
(7

1+ zw) (z —1w)2>

By changing z — —z and w — —w, it is easy to show that
(—=1)"Upin (=)™ = Uy, or CU=UC, Crm = (=1)"6pm (3.13)

In the second part of this equation we have introduced a matrix notation which we will
use throughout the paper.

The integrals can be directly computed in terms of the Taylor coefficients of f. The
result is

—(—1)"+an+le—z — 2bp by (— 1) (3.15)

Unm — (_1)n+mUnm

—

3.16)

where we have set
o
= Z b 2"
k=0

00 k
= ZBkzk, ie. Bp= prbk_p (3.17)
k=0 p=0

Eqgs.(B.14, B.1§, B.16) are obtained by expanding the relevant integrands in powers of z, w
and correspond to the pole contributions around the origin. We notice that the above
integrands have poles also outside the origin, but these poles either are not in the vicinity
of the origin of the z and w plane, or, like the poles at z = w, simply give vanishing

contributions.

One can use this representation for (B.1§, B.16) to make computer calculations. For
instance it is easy to show that the equations

k=1 k=1



are satisfied to any desired order of approximation. Each identity follows from the other
by using (B.13). It is also easy to make the identification

Vb — (=)™ /nm N2, (3.19)

of the Neumann coefficients with the standard three strings vertex coefficients!. Using
(B-13), together with the decomposition (B.1]), it is easy to establish the commutativity
relation (written in matrix notation)

cve cvet] =0 (3.20)

for any a,b,a’,b’. This relation is fundamental for the next developments.

An analytic proof of eq.(B.1§) is given in Appendix.

3.2 Zero modes
The Neumann coefficients involving one zero mode are given by

1 dw 1 1

Nab - = et 24 e — 3.21
in == § 2w M L0~ ) 320
In this case too we make the decomposition
1 _
Ngt =5 (Em + @b, + oﬂ—bUm) (3.22)
where E,U,U can be given, after some algebra, the explicit expression
4i [dw 1 1 3 (w) 24"
n ) 2riwrl+w?l— f3(w) n
4i [dw 1 1 2 (w) an,
U —_ - = — 3.23
" nJ) 2riwrl+w?l— f3(w) n (3:23)
_ Q@

Un = (_1)n Un = (_1)117”

The numbers «,, are Taylor coefficients

VIz) = Zanz"
0

They are related to the A, coefficients of Appendix B of [[if] (see also [f4]) as follows:
a, = A, for n even and «,, = 1A, for n odd. Ngg are not related in a simple way as (B.19)
to the corresponding three strings vertex coefficients. The reason is that the latter satisfy

the conditions

3
> Vew=o0 (3.24)
a=1

'The factor of (—1)"*™ in (B.19) arises from the fact that the original definition of the Neumann
coefficients @) in [E] refers to the bra three strings vertex (Vs|, rather than to the ket vertex like in (@),
therefore the two definitions differ by a bpz operation.



b

b where BY are arbitrary numbers,

These constraints fix the invariance V@ — Vi + B
an invariance which arises in the vertex (B.I) due to momentum conservation. For the

Neumann coefficients Ngg we have instead

3
> Viw =Ea (3.25)
a=1
It is thus natural to define .
Nin = N = 5B (3.26)
Now one can easily verify that?
V& = —V2n N (3.27)

It is somewhat surprising that in this relation we do not meet the factor (—1)", which we
would expect on the basis of the bpz conjugation (see footnote after eq.(B.19)). However
eq.(B-27) is also naturally requested by the integrable structure found in [[]]. The absence
of the (—1)" factor corresponds to the exchange V2 < V2L, This exchange does not seem
to affect in any significant way the results obtained so far in this field.

To complete the discussion about the matter sector one should recall that beside
eq.(B.1§), there are other basic equations from which all the results about the Neumann
coefficients can be derived. They concern the quantities

2 — 2

The relevant identities, [i4, [iq], are

i Wi Unp =Wy, Y WuWy =2V (3.29)

n=1 n>1

These identities can easily be shown numerically to be correct at any desired approximation.
An analytic proof can presumably be obtained with the same methods as in Appendix.
Finally let us concentrate on the Neumann coefficients Ng. Although a formula for

them can be found in [fj], these numbers are completely arbitrary due to momentum con-

servation. The choice

V& = 5ap 2 (3.30)

16

is the same as in [[[4], but it is also motivated by one of the most surprising and mys-
terious aspects of SFT, namely its underlying integrable structure: the matter Neumann
coefficients obey the Hirota equations of the dispersionless Toda lattice hierarchy. This was
explained in [[LT] following a suggestion of [[J]. On the basis of these equations the matter
Neumann coefficients with nonzero labels can be expressed in terms of the remaining ones.

The choice of (B.30) in this context is natural.

2The /2 factor is there because in [@] the o/ = 1 convention is used



4. Ghost three strings vertex and bc Neumann coefficients

The three strings vertex for the ghost part is more complicated than the matter part due
to the zero modes of the c field. As we will see, the latter generate an ambiguity in the
definition of the Neumann coefficients. Such an ambiguity can however be exploited to

formulate and solve in a compact form the problem of finding solutions to eq.(@)g .

4.1 Neumann coefficients: definitions and properties

To start with we define, in the ghost sector, the vacuum states |0) and |0) as follows
0) = coer0),  [0) = e1]0) (4.1)
where |0) is the usual SL(2,R) invariant vacuum. Using bpz conjugation
e — (1) ey, by — (=1)" by, 0) = (0] (4.2)

one can define conjugate states. It is important that, when applied to products of oscilla-
tors, the bpz conjugation does not change the order of the factors, but transforms rigidly
the vertex and all the squeezed states we will consider in the sequel (see for instance eq.([t.4)
below).

The three strings interaction vertex is defined, as usual, as a squeezed operator acting
on three copies of the bc Hilbert space

(Vs] = 1(0] 0] 5(0]€”, }j }j A9 Neb p®) (4.3)

a,b=1n,m

Under bpz conjugation

|V3) = €'10)1]0)2|0)3, Z Z 1) TN b T (4.4)
a,b=1n,m
In egs.(f.3, f.4) we have not specified the lower bound of the m,n summation. This
point will be clarified below.
The Neumann coefficients N b are given by the contraction of the bc oscillators on the unit
disk (constructed out of three unit semidisks, as explained in section 3). They represent
Fourier components of the SL(2,R) invariant be propagator (i.e. the propagator in which
the zero mode have been inserted at fixed points ¢;, i = 1,2, 3):

3 .
b)) = = [[ 2=

=1

(4.5)

Taking into account the conformal properties of the b, ¢ fields we get

Nt = <‘7123|b(—ar)LC(—bZn|O>123

7{ 271 jé omri 21 wm+2 (f,( ))2 falz 1 H Il Z;} fb( ))_1 (4.6)

3 An alternative treatment of the ghost three-strings vertex has been given recently in @, @]

,10,



It is straightforward to check that

Nyp, = Njr Lot (4.7)
and (by letting 2 — —z, w — —w)

Ny = (=1 Ny, (4.8)
Now we choose (; = f; '

fi(0) = a7 so that the product factor in ([L.6]) nicely simplifies as
follows

3
folw) = £:(0)  f3(w) — )
Z‘l—[l o(2) — £i(0) o Bl -1’ Va,b=1,2,3

(4.9)
Now, as in the matter case, we consider the decomposition
Neb g(Enm + @ Upm 4+ U ) (4.10)
where
dz
- jé 2mi 7{ 2mN JAGzw)
d
- fﬁ%m/\/ U (z,w) (4.11)
dz
- jé 2mi 7{ 2mN (Z w)
and
_ 3 fw)
AB) = FE) — P
__ 3/
R ()
32 (w
o) = 7305~ 1
3 _
Nom(210) = S s (P ) =

After some elementary algebra, using f'(z) = lJrZQf( z), one finds

j{ }{ ( 1 w >
2mi 2m z"+1 wm+1 1

—+ zw w—z

jé 1 f(») < 1 w >
2mi 2m z"+1 wmtl f

4.12
fw)\1+20 w—2z (412)
0. jé 1 f(w) < 1 w >
270 2m z"+1 whrtl f)\1+20 w—2
Using the property f(—z) = (f(2))~!, one can easily prove that
Unin = (=1)" T (4.13)

— 11 —



4.2 Computation of the coefficients
In this section we explicitly compute the above integrals. We shall see that the presence
of the three ¢ zero modes induces an ambiguity in the (0,0), (—1,1), (1,—1) components
of the Neumann coefficients. This in turn arises from the ambiguity in the radial ordering
of the integration variables z,w. While the result does not depend on what variable we
integrate first, it does depend in general on whether |z| > |w| or |z] < |w|.

If we choose |z| > |w| we get

B, = 0(n)8(m)(—1)"um + G000 + G 10ms (4.14)

while, if we choose |z| < |w|, we obtain
E = 00)0(m)(=1)"Gnm — 6n,10m,1 (4.15)
where #(n) =1 for n > 0, §(n) = 0 for n < 0. We see that the result is ambiguous for the

components (0,0), (—1,1), (1,—1).
To compute Uy, we expand f (z) for small z, as in section 3,

o
=St
k=0

Since f~1(z) = f(—z) we get the relation

Z(_l)kbkbn—k = 5n,0 (4.16)

k=0

which is identically satisfied for n odd, while for n even it can be also rewritten as
n
by = =23 (=1)Fby_gbnis (4.17)
k=1

Taking |z| > |w| and integrating z first, one gets

n

ﬁT(L}VCLl) = 5n+m + (_1)m Z(bnflbmfl - (_1)lbnflbm+l) (4'18)
=1

If, instead, we integrate w first,

m

Uygg) = (_1)mbnbm + (_1)m Z(bn—lbm—l + (_1)lbn+lbm—l) (4'19)
=1
One can check that, due to ([.17),
oo = glv) = gH) (4.20)

Now we take |z| < |w| and get similarly

n

U2 = (=1)™ Y (bp—ibm—t — (=1)by_ibm1)
=1

U2 = —6npm + (1) pb + (=1)™ > (bn—ibmi + (=1)'bpibm—1)
=1

- 12 —



Again, due to (4.17)

e — G _ ) (4.21)

nm

Comparing UM with U®), we see once more that the ambiguity only concerns the
(0,0), (—1,1), (1, —1) components. Using (.1() we define

Nab (12) _ }(E(Lz) +aaDFL) | qab(_qymimEr(12)

3 nm nm

The above ambiguity propagates also to these coefficients, but only when a = b. For later
reference it is useful to notice that

Nb(12) 0, except perhaps for a=0b, m=1

—1m
N&%(IQ) =0, except perhaps for a=b m=0 (4.22)
and, for |n| <1,
vrab, (1,2)
Ny o =0, except perhaps for a=b n=-1 (4.23)

We notice that, if in eq.(f.dJ£4) the summation over m,n starts from —1, the above
ambiguity is consistent with the general identification proposed in [f]

NEb = (V[619) 10)1]0)2]0)3 (4.24)

It is easy to see that the expression in the RHS is not bpz covariant when (m,n) take
values (0,0), (—1,1), (1,—1) and the lower bound of the m,n summation in the vertex (see
above) is —1. Such bpz noncovariance corresponds exactly to the ambiguity we have come
across in the explicit evaluation of the Neumann coefficients. We can refer to it as the bpz
or radial ordering anomaly.

4.3 Two alternatives

It is clear that we are free to fix the ambiguity the way we wish, provided the convention
we choose is consistent with bpz conjugation. We consider here two possible choices. The
first consists in setting to zero all the components of the Neumann coefficients which are
ambiguous, i.e. the (0,0), (—1,1), (1,—1) ones. This leads to a definition of the vertex
({3) in which the summation over n starts from 1 while the summation over m starts from
0. In this way any ambiguity is eliminated and the Neumann coefficients are bpz covariant.
This is the preferred choice in the literature, , L4, 3, [, @] In particular, it has led in
[4] to a successful comparison of the operator formulation with a twisted conformal field
theory one.

We would like, now, to make some comments about this first choice, with the purpose
of stressing the difference with the alternative one we will discuss next. In particular we
would like to emphasize some aspects of the BRST cohomology in VSFT. In VSFT the
BRST operator is conjectured [[4, [5] to take the form

Q=co+ Z fulen + (=1)"cn) (4.25)
n=1

,13,



It is easy to show that the vertex is BRST invariant, i.e.

3
Z Q@|V3) =0 (4.26)
a=1
Due to
{Q b} =1 (4.27)

it follows that the cohomology of Q is trivial. As was noted in [[7], this implies that the
subset of the string field algebra that solves (R.9) is the direct sum of Q-closed states and
bp—closed states (i.e. states in the Siegel gauge).

@) = Q|A) + bo|x) (4.28)

As a consequence of the BRST invariance of the vertex it follows that the star product of a
BRST-exact state with any other is identically zero. This implies that the VSFT equation
of motion can determine only the Siegel gauge part of the solution.

For this reason previous calculations were done with the use of the reduced vertex
[13, [4] which consists of Neumann coefficients starting from the (1,1) component. The
unreduced star product can be recovered by the midpoint insertion of Q = %(c(z) —c(—1))
as

¢ % @) = Qb w4, 9) (4.29)

where x*p, is the reduced product.
In the alternative treatment given below, using an enlarged Fock space, we compute the
star product and solve (R.9), without any gauge choice and any explicit midpoint insertion.
Motivated by the advantages it offers in the search of solutions to (R.9), we propose
therefore a second option. It consists in fixing the ambiguity by setting

Ve, =N =0, Ngg=1 (4.30)
If we do so we get a fundamental identity, valid for Uy, = ~,(;,)1 (for n,m > 0),
k=0
Defining
X =cove, (4.32)
eq.([.3]) entails
(X, X9 =0 (4.33)

One can prove eq.([l.3T]) numerically. By using a cutoff in the summation one can
approximate the result to any desired order (although the convergence with increasing
cutoff is less rapid than in the corresponding matter case, see section 3.1). A direct analytic
proof of eq.(f3])) is given in Appendix.

The next subsection is devoted to working out some remarkable consequences of

eq.(B31).
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4.4 Matrix structure

Once the convention ([30) is chosen, we recognize that all the matrices (E,U ,(} ) have
the (0,0) component equal to 1, all the other entries of the upper row equal to 0, and a

generally non vanishing zeroth column. More precisely

Ugo = Ego = 1
UnO = bn n0 — 07 UOn = EOn = 571,0 (434)
Jom # 0, n,m >0

This particular structure makes this kind of matrices simple to handle under a generic
analytic map f. In order to see this, let us inaugurate a new notation, which we will
use in this and the next section. We recall that the labels M, N indicate the couple
(0,m),(0,n). Given a matrix M, let us distinguish between the ‘large’ matrix My;n
denoted by the calligraphic symbol M and the ‘small’ matrix M,,, denoted by the plain
symbol M. Accordingly, we will denote by J a matrix of the form [{34), ¥ = (y1,v2,-..)
will denote the nonvanishing column vector and Y the ‘small’ matrix

YNy = 6N0OM0 + Yndnio + Yiuns (4.35)

or, symbolically, Y = (1,7,Y).
Then, using a formal Taylor expansion for f, one can show that

fhn = Ftowodaan + (TH=TEg) sy 4 £1¥ ] (4.36)
Now let us define
y=xt
Y, = X2 4.37)
y.o=Xx2 4.38)

These three matrices have the above form. Using (J£.31]) one can prove the following prop-
erties (which are well-known for the ‘small’ matrices)

Y+Yi+)Y_=1

V2+Yi+yi=1
V343 =23 —3)2 41

VY =Yy (4.39)
V., V+]=0
D}Jr’y*] =0

Using (.35, [£.3d) we immediately obtain (we point out that, in particular for Y, ya, =
% ban, Yont+1 = 0 and Yy, = Xy, for n,m > 0)

Y+Y, +Y. =1
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Y+y++y-=0
Y24+YE4+Y2=1
A+ Y)j+Yigs +Y i =0
V3+V3=2vY3-3yY2+1
Y2y + Y25 = (2Y?-Y — 1)§ (4.40)
Y.V =Y2_Y
Y, Y] =0
YV, Y.]=0
Yig-=Yy=Y_y,
Yoy =(1-Y)is
These properties were shown in various papers, see [, [[§]. Here they are simply conse-
quences of (.39), and therefore of ([.31)). In particular we note that the properties of the

‘large’ matrices are isomorphic to those of the ‘small’ ones. This fact allows us to work
directly with the ‘large’ matrices, handling at the same time both zero and not zero modes.

4.5 Enlarged Fock space

We have seen in the last subsection the great advantages of introducing the convention
(B.30). In this subsection we make a proposal as to how to incorporate this convention
in an enlargement of the bc system’s Fock space. In fact, in order for eq.(f.24) to be
consistent, a modification in the RHS of this equation is in order. This can be done by, so
to speak, ‘blowing up’ the zero mode sector. We therefore enlarge the original Fock space,
while warning that our procedure may be far from unique. For each string, we split the
modes ¢y and by:

Ny — cp — 7757 58 — by — & (4.41)

In other words we introduce two additional couple of conjugate anticommuting creation
and annihilation operators 7y, 778 and &, 58

{o.m} =1, {e.nl}=1 (4.42)

with the following rules on the vacuum

&[0y =0,  (0lgf=0 (4.43)
nlo0) =0, (Ol =0 (4.44)

while 58, 7o acting on |0) create new states. The bpz conjugation properties are defined by
bpz(mo) = —nj,  bpz(&) = & (4.45)

The reason for this difference is that 79 (o) is meant to be of the same type as ¢y (bo).
The anticommutation relation of ¢y and by remain the same

{co,bo} =1 (4.46)

,16,



All the other anticommutators among these operators and with the other be oscillators are
required to vanish. In the enlarged Fock space all the objects we have defined so far may
get slightly changed. In particular the three strings vertex (L3 Ji.4) is now defined by

Blag= Y 0TI (447
n>1,m>0

With this redefinition of the vertex any ambiguity is eliminated, as one can easily check.
In a similar way we may have to modify all the objects that enter into the game.
The purpose of the Fock space enlargement is to make us able to evaluate vev’s of the
type
(0] exp (ch +cp+ )\b) exp <chGbJr +6b + CTC> 0) (4.48)
which are needed in star products. Here we use an obvious compact notation: F,G denotes
matrices Fyar, Gy, and A, p, 0, ¢ are anticommuting vectors Ay, pun,On,(n. In cFb +
¢ + Ab it is understood that the mode by is replaced by & and in c¢!Gb + 0bT + ¢¢ the
mode ¢q is replaced by 7. In this way the formula is unambiguous and we obtain

(0 exp (cFb + cpu+ Ab) exp (cTGbT + 0bT + ¢1() 10)

= det(1 + FG) exp (=015 FC — AMkpGo — Omgn+ AppgpC)  (4.49)

Eventually, after performing the star products, we will return to the original Fock space.

5. Solving the ghost equation of motion in VSFT
We are now ready to deal with the problem of finding a solution to (B.9)

Q) + ) x |1h) = 0 (5.1)

Since now we are operating in an enlarged the Fock space, @ must be modified, with respect
to the conjectured form of the BRST operator ({.25) in VSFT, in the following way

Q— Quemy=co—M0+n0+ D falen + (=1)"c_y) (5.2)

n=1

The first thing we would like to check is BRST invariance of the vertex, i.e.

Z QEZZL)H/IQ(en) =0 (53)

It is easy to verify that both equations are identically satisfied thanks to the first two
egs.({:40), and thanks to addition of —n9 in (5.9) (778 passes through and annihilates the
vacuum).

In order to solve equation (p.1) we proceed to find a solution to

)3 =1 (]2(¥)[Vias) (5.4)
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where 1/3 and 1/) are the same state on the ghost number 2 and 1 vacuum, respectively. We
choose the following ansatz

) = |S(en)) =N exp < Z e} Snmbl, + Z C;VSNo%) 10) (5.5)
n,m>1 N2>0
W}> = ’S(en)> = ./\/exp < Z CILSnmb;rn + Z C;VSNOS(J5> ‘O> (56)
n,m>1 N2>0
Following now the standard procedure, [L{, B0, from (p.4), using ({.49), we get
1 y_
T = _ by .

In RHS of these equations

(7)o v Y)
0 7 Y-y
where 7 = CS and Y, Y+ have been defined by eq.({.3§).

We repeat once more that the matrix equation (f.7) is understood for ‘large’ matrices,
which include the zeroth row and column, ie. Y = X' = CN'! = (1,7, Y = X),
T =(1,,T) and S = (1,5, S). This is a novelty of our treatment. In fact, solving eq.(5.7),
we obtain the algebraic equation

T:CS:%( +Y - /1= W) +3Y)) (5.8)

which splits into the relations

Too = Soo =1
. 1 . = =
I=_ 1+X—\/(1—X)(1+3X)> (5.9)
P 1-T
1—x’

The normalization constant N is, formally, given by

1

N = det (1 — 2V)

(5.10)

However we notice that the (0,0) entry of XV is 1, so the determinant vanishes. Therefore
we have to introduce a regulator ¢ — 0, and write

1 1

A 11
edet’ (1— V) (5.11)

where det’ is the determinant of the ‘small’ matrix part alone. This divergence is not
present in the literature, [[[4, [[§]. It is in fact related to the 1 eigenvalue of 7 and ) in
the twist even sector (i.e. in the eigenspace of C' with eigenvalue 1). This is therefore an
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additional divergence with respect to the usual one due to the 1 eigenvalue of X in the
twist—odd sector (see below).

Now we prove that this solves (p-1)). Indeed, after some elementary algebra, we arrive
at the expression

Qen)1$) +18) = (= e [(Bn — (C = S)urfil +co =m0 ) 13) (5.12)

We would like to find f so that the expression in square brackets in (5.19) vanishes. Using
the last equation in (f.9) we see that this is true provided

F=0-X)f (5.13)
Now, by means of an explicit calculation, we verify that the solution to (f.13) is
fo= 51+ (CM (D)3 (5.14)
For inserting in the RHS of (5.13) both (5.14) and X in the form

1 -

we see that the vanishing of f,, for n odd is consistent since i has no odd components,
while for n even we have

f: 2 (1) (Bon 2 — T (5.15)

The second sum is evaluated with the use of the integral representation of ¢/ ({.19)

o ) 1 2 1 w
Z U2n 2k = ]é o j{ o 22n+1 (_1)kw2’f+1 f(w) (1 +w  w— z)

k=1
f
N y{ 211 }{ 211 z2n+1 wl _:wQ f((?i)) <1 _:zw - wlﬁ Z) (5.16)
- f im0 (- )

= —bon + Z ) Som, 2k

The d-piece cancels with the one in (f.17), while the remaining one is precisely ya,.

(]

The derivation in (b.1§) requires some comments. In passing from the first to the
second line we use Zﬁl(—l)k# = —%leb which converges for |w| > 1. Therefore,
in order to make sense of the operation, we have to move the w contour outside the circle of
radius one. This we can do provided we introduce a regulator (see Appendix) to avoid the
overlapping of the contour with the branch points of f(w), which are located at w = =i.
With the help of a regulator we move them far enough and eventually we will move them

back to their original position. Now we can fully rely on the integrand in the second line of
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(5.16). Next we start moving the w contour back to its original position around the origin.
1
1+w?
their contribution neatly vanishes due to the last factor in the integrand. The remaining

In so doing we meet two poles (those referring to the factor), but it is easy to see that
contributions come from the poles at w = z and at w = 0. Their evaluation leads to the
third line in (5.16). The rest is obvious.

As a result of this calculation we find that eq.(5.13) becomes

Q(en)|5(en)> + |S(en)> = (CO - 770)|S(en)> (517)

Finally, as a last step, we return to the original Fock space. A practical rule to do so
is to drop all the double zero mode terms in the exponentials? (such as, for instance, cogg)
and to impose the condition ¢y — 179 = 0 on the states, i.e. by considering all the states
that differ by cg — 19 acting on some state as equivalent. The same has to be done also
for by — 5(]; (paying attention not to apply both constraints simultaneously, because they
do not commute). These rules are enough for our purposes. In this context the RHS of
eq.(p.17) is in the same class as 0.

Let us collect the results. In the original Fock space the three string vertex is defined
by

B= % datylip)t (5.18)
n>1,M>0

) -

egs.(p-3,5.6) becomes

18) = N exp ( > e Sumbl, + > cLSn0b0> 10) (5.19)

n,m>1 n>1

|S) = N exp ( Z cLSnmb;rn> |0) (5.20)

n,m>1

It is now easy to prove, as a check, that

Q|9) +15) =0 (5.21)

where -
Q=co+ Y (=1)"(con + c-20) (5.22)

n=1

The above computation proves in a very direct way that the BRST operator is nothing
but the midpoint insertion ( z =i ) of the operator 3-(c(z) — ¢(z)) [[4]. A different proof
of this identification, which makes use of the continuous basis of the *-algebra [5(], was

given in [[Lg].
As an additional remark, we point out that the ghost action calculated in the en-
larged and restricted Fock space are different, although they are both divergent due to the

normalization ()

“Which is equivalent to normal ordering these terms. We thank A Kling and S.Uhlmann for this sug-

gestion.
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A final warning to the reader: the method of ‘large’ matrices is extremely powerful
and leads in a very straightforward way to results that are very laborious to be obtained by
alternative methods; the incorporation of ‘large’ matrices in the Fock space formalism, on
the other hand, is given here on an ad hoc basis and certainly needs some formal polishing.

5.1 A comment on the eigenvalues of Neumann coefficients matrices

The introduction of ‘large’ matrices gives us the opportunity to clarify an important point
concerning the eigenvalues of the (twisted) matrices of three strings vertex coefficients.
The diagonalization of the reduced x-product was performed in [[§, [, [, 60], using a
remarkable relation between matter coefficients and ghost coefficients [§]. Here we will
make some comments about the singular role played by the midpoint, which turns out to
be quite transparent in the diagonal basis. Our commuting vertex coefficients (including
the (0,0) component) are of the form

Y= (; 3) (5.23)

Vi = ( 00 > (5.24)

v+ Yi

It is then evident that the eigenvalues are

eiglY] = 1@ eig[Y] (5.25)
eigV+] = 0@ eig[Yy] (5.26)

We can easily put them in a block diagonal form

Y= ((1) 3) (5.27)
Vi = (8 1(”1) (5.28)

This is achieved by
y(i) = Z_ly(i)z (5.29)

z - (} g) (5.30)
z7l = (—1f (1)> (5.31)

1 1

P a1 5.32
f=1—V v, (5.32)

At first sight one might think that, since (5.33) has the well known solution f, = %(1 +
(=1)™)i"™, it cannot be the case that either Y has eigenvalue 1, or Y1 have the eigenvalue

The block-diagonalizing matrix is

where

0. However (p.39) is a statement in the twist—even sector of the Hilbert space of vectors
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{vn},mn =1,2,.... Sowe must conclude that small matrices do not have singular eigenvalues
in this sector. The twist—odd sector on the contrary contains singular eigenvalues. This
was noted in [i2, p(], where the following spectrum for the ‘small’ matrices ,(Y,Y%) was

found
(h) = = (5.33)
YW = S coshe — 1 '
coshz £+ sinhx — 1
— .34
y=(k) 2coshz —1 (5.34)

where x = & and & is a continuous parameter in the range (—oo, 00).

It was pointed out in [I2, p(] that to any x # 0 there correspond two eigenvectors of
opposite twist—parity, while x = 0 has only one twist—odd eigenvector. On the basis of the
discussion in this paper we see that, when considering the ‘large’ matrix ), we have an
additional 1 eigenvalue whose twist—even eigenvector is given by the first column of (f.30)
5

In terms of the be standard modes we can write

o =cot Y fulen+(=1)"ch) = Q (5.35)
n>1

pn =0, n#0 (5.36)

bo = bo (5.37)

bp = —fubo+by, n#0 (5.38)

where we have defined (f_,, = f,,). As noted also in [[7] this is an equivalent representation
of the bc system®

{BN,EM} = 5N+M N,M = —0Q, ...,O, .y, OO (5.39)

This can possibly be viewed as a redefinition of the CFT fields ¢(z), b(2).

If we exclude the ¢, 50 zero modes we are left with the reduced #-product which turns
out to be an associative product for states in the Siegel gauge. In particular we note that,
since, in the reduced product, the value k = 0 is related to only one eigenvector of ¥ and
since the same value is intimately related to the midpoint (f.35), the Siegel gauge can be
regarded as a split string description.

A possible suggestion to appropriately treat the additional singular 1 eigenvalue of Y
may be to “blow up” the zero modes, as before, in two triples of conjugate operators. Then
we can safely compute *-products in an enlarged Fock space and then return to the original
space by appropriate restrictions. As an encouraging indication in this direction, we notice
that

Ki=Li+L_4 (540)

5This is very similar to what happens with the Neumann coefficients in the matter sector with zero

modes in [@] -

%In order to prove this, twist invarince of f is crucial (C'f = f)
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where L; and L_; are the ghost Virasoro generators, can be modified in the enlarged space
by formally setting

co— cog— 1o+ 778 (5.41)

It is easy to see that the vertex is Kj-invariant. In fact, keeping for simplicity only the
zero mode part which is the only one of interest in this aspect, we have

Kie M%) = ¢~mbo <(—co — 10 + 18+ 1m0) (b1 + b—l)) col0) =0 (5.42)

6. Matter projectors and D—branes

In this second part of the review we will be concerned with the solutions of the matter
part of the VSFT equations of motion, i.e. with solutions to (R.10). However instead of
reviewing the well-known squeezed state solutions to [B(, 6] as well as the related solutions
discussed in [R3, RF, our leading idea will be to find VSFT solutions in order to make a
comparison with solutions in scalar noncommutative field theories. In particular we will
show that it is possible to establish a one-to-one correspondence between tachyonic lumps,
i.e lower dimensional D-branes, in the former and solitonic solutions in the latter. This
correspondence is fully exposed by introducing a constant background B field.

To start with we fix the solution of the ghost part in the form given in the previous
section and concentrate on the matter part. The value of the action for such solutions is
given by

S(\II) = K<\Ilm‘\llm> (6'1)

where X contains the ghost contribution. We recall that X is infinite (see above) unless
the action is suitably regularized. The choice of a regularization should be understood as
a ‘gauge’ freedom, 3], in choosing the solutions to (B.7). So a coupled solution to (R.9)
and (2.10), even if the action is naively infinite in its ghost component, is nevertheless a
legitimate representative of the corresponding class of solutions.

6.1 Solitons in noncommutative field theories

Before we set out to discuss solutions to (R.1() and to better explain our aim, let us
briefly describe solitons in noncommutative field theories, (see BI] for a beautiful review).
Noncommutative field theories are effective low energy field theories which live on the world-
volume of D—branes in the presence of a constant background B field. To be definite, let us
think of a D25—brane in bosonic string theory. The simplest example of effective theories is
a noncommutative theory of a scalar field ¢, which is thought to represent the tachyon living
on the brane (this is an oversimplified situation, in fact one could easily take the gauge field
as well into account, while the massive string states are thought to having been integrated
out). We concentrate on the case in which B is switched on along two space directions,
which we denote by x = ¢ and y = p (from now one, for simplicity, we will drop the other
coordinates). The coordinates become noncommutative and the ensuing situation can be
described by replacing the initial theory with a theory in which all products are replaced
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by the Moyal * product with deformation parameter € (linked to B as explained below).
Alternatively one can use the Weyl map and replace the noncommutative coordinates by
two conjugate operators §, p, such that [§,p] = i0. In the large 6 limit, after a suitable
rescaling of the coordinates, the kinetic part of the action becomes negligible, so only the
potential part, [ dxdyV,(¢), is relevant. Using the Weyl correspondence, the action can
be replaced by 276 TrHV((i), where H is the Hilbert space constructed out of ¢, p, and (]3
is the operator corresponding to the noncommutative field ¢. Solutions to the equations
of motion take the form

é=\P, pP’=pr (6.2)

where \;, ¢ = 1,...,n are the minima of the classical commutative potential V', which is as-
sumed to be polynomial. The energy of such a solution is therefore given by 276 V' (\;) Try P.

On the basis of this discussion it is clear that, in order to know the finite energy
solutions of the noncommutative scalar theory, we have to find the finite rank projectors
in the space H. The latter can be constructed in the following way. Define the harmonic
oscillator @ = (¢ + ip)/+/(20) and its hermitean conjugate a': [a,al] = 1. By a standard

. . . . . fyn
construction we can define the normalized harmonic oscillator eigenstates: |n) = (:l/ﬁ)' |0).

Now, via the Weyl correspondence, we can map any operator |n)(m/| to a classical function
of the coordinates x,y. In particular |n)(n|, which are rank one projectors, will be mapped
to classical functions

2r2 2

Un(2,y) = 2(=1)"Ly <7>e—% (6.3)
where 72 = 22 4+ y2. Each of these solutions, by construction, satisfy ¥, x 1, = 1,. We
refer to them as the GMS solitons [57]. They can be interpreted as D23-branes. We
can of course consider any finite sum of these projectors. They will also be solutions.
They are interpreted as collapsing D23-branes. Moreover, using the shift operator S =
>oo2 o In+ 1)(n|, one can set up a solution generating techniques, whereby a nontrivial
soliton solution can be generated starting from a trivial one by repeated application of S
(see (E)))-

Our purpose in this paper is to show how the soliton solutions just described arise in
VSFT. The way they can be seen is by taking the low energy limit of tachyonic lumps
representing D23-branes in VSFT [27, B§]. They are, so to speak, relics of VSFT branes
in the o/ — 0 limit.

6.2 The background B field

But before we turn to this, we will introduce a background field B in SFT. In ref. [BJ] and
B3] it was shown that, when such a field is switched on, in the low energy limit the string
field theory star product factorizes into the ordinary Witten * product and the Moyal *
product. A related result can be obtained in the following way. The string field theory
action (R.I]) can be explicitly calculated in terms of local fields, provided the string field
is expressed itself in terms of local fields as in (R.3). Of course this makes sense only
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in the limit in which string theory can be approximated by a local field theory. In this
framework (R.1) takes the form of an infinite series of integrated local polynomials (kinetic
and potential terms) of the fields involved in (B.2) as explained in section 2. Now, it has
been proven by [B4, Bj that, when a B field is switched on, the kinetic term of (R.1)
remains the same while the three string vertex changes, being multiplied by a (cyclically
invariant) noncommutative phase factor (see (B4, B]) and eq.([.2) below). It is easy to see
on a general basis that the overall effect of such noncommutative factor is to replace the
ordinary product with the Moyal product in the RHS of the effective action (for a related
approach see [Bd]).

Therefore, we know pretty well the effects of a B field when perturbative configurations
are involved. What we wish to explore here are the effects of a B field on nonperturbative
solutions. We find that a B field has the virtue of smoothing out some of the singularities
that appear in VSFT. As for the overall star product in the presence of a background B
field, it turns out that Witten’s star product and Moyal product are completely entangled
in nonperturbative configurations. Nevertheless, in the low energy limit, we can again
witness the factorization into Witten’s star product and the Moyal one. It is exactly this
factorization that allows us to recover the noncommutative field theory solitons.

We also remark that switching on a B field in VSFT is consistent with the interpreta-
tion of VSFT. The latter is thought to describe closed string theory, and the antisymmetric
field B belongs in the massless sector of a bosonic closed string theory.

Finally we would like to stress that the Moyal star product referred to here has nothing
to do with the Moyal representation of Witten’s star product which was suggested in
B3, BY. This representation can be seen as a confirmation of an old theorem [Bg] concerning
the uniqueness of the Moyal product in the class of noncommutative associative products,
however it is realized in an (unphysical) auxiliary space, see [0, [, 2], therefore it cannot
affect the physical space—time.

6.3 Organization of the paper. Second part

In section 7 we derive the new Neumann coefficients for the three string vertex in the
presence of a background B field. In section 8 we solve the projector equation (R.1() for
a 23—-dimensional tachyonic lump and justify its D23-brane interpretation. In section 9
we start examining the effect of the B field on such solution. In section 10 we generalize
the lump solution of section 8. We construct a series of solutions to the matter projector
equation, which we denote by |A;,) for any natural number n. |A,,) is generated by acting
on a tachyonic lump solution [Ag) with (—k)"L,(x/k), where L,, is the n-th Laguerre
polynomial, x is a quadratic expression in the string creation operators, see below egs. (.35,
10.7), and & is an arbitrary real constant. These states satisfy the remarkable properties

<An’Am> = 5n,m<AO‘AO> (6.5)

Each |A,,) represents a D23-brane, parallel to all the others. In section 11 we show that
the field theory limit of |A,) factors into the sliver state (D25-brane) and the n-th GMS
soliton. Section 12 describes related results.

,25,



7. The three string vertex in the presence of a constant background B
field

The three string vertex [[[, f4, ] of the Open String Field Theory was given in eq.(B.1).
The notation V), for the vertex coefficients will often be used from now on, where M (V)
will denote the couple {0, m} ({0,n}).

Our first goal is to find the new form of the coefficients V 7\, when a constant B field
is switched on. We start from the simplest case, i.e. when B is nonvanishing in two space
directions, say the 24-th and 25-th ones. Let us denote these directions with the Lorentz
indices & and 8. Then, as is well-known [@, B4, @], in these two directions we have a
new effective metric G,g, the open string metric, as well as an effective antisymmetric
parameter 0,3, given by

Goo ! ! " 00 = —(2ma’)? L 5 1 "
= = — (27«
77—|—27TO/B7777—27TO/B ’ n+2na/B " n—2na/B

Henceforth we set o/ = 1, unless otherwise specified.
The three string vertex is modified only in the 24-th and 25-th direction, which, in
view of the subsequent D—brane interpretation, we call the transverse directions. We split

the three string vertex into the tensor product of the perpendicular part and the parallel
part

|‘/3> = |‘/3,i> ® |V:°>,H> (71)

The parallel part is the same as in the ordinary case and will not be re-discussed here. On
the contrary we will describe in detail the perpendicular part of the vertex. We rewrite
the exponent £ as F = E) + E |, according to the above splitting. £, will be modified as

follows
(1
By — B =Y (5 D GapaldWVinalT 43 Gasply Vool
r,s=1 m,n>1 n>1
1 (e% TS i T)po s

Next, as far as the zero modes are concerned, we pass from the momentum to the
oscillator basis, [f4, §g]. We define

r)o 1 ~(7)x -1 ~(r)a ) 1 ~(1)x -1 ~(r)a
a(()) 25\/51)() —z%x(), a((]) T:§\/l;p() +z%x(), (7.3)

where p(Me, 7 are the zero momentum and position operator of the r—th string, and we
have kept the ‘gauge’ parameter b of ref.[iff] (b ~ o/). From now on Lorentz indices are
raised and lowered by means of the effective open string metric, for instance p(* = Go# p(ﬁr).
We have

(57, a1 = GPors oy, N,M >0 (74)
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Denoting by [€24) the oscillator vacuum (a%;[€2%.9) = 0, for N > 0), the relation between

the momentum basis and the oscillator basis is defined by

1p*) 123 ® [p*)123 = [{p™})123 =

3 3
b\ b
b P0G + Vb - L ot (T)BT>
<27r\/detG> P [Z< 1P @ 3 640

r=1

|.0)

Now we insert this equation inside £, and try to eliminate the momenta along the per-
pendicular directions by integrating them out. To this end we rewrite E’| in the following
way and, for simplicity, drop all the labels o, 3 and 7, s:

1 1 _ b i 1
Ei = 3 Z a;fnGanaL + ZpVgnaL + 5p [G 1(]/00 + 5) + §9€X] D — \/Epag + §a$Gag
m,n>1 n>1
where we have set %% = ¢*%9 and introduced the matrices ¢ with entries ¢’ (which
represent the 2 x 2 antisymmetric symbol with e'y = 1) and y with entries

0 1 -1
x?=1-1 0 1 (7.5)
1 -1 0
At this point we impose momentum conservation. There are three distinct ways to do that

and eventually one has to (multiplicatively) symmetrize with respect to them. Let us start
by setting ps = —p1 — p2 in E’| and obtain an expression of the form

pXoop+ Yy pYovay+ > ab Zunal (7.6)
N>0 M,N>0
where, in particular, Xy is given by
b 0
Xgéoﬁvrs _ Ga,@ (VOO + 5) nrs + ZZ Eaﬁ €S (77)

1 1/2
12 1
Now, as usual, we redefine p so as eliminate the linear term in ([7.6). At this point we

Here the indices r, s take only the values 1,2, and n =

can easily perform the Gaussian integration over p(y), p(2), while the remnant of (7.6) will
be expressed in terms of the inverse of Xgo:

_1\aB,rs 241 3 _1 )
where
b 0

A=Voo+ 5 = 7.9
00 t 0% a="7 (7.9)

Let us use henceforth for the B field the explicit form

0 B

Bag = (_B 0 ) (7.10)
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so that

7.(.2

DetG = (1+ (2rB)%)*,  6=—(27)°B, a= -5 B (7.11)

Now one has to symmetrize with respect to the three possibilities of imposing the
momentum conservation. Remembering the factors due to integration over the momenta
and collecting the results one gets for the three string vertex in the presence of a B field

Va) =1Vs1) ® V) (7.12)

|Va,) is the same as in the ordinary case (without B field), while

V3.1) = Ky e E')0) (7.13)
with
V27b3 1/4
Ky = TR (DetG)'/4, (7.14)
3
1 ) TS S
r,s=1 M,N>0

and [0) = |0) ® |€2,). The coefficients V‘Xfﬁs are given by

24~

Vit = G - e (G — dac ) (7.16)
1 3
afrs _ 24 \/E af rt . af . rt ts
Vo & = 107 13 ; (G ¢ —iae™x )VOn (7.17)
241
af,rs __ ~afByrrs T af vt . af. vt ts
an =G an 4a2+3t§::1 m0 <G QS wae X >‘/E]n (718)
where, by definition, V;7 = V%, and
1 -1/2 —1/2
p=1|-1/2 1 —1/2 (7.19)

-1/2 -1/2 1
while the matrix y has been defined above ([7.§). These two matrices satisfy the algebra
2 3 2 _ 3
XT=-20, dx=xo=5x, ¢ =50 (7.20)

Next, let us notice that the above results can be easily extended to the case in which
the transverse directions are more than two (i.e. the 24-th and 25-th ones) and even. The
canonical form of the transverse B field is

0 B

Bag = 0 B (7.21)
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It is not hard to see that each couple of conjugate transverse directions under this decom-
position, can be treated in a completely independent way. The result is that each couple
of directions (26 — 4,25 — i), corresponding to the eigenvalue B;, will be characterized by
the same formulas (.16, [[.17, [[.1§) above with B replaced by B;.

The properties of the new Neumann coefficients V%7, have been analyzed in [Fg]. Here

we write down the results.
To start with, let us quote

e (i) V?\ﬂ’;s are symmetric under simultaneous exchange of the three couples of indices;

e (ii) they are endowed with the property of cyclicity in the r,s indices, i.e. V'™ =
Vr+lstl where r, s = 4 is identified with r,s = 1.

Next let us extend the twist matrix C' by Cyn = (—1)Mdxn and define
X' =Cvre, r,s=1,2, XU =x (7.22)
These matrices commute
[, X" =0 (7.23)
and
(09)* = %75, qe. (X7 =7
Moreover we have the following properties, which mark a difference with the B = 0 case,
oV =Vre,  OX™ = X0 (7.24)

where we recall that tilde denotes transposition with respect to the «, § indices. Finally
one can prove that

xll + x12 + x21 =1

x12x21 _ (xll)Q - X

(x12)2 + (x21)2 —T— (x11)2

(012)3 4 (213 = 2(XM)3 — 3(XM)2 + 1 (7.25)
In the matrix products of these identities, as well as throughout the paper, the indices «, 3

must be understood in alternating up/down position: X*g. For instance, in ([7.25) I stands
for 6%gomn.

8. The squeezed state solution

In this section we wish to find a solution to the equation of motion |¥)  |¥) = |¥) in the
form of squeezed states [[[§, [[9, f{, 9. A squeezed state in the present context is written
as

1S) = [S1) @ |S)) (8.1)
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where |S))) has the ordinary form, see [B0, i, and is treated in the usual way, while

1
1S1) = N?exp 3 Z At Sap v ayl | 1,0) (8.2)
M,N>0

The * product of two such states, labeled 1 and o, is

Ko (M1N)? 1 N .
87) = 181.1) * |SQ,L>=DET2((I_12§))U2 exp | =5 D aifSisaall | 0) (83)
M,N>0

where, in matrix notation which includes both the indices N, M and «, 3,

V21
§ =V V2 vyI1-xy) s <V12> (8.4)

In RHS of these equations

(L) (W)
0 C82C v v
and Ig:g/s[N = 5§ omun 0™, r,s = 1,2. DET is the determinant with respect to all indices.
To reach the form (B.4) one has to use cyclicity of V'* under r — r + 1,5 — s+ 1, see
above.
Let us now discuss the squeezed state solution to the equation |U) * [¥) = |¥) in the

matter sector. In order for this to be satisfied with the above states |S), we must first
impose

81:82:8/58

and then suitably normalize the resulting state. Then (B.4) becomes an equation for §, i.e.

_ V21
§ =V 4 V2 vhI1-xV)7 iy (\712) (8.6)

where ¥,V are the same as above with §; = 8o = 8. Eq.(B.6) has an obvious (formal)
solution by iteration. However in ref. [B0] it was shown that it is possible to obtain the
solution in compact form by ‘abelianizing’ the problem. Notwithstanding the differences
with that case, it is possible to reproduce the same trick on eq.(B.6), thanks to (7.29). One
denotes CV™ by X" and C8 by T, and assumes that [X"*,T] = 0 (of course this has to
be checked a posteriori). Notice however that we cannot assume that C' commutes with 8,
but we assume that C$ = SC. By multiplying (B.f) from the left by C we get:

‘Ix21 >

T =00 (X2, 000 (1 - 2! (Txu

(8.7)

For instance §V12 = §CCV'2 = TX'2, etc. In the same way,

B I—gxll —Jl2 -1
(I_EV) 1:<_j~x21 H_ﬂll)

,30,



where I3 yn = 53 oy n- Now all the entries are commuting matrices, so the inverse can be
calculated straight away.

From now on everything is the same as in [B0, [ff], therefore we limit ourselves to a
quick exposition. One arrives at an equation only in terms of T and X = X!!:

(T-I)(XT* -~ (I+X)T+X)=0 (8.8)
This gives two solutions:

T (8.9)

7= % (1+x - VT+3m)T- 1) (8.10)

The third solution, with a + sign in front of the square root, is not acceptable, as explained
in [6]. In both cases we see that the solution commutes with X™. The squeezed state
solution we are looking for is, in both cases, § = CT. As for (B.9), it is easy to see that it

leads to the identity state. Therefore, from now on we will consider (B.10) alone.
Now, let us deal with the normalization of |S, ). Imposing |S,) * |S1) = |S1) we find

N? = K; ' DET (I - 2V)1/2
Replacing the solution in it one finds
DET(I — XV) = Det (I - X)(I+ 7)) (8.11)

Det denotes the determinant with respect to the indices «, 3, M, N. Using this equation
and ([7.14), and borrowing from [6] the expression for S| ), one finally gets for the 23—

dimensional tachyonic lump

24 1 _ _
1Sy = {det(l — X)Y2det(1 +T)1/2} exp | ~5mar Y ahl Snall | 10) @ (8.12)
m,n>1
A%(3 + 4a?) 1 ~
Det(I — X)/2Det(I + T)/2) exp | —= als,, a2 10y,
\/W(Detc:)m( =% T+ ) P 2M%:20 sSeprnay | [0)

where 8§ = CT and T is given by (B.1(). The quantities in the first line are defined in
ref.[[l§] with i, 7 = 0,...23 denoting the parallel directions to the lump.

The value of the action corresponding to (B.19) is easily calculated

(24) 24
_x _ x)3/4 1/4
S5 =K 5m {det(l X)3/4det(1 + 3X) }
A4(3 + 4a2)?
2T ) Det(I— X)3/4Det (I + 300)1/4 8.13
2t (Dt 72 et =0T Det(I+3%) (8.13)

where V(29 is the volume along the parallel directions and X is the constant of eq.(5.1)).
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Finally, let ¢ denote the energy per unit volume, which coincides with the brane tension
when B = 0. Then one can compute the ratio of the D23-brane energy density e23 to the
D25-brane energy density eo5 ;

€23 (2m)?

= = (DetG)1/A -R (8.14)
_ A*3+4a%)? Det(I — X)*“Det(I 4 3%X)'/*
— 27b3(DetG) /4 det(1 — X)3/2det(1 + 3X)1/2

(8.15)

If the quantity R equals 1, this equation is exactly what is expected for the ratio of
a flat static D25-brane action and a D23-brane action per unit volume in the presence of

the B field (7.10)[51, BA]. In fact the DBI Lagrangian for a flat static Dp-brane is, [47],

1
= ———+/Det(1+27B 1
Lppr PRELIT et(1+27B) (8.16)

where g, is the closed string coupling. Substituting (.10) and taking the ratio the claim
follows. By extending the methods of [5J] (see also [5d, F4]) to the present case, we have
indeed being able to prove in [F5] that

R=1 (8.17)

thus adding evidence to the interpretation of |S), given by (B.19), as a D23-brane in the
presence of a background B field. A further confirmation of this interpretation could
be obtained from the study of the spectrum of modes leaving on the brane, which can
presumably be done along the same lines as [13, L6, b3, b4, B1].

To end this section let us briefly discuss the generalization of the above results to
lower dimensional lumps. As remarked at the end of section 2, every couple of transverse
directions corresponding to an eigenvalue B; of the field B can be treated in the same way
as the 24-th and 25-th directions. One has simply to replace in the above formulas B
with B;. The derivation of the above formulas for the case of 25 — 2¢ dimensional lumps is

straightforward.

9. Some effects of the B field

In this section we would like to show that what we have obtained so far is not merely a
formal replica of the same calculation without B field, but that it significantly affects the
lumps solutions. Precisely we would like to show that a B field has the effect of smoothing
out some of the singularities that appear in the VSFT, in particular in the low energy limit.

In [B{] it was shown that the geometry of the lower—dimensional lump states repre-
senting Dp-branes is singular. This can be seen both in the zero slope limit o/ — 0 and
as an exact result. It can be briefly stated by saying that the midpoint of the string is
confined on the hyperplane of vanishing transverse coordinates. It is therefore interesting
to see whether the presence of a B field modifies this situation. Moreover, as explained
in the introduction, soliton solutions of field theories defined on a noncommutative space

describe Dp-branes ([p7], [BI]]). It is then interesting to see if we can recover the simplest
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GMS soliton, using the particular low energy limit, i.e. the limit of [{7], that gives a
noncommutative field theory from a string theory with a B field turned on.

We start with the limit of [[{7], o/ B > g, in such a way that G, 6 and B are kept fixed,
which we represent by means of a parameter ¢ going to 0 as in [fd] (o/ ~ €2). We write
the closed string metric go3 as gdag. We could also choose to parametrize the o/ B > g
condition by sending B to infinity, keeping ¢ and o' fixed and operating a rescaling of the
string modes as in [B], of course at the end we get identical results. By looking at the
exponential of the 3-string field theory vertex in the presence of a B field

3

1

- (r)aty rs ,(s)Bt a rs (s)BT
Do |5 2o Gasal*WVinalt + Vol Y Gagpfy) Vil
r,s=1 m,n>1 n>1

1 l s
+d gGaﬁpﬁ?)%’bsP(ﬁs) T3 > p{lee? pﬁg )> (9.1)
r<s

we see that the limit is characterized by the rescalings

Vi — Vinn
Vino — €Vimo (9.2)

2
Voo — € Voo

The dependence of G, and 6% on g, o/ and B is understood. We will make it explicit at
the end of our calculations in the form
(27a/ B)? 1
aff PR 5 (9.3)
Substituting the leading behaviors of Vysn in egs.(f.1§), and keeping in mind that A =
Voo + %, the coefficients V‘Xfﬁs become

4
Vaprs . geBrs — T3 (Go‘ﬁtbm — iaeo‘ﬁxrs> (9.4)
Va0 (9.5)
Vo — GV (9.6)

We see that the squeezed state (8.19) factorizes in two parts: the coefficients V%ﬁn’n re-
construct the full 25 dimensional sliver, while the coefficients \78‘5 11 take a very simple
form

aff 2’0"_1

= G = 5GP 9.7
00 2’@‘ i 1 S ( )

In the € — 0 limit we also have

4
det(1 — X) ——

Det (I — X)Y2Det(I + T)1/2
et = X) " Det(I +T7) % — 15— 2% + 1

det(1+T)  (9.8)
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The complete lump state in this limit will be denoted by |S>, and as a consequence of

eq.(B.13) and these equations, it will take the form

R 26 1
IS) = {det(l — X)2 det(1 + T)l/Q} exp —§GW a1 S a1 10) @ (9.9)
m,n>1
4a b2 1 at
= Ga Q
2a +1 2rb3(det G)1/4 =P < 28% oo ) Os0),

where p,v = 0,...25 and G, = nps ® Gog. The first line of the RHS of this equation is
nothing but the sliver state |=), which represents the D25-brane. The norm of the lump

2

is now regularized by the presence of a which is directly proportional to B: a = —*; B.
Using
2v/det G 1 2 . 1
|z) = . exp [—E:caGaﬁxﬁ - %mgTGaﬁxﬁ + EagTGagagT |Q0) (9.10)

we can calculate the projection onto the basis of position eigenstates of the transverse part
of the lump state

<x‘e_§(ag)2 ’Qb 9> — 72 detG 1 e };z %maxBGaB
' br  1+s
_ [ 2VAetG 1 dneeaGa, (9.11)
br 145 '
The transverse part of the lump state in the z representation is then
A 1 B
(@|8,) = = ¢~ Tan®* Gos |7 ) (9.12)
T

Using now the form (0.3) of Gop and 0% and the explicit expression for a in terms of

g and o, [pq]

0 212(a’)?B
detG = ————— 9.13
“T AV bg ( )
we obtain the simplest soliton solution of [7] (see also [B]] and references therein):
axﬁéa
e 2\a\bx 2P Gap — G_Tﬁ (9.14)

which corresponds to the |0)(0| projector in the harmonic oscillator Hilbert space (see
Introduction), and is a projector on a space endowed with a Moyal product.

In this way the B field provides a regularization of (P.13), as compared to [5g]. This
beneficial effect of the B field is confirmed by the fact that the projector (9.9) is no longer
annihilated by g

1 . 1
T exp <—§sa0TGa5a0 ) Q) =i (ap — ay) exp < QSGOTGagao ) 197%)

\/5 4a 1
[ } gexp <—§sa0TGaﬁa0 ) 197%)




Therefore, in the low energy limit, the singular structure found in [56] has disappeared in
the presence of a nonvanishing B field. This is actually not true only in the low energy

limit, but is an exact result, as was shown in [5g].

10. More lumps in VSFT

In the two previous sections we have constructed a 23—-dimensional lump solution, which
we have interpreted as a D23-brane. In the low energy limit this solution in the coordinate
basis, turned out to be the simplest (two—dimensional) GMS soliton multiplied by a trans-
lational invariant solution which represents the D25-brane. The question we want to deal
with here is whether there are other lump solutions that correspond to the higher order
GMS solitons. The answer is affirmative. We will construct an infinite sequence of them,
denoted |A;). These new star algebra projectors are D23-branes, constructed out of (8.13)
and parallel to it. In the low energy limit they give rise to the full series of GMS solitons.
We will construct them and prove that they satisfy the remarkable identities (5.4/6.).

In order to construct these new solutions we need a new ingredient, given by the
Fock space projectors similar to those introduced in [Z]. We define them only along the

transverse directions

p1= m (X1 - TX) + T(X*)?] (10.1)
= g (X070 £ T (102)

They satisfy
pi=p, pi=ps prtp=I (10.3)

i.e. they project onto orthogonal subspaces. Moreover, if we use the superscript © to denote

transposition with respect to the indices N, M and «, 3, we have
T _ ~ T _ ~
p1 =p1=CpC,  py =p2=CpiC. (10.4)
and

pl=pi, ie pf=pi i=12
i =piT, =12

where * denote complex conjugation and T =*7. Moreover 7 is the matrix 7 = {7,%} =

((1) _01) . We recall that in the absence of the B field, it has been shown that pi, o

projects out half the string modes, 23, 4.

With all these ingredients we can now move on, give a precise definition of the |A,,)
states and demonstrate the properties announced above.

To define the states |A,) we start from the lump solution (B.12). Le. we take |[Ag) =
|8). However, in the following, we will limit ourselves only to the transverse part of it,
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the parallel one being universal and irrelevant for our construction. We will denote the
transverse part by |8, ).

First we introduce two ‘vectors’ £ = {nq} and ¢ = {{na }, Which are chosen to satisfy
the conditions

p1€ =0, p28 =§&, and p1¢ =0, p26 = ¢, (10.5)
Next we define
x = (a!7€) (a'CC) = (ay 7a€np) (% Onarlara) (10.6)

and introduce the Laguerre polynomials L, (z), of the generic variable z. The definition of
|Ay,) is as follows

[An) = (—%)"%(E) 81) (10.7)

As part of the definition of |A,) we require the two following conditions to be satisfied

g%ﬁg =1, gTTH _Tj,zg = —K (10.8)
Hermiticity for |A,,) requires that
(a7€")(aCC") = (aTCE)(aC) (10.9)
This condition admits the solution
¢ =r¢* (10.10)

which we will assume throughout the rest of the paper, even though it will be left implicit
for notational simplicity. Eq.([[0.10) is compatible with the conditions ([[0.5) and ([L0.§),
see [f9). As a consequence of ([[0.10]), the LHS’s of both equations ([[0.§) are real, so &
must be real too. Let us show this for instance for the first equation, since for the second
no significant modification is needed:

1

T 1 *_ Tx 1 * _ AT 1 _ T _ T 1

where the second equality is obtained by replacement of ([[0.10), and the third by trans-
position.

The proof that (6.46.5) are satisfied was given in [5g].

Before we pass to the low energy limit, let us make a comment on the definition of
|A,), wherein a central role is played by the Laguerre polynomials. While the true rationale
of this role eludes us, it is possible to prove that the form of the definition |A,) (together
with (L0.5,[0.§) is not only sufficient for (.4,6.5) to be true, but also necessary. The case
|A1) = (x — )|8 1) was discussed in [2F]. The next most complicated state is

(a4 Bx +x%)[81) (10.11)
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The conditions this state has to satisfy in order to define a |As) that obeys (6.4/6.5) for
n =0,1,2 are, given ([l0.5,0.§), by the following relations

—2)? =8, = % (10.12)

Then, putting a = k
1
Py = (,8 — %kx + 5x2) 1S1) (10.13)

The polynomial in the RHS is nothing but the second Laguerre polynomial of x/x multi-
plied by 2. In fact using Mathematica it is easy to extend this analysis for n as large as
one wishes.

Finally let us remark that the relations demonstrated in this section, in particular
$-46.9), are true for any value of B, therefore also for B = 0.

11. The GMS solitons

In order to analyze the same limit as in section () for a generic |A,,), first of all we have to
find the low energy limit of the projectors p1, po. In this limit these two projectors factorize
into the zero mode and non—zero mode part. The former is given by

(67 1 « e «Q 1 « e
(ﬂl)ooﬁ - §[G F +ie ﬁ], (,02)005 — §[G b e ﬁ], (11.1)

Now, we take, in the definition ([[0.4), £ = £+ & and ¢ =+ (, where &, are such
that they vanish in the limit o/ — 0. Then we make the choice én = fn =0, Vn >0 and
determine ¢ and ¢ in such a way that egs.([[0.5, [0.9) and (L0.§) are satisfied in the limit
o/ — 0. We are assuming here that there exist solutions of the problem at o/ # 0 that
take precisely this specific form when o/ — 0. This is a plausible assumption since the o’
dependence is smooth in all the involved quantities. In any case it is not hard to construct
examples of this fact: for instance £ = pgé satisfies the above requirements to zeroth and
first order of approximation in e. More complete examples are provided in [9].

Now, in the field theory limit the conditions ([10.§) become

€0,24 + 0,25 = 0, Co.24 +iCo,25 = 0, (11.2)
From now on we set éo = 50,25 = —1'50724 and, similarly, 60 = 60,25 = —1'60724. The conditions
(£0-§) become
1 1 2 JA
T
— =—1 11.3
5 ’7—]:[_‘3-«24-—> 1_(92\/@50(0 ( )

T S 2 P
T _ [
5 TH — .:TQC - 1 _ g2 dot Gé-OCO K (114)

Compatibility requires
2000
Vdet G

=1- s K=S5 (11.5)
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At the same time

(erah)cCal) — ~Gabo((a2H)? + @) = ~ 224816 ) (11.6)
Hermiticity requires that the product &y = |€|?, in accordance with (ILJ[1.4). The
solutions found in this way can be referred to as the factorized solutions, since, as will
become clear in a moment, they realize the factorization of the star product into the Moyal
* product and Witten’s % product. In order to be able to compute (z|A,) in the field theory
limit, we have to evaluate first

dk s «
(ol (a3 Cupall) &35 ol ) = () T ((afem 54 Gosel |3 ) (11.7)
= (=2) 4 2vdetG 1 o~ 155 57" Gapr’
dsk br 1+s
An explicit calculation gives
dr —s1_a
o ( — e T T x"Gaﬁ> - (11.8)
ko k-l )i
B vpprcacy LGl PRSI
= 1= { 1—5 1+5)k+13' j—1 ’

where it must be understood that, by definition, the binomial coefficient (_1) equals 1.

Moreover we have set

1, 2r?
L e 82 11.9
(@.2) = ~"Gaga = 2 (1.9
with 72 = xo‘xﬁéaﬁ.
Now, inserting ([L1.§) in the definition of |A,), we obtain after suitably reshuffling the
indices:

<.%"(—/<L)nLn (z)ef%sagTGagagT’Qhw R nLn( — 52 Gaﬁao > —%sagTG'Q@aLgT’Qbﬂ>
d ii( ><1—1> 1 (1—s)k
] = j—1) 31 (1+s)s

(—1) (z, ) e 3@y | LZMG (11.10)
T

The expression can be evaluated as follows. First one uses the result

£
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Inserting this into (JL1.10) one is left with the following summation, which contains an
evident binomial expansion,

S0 -0) = @i

Replacing this result into ([L1.1() we obtain

af Bt
(@|(=k)" L (Z) 73595 Gan | ) —
R J

2lal + 1 2\/detG(_1)n" n\1 [ 2? je,é
4|al br = J! 0

J

Recalling now that the definition of |8) includes an additional numerical factor (see eq.(0.9)),
we finally obtain

i) = ik = Loy (1) (2 et

il

[1]

I (%ﬁ) 7 [2) (11.13)

as announced in section 6. The coefficient in front of the sliver |Z) is the n — th GMS
solution. Strictly speaking there is a discrepancy between these coefficients and the cor-
responding GMS soliton, given by the normalizations which differ by a factor of 27. This
can be traced back to the traditional normalizations used for the eigenstates |z) and [p) in
the SF'T theory context and in the Moyal context, respectively. This discrepancy can be
easily dealt with a simple redefinition.

12. VSFT star product and Moyal product

In the previous section we have shown that the low energy limit of <x]f\n> factorizes into
the product of the sliver state and ¢, (z,y), see (p.3). This means, on the one hand, that
the GMS solitons are the low energy remnants of corresponding D—branes in VSFT, and,
on the other hand, that, for this type of solutions, the VSFT star product factorizes into
Witten’s star product and the Moyal * product. But, actually, much more can be said
about the correspondence between the states |An> and the solitons of noncommutative
field theories with polynomial interaction.

We recall from section 6 that the latter are very elegantly constructed in terms of
harmonic oscillators eigenstates |n). In particular the 1, (z,y) solutions correspond to
projectors P, = |n)(n|, via the Weyl transform. The correspondence is such that the
operator product in the Hilbert space corresponds to the Moyal product in (z,y) space.
Therefore we can formalize the following correspondence

1A, — Py — iz,

12.1
’An> * ‘An’> — PnPn’ — wn * ¢n/ ( )

where x denotes the Moyal product. Moreover
(An|Aps) e Te(PyPy) / dzdy (2, y)Yw (2,y) (12.2)
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up to normalization (see (6.§)). This correspondence seems to indicate that the Laguerre
polynomials hide a universal structure of these noncommutative algebras.

This parallelism can actually be pushed still further. In fact we can easily construct
the correspondents of the operators [n)(m|. Let us first define

X =dlr¢ Y =d'C¢ (12.3)

so that x = XY . The definitions we are looking for are as follows

n! _ (X
M) = /(=R YL (Z) 81, n<m (12.4)
|
Anm) = AT () XL (Z) 80, nzm (12.5)
where L' "(2) = Y 11, " i (—2)¥/k!. With the same techniques as in the previous
sections one can prove that
’An7m> * ’AT,S> = m,r’An,s> (12.6)

for all natural numbers n,m,r,s. It is clear that the previous states |A,) coincide with
|Ap ). In view of ([[2.6), we can extend the correspondence ([[2.1)) to |n)(m| < [Ap ).
Therefore, following [57], [B1], we can apply to the construction of projectors in the VSFT
star algebra the solution generating technique, in the same way as in the harmonic oscillator
Hilbert space ‘H. Naturally in this case we do not have any guarantee that all the projectors

are recovered in this way.

A. Appendix

This appendix is devoted to a direct analytic proof of egs.(B.1§) and (.31)). Let us start
from the latter.
Proof of eq.(§d.31]). It is convenient to rewrite it as follows

Z Unte U = Gn00mo + Z o® g (A.1)
k=0 k=0

since, in the range 0 < n,m < oo, we have U ISY)L = 8n00mo + U IE?L and (?0(7172 = 0,n0- Therefore
we have to compute

2) (1) 1 f(z) £(8)
Z Un U 7{ 2mi Zntl 7{ 2mi j{ 2mi 7{ 2mi merl (CH)"CJrl f(¢) f(w) ‘

<1+1z< ¢—=z ><1+9w w%g) (A.2)

Here we have already exchanged the summation over k with integrals, which is allowed

only under definite convergence conditions. The latter are guaranteed if [(6| > 1, in which

case
[e’¢)

1 1
Z (CO)k+T - 0C — 1 (A.3)

k=0
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Now, we recall that, from the definition of UM, U®), we have |z| < |¢|,|] > |w]|. In order
to comply with the condition |(f| > 1 we choose to deform the € contour while keeping the
¢ contour fixed. In doing so we have to be careful to avoid possible singularities in 6. These
are poles at 6 = w, —% and branch cuts at § = +i, due to the f(#) factor. One can deform
the 6 contour in such a way as to keep the pole at —% external to the contour, since the
w contour is as small as we wish around the origin. But, of course, one cannot avoid the
branch points at § = +i. To make sense of the operation we introduce a regulator K > 1
and modify the integrand by modifying f(6)

K+ie>§ a4)

16) = 150) = (55

We will take K as large as needed and eventually move back to K = 1. Under these
conditions we can safely perform the summation over k in @) and make the replacement

(A.3) in the integral.
As the next step we carry out the 0 integration, which reduces to the contribution

The RHS of (JA.J) becomes

Z
fzm it 7{ 2m7{2m w1 { 8 ff}il/f) <1+1z< N <E> <w1+< - <ww— 1>

! f(C)Cw—l <1+12’C_sz>] (A.5)

The first line corresponds to the contribution from the pole at 8 = %, while the second

from the simple poles at § = w and 0 =

comes from the pole at 8 = w.

Next we wish to integrate with respect to (. The singularities trapped within the ¢
contour of integration are the poles at ( = z,—w (not the poles at ( = = —%) Since
above we had K > |6] > ] Cl’ it follows that |[¢| > %. Therefore also the branch points at
(= :I:f of fx(1/C) are trapped inside the ¢ contour and we have to compute the relevant
contribution to the integral. In the integrand of (A-H) we have two cuts in ¢. One is the
cut we have just mentioned, let us call it ¢;/x and let us fix it to be the semicircle of
radius 1/K at the RHS of the imaginary axis; the contour that surrounds it excluding
all the other singularities will be denoted Cy,g. The other cut, due to f (¢), with branch
points at { = 44, will be denoted ¢7; the contour that surrounds it excluding all the other
singularities will be denoted C1.

After these lengthy preliminaries let us carry out the integration over (. We get

_ [dz 1 dw 1 [f(1/2) Zw z f(2) 1 w
B j{Q—MZ"H 27 wm [ f(w) <zw— 1 z+w> + F(1/w) <1—zw a w+z>
d¢ ZW
+£wﬂ*”+FWJ (A.6)

The first two terms in square brackets come from the contribution of the poles at { = z

and ( = —w from the first line in ([A.5), respectively. The symbol (...) represents the
integrand contained within the square brackets in the first line of (A.§). Finally the last
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term in ([A.) is the contribution coming from the second line of ([A.5) due to the pole at

¢ = z. We notice that
Zw z w 1

— (A7)

aw—1 z4+w z+w 1—zw
but of course the problem here is how to evaluate the integral around the cut. Fortunately

this can be reduced to an evaluation of contributions from poles. To see this, we first recall
the properties of f(z). It is easy to see that

f(1)z) = f(=2) and [(-2)=1/f(2) (A.8)
Therefore, in the limit K — 1, the factor fx(1/¢)/f(¢) tends to (f(—¢))?. As a conse-

quence, in the same limit, the integral of (...) around the cut ¢1/k is the same as the
integral around the cut ¢, and each equals one-half the integral around both contours, in
other words each equals one—half the integral about a contour that surrounds both cuts and
exclude all the other singularities (which are poles). By a well-known argument, the latter
integral equals the negative of the integral of (...) about all the remaining singularities
in the complex (—plane. This is easy to compute. The remaining singularities are poles
around ( = z, —w, —1/z,1/w. Notice that there is no singularity at ( = co. Carrying out
this calculation explicitly we get

B j{;—;’z"lﬂ ;i—:;wiﬂ {fjgézij) (zq—:w 1 —1zw> + f{l(;z)u) <1 —1zw B w?—z)
_% [fjgzzi)j) (z T—il—)w 1 —1zw> + f{l(;z)u) (1 —1zw a w?—z) (4.9)
1/z w 1 z 1 w ZW
+f;(1{1)) (z—l—w B 1—zw> * f{l(/z)u) <1—zw N w+z>] * 1—zw}

The terms in square brackets represent the contribution from the cut ¢;/x and come from

the simple poles at ¢ = z, —w, —1/z,1/w, respectively. All the terms cancel out except the
last in the third line. So the RHS of (A.9) reduces to

dz 1 dw 1 >

— k
- f 2—7” o+l f 2—7m‘wm+1 (zw) - 5nm7 n,m>1 (AlO)
k=1

This complete the proof of (B.1§). We remark that we could have integrated first with
respect to ¢ and then with respect to . The procedure is somewhat different, but the final
result is the same. We also point out that there may be other equivalent ways to derive
B.13).
Proof of eq.(B.18). It is convenient to rewrite Uy, in an alternative form compared
to (B.13). We start by replacing in eq.(B.9)
! 1 / 1
K A O ) e R AC Y 1)
and integrating by part. We decompose the resulting expression as in eq.(B.11)). After some

fo(w) (A.11)

algebra one gets

In [ dz 1 dw 1 g(z) 1 w
m j{ 2mg 27+l j{ 27 wm™tl g(w) (1 +zw  w— z) ( )
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where 1
9(2) = =(1 +i2)3(1 — iz)3 (A.13)
z
This function satisfies
9(1/2) = g(—=) (A.14)

which corresponds to the first of eqs.([A.§). There is no analog of the second.
In order to prove eq.(B.1§) we have to evaluate

[e o]

— B 1 1 g(=) g(0)
\/% kzl UniUkm = 2ri z”“ j{ 27 }{ ori | 2mi wmJrl P (CO*+1 g(C) g(w) .

<1+1ZC C—z) <1+9w‘w1ﬁ9> (A.15)

The structure is the same as in ([A.9), except for the substitution f — g and for the fact

that now the summation over k starts from 1. We will thus proceed as above while paying
attention to the differences. Using

[e.9]

11 1
(COFFL — COOC — 1

(A.16)
k=1

instead of ([A.J), we see that, when integrating over 6 we have to take into account the pole
at 6 = 0. The result is

- 742772 Zntl 74 2mi | 2mi w’i“ ng QI;E:/)C) (1 +12C - CEZ> <wiC B wa— 1>

" ﬁg Cw—1 <1+1z< sz> * gg(!é()z)(w) <1+1Z< - ci) 1J:Uw2] (A.17)

The last contribution comes precisely from the double pole at 6 = 0.

Next let us untegrate over . There is no singularity at ( = 0 or { = 0o, as one may
have suspected. Let us deal first with the first line in eq.(A.17). This is exactly the first
line of (A.§), except for the substitution f — g. We proceed in the same way as above,
but with some additional care because we cannot use the analog of the second eq.([A.g).
However we remark that

gx(1/Q) _ fx(1/Q) (CK —i)?

9(¢) fQ) (A—ig)?

Now we have recovered the same structure as in ([A.H) except for the last factor in the RHS

of (A.1§), i.e. at the price of bringing into the game a double pole at ¢ = —i. Fortunately

the residue of this pole vanishes. All is well what ends well. We can now safely repeat

the same argument that leads from eq.(A.§) to eq.(A.9), and conclude that the various

contributions from the first line of eq.(JA.17) add up to zero. The second line is easy to
compute, the only contribution comes from the simple pole at { = z:

1 1 1 1+ w?
— = Cnm,» ,m>1 (A.19
7{ 2mi 2772 wmtl [1 —zw  g(w) w o mmz1 )

(A.18)

2772 2t

This completes the proof of (B.15).
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