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Abstract

We study a class of exact supersymmetric solutions of type IIB Su-
pergravity. They have an SO(4) x SU(2) x U(1) isometry and preserve
generically 4 of the 32 supersymmetries of the theory. Asymptotically
AdSs x S° solutions in this class are dual to 1/8 BPS chiral opera-
tors which preserve the same symmetries in the AV = 4 SYM theory.
They are parametrized by a set of four functions that satisfy certain
differential equations. We analyze the solutions to these equations in
a large radius asymptotic expansion: they carry charges with respect
to two U(1) KK gauge fields and their mass saturates the expected
BPS bound.
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1 Introduction

One of the first steps in understanding the AdS/CFT correspondence is to
set up a precise dictionary between the states of the theories on the two
sides of the correspondence. It is well known that the parameters of the
N =4 SU(N) SYM, namely A = g¢,,N and N should be identified with the
parameters of type IIB String Theory on AdSs x S°, namely Lags, ls, gs, as

1
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Type IIB Supergravity is a good approximation of String Theory at low
energies compared to the string scale and small string coupling. We may
thus consider solutions to the supergravity equations of motion which are
asymptotically AdSs x S® as good candidates for dual of states in the CFT,
provided that N > A > 1 and any dimension four curvature invariant of the
solutions, Ry, satisfies

RyLlls < A< N. (1.2)

One may hope to be able to carry out this program in the full BPS
sector of the respective dual theories. A very beautiful and relatively simple
construction of such a dictionary in the half BPS sector has been performed
in [I}(LLM). The authors considered geometries dual to half BPS states in the
CFT, associated to chiral primary operators which are obtained by taking
traces of powers of the operator Z = Z3 = ¢5 + igs, where {¢;}1<i<¢ are
the six adjoint scalars of the N' = 4 SU(N) gauge theory. In LLM, exact
half BPS solutions to the supergravity equations of motions are derived by
exploiting the R x SO(4) x SO(4) bosonic symmetry of the problem. The
complete geometry, together with the self-dual 5-form, are determined by a
single function z which is defined on a three dimensional halfspace and which
satisfies a linear elliptic differential equation: solutions are thus specified by
boundary conditions at infinity and on the boundary plane. LLM were able to
identify the boundary conditions giving rise to non-singular asymptotically
AdS5 x S° geometries. The resulting space of classical solutions can be
directly identified with the phase space of the dual states of the gauge theory
in the free fermion picture [2]. The latter emerges after reducing the (single)
scalar sector of the gauge theory on R x S3. These solutions represent the
geometrical transition between probe giant gravitons or dual giant gravitons
[3, (4, B, [6] and fully backreacted geometries. A giant graviton is a classical
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D3-brane configuration wrapping an S® C S° and rotating along an equator
of the S°. A dual-giant graviton is another half-BPS D3-brane configuration
that wraps an S® C AdSs.

It is natural to ask how the above very precise correspondence between
geometry on the one hand, and features of the quantum mechanical states
of the reduced gauge theory on the other, extends to cases with less super-
symmetry. In the recent literature there have been various attempts in this
direction: for example, in [7] one quarter BPS geometries were found by as-
suming a non trivial axion-dilaton. This corresponds to putting smeared D7
branes in the background and thus to adding flavour to the gauge theory. A
description of one eighth and one quarter BPS geometries in the language of
five dimensional gauged supergravity has been given in [§]. The construction
of a class of one quarter BPS solutions directly in type IIB appeared in [9], [10].
Another interesting related work is presented in [IT]. This problem was also
approached in the probe approximation, where the backreaction on the ge-
ometry is neglected: D3 branes can wrap more complex three dimensional
surfaces in S® and give rise to giant gravitons with fewer supersymmetries
[12]. In [13] the authors have been able to count such states. The quantiza-
tion of their classical phase space has been performed in [14].

In this paper we address the problem of finding BPS supergravity solu-
tions which represent the fully backreacted geometry of a class of 1/8 BPS
giant gravitons. Our solutions correspond to gauge theory states associated
to composite operators of the form:

Tr(ZH)Te(Z)Te(Z5) + - - - . (1.3)

where Z,, Z, and Zs are the three complex scalars of the A" = 4 CFT and
the dots signify suitable (anti)-symmetrization. Such states saturate the BPS
bound:

A=2q+r. (1.4)

Notice that this class of states preserves an SO(4) x SU(2) x U(1) bosonic
symmetry. Consequently, we start from an Ansatz for the metric and the
self-dual RR 5-form which preserves this amount of symmetry. This im-
plies, as for LLM, that the resulting background will depend non-trivially
on three coordinates (an additional symmetry will be associated to the time
coordinate, like in LL.M). We also require that the background possesses the
required amount of supersymmetry by demanding that it possesses a Killing
spinor. Applying techniques similar to those in [I], 15l 16, 17, 18] 19] we have
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been able to express the full solution in terms of four independent functions
defined on a three dimensional half-space. As a result of certain Bianchi
identities and integrability conditions, these four functions have to satisfy
a system of nonlinear, coupled, elliptic differential equations. A unique so-
lution to these equations is obtained once a set of boundary conditions at
infinity and on the boundary plane is specified; boundary conditions should
be chosen in such a way as to give non-singular geometries with AdSs x S°
asymptotics.

We present here the boundary conditions that give rise to asymptotically
non-singular AdSs x S® geometries. We solve the equations asymptotically up
to third order in a large radius expansion. From this analysis we can extract
the two dimensionless charges () and J carried by the solution. These are
the charges corresponding to two out of the three U(1) Cartan gauge fields
arising from the KK reduction of IIB supergravity on S° to five dimensional
maximal gauged supergravity. These charges in turn correspond to the ¢ and
r charges of the gauge theory side. Moreover, we verify that our solutions
saturate the expected BPS bound:

2
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(1] +2[Ql) - (1.5)

Unfortunately, a more exhaustive analysis of such boundary conditions is
quite difficult due to the complexity (non linearity) of the differential equa-
tions. In other words we do not know which of the boundary conditions give
rise to globally non-singular backgrounds. We will comment on this issue in
the conclusions. The paper is organized as follows. In Section 2 we present
the gauge theory description of the 1/8 BPS states that we wish to study. In
Section 3 we show how the 1/8 supersymmetry constrains the components
of the metric and 5-form and we reduce these constraints to four differential
equations on four scalar functions. In Section 4 we present the large radius
asymptotic analysis. Appendix A sets our conventions. In Appendix B the
complete derivation of the results presented in Section 3 is given and in Ap-
pendix C we make some observations on the formal tools used to facilitate
the analysis. Due to the complexity of the equations involved, we performed
the complete analysis by means of the software Mathematica. All the deriva-
tions that are not described in full detail in the text were obtained with the
help of such software.



2 Gauge theory analysis

Chiral primary operators of the N = 4 superconformal algebra SU(2,2|4)
were classified in [20} 21], 22] and are characterized by the number of Poincare’
supersymmetries they preserve. They can preserve %, i or % of the 16
Poincare’ supersymmetries. We will be interested in operators that are com-
posites of the six adjoint scalars ¢; of the N' =4 SU(N) gauge theory. The
simplest class is that of %—BPS operators the elements of which are character-
ized by the SO(6) R-symmetry representations given by Young tableaux with
a single row of length p, i.e. traceless, symmetric SO(6) rank p tensors, or in
Dynkin notation, the [0, p, 0] of SU(4). In this case the conformal dimension
A is equal to p. The highest weight of this representation can be obtained
by using one of the complex adjoint scalars, Z = Z3 = ¢5 + i¢g, which
has charge 1 with respect to the SO(2) generator, J; = L57 , in SO(6).
One can construct from Z the multitrace composite SU(N) singlet opera-
tors with A = p. These operators therefore preserve an SO(4) C SO(6)
times an SO(4) C SO(4,2), since the only modes satisfying the relation
A = p are the S? scalars. This SO(4) x SO(4) symmetry has been used
in LLM as the isometry of the supergravity background and it is the key
for their (relatively) simple and beautiful solution. The lower supersymme-
try cases are again best described in terms of SO(6) Young tableaux: the
and % cases correspond to tableaux with two rows (of lengths p,q, p > q)
and three rows (of lengths p,q,r, p > q > r) respectively. The conformal
dimensions saturate the bounds p+q and p+ g+ respectively. Again, in dis-
cussing highest weight states it is convenient to use the three complex scalars
7y = ¢1 iy, Zy = ¢3+i¢y and Z3, which have charges (1,0,0), (0,1,0) and
(0,0,1) with respect to the three Cartan generators (Jy, Jo, J3) SU(4) respec-
tively. Highest weight states saturate the BPS bound A = J; + J, = p+¢
and A =J,+ Jo+ J3=p+q+rin the i and % case, respectively.
This is summarized in the following table:

p=q=0,7#0]|p,g#0,7=0]|p,qr#0
1/2BPS | 1/ABPS |1/8BPS

Let us consider the % case: given the three complex scalars 7, Z,, Z3 of the
N =4 SU(N) Super Yang Mills theory one can construct a basis of gauge
invariant, local, composite operators in the [p, ¢, ] of the R-symmetry group

"Here J; = La;—1,2; in terms of the standard generators of SO(6)



SU(4) as [23]
Te(Z0)Te(ZHTe(Z5) + - - - . (2.1)

where the dots mean suitable (anti)-symmetrization that projects to (p, q,r)
representation of SU(4).

We are interested in constructing duals of the states corresponding to
such operators. However, generic operators of this type break fully the non-
abelian SO(6) R-symmetry, up to possible U(1) factors which act by an
overall phase on them. However, if

p=q. (2:2)

the corresponding operators are invariant under the SU(2),, of the SO(4) =
SU(2)r, x SU(2)g which rotates the four real scalars

03} Re Z,
§Z52 . Sm Zl
ol = ez |- (2.3)
G4 Sm Z,

This is best seen by observing that SU(2);, and SU(2)g act as left and right
multiplication respectively on:

Z -2,
Zo Z

Therefore Z; and Z, transform as a doublet of SU(2),, whereas they have
the same charge under J3 = # The operators with p = ¢ are clearly
singlets of SU(2), and they acquire an overall phase under J3. They satisfy
the relation

A=2q+r. (2.4)

The bosonic symmetry preserved by these states is:

RBPS X (SU(Q)L X U(l)R) X 50(4)[{[{ (25)

R—charge
where the first R corresponds to the transformations generated by
D'=D-2Jy—J, (2.6)

with J = J; acting on Z, D is the dilatation operator and the last SO(4)
factor represents the fact that we are considering s-wave modes on S? in the
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reduction of SYM theory on R x S% [24]. These are the symmetries that will
motivate the Ansatz for the metric and five-form on the supergravity side:
we will keep a round 3-sphere with the SO(4) isometry corresponding to the
SO(4) above. The other S* (related to the SO(4) R-symmetry of the 1 BPS
case) which is in the S° of the AdSs x S® background, will be squashed with
isometry group reduced to SU(2); x U(1)g.

It will be useful for the subsequent analysis of the Killing spinor equation
on the supergravity side, to understand the quantum numbers of the pre-
served supersymmetries. In an A =1 and SU(3) x U(1) C SU(4) notation,
the supersymmetry variations of the complex scalars Z; are:

6Z; = &N+ &y + €S0, (2.7)

Here the two-component spinors A and ; are the gaugino and the chiral
matter fermions, while ¢ and &; are the supersymmetry parameters. They
are in the 13/, and 3_1/, of SU(3)y ) respectively. More precisely the Cartan
charges of \, £ are (%, %, %), and those of 11, & are (%, —%, —%), and similarly
for 19 3,&25. From (27) it is clear that the highest weight %iBPS opera-
tors are invariant under the supersymmetry corresponding to £. As for the
SU(2)p x SU(2)gr = SO(4) C SU(3) quantum numbers, the roots of SU(2),
are (£1, F1,0) and those of SU(2)g are (£1,£1,0). Therefore the preserved
supersymmetry parameter £, whose charges are (—%, —%, —%), is a singlet of
the unbroken SU(2);, and lowest weight with respect to the broken SU(2)g.

3 Generic Solutions

We are looking for supergravity solutions dual to BPS operators of the form

ZciTr(Zf)Tr(Zg)Tr(Zgi) . (3.1)

The geometries will thus be invariant under SU(2);, x SO(4)kk as defined in
the previous section and invariant but charged under the remaining U(1)g.
The extra non-compact time-like symmetry (Rgpg of the previous section)
is associated to invariance under the transformations generated by D’ in the
gauge theory and will emerge naturally in our construction.

The most generic Ansatz consistent with these symmetries is given by

ds? = g datda” + p2[(01)? + (07)2] + p3(0° — A,da?)? + O3, (3.2)

2See Appendix B for details.



where p1, ps, p, A, and g, are functions of the four coordinates z*. The
space is a fibration of a squashed 3-sphere (on which the SU(2) left-invariant
1-forms 0% are defined) and a round 3-sphere (on which the SU(2) left-
invariant 1-forms o are defined) over a four dimensional manifold.

The left invariant 1-forms are given by

a? = —%(coszﬂ c{é + sin ¢ s}nédgﬁ) ) O’? = —%(coszﬁc{é + sin ¢ sjnédﬁz;) i
a? = —%(—Asin ¢ df + cosp sinf do) 0% = —%(—~sin ¥ df + cost) sind do)
0% = —3(dip + cos 6 do) 0® = —5(dp + cos 0 do)
(3.3)
and satisfy the relations
do' = eijfgaj Ao*
: . (3.4)
do* = €507 A ok

With this normalization the metric on the unit radius round three sphere is
given by

dQ; = (1) + (0)* + (0°)?, (3.5)
with ¢ being either o or o?.
We choose our “d-bein” to be

e™ =" da" (3.6)
" a =1,2
et ={ "7 “=> (3.7)
ps(c® — A,da*) a=3
e =po” (3.8)

Since we are looking for the geometric dual to operators which involve only
scalar fields in the gauge theory, the only possible non-zero Ramond-Ramond
field strength is the five form F5) and the dilaton is assumed to be constant.
The most generic Ansatz for the five form which is invariant under the given
symmetries is:

Fs) =2 (émnem A€ 4 Vie™ N e’ + 561 A €2> A p2dQs+

2 (—quep AT At N2 Aed + x4V Ael Ae? —xy§ A 63> . (3.9)



where

1 ~
Gmn = §€mnqumn (310)
X/ 1  rm _n
*, V= gemnpqv e" Nel A el (3.11)
x1G =g’ Nel AeP ne? (3.12)

The Bianchi identity dF(5) = 0 implies:

d(Gp* =V A Apsp®) =0 (3.13)
- 11
V= -——d(gp*p® 3.14
3 o (9p1P°) (3.14)
d(Gpips) =0 (3.15)
A(GPips NA+%4V) —2x45=0. (3.16)

Since we are looking for the dual of BPS states, the background should
preserve a fraction of the supersymmetry and so there should exist a super-
symmetry parameter 1 such that the gravitino variation vanishes:

1

480FM1M2M3M4M5FM1M2M3M4M5FM¢ - 0 . (317)

oxm =Vuy+

The Bianchi identity and the existence of the spinor 1 are sufficient for our
supergravity background to satisfy the full equations of motion of type IIB
Supergravity.

The existence of the spinor ¢ is also sufficient to express the complete solution
in the following form:

ds® = —h~?(dt + Vida')? + h2z—§(T2<5¢jdxidxj +dy?) + O3+
+ 1 (67 + 63) + p3(65 — Apdt — Ayda’)?  (3.18)
where the coordinate y is the product of two radii
y=pip>0, (3.19)
and the function h is given by

h™2 = 5"+ p3(1+ A2, (3.20)
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The vector 0; is the Killing vector which generates the extra non-compact
timelike U(1) and thus all the entries of the metric depend only on (2!, 2%, y),
where y is constrained to be positive. They can be expressed in terms of four
independent functions:

m7 n? p? T
as follows:
4 _ mp+n® 4 4 _ 2 4 _ _m
P1= me Yy pP3= m(mpp+n2) P = mp+n? (321)
h4 = mrgﬁnQ At = % Az = At‘/z - %Gijaj InT
and
dV = —yx3 [dn + (nD + 2ym(n — p) + 2n/y)dy] (3.22)
OyInT =D (3.23)
D =2y(m+n—1/y?), (3.24)

where x5 indicates the Hodge dual in the three dimensional diagonal metric
ds; = T?%6;;dz’da? + dy*. (3.25)

The various four-dimensional forms from which the 5-form field strength is
constructed are

@z%ﬁ[ 1+At} (3.26)
V= %3—pd(§pfﬁ3) (3.27)
Gpips = dB; A (dt + Vida') + BV + dB (3.28)
Gp® = ; 9P F + dB, A (dt+ Vida') + BdV + dB, (3.29)
where
B, = 1163/2 - _;/y
B = — 4wy [dm + 2mD dy
%6 o (3.30)
Be=—1v"
dB = %y *3 [dp + 4yn(p — n)dy] .
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Differential equations

The Bianchi identities and the integrability condition for the equation (3.:22)
give

ddV =0
ddB =0 . (3.31)
ddB =0

These three conditions together with (3.24)) give a system of nonlinear coupled
elliptic differential equation

y* (07 + 95)n + 0, (y3T28yn) + 420, [T2 (yDn + 2y°m(n — p))} +4y*DT*n =0
y* (07 + 05)m + 0, (y*T*0,m) + 0, (y*T*2mD) = 0
y*(0F + 95)p + 9y (y*T?0yp) + 0, [y’ T*4ny(n — p)] = 0
OyInT =D.
(3.32)

A solution to these equations is determined by a set of boundary condi-
tions at infinity (large values of y,z") and on the plane y = 0; they should
be chosen in such a way as to give a non-singular geometry asymptotic to
AdS5x S®. Due to the non-linearity of the equations the relationship between
boundary conditions and non-singular solutions with AdSs x S° asymptotics
is difficult to control. This set of boundary conditions may be regarded as a
parametrisation of the space of solutions to our problem.

The LLM limit

The LLM solutions are clearly a subset of ours specified by the additional
constraints,

1 1/2 -2
n:p:?—m: /7 T=1. (3.33)
In this case we have
D=0 pp=p3s=p A=0 T=1 (3.34)

and the three second order equations collapse to one single linear equation.
As this equation is linear it has been possible to completely identify the
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boundary conditions at y = 0 and at infinity that give rise to regular asymp-
totically AdSs x S° geometries|[l} 25]. This set of boundary conditions can
be directly identified with the classical phase space of the dual states in the
free fermion picture.

4 Asymptotics and Charges

In this section we discuss asymptotic solutions to the differential equations
of the previous section with AdSs x S° asymptotlcsﬁ We solve the equations
to third order in an expansion for large values of y, 2!, 2.

We can identify the boundary conditions at infinity by comparing the
leading order of this expansion to the same order of LLM, requiring in partic-
ular AdSs x S° asymptotics. The first corrections to the AdSs x S° geometry
capture the global U(1) charges under the gauge fields arising in the Kaluza
Klein reduction of I1IB supergravity over S°. We will do an asymptotic ex-
pansion of the equations and see that the solutions support non-vanishing
fluxes for each of the KK gauge fields associated to the coordinate transfor-
mations generated by 04 and 335 where 33 is the vector field dual to 0. Such
gauge fields correspond to the R-symmetry generators Lsg and Ly o + L34 in
the dual picture.

It is not hard to see that the following expressions for our functions

satisfy the equations at leading order for large R, with (R, 8, ¢) polar coor-
dinates in the (z1, z9,y) space and p; is a constant parameter. We have also,
to the same order,

2
p1 cos® 0 1

3A study of more general boundary conditions at y = 0 will be presented in [26].
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with r? = 23 + 23, r = Rcosf and y = Rsin6.
Defining

(4.3)
we get

2 52 142 dR? 52 1092 2 20172 2 10102
ds? = by | —RAf* + - + R2A05 4 d6” + cos 6d¢” + sin” 0] (4.4)

which is AdSs x S® in Poincare coordinates. The parameter p; and the radius
L of AdSj5 are related by
L*=\/p:. (4.5)

We recall here the expression for the left-invariant one forms

i

2

—L(costh df + sin v sin 6 do)
(—sin) df + cos 1) sin 6 do) (4.6)
(di) + cos 0 do) .

NN~ N

3

o =
g~ =
o =

The metric on the unit radius round three sphere dQ)s is
A% = (o) + (0%)" + (0%)" = (A6 + d6” + dd? + 2 cos0diidg) . (4.7)

We can transform it into the more conventional form

A2 = dw? 4 cos® w d¢? + sin® w d¢? (4.8)
where . o o
0 Y+ _Y=9

w_§ ¢l—T ¢2—T' (49)

We will now consider the next two orders in the asymptotic expansion of
our functions and solve the differential equations. For the sake of simplicity
we will assume that 9, is also a Killing vector of our solutions. Despite this
simplifying assumption in general the solutions will still be charged under the
corresponding KK gauge field. From the geometric point of view this means
that the solutions are generically stationary. On the gauge theory side, this
choice corresponds to looking for duals of linear combinations of states which
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have all the same Lsg charge@. We thus assume the following expansion of
our functions:
L pi | ma(f) | ms(0)

mN?—ﬁ‘i‘ R6 + R8

Rt R RP (4.10)

- D1 p2(9) +P3(9)
R4 RS R8
Tel4 t1(0) " t2(0)

R? R*
Recalling that D = 2y(m + n — 1/y?), the equation
9,InT = D (4.11)
implies that
t1(6) =0. (4.12)
Moreover we note that
2
prcos® @ V5(0)
Voo =+ V,=0. (4.13)

With a suitable coordinate transformation

_ D ha(0)
R= iR+
6 =6+ 2
p=¢+t

it should be possible to bring the metric to the following form:

(4.14)

dR?

72 *

- - 1 e~
ds* = Q(R, 0)L* (1—-Eﬁ)+aR2dQ§

., R
—@+R?—§9&?+

N R 2
+Lﬂ%NW+gM(mw+EﬂO +

: Q
+gwdf+gmm($ﬁw@wy—E;m2+w§w@@—é%&f (4.15)

4The analog of this choice in the LLM picture would be to consider solutions seeded
by rotationally symmetric configurations of bubbles on the y = 0 plane.
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up to subleading corrections. To the leading order the metric components
955 = 1, 955 = cos?0 and gg,4, = Ggs, = sin’6 and reproduce S°. The
constants J and () are proportional to the total flux of the U(1) gauge fields
arising from the KK reduction of the supergravity over S°. In particular
@ is the total charge of the solutions under both the gauge field associated
with coordinate transformations generated by A(£)0s, and p(£)0s, (being &
coordinates in the AdSj factor); these are dual respectively to the J; = Ly o
and Jy, = L34 R-symmetry generators. For this reason the expected BPS

relation is
=200+ 210) (116)
4G ' '
The conformal factor Q(R, 0) satisfies Q(R = 00, 0) = 1 and contains terms
up to order R4, The mass of the excitations over the AdSs vacuum is given
by
3rL? -
R 4.17
el (4.17)

where (G5 is the five-dimensional Newton constant. We recall now the ex-
pression for the metric:

M =

2
1

ds? = —h72(dt* + Vyde)? + h2%(T26ijdxidxj +dy?)+
3

+ A2+ 1 [(07)" + (07)] + p3(0° — Audt — Aydo)? =
= gudt® + grrdR* + 5dQ2 + 2ggrdAd R+
+ g,5dtdé + g3dto’+
+ 9000 + 93348 + 3340 0° + P [(01) + (1)) + p3(0%) (4.18)
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with

2
g = —h 721+ V)2 + h2%r2T2 +P3(Ag + A
3
2
= h*"L(sin? @ + T2 cos? )

g
TR
2
gor = h* 5 Rsinfcos0(1 —T?)
P3
2
Gy = —h_2(1 + V)V + h2%7’2T2 + pg(At + Ag)Ay (4.19)
3

913 = _pg(At + A<¢>)
2
Goo = hz'o—;Rz(cos2 0 + T?sin’ 0)
P3
2
955 = —h V] + th—§r2T2 + p3A3
3
953 = P3As

We can now derive the @) charge of our solutions. Using the definition
(@6) and the coordinate transformation (£9) we get

Q=-8R2— (A, +A,). (4.20)
933

We note that A, = (n —p)/p = O(1/R?) and Ay = AV, + 370, InT =
O(1/R*) and thus the leading behaviour of the r.h.s. is determined by A,

and we have
- n2(6) —p2(9)
Q= =Pl
p1

Using these relations we can solve the equations (3:32) up to second order in
% and demanding that the solutions are regular we find

(4.21)

([ p2(0) = d(3cos?H — 1)
na(0) = p2(0) +piQ/2
ma(0) = —p2(0) - pIQ (4.22)

Vo(8) = % cos® 0[(Qp; — d + 3d cos(26)]
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where d is a generic real integration constant. The J charge is given by

j=dip_d g (4.23)
944 p1
The conserved charges () and J can be also obtained by evaluating Komar
integrals associated with the Killing vectors 35 and aﬁ respectively.
We will now solve the equations to the next order and find the transfor-
mation ({I4]) that brings the metric to the form (ZIH) enabling us to check
that the BPS mass formula

M= 1e-(J1+21Q)) (4.24)
is satisfied.
We have ~ -
95 = [M1(0) — 2¢/P1g 0= (4.25)
which fixes )
gu(6) = 1O (4.26)

21

We are not really interested in the conformal factor Q(R,6) and we thus
proceed to the calculation of the ratio

9re 1 N d(3cos?6 — 1) — 6p2/*hy(6)

F il 4.27
P R I (4.27)
which should satisfy the equation
5 7 1 1
p R* RS
This requirement gives immediately,
- pP4d 20 -1
() = L6 = ) (4.29)
6p1/
Using this relation we obtain
Git 1 2 d 1
P w3 <p% Q) R? 430
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which gives

~ 2
and thus —_ 12
mlL* ~ ™
M = Ry=—(J—2Q). 4.32
o fo =1 (- 2Q) (1.32)
This should be compared to
wL?
M=—(J+2 4.33
T (11 +20aD), (4.3

which apparently requires that J > 0 and ¢ < 0. Up to now, J and @
have appeared in the solution to the differential equations as constants of
integration. As such, they can take any real value. Constraints on their
possible values should come from a global analysis of the solutions B. Tndeed
given the leading behaviour at large R, these subleading corrections should be
completely determined by the boundary conditions at y = 0. Unfortunately
we are not able to express these charges in terms of the data at y = 0 plane
which could have allowed us to establish the above bounds on J and ). As a
matter of comparison, in the LLM construction only the J charge is present
and its value is determined by a set of integrals performed on the y = 0
plane. In that case, the bound J > 0 is trivially imposed by the specific type
of boundary conditions at y = 0.

5 Conclusions and perspectives

In this paper we have extended to the 1/8 BPS case the construction of [IJ.
Due to the reduced amount of symmetry of our background the expressions
we find turn out to be rather more complex; in particular the differential
equations which determine the background are highly non linear. We per-
formed an asymptotic analysis for large values of R and were able to show
that solutions with the desired asymptotics and regularity exist in this limit.

®As in the LLM case, the sign of .J is correlated with the relative chirality of the Killing
spinor with respect to the two SO(4)’s. From the gauge theory side, as follows from the
discussion at the end of Section 2, the sign of @ is correlated with the U(1)r charge of
the Killing spinor. As it emerges from the detailed analysis of Appendix B, this charge is
captured by the eigenvalue s with respect to a Pauli matrix 3. In our analysis we have
set for definiteness s = +1. Had we chosen s = —1, Q would have been positive.
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Of course, a satisfactory understanding of the boundary conditions at y = 0
which lead to non-singular solutions is necessary in order to connect the
geometry of the supergravity solutions to the phase space of the quantum
mechanical system arising from the dual gauge theory on R x S3. In partic-
ular it would be very interesting to understand the relationship between our
construction and the work of [IT], I2] [14], 13]. Once the space of solutions
is understood from the supergravity point of view one could proceed to its
quantisation by a procedure like that presented in [27, 28].

Our solutions have a non empty intersection with the solutions described
in [I0, @) and in [8]. It would be interesting to find the exact dictionary
between different descriptions of the same solutions in order to better clar-
ify the role of the boundary conditions at ¥y = 0 and to try to recast the
differential equations in a more tractable fashion. 1/4 BPS solutions can
be obtained from the general setting that we have presented by imposing
some additional constraints on the four scalar functions [26]. Some of the
so-called superstar geometries in [29] are also contained in our description.
These solutions are known to have singularities and it is possible to identify
the boundary conditions at y = 0 that are responsible for them. With a
more detailed understanding of boundary conditions which give rise to non-
singular solutions, and their relation to the CF'T, one may better understand
the resolution of the singularities in a manner similar to that of [30] 25|, 31].
Finally different types of boundary conditions at large R can be studied. In-
deed one can find solutions with asymptotics of the form AdSs; x YP4: such
geometries correspond to 1/2 BPS operators in the A/ = 1 superconformal
quiver gauge theories[32].
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A Conventions
We set up our conventions for the wedge product of 1-forms

1 ,
ar N ANay, = EZU@O“(” @ - & Q) (A‘l)

where the sum is over the n! permutations ¢ and o(i) is the parity of the
permutation.
An n-form « in a d dimensional space (a € A,,) is given by

1
a=a,.,dc" Ao Ndat = gam...undx‘“ A Adatn (A.2)

with ay, ..., the complete antisymmetrization of &y, ..., -
When a metric is present we can introduce the Hodge dual

*: N, — AN, (A.3)
Given a d-bein of the metric {€™},,—1....a,
1
R N = e T e N e (A)

where indices are lowered with the tangent space metric. From this definition
it follows that
*dzht A Adatn = xghhh -g“”“;lemw/1 e €N N =

/ 1
. AHn i . M1, Mn,Mp41,",Mq v —
g ey Emnpt, (d— n)‘e Emnir N\ Nem, =

1 , , , ,
—= m\/ﬁgﬂlul .« o gununEMQ’...u%7M;1+l7...7M:idx;u'n+1 /\ . /\ dxud . (A5)

_ gmu’l .

The exterior derivative of a 1-form is defined by
1
B =da = 0,a,dat Ndx” = 5(@@” — Oy, )dat A da” (A.6)

or in terms of components 3, = 0,0, — 0,a,,. The generalization to any
n-form is given by

1
0 =da= —'@ozl,l...yndx“ Adz"" A - Adx' =
n!

1 1
= ———— Oy AT AT A - Ad =

(n+1)! O A2 A Ada

(n+1)
(A7)
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where now 8,,,...,, = OuQu,...,,] and square brackets indicate antisymmetriza-
tion without normalization.
The torsionless spin connection 1-form is defined by the structure equa-
tion:
de® +w Ae? =0. (A.8)

Requiring metricity of the connection
Wahp = —Wha (Ag)

allows us to explicitly express wg, in terms of the d-bein (E, are the inverse
d-bein vector fields, defined by e* - E}, = %),

1
wap = —de, - By +dey, - E, + 3 (€ [E,y, Ep]) e =
1 1
= | = 5 uew = Ouea) By + 5 (Duers — Doens) B+

1 C 14 14
S€ (%0, B — EY0,E7,) ew} dat =
1
Opear — Oveqy) EY + 5 (Opery — Opepy) B+

— lE”a (&,ecp — 8pecy) precu] da* =

2
= —de, - By +dey - E, — (E, - de® - Ep)e. (A.10)

RO — T

:[_

where in going from the second to the third line we have used
0= 0uNa = 0, (e EY}) = (Opear) Ey + €an (0. E%) - (A.11)
This is an explicit realization of the identity
1 1 1
V-da~W:§d(a~W)-V—§d(a-V)-W—§a~[V,W], (A.12)

which holds for any one form « and any pair of vector fields V, W.
The covariant derivative of a spinor is given by

1
V;ﬂﬁ = a,u¢ + Zwab,urarbw . (A13)
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Group manifolds

Consider a Lie algebra of vector fields on a d-dimensional group manifold. It

is a d dimensional vector space of vector fields satisfying
[Ea, By] = fup“Ee -

The exterior derivative of the dual one forms is given by
c __ 1 c . a b
de® = 5 %an € Ae

These are the Maurer Cartan 1-forms. Indeed, we have

1
E,-def - E, = iaabc

and according to (A-12)
1
E,-def- By = —566 - [Eq, By

which give
c __ c
Cop = —Jab -

The Lie derivative of a 1-form is defined by
(Ljw) - K =0k(w-K)—w-[J, K]

and thus

c __ c b
EEae __abe

(A.14)

(A.15)

(A.16)

(A.17)

(A.18)

(A.19)

(A.20)

Taking these e as the d-bein, the spin connection on the group manifold is

given by

1 1
Wabe = 5(_acba + Qegp + fabc) = §(fcba - fcab + fabc) .

(A.21)

B Reduction of the Killing spinor equations

In this Appendix we present the step by step derivation of the results pre-

sented in Section 3.

22



B.1 Metric and 5-form Ansatz

The most generic Ansatz for our solutions is given by
ds? = gdatda” + P [(01)2 + (02)2} + pg(ag — Audx’d‘)2 + ﬁ2d§~2§ . (B.1)

The space is thus made up of a fibration over a four dimensional manifold
of a squashed 3-sphere (on which the SU(2) left-invariant 1-forms o are
defined) and a round 3-sphere (on which the SU(2) left-invariant 1-forms o®
are defined).

The left invariant 1-forms are given by

ol = —3(cos ¥ df + sin) sin b daS) a% —3(cos ¥ df + sinv sinf d¢)
02 —%(— sin ) df + cosw sin 0 do) 0? —3(— sin 1 df + cos b sin 0 do)
0% = —L(di) + cos O do) o3 = —1(dy + cos 6 dg)
(B.2)
and satisfy the relations
do' = (—:;j,;a] A o” (B.3)

gl
do’ = €50 Ao

With this normalization the metric on the unit radius round three sphere is
given by

dQ2 = (01)? + (02)? + (0°)? (B.4)
with ¢ being either 0% or o?.
We choose our “d-bein” to be

e™ =g da" (B.5)
" a =1,2
et ={ 7 “=> (B.6)
ps(c® — A, da*) a=3
e’ =po® (B.7)

The only non zero Ramond-Ramond field strength is the five form Fisy and
the dilaton is assumed to be constant. The most generic Ansatz for the five
form which is invariant under the given symmetries is

Fs) =2 (émnem A€ 4 Vie™ N e’ + Qei A 62) A p2dQs+

2 (—quep ANt N2 Aed + x4V Ael Ae? — %G A ef)’) ., (B.g)
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where

1 ~mn
Gmn = §€mnqu

- 1 -
* V= gemnpqvme” AN el A el
*x10 =g’ Nel Ne2 Aed .
The Bianchi identity dF(s) = 0 gives rise to the set of equations,
Ad(Gp* =V A Apzp®) =0
11
——~d ~ 2~3
3 o (9p1P°)
d(Gpips) =0
d(Gp%pg /\A+*4‘~/) —2*4§ =0.

‘7:

B.2 Spin Connection and Covariant Derivative.

The inverse d-bein is

Ep =20, + ApY30:
Ea :izzéal

Pa

1_-
Bz ==%';0;,

P

where E,, is the inverse vierbein of €™ and ¥, ; is the inverse of o®

will denote ten-dimensional tangent space indices by A, B, C....
connection is given by

1
wap = —deq Ep+dep- Ba+ 5 (e - [Ea, Eg]) ec.
Using the explicit expressions for E,, we have
(B, En] = [Em, Zn] + 55 (En(A-Z,) —Z0(A-E0)) .
We can thus write, using the relation (A12))

- 3 1 - = — - - -
Wmn = Wnp T+ €3P3§ (_A ’ [‘:‘ma :‘n] + ‘:‘m(A ’ ‘:‘ﬂ) - :‘”(A ) :m)) =

~ 3,.= =
= Wpn +€°p3=, -dA - =, .
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(B.16)
(B.17)

(B.18)

@ We
The spin

(B.19)

(B.20)

(B.21)



In order to get the other components of the spin connection we will need
the explicit form of the exterior derivative of €% = ps0% — pgégAmem and of
6& — ﬁo.&

de® = dps A 0% + pado® — pgégdA - 5§dp3 N Ape™ (B.22)
de® = dps A 0@ + pado® (B.23)

By definition

dot = €207 A"

e T (B.24)
do’ = e-707 A o”
ijk
and thus
[2&7 Ei)] = _266526 (B 25)
[Xa, X5 = —2€:55%¢, '
so that
1 1 1 2
[E&, Em] = —28mpa2;1 + —Am[E&, 23] = ?8mpa2& — —AmeédgEé. (B26)

In the end
l p
Wam, = —deyg B, + 56 [Ea, Enlep =

A A 1
= OmpPa0” + 5§ep(p3§Fpm — A, 0mp3) (B.27)

1 ;
Wam = —deg B, + ieP[E;z, E,lep = Omp o (B.28)

and

1
w&l; = —deszi) + dei)E& + §€M . [E[l, E@]@M =

2 2 2 2

+ 0 — :

= E&Bé (—pa Pb pc) O'c + Eﬁgg—pgA (B29)
PaPb P1

1 _
ws; = —deg By + dej B + ieM [Ea, Ejlen = €53:0° . (B.30)

C
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The spin connection part of the covariant derivative acting on spinors as
presented in Appendix A is

1
Z(UMNFMFN =

1 1 3
da [—@mrmr” —~ Zng“mrmr%

4
1p2 i 5 1 m 5 1 mi1n
— A, <—§p—§r1r2—§ Pl F3+§p§anF r) +
B.31
aflps b 1 ma ( )
o §—ed53FF —3 o0 B R IS
a=1,2 P1
s (1 P2 i1 3 1
3 3 112 m13 2 min
—[2—=)T"T" — =0,,p3I'"T - F,, T
£ (5 (25 T g )
- (1 s 1 _
o | =€, TTE — ~0,,pI™ T
4 2
a=1,2,3

B.3 Killing spinor
Conventions and Ansatz

We choose the following ten dimensional gamma matrices
Ip=1m®l®lel IM=19600e1 T'=18601®0, (B.32)

The two 32 component Majorana-Weyl spinor supersymmetry parameters of
the IIB theory can be grouped into a single complex Weyl spinor 1 obeying
the chirality constraint

Iy =4 (B.33)
Po=]I0mITa][Ta =6 75 = —iromres.- (B.34)

The supersymmetry variation of the gravitino y,; is given by
i

Sxm = Vb + @FM1M2M3M4M5FM1M2M3M4M5PM¢ . (B.35)
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In order to have a supersymmetric background we need to impose that this
variation is zero giving rise to the Killing spinor equation on ),

1

Vu + 755

Faty nty vty gy gy MMMy (B.36)
As a consequence of our symmetry assumptions we look for a v of the
form

U =cm) X @ Xp) - (B.37)
Where ¥, xp are spinors defined on the two 3-spheres satisfying

Yax =0 T3X = SX (B.38)
VaX = b%%f((b) (B.39)

where V' is the covariant derivative on the unit radius three sphere which
has spin connection w’,. = €. and s,b = £1. As we are going to show in the
following, this choice means that x is a constant spinor and thus a singlet of
the SU(2), isometry of the squashed sphere, as required by our analysis of
the gauge theory description of supersymmetries in Section 2

Isometries and Spinors

On a unit radius round three sphere there exist two linearly independent
solutions to the equation

i
VaX = A50ax (B.40)

for each choice of 3 = +1. The sign of ( is correlated with the chirality of
the doublet of solutions under the SO(4) = SU(2) x SU(2) isometry group
of §3. This can be understood as follows.
Given a d-bein e*(y) and an isometry I we choose a local orthogonal trans-
formation A such that

AT (%) = e (B.41)

where T1, is the pullback of one forms associated with /. The d-bein is thus
invariant under these transformations and it is possible to give meaning to
the transformation properties of spinors under the isometries of the metric.
In our case, since S3 ~ SU(2), we can identify the points y with elements of
SU(2). For the round 3-sphere S? the action of the isometry group SU(2), x
SU(2)g is given by left and right multiplication by generic elements of SU(2).
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For the squashed three sphere the action of the isometry group SU(2), X
U(1)g is given by left multiplication by generic elements of SU(2) and right
multiplication with a U(1) subgroup.

Let’s focus on the left isometries L,. They are defined by

Ly(y) = gy (B.42)
As our 3-bein is built out of left-invariant one forms o, we have by definition
TL,.(0%) =0o° (B.43)

which implies that, for such transformations, A% = ¢, The action SL, on
spinors of this isometry is thus very simple

SLex(gy) = x(y)- (B.44)

The action of left multiplications is clearly surjective and thus a spinor Y is
invariant under this action if and only if it is a constant spinor. This means
that our spinor x is a singlet under the SU(2) isometry of the squashed
3-sphere, while the spinors y+ transform in the (0, %) for upper sign and
(%, 0) for the lower sign. For a discussion of spinors in squashed 3-spheres
see [33] [34].

Equations and bilinears

We turn now to the contribution of the Ramond-Ramond form to the grav-
itino variation. We define

i

M =
480

FM1M2M3M4M5FM1M2M3M4M5- (B45)

The chirality condition on ) and the self-duality of F(5) imply that

Due to the conditions on the spinor, x and x; factorise in each component
of the gravitino variation equation which then becomes the following system
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of coupled differential and algebraic equations on 4

~ I o, 54 . S . .

V,— ZF’W: A 61s + iA,s — ($+ V5018 + 1gs) 7502%] e=0
) (B.48)
[1 R 1 PV e A

5%%0 + 5@01 +m (@4“ V5615 — 193) %02} e=0 (B.49)
|2 p1

[ 2 ~ 1 1 . <o . e .

B (2 - %) V501 + 5@/)3 + §P§F75U1S + p3 (G— V5615 + 198) 7502} e=0
L 1

(B.50)

1 R 1. ([~ ~ . » R
567502 + §@p — p<$+ VAs018 + 193) 7502] e=0. (B.51)

Note that the first equation is a first order differential 4-vector equation for
¢ while the last three are algebraic 4-scalar equations.
We now define a useful set of bilinears

K, =é&ye L, = &vysy,e Y = évuwoie
fl = ié:O'lg f2 = ié:0'2€ (B52)
g=cly

The world indices u, v of these bilinears are obtained by contraction of the
tangent space indices with the vierbein ™. When raising and lowering p
indices we will always use the metric g,, unless otherwise is specified. By
Fierz rearrangements the following relations can be proved

K*=-L*=-f{—-fi=-h"? L'K,=0 (B.53)

SFor example the first equation is obtained as follows
- 1 5 .4
(Vy+ MT,) ¢ = (vu — PB4 A, (23 + F1r2) — ALV + MFN) b=
- 1 5 oA
= <vu ~ ZngWEermﬁ + A%+ M (T, + Aup3r3)> Y=

1 [l 74 m 3
= <Vu — Zp?’FW: Y0+ Ayos + M’yp) v (BA4T)
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B.4 Algebraic relations

By multiplying the algebraic equations (B.49),(B.50),(B.51) with different
combinations of gamma matrices and contracting with & one can obtain the

following relations for the spinor bilinears:

K"9,p1 =0 (B.54)
K"9,p3 =0 (B.55)
K"o,p=0 (B.56)
p1 f1 ~

L,=—-—"—"20 B.57
“w pf) F; u(plp) ( )
K"V, =0 (B.58)

- S N f2,03)
g=—| b= — == B.59
4fi < p 1% ( )

and also equations for the 2-forms F,, = 9,4, — 9, A, and GW
2 pg) 1 b
F,=————-(2-=2) —€uwK’L°+~—-(K,L, — K,L,)+
8 ps(ff+f§)[ ( pi) ps " p( ! 2

— J1€6po K707 In(p3p) — f2 (Kuav In(psp) — K,0, ln(p3ﬁ))+

+4f (K, — K, V,) +4 f2eW,MKUVP] (B.60)

~ 1 b
= T 502 12y —=—g 0— P P Oo ~
G 2(f2 + f2) [ (2[7 98) (fl(K,ﬁ,, In p—K, 0, In p)+ fo€po K"O lnp)+

— 2 (KJ/V — KVVM) + flemeﬂf/a} (B.61)

B.5 Differential relations

We can use (B.48)) to prove the following relations

VK, =4 ((EW fi+ G fg) — 3 a5 4 26 VK s — 2V, (B.62)

2
O,Infi =0,Inp (B.63)
9, (é) — F,K"s. (B.64)
P3
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The first equation says that K*0, is a Killing vector for g,,. We make the
natural gauge choice
K"9, = 0. (B.65)

The second equation can be easily integrated to give, with a suitable
choice of constant of integration

fi=p. (B.66)

Note further that as a consequence of these equations and of the Bianchi

identity
~ 1 1
V =-——d(§p’p*), B.67
3 o (9p1P°) (B.67)

that F),, is t independent and we can make a gauge choice for A, such that
0:A,, = 0. Integrating the equation for f, we obtain

fa = pa(c+ Ass). (B.68)
We define the coordinate
Yy =p1p (B.69)
and thus
L,dz* = —%dy. (B.70)
3

Since K - L = 0 there is no cross term g, in the metric. We can additionally
make a coordinate choice such that there are also no g,; cross terms. We
have thus reduced our Ansatz for the four dimensional part of the metric to
the following

ds® = —h7?(dt + Vida' + Vada?)® + h2%hijdxld$] + hz%d?f . (B.71)
3 3
Note that

h2=fl+ 1. (B.72)

For convenience we set

A, =0. (B.73)

All the entries in the metric and in the 5-form are parametrised by a set
of functions that we can distinguish on the basis of their transformation
properties in the {z', z*} plane.
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Scalars Vectors | Symmetric Tensor
p17p37ﬁ7 At ‘/ZaAZ hij

Recalling that the scalars are subject to the constraint
Yy=pp. (B.74)

.JFrom now on we will assume for definiteness that s = 1.

B.6 Specifying the spinor

Due to our gauge choice we have

K= =ht = cle=n"" (B.75)
Ly=L,EY = 21081 = _p1, (B.76)
P3 P1
(B.77)
We thus have: '
% =—1 = iy1ye=—c¢. (B78)

We can now take the sum of equations (B.51]) and (B.49) divided by, respec-
tively, p and p; from which we obtain

(V1+e 236, +iye @ —1)e =0 (B.79)
where e ¢ = % The solution to this equation is given by
— al0757361 5 _
g=ec &1 Y301€1 = €1 (BSO)

with sinh(2§) = e~¢. The normalization h~! = efe implies &, = f21/250 with

5850 = 1. These conditions are enough to satisfy all the algebraic equations

Due to the three projectors (B.33),(B.78)),([B.80) and the conditions on
the x,x spinors, the solution space of the Killing spinor equation is two
dimensional and complex.

We will now use the differential equations (B.48) and the Bianchi identi-
ties (B.13)-(BI6) to express the unknown vectors and tensors in terms of the
scalars.
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B.7 The spacetime metric and the gauge field A

We define three new bilinears

t
Wy = € 7Y2Vu€

. B.81
W2 = e'yaym610e (B:81)
Using (B.48)) we can derive
Dywy—0yw, = —1%@PWfp—m(Aﬂwy—Aywu)+4ew0f/m”—4gw}}y. (B.82)
We note that
p_ Pl =2 i Pl 1
wydrt = ——(&'; +ie”;)dr) = ——¢*;dw (B.83)
p3 P3

where €, is a 2-bein for the metric hi;. Thus, from (B82) we can get
an equation involving dé*. Singling out the y dependence using the (y, z?)

component of (B.82)

R [ p fo
0,65 = —2—— | = (p3 — p?)+ 2= —bp?)| &% = Déz, . B.84
y€ j oap1 | 13 (p3 — p1) F (faps 1) j § ( )

With a further y independent coordinate transformation we can put izij in
diagonal form. We introduce a conformal factor 7" and set

e, =T, 9,T=DT (B.85)

Looking at the (x!, %) component we can establish a relation between the

remaining derivatives of 7" and the connection A;
1
The constant ¢ can be absorbed into a gauge transformation and we will set
b=c=1. (B.87)

The right hand side of the {¢,2'} component of equation (B.82)) is propor-
tional to b— ¢ and thus also this equation is consistent with our gauge choice.
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We have now an expression for A; by which we may calculate the compo-
nents of F,,. This F,, must be equal to the one obtained in (B.60). The
contraction with K* is trivial. The F,; components give the constraint

b=c (B.88)

which is solved by our gauge choice. The Fjs component gives an equation
for (02 + 03)T that we will discuss later.

We have thus reduced our set of unknowns to five scalars and one 2-
vector. Two scalars are constrained by the relations y = p;p and so we have
just four independent scalars and one 2-vector.

Scalars Vector
plap?nﬁaAtaT ‘/2

We have reduced the four dimensional metric to the form

2
ds? = —h~2(dt + Vida')? + h2%(T2<5¢jdxidxj +dy?). (B.89)

3
To simplify the final equations we now express the 4 functions pq, ps, p, As

in terms of three independent functions that we will call m, n, p are defined
by

2

4 4dmptn? 4 _ P
/z}l =Y 7w 3= m{mp+n2) (B.90)
p= mpn—ll—n2 At - Tp
With these definitions we have
D=2yn+m-y?). (B.91)

With some effort it can be shown that all the equations on the spinor ¢
are now solved.

As noted in Section B.6 the space of solutions to the Killing spinor equa-
tion is 2-dimensional and complex, thus our backgrounds preserve 4 of the
32 real supersymmetries of the theory. The existence of the Killing spinors
guarantees that the full Einstein equations are satisfied provided that in-
tegrability conditions and the Bianchi identities for the Ramond-Ramond
5-form are satisfied. Let us now investigate what the consequence of these
final constraints are.
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B.8 Differential Equations

We will first establish a relation between the vector V; and the various scalar
functions. The equation (B.62)) is an equation for dK with

K = —h7%(dt + Vida'). (B.92)

We can extract from this equation an expression for dV:
dV = —y *3 [dn + (nD + 2ym(n — p) + 2n/y)dy] (B.93)
where by x3 we mean the Hodge dual in the three dimensional diagonal metric
ds3 = T?6;;dz’da? + dy?. (B.94)

Returning to the Bianchi identities

d(Gp° — VA Apsp®) =0 (B.95)
-1 1

V= -——d(gp*p® B.96

3 o (9p10°) (B.96)

d(Gpips) =0 (B.97)

A(GPips NA+%4V) —2x,5=0. (B.98)

Substituting in the first equation V as obtained from the second equation we
find

.1
A(Gp* ~ 5apip*F) = 0. (B.99)
We may thus set locally
5 A Lo
dB =Gp" — 5gmp F

B=B/(dt+V)+B (B.100)
dB = Gpips
B=B/(dt+V)+B.
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The algebraic equation (B:61) for G, and for its dual for G, give rise to
four new relations

t = _16y D
2 1
dB = ——1° x5 [dm + 2mD]

B - 1 ,n—1/y°

16 (B.101)
B, — _i 2
T m
- 1
dB = 1—6y3 *3 [dp + 4yn(p — n)].

We need to impose the three equations

ddV =0
ddB =0 - (B.102)
ddB =0

The last Bianchi identity (B.98) is implied by these three. In addition to
these equations we have also

8,InT =D (B.103)

which together with the previous ones can be used to see that also the con-
sistency equation for Fi, is satisfied.

We have thus a set of 4 equations for 4 unknowns: m, n,p,T. The equa-
tions are defined on the half space

(2!, 2%,y > 0) (B.104)

and are quite complicated being a set of coupled non-linear second order
elliptic differential equations.

v} (07 + 05)n + 0, (y*T0,n) + y*0, [T*(yDn + 2y*m(n — p))] + 4y*DT*n = 0
v} (07 + 03 )m + 0, (y*T?0ym) + 0, (y*T*2mD) = 0

Y} (07 + 93)p+ 0, (v*T°0,p) + 0, [y*T?4ny(n — p)] = 0
(B.105)
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C Killing vectors and the Kaluza Klein Ansatz

In this appendix we present a geometrical interpretation of the bilinears that
we constructed and that we used in Appendix B

Assume we have a fibration of a group manifold over some d dimensional
base manifold with metric

ds? = G (x)daztdz” + Bop(2) (é“(y) - AZ(x)dx“) (éb(y) + AZ(x)dx“) (C.1)

where € is a basis of left-invariant one forms on the group manifold.
We define )
k= K"0, + a(x)"E,. (C.2)

We recall that given any covariant 2-tensor a and three vector W, Vi, V,
the Lie derivative of a is given by

(Lwa)(Vi,V2) = W (a(V1,V2)) — a([W, V1], Vo) — a(V4, W, V2]) . (C.3)
Let us calculate Lxg

(L£9) (0, 0,) = (LxG) (B, 0,) + KD, (Bup A AL) — 8 Ban Ay, — 8,0 Bap A,
(Lrg) (Ea, E ) K*0,Bu + (Lod(x)) (Ea, E)
(£H9> (8ﬂ7 Ea) - Kpap(_ﬂabAZ) + ﬂabﬁua + ﬂcdabAZfbca

where § = 3,,6%¢" and f£, the structure constants of the group.

When K =0, B, = ko with kg, the Killing form of the group and so we
obtain the non abelian Kaluza Klein setup. A

Assume for the moment that K is a Killing vector of § and a®FE, is a
Killing vector of g, what are the conditions on «, B4, Af, such that K is a

Killing vector for the whole metric? This is easily seen from our previous
equations

K(ﬂab) =0 (C4)
Ou” = K(A}) — IfcoszZ. (C.5)

We can now specialise to our setting. The group manifold is SU(2) x
SU(2). We can define the ten dimensional vector

HMﬁM = QZFM¢8M =
f
P3

\ C.6
K*"9, + (Ame — s) 05 + ];lXTaasz o (€6)
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where we have chosen the normalization x'y = Y'x = 1. & is a Killing vector
and it is null [35]. Since it is null we have

K* = K,g" K" =~f{ - f; (C.7)

which was previously seen as consequence of Fierz rearrangements and whereas
here we can see its geometrical origin. From the equation on VK, we know

that K is a Killing vector for g,,, and moreover, due to the Killing equation

on x and the properties of the Ansatz, we have that

PN , oYX 0 (C.8)

are Killing vector of the group manifolds. We thus conclude

K(p1) = K(ps) = K(p) =0 (C.9)
fr) _

o, (L) -0 c10

8, <A,,K” - ?s) — K(A) (C.11)

The second one can be written in the form we already encountered earlier

8, (g) = F,K"s. (C.12)

We have thus clarified the geometrical origin of the relations between
f1, fo and the metric entries.
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