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Anomaly-corrected supersymmetry algebra
and supersymmetric holographic renormalization

Ok Song An|

Abstract

We present a systematic approach to supersymmetric holographic renormalization for a
generic 5D N = 2 gauged supergravity theory with matter multiplets, including its fermionic
sector, with all gauge fields consistently set to zero. We determine the complete set of super-
symmetric local boundary counterterms, including the finite counterterms that parameterize the
choice of supersymmetric renormalization scheme. This allows us to derive holographically the
superconformal Ward identities on a generic background, including the Weyl and super-Weyl
anomalies. Moreover, we show that these anomalies satisfy the Wess-Zumino consistency condi-
tion. The super-Weyl anomaly implies that the fermionic operators of the dual field theory, such
as the supercurrent, do not transform as tensors under rigid supersymmetry on backgrounds
that admit a Killing spinor, and their anticommutator with the conserved supercharge con-
tains anomalous terms. This property is explicitly checked for a toy model. Finally, using the
anomalous transformation of the supercurrent, we obtain the anomaly-corrected supersymmetry
algebra on curved backgrounds admitting a Killing spinor.
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1 Introduction

Supersymmetric (SUSY) field theories in curved backgrounds [1-3] (see also |4] for a recent review)
have received much attention in recent years, since they provide a playground where physically
interesting, non-perturbative, results can often be obtained through localization techniques [5], |6].

Formulating consistent SUSY field theories in curved space usually consists of two steps [1];
the first one is to find the classical supergravity theory (SUGRA) by coupling a flat-space SUSY
field theory to the gravity multiplet, and the second one is to take a rigid limit of SUGRA such
that the gravity multiplet becomes non-dynamical, but maintains a non-trivial background value.
Consistency requires that there exists at least one SUSY transformation of the SUGRA under which
this background gravity multiplet should be invariant, namely

Yoyri =0, 0¥ o)+ =0, (1.1)

where W), is the gravitino field and n refers to the spinor parameter of the preserved SUSY. We
refer to appendix [A| and [B| for notations and conventions. implies that SUSY field theories
are consistent only on a bosonic background.

One then derives the SUSY transformation of the local operators and the SUSY algebra in
curved space from the corresponding ones of SUGRA. However, they are classical in the sense that
the SUSY transformation laws and algebra derived in this way do not reflect any quantum effects.

To clarify this point, let us schematically discuss these quantum effects for a theory with an
N =1 4D superconformal field theory (SCFT) as a UV fixed point. For this aim, we derive the
Ward identities which contain UV data of quantum field theories. These Ward identities can be
obtained in a local renormalization group language |7] without relying on a classical Lagrangian
description, see e.g. section 2.3 in [§] for a recent review. In N/ = 1 SCFT, we have two local
fermionic transformations, supersymmetry and super-Weyl, respectively

1—
Oer €l = 5 Y rl e, G (o = Dies 4o - (1.2a)
Oc 6?0)1- =0, (557\11(0)_’_1’ = —fié_ +oeeey,  ee (1.2b)

where e refers to the vielbein. The ellipses indicate possible contributions from other fields in the
gravity multiplet and higer-order terms in fermions. Requiring the generating functional of con-
nected correlation functions, W[g(o)ij, W (0)4is -], to be invariant under these local transformations
up to a possible anomaly, we obtain two local operator equations, namely

1 . . _
3 TaPo)l" =S D+ =14, (1.3a)
— gif(g)i + = st, (1.3b)

where 7! and S° refer to the energy-momentum tensor and supercurrent operator, respectively.
Note that the Ward identities hold for generic background such as ones where the fermionic sources
are turned on. Combining these two Ward identities with the parameters 14 and n_ which satisfy
conformal Killing spinor (CKS) condition

¥ (0)1i = Iy W (o) + 0n_ Y(0)1i = Dimy — L'im— =0, (1.4)

to the lowest order in fermions, we obtain the SUSY-n Ward identity

1__.— —i — —
- §7qu(0)+ira77+ +Di(Sny) + - = —(Asns + Aswn-) = Ay, (1.5)



where the fermionic sources are still turned on, because the CKS equation to the lowest
order in fermions does not require the background to be bosonic. One can see from the operator
equation that the SUSY-n anomaly A, should be dependent on fermionic background sources
such as the gravitini field W,,;. Therefore, one may not notice the existence of .4, on the bosonic
background.

The Ward identities such as turn out to be rather useful. For instance, they determine
the variation of quantum operators under the corresponding symmetry transformations, see e.g.
(2.3.7) in [9]. It then follows from that on the (bosonic) supersymmetric vacua the supercurrent
operator S’ transforms under the SUSY-7 transformation as

- 1__ )
5, S = (= 5Ty = = Ay ) . (1.6)
susy —vacua 2 5\II(O)+Z susy —vacua
We emphasize that the anomalous term ﬁfln does not appear in the ‘classical’ SUSY variation
0)+i

of the supercurrent operator S?, and it is non-zero in generic curved backgrounds admitting a Killing
spinor. Moreover, by integrating over a Cauchy surface, one can obtain the commutator of
two supercharges (see e.g. (2.6.14) and (2.6.15) in [9]) and find that it is also corrected by the
anomalous term.

The upshot is that once the Ward identities are found, one can see immediately all these
quantum corrections. The main obstacle in obtaining is to find out the anomalies A; and
Agw. Fortunately, we have a nice tool for computing the anomalies, i.e. AdS/CFT correspondence
[10H12]. The holographic computation of the quantum anomalies, such as the computation of the
Weyl anomaly in [13], results in specific values for the anomaly coefficients. For instance, for the
Weyl anomaly one gets a = ¢ from a holographic calculation, which is valid for N' = 4 super
Yang-Mills theory in the large N limit. This is due to the fact that we use two-derivative action on
the gravity side. To obtain the whole class of anomalies one should consider the higher-derivative
action. We emphasize that since the anomalies belonging to the same multiplet are related by SUSY
transformations, the fermionic anomalies A and Agw obtained by a holographic computation also
have specific values for the anomaly coefficients.

Henceforth, in order to obtain the Ward identities of 4D N = 1 SCFT by AdS/CFT, we
consider generic N' = 2 5D gauged SUGRA including its fermionic sector in asymptotically locally
AdS (AIAdS) spaces, particular examples of which were studied in [14719|E| More specifically, the
theory we consider has a superpotential VW and its field content consists of a vielbein, two gravitini,
as well as an equal number of spin-1/2 and scalar fields with negative mass-squared in order for
the space to be asymptotically AdS. All gauge fields are consistently set to zero for simplicity. We
study this theory up to quadratic order in the fermions. Having a stable AIAdS solution requires
that W has an isolated local extremum. We also demand that W is a local function around that
point.

As indicated in 17} [20], the N' = 2 5D gauged SUGRA can have a superpotential W in several
cases. A typical case is when there are only vector multiplets and U(1)r (subgroup of SU(2)r
R-symmetry group) is gauged [21]. When there are also hypermultiplets, the gauged SUGRA can
have a superpotential under a certain constraint related to the ‘very special geometry’ on the scalar
manifold of the vector multiplets, which we do not discuss here in detail.

As in field theory, renormalization is indispensable also in the bulk holographic computation.
Although it has been studied since the early period of AdS/CFT, many works on holographic renor-
malization (HR) |13} 22-30] have focused on the bosonic sector. [31-36] obtained some boundary

*Even though the solution considered in [19] is not AIAdS due to existence of the massless scalars, the general
form of the action given there is the same with the one here.



counterterms for the fermionic sector, but are typically these were limited to either lower dimen-
sional spacetime (mainly 3 or 4 dimensions) or to homogeneous solutions which do not depend on
the transverse directions. We note that in a context different from this paper, 4D N' =1 SUGRA
including the fermionic sector was treated in [37] by a somehow ad hoc method.

We perform HR along the lines of |23],|30, 38]. By formulating the theory in radial Hamiltonian
language, we obtain the radial Hamiltonian, which gives the first class constraints. From the
Hamiltonian constraint we obtain the Hamilton-Jacobi (HJ) equation, enabling us to determine
the divergent counterterms in a covariant way without relying on a specific solution of the classical
SUGRA. We emphasize that the counterterms, as the solution of HJ equation, should satisfy other
first class constraints. General covariance of the counterterms is a necessary and sufficient condition
to satisfy diffeomorphism constraint, which is one of the first class constraints.

Once the counterterms are obtained, one can renormalize the canonical momenta of the radial
Hamiltonian and thus obtain the renormalized canonical momenta. According to AdS/CFT dic-
tionary, the renormalized canonical momenta correspond to local operators of the field theory in
the local renormalization group language [7]. The first class constraints turn out to be relations
between local sources and operators, from which we obtain the Ward identities (see (5.2))) that in
fact reflect the symmetries of the dual field theory and do not rely on a Lagrangian description
of the quantum field theory. Since the bulk theory is 5D A = 2 SUGRA, the dual field theory
is supposed to have 4D N = 1 superconformal symmetry and we obtain the corresponding Ward
identities. Note that here we cannot see the U(1)r symmetry because we truncate all gauge fields.
In a related work [39] the U(1)r gauge field is included in the model.

It turns out that the AN/ = 1 superconformal symmetry is broken by anomalies. From the bulk
point of view, these anomalies are due to the fact that the first class constraints are non-linear
functions of canonical momenta, implying that corresponding symmetries are broken by the radial
cut-off. From the dual field theory point of view, of course, the global anomalies are a quantum
effect. We obtain not only the SUSY-completion of the trace-anomaly, but also the holographic
super-Weyl anomalyﬂ which are rather interesting by themselves, since they can provide another
tool for testing AdS/CFT E| As discussed before, we find that due to the anomaly operators do
not transform as tensors under super-Weyl transformation and the variation of operators gets
an anomalous contribution, see (5.22)). Hence, the Q-transformation of the operators also becomes
anomalous, since it is obtained by putting together supersymmetry and super-Weyl transformations.
Here @ refers to the preserved supercharge. This is rather remarkable, since it implies that the
‘classical’ SUSY variation cannot become a total derivative in the path integral of SUSY field
theories in curved space, unless the anomaly effects disappear. In this regard, it is shown in [39)
that the ‘new’ non-covariant finite counterterms suggested in |43} |44] should be discarded since they
were introduced in order to match with field theory without taking into account the anomaly-effect.
From the anomalous transformation of the supercurrent operator, we find that the supersymmetry
algebra in curved space is corrected by anomalous terms, see .

We finally note that the boundary conditions consistent with SUSY should be specified before
the main computation of HR. HR has a direct relationship with having a well-defined variational
problem [45], which requires the boundary condition a priori. In this work we always keep Dirichlet
boundary conditions for the metric and gravitino field. As we will see, consistency with SUSY
requires that either Dirichlet or Neumann boundary conditions should be imposed for scalars and

3In [39), it is shown that when the U(1)r gauge field is turned on SUSY is also anomalous.

*As we will see in the main text, our result of the super-Weyl anomaly is different from [40] where they obtained
it on the field theory by using Feynman diagrams. In [41], they tried to obtain the holographic super-Weyl anomaly.
In any case, we show that our result satisfies Wess-Zumino (WZ) consistency conditions. One can check that the
result of |[40] does not satisfy the consistency condition. See [42] for a review of WZ consistency condition.



their SUSY-partner spin 1/2 fields, together at the same time.

The rest of this paper is organized as follows. In section [2] we review the generic N' = 2 5D
gauged SUGRA action and SUSY variation of the fields. In section |3] we first present the radial
Hamiltonian and other first class constraints for Dirichlet boundary conditions. We then explain
a systematic way of holographic renormalization and obtain the flow equations. In section [ we
determine the divergent counterterms and possible finite counterterms. In particular, the complete
set of counterterms are shown for a toy model. By means of these counterterms, in section [5| we
obtain the holographic Ward identities and anomalies and show that the anomalies satisfy the Wess-
Zumino consistency condition. We then define constraint functions of the phase space by using Ward
identities and see that symmetry transformation of the sources and operators are simply described
in terms of the Poisson bracket and constraint functions. Finally, we provide important subsequent
results which hold on supersymmetric backgrounds and present anomaly-corrected supersymmetry
algebra. In section [6] we observe from consistency with SUSY that scalars and their SUSY-partner
fields should have the same boundary condition. In appendix [A] we describe our notations and
present some useful identities, and in appendix |B|we develop the preliminary steps to obtain radial
Hamiltonian, which contains definition of ADM decomposition, strong Fefferman-Graham (FG)
gauge and generalized Penrose-Brown-Henneaux (gPBH) transformations. In appendix we show
ADM decomposition of the radial Lagrangian part by part and in appendix |D|we prove that gPBH
transformation of the operators can be obtained from the holographic Ward identities. In appendix
[E] we derive the anomaly-corrected SUSY algebra in an alternative way.

2 N =2 gauged SUGRA action in 5D

The action of gauged SUGRA possessing a single superpotential with all gauge fields consistently
truncated (D = d + 1 = 5) is given by [19)

S =58, +5;, (2.1)
where
1
So=53 /M d™z/=g (Rlg] — Gri(¢)dup’ 0"’ — V() , (2.2)
1 _ _ _

+ (ingZIF“ (Do = GTR0xW) W, — iGry U (De! + GOk W)FMCJ)
+ (G1sC" (O4Y + Tk [91007) ¢X = Gy [T ¢+ TF @h )T
+ 2MIJ(<p)Z[<J + quartic terms}, (2.3)

and the scalar potential and the mass matrix M are expressed in terms of the superpotential as

V() =GOV W(e) — 7T WP, (24)

1
M (i) = 010,W = T15 (GO = SGryW. (2.5)

Here x? is related to the gravitational constant by x? = 87G (441)- Note that in AIAdS spaces (with
radius 1) which we are interested in the scalar potential and the superpotential are given by

V(p)=—d(d—1)+ 0O (¢*), W(p)=—(d—1)+ 0O (¢?). (2.6)



The action ([2.1)) is invariant under the supersymmetry transformationﬂ

It U (r A
b’ = 5& +he. = 2 (eg c e) : (2.72)
5 ES = %gra\yu +h.c. = % (er*w, — T,I%). (2.7b)
and
S = 5 (@'~ G o) e (282)
1
0eV, = <Vu + 2<d_1)WFu> €. (2.8b)

for any value of d.

Two comments are in order about the action . Firstly, all the fermions here including the
supersymmetry transformation parameter ¢ are Dirac fermions. In fact, in N' = 2 5 dimensional
SUGRA, the gravitino field is expressed in terms of a symplectic Majorana spinor [46], which can
also be described in terms of Dirac fermion [16]. Other fermions in the theory can also be expressed
in the same way. Secondly, we would like to be as general as possible and thus, we keep d generic
in most of the following computations.

3 Radial Hamiltonian dynamics

According to the holographic dictionary |12] the on-shell action of the supergravity theory is the
generating functional of the dual field theory. Therefore, the first step of the holographic compu-
tation is usually to consider the on-shell action on the bulk side. As is well-known, this on-shell
action always suffers from the long-distance divergence which corresponds to the UV divergence
of the dual field theory, and thus we need to renormalize the on-shell action of the supergravity
theory, which is called as holographic renormalization [13].

The Hamiltonian formulation is one of the powerful approach in holographic renormaliza-
tion [23, 30]. The Hamiltonian constraint, one of the first class constraints obtained from the
radial Hamiltonian, gives the Hamilton-Jacobi (HJ) equation by which we can obtain all the in-
finite counterterms for generic sources and curved background. The holographic renormalization
is basically done once we find all the divergent counterterms and subtract them from the on-shell
action for generic background and sources. Depending on the problem under consideration one
can add some extra finite counterterms which actually correspond to the choice of scheme in the
boundary field theory.

In this section we obtain the radial Hamiltonian, from which we extract the first class con-
straints. Afterwards, we explain a general algorithm for obtaining the full counterterms from the
HJ equation. We then present the flow equations which are needed to form a complete set of
equations of motion.

3.1 Radial Hamiltonian
The Gibbons-Hawking term [47]

12/ dz\/ =7 K, (3.1)
K= Joam

°In [19] the transformation rule of the gravitino field is given by 6.V, = (V, + 2 WTI',)e, which is obtained by
setting D = 5 explicitly in (2.8).



where K is the extrinsic curvature on the boundary M, was introduced to have a well-defined
variational problem for the Einstein-Hilbert action

1
SEH = 22/ d*ey/=g R. (3.2)
Y

As indicated in [31H33], 35|, by the same reason some additional boundary terms are needed when
the theory involves the fermionic fields. It turns out that regarding the action (2.1 we have to add
the boundary terms (for details, see appendix and |C.2))

1 P
+— A%/~ U, TV, (3.3a)
26% Jom
1 I
+53 d*z/—7 Gry¢ ¢, (3.3b)
K= Jom

where the signs in front of the terms bilinear in fermionic fields fixes which radiality of the fermion
should be used as a generalized coordinate. Note that, however, the sign depends on mass of the
fields and choice of the boundary condition [33]. Since mass of the gravitino ¥, in our case is
(d—1)/2 > 0, sign of should be positive (see also appendix and . Sign of the mass
of ¢! changes according to the model, and thus we can not choose sign of a priori.

For the time being, however, let us pick the + sign. As we will discuss the opposite case in
section @ picking minus sign corresponds to imposing Neumann boundary condition on spin-1/2
field ¢!. We emphasize that this choice of the sign will not affect our claim later about determination
of the scalar fields’ leading asymptotics. The whole action including the terms and is
then given by

1 o~ _
Stan = S + 22/ ddX\/—’y <2K + v, \I/j + gIJC]C]) . (3.4)
K= Jom
The full action Sgy can be written as Spy = [ drr L, where the radial Lagrangian L is
1 i ij ik j
L= 27 s d’z Ny —’Y{RM — Gr10" 007 = V() + (VM = v Y KK
917 (o1 — Niguo") (! — Niaye”) + 2 (T D00, + T T
—ﬁ(@ = N'Oip ) (¢ — j@)JFN +i —j T ¥ +5

1 . . _ 1 o 1 L

+ 3¢ (‘I’iFab‘I’j + ‘I’jrba‘yi> + (K + NDka> Uil + ﬁeakébk‘yir{rwa L},
1 _ . PN ,

g K | (T = N [0, T w, — [T, 1) (w, - N7wy)|
1 — ~ o~ ~ o~

+ o ¥ (206N [TV — (DRN)D Y. T ) wg

Nt /. _ . . _ .
-~ (\Ixjrrﬂkmxpk _ xpjﬁirw’f\lzk) DD,y + T D TR,
1
N
1 4 1/ . .
+ N\Ifkrrﬂ“ (D,; ¥, — N'D;¥;) + ¥ (\Ifﬁj - Nhlﬁ@) 7%,

T, D,k (v, — Nw,) — % (T, — N'T,) TT9*D; 0

+ %W [(@ — N, TV + W, (0, — N@'\Ixi)} W, T,

2 7 - ~ 1 _ 1 B
+ NQ[J (Cid + CI_Ci) + <K + NDka> Gl - ﬁguemézCIIwaCI



+ % (" = N'9" + N'90") OxG1iC ¢!~ Gy <ZlfiDiCJ - Zlﬁ%fiCJ)
1 1 e _ N
— 91 [—21? N; (C'T9TeT) - NTTDC + Nl(gfﬁi)rgcf}

B %gu []i; (97 — N99;7) [ZI (\11 _ N, + NfiF\IJZ) — (@ _ N, + N@rﬁ) gq
+ 0’ [CTTY (@, = NIW;) = (T, — NT,) DT | + Noy” (ST w; — T,0 ¢ ) ]
+ a,w[ L (W, = N'W;) + (T, = N'T) T+ N (T + T )|
— 01y [(¢7 ~ Nore?) (T T ) + Now? (TR - T
- QMIJCICJ}- (3.5)

Given the radial Lagrangian L we can derive the canonical momenta

i _ oL i i — kim il km L ik v PR
m = g = (Gea+ dleas) Y (474" = A195) K + 5797 (G2,C"¢7 + Ty 00,
1 /o _ N e~
- Jp k _ l _ _ l Jp k
o (TI07.0 (0, - N'w) — (U, - N'9,) (177, TH]w,
- sz e (i%F{fﬂ“,Fab}mk - ;guc’rabrd) + ey (WTHwy + BTH0)
(3.6a)
oL _ V= o J i J =J K =J K FKpg
"= e = AN [ 2615 (57 = N'0w”) + NorGucT’ ¢ = NoweGry (T'1¢ - T1¢?)
~iG1y (¢ (r = N+ NTTW,) — (T, - N, + NTITY) ¢7) ], (3.6b)
<_
5 . -
7T§ = L(SC = %QIJC‘JL (3.6C)
_ g —
T = ? 5 O1CL (3.6d)
<_
=1L 0 _ V- > Ty, (3.6¢)
5\Ij+i K
mh=—L="Y Triig_;. (3.6f)
OV k

One should keep in mind that TFE and Tr\I, have minus radiality, and 75 7 and s 7 have plus radiality.
From the symmetry of Kj;;, we obtain the constraint

H2

O:jabE

) . 1—  ~. 1 —I
(€qThi — €4Tai) — E‘PjT{F]k,Tab}\I’k + §QUC Tol¢!

)



1 == k= = 5 =k
— §eaeb(\1/irjk\1/k U Ty 0, — U, T30 — T, 0)), (3.7)

which, as we will see, corresponds to the local Lorentz generator of the frame bundle on the slice
» 135].
Taking inverse of the canonical momentaﬁ and implementing Legendre transformation we obtain
the radial Hamiltonian

H /dd +7T§CI+C 7TI+7T\I,‘1J+Z+\I’+17T >—L
= /d o [NH+NH + (¥, — N'T) F+ F (¥, — N'W,)], (3.8)

where

2
_ K I ab  ab 1J IJ(C )
_2\/_77[<d_1eiej eje; 7T7Tb g 7TI7TJ +3 IM)TFJ 7T]]]Z5)7TJ

1 o o
_ m (eahrz -+ eam’é) [(d - 1)(\Il+l7r\p + 7T\I/]\I/+z) + 7T‘1/ < — (d 2)%”) 1" \I}+k

+ 0 I (Fz‘p —(d- 2)%‘;9) 77%] +

1 P
d—le ( C 7rI W?C,—F\I/Jrjﬂ%—i-ﬂfy\lurj)

K 7 1
+ 261 Th (G (¢S + wf K + it | —— (CLumly + i Lic! )

~ — =~ 7 1 -~ N .
s 9) | ()38 ()]

+ ﬁ (W§$gplfiﬁ— 7r\I,F Do 7TI) — 2@&@ (Wlﬂa — mﬁr?)

+G"™MG" N 007 (0K G — 01GK ) wﬁﬁ’w%]
1

- §W (@HW% + W&J\I’—i—i) + My, (QIKW%CZ + QJKZI_W%>

7

_ iaIW [QU ( I" —i— WJFZ\II_,_l) di 1 <7Tfl,fZC£ —|—<Ifiﬂ'fp):|

Vet

2K2

+ Dy (@_H (’yjkfi — ’yikf]) \I/+j) + z‘gu&-go‘] (Zif]flq’_w — E_wflf](i)

+

. _ vy — o~
— R+ G1ydig! 00" + V() +GryC. (B—1B) ¢ + Tl (= ) wie

+ 0k Grs0;0” (Zl_fin - Zlfficg

H = — e Dymf + (0% )] + (D) + 7 (D) + i, (D0 5) + (T4 D7)

— Dj(mh v + @17%), (3.10)

2r2 1 5 i 7
F = \/—77{4(61— 1)F \Ijeﬂré SFG’Ying — gel Fﬂr 4g”7r}07rg}

. 2 ~ ,
®For instance, the inverse of the canonical momentum n% is ¥_; = jﬁﬁ[ﬂj = (d = 2)yi5]me



1 1~ 1 ~ 1 ~ 7
+ 4Fa\I/+17F + 4F \I/+j€ 7T + 7TI C_ — mwrzﬂ'%— 5 ig@lrlﬂ-g

— 56" oS + \gj (20w + W+ iGr 0 T +i(oW)CT) . (3.11)

We note that in the above computations we used the local Lorentz constraint (3.7)).
By radiality we split F into two parts

K2 1 ~ 1 < 1 S ~
= k AT
Fe=leF= 2/—y [ ac” (d_;['ijFi - 5%‘ij - 2%ij) Ty +iG ﬂfﬂg
1 ~ 1 = N i . N
— mwrﬂr% — 5gIJ@[VVTl'g + \g; (QF”Di‘I’Jrj + Zg[Ja@'(,OJFZC£) . (3.12)
and

1 /~ .
Fo=T_F=; (riqfﬂ n rjmi) et 4 ! 71'1 ol

= Dyl — 50 T + Y (WE L +iowcl ). (3.13)

The canonical momenta for N, N; and W, vanish identically, and it then follows from the
Hamilton’s equation that ‘
H=H'=F_ =F,=0. (3.14)

These first class constraints reflect respectively radial reparameterization and diffeomorphism and
supersymmetry and super-Weyl invariance along the radial cut-off 3, which can be seen by com-

paring with (B.37).
Inserting (3.6]) in (3.7), we obtain

) i 1-1 Il 1 . 1— .
0= el my — ehmai + §§_Fab7r§ fwfrabg_ 5Tl + 5 ULy, (3.15)

which reflects the local frame rotation symmetry of the theory according to (B.37). We emphasize
that on the bosonic level this local Lorentz constraint is reduced into

€4 Thi = €4Tai, (3.16)

which implies that we can define symmetric canonical momenta for the metric such as

0 LB =7V = 1eajiLB.

e 2" 5ea (3.17)
Here LP denotes bosonic part of the radial Lagrangian .

We emphasize that linearity of the constraints #* = F_ = 0 and local Lorentz constraint reflect
the fact that their corresponding symmetries are not broken by the cut-off. Meanwhile, H = 0 and
F+ = 0 constraints look much different from their corresponding symmetries, due to the quadratic
terms, implying that in fact the cut-off breaks these symmetries, though they are non-linearly
realized in the bulk [’

"However, when there is U(1)r symmetry gauge field, even F_ = 0 constraint is realized non-linearly, and thus
€+ symmetry also becomes broken [39].
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3.2 Hamilton-Jacobi equations and the holographic renormalization

The HJ equations are obtained by plugging

= <
i_ 0 J ¢ d 13 K i J ; K
Tg = 78, 7TI<P = 78 T = SE, T = (SZTS, Ty = S(S\Ifi_i_l’ 7'['@ = 5@—”8 (318)

into the first class constraints (3.14). Here S[e, ¢, (_, U] is the Hamilton’s principal functional.

The Hamilton’s principal functional S is particularly important since it can be identified as the
on-shell action evaluated on the radial slice X,. For the sake of renormalization of the on-shell
action we have only to solve these HJ equations for S up to the finite terms without relying on the
specific solution of the equations of motion. Because this asymptotic solution of the HJ equations
are obtained for the generic sources we can identify them as the counterterms for cancellation of
the divergence of the on-shell action as well as all the correlation functions.

As pointed out in [48], the constraint H? = 0 and the local Lorentz constraint which
reflects the bulk diffeomorphism invariance along the transverse direction is automatically satisfied
as long as we look for a local and covariant solution. Hence the equations which we have to solve
are the constraints H = F_ = F = 0.

Let us briefly review the algorithm of solving the HJ equation in AIAdS geometry. In general,
the Hamiltonian constraint is solved asymptotically by using the formal expansion of S with respect
to the dilatation operator dp [30] (see section 5.2 of [8] for a recent review)

6p = /ddq: D (Ag — d)d%, (3.19)
(0]

where & refers to every field in the theory and Ag denotes to the scaling dimension of the operator
dual to ®@. The solution takes form of

S= / dix/— L = /E dda\/—~ (L[O} F L+ 4 Lgloge™ + Lig + - ) (3.20)

where

5D£[n] = —nﬁ[n}, 0<n<d, 5DZ[d} = —dZ[d]. (3,21)

Since the dilatation operator dp is asymptotically identical to the radial derivative
)
_ d Z

in AIAdS, one can see that Ly, for n < d and E[d] are asymptotically divergent, which we can
identify as counterterms, namely

Set = —/ dz/=y (ﬁ[o] + Ly + -+ Lyg log 6_2T>- (3.23)
2

By construction, this is collection of all possible divergent terms and it allows us to obtain the
renormalized on-shell action by

This general argument of finding S¢; is not suitable in our case, since the operator dp requires
knowledge of scaling dimensions in the theory a priori. To avoid this disadvantage, here we employ

51— 0§ 1%
/ ’ <6léeg+2 ", 200, +>’ (3:24)

a universal operator
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rather than dp [38, 48], since we know that the scaling dimension of the operators dual to e and
U, in AIAdS are d + 1 and d + 1/2 respectively, see appendix Note that J. basically counts
the number of vielbein and gravitino. The formal expansion of the Hamilton’s principal function
Sle, ¢, (—, 4] with respect to J is thus

where 6.S(;) = (d — k)S(x). This implies that
% a 1 % 1= % 7
ﬂ-(k)aei + 57[-(]@)\1/\1/-“ + 5\1’4_7,71'(]{:)@ = (d — k‘)L(k) + 8i1)(k), (326)

for certain vik . However, the Lagrangian L) is defined up to a total derivative, and thus we can
put [3§]

Tl + %wgk)qumi + %w;k@ = (d— k)Lg. (3.27)
As we see later, this identification of L) greatly simplifies the HJ equation and makes it almost
algebraic.

By using (3.27)) we can solve the HJ equation recursively, but this procedure stops at S(ay due to
poles. The reason why higher-order terms, which are finite in » — oo limit, cannot be determined
in this recursive procedure is that they are related to the arbitrary integration constants which
form a complete integral together with the integration constants from the flow equations.

Since the scaling dimension of the other operators is less than d under the general assumption
that there is neither exactly marginal nor irrelevant deformation, all the divergent terms appear
up to S(g) so that we can identify the counterterms as

2d
Set = — ZS(k/2)7 (3.28)
k=0

if we consider the theory only up to quadratic terms in fermions. Note that the logarithmically
divergent terms are distributed in almost all of S(;s. Since our radial slice is 4 dimensional, these
terms appear with the pole 1/(d —4). Converting this pole by (dimensional regularization) |30} |38]

1 1 2r

—— — ——loge”

) 5 (3.29)

and summing up all of them, we obtain the logarithmically divergent terms L. We emphasize
that the two algorithms we described in fact give the same result for Sg.
Once the local counterterms S.; are obtained, we renormalize the on-shell action by

~

Spen = lim (Sgq + Set) = lim d'z L. (3.30)

li
r——+00 r——+o0o o,

The canonical momenta are automatically renormalized by S, namely

=%+ 5%8@, for every field @, (3.31)

and variation of the renormalized on-shell action under any symmetry transformation is given by
the chain rule

08ren = lim [ diz (%gaeg + 785" 4+ 00 78 + R80T + 60 7 + %wﬂ») . (3.32)

r—+00
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3.3 Flow equations and leading asymptotics

After Solving the HJ equations we insert into s to get the flow equations for the sources.
Whereas for the bosonic sector it works, for the fermionic sector this procedure does not since ,
(3.6d), (3.6€), (3.61) just play a role of field-redefinition and are just reminiscence of the second-
class constraints in the Lagrangian , Notice that the second-class constraints are completely
eliminated from the radial Hamiltonian H. Therefore from now on we regard that the theory is
originally defined in the Hamiltonian formalism and the radial Hamiltonian H is more fundamental
object than the radial Lagrangian L, even though both the Hamiltonian and Lagrangian formalism
basically give the same equations of motion.

The flow equations is then obtained by substituting into the Hamilton’s equations of
motion

. 0H ., GH
é = ol o, = e (3.33a)
oOH 0H
T .
= Ty = S0l (3.33D)
. ) 0 =1 4] 1 )
I ¢ ¢
=2m #=-m2 =0 =-°n .
¢ 571'% , T T . 57T§7 Uy 52}_ , (3.33¢)
) 1) - ) . 5
0., H, i =-H- 2 U, =H-" i-—__°_H 3.33d
L A 0 T el YT TSR, (3.33d)
namely
K2 1 1 , _
20— 2 ach _ oanb = e (d— 1) (W N
K 2@{ (d—1€lef 636’) - 2(d—1)° (@ = (i, + 7y )
— 1 [T — (d = 29l 0 Wy + T i TH5{Cip — (d — 2)yiply + (76 )
1 .7 =
+ 716 <—C_7TI —7TI< +\IJ+]7rf+7r‘1,\I/+]> }, (3.34)
. K:Q =L ¢ Z /\i _ ’\7; Ve
SOI = ﬁglj — TF?; + F{](L[g] <7T§(C£ + C_7T§<> - 5 <7T§F \I’Jri + \IJ+iF 716)
R A N U
—— o (Climg + mp ) .
+t =5 (CLRmty + miTict) (3.35)
. K2 1 i a 1 0T
Uy, = Nl [ —5 ((Sfe 4 ke ) iy T 7= 1ej7r]\11+i +infT¢t
1 , N =~ T =~ z
_ aj, 1 al__j T, — d—2 ; Fk\I/ . I I_¢
2(d—1) (e Mate ”a)( = >’“) ik = gl
2 = k ] 1
e (igr — (d = 2T ) DPr+ 200,05 | - ST
i ~
— ———oWI(¢l. 3.36
2(d—1) LG (3.36)
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and

. 2 - ~ = 1 .
L= Q,iﬁ 29”@775 + &g”f‘zﬂg — g 16?7T(ZZC£ + QQLJrﬂK[Q]wfgf(

- igljﬂifi\l’Jri - QiaiSDIT% + GIMGEN 9, o7 (0K G s — aMgKJ)fiﬂ']CV

+ MyGET - %afwfi\pﬂ. (3.37)

Here for simplicity we choose the gauge (B.12)), which makes the radial Hamiltonian H reduced
into H = [d%x H. We emphasize that these flow (3.34), (3.35), (3.36) and (3-37) together with
the HJ equations form a complete set of equations of motion of the theory.

4 Solution of the Hamilton-Jacobi equation

To solve the HJ equation efficiently we divide the Hamilton’s principal function into several parts
according to the structure of terms. Namely, we first split S into two sectors: SP, purely bosonic
part and S¥, quadratic in fermions. The terms in S¥ are further split into 3 parts: S¢¢ quadratic
terms in ¢’s, SYY quadratic terms in ¥_,; and S¢¥ bilinear in ¢ and ¥_;. In total,

S =8P 8% £ ST 57, (4.1)

Due to radiality and Lorentz structure of the fermionic sources, the asymptotic expansion of S&,
SS¥. S¢¢ and SYY should be

SB:SE))—FS(%)-FSEL)-F“' ’ (4.2a)
SC¥ 881’/2) + S%?%) e (4.2b)
S¢¢ — Sglﬁ) + ngf) + SEBC) e (4.2¢)
SYY ZSEY 4 SEY 4 (4.2d)

How to solve the HJ equation for the bosonic sector has been discussed in many literatures
regarding some special models [30, 38, 49|, though it is difficult to solve the HJ equation for the
general modelﬂ The key feature is that after finding solution of the HJ equation to leading order,
we only need to solve (almost algebraic) first-order differential equation from the next order, thanks
to the relation . Nevertheless, these first-order differential equations are not easy to solve at
the first attempt.

Here we have another set of first-order differential equations, namely F_ = F; = 0. These are
relatively simpler than the Hamiltonian constraint H = 0, so one can try to solve these constraints
first. Not surprisingly, it works well, in particular for the fermionic sector, and the solution is
totally consistent with the other constraints, as we see soon.

80ne can use the flow equations ([3.36) and (3.37) to determine the asymptotic behavior of ¥, ; and ¢~ in appendix
B.3|instead of using the Euler-Lagrange equations of motion (B.18) and (B.19)).
"One might try to solve the HJ equation for the general scalar-gravity model by using the argument in [38].

14



4.1 Bosonic sector

Let us first consider the bosonic sector. The corresponding Hamiltonian constraint H = 0 is

K2 4 Lo dSB 6SB e 5SB 5SB
N q — 1 VTR ik 571 07 o1 67
+ 2;27 (—R[V] + QUOZ«plaigoJ + V(go)) =0. (4.3)

One can readily see that the HJ equation for S is
2

K 1 0S(9y 0So S0 5So -
2 [4 <d Vii Vel — ’Yik’le) (' ') 20 1y (I) (J)} n \/?V
H —1 6’}/2] (5’ykl 5@ 6@ %%

The leading term of S, S(gy should not contain any derivatives and must be purely bosonic so
that its ansatz becomes

(@)=0. (44

1
Se) = _M/dde_V Ulp)- (4.5)
Substituting this ansatz into the constraint F_ = 0, we obtain
1/ ~ iS00 VY a
1 (Fill’-f-j + Pj\I/-i-z‘) e ]Te? + 9,2 Wrv,; =0, (4.6)

and find the unique solution for U(y) given by U = W(p), or

1
S(O) = —Hg/ddltv - W. (47)

As promised, we obtain (4.7]) regardless of the sign of . It follows that leading asymptotics
of the scalar field (! is also determined whatever the sign of was chosen, as we see in .
From we can now determine the leading asymptotics of the fields by using the above flow
equations, namely

e2(r, @) ~ € ety (@), (4.80)
Wi, 2) ~ €20 g4 (0), (4.8b)
G~ GaW, or ol ~e Tl (4.8¢)
¢ —%gi + (G ,0W)CT, or (L~ e (4.8d)

where ! stands for radial weight of ¢! when the scalars are properly diagonalized.
Now let us go to the next level of the bosonic sector. The HJ equation for Sg) is then

1) /= .
S(B?) + g”al)/\;ig(BQ) + ! (—R[] + gIJaz'SDIaZ(PJ) =0. (4.9)

2 5
—a—iV 57 212

d—1""b;

The most general ansatz for Sg) is as follows:

1 = i
SG) = = /dd»’vﬁ (E(@)R+ ALs(¢)0i0'0'07) . (4.10)
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Then,

g vV—yd-2 _ i v -
Yij 57”8(32) =Y (ER+ Ar0:9"0'p”) — - (d —1)0E, (4.11)
ij
0 v = i i
507 ST ,.@27 (ROSE + 85 A1k 010 '™ — 2D; (A0 ™)), (4.12)
where we used the relation - o -
’)/UéRij = DZDJ(S")/Z‘]‘ - ’)/Z]D ((5%‘]‘) . (4.13)
One can notice from (4.11)) that
/=~ (_ ; 2(d—1) __
LG = /@27 (:R + A0l 007 — (d — )D:> . (4.14)

Therefore, (4.9) becomes

d—2 1 ; d—2
O - R (_d—]_WE[H + gIJajwaJE - 2) + 8’%0187,80J< - HWA[J + 2W8[8JE

1
+ R LI WK ALy = 2650k WO ALy + 3015) + 200" (WOrE = G0, WALK),  (4.15)

and we obtain the equations for Z and Ay

d—2_ 1

0= d_1:+vfalz—w, (4.16a)
0= — Z: iAIJ + VRO A + 0V Ay + 0,VE Ak + ﬁgu, (4.16b)
0=0/E - V7Ayy, (4.16¢)
where L1,
V= WQ OgW. (4.17)
Note that Ay should satisfy the condition
Or(VEA ) = 0;(VEArk). (4.18)

We emphasize that we do not discuss existence of the solution for A;; and = here. Nevertheless,

the equations (4.16)) are useful for determination of Sff), SEI;‘)I’ and Sf;Q).

S(BQH) (n > 2) is obtained by the following recursive equation
2 ij_B I_B
0= = 737" mGny; + WV )

9 n—1
K 1 ij B(2m) _B(2n—2m)
A =YgV — Vi Vit | T gy T — gl (419
+ 9 /_,7 mzﬂ |: <d _ 1’%J’W€l 71]9’le) 71—B(Zm)TrB(Zn—Zm) g Tr T ( )

In particular, when d = 4 the inhomogeneous terms on the RHS become

K 1 ij V== d
2= <d_1%‘ﬂm - m%’l) Tyt = Y B <2 - 1)R2 _ 2RMR“> : (4.20)
where )
=_ 2
== 5gog O (4.21)

is the solution of (4.16a)), while other inhomogeneous terms are asymptotically suppressed.
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4.2 Fermionic sector

After substituting the leading order solution (4.7]) into the Hamiltonian constraint (3.9), we get the
following first-order differential equation for S =S — §(q)

_ 1 a1 I 1 T i . 1 J J
O—W< d_lezﬂ'a—’—v ) Q(d_l)W(\I’+Z7T\I,+7T\I,‘IJ+1>+W<2(d_1)51 +(91V>x

2
I K 1 - hy
X (C_7T5+7T§C£) + { <d— 16?62 e?ef) T 7Tb gl f j§+g”< gM)Wg—W§]]25)7T§>

=
— 27 [(@-&-WT\I/]‘ + my; Uii) + ﬁﬂﬁ, <1A“pi —(d— 2)’ypi> LAV
+ ﬁﬁﬂcfkj (fz‘p —(d- 2)%-,;) Y~ ia)l/z,/vm (lemli - w@ﬁd) }
- %%’j%ij (‘CI—WI - W[CI + U 4 TR, — zangl fk 8 W s £>

gIL R .~ 1 I PSS
i [nggLM(anMK — OmGik) — Wik <W)] Ty (Ci(wé + W%Q{() +iny {ﬁ (Cil“mq, + ﬁq,Fid)

~ . 1 ~ ~ — 1 ~ ~ :
(it 04)) (G0 s B (00 )

i S . -
to 1 (W%@S@Iriﬂ'&, - W@Fﬁgplw% — 2i9;p! <7T§7r31, - W&lﬂg)

+ GMGEN 9,07 (0K Gry — 901Gk ) W]C\/[fi?ﬁcv}
Vi
2K2

T kT kT ; J (7 it T . T
+ Dy (\IJH (VJ Ty F3> \1/+j) "+ iGryOsp (g,rﬂr U, — T, rfg;)

+ 0k Gr0ip” (El_fin - Zlffid) —2iV7 (Zl_ﬁjDi‘Ifﬂ +§+jﬁifijci>

_|_

, _ “ o
— R[y] + Gr0ip' 0l + GriC- (11?5) — M)) ¢l + W,k (Dj - ﬁj) U,

+ ViGyxdip” (Zl_fzd( — lefid> ] ; (4.22)
where ~ -
4 S S
= Tr=_— 4.

From this one could write the recursive equation for every S,). It, however, looks too complicated,

- , € LV
and thus we first write down equations for S(l) 8(3 /2) and SEI;‘)I’, namely

<_
)
WL§<)+W{V131+ 2(d1—1) (Cl_(sgf 5<’C ) +0,v7 <<_C+ 5<JC ) }SCC

+ ﬁ [Q{J (ZIJDCZ - Ziﬁd) + (ViGsk + 0K Gry) Oip” (Eifiﬁ( - Zi(ficg ] (4.24a)

& ~

1 I 6 LS <
D <<‘ A )*WK (C—C+ 5CK<L>]S&>

- _ 2 v
0= — WLy,

)-l-W
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+ X1 [ -2V (Zl_fljmi‘l}—i—j + @ﬂ'ﬁifijd) +Gry (Zl_fjﬁﬁp‘]‘l’ﬂ' - Eﬂ'@s@‘]fjd) },

2K?2
(4.24b)
0= 1= WLW+9”8W O guv
T d- 1 57" @)
Vg T T kT ki
2 [‘I’Jrif Dy~ D)Wk + Dy (‘I’+z‘(7]k1“ — kFJ)‘I’ﬂ‘) } , (4.24c)
where we used (3.27)).

While (4.24a)) and (4.24b) are not so easy to treat at first sight, the solution of (4.24c) is obvious,
namely

Ly =— K_2 = [Eﬁfijk(ﬂ)j - ﬁj)‘l’ﬂe + Dy, <E+i(’7jkfi - ’Yikfj)‘yﬂ‘)} ; (4.25)

once we take into account (4.16a)). Instead of solving (4.24a)) and (4.24b)) directly, we now try F,
constraint (3.13]), which greatly reduces the amount of efforts. They are respectively at the "level’

1 and 3/2

5 5 =7 N
ig" oW —78{}) + — Wi ng)— N LiGo it (4.262)
5<7 d g 2K
0 VA IJ J 94 %
— lwr 5 Se +i afwéci S0 = V,# T9D, 0 ;. (4.26b)

The solution (4.25)) allows us to solve (4.26b|) immediately and we obtain

5 W= el .
7 Sk = 2\/; <—281:C_F D + ApyC TPy \lzﬂ-) . (4.27)
One can readily see that
7 / = i Ty
Sta/a) = ) /ddwﬁ[%: (‘I/ﬂ-ﬁjr il ¢ T J]]])Z-\IJH) i

+ Ay (006 0~ T T ) | (4.28)
In the same way, we find from (4.26a)) that
1 — — _
Sff) =2 /ddiE\ﬁ’Y (AIJCI_(M) — D) + (0sA - 3IAJK)C£$SOKC£> : (4.29)

Moreover, we can confirm that the solutions (4.29) and (4.28]) satisfy the Hamiltonian constraints
(4.24a)) and (4.24b)) respectively. That is not the whole story, and one has to convince himself that
F_ =0 constraint also holds for these solutions. From (3.13)), we obtain

o w i 0 5 v 5 0 B
0 =D, ‘5 —— S0 + fa- 1pi 0 St fg (4.30b)
T, k1) Ty i 6( (2k—1) —5 i (2k:) .

where k is an arbitrary positive integer. It is not so difficult to check the solutions we obtained
satisfy the constraints (4.30b)) and (4.30a)) for & = 1, implying that the combination

B Ny ¢¢
S( 2) + S( 2) + S( 1) + 8(3/2) (4.31)
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is (€4) supersymmetric.

We have seen how to obtain the Hamilton’s principal function in the fermionic sector from its
bosonic supersymmetric partner, but at the lower 'level’. It was relatively easy because we could
give the most general ansatz for Sg) which has a small number of terms. To go further we should

first find out SZ

for S(Zn) (n > 2), however, has lots of terms and is complicated, hence finding its SUSY partner
must be a boring subject.

Although we stop finding the general solution of the HJ equations in the fermionic sector here, we
remark that the solution we have found is almost sufficient for providing the divergent counterterms
in the low dimensions, say, d = 4. This is because in the generic case that there are no scalar fields
dual to marginal operators SE 3) and S€7 /2) are asymptotically suppressed in 4 dimensions. As a

(1)’ S(ﬁ) -+ and obtain their SUSY partners by using the above trick. The ansatz

result, what is remained in the case of d = 4 is only to find out Sa‘)p that are the logarithmically
divergent terms, which are directly related to the holographic Weyl anomaly [13].
We should emphasize that from the general analysis here the divergent counterterms (except
for S(O)) always satisfy the constraint /_ = 0 and thus so is the renormalized on-shell action :S’\ren.
We finish this subsection by presenting the recursive relation obtainted from , namely

2 L%J_l

RNy ol ¢ K ' 1 ¢
0=~ d— 1WF27T\I’(H 1/2) -9 a]WWJ(nfl) + V= Z [ g m) T J(n—2m—1)
m=1
” 1

where (integer or half-integer) n > 4. This will be useful for determination of the super-Weyl
anomaly in section [5.1.2

4.3 Logarithmically divergent terms in 4D

As mentioned in subsection every S(;) in the asymptotic expansion (3 with respect to the
operator J. contains the poles related to the logarithmically divergent terms Let us denote such
terms by S( k)- Whereas S( 1) and S‘(I:l) are purely gravitational (meaning that they are related only

to the metric and the gravitino field) and universal, S(f) Sg/@’ S? %) and ’SVEI")I’ are model-dependent.
We first discuss the former and then study the latter for a simple model.

Sﬁ) is easily obtained from and - namely

8(4) = /ddx\/—’y Zﬁ) log e~ 2"

—; d — L 2 _ =15 —2r
_4m2(d—2)2/d zy/ V<4(d—1)R Ri;R >Ioge , (4.33)

which is already well-known. Meanwhile, ga‘)l’ is determined by the inhomogeneous terms of the
Hamiltonian constraint (4.22]) at the ’level’ 4, namelyﬂ

ga‘;’ = /ddx\/—'y EEIZ)I’ loge 2"

2
_ d.. K 1 ~ij _ak_IU =k () @)pEp
= /d 4\/—{ < %]’Ykl ’7@k7jl> (j)e Ta(2) — 7"'(2)(\1’—f—kr sl + g TP iVik)

"When the boundary metric is flat, (#.34) matches with the result in [18].
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1

~ij (FkH 2)1 2)k fasy 2)7 2k PN 2)7
’}/ijﬂ'é) <\Il+Fk17r22)§ + 7T( ) Flk\I’k> 72(d — 1) (71'\(11) karjﬂ(a)] — 71'\(1,) Pkmrjﬂ'(@)])

1
d—1

1 i i _op
+ §(WEI,2) M)w% —7r51,2) ]E)ﬂ\(;i))}loge 2

1 o _ .y
= Sd—222 / ddW—v{(d — 3R DDV, — Ty DT,
d S e o _ PN
+ = RD; [\IJH(WFk - yﬂkr’)\l@k} — (d - )RV, DD, 0, — Ty, D TR D)
d—2)% k= ; — =i Sy
+ (d — 1) R[\I/irmk\lf+j )L U, DA, + wi@mk]

2Ry [W [ ( 7T — T — DT — P T, — TP+ 0 DT,

— D[ TR — U DR, W (7 FPT R ITP Ik s fk)\Ij-I—p]}

2(d —2 PO _ PR,
((Jz_l)“hzﬁﬁ”mf’“wﬂ ~ DT BN DT )
& SN — SR
- 2(\P+Pﬁqrpqlmrijkmj\p+k - \I/+pﬁqf‘pqlm>1“ﬂk]1)j\1/+k)} log e 2, (434)

Although nontrivial, one can show that S( 1) SEIZ‘)I’ satisfies the constraints H = F_ = F, =0 (i.e.

conformal, supersymmetry and super-Weyl invariance), namely

51— & 9
_ a T | QUv
0= (el jer t 2\11“5\1:“ o \I}H\I@Z) S&Y, (4.35a)
i3 g QB 4 QY
~ 0
0=Ti=38% (4.35¢)
OV,

4.4 Generic finite counterterms in 4D and summary

Up to now we obtained generic part of the divergent counterterms. Sgt can involve additional
finite terms which satisfy the first class constraints (3.14)), thoughm The possible bosonic finite
counterterms are Euler density and Weyl invariant in 4D, namely,

1

L/ iju ij 2
E(4)=a<RJ Rz’jkl_4R]Rij+R>’ Iy =— 64

(RWRUM—QR Rij + R2> (4.36)

Integral of the Euler density E(4) by itself satisfies all the first class constraints, since it is topological
quantity, any local variation of which vanishes. Therefore, we find that the possible supersymmetric
finite counterterms are linear combination of

o e d L o
X1 =64l + (d = 3)R(V4,T7"D; W — ‘P+iﬁjFZ]k‘I’+k) + o1 RD; [‘I’Jﬂ‘(’Y”Fk - VJkFZ)‘I’+k]

—(d— AR LDTIFD, 0y — Ty D TR, y)

" Otherwise, these finite terms would generate trivial cocycle terms, which do not have any physical implication.
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d—2)% —ko; — — ~ —k
+ (d_l)R[\IIlj-F]]D)k\I}—I-j — \I/:_M)\I/_H — ‘I/+iﬁk1—‘z\1/+k + \I/Ij_M)\I/+k

+ 2R [@H[(Wf’“ — TP — DUy PTF — APT 0, — U T, wk Eﬁﬁjﬁjﬁxpﬂ

— D[T, TR, — T TR0, — Ty (1P — 7y TP 4 Pyl Th — yplyis f’“)‘hp]]

2(d —2)% _ ~ e~ _ PR
B (d_)(qj-i-iﬁjrmml—‘klmkqj+l - \I/_A'_iﬁjrl‘] kale\P+l)
_ A~ e~ _ ~
(T, D TPPT D, g, — Ty, D TP PTID, W), (4.37)
and 1
Xg=FEu, Xp=P= ae”’flRij,,qzwz,dpq, (4.38)

where P is the Pontryagin density. Notice that integral of P is the topological quantity and thus it
can be a finite counterterm as in the case of the Euler density, as long as there is no other symmetry
which prevents its appearance.

In summary, collecting all of these finite counterterms and the previous divergent ones we obtain

Set = = (S0) + Sy +8z) — (’ga) + ’ggg) T
1 _ i =1 oy
= /dd:c\/—fy{W — 2R — A1;0;0'0 07 — ApsC_ (B — M))Cf
-1 R Nig = "ij
— (DA — O A )T DT — 20, 2T DT - T TID,w )
— iAIJ(ZI_fi&PJ‘I’H - E-H‘@(,leifi) + Eﬁ—s—ifijk(ﬂ)j - ﬁJ’)‘I/Jrk
UL (0'ETY — ajafi)\pﬂ}

(4.39)

S ~ 1
_Sﬁ) _SEIZ)P_'_HQ/ddxﬁ(aIXI+aEXE+aPXP)_|_... 7

where gﬁ and AS‘Z‘;’ are given in (4.33)) and (4.34) and o, ag and ap are arbitrary constants. Here
the ellipsis stand for the model-dependent terms, which we discuss in section for a simple toy
model.

4.5 Application to a toy model

For completeness, we present an application of our general procedure to a simple toy model.
In the toy model there is only one scalar field, which corresponds to the operator with the
scaling dimension A = d — 1 with d = 4. It then implies that

1
W=—(d-1)— 5@2 + k3 + kap® + O(¢%), (4.40)
where k3 and k4 are arbitrary constants, and therefore the solution of (4.16al), (4.16b|) and (4.16¢)
becomes 1 ] ] ] 1
= 2
== _ . e Ar = — 4.41
2d—2) d—4 ad—n¥ T A=ty gt (441)

The divergent counterterms that we need other than those in (4.39) are only the logarithmically
divergent terms. Following the argument in section again we can see them from the poles (when
d=4) in Z and Aj; and are responsible for additional logarithmically divergent terms.
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We thus obtain

~ 1 .

B _ - d. /_~ 2 00" | loge 2" 4.42
S(2) 4/12 /d x ’y (2(d_1)¢ R+a7»906 @) Oge ) ( a‘)
~ 1 _ _ap
Sff) =12 /ddx\/—v (C_BC_ +h.c.)loge 2, (4.42b)
~ i o~ 2 o o
ng% =1 / ddx/— <gr@$¢\1}+i — mapg,wmimﬂ- —i—h.c.) loge 2", (4.42¢)

< 1 1 | N L B
SG) = ~1z / dx/— 1 <2<p2\1/+,-rw’f®j\p+k + WU ;0 el + h.c.) loge 2. (4.42d)
One can easily check that gg) +§§1<) +§f;2) +§EI’2')1’ again satisfies the constraints H = F_ = F = 0.
Besides X and Xg, the possible finite counterterms (conformal and € supersymmetric) are

Xo = ©’R + 0,000 + C_B(_ + il _T'PpW

2(d— 1)

21 = o~ 1 — ik 1 AL
— P TYDi Ty — mgo?mir” DW= —— W0 el Wy + he.,  (4.43)

and the finite term k40* in W should be in the counterterms without any ambiguity, due to the

JF_ constraint.
In total, the divergent counterterms for the toy model are

S%” = — (i) + Sy +S@s2) +S@) — /ddwv—v Liyloge ™, (4.44)
where the logarithmically divergent counterterms are
d ~ —2r _ Q¢¢ | QC¥ SB |, Q¥¥ |, gB |, QUU
/d o/ =7 Ly log e = Sy +8(39) + S + Sy + Sy + 53y (4.45)

Adding possible finite ones, the whole counterterms are

L [ a L 5 3 1 1
o =3 V= —d-1) -5 — st
Set HQ/dx 7[ (@=1) = 56" + ko’ + b = 50— R
1 — .. -
+ m@+ir‘z]k(mj - Bj)qj+k:| - /ddl‘\/ - £[4} log 6_2r (446)

1
+ P / dle/=y (ar X1 + apXg + apXp + a9 Xo),

where ap, ay, ap and g are arbitrary constants and determine the renormalization scheme.

5 Holographic dictionary and Ward identities

Now that all the counterterms are determined, we can relate by the holographic dictionary [12] the
renormalized canonical momenta to the renormalized local operators of the boundary field theory,
namely

. _ 1 68y 1
Ti = — lim e+ —— <7r; + ) = II, 5.1a
e\ e ) T e (5.1a)

2
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1 0S¢ 1
07 = lim eldtnr_—_ <7T}O + 5 t> = ——II7, (5.1b)

r—00 — ot (o)l
(’)? = lim e(dﬂ‘“r%)rL ﬂ? + 6&? = LH?, (5.1c)
=09 — 6¢ (o)l
, 1 , 65, 1 -
St = lim e@+2)r —_ (7T1+ ot > = I, 5.1d
r—00 V= U 6y, lewo) ¥ (5.1d)

where 7, is the energy-momentum tensor[*| S* is the supercurrent{’|and e g = det(e‘(lo)i). We note
that since these local renormalized operators are obtained in the presence of arbitrary sources we
can obtain higher-point functions simply by taking functional derivative of them with respect to
the sources.

5.1 Ward identities and anomalies

One can find from the computation of section {4f and that S¢; satisfies the first class constraints
H? = F_ =0 and local Lorentz constraint , and thus so does the renormalized on-shell action
§ren. This is also related to that these constraints are linear functional derivative equations.
Since ‘H and F are not linear constraints, one should expect that the counterterms do not satisfy
the constraints H = 0 and F4 = 0 in general and thus generate the non-trivial cocycle terms, which
appear in the constraints for the renormalized on-shell action. Also, the poles appearing in solving
the constraints contribute to the corresponding anomaly. In total, after removing all divergent

counterterms, the first class constraints (3.12)), (3.13)), (3.9)), (3.10) and (3.15)) are reduced into

0= = ST"W0)iTa + 5l OF = 261y OF ~ BiS" (5.20)
Agw = — GO W05 + T, (5.2b)
Aw = el Ta — G OWOT — (T (o) +hc) +

+ (;5{ - aIaJw) (Clo-05 +hec.), (5.2¢)

0 = € D;Td + 0'pl OF + (Cloy- D'Of +he.) + (T, D7 + )

~ D (TS +hc.) (5.2d)
0 =e)aiTy — €opiTa + % <Zgo)ffab0§ + U (o)+ilapS’ + h-C-) ; (5.2¢)

where Ag, and Aw are super-Weyl and Weyl anomaly densities respectively. In we keep only
up to the quadratic order and zero order in ¢! in the Taylor expansion of W and Gy respectively.

We call s as Ward identities which relate the local sources and their dual operators of the
field theory. These Ward identities that play a key role in the following discussions reflect the
remained local symmetries of the bulk SUGRA after fixing the strong FG gauge , on which
we did HR for the bulk theory in section ] The remained local symmetry transformations of
SUGRA are called as generalized Penrose-Brown-Henneaux (gPBH) transformations, whose action
on the sources are carefully treated in appendix The resulting expressions are (B.37]). Before

12Definition of the energy-momentum tensor is modified when the vielbein is used instead of the metric, see e.g.
(2.198) in [50]. _
13Spinor index of the supercurrent S° is implicit.
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discussing about the gPBH action on the renormalized canonical momenta, let us first find the
anomalies explicitly in the case of d = 4.

5.1.1 Weyl anomaly

Although there are many ways to find the Weyl anomaly, a direct way is to read it from the HJ
equation. One can see that in substituted by L4}, the first linear terms are indeed RHS of
the trace Ward identity and rest of the terms give us part of the trace anomaly. The terms
with pole 1/(d — 4) which appeared in the HJ equations for Sy, ---, S4) are also inherited into
for Sy). These non-homogeneous terms are already identified to the logarithmically divergent
terms and thus we only need to multiply them by 2 to obtain the trace anomaly [8]. For graviton
and gravitino parts, the trace anomaly density is therﬂ

(@) _ 1 d 2 _op. pij
Awle T = g { a1yt Al

+(d = 3)R(T DD,y — Ty DT w )

d SN e
+ -2 _RD, [qjﬂ-(ywrk - yﬂ’frl)mk]

d—1
—(d — R TTI*D, 0y, — T, D, DT )
d—2)? —k =~ — — ~ LT
T (d_l)R[\IIiFJDk\IJ—i—j S/ T ) L L \p’jmhk}

1 2Ry [@_H[(,yipfk _ ,Yikfp)]D)l . ﬁl(,yipfk _ ’kafi)]q/.;.p
— T DDk 4 T D T, — Dy [T, TR, - T TR
R G Ml LD ) MR LRI A L A]
2(d—2)% — < i B
- (d_l)(‘I’JriﬁjF”M)Flek‘PH - \II—&-iﬁjF” BT Dy ,)
_ ~ _ ~
— (T, D, IPpT D, v, — \If+pﬁqrpqu]a>riﬂk®j\1/+k)}. (5.3)

The holographic computation of the supersymmetric Weyl anomaly in 4D is quite remarkable;
even though its bosonic part has already been known for a long time, it seems really tough to obtain
its SUSY partner terms by means of giving an ansatz and finding out the coefficients, whereas the
holography enables us to compute them directly.

We comment that although the bosonic sector of A\% is the sum of the a anomaly density E(y)
and ¢ anomaly one I(4), the fermionic sector is in fact SUSY partner of ¢ anomaly density up to a
total derivative. This is because integral of E(4) is supersymmetric by itself, as mentioned before.

For the toy model of section [£.5] we have additional contribution to the Weyl anomaly density,
which is

A(model) [(I)] _ i
W 2

K2

L 0o+ C T 2 s By,
<2(d—1)(‘0 R+ 0ipd"p 4+ C_PC_ +i¢_T'Pp¥ Tl T

4The SUSY completion of the Weyl anomaly in the 4 dimensional supersymmetric theory was obtained in (51} [52]
by using the superspace formalism. To get the fermionic sector explicitly, however, one has yet to expand it further
around the bosonic coordinates.
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1

o 1

2 ijk %
— U YDV — —— W 0"V, + D |. 5.4
2<d_1)90 +1 i ¥ 4k d—lgD +i0 @ +j+ C) ( )

The total Weyl anomaly density is thus given byE|

Aw (@] = AR @] + At o)

ICe) N S S TSR oy
- eC T, — $¢2@+iﬁjk]@"1’+k S o007, + hee. |.
d—17"" T2(d—1) I d—1 /

(5.5)

5.1.2 Super-Weyl anomaly

Here we compute the super-Weyl anomaly for the toy model. As pointed out in section (4.26D))
hold up to the finite order. For the toy model, it means that the RHS of (4.26b]) is not canceled
out and an additional finite term

Ve B~
r'm;w.; .
T 2o i (5.6)
comes out from the LHS of (4.26bf). As in the case of Weyl anomaly, we thus get from (4.32)
— 1 - .
-~1J ¢ P
— Zg 8JW7T(7/2)[ - mwrlﬂ'@l)a
2 2
_ Rk I & = i NV o V7T ¥ Siimaa
= TS5 <d— kL WF’“) Teyw ~ g O+ oyl DY
V= 1 d =w kTSl Ik P 270
= '™ —2R;"T" 4+ 2R;'T*™ | D W,y — —0; 01" + ——— TV U, ;| ,
2 |aa—2e a1t BT+ 2R V= 506+ 5y ¥ +i
(5.7)

or

1 1 d - o~ -
Asw[®] = [ ( y RTM — 2R T 4 2&@’“) DU, —

K2 |4(d—2)2 \d—1
_ (5.8)
B A E—— L) I
2" 2(d — 1) I
Notice that terms in the first bracket
1 1 d = i =
A e, v ] = TP e <d —~ 1Rrkl —2R;FT 4 QRZ-ZF”‘:) DV, (5.9)

are universal, in the sense that they do not depend on the model. Notice that is different from
the result obtained by using Feynman diagram [40] (see also [41]). The reason seems to be that
here we computed the sum of a- and c-like ones while the super-trace anomaly in [40] is a different
linear combination of them. In any case, the result of [40] does not satisfy the WZ consistency
condition, as commented in footnote [

151t seems like that the bosonic sector of the conformal anomaly density A here is different from the one given in [§]
(see between (5.61) and (5.62) there), because of the ¢* term in £(4). One can, however, easily check that it actually
vanishes, taking into account (2.4). This is because in our model the superpotential W is local by construction.
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5.1.3 Wess-Zumino consistency condition

From the relation (4.35a)) and corresponding equation for the toy model we find that the Weyl
anomaly (5.3) and (5.5)) satisfy Wess-Zumino (WZ) consistency condition, which can be seen as
follows. Defining the Weyl transformation operator 4, by

b
by = / dz ) 6, , (5.10)
aMm Z (0) 5(1)(0)

where @) refers to the source for every field ®, the WZ consistency condition becomes that
(0615005 Sren, = 0. This is equivalent to &y, [ d%z Awos is symmetric in o7 and o9, which can be

seen from (4.35a)) since

0 i
2501@(0) 5@(0) /ddy Awog = 010" (T0;09), (5.11)

for a certain scalar function T. We note that the SUSY and super-Weyl invariance of Weyl anomaly
followed by (4.35b|) and (4.35c]) can be thought as the WZ consistency checks.

In order to see the super-Weyl anomaly (5.8 satlsﬁes WZ consistency condition, first we need
to find the algebra of relevant symmetries. From , one can readily see thaﬂ

[56+76E’_]6? = (50' + 5/\)6?a [564,_76 ]‘10 - (5 + 5>\) ) (512)

with the parameters o = %E’_ €r, A= %E’_ I'*¢_ . Notice that in our stage it is impossible to see
the above commutator for the fermionic sources, since our consideration is limited to quadratic
order in fermions. However, (5.12)) provides us the WZ consistency condition for the super-Weyl

anomaly, namely
<56+ / ddx]e(o)]e/_Asw[(I)(o)]> — / dzleo)|o AL [® o],
(5.13)

since d)Syen = 0. Here Ag/g) refers to the bosonic sector of the Weyl anomaly. In the following we

show ((5.13)) in detail, namely

_ ([56+ 0 ]Sm)

bosonic bosonic

ey dz e Ay =

1
A(d —2)?
—fachF Dipey + =

1 d - N N
=~ dda\/—7e_ [ ( . RF“ —2R;FT 4 2Rill“““> Dy Dye

21
'"n,D;
2(d 7 64
d
32d 22 d—

1
=3 da/—~ €.

Pkl — 2Rikfil + 2Rilfik> Rmnklfmn

_1 81 +7
199 T 6d-1)”

1 1 2d N1 1
_ dd — =/ _ 2 » 1] S VO 2
52/ * 76[32(d—2)?< g1t T 8hyh > 10900~ gy Bl

1Here the subscript o is omitted again, which was used to denote the leading asymptotics of the variation param-
eters in appendix

2FZJFklRUkl:| €y
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= —/dda; = o A, (5.14)

where we have again o = %?’_ €+. In the above computation, we omitted the subscript () for
simplicity. In the same spirit, one can find another W7 consistency condition for the super-Weyl
anomaly from

[567’66',]6? = [567 ’ 66',]()0[ =0. (515)

We therefore have
=0, (5.16)

bosonic

([56_ ' ]sm)

which can be shown in the same way.

5.2 SUSY transformation of operators

Now that the Ward identities are completely given, we can use to derive gPBH transformation
of the renormalized canonical momenta, without using FG expansion of the induced fields and
themselves [45, 53| [54]. In order to describe the gPBH transformation of the induced fields and
their renormalized canonical momenta in an integrated way, we introduce concept of the generalized
Poisson bracket, which is defined by (see e.g. (6.30) in [53])

0A 6B 0B J0A
d _
{A[‘I)(O)a ] (P(O } / d'x < (0) STI® 5@(0) 5H<I>>

/ g 0A OB 0B (A 0A OB 0B (A
oM 0

a i a 7 + o
€0y olITY, (56(0)2. oIy, 5@{0) o117 54,0([0) SI1%
PER I AP S SR B AP N
OW (0)44 61T} OV (0)44 61Ty, 5C(IO)_ STIS 5C(IO)_ STIS
— — — —
B 7 A—A(Si?B—kB AR ? B), (5.17)
0L 0W (0) 14 0L 0W (0) 14 5H< 5( STIS 8¢ (0)—

where A[® (), II?] and B[® g, [I*] are arbitrary functions on the phase space (®g),I1%). The Ward
identities ([5.2)) then allow us to define a constraint function on the phase space

1

ClE 0,ex, )] = /8/\/1 {fz( )DL = (817 — (E(O)—ﬁi)lﬁ — 5 (D))
18, (D0 (gy ) — (Voyg DY) T + Dy (I, Wiy + T, 11 )
n U[ e, ITs — G179 VIS — %(W(O)HH% +h.c.)
+ (55{ — 9;0'W) (Clo)_T1 + huc.) — leqo) | Aw [%)ﬂ

- %4(10)711? T %@@fO)H§ + Din%)

+ (%HQW(O)HF“ + %Hff{o)_ + %H%dm + Hgﬁi)@r

_ 1 ;
+ €+< - ira‘y(o)ﬂ‘ﬂ;

e (z‘Q”&WTlﬁ — THITL + |e() ’Asw[‘bm)])
+ (T = ig" oIS + Jeqo) [ Ao @) ) e
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a i Ll (T i
— )\ eo)failly + Z(C(O)—Fabﬂg + Vo) 4ilanll + h.c.)} }, (5.18)

which generates the gPBH transformation (B.4]) through the Poisson bracke@
(5075:‘:7)\@(0) = {C[O’, Ei,A],q)(O)}, (50’5:‘:,)\H¢’ = {C[O’, Ei,)\},HqD}, (5.19&)
55V D) = {CIE), D)}, AFVTT = {Cle], 1P} (5.19D)

Here 5§CgCt) refers to the covariant general coordinate transformation (see e.g. section 11.3 of [46]),
under which variation of the fields is given by

cget e a cget a o
5§ get) eloy = D&%, 5§ g )90{0) =¢ 8a(,0{0) =¢ ai%"{o)v (5.20a)
5§C VW gy 45 = ED; U )i + (Di) W), 5§Cg6t)C{o)_ = " Dally)_ = EDigy)_, (5.20b)

where £ = ¢e ‘(10) Meanwhile, d¢ given in (B.4) is the general coordinate transformation and it is
related to 5§Cg6t) by

5.5 = 6 — 8,

The reason why diffeomorphism and local Lorentz transformation appear in a mixed way is that the
constraint function and Poisson bracket can only give the covariant quantity but é¢ in (B.37)) is not
covariant by itself. Moreover, SUSY transformation demands the sources to be covariant and thus
we are forced to see covariant general coordinate transformation rather than general coordinate
transformation.

The useful variations of renormalized canonical momenta extracted from are

(5.21)

ab:wjabgj '

1.
(56+H;LI} 5\11(5) C[€+] = §H2Fa€+ (522&)
0
ST g Cle_] d /ddx]e | Asw[®(0)]€
e_ g = - = = 0 SW 0)]€—
AT OW (0)+4 © ©
le)| 1 2 ik kTyij itk
=-—32 gDk ([3R<O>F<0> ~ Ro)* T + Ry T 6—) -
’6 ol 1a;
é? LD (e, (5.22b)
a 1)
e, 1§ = ——Cley] = 5er+, (5.22¢)
(0)—
(56 H§ = C[G_] = ddx’e(o)’ ASW[(I)(O)]G_ = —%5&-@(0) (0)6_, (5.22(1)
9G(0) 96 (0)-
) 1 ~
eI} = 5 Cles] = =50 (m§Tes )., (5.22¢)
(0)
) ) —
(5571_[}'0 = 57](:[6_] = —Z@[(gJKaKW)HF]E_ + 5ol /dd:v]e(o)] ASW[(I)(O)]f_
#(0) #(0)

171t is obvious that variation of the sources can be obtained through this Poisson bracket. In appendix |§| we show
that the same thing holds for the canonical momenta.
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e
~ i + @

1 — =ji
o §<p(0)\11(0)+jﬁirfo)e,, (522f)

where R(q), R(O)ij and fio denote the Ricci scalar, Ricci tensor, Gamma matrix and determinant
of the metric for the vielbein ef,.. Here the underline indicates that the terms over it are computed
for the toy model. Notice that due to the super-Weyl anomaly e_ variation of the renormalized
canonical momenta contain bosonic anomalous terms, which have similar origin to the Schwarzian
derivative appearing in conformal transformation of the energy-momentum tensor of 2D CFT.

5.3 BPS relations

A bulk (bosonic) BPS configuration, which is a bosonic solution of the classical SUGRA action as
well as is invariant under bulk SUSY transformation with a certain parameter, corresponds to a
supersymmetric vacuum state of the dual field theory. Since vacuum expectation value (vev) of
many observables are computed in SUSY field theories, it is necessary to pay a special attention to
the bulk BPS solution. Presence of the bulk BPS configuration implies that there exists a boundary
SUSY parameter, under the gPBH transformation with which the fermionic sources are invariant,

namely@

~

on¥ (0)+i = Ony ¥ (0)+i + On_ ¥ ()i = Ding — L'0)in- =0, (5.23a)
i s ,
OnGloy- = —5 Loy dieloyns +iGM O W =0, (5.23b)

where the first equation is usually called as conformal Killing spinor (CKS) condition. Actually,
the rigid supersymmetry of the boundary field theory is found by solving (113, 55]H

Now we show that n-variation of any renormalized canonical momenta vanishes on the BPS
solution, i.e.

677H‘I)‘BPS = 5n+H<I>‘ . + 577_1]‘1" <= 0, for any source @, (5.24)

where for the fermionic operators we have from (5.22))

A A b _
S IIe = ZTIT% s + = d?z|ey| Asw[® o)), 5.25a
L 0+ ‘I’(0)+i - | (0)| [ (0)]77 ( )
) ) —
(577H§ = Eﬂfn_i_ + 52] / ddmle(o)] .ASW[‘I)(O)]’I?_. (525b)
(0)— "=

This is in fact holographic version of that vev of any ()-exact operator vanishes on SUSY vacua.
We only need to consider variation of the fermionic canonical momenta, since n-variation of bosonic
canonical momenta trivially vanishes on the bosonic solution. One can in principle see by
expanding the bulk BPS equations. But since we have SUSY and super-Weyl Ward identities, the
form of which are the same for all SCFTs, we take advantage of the Ward identities for ny

and (/5.2b)) for n_.

8Here we do not discuss the integrability condition of . For a discussion about some geometry of ,
which is also known as the twistor equation, see e.g. section 3.1 in [3].

9More precisely speaking, most of the rigid A" = 1 SUSY field theories on curved background are obtained when
U(1) R-symmetry gauge field is turned on. In this case, which is discussed in [39], the covariant derivative D; in
becomes D; 4+ igA;, where g is the R-charge.
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Taking into account the CKS condition ([5.23)), we obtain from the Ward identities that

0= / dx
oM

1= apri Ll i i
( — 5 Y+ ", — §C(o)—Hf - §H§$S@{0) - H\pﬁz) n+

+ <¢g”81WH§ — 5T gy — Ie(o)IASW[é(o)])n]

1— ; R _
_ d afrt
= /8/\/! d 95( — 5 Y+ Hans — §H?C(0)—77+ - \6(0)\Asw[q’(0)]"7—>- (5.26)

We emphasize that because the Ward identities are valid for any background, (5.26|) holds at least
to linear order in fermions for any value of ﬁ(o)ﬂ- and Z(IO)_ as long as the bosonic sources admit the
CKS. There might be correction at order of O((\If(o)+)2, (4(0)_)2), though. Note that non-trivial

dependence of bosonic momenta II, and II on the fermionic sources occurs from the quadratic
order in fermions, i.e.

)
OV (0)+

)
a

=0 (5.27)
‘I’(o)-;-i:C(IO)_:“':O
and so on. Therefore, by taking the functional derivative of (5.26)) with respect to the fermionic

sources and evaluating on the (bosonic) supersymmetric background, we obtain the (bosonic) iden-
tities

I ita 0 T
§Har(o)77+ + 7 / ddx\e(0)| Asw[®(0)Jn- =0, (5.28a)
0)+i /3,
i 0 —
=5l = — / d'zle()| Asw[®o)n- =0, (5.28b)
0C(g)— /5

where we used (3.17). Therefore, we find that on the BPS backgrounds

S, =0, 6,115 =0, (5.29)

which confirms our claim.

From the field theory point of view, is quite natural, since supersymmetric vacua are
annihilated by the preserved supercharge ). It has, however, a deep implication. We should first
emphasize that d, corresponds to the variation of quantum operators acting on Hilbert space and is
different from the ’classical’ SUSY variation which is considered in the context of SUSY localization.
For instance 11 f(())jn-i-v which is classically @Q-exact here, has non-zero vev due to the anomalous
contribution. This implies that the classical SUSY variation cannot become as a total derivative in
the path integral, so long as the anomalous terms in do not vanish, see some comments on
the assumption that SUSY should not be anomalous, in SUSY localization reviews such as [56, 57].

In order to convince ourselves, let us check for the toy model. First, let us remind that
in the toy model, d = 4 and scaling dimension of ¢ is 3. Then, s become

~ , 1 1 d
= —T% n II* + — D
0 e F Z a2y ’“[(d—1

leoyl 1 2 Tij

ki kTjt iTjk
Rio)T'gy — 2R(0); Tg) + 2R(0); Tfm)??f}
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|e 0 | Z"‘i
(2) 5 0)1-9i¢(0)- (5.31)

2 K
By combining ([5.31]) with the conformal Killing spinor equation for the toy model

~

Dy = Loy~ (5.32a)
1~
3L 0)%ip©) 1+ + - =0, (5.32b)
we get
1182 ’6(0)’ i .
— PII" + 5 50109 = 0. (5.33)

This ’strange-looking’ formula can be verified in the toy model, by using the bulk BPS equation.
From the bulk BPS equation for { with the bulk SUSY parameter €

~ d
5(=(Pp—W)e=0, W= %Wﬁp), (5.34)
one can obtain

p = —\/(W’)2 + 0ipdip, (5.35)
where we fix the sign from leading asymptotics of . It then follows from the definition of 7% that

VA,V .

Y — _ — _ W2 . %
R e VW2 oo, (5.36)

On the other hand, the full bosonic counterterms are given by
1 d 1 1 —or(l o i
Se=y [ d x\/—v[W—ZR—iloge (690 R+ai<pago+m)}, (5.37)

where the ellipsis denote the terms which does not depend on . The counterterms for the canonical
momenta 775 is then given by

a 0 Sct = 7

Ty = Gpl = T [ - (=W - %log 6727"(%(,0}% — 2&0)] (5.38)

Furthermore, from the conformal Killing spinor condition (/5.23)), we obtain

1
0= (D(O)SD(O) - g‘P(o)R(o))m, (5.39)

which implies that the logarithmically divergent terms in ([5.38)) actually do not contribute to the
counterterms. Eventually, the renormalized canonical momentum II¥ becomes

% — = lim e ¥y Oue0'p _ leol Svoden (5.40)
% 1o VEWPE 0000 + (-W) 26 e

which confirms the result (5.33) as well as the anomalous SUSY variation of the renormalized
canonical momenta ([5.22]).
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5.4 Conserved charges and supersymmetry algebra with anomaly correction

We recall that given a Killing vector £’ which satisfies the Killing condition@

Leg(0yij = D0)i& + D(0);& = 0, (5.41a)

Leplyy = 0l = 0, (5.41b)
. 1 .y

LeC(o)- = EDyo)iCo)— + *D(O)iﬁjr(ﬁ)Cl (0)- = 0, (5.41c)

Le¥ ()15 = ED(0)i (045 + (D0);€) Yoy + D(O)ksz(o 04 =0, (5.41d)

we obtain a conservation law by combining (5.2d|) with -7 namely
D; [e§¢IT;, + & (I W 4 ; + W 511%)] = 0. (5.42)

Note that we use the Kosmann’s definition for the spinorial Lie derivative (see e.g. [58] and (A.11)
of IQIE[) and the Lie derivative is related to gPBH transformations by

ﬁg _ 5(cgct)

SRR N (5.43)

We emphasize that (5.42)) holds for any background. The conservation law (5.42)) allows us to define
a conserved charge associated with &, namely [59, 60]

Ql¢] = / do; (e411L + g W + W I0) &7, (5.44)
oMnNC

which is independent on the choice of Cauchy surface C. Note that the conserved charge Q¢ is
related to the constraint function by

Ql¢] = Cl¢, Aap = —ele] Dyi& ). (5.45)
We have other conservation laws

D;(Iyn) = Di(7,11g) = 0, (5.46)

which follow from the SUSY and super-Weyl Ward identities (5.2a) and (5.2b)) for the CKS pa-
rameters 74 and 77, . Note that the conservation laws (5.46)) hold only on the bosonic background.
This allows us to define conserved charges

@l = [ doMyn, Q= [ de g (5.47)
oMNC oMNC

On the bosonic background we can identify these conserved charges with the constraint functions,
namely

QS [77+] = C[nJr) 7]7], QS[ﬁJr] = C[ﬁJrv ﬁ,] (548)
It then follows from ([5.22)) that on the bosonic background we have

{Q°[n+], Q[ ]}

Bosonic Bosonic

_ / doi 7, {Clns ), Ty}
OMNC

209(0)”- = e?o)ie(o)aj is the induced metric on the boundary OM.

2n many literatures including [58], the spinoral Lie derivative is defined by L¢¢ = £'D;¢ — 1 D;€,T%¢. The sign of
the last term is minus, since the Gamma matrices there follow Grassman algebra in Euclidean signature, while here
we use the Minkowskian signature.
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= / dO‘i
oMNC

1 4 — a — d I
S Ty + 77+< = / dd$|e(0)|-’48w77*>
2 oM

5\11(0)_“- Bosonic
(5.49)
In the case where the conformal Killing vector??]
K = i, Dy (5.50)

becomes a Killing vector, we can see that on the bosonic background the above commutator becomes

) _
do; Ty (—= a? Agwn— ). 5.51
o757 | dtslefAun-) (5.51)

(@) @)} =5k + |

oMnNC

Not surprisingly, the super-Weyl anomaly corrects the supersymmetry algebra, too.
We can obtain other commutators such as {Q[¢], Q*[n+]}. It is possible because Q[¢] for the
Killing vector £ is conserved for any background so that

/ do; {Q[E), 1T}y, = / dory {CIE, Map = €l Dyt ], T Yo,
OMNC OMNC
= / do; [ — Hﬁuﬁgm + D;[(&11Y, — fiﬂfp)m] + fiDj(HéfﬁJr)} ,
oOMNC

where the second term vanishes by using Stokes’ theorem. The third term is also zero on the
bosonic background, due to the conservation law. Therefore, we have

(QIE], Q*lny]} = — /8 | dn Ty Len = ~Q'lCen, (5.52)
and in the same way
{Qle), @[, )} = — /a o (74 L) = Q[ L], (5.53)

F
since L¢ny and 7, L ¢ become conformal Killing spinors [58], i.e.
1~ = 1, < ENPN
Di(Lens) = DDy (Leny), (71, L) Dy = (7, o) D;TVT (5.54)
We note that (5.52) and (5.53)) can be obtained in the way around, namely by computing
{Q%In], eI, + TG Wy + W T}, Q[ ], 4TI, + Mg Wy + Uy TIE ). (5.55)

In summary, the supersymmetry algebra on the curved (bosonic) background is

: 5 —
{Q°n+], Q°[4]} = —%Q[’C] + /aMmC do; 75 (5— /W d"z|e ) \Aswn—>,

(0)+4
{Q[¢], @°[n4]} = —Q°[Leny ],
(0[], @)} = —Q [, L

(5.56)

3t

220ne can easily check K satisfies the conformal Killing condition, by using (5.23).
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closely resembles the SUSY algebra presented in the literatures (see e.g. 1, |61} 62]), except
for the super-Weyl anomaly-effect term.

We comment that can be obtained without using Poisson bracket, but in an equivalent
and rather simple way. Recall that a symmetry of the field theory leads to a conservation of the
corresponding (anomalous) Noether current J¢ (with the anomaly A )

DiJi = A, (5.57)

from which we derive the variation of any operator O under the symmetry transformation (see e.g.
(2.3.7) in [9]), namely

00(x) + [ d'y [DiJ'(y) — As(y)]O(x) = 0, (5.58)
oM
where the second term can be computed by differentiating the relevant Ward identities with the
source dual to operator O(z). Now one can readily see that the commutator of charges becomes

{Q1,Q2} = do; (61J3) = —/

dai( ay [Dﬂf(y)—AJ(y)]J;), (5.59)
OMNC OMNC oM

and this prescription gives the same result with . See e.g. appendix |E| for derivation of
{QIE], @*ns ]}

Now that we know from the last section that the LHS of vanishes on BPS backgrounds,
we can conclude that the conserved charge associate with K on BPS backgrounds is totally fixed
to be a functional derivative of the fermionic anomaly, namely

BPS 0 (0y1i Jom

) _
Q[IC]‘ = —22’/ do; 77+{ dda:|e(0) |.ASW77}. (5.60)
oMNC

Depending on the theory, K¢ can be combination of other Killing vectors such as d; and angular
velocity. If this is the case, can be regarded as a relation of the conserved charges on the
supersymmetric background, but accompanied with anomalous contribution. A similar relation is
found in [39], which explains the discrepancy of the BPS condition (see e.g. (C.16) of [44])

(H) +(J) +v(Q) =0, (5.61)

for pure AdSs is precisely due to the anomalous contribution coming from the fermionic anomalies.

6 Neumann boundary condition

Most of computations so far are for plus sign choice of at the beginning of section 3| This
plus sign is actually equivalent to imposing Dirichlet boundary condition on the spin 1/2 field (.
Independently from this choice, we could determine the leading asymptotics of the scalar field, as
emphasized before. This allows us to use the result of appendix [B.3and [B-4] to conclude that minus
sign choice can be supersymmetric only when mass of its scalar SUSY-partner field belongs to the

window [63-65]
A d\?
— [ = < < —|= . .
<2> <m* < <2> +1 (6.1)

In this window (3.3b|) is already finite, implying that the canonical momenta for {_ is not
renormalized. Since (4 by itself becomes the renormalized canonical momentum, change of the
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sign from plus to minus is in fact Legendre transformation of the renormalized on-shell action §Ten,

which is equivalent to impose Neumann boundary condition on (_ [66]. We have seen that Spen in

the case of plus sign choice is (e ) supersymmetric (Dirichlet boundary condition for scalar field was

implicitly imposed). Therefore, in order to preserve SUSY, one can expect that boundary condition

for the scalar field should also be changed from Dirichlet to Neumann by Legendre transformation.
To see this, one has to prove that the total Legendre transformation action

e (62

Su=- [ Fe+TA+er), 7=
is invariant under e, transformation. Note that variation of H§ gives directly how gPBH transfor-
mations act on (. We again consider only one scalar field, and it is straightforward to extend the
result here to the case for several scalar fields. From (5.22)), one can find that the action of €4 on
St gives

5., S~ — / (L37T ey — Louge T30 — LAy — Loai@.%%) 1 he) =0,
5w \2 2 2 2

This confirms that the total action S + Sy, for the Neumann boundary condition is still invariant
under € transformation.

When it comes to e_ variation of Sy, one can find that all the momenta-related terms are
canceled, as before. The anomalous terms in e€_ variation of the renormalized canonical momenta,
however, are not canceled but contribute to e anomaly of S + Sy, together with Ag,. Namely, we
obtain for the toy model that

1 .
6 (S +SL) ~ / ddaN/—~ € <Agg>6#¢2wmqf“> = / dlz/—y e AN (6.3)
>y r

where the super-Weyl anomaly for Neumann boundary condition is

AR = AL - @SOQF D0y ;. (6.4)

7 Concluding remarks

In this work we have considered a generic N' = 2 5D supergravity with its fermionic sector in
the context of holographic renormalization, through which we have obtained a complete set of
supersymmetric counterterms. We have also found that scalars and their superpartners should
satisfy the same boundary condition in order for the theory to be consistent with SUSY.

The Ward identities and the anomalies lead to rather remarkable consequences. By means
of them, we showed that SUSY transformation of operators and SUSY algebra of a theory which
has N'= 14D SCFT in curved space as a UV fixed point become anomalous at the quantum level,
see and . We comment that once the R-symmetry gauge field is turned on, R-charge
and the related terms appear on RHS of the first line . Note that the anomalous terms are
non-vanishing in general on curved backgrounds, even where all anomalies vanish.

(5.24)) stating that -exact operator has vanishing vev on the SUSY vacua, namely

(00) = <68(9) + (Quantum correction) = 0, (7.1)

implies that the classical -variation cannot be a total derivative in the path integral unless the
quantum correction vanishes, otherwise we have for instance

(38" = / [Dg] (585") eS = / [D¢] 63 (S'e™S) = 0. (7.2)
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This is very important, since SUSY localization technique are justified only when the classical
@-variation is a total derivative in the path integral.

We should remark the importance of finding SUSY completion of the Weyl anomaly, because
the supersymmetric Weyl anomaly automatically satisfies all the requirements for higher-derivative
SUGRA in the superconformal way. For construction of higher-derivative SUGRA, see [67] and
some related references.

We emphasize that our whole analysis here crucially relies on existence of the superpotential
W. If the theory does not possess any superpotential, one could introduce local and approzimate
superpotential which is sufficient for reproducing all divergent terms of the scalar potential, as done
in [68]. Now one can see that the approximate superpotential should meet more restrictive criterion
for the supersymmetric holographic renormalization. To make this point clear, let us discuss about
the approximate superpotential suggested in [68], see (5.15) there. One can find from the BPS
equations (3.20) and (3.25) and the algebraic equation (3.26) in [68] that the BPS solution’s flow
to leading order is

dyp

% ~ —d), (73&)
dy 2 5

dx P

o~ 2 (1 + \/&) : (7.3c)

where RHS of the last equation is a non-local function of ¢ around ¢ = 0. Hence it is impossible to
find the local and approximate superpotential consistent with the BPS flow equations, which means
that we need more generic N' = 2 gauged SUGRA model to study [68]. Notice that this inconsis-
tency of the approximate superpotential with the BPS flow equations imply that the supertential
suggested in [68] is not approzimate for the fermionic sector of SUGRA.

As long as there exists a superpotential (or at least approximate one for the whole sector
of SUGRA), many of our results here can be extended straightforwardly to other dimensions.
However, one should keep in mind that since representation of the spinor fields strongly depends on
the dimension of spacetime it might not be easy to put the SUGRA action into the form of
in other dimensions.
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Appendices

A Notation, conventions for Gamma matrices and useful identi-
ties

Throughout this paper Greek indexes u,v and «, 3, -+ refer to the coordinate and flat directions

in the bulk respectively, and the Latin indexes ¢, j, m,n,p,q,--- and a, b, --- refer to the coordinate

and flat directions on the slice respectively. The flat indices which correspond to radial like and
time like directions are special, so we denote them by 7 and t respectively. The capital Latin
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letters A, B, --- indicate the coordinate directions on the scalar and hyperino manifold. V,, D;
and I; refer to the covariant derivative in the bulk and the covariant derivatives of the bosonic and
fermionic fields on the slice sequentially.

We use the hermitian representation of the Lorentzian Gamma matrices, following the conven-
tion in [46]. I'* and I'* indicate the Gamma matrices along the flat directions in the bulk and the
boundary, while I'* and I'? refer to the Gamma matrices along the coordinate directions in the bulk
and the boundary. The relations between these Gamma matrices are provided in appendix [C] Both
in the bulk and on the boundary the hermitian conjugation of the Gamma matrix is given by

et = pipert, T = T (A1)

The following formulas, which hold in any D dimensional spacetime (see e.g. section 3 in [46]),
are frequently used in this paper.

1
e = {09, 17}, (A.2a)
rwer = 2K T (A.2b)
[#PT e = TP 4 6T 67) ) + 6T 6Y | 67] (A.2c)
N B N | A COVORIES b R LV (A.2d)
v, Dool = 2(90pT e — Gupl've — Guol'pp + Guol'vp), (A.2e)
"L, = (D — 2)T", (A.2f)
DTHPT = (D — 3)TH, 4 2(D — 2)THeY | (A.2g)
1
TV Vy¢ = = B, (A.2h)
1
M0,V = = (RD" = 2R,MTV)C, (A.2i)

where J refers to the Kronecker delta.
There are left and right acting functional derivatives with respect to fermionic variable v,

<_
EA
5@7 6¢,
and in most cases the rightarrow symbol — are omitted. Here 1 denotes the Dirac adjoint of the
spinor v, namely

namely

(A.3)

o = iErh). (A.4)

The affine connection I';, is related to spin connection by (see e.g. (7.100) in [46])
%, = ES(0.ES +wu“3EY). (A.5)

In this work we consider the supergravity theory in the second order formalism. This means that
our theory is torsionless and thus the spin connection is reduced into

Wpap = EvaOp B + T, Epa Ej. (A.6)
Variation of the torsionless spin connection

(5&)#0{5 = EE;DM(SEB]V — E;DV(SEm” -+ 6QEEE,YMD[Z,(5EZ}. (A?)
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is useful for many of our computations. The covariant derivative of the fermionic fields are given
by

1
vV, ¥, =38,0, + Zwmﬁraﬂ% ~ 1,9, (A.8)

1
VMCI = 8#CI + Zwuaﬁraﬁcl' (A-9)

B ADM decomposition and generalized PBH transformation

A preliminary step of the Hamiltonian analysis of the gravitational theory is to decompose the
variables of theory including the metric (or the vielbeins) into a radial-like (or time-like) direction
and the other transverse directions (a.k.a. ADM decomposition [69]). Coupling gravity to spinor
fields require vielbeins to appear in the action explicitly and thus the ADM decomposition of the
vielbeins instead of the metric should be done.

The ADM decomposition brings us a natural choice of the gauge for variables of the theory,
which is called as the Fefferman-Graham (FG) gauge. In the FG gauge, the Hamiltonian analysis
becomes much simple.

B.1 ADM decomposition of vielbein and the strong Fefferman-Graham gauge

We begin with picking up a suitable radial coordinate r and doing the ADM decomposition of
the metric to run the Hamiltonian formalism. Since the vielbein explicitly appears in the action
through the covariant derivative of the spinor fields we need to decompose the vielbein itself rather
than the metric.

Choosing the radial coordinate r, we describe the bulk space as a foliation of the constant
r-slices, which we denote by X,. Let E% be vielbeins of the bulk and we decompose them as

E* = (Nna—i—Njejof) dr—l—e?‘d:cj, (B.1)

such that
g = B3 Elnas,  vij = efeinas, naed =0, nagnn® =1, (B.2)

where «, f are bulk tangent space indices and n = diag(1,—1,1,...,1) (where 5z = —1). Note
that N and N¢ are called as lapse and shift respectively. One can check that

ds? = gdatde” = (N? + N'N;)dr® + 2N;drdx’ + ijda'da?, (B.3)

which usually appears in the textbook. The inverse vielbeins are then given by

E}, = %na, B =¢ — %na. (B.4)
It follows that ) )
I"=T°E = ks ¢ = NF. (B.5)
The extrinsic curvature on the radial slice >, is defined as
Ki; = %(%j — D;Nj — D;N;) (B.6)
and K =~ K;;. Moreover, '
I'=I°E,' =T"— %F, (B.7)
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where I = I'@e,. These vielbeins satisfy the relation
et el +nan’ =88 (B.8)

One can also see that I's satisfy the Clifford algebra on the slice and I' anticommutes with all fis,
i.e.

{T' TV} =294, {T".T} =0. (B.9)

It follows that the matrix I' can be used to define the 'radiality’ (see e.g. [37]) on the slice, so that,
a generic spinor ) on the slice can be split into two by radiality

Y =19, (B.10)

where I'y = 1 (1£1).

We remind that splitting spinor fields by their radiality is inevitable because different radiality
leads to different asymptotic behavior [31}|32] as well as the second-class constraints of the fermion
action should be solved in a Lorentz invariant way [35].

In order to simplify the calculations that follow it is convenient to pick a particular vielbein

frame so that ‘ B
ne = (1,0), exr=0, e =0, (B.11)

T

and e} becomes the vielbein on the slice ¥,. We will call the gauge (B.11]) combined with the
traditional Fefferman-Graham (FG) gauge

N=1, N'=0, ¥, =0 (B.12)
as the strong FG gauge. Namely, the strong FG gauge refers to

El=1, E*=0, E'=0, ¥,=0. (B.13)
T K3

r

B.2 Decomposition of the covariant derivatives

We obtain (see also (88) and (89) in [35])

Wrag =Njaig) + €ijals + 2neg’ (0N — NV Kji) — DiNjeeg)’, (B.14)

WiaB =Na0ing + ejaaie/gj + Ffj [v]ekae/gj + 2Kijej[anm, (B.15)

where we have used the Christoffel symbols

I, =N"! <N + NN — NiNjKZ-j) ,

I, =N (;N - N Ky;),

Iy, = -N"'Ky,

I, =-N"'N'N—-ND'N—-N'N'NI9;N + N' + N'D;N' + 2NN K} + N"'N'N*N' K},

I, =-N"'N'O;N + D;N'+ N"'N'NFK;; + NK_,

Il =TENM + NT'NFK;.

2When d = D — 1 is even number, radiality can be regarded as chirality.
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Denoting the spin connection on the radial cut-off as &;.p, we get

Wiah = ejaaiebj + Fkij [’Y]ekaebj = Wiab, (B.16a)
WiapT? = BT + 2K jie Jngl™ = Gy 0% + 2K ;17T (B.16b)
wrapl™? = eiqe TP + 2IT" (9;N — N7 K;) — T DN, (B.16¢)
1 - 1
Vi =D + §Klirlr\11j + 7 K (9 = N*Dy), (B.164)
1 A] ] r
Vil =DV, + o Kl TW, —T], 0, - T, (B.16e)
. 1 A . . .
Vol =+ |aitiT + 2007 (0N = N'Ky; ) = DN Wy = T30 T}, 9, (B.1GH)
1 .
| . ~. ~.
Vi¢=Ctg [eaiéifab 4 orTy (ajN — NlKlj) — rﬂDle] ¢, (B.16h)
where
1.
D0, = 0, + Zwiabrab\pj — 5[]y, (B.17a)
1.
DV, = §;¥, + Zwiabrab\pr, (B.17b)
1
Di¢ = 0;,¢ + Zwiabrabg (B.17c)

are the covariant derivatives of the spinors on the slice ¥,.. Note that in the final computations we
used the gauge (B.11J).

B.3 Equations of motion and leading asymptotics of fermionic fields

In order to discuss with the transformation law of the induced fields, we first study the leading
asymptotic behavior of the fields, which can be understood from equations of motion. For ¥, and
¢! they are respectively,

ey, o, — WIH,, — %QIJ (D" + G"EorW) ¢’ =0, (B.18)
and
Gry (0% Y + Tip[G)100") 5 + Mus(9)¢” + %QUF“ (D’ — G7E0KkW) T, = 0. (B.19)

Extracting the relevant terms, we obtain in the gauge (B.12))

2d -3

. 1 . .
0~ — DU <\1;+j - 2\IJ+j> + T (qu + \IIJ) + TORD; (T4 + T_y), (B.20)
: d . d ™~ A’L 1, . AZ
0~ G+ §+M< G — G- — 5~ M¢ C_+FDiC+—FDiC—+§(<P+MSD)F‘I’+z’

+ %fifjajgo\p_._i, (B21)
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where we assume that there is only one scalar ¢ and one spin-1/2 field ¢ for simplicity, and M;
which is the mass of ¢ and u are respectively

p= 0,00 |, M =M, | (B.22)
»=0 =0

under the assumption that the scalar manifold metric is canonically normalized. p and M, are
related by

d—1
When d > 2, the leading asymptotics of ¥,; and ¥_; are
Uyi(r,z) ~ e2 W) (), (B.24)
1 — 200y & ~
esr) et (GO - TOH ) B ), (B.25)

where we used ef(r,z) ~ €"¢(y; () in AIAdS geometry, and I and DO refer to the Gamma
matrices and the covariant derivative with respect to e,

We need to be more careful, regarding (. First, we note that the leading asymptotics of ¢
should always be ¢(r,z) ~ e " () (x) as can be seen from ([4.8¢). Therefore, the final two terms
in can be discarded from the argument. Now there are 3 cases to consider:

1. Me>1/2 (or p< 1)
The leading asymptotics of (_ and (y are respectively

C(r,a) ~ e BFDC ) (a), (B.26)
1 _ 3V, 3(0)i 7~ i(0)
Gra) ~ = ( Wt TODE ) (2) = STOTO 9500 <x>\1/<o>+i<x>) . (B27)
2

2. M¢ < —1/2 (or > %)

Here the behavior of (_ and (, is opposite to the first case, namely

Ce(r.w) ~ eIy (), (B.28)
1 —(d—p+3)r1(0)i
C=(r,z) ~ me (@=p+3)r 7O DEO)C(0)+($)~ (B.29)
2

3.1/2>Me>—1/2 (or $>p>9-1)

This case actually coincides with the double quantization window [63H65] of the scalar field.
The leading asymptotics are

C(r,a) ~ e B¢ (a), (B.30)
C(r,m) ~ e HTDC ) (a). (B.31)
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B.4 Generalized PBH transformations

Let us find the most general bulk symmetry transformations that preserve the strong FG gauge
, which we call as generalized Penrose-Brown-Henneaux (gPBH) transformations. We can
immediately see that local symmetries of the bulk SUGRA action are diffeomorphism, local
Lorentz and supersymmetry transformation. Their infinitesimal action on the bulk fields takes the

form
[e% v [e% v [e% «@ 1 T N «@
SenES = EY0,ES + (0,6)ES — \gEl] + 5 (@0, — W, T %), (B.32a)
1 1
O ey = €0y Wy + (0u€") Wy — TXTap¥y + (Vi + a1y Ve (B.32b)
Oe e’ = 190" + %(ECI ~Cle), (B.32c)
1 .
eaC! = €9,¢" = T Tap¢! — %(@g@f — G W), (B.32d)
with the parameters £#, \*# ()\0‘5 = —)\50‘) and e respectively. The condition which keeps the
strong FG gauge invariant is then
0=2¢", (B.33a)
0=¢Eed — N\, (B.33b)
_ 1 _ _
0= (9157“ - )\Taef + i(g_\:[l+i + \I’_H;E_ - E_A,_\If_i - \I/_i6+), (B33C)
. 1 . 1
O=ép+é +&(Wy+P)+ Zeaiéérab(@r +e)+ mw(@r ), (B.33d)
and its solution is
¢ =o(x), (B.34a)
. . T . 1 _ _
&(r,z) =& (z) — / dr' ¥ (' x) [83‘0 + i(E,\IJH + W e —e W — \If,jq)}, (B.34b)
_ . 1 _ _
ATE = [aia e W+ T — e W — \ll_ie+)], (B.34c)
A% = A% () + -+ (B.34d)
e | T (WA= L o]
e+ (r,z) = exp 5 +/ dr ( 2d—1) + (', x)0;0 4emebF + OV )) €0t (1),
(B.34e)
_ : . ) . | ,
e_(r,x) =exp | — g + / dr’(% + 7 (', 2)0j0 — Zeaiééfab + O(\IJQ)) €o— (),
© (B.34f)

where o(z), £ (), A\o%(x) and €,+ () are ’integration constants’ which depend only on transverse
coordinates. Taking into account leading behavior of the vielbeins and gravitino one can find the
integral terms are subleading in (B.34)). It follows that leading asymptotics of the generalized PBH

transformations are parameterized by the arbitrary independent transverse functions

o(@), &), Ao"b(x), €ox(a),
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which in fact correspond to the local conformal, diffeomorphism, Lorentz, SUSY, and super-Weyl
transformations of the induced fields on the radial slice X, respectively, as we see soon.

Extracting the leading terms in and taking into account asymptotic behavior of the
induced fields, we obtain how the sources transform, namely (from now on and also in the main
text we do not write the subscript o)

. ) 1
(5{7)\766? ~ {Jajef + (%fje{; +ejo — )\“bef + 5 <E+FG\I/+Z' + h.C.) , (B.363)
1 . ) ~ 1
O ne Wi ~ §‘If+m + &0V 4 + (0:67) V4 j + Diey — Lie — Z)\abrab\p+i7 (B.36b)
Seacp! ~ =G ayWao + 00" + % (e+¢! +hee) + % (e-¢t +he), (B.36¢)

where we do not write down the variation of W_; since unlike ¥; its leading term does not
transform as a source so that it cannot be used as a generalized coordinate [33].

As for ¢!, we need a careful discussion, since its leading behavior changes according to its mass.
In the first case where My > 1/2, ¢ i cannot be served as a source, like the case of gravitino ¥_;. We
also find that in the second case where M, g <-1/2 is not consistent with leading behavior
of o ~ e due to the term %(E_CJIF + h.c.) ~ e*(d*“[)’”, which implies CJIF can not be turned on
as a source, in order to have the theory supersymmetric. In the final case where 1/2 > M, > 1/2,
both ( JIF and ¢L can be used as sources. The transformation law in this case is discussed in section

[6l In summary, what we obtain is

. . 1
Sepeel ~ E10;el + 0,8 e + efo — N%el + 5 (€T +he), (B.37a)
1 , , - 1
O neWpi ~ §‘I’+m + &0V 4 + (0:67 )V j + Diey — Lie — ZA“bFab‘I’ﬂ', (B.37b)
O¢ A egol ~ o We + §ia¢g0[ + ? E+C£ + h.c.), B.37c
57 b 2

d , . > 1
e neCl ~ — (25§< — g”MJK> Ko+ ot +iG7owWe_ — 51”8,;(,0[64_ - Zxabrabci,
(B.37d)

where we inverted mass of (! into the (scalar) o-manifold language.
C Decomposition of the action and the fermion boundary terms
In this appendix we decompose the terms in the fermionic sector of the action ([2.1)).

C.1 Decomposition of the kinetic action of the hyperino field
The kinetic term for ¢! in the action (2.1)) is decomposed as

61 (C'TV,i¢7 = (9,8 )
= G ¢ (T"V, ¢ +TVicT) — G VLI — G i)

1 . 1 A .. . .
=G, [NrgJ + ot (emégra” + 20T (9N — NV K ;) — F”DiNj) ¢’
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~ N g, L i
+ (T —FF D;¢ +§K¢j1“ I'¢

1_ . . A ey 1
¢! [emégr“b +2ITY (9N — NTKG;) — TV D | ] I’

= |

—Gr1J [CI -

—gu<< D - 2K, C m) <rl Al )C"
(¢¢

1 7 . Y - - .
= 015 (¢1¢) - gd ~ ) + ﬁguemé;,cfrrabd

2ND iN;GrsC IT”CJ +GrJy (C B¢’ — ZI%CJ>

_ Fom I S T
G (¢! ~ D), (BY
where the terms in the first bracket can be recast into
= ; =I ; =1 =1 =1 =1 =I ; =1
G1s (€L - e = el + ¢! ) = gnson (CLel + The?) = 26180 — 261, ¢!
_ 1 — T\ k 2
= =0 (V=T ) = (NK + DN®) 61T
, i i =1 =1 ; =1
— (¢" = N'0" + N'01o") 0k GrsC ¢! = 261,84 ¢! = 261,C_¢. (C2)
Finally, the hyperino kinetic terms are decomposed into

G1s (Zfr“vuc’ - (vu{Hree?)

— =0 (V) - 6 (L4 ) - (K o) 6!
o G1eadiT TTC = o (§F — Now! + N0g") o1’ ¢!

+ 61y (CTDi¢” - DY)

+ %gn [—2D N; (C'THre?) - NiTTDi¢ + N"((Iﬁi)l“g“’} . (C.3)
C.2 Gravitino part

Repeating the same computation for the kinetic terms for gravitino as before, we obtain

@urwvy% 0, 9,0, ) + T, T4 (WI,) W

1
(D-2)
2 e o~ — s
NF o (VAU ) = (0 Tw, + TT)
1 kT i 1 . kT T pab

— [ K+ DaNF ) BT, — eqé T {TY, 0w,

1 _ U o~ o~
+ 5 Kul (N[F”“J,FZ]F + NI[TR TV — NI[TH, rl])\pj

1 S I
+ 5 K -(\y[r” TH)w, — T, [T%, rk]m)
+N( T, D, e, + T,IT9D, v, — T,IT9D,0, — T BFFW)
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. . 1 _ SN TR
W (\PTFPZ\I/Z- + \IIZ-PZF\IJT) - (28kN[FZJ,Fk] - (DkNl)r{r”,r“}) U

_l’_

2l=zl=

7 (ij““ — NTT* — NITTH — N’frfﬁ) D0,

1 o e o T
+ N\Ifkﬁi (Nrﬂk — NJTT%* — NTTH — N’“FF”) U

1o o i e
- NW‘I%‘ (NF” — N'TTV + NJFFZ> ;. (C.4)

C.3 Decomposition of the other terms

For the other terms, we get
iQIJZIF” (@tp‘] - QJK(?KW) U, —iGryV, (D" + GEapwW)TH¢!
v L. j =1 i i 5 i 5 T
_ Ng”{N (&7 — N99p”) [g (qf — N, + NT F\I/Z-) — (\If — N, + NG,IT ) gf}
+ 87 [Zf T (¥, — Nw,) — (T, — N7;) Tr¢! } + Noy! (Zf DT, — W, ¢! ) }
- %afw T (0, = N + (T, - NT) T+ N (T + )| (C.5)
and
G1 [T (D) ¢ =T (M) ¢
1 ~ i = Va =I5 =Ko
= 0k |(¢7 = N'org’) (C'T¢K =T r¢t) + Noe! (CTCK - TT)] . (co)

D Variation of the canonical momenta under the generalized PBH
transformation

By chain rule,

S yen = /ddx > e, (D.1)
@
and let us define a symmetry transformation of S’\ren by
0

o = [ d? e ® : D.2
¢ / ﬂf%: @) 530 (D.2)

Let us also assume that this symmetry has anomaly, i.e.
8¢ Sren = / dz Y TP = / d'zle ()| EA:. (D.3)

o

Then, definition of the constraint function C[{] (5.18]) can be written as

Cl¢] = —/ddm (Z I%5:® — |eg)| 5,45> . (D.4)
[

45



Now we derive how é-symmetry acts on II®. Tt is

b 5 5 14 ) .
(551_[@(1') = 55&{)7()5}671 = [(5&, (5@(37)] Sren + mdgsmn
, )
- / %y ( L) LU CR ey R e
- - %6 / 'y 3 (005 ) e e
= {CKLH@}v (D.5)
confirms .

E Derivation of the SUSY algebra without using Poisson bracket

In this appendix we derive {Q[¢], Q*[n+]}. By differentiating the diffeomorphism Ward identity
(5.2d) in the integral form with respect to W, x(y), we get

0= " dd$ fz[ (O)D H (a 90{0))1_[? — (C(O)—ﬁ )H§ — H?(]D C(I())_)
~ Ty (D' o)) - (ﬁ(o)ﬂ'ﬁi) I3, + D; (I, ¥g), + EEOHH%)LH@(Z/)
+ (5"11{3) Di(y) - D;EM, (y). (E.1)

From the local Lorentz Ward identity (/5.2€]), we obtain
1
0= /d y iz A [e(o)[mnb] 4= (g(o) TaoTTS + T gy T I + hc. )} I (y) - AT (y). (E2)
Summing these two expressions for the parameter A\, = eZeZD[ifﬂ, we obtain
0 [ a DM + T Wiy + Ty LT )+
+(em1}) Dity) — Dy, () —  DGTILTY ). (E:3)
It follows from ([5.59) that
{Ql¢], @°ny ]} = —/ dUk(y)/ dzD;[€'(e™IT) + T, W o)+ + Yo )-HH o (T 74 )y
oMnc oM
A 1 o
= / doy, [(fzﬂl\%) D, - D¢k, — 4DifjHI\%F”:| N+
= / doy, [Dz(ﬁlﬂk ny — & Myny) + €D, (Iyny) — HICI:'EETI-&-}
amMne

= _QS[EfnJr]v (E.4)

where the first term in the third line is zero by using the Stokes’ theorem and the second term
vanishes due to the conservation law. One can confirm that the other commutators in (5.56|) can
be obtained in the above way.
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