LINEAR HYPERBOLIC SYSTEMS IN DOMAINS WITH GROWING CRACKS

MAICOL CAPONI

ABSTRACT. We consider the hyperbolic system i —div (AVu) = f in the time varying cracked domain Q\TI'¢,
where the set Q C R? is open, bounded, and with Lipschitz boundary, the cracks I'y, t € [0,T7], are closed
subsets of 2, increasing with respect to inclusion, and u(t) : Q \ I't — R? for every ¢ € [0,7]. We assume
the existence of suitable regular changes of variables, which reduce our problem to the transformed system
v —div (BVv) +aVv — 2Vob = g on the fixed domain Q\ I'g. Under these assumptions, we obtain existence
and uniqueness of weak solutions for these two problems. Moreover, we show an energy equality for the
functions v, which allows us to prove a continuous dependence result for both systems. The same study has
already been carried out in [3, 7] in the scalar case.
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1. INTRODUCTION

In this paper we study existence, uniqueness, and continuous dependence on the data for the solutions of
a class of linear hyperbolic systems in domains with a prescribed growing crack. The systems we consider
include those of elastodynamics and have the general form

i(t, z) — divy (A(t, z)Veu(t,z)) = f(t,z), t€]0,T],x € Q:=Q\ T4 (1.1)

Here Q C R? is an open bounded set, ', t € [0,7], is a family of (possibly irregular) closed subsets of €,
u is an R%valued vector function depending on ¢ € [0,7] and = € €, A is a tensor field which satisfies
the usual standard assumptions in linear elasticity, and f is a forcing term. We assume that ¢ — T'; is
increasing with respect to inclusion and contained in a given C? manifold I' of dimension d — 1. The system
(1.1) is supplemented by Dirichlet and Neumann boundary conditions on prescribed parts of 92, and by
homogeneous Neumann boundary conditions on the cracks I';.

In the literature on elastodynamics with cracks we can find two different approaches to the study of this
kind of problems. The first one was developed in [2] for a scalar version of (1.1) with homogeneous Neumann
conditions on the boundary of ;. The existence of a solution with assigned initial data is proved using a
discrete time approximation and passing to the limit as the time step tends to zero. This construction leads
to an existence result under very weak conditions on the cracks I'y, but the uniqueness of the solution is still
an open problem under these assumptions.

In this work we use a different technique, considered in this context by [3, 7], based on a suitable change
of variables of class C? which reduces the domain {(¢,2) € (0,T) x Q : € 4} to the cylinder (0,7) x Q.
This leads to the transformed system

i}(t7 y) - divy (B(t7 y)vyv(tv y)) + a(tv y)vyv(tv y) + V’yi}(t’ y)b(t7 y) = g(t7 y) te [07 T}v Yy € QOa (12)

where the coefficients B, a, b, and g are constructed starting from A, f, and the change of variables. The
boundary conditions are also transformed by the change of variables and lead to Dirichlet and Neumann
boundary conditions on prescribed parts of 02, and homogeneous Neumann boundary conditions on the
fixed crack I'y.

The proofs of existence, uniqueness, and continuous dependence on the data are obtained by adapting
those of [3], which deals with the same problem for a scalar function u. The extension of these results to the
vectorial case requires suitable strategies to overcome the difficulties which arise from the new situation and
from the slightly different assumptions on I.
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The main changes are in the treatment of the terms involving B. This is due to the fact that, in linear
elasticity, the natural ellipticity condition on A is given by

A(t,x)n-n > cpln®™™*  for every n € R4, (1.3)

where n*¥™ is the symmetric part of the matrix 7. Unfortunately this condition is not inherited by the

transformed tensor B(¢,y). To overcome this difficulty, we assume that B satisfies a weaker ellipticity
assumption of integral type (see (3.1)), which always holds when A satisfies (1.3) and the velocity of the
time dependent diffeomorphisms used in the change of variables is sufficiently small (see (3.3)).

In addition, in this paper we take the opportunity to complete the study of [3] by considering also the
case of non—homogeneous Neumann boundary conditions, which corresponds to traction forces on prescribed
parts of the boundary.

We first prove existence and uniqueness for solutions of (1.2), with assigned initial and boundary condi-
tions. Moreover, we prove an energy equality (see (3.62)), which is slightly different from the one in [3], and
takes into account the non-homogeneous Neumann boundary terms. This energy balance allows us to prove
suitable continuity conditions of the solutions v with respect to ¢, which are important in the proof of the
existence result for (1.1).

Finally, in the last part, we prove the continuous dependence of the solutions on the cracks I'; and on the
manifold I'. More precisely, given a sequence I'" of manifolds and a sequence I'} of time dependent cracks
contained in I'™, we use the energy equality (3.62) to prove that, under appropriate convergence conditions,
the solutions u™ and v™ of problems (1.1) and (1.2) corresponding to I'}' converge to the solutions u and v
of the limit problems corresponding to I';.

The paper is organized as follows. In Section 2 we fix the notation adopted throughout the paper and we
list the standard assumptions on the set {2, on the geometry of the crack I';, and on the diffeomorphisms
used for the changes of variables. Moreover, in Definitions 2.1 and 2.3 we specify the notion of weak solution
for problems (1.1) and (1.2), respectively. Section 3 deals with the study of problems (1.1) and (1.2). First,
In Theorem 3.3 we show that these two problems are equivalent. Then, in Theorems 3.6 and 3.7 we prove
an existence and uniqueness result for (1.2), but in a weaker sense (see Definition 3.4). Furthermore, in
Proposition 3.9, we prove the energy equality (3.62), which ensures that the solution given by Theorem 3.6
is indeed a weak solution. Section 4 is devoted to the proof of the continuous dependence result, which is
obtained in Theorem 4.1. We conclude with Appendix 5, where we recall an auxiliary existence theorem and
give the proofs of some technical lemmas.

2. NOTATION AND PRELIMINARY RESULTS

The space of m x d matrices with real entries is denoted by R™*%; in case m = d, the subspace of symmetric
matrices is denoted by Rg;,ﬁll. The space of linear and continuous maps from R™*? into R™*! is denoted by
LR R given A € Z(R™¥4 R we write An € R™ ! to denote the image of n € R™*4 under
A. Given two vectors a,b € R?, their scalar product is denoted by a - b and their tensor product is denoted
by a ® b. We always consider the elements of R? as column vectors. Given a € R? and n € R™*?, we write
na to denote the vector of R? defined as (na); := Ej nija;. Given two square matrices n and ¢ in R4*4,
we write ¢ to denote their matrix product, namely (9€);; := >, 7ikékj, and 7 - £ to denote their Euclidean
scalar product, namely n- £ := zi7 ;i€ We denote by ™! and n” the inverse and the transpose matrices
of n, by n=T the transpose of the inverse of 1, by n*¥"™ its symmetric part, namely 7°¥™ := (n+n1)/2.

The partial derivatives with respect to the variable z; are denoted by 0;. Given a function F : R? —
R™, we denote its Jacobian matrix by VF, whose components are (VF);; := 0;F;. For a tensor field
A € CY(R%;R¥*9), by div A we mean its divergence with respect to lines, namely (div A); := > 045 We
denote by id the identity function in R™, possibly restricted to a subset.

We adopted standard notations for Lebesgue and Sobolev spaces on a bounded open set of RZ. The
boundary values of a Sobolev function are always intended in the sense of traces. The (d — 1)-dimensional
Hausdorff measure is denoted by H?~!. Given an opens set €2, with Lipschitz boundary, we denote by v the
outer unit normal vector to 02, which is defined #? '-a.e. on the boundary.

Given a normed vector space X, its norm is denoted by || - ||x. Given an interval I C R and a Banach
space X, LP(I; X) is the space of L? functions from I to X. Given u € LP(I; X ), we denote by @ € D'(I; X)
its distributional derivative. The set of continuous and absolutely continuous functions from I to X are
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denote by C°(I; X) and AC(I; X), respectively. When X = R we denote the uniform norm in C°(I;R9)
by || - |loo- Given two metric spaces X and Z, Lip(Y; Z) is the space of Lipschitz functions from Y to Z.

In this paper we assume the following hypotheses on the set €2, on the geometry of the cracks I';, and on
the diffeomorphisms of {2 into itself mapping I'y into I'y:

(H1) Q C R? is a bounded open set, with Lipschitz boundary 9€;

(H2) 0pQ is a (possibly empty) Borel subset of 90 and Oy is its complement;

(H3) T' C R? is a complete C? manifold, with boundary, of dimension d — 1, such that ' N Q = () and
HI-HT NON) = 0;

(H4) for every x € T'N Q there exists an open neighborhood U of x in R? such that (U N Q) \ T is the
union of two disjoint open sets Ut and U~ with Lipschitz boundary;

(H5) T > 0;

(H6) Ty, t € [0,T], is a family of (possibly irregular) closed subsets of I' N Q, with 'y C Ty for every s < t;

(H7) @, ¥ :[0,7] x Q — Q are continuous and the partial derivatives 0;®, 6, ¥, 9;®, 9;V, 9;0;®, 0;0;¥,
0;0:® = 0;0;P, 0;0;¥V = 0;0; V¥ exist and are continuous for 7,5 =1,...,d;

(H8) @(t,2) =Q, ¢(t, T NQ)=T'NQ, &(t,To) =T, and O(¢t,y) =y for every ¢t € [0,T] and every y in a
neighborhood of 9€;

(H9) U(t,®(t,y)) =y and ®(t, ¥ (¢, z)) = z for every z,y € Q and every t € [0,77;
(H10) ®(0,y) = y for every y € €;
(Hll) 6t(1), 6t\IJ, 6Z(I>, 81'\11, &Bjé, 8i8j\1', 8i8t<I>, 81-891' belong to Llp([O,T],OO(ﬁ, Rd)) for Z,] = 1, “ee 7d;
(H12) there exists L > 0 such that [0;0;®(t,z) — 0;0:®(t,y)| < Llx — y| and |0;0,¥ (¢, z) — 0;0: ¥ (¢,y)| <

Lijz — y| for every t € [0,T], z,y € Q, and i = 1,...,d.

The differential operators V and div always refer to the space variable in (2. We often use the notation %
instead of dsu.

Observe that det V®(¢,y) # 0 and det VU(¢,z) # 0 for every ¢t € [0,T] and =,y € Q, thanks to (H7) and
(H9). In particular, using (H10), we conclude that both determinants are positive.

Conditions (H3) and (H4) imply that the trace of ¢ € H!(Q\T) is well defined on 99, and on I'N (2 from
both sides. Indeed, we may find a finite number of open sets Vi, C 2, k = 1,... N, with Lipschitz boundary,
such that (TN Q)UAIN) \ (' NIQ) C UN_,0V). Moreover, since HE™HT N IN) = 0, we obtain that there
exists a constant C' > 0, which depends only on © and T, such that

lellL200) < Clellai@r)  forall p € H'(Q\T). (2.1)
In particular we have
lellzzone) < Cliglla @y for all g € H'(Q\To). (2.2)
Similarly, we obtain the embedding H'(Q \ T'; R?) — LP(Q;R?) for every p € [1,2*], where 2* is the critical
Sobolev exponent. In particular there exists a constant C, > 0, which depends only on €, I', and p, such
that

lllze) < Cpllglla@ry for all ¢ € HY(Q\To). (2.3)
Given a point y € T'N§Y, its trajectory in time is described by the function ¢t — ®(¢,y) € I'. We infer that

its velocity is tangential to the manifold I' at the point ®(¢,y), that is ®(t,y) - v(P(t,y)) = 0, where v(z) is
the normal vector to I at x. By combining this equality with the relation
Vo(ty) "v(y)

v(®(t,y)) = Yo y) ()] fory e T N,

we deduce that ) .
(VO(t,y) " @(t,y)) - v(y) = V(t, B(t,y)) - v(y) =0 fory e T NQ, (2.4)
or equivalently

O(t,¥(t,z)) - v(z)=0 forzel NQ. (2.5)
Let Q; := Q\ I';. We introduce the space
HL(Q;RY) := {u € H' (O RY) 1 u =0 H¥ -ae. on dpQ},
where the equality on Op(Q refers to the trace of u on Q. We have that H}(2;R?) is a Banach space

endowed with the norm of H'(Q;;R?), and its dual is denoted by HBl(Qt; R?). Observe that the canonical
isomorphism between H},(Q;R?) and [H} (9;)]? induces the isomorphism of Hp'(Q:;RY) into [Hp' (Q4)]%.
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We use the notation (-, -); to denote the duality product between the spaces Hp'(€; RY) and H},(€; RY),
in particular (-,-)o denotes the duality product between Hp'(Q0;R%) and H}(Q0; RY). Moreover we use the
notation (-,-) to denote the scalar products in L2(Q), L?(€;R%), and L?(Q; R¥*?), according to the context,
and we use (-, gy to denote the scalar product in L?(0nQ;R).

The transpose of the natural embedding of H}(Q:;R?) — L?(Q;R?) induces the embedding of L?(£; R?)
into Hp'(Q:;RY), which is defined by (g,¢); := {(g,¢) for every g € L2 RY) and ¢ € H}(Q;RY).
Given 0 < s <t < T, let Py : Hp'(%;RY) — Hp'(Q4;R?) be the transpose of the natural embedding
HL(Q4;RY) — HE(Qi;RY), ie., (Pi(g), ) s := (g, ) for every g € Hp' (Q;R?) and ¢ € HL(Q;RY). We
have that the operator Py, is continuous, with norm less than or equal to 1. In general is not injective, since
HE(Q;R?) is not dense in Hp,(Q;;RY). Note that Py (g) = g for every g € L?(Q;R?).

Let A :[0,T] x Q — Z(R%*4;R4*4) be a time varying tensor field such that

A € Lip([0, T]; C°(Q; 2 (R REX YY), (2.6)
A(t,) € Lip(Q), [I0A(t,)]lL=@) < C (2.7)

for every t € [0,T], for every i = 1,...d, and for some C > 0 independent of ¢ and i. For every ¢ € [0, 7]
and z € Q) we assume that the tensor A(t, z) satisfies the following properties, which are standard in linear
elasticity:

A(t,xz)n € Rj;n‘i for every n € R¥*?, (2.8)
At,z)n = A(t, x)n*¥™  for every n € R¥*? (2.9)
(A(t,z)n) - € =n-A(t,x)  for every n,& € R¥*, (2.10)
(A(t,x)n) -1 > caln|® for every n € Rfyxn‘i, (2.11)
for a suitable constant ¢4 > 0. In particular condition (1.3) holds true under these assumptions.
Given
feL((0,T); LA RY), «° € HY(Qy;RY), o' € L*(Q;RY), (2.12)
wp € L*((0,T); H/2(9p;RY)),  F e HY((0,T); L*(OnQ; RY)), (2.13)
we study the linear system
i —div(AVu) = f in Qr:={(t,z):t€(0,T),z € Q}, (2.14)
with boundary conditions formally written as
u(t) =wp(t) on Op for a.e. t € (0,T), (2.15)
(A(#)Vu(t))y = F(t) on Oy for a.e. t € (0,7T), (2.16)
(A()Vu(t))y =0 onTy for ae. t € (0,T), (2.17)
and initial conditions
u(0) =u’, w(0)=u' in Q. (2.18)

To give a precise meaning to (2.14)—(2.18), it is convenient to introduce the following notation. Given
v € HY(Qy; RY), its gradient in the sense of distributions is denoted by Vv and it is an element of LQ(Qt RIxd).

We define the function Vo € L2(£; R¥*4) by setting Vv = Vv on € and Vo = 0 on T;. Note that Vo is not
the gradient in the sense of distributions on € of the function v, considered as defined almost everywhere on

Q). Indeed the equality
/@%wdm‘: —/ v - div wdx
Q Q

holds for w € C2°(Q;; R¥*9), but in general not for w € C°(Q; R¥*9). Similarly, we define dive € L2(Q2) by
setting divv = divwv on ; and div v = 0 on T';.
To prove an existence and uniqueness result for (2.14)—(2.18), we assume that there exists

we L*((0,T); H?(Qo; RY))NH' ((0, T); H' (Q0; RY)NH((0, T); L*(20;R)) (2.19)
such that
w(t) =wp(t) on dp for a.e. t € (0,T), (2.20)
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(A@)Vw(t))yr=0 on T, UINQ for ae. t € (0,T), (2.21)

w(0) =u® on dpQ, (2.22)
where these equalities have to be considered in the appropriate sense of traces. Note that the equality (2.21)
for the conormal derivative must be satisfied also on I'y \ T.

We recall the notion of solution of (2.14)—(2.17) given in [3]. Consider a function u satisfying the following
regularity assumptions:

ue CH([0,T]; L*(%R7)), (2.23)
u(t) —w(t) € Hh(Q;RY)  for every t € [0, T, (2.24)
Vu € ([0, T]; L*(9; R?*4)), (2.25)
u € AC([s, T); Hp' (2s;RY))  for every s € [0,T), (2.26)
%[u(t + h) —a(t)] — ii(t) weakly in Hp'(Qy;R?) for ae. t € (0,T) as h — 0, (2.27)
the function ¢t — ||4(t )||H 11, 18 integrable in (0, 7). (2.28)

The relationship between @ and the distributional time derivative of 4 is explained in Lemma 1.2 of [3],
which shows that, in particular, under the assumptions (2.23)—(2.28), the function ¢ — Py (ii(t)) is the
distributional derivative of the function ¢t — w(t) from (s, T) to Hp'(Qs;R?). Moreover

a(t) —u(s) = / Py, (ii(7))dT (2.29)
forevery 0 < s <t <T.

Definition 2.1. Let A, f, F, and w be as in (2.6), (2.7), (2.12), (2.13), and (2.19)—(2.21). We say that
u is a weak solution of the hyperbolic system (2.14) with boundary conditions (2.15)—(2.17) if u satisfies
(2.23)—(2.28), and for a.e. t € (0,T) we have

(it), )+ (A0 Vu(t), Vo) = (£(1), 0) + (F(), )one (2:30)
for every ¢ € HE(Q4; R?), where ii(t) is defined in (2.27).
Remark 2.2. Let us check that (2.30) makes sense for a.e. ¢t € (0,7). By (2.27), ii(t) € Hp'(Q;R?) for
a.e. t € (0,T), and so it is in duality with ¢ € H%(Q;R?). Moreover, by (2.6), (2.7), and (2.25) for every

t € [0,T] we have that A(t)Vu(t) belongs to L2(€2;R?*4). Finally, also that the last term of (2.30) is well
defined for every ¢ € [0, T}, thanks to (2.1).

Following [7], to prove the existence and uniqueness of a weak solution, we perform a change of variable.
We denote by

v(t,y) = u(t, ®(t,y)), (2.31)
where @ is the diffeomorphism introduced in (H7)-(H12), so that
u(t,z) = v(t, U(t, x)). (2.32)

Notice that v(t,-) € H'(Q;R9) if and only if u(t,-) € H'(;RY). Moreover we reduce the domain Qr to
the cylinder (0,7") x €. The transformed system reads

i — div (BVv) + aVu — 2Vob = g in (0,T) x Qp, (2.33)
where B(t,y) € L(R>¥4R*D) a(t,y) € L (R4 RY) b(t,y) € R and g(t,y) € R? are defined as

B(t,y)n = [A(t, 2(t,y)) (VL (t, @ (t,9)))]VE(t, B(t,y))" —1b(t, y) @ b(t,y), (2.34)

a(t,y)n == —[(B(t,y)n)V(det VO(t,9))" +ndy(b(t,y) det VO(t,y))] det VE(t, @ (t,y)), (2.35)
bit,y) == —V(t, B(t,y)), (2.36)
9(t,y) = f(t, @(t,y)), (2.37)

for every n € R4%4, The system is supplemented by boundary conditions formally written as

v(t) =wp(t) on Ip for a.e. t € (0,7), (2.38)
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(B()Vo(t))y = F(t) on InQ for ae. t € (0,T), (2.39)
(B(t)Vo(t))y =0 on Ty for a.e. t € (0,T), (2.40)
and initial conditions
v(0) =%, 0(0) =o' in Q, (2.41)
with
00 =0, ol =l 4+ Vuld(0). (2.42)

To give a precise meaning to the notion of solution of (2.33) with boundary conditions (2.38)—(2.40), we
consider functions v which satisfy the following regularity assumptions:

v e CY[0,T); L*(Q0; RY), (2.43)
v(t) —w(t) € HhH(Qo; RY)  for every t € [0,T], (2.44)
Vo € C°([0,T]; L*(Q0; R¥*4)), (2.45)
v € AC([0,T); Hp' (Q0; RY)). (2.46)

Definition 2.3. Let A, f, F, and w be as in (2.6), (2.7), (2.12), (2.13), and (2.19)—(2.21), and let B, a,
b, and g be defined according to (2.34)—(2.37). We say that v is a weak solution of the transformed system
(2.33) with boundary conditions (2.38)—(2.40), if v satisfies (2.43)—(2.46), and for a.e. t € (0,7) we have

(B(), ¥)o + (BE)Vo(t), V) + (a(t)Vo(t), ) + 2(6(t), div [ @ bO)]) = (9(t), ¥) + (F(£), W)aya  (2:47)
for every ¢ € HL(Qo; R?).

Remark 2.4. Observe that (H8) and (2.4) imply that b(¢) = 0 on the boundary of €. This allow us to
pass, in the weak formulation of (2.33), from —2(Vo(t) b(t), ) to 2((t), div [¢p ® b(t)]), which can be defined
even for 9(t) € L2(Q;RY).

Remark 2.5. Take a function v satisfying (2.43)—(2.46). Let us check that the scalar products in (2.47)
make sense for a.e. t € (0,T). By (2.46) we have that #(t) € Hp'(Qo;RY) for a.e. t € (0,T), therefore it
is duality with ¢ € H}(Qo;R?). In view of (2.43) and (2.45), for every ¢t € [0,7] we have that ©(t) and
@v(t) belong to L?(Q;R?) and L?(Q; R¥*?), respectively. Hence, to ensure that the scalar products in the
left—hand side of (2.47) are well defined, we need to show that the coefficients B, a, b, and div b are essentially
bounded in space for almost every time.

Observe that assumptions (H7), (H11), (H12), (2.6), and (2.7) imply that the tensor field A(t, ®(¢,-)),

the tensor field VU (¢, ®(¢,-)), the vector field U (¢, ®(¢,-)), and the function div (¥ (¢, ®(¢,-))) are Lipschitz
continuous from [0, 7] to L°°(£; L (R¥*4; RI*4)) [2°(Q; R4*4) L>°(Q;R?), and L>(12) respectively. Thus
we get
B € Lip([0, T]; L (Q; £ (R RTY))), (2.48)
b€ Lip([0, T]; L= (;R?)),  divb € Lip([0, T]; L™(2)). (2.49)

We split the coefficient a, defined in (2.35), into the sum a = a; +ag, where a;(t,y), as(t,y) € £ (R4 RY)
are defined as

ai (t,y)n == —[(B(t,y)n)V(det VO(t,y))" + nb(t, y)d,(det VO(t,y))] det VU(t, B(t,y)), (2.50)
as(t,y)n := —nb(t,y)- (2.51)

In view of the discussion above, a; belongs to Lip([0, T]; L>=(2; Z(R¥*¢;R%))), while ay is an element of
L>°((0,T); L2 £ (R4 R%))), being b the distributional derivative of a function in Lip([0, T]; L°°(€; R%)).
Moreover there exists C' > 0 such that [|ax(t, )|z (o) < C for a.e. t € (0,T).

Finally, g defined in (2.37) is an element of L2((0,T); L?(€; R?)), since f belongs to L2((0,T); L?(£; R?)).
Then the right-hand side of (2.47) makes sense for a.e. t € (0,7T).

Remark 2.6. Using (H3) and (H4), together with a partition of unity, and integrating by parts, we get

/ﬁn(w) - [§(@)h(2)ldz = */ n(x)div [¢(@)h(x)]dx (2.52)
Q Q



LINEAR HYPERBOLIC SYSTEMS IN DOMAINS WITH GROWING CRACKS 7

for every n,& € HY(Q\ T'), and for every h € W1 (Q;R?), with h-v = 0 on (I'N Q) U Q. Similarly, for
every ¢ € WHL(Q\T') we have

/ Vi(z) - h(z)de = — / ¢(z)div h(z)dz. (2.53)
Q Q

In particular, formulas (2.52) and (2.53) hold true if A is either W(t, ®(t,-)) or ®(t, ¥(t,-)), thanks to (2.4),
(2.5), and (HT).

Now we want to clarify the relation between problem (2.14) with boundary conditions (2.15)—(2.17), and
problem (2.33) with boundary conditions (2.38)—(2.40). First, in the following lemma, we investigate the
regularity properties of the functions u and v.

Lemma 2.7. Suppose that u and v are related by (2.31) and (2.32). Then u satisfies (2.23)—(2.28) if and
only if v satisfies (2.43)—(2.46).

Proof. The proof is straightforward by applying Lemmas 1.8 and 1.11 of [3] to the components of u and v,
which is possible thanks to our Lemmas 5.3 and 5.4, and formula (2.52). g

Arguing again as before, thanks to the identification H,'(;R?) = [H,'(€4)]?, and Lemmas 1.9 and
1.12 of [3], we have the following two results.

Lemma 2.8. Assume that u satisfies (2.23)—(2.28). Then for a.e. t € (0,T) we have
((t,), )0 = (ii(t, ), (U (1)) det VE(E, ) + (Valt, ), %[ (U(1,-) @ D(t, W(t,-)) det V(1 -)])
+ <’d(t7 ')7 Bt[w(‘l’(t )) det V\I](tv )] - CTR’ [w(\ll(tv )) ® (i)(t7 \I](tv )) det V\Ij(t7 )]>
for allp € HS(Qo; RY).
Lemma 2.9. Assume that v satisfies (2.43)—~(2.46). Then for a.e. t € (0,T) we have
<’U,(t, ')a ()0>t = <i}(t> ')7 (p((I)(t, )) det V(I)(t, )>0 + <$”U(t, ')a O [@((I)(t, )) ® \il(ta (I)(t7 )) det V(I)(tv )D
(5(t, ), (1, )) det VO(t, )] — div [p(®(t,)) © W(t, B, ) det TD(t, )]

+

for all ¢ € Hy(Q; RY).

Thanks to Lemmas 2.8 and 2.9, we can explain precisely the relation between problem (2.14) with bound-
ary conditions (2.15)—(2.17), and problem (2.33) with boundary conditions (2.38)—(2.40).

Theorem 2.10. Under the assumptions of Definition 2.3, a function u is a weak solution of problem (2.14)
with boundary conditions (2.15)—(2.17), if and only if the corresponding function v introduced in (2.31) is a
weak solution of (2.33) with boundary conditions (2.38)—(2.40).

Proof. The proof is the same of [3, Theorem 1.7]. The only difference is given by the term involving F,
which remains the same through the change of variables, since the diffeomorphisms ® and W are the identity
in a neighborhood of 92. ]

Remark 2.11. Observe that if u is a weak solution of (2.14)—(2.17), then we can improve the integrability
condition (2.28). Indeed, by (2.30), by the Lipschitz regularity of A, by the continuity (2.25) of Vu, and by
(2.1), we infer that for a.e. t € (0,7)

@)l g5 @) < CA+ B2 @) + 1F @)l 20n0) (2.54)

for some constants C' > 0 independent of ¢. Therefore, the function ¢ — ‘lu(t)|‘H51(Qt) belongs to L2(0,T),
since f € L2((0,T); L2(;R?)) and F € H((0,T); L?(0x;RY)) € CO([0, T); L2(0x2; R?)). If in addition
fisin LP((0,7T); L?(;RY)), with p € (2, 00], then the function ¢ ||il(t)||H51(Qt) belongs to LP(0,T). The
same holds true also for a weak solution v of (2.33) with boundary conditions (2.38)—(2.40), exploiting the
regularity properties of ¥ and Vv, and the regularity of the coefficients (2.34)—(2.37) discussed in Remark 2.5.
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3. EXISTENCE AND UNIQUENESS RESULTS

To prove the existence and uniqueness results, both for problems (2.14) and (2.33), we require an additional
hypothesis on the tensor field B. We assume that there exist two constants v > 0 and 8 € R such that for
every t € [0, 7]

(B(t)Vn, V) 2 vnllE p) — BlnllEe(a,) for all n € Hp(Qo:RY). (3.1)
Observe that condition (3.1) is satisfied whenever the velocity of the diffeomorphism @ is sufficiently small.
Indeed, by (H3) and (H4), we can find a finite number of open sets V;, C Q, k = 1,... N, with Lipschitz

boundary, such that Q\ T' C Uszlvk. Hence, using the Second Korn Inequality in each Vi (see, e.g., [8,
Theorem 2.4]) and taking the sum over k, we find a constant C, depending only on Q and T, such that

/ (Vn2da < C’</ In|?da +/ |E7}|2dx) for all n € H'(Q\ T;RY),
Q Q Q
where En is the symmetric part of @777 ie., En = (@77 + §17T)/2. In particular

/ |§n|2dz < C’(/ | da —|—/ |En|2dm> for all n € H'(Qp; RY). (3.2)
Q Q Q

Define

m= min detVU(t,z), M= max det VU(t, x).
[0,T]x 2 [0,T]x 2

For every t € [0,7] and n € HL(Q0;R?), by using the definition of B and the change of variable formula
together with conditions (2.8)—(2.11) and (3.2), we have

/ B(t, ) ¥n(y) - Vn(y)dy

> men [ IE(¥(t))Pde = [ [900) V90 0(9)0(0.0) Py
Q
mc mc
> 5 [ 1)V o )Py =5 [ ) Pde— [ 190 ve 0 )b ) Py
since the function n(¥(t,-)) € H5(Q; RY) € HY(Qr;RY) for every ¢ € [0,T]. Hence, if we assume that
1B, y)|2 < TT% for all ¢ € [0,T] and y € O, (3.3)

by (H7) we obtain that there exists § > 0 such that

mcC
/Qory)w() Ty dy><s/\w WU, B(t,y))dy — A/\n ) 2dy,
which gives (3.1).

Remark 3.1. The assumption (3.3) imposes a condition on the velocity of the growing crack which depends
on the geometry of the crack itself.

In Section 2 we have seen that problem (2.14) with boundary conditions (2.15)—(2.17), and problem (2.33)
with boundary conditions (2.38)—(2.40) are equivalent. Here we will prove the following existence theorem.

Theorem 3.2. Let be given A, f, u°, ul, F, as in (2.6), (2.7), (2.12), and (2.13), and assume the existence
of w satisfying (2.19)—(2.22). Let B, a, b, g, v°, v! be defined according to (2.34)—(2.37) and (2.42), with B
satisfying (3.1). Then problem (2.33) with boundary conditions (2.38)—(2.40) and initial conditions (2.41)
admits a unique solution v, according to Definition 2.3.

The proof of Theorem 3.2 will be obtained as a consequence of Theorems 3.6 and 3.7, and Proposition 3.9
below. Thanks to Theorem 2.10, as corollary we readily obtain the following result.

Theorem 3.3. Let be given A, f, u®, ul, F as in (2.6), (2.6), (2.12), and (2.13), and assume the ezistence
of w satisfying (2.19)—(2.22). Suppose that B defined in (2.34) satisfies (3.1). Then problem (2.14) with
boundary conditions (2.15)-(2.17) and initial conditions (2.18) admits a unique solution u, according to
Definition 2.1.
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Proof. Using Theorems 2.10 and 3.2 there exists a solution u of (2.14)—(2.17). Moreover, the initial conditions
(2.18) follow from the regularity conditions (2.23)—(2.28) of u and from the initial conditions of v. Finally
the solution is unique, since every solution u of (2.14) with boundary conditions (2.15)—(2.17) and initial
conditions (2.18), gives a solution v of (2.33) with boundary conditions (2.38)—-(2.40) and initial conditions
(2.41), thanks to Theorem 2.10, the regularity conditions (2.43)—(2.46) of v, and the initial conditions of

U. (]
In order to prove Theorem 3.2, it is convenient to define the function
z(t,y) == w(t, DL, y)), (3.4)
where w is a function satisfying (2.19)-(2.21). By Lemma 2.4 of [3], z satisfies the following properties:
2€L*((0,7); H*(Q; RM))NH((0,T); H(0; RY))NH?((0,T); L*(Q0; RY)), (3.5)
2(t) =wp(t) on IpQ for a.e. t € (0,T), (3.6)
(B(t)Vz(t)r =0 on I'oUonQ for a.e. t € (0,T), (3.7)

where the last two equalities are satisfied in the sense of traces. Moreover, if w satisfies also (2.22), then z
satisfies
2(0) =v° on dpQ, (3.8)
again in the sense of trace.
To obtain the existence and uniqueness result of Theorem 3.2, we first introduce a notion of solution of
(2.33) which is weaker than the one considered in Definition 2.3. Next, we will prove an energy equality that
ensures that this type of solution is more regular, namely it satisfies the regularity conditions (2.43)—(2.46).

Definition 3.4. Let A, f, F, w be as in (2.6), (2.7), (2.12), (2.13), and (2.19)—(2.21), and let B, a, b,
g, z be defined according to (2.34)—(2.37) and (3.4). We say that v is a generalized solution of (2.33)
with boundary conditions (2.38)—(2.40) if v € L*>((0,T); H*(Qo;R%)), v — z € L>®((0,7T); Hp(Q0; RY)),
b € L°((0,T); L*(Q0;RY)), # € L*((0,7); Hp' (203 RY)), and

(B(), V)0 + (BEVo(t), V) + (a(t)Vo(t), §) + 2(6(t), div [1 @ b®)]) = (9(t), %) + (F(t), V)oxe  (3.9)
for a.e. t € (0,T) and every ¢ € H}(Q0; R?).
Remark 3.5. Since D(0,7) ® H%(Qo;RY) is dense in L2((0,T); HL(Q0;R?)), we can recast the equality

(3.9) in the framework of the duality between L?((0,T); Hy'(Q0; R%)) and L2((0,T); Hp(Q0; R?)). Indeed,
it is easy to see that (3.9) is equivalent to

T A~ A~ A~ —
/0 [{8(2), £(8))o + (BE)Vu(), VE(1)) + (a(t)Vo(t),£(1)) + 2(o(t), div [€(t) @ b(1)])]dt

T
- / [(g(t), £(1)) + (F(£),£(t))onldt
for every € € L2((0,T); H5(Q0; RY)).

Note that for a generalized solution of (2.33) with boundary conditions (2.38)—-(2.40), the initial conditions
(2.41) make sense, as explained in detail in [3, Remark 2.7]. We are now in a position to prove the first
existence result.

Theorem 3.6 (Existence). Let A, f, u°, ul, F, w be as in (2.6), (2.7), (2.12), (2.13), and (2.19)~(2.22). Let
B, a, b, g, v°, v, 2 be defined according to (2.34)-(2.37), (2.42), and (3.4), with B satisfying (3.1). Then
there exists a generalized solution of (2.33) with boundary conditions (2.38)—(2.40) satisfying the initial
conditions (2.41).

Proof. As in the proof of [3, Theorem 2.6], it is enough to consider the case of homogeneous Dirichlet
boundary conditions, i.e., z = 0. Indeed, in view of the properties (3.5)—(3.8) of z, v is a generalized
solution of (2.33) if and only if the difference ¥ := v — z satisfies the statement with initial conditions
90 =19 — 2(0) € H(Qo;R?) and 9 = v! — 2£(0) € L?(9, R?), homogeneous Dirichlet-Neumann boundary
conditions on Op? and I'y, Neumann boundary condition (2.39) on dyx €2, and source term § := g — h, where

h:=%—div(BVz) +aVz — 2V:ib € L*((0,T); L*(Q0; RY)).
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Notice that in the definition of A we have used the equality
/Q B(t,y)Va(t,y) - Voly)dy = —/Q div [B(¢,y)Va(t, y)] - ¢(y)dy
(0] 0

for every p € H}(Q0;RY), which can be obtained by arguing as in Remark 2.6 and using (3.7). Therefore,
from now on we assume that z = 0.

The proof is based on a perturbation argument. Following the procedure adopted in [4, Chapitre XVIII,
§5], we first study the equation (3.9) with the additional term

e(0(t), V) + e(Vi(t), Vi), & >0,

and then we let the viscosity parameter € tend to zero.
Step 1. The perturbed problem. Let ¢ > 0 be ﬁxed We want to show that there exists a solution
ve € HY((0;T); H(Q0;RY)), with 4. € L2((0;T); Hp' (Q0; R?)) of the equation

(i (1), ¥)o + (B(1) Voo (1), V) + (al(t) Vo (1), v) — 2(Vo (0)b(t), )

vy (3.10)
+ (b (t), ¥) + £(Vie(t), Vi) = (g(1), ) + (F (1), ¥)axas

for a.e t € (0,7) and every ¢ € H}(Q;RY), with initial conditions v.(0) = v° and 9.(0) = v'. To study
equation (3.10), we regularize our coefficients with respect to time using a sequence of mollifiers, as in the
proof of [3, Theorem 2.6]. Let p, € C°(R) satisfying p,, > 0, supp(p,) C [~1/n,1/n] and [ p, = 1, and
extend our coefficients B and a to all R as explained in [3, Theorem 2.6].

To deal with the term F', which is not present in the quoted theorem, we introduce the function g := g+ F/,
which belongs to L2((0,T); Hy'(Q0;RY)), thanks to (2.2), (2.13), and (2.37). Therefore we may apply
Theorem 5.1 (which is a slightly stronger version of [3, Theorem 4.1]) with forcing term ¢ and k = . For
every n € N this leads to the existence of a solution v” of (3.10), with B(t) replaced by (B * p,)(t) and a(t)
replaced by (a * p,,)(t), satisfying the initial conditions v* and v*.

Taking 97 as test function in (3.10) and integrating over (0,t), we get

/0 ({52 (5), 92 ()0 + (B % pa) (5) V0L (5), VEL (5)) + ((a* pa) (s) VL (s), 07 (s))]ds

(3.11)
t t
+ [ AR08 020) + <1825 s = [ a(a). 32 (9) + (PL8). 2 )l
Integrating the first two terms by parts with respect to time, we get
b n n 1., 1
[ e ds = 51Ol 00~ 510 (312)
t
< <. n 1 <,.n <N
/ (B pn)(5)Ve (s), VOZ (s))ds = S (B * pu) () VUL (1), VoL (2))
0 . . (3.13)
- 5B p)OF.T00) - [ (0B p)(6) T2 (). T2 (5))ds
0
Moreover, using (3.1) we infer that
§<<B o)L (0), 902 0)) 2 L2 (Dl ) — SI2 Ol 2200 (3.14)
Since v (t) = v + fo s)ds, we have also that
102 () Z20y) < 200°0122 () + 2T/ 192 (5) 172020 s (3.15)

Now, by the regularity of the coefficients B, a, and g there exits a constant C' > 0 independent of n, €,
and ¢ such that

\ / (@ pu)(s) V02 (5), 07 (5))ds| <C / o (5) 2 g + 122 (5) 132 s, (3.16)

| to(s), b

t
—C|:||f%2((0,T);L2(QO;R'1))+/O ||i’g(8)”%2(90)d3 ) (3.17)
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t t
\A«uﬁ*mx@vww»vwwwkgcln@@ngﬂmw. (3.18)
Note that by (2.53), for every n € H}(Q0; R?) we have

2<§775(5)a77> = <b(8)7 §|77|2>L1 = —<diV b(S), |n‘2>L17 (319)
where (-,-)z1 denotes both the duality between L>(£2) and L(€2), and the duality between L>(; RY) and
LY(Q;RY). Therefore, by (2.49) and (3.19), there exits a constant C' > 0 independent of n, €, and ¢ such

that .
‘ / Vv ), 02 (8))ds SC’/ Hi)g(s)Hsz)(Qo)ds. (3.20)

Since F' € H((0,T); L2(OnS%;R?)), we can integrate the last term in (3.11) by parts with respect to time,
and we get that

[ G826 swods = (FO 2 Oor ~ FO. v~ [ F6) 02 avods. (21
Now, by (2.2) and the Young’s inequality there exists a constant C' > 0 independent of n, €, and ¢ such that
[(F(t),v2 (D)oxal < CIF®)720y0) + %HU?(t)H?{;__,(QU)- (3.22)

Moreover, F(t) )+ fo s)ds and so
||F(t)||L2(aNQ) < 2|F(0)lI72050) + 2TIE 132 (0.7 12 (o :R)) - (3.23)

Hence, by using (3.22) and (3.23) together with (3.21), we obtain the existence of two constants C1,Cs > 0
independent of n, €, and ¢ such that

t
\/ 26 tonends| < FI Ol o+ Co+Co [ 107 (6) Iy s (3.24)

By combining (3.11)—(3.18) with (3.20) and (3.24), we infer that

t
152 Ol 0y + FIOlrpany +2¢ [ 152(6) sy o

t
<t C [ 119260 a0y + 102 (9 o s

for some constants C;, i = 1,2, independent of n, ¢, and t.
Then, using Gronwall’s Lemma we obtain that

Hi)g(t)HZLQ(QO) + %Hv?(t)”fqb(go) < C1e%T  for every t € [0,T]. (3.25)
Hence
v™ is bounded in L>((0,T); H}(Q0; RY)), (3.26)
©™ is bounded in L>((0,T); L*(Q0; RY)), (3.27)
Vev™ is bounded in L2((0,T); H}(Qo; RY)), (3.28)

uniformly with respect to n and €. From these properties, using (3.11) and (3.19), we obtain also that
@7 is bounded in L?((0,T); Hy' (Q0; RY)), (3.29)

uniformly with respect to n and . Fixed € > 0, by (3.26) and (3.28) there is a subsequence of vZ, not
relabeled, which converges to some v, weakly in H'((0;7); Hp(Q0;R?)) as n — +oo. Furthermore, using
also (3.29), we infer that @7 converges weakly in L2((0,T); Hp' (Q0; R?)) to .

Let us show that v. satisfies equation (3.10). We fix a test function ¢ € H}(Q0; R?) for (3.10) and, since
B is symmetric, we observe that

(B * pu)(t) V0
((ax pa)()Vo

~

(1), V) = (VO (t), (B * p,) (t) Vi),
(1), 0) = (VO (L), (8" * pu) (£)0),
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where a*(t,y) € £ (R4 R¥*9) is defined as

a*(t,y)c-n=a(t,y)n-c for all c € R% n e R4, (3.30)

By the regularity properties of B and a*, as n — +o0
(B * pn)(t) V) — B(t)V strongly in L*(Qo; R¥9) for all ¢t € (0,T), (3.31)
(a* % pp)(t)y — a*(t)y strongly in L?(Qo; R*?) for a.e. t € (0,7). (3.32)

Passing to the limit as n — 400 in the PDE solved by v, using the strong convergences (3.31) and (3.32),
and the weak convergences of v?, o7 and 97, we obtain that the weak limit v, solves equation (3.10).
Furthermore, the bound (3.25) and the weak convergence of v, 0 and 47, imply that for every ¢ € [0, T
o™ (t) — vo(t) weakly in Hp(Qo; RY),

g

D" (t) — 0.(t) weakly in L?(Qo; RY).

€

Hence v. satisfies the initial conditions v.(0) = v* and v.(0) = v!.

Step 2. Vanishing viscosity. As already done in Step 1 for the sequence v”, taking as test function in
(3.10) the velocity of v, itself and integrating in (0,¢) we derive the energy equality

16Ol 0) + 5 EOT00. Fu0) +< [ Jou(o)ds

1
2

(B(0)Vo°, Vo°) + /0 [1@(5)%5(3),%5(3))—<a(s)%g(s),@g(s)> ds (3.33)

1 12
= 5”” [72(00) + 5

+/0 [2(Vic(s)b(s), b (s)) + (9(s), 0=(5)) + (F(s), b (s)) ol ds.

Arguing as before, by the uniform ellipticity (3.1) of B we get the estimate

t
. Y .
5 O30y + 2 N0 B3y ) + 22 / 6= ()11 s
0 (3.34)

t
<O [ 10y + 0e(6) oy o .

for some constants C;, ¢ = 1,2, independent of € and ¢. By applying Gronwall’s Lemma, we conclude that
for every ¢ € [0, 7]
. Y
5 (O30 + 20 (®) 30y ) < CreT. (3.35)

Hence v, is bounded in L>=((0,T); H}(20; R?)), and v is bounded in L>((0,T); L?(Q0; R?)). Moreover, by
combining (3.34) and (3.35), we infer that

T
[ 1y s < C. (3.36)

for some constant C' independent of ¢ and ¢. Observe that (@f[)g(t)b(t), ) = — (0 (1), div [ ®@b(¢)]) by (2.52).
Then, using (3.10) and the previous estimates, we obtain that @. is bounded in L?((0,T); H;"(Q0; R?)).
Therefore, up to a subsequence (not relabeled), v. converges to some

v e L*((0,T); Hp(Qo; RY) N HY((0,T); L2 (Q0; RY) N H2((0,T); Hp' (Q0; RY))

in the following way

v. — v weakly in L2((0,T); H:(Q0; RY)), (3.37)
v, — o weakly in L2((0,T); L?(Q0; RY)), (3.38)
b, — ¥ weakly in L2((0,7); Hp'(Q0; RY)). (3.39)

Moreover, v € L>((0,T); H5(Q0;RY)) and © € L*°((0,T); L*(Q0; R?)). Notice that a priori the weak limit
v is not unique, but might depend on the particular subsequence chosen.
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Let us show that v solves equation (3.9). For every e > 0 we take & € L2((0,T); Hb(Q0;R?)) as test
function in (3.10) (see Remark 3.5), and we obtain

/ [(5: (1), ()0 + (B() VL (1), VE®) + (al(t) VoL (1), £(8)) + 2(0- (1), div [£(t) @ b(t)])]dt
0 (3.40)

T N . T
+€/ [(ﬁs(t),é(t»+<V®s(t)7V£(t)>]dt:/ [(g(2), €(8)) + (F(2), £(2))analdt.
0 0

Thanks to (3.36), we get as e — 0

: / [<ve(t),£(t)>+<We(t)ﬁ£(t)>]dt‘Sxﬁ / VEIo=(8) L o €@ 71, 2

1/2

T
< VEell€llz2 o,y 11 (05ra)) (/0 EH@E(t)”f'-[b(Qo)dt) < VeC — 0.

The last property, together with the convergences (3.37)—(3.39) and equality (3.40), gives that v is a solution
of (3.9). Arguing as in Step 1, we obtain for every t € [0,T]

ve(t) = v(t) weakly in H}(Qo;RY), (3.41)
v (t) — 0(t) weakly in L?(Qg; R?). (3.42)
This gives the validity of the initial conditions of v. O

The proof of uniqueness is similar to the one in [3] and relies on a standard technique due to Ladyzenskaya
[5], which consists in taking as test function in (3.9) the primitive of a solution.

Theorem 3.7 (Uniqueness). Under the assumptions of Theorem 3.6, there is at most one generalized solution
of (2.33) with boundary conditions (2.38)—(2.40), satisfying the initial conditions (2.41).

Proof. As already pointed out at the beginning of the proof of Theorem 3.6, we may restrict ourselves to the
case z = 0. Moreover, by linearity, it is enough to show that the sole generalized solution v to the problem
(2.33) with

Z:g:F:’UO:’Ulzo

is v = 0. The proof is in two steps: first we show uniqueness in a small interval [0, to]; then, by a continuity
argument, we deduce uniqueness in the all [0, T].
Step 1. Let s € (0,T) be fixed and let ¢ € L?((0,T); H(Q0;RY)) be defined as

_ —f:v(T)dT if t € [0, s],
50 = {0 if t € [s,T).

Note that &(s) = &(T) = 0. Moreover, & € L2((0,T); H)(Q0; R%)). Indeed

v(t) ift €10,s),
0 ift e (s, 7).

By taking ¢ as test function in (3.9), we get

/Os[@(t% E)o + (B)V(t), VEW) + (a(t) Vo(t), (1)) +2 /os@(t)a div[g(®) @b(t)]))de =0.  (3.43)

Integrating by parts with respect to time in the first term, we obtain that

° ° 1
| 0.0t = = [ (ote)ona = =316 (3.4
since v¥ = v! = £(s) = 0.
Let us rewrite the second term involving B. By Definition 3.4 of generalized solution it is easy to see
that ¢ € Lip([0,7]; H5(Q0;R9)). Therefore, using (2.48) we have that BVE € Lip([0,7]; L?(Q; RY*9)).
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Integrating by parts with respect to time and using the fact that £(s) = 0 in H}(Q0; R?), we may write

| @0Fu. ewyan - - | (), B()Te )t
0 0

X e (3.45)
- 5 BOTE0).70) - 5 [ BOT0. T
Inserting (3.44) and (3.45) into (3.43), we get
S0 a0, + 5 BO)VE(0), TE0)
s o R . (3.46)
:/0 {— %(B(t)Vf(t),vg(t» + (@) Vo(t), £(1)) + 2(0(t), div [§() @ b(t)]) | di.

Let us now bound from above the scalar products in the right-hand side of (3.46). By the Lipschitz
regularity of B there exists C' > 0 such that ||B(Z, -)|| (o) < C for a.e. t € (0,T), and so

[ Boven.Teoa| < ¢ [0, o (3.47)

We split div (£ ® b) into the sum &divb + VED. As already pointed in (2.49), the function divd €
Lip([0,T]; L*°(Q2)), therefore we may repeat the same argument as before. Integrating by parts with re-
spect to time and using the equalities v° = £(s) = 0, we obtain

/ " (o(t), £(8)div b(E))dt = — / "Lo(t), v(t)div b(t) + £(£), (div b(t)))]d
0 0 (3.48)

S
< C [ W) + 160 oy ot
for some C > 0 independent of s. Performing first an integration by parts with respect to time exploiting

the assumptions v? = £(s) = 0, and then using formula (2.53) and the regularity properties (2.49) of b, we
infer that

[ 60, Fewnnar = 5 [ laivbo), o) 0 ~ 20000, T
0 0

; (3.49)
< C [ 10+ 160y ot
for some constant C' > 0 independent on s.
Now, we split a = a; + aq, where a;(t,7), as(t,y) € £ (R4, R?) are defined as
ay(t,y)n == ai(t,y)n — a1 (0,y)n = ai(t,y)n + nb(0, y)div (0, y), (3.50)
8o (t, y)n == as(t,y)n + a1 (0,y)n = —n[b(t,y) + b(0, y)div & (0, y)]. (3.51)

Observe that a; € Lip([0, T]; L= (Q; £ (R%; RdXd))) therefore a; belongs to L>®((0,T); L2(%; £ (R%; Rx4)))
and there exists a constant C' > 0 such that ||a; (¢, Nz < C for ae. t € (0,T). Integrating by parts
with respect to time and exploiting the equalities £(s) = a;(0) = 0, we get

[ @@Te.ewna = [ @, a0a0a
0 0 ,
. / (VE(t), A5 (DE))dt / (Ve(t), & (1)E()) dt
0 0

. . (3.52)
. / (G (6)9E (), €(1))dt — / (& (6)VE®), o(t))dt
0 0

¢ [ 160 rp ) + 10l

for some constant C' > 0 independent of s, where a7 is defined in a similar way to (3.30). On the other
hand, divb € L>((0,T); L*(Q)) by (2.49), and there exits C' > 0 such that ||divb(t, )|~y < C for a.e.
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t € (0,T). Furthermore, b(0)div®(0) € Lip(; RY) thanks to (H12). Hence, performing an integration by
parts with respect to the space variable we obtain

/O (BT (1), £(8)) dt = — /O C(Su(t), £(1) @ b(t) + b(0)div H(0)])dt

= /0 ’ (w(t), £(t)div [b(t) + b(0)div $(0)] + VE(#) @ [b(t) + b(0)div (0)])dt (3.53)

’ 2 2
< [ W0y + 10Ol

for some constant C' > 0 independent of s. Notice that, to derive (3.53), we have used formula (2.52) with
h = b(t)+b(0)div ®(0). Indeed for a.e. t € (0,T) the function b(t)+b(0)div ®(0) € Wh>°(Q; R?) and satisfies
(b(t) + b(0)div®(0)) - v = 0 on (' N Q) U AN, since b(t) -v = 0 on (I' N Q) UQ for every t € [0,T] by (2.4)
and (H7), and +[b(t + h) — b(t)] — b(t) strongly in L (€;R%) for a.e. t € (0,T) by (H11).

By combining (3.46) with the coercivity property (3.1) of B, the upper bounds (3.47)—(3.49), (3.52), (3.53),
and the fact that

I€0) 2200y < T / o (t) 12

we conclude that
S
() 22(00) + VIEO i 0y < C / o(t) 20y + 1€y 0, (3.54)
where the constant C' does not depends on the parameter s chosen. Now, considering

z(s) := / v(T)dr,
0
we can rewrite £(t) = z(t) — z(s) for every t € [0, s], in particular

1€ 3 c00) = 12(5) 113 ) (3.55)
|10yt < 252 @ +2 | 1Oy oyt (3.56)

Therefore, by combining (3.54)—(3.56), we obtain
o) a0y + (1 = 208013y oy < 20 [ [1900) iy + 120 g et

If s is small enough, e.g., s <t := v/(4C), we can apply Gronwall’s lemma and obtain that
v(s) =0 for every s € [0, o]
Step 2. By Definition 3.4, the functions v : [0,T] — L2(Qo;R?) and © : [0,7] — HBl(QO;Rd) are
continuous, and we can define
t* :=sup{t € [0,T] : v(s) = 0 for every s € [0,¢]}.

Using Step 1 and the continuity of v and 0, we get that t* > to > 0 and v(¢*) = v(¢*) = 0. By contradiction,
assume t* < T. Now, repeating the strategy adopted in Step 1 with starting point ¢t* and initial set {2;«, we
may find a point ¢; > t* such that v(s) = 0 for every s € [t*,¢1], which lay to a contradiction. Therefore
t* =T and so v(s) = 0 for every s € [0,T]. O

Remark 3.8. Let v be the generalized solution of (2.33) with boundary conditions (2.38)—(2.40) and initial
conditions (2.41), and let v be its viscous approximation obtained by solving (3.10). Using (3.41), (3.42),
and the weak lower semicontinuity of the norm, we get for every ¢ € [0, T

10220 + 107 00) < C (3.57)
for some constant C' > 0 independent of ¢. If we now consider the function u defined by (2.32), since
Vul(t,) = Vo(t, U(t, ) VE(t,-), (3.58)
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it is immediate to check that for every ¢ € [0, T
(O30 + 1Ol iy < C: (3.60)

for some constant C' > 0 independent of ¢.

In order to state the next result, we introduce the following energy; given n € L>((0,T); H*(Qo; R?)),
with distributional derivative 17 € L>((0,T); L?(Q0; R?)), we set for a.e. t € (0,7)

£8n.0) == 3 IONs(a,) + 5 BOTn(), T (o), (3.61)

where B is the tensor field defined in (2.34). Now, following [3, Proposition 2.11], we will prove an energy
equality for a generalized solution v of (2.33).

Proposition 3.9 (Energy equality). Under the assumptions of Theorem 3.6, let v be the (unique) generalized
solution of (2.33) with boundary conditions (2.38)—(2.40), satisfying the initial conditions (2.41). Then the
energy Ep(v,-) is a continuous function from [0,T] to R. Moreover, in case z = 0, it reads

Ee(v,t) = Ep(v,0) + R(v, 1), (3.62)
where the remainder R is defined as

1. ~ ~

R(v,t) : = /0 |:2<B(S)V’U(S),V’U(S)> —(a(s)Vu(s), 0(s)) — (divd(s), |o(s)|*) 11| ds

+/0 [{g(s),9(5)) = (E(s), v(s))ayalds + (F (1), v(t))aye — (F(0),2")aya-

Remark 3.10. Note that if the solution v were smooth enough, then (3.62) would be straightforward by
taking v as test function in (3.9). In our case, we follow the proof of [3, Proposition 2.1] by approaching ©
with H}(Q0; RY)—valued functions, in the same spirit of [6, Chapter 3, Lemma 8.3].

Proof of Proposition 3.9. As observed in the proof of [3, Proposition 2.1], it is enough to prove the statement
in the case of homogeneous Dirichlet boundary conditions, i.e., z = 0. Moreover, by [3, Remark 2.7] and (2.2),
v belongs to Cy, ([0, T); L2(On % RY))NL>®((0,T); L*(On2;RY)) and F belongs to H((0,7); L?(OxQ; RY)) C
C([0,T); L*(On; RY)), so that (F(t),v(t))oya is a continuous function from [0, 7] to R. Hence, to prove
that &g (v, -) is continuous, it is enough to show that equality (3.62) holds.

Let to be fixed and let 8y denote the characteristic function of the time interval (0,¢y). For every § > 0,
we call 05 : R — R the function equals to 1 in [d,t9 — ], 0 outside [0, o] and which is linear in [0, d] and
[to — &,t0]. As & — 0, 05 — Jp in L' (R). Let p,, € C2°(R) be a sequence of mollifiers. For brevity, in the
following, we will omit the indices § and m.

We want to approximate 6pv : (0,7) — Hp(Q0;R?) by a suitable sequence of functions belonging to
C2(R; H}(Q0;RY)). To this aim, we first extend the function fyv to all R by setting fyv = 0 outside of
(0, T). Moreover, we extend in a similar way every function multiplied by either 6y or 6.

In view of the definitions above, for every m and ¢ fixed, it holds

px (6v) € CZ(R; Hp(20;RY)),

since fv : R — H}(Q; RY) has compact support, and the regularity follows from the equality
k k

Lolpw 0] = (52) « (00).
Similarly, it holds

p* (00) € C(R; L*(Q0; RY)), (3.63)
and since

px (00) = px (Ov) — px (6v), (3.64)
we realize that p x (00) € C°(R; HL (Q0; RY)).

The only difference with respect to the proof of [3, Proposition 2.11] is given by the term involving F.

Observe that (p x (OF), p* (6v))aya € CZ(R), then

/ di@ £ (OF), p* (00))oyods = 0.
R ds
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In particular, since p * (90) is well defined in L?(R; L?(Onx$;R?)) (see (2.2) and (3.64)), we have that

0= [ o+ (OF).px @o))aa + (o (6F). % (60)) ayelds
R . (3.65)
+ [ o 07 0oy -+ (o (0F).p + (00))oyalds

Let us study separately the behavior of each term in (3.65) as & — 0, keeping m fixed. The first term has
the following asymptotics:

lim [ (p* (0F),p* (9v)>@Nst = lim /(p * (0 F), p* (év)>aNst
5—0 Jp =0 JR

(3.66)

= tim [ 000 p = Go) ) avads = (o= 0F), vhonalto) + 9+ (B0F) t)aol0),
To obtain this result, we have split 8 as § = (8 — ) + 6y and used the following facts
p * (Gv) is uniformly bounded in L?(R; L?(0yQ; R?)),
p* (OF) — p* (0oF) strongly in L*(R; L*(OxQ;RY)),
s (pxpx (00F),v)oya(s) is continuous on [0, 7],
where the last property holds true since p*p* (6o F) € CO(R; L2(OnQ; R?)) and © € C,, ([0, T); L2(OnQ; RE))N
L>((0,T); L?(OnS%;RY)). Similarly, the second term of (3.65) satisfies

lim R(P # (OF), p  (0v)oyads = —(F, px p (69v)oxa(to) + (F, p* p * (800))oya(0). (3.67)

For the last two terms of (3.65), by direct computation we have

gin% [(p* (OF), p* (00))aya + (p* (0F), p* (6v))ayalds
—0Jr

- / (o (BoF), p+ (Bo0))awer + (p + (B0, p + (60v)ayclds.

Indeed, p * (69) is uniformly bounded in L2(R; H}(Q0; RY)) by (3.64), and it converges strongly to p * (6p0)
in L2(R; L?(Qo;R?)). Hence, using also (2.2), p * (v) is an element of L2(R; L2(Ox2;RY)) and p * (60)
converges to p * (6g0) weakly in L2(R; L2(OxQ; R?)). By combining (3.65)(3.68), we infer that

0=—(pxpx(6oF),v)axa(to) + (p* p* (60F),v)axa(0) — (F, p* px (6v))aya(to)
+ (F,px px (6ov))ona(0) + / [{p* (60 F), p* (B0v))awe + (p * (00F), p * (090))axalds.
R
Now, observe that the function v solves

/R (005, )0 + (0sBV 0, V€) + (BoaTv, ) + 2(B, div [€ @ b)) ds = / (009, ) + (00 F, ) oy alds,

(3.68)

(3.69)

for every ¢ € L%(R; H,(Q0;R?)) (see Remark 3.5). In particular, by taking & = p* (p* (6p1)), which belongs
to L%(R; H5(Q0; R?)) thanks to (3.64), exploiting the properties of the convolution, and using (3.69), we
obtain

[ Lt 00+ 000)) + (0 (0BT x (G000 s

+ /]R [{p * (0oaVv), p* (600)) + 2(p * (Bo @ b), p % (6oVD)) + 2(p * (Byidivb), p (600))]ds (3.70)

= /R [(p* (609), p * (000)) — (p* (0o F), p* (Bov))oya]ds + (px p* (6 F), v)oya(to)
+ (F,px px (0ov))ayalto) — (px p* (00F),v)axa(0) — (F, p* p* (0ov))aya(0).

Let us now perform the second passage to the limit: we let the index m associated to the convolution p,,
tend to +oo. The last four terms in the right-hand side of (3.70) converge to

(F(to), v(to))ane — (F(0),v(0))oxa- (3.71)
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Here we have used the strong continuity of F', the weak continuity of v, the presence of 6y, and the fact
that p * p is still a smooth even mollifier. Moreover, by using the strong approximation property of the
convolution and the dominated convergence theorem, it is easy to check that

. tU .
lim <p>k (GOF),p* (00’[})>0NQdS = / <F,1}>3NQdS. (3.72)
m—+o0 [p 0

Finally, using [3, Proposition 2.11] for the remaining terms, we conclude the proof of the representation
formula (3.62), and we obtain the desired continuity of (v, -) in [0, T7. O

We are now in a position to prove Theorem 3.2.

Proof of Theorem 3.2. In view of Theorems 3.6 and 3.7, we know that problem (2.33) admits a unique
generalized solution v (cf. Definition 3.4). Hence, to conclude the proof, it is enough to show that the
generalized solution v of (2.33) is indeed a weak solution (cf. Definition 2.3), more precisely it satisfies
(2.43)~(2.46).

Let us first consider the case in which w, and hence z, is zero. As pointed out in [3, Remark 2.7],
v e CO[0,T); L2(Q0; RY)) N CoW ([0, T); Hp (03 RY)) and & € CO([0,T); Hp' (03 RY)) N O ([0, T); L2 (Qo; RY)).
In addition, thanks to Proposition 3.9, &g(v,-) is a continuous function from [0,7] to R. Let us now prove
that Vv and © are strongly continuous from [0, 7] to L?(; R%*4) and L?(Qo; R?), respectively.

Let to € [0,T] be fixed and let (¢x) be a sequence of points converging to ¢y. Since v is weakly continuous,
we have that

[6(t0) 17200 < %gfolof [o(t1) 1172 (620
Moreover, condition (3.1) implies that
(B(to)Vn, Vi) + BlInll72 (), 7 € Hp(Q0;RY),
is an equivalent norm on Hp,(Q0; R?), and so

(B(to) Vu(to), Vo(to)) + Bllu(to)l|Za(a,) < liminf {(B(to)Vo(ts), Vo(te)) + Blu(t) 720, }

= lim inf (B(to) Vo (tx), Vo(ti)) + Bllv(to) 132 ()
k—+oco
by the strong continuity and the weak continuity of v in L?(Q;RY) and H}(Q0; R?), respectively. Hence,
using also the strong continuity of B in L>(£2; £ (R%*?; R4*4)) and (3.57), we get

(B(to)Vu(to), Vo(to)) < liminf {(B(ty)Vo(ty), Vo(ts)) + (B(to) — B(ty))Volts), Vo(ts))}

k— 400

< lim inf (B(t) Vo (tr), Vo(ty)) + C Jim_[B(to) — B(ts) | L= (o)

k——+oco
= lim inf (B(t,) Vo (), Vo (te)).

k—+oo

Then

1 P . 2 1 . . S - .
&e(v,to) < 5 lim inf [o(t)Iz2 20) + 5 lggli{g<B(tk)VU(tk)7vv(tk)> < Jm Es(v,ty) = Ep(v, to),

which implies the continuity of ||1')(t)||2L2(QO) and (B(t)Vu(t), Vo(t)) in to € [0,7]. Thus © and Vo are
strongly continuous from [0,7] to L?(Qo;R?) and L?(Q; R¥*?), respectively. Therefore the properties
(2.43)—(2.45) are readily verified. Eventually, since o,4 € L%((0,7); Hp'(Q0;R?)), we infer that v €
Wh2((0,T); Hp' (Q0; RY) € AC([0,T); Hp' (Q0;RY)).  This gives (2.46) and concludes the proof. The
general case, when z # 0, can be deduced by difference, exploiting the regularity of v — z, that we have just
proved, and the regularity (3.5) of z. O
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4. CONTINUOUS DEPENDENCE ON THE DATA

In this section, following the same procedure adopted in [3, Theorem 3.1], we use the energy equality (3.62)
to obtain a continuous dependence result on the data, both for problem (2.14) with boundary conditions
(2.15)—(2.17) and initial conditions (2.18), and problem (2.33) with boundary conditions (2.38)—(2.40) and
initial conditions (2.41).

The initial crack I'g and the Dirichlet boundary datum wp are kept fixed. We consider a sequence I'} of
closed sets such that for every s,¢ € [0,T] with s <t

crycrnQ, Iy=ry, I}P\IycCcCK, (4.1)
where I'™ satisfies (H3) and (H4), and K CC © is a compact set such that
w(t)=0 on K, for ae. t€(0,T). (4.2)

Moreover, we consider a sequence A™ of tensor fields, a sequence f, of source terms, a sequence F™ of
Neumann boundary data, and a sequence (u%", u") of initial data. The convergences of the corresponding
solutions will be obtained under the assumptions detailed in the following theorem.

Theorem 4.1. Assume that Q, OpQ), ONQ, T, T, Ty, ®, U satisfy (H1)—(H12) and that w satisfies (2.19)-
(2.21) and (4.2). Let A be a tensor field satisfying (2.6)—(2.11) and the ellipticity condition (3.1). Let
f € L3((0,7); LA(Q;RY)), F € HY((0,7); L2(On%RY)), u® € HLH(Q0;RY) + w(0), and u* € L*(Qo;RY).
Let w and v be the weak solutions of problem (2.14) with boundary conditions (2.15)—(2.17) and initial
conditions (2.18), and problem (2.33) with boundary conditions (2.38)—(2.40) and initial conditions (2.41),
respectively. For every n € N, assume that ™, T}, ®", U™ satisfy (H3), (H4), (H6)-(H12), and (4.1).
Assume also that A™ satisfies (2.6)—(2.11) and that (3.1) holds for the operator B™ constructed starting
from A", ®", and U™, with constants v and ( independent on n € N. Let f* € L2((0,T); L?(£;RY)),
Fr e HY((0,7); L2(OnQ; RY)), uO™ € HL(Q0; RY) + w(0), and ub™ € L%(Qo;RY). For every n € N let u™
be the weak solution of problem (2.14) with growing crack T'}, tensor field A™, forcing term f™, Dirichlet—
Neumann boundary conditions as in (2.15)—(2.17) with F™ and T}, initial displacement u®™, and initial
velocity ub™. Similarly, let v™ be the weak solution of (2.33) with boundary conditions (2.38)—(2.40) and
ingtial conditions (2.41), where the coefficients (2.34)—~(2.37) and the initial data (2.42) are constructed
starting from ®", ", A", 7, 40", and ub". Assume that there exists a constant C > 0 such that the
following inequalities hold for every n € N

@7 (t,-) — @™ (s,-)||Lo(q) < C|t —s|  for every t,s € [0,T], (4.3)
0:®@"(t,-) — 0;®" (5, )| Lo () < Clt — s for every t,s € [0,T1, (4.4)
|®"(t,-) — D" (s, M) < Clt—s|  for every t,s € [0,T], (4.5)
||6i2j<1>”(t, Nz <C  for every t € [0,T], (4.6)
|A™(t,-) — A" (s,") || L) < Clt —s|  for every t,s € [0,T], (4.7
0:A" (t,)|| Loy < C  for every t € [0,T]. (4.8)

Furthermore, assume that the following properties hold as n — 400

O™ (t) — D(t) strongly in L2 RY),  for a.e. t € (0,T), (4.9)
0,0"(t) — 0;®(t) strongly in L*(Q;RY),  for a.e. t € (0,T), (4.10)
6%@"(0 — 8%@(15) strongly in L*(Q;RY),  for a.e. t € (0,T), (4.11)
O™ (t) — B(t) strongly in L2(4RY),  for a.e. t € (0,T), (4.12)
A™(t) — A(t)  strongly in L*(Q; L (RG R for a.e. t € (0,T), (4.13)
DA™ (t) — 0iA(t)  strongly in L*(Q; £ (R R for ae. t € (0,T), (4.14)
A™(t) = A(t)  strongly in L*(Q; LR RXY), for a.e. t € (0,T), (4.15)
"= f  strongly in L*((0,T); L*(Q; R%)), (4.16)
u®" — u®  strongly in H'(Qo; RY), (4.17)
ub™ — u' strongly in L?(Qo; RY), (4.18)
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F" = F  strongly in H*((0,T); L?(On; RY)). (4.19)

Finally, assume that conditions (4.3)—(4.6) and (4.9)—(4.12) hold also for the sequence W™ with limit V.
Under these assumptions, for every t € [0,T] we have as n — 0o

u(t) — u(t) and w"(t) — u(t) strongly in L*(Q;RY), (4.20)
Vu™(t) = Vu(t) strongly in L*(Q; R, (4.21)
v"(t) — v(t)  strongly in H'(Qp; R?), (4.22)
"(t) — 0(t)  strongly in L?(Qy; RY). (4.23)
Remark 4.2. Since ®"(0,-) = id for very n € N, assumptions (4.9) and (4.10) imply that
O™ (t) — ®(t) and 9P"(t) — 9;®(t) strongly in L?(;RY), (4.24)

for every ¢t € [0,T] and i = 1,...,d. Moreover, in view of (4.12) and (4.15), also the convergences (4.9) and
(4.13) hold true for every time. Finally, ||det V®"(t,-) 1), || det VI (t,-)|| L (o) < C for some C' > 0
independent of n. Thus there exists a constant g > 0, independent of n, such that

det VO"(t,-) > o and det VU™ (¢,-) >y for every t € [0,T]. (4.25)

Proof of Theorem 4.1. We follow the lines of the proof of [3, Theorem 3.1]. As explained in the quoted
paper, the statement for the sequence u™ follows from the statement for v™. Indeed, let ¢ € [0,T] be fixed
and assume that (4.22) and (4.23) are satisfied. By (2.32), (3.58), (3.59), and the bounds (4.3)—(4.6) on the
diffeomorphisms, we get that Vu"(¢), u™(t), and @"(t) are uniformly bounded in L2(€;R?*?), L2(Q;R?),
and L?(Q;RY), respectively. In particular, up to a subsequence, they converge weakly in these spaces. To
determine the weak limits, we fix a smooth function ¢ € C(Q;R?*?). As shown in [3, Theorem 3.1] we
have that
(@u”(t), Y) = <§u(t), p) asn — oo.

Hence @u”(t) converges weakly in L2(Q;R¥*?) to @u(t) Similarly, using (4.22)—(4.24) we obtain that
H@u"(t)HB(Q) — ||$u(t)||L2(Q) as n — oo. Then Vu™(t) converges strongly in L2(; R4*9) to @u(t) and
the same argument applies to u™(¢) and 4" (t), which converge strongly in L?(£2;R?) to u(t) and wu(t),
respectively. This gives (4.20) and (4.21), since the limits do not depend on the subsequence.

Denote by B", a”, b", g", v*" and v!" the coefficients of the system (2.33) constructed starting from
on wn A" o u% ) and wb™. In view of (4.3)—(4.8) it is easy to check that for every n € N

||Bn(ta ) - Bn(sv ')||L°°(Q)7 ||bn(ta ) - bn(sa ')HL‘X’(Q) < C|t - 5|a for every ta s € [OvT]a (426)
[0:B™ (¢, )l o= (), 19:0" (£, )| oo (@), 12" (£, )| Lo (@) < €, for ace. £ € (0,T), (4.27)

where C' is a constant independent of ¢, s, n, and i. Now, the convergences (4.9)—(4.15), the lower bounds
(4.25), and [3, Lemma 4.7] imply that as n — +oo

OiB™(t) — 0;B(t) strongly in L*(€; Z(R™*% R*)) for a.e. t € (0,T), (4.28)
B"(t) — B(t) strongly in L(Q; Z(R¥4; R>4)) for a.e. t € (0,T), (4.29)
a(t) — a(t) strongly in L*(€; Z(R™*% RY)), for ae. t € (0,T), (4.30)
divd™(t) — divb(t) strongly in L*(2), for a.e. t € (0,T). (4.31)

Moreover, using also (4.27) and Ascoli-Arzeld’s Theorem, we infer that as n — +o0
B"(t) — B(t) strongly in L>®(Q; Z(R¥>4R¥*4)) for a.e. t € (0,T), (4.32)
b (t) — b(t) strongly in L=®(;R?), for a.e. t € (0,T). (4.33)

Finally, by (4.17)—(4.19) we obtain that as n — oo

g™ — g strongly in L?((0,T); L*(; R%)), (4.34)
O™ = 00 strongly in H'(Qg; RY), (4.35)

b — ! strongly in L?(Qg; RY). (4.36)
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Notice that for every n € N the function 2" (¢t,y) := w(t, ®"(¢,y)) satisfies (3.5)—(3.7), thanks to (2.19)-
(2.21), (4.2), and [3, Lemma 2.4]. Hence, as explained in [3, Theorem 3.1], we can reduce ourselves to the
case of homogeneous Dirichlet boundary conditions, namely w = 0.

In order to prove the validity of (4.22) and (4.23), for every € > 0 we consider the solution v. of the
perturbed problem (3.10) with coefficients B, a, b, g, v, v!, and F, and the solution v of the perturbed
problem with coefficients B", a”, b", g", v*", v} and F™. We claim that for every t € [0,7] as € — 0

ve(t) — v(t) strongly in H}(Qo; RY), (4.37)
ve(t) — 0(t) strongly in L?(Qg; RY). (4.38)

Moreover, we claim that there exists a sequence of parameters €, > 0, converging to 0 as n — +0o0, such
that for every ¢t € [0,7] as n — +00

" (t) — ve,(t) = 0 strongly in Hp,(Qo; R%), (4.39)
" (t) — e, (t) — 0 strongly in L*(Qp; RY), (4.40)
T (t) —v"(t) = 0 strongly in Hp,(Qo; R%), (4.41)
o (t) —9"(t) = 0 strongly in L*(Qg; RY). (4.42)

Observe that (4.37)—(4.42) imply the strong convergences (4.22) and (4.23). Indeed, by the triangle inequality
[0" () = vl 113, 020) < N0 () = 02, Ol 13, 020) + 102, (8) = v, (Ol a3, (020) + Ve, (8) = 0] 13, (20) = O

as n — 00, and the same holds true for |[0"(t) — ()| 12(q,). To prove the claims (4.37)—(4.42) we divide the
proof into several steps.

Step 1. Strong convergence of ve. Let X¢ := v, — v. By comparing the two energy equalities (3.33) and
(3.62), we infer that X¢ satisfies

t t
1 .~ ~ ~ . .
5B(Xf,t)+a/o ||1}€(s)||§{b(ﬂo)ds:/0 [2<]B%VX87VXE>—(aVXE,XE>—<divb, |X?|?) 11 | ds 4+ R(t),

where & is the energy defined in (3.61) and
Re(t) := —(0=(t), (1)) — (B()Voe (1), Vo)) + [0 2(qy) + (BO)V?, Vo°)

t
+/ [(BVo., Vv) — (aVu,d) — (aVu,9.) — 2(divb, v, - 9) 11 + (g, 0 + 0)]ds
0

7/0 (B 0. + vhowads + (F(1), ve(t) + () aee — 20F(0), 1o 0.

Thanks to the weak convergences (3.41) and (3.42), the energy equality (3.62) gives that R.(t) - 0ase — 0
. Moreover the uniform bounds on B, a, and div b, the ellipticity condition (3.1), and the estimate

t
X O <T [ 155 o (4.4
imply that for every ¢ € [0, 7]
t
1XE 0120y + VXD @) < 2Re(t) + C / U=y + X5 ()01 g s,
with C' > 0 independent of ¢ and €. Then, by applying Fatou’s Lemma, for every ¢ € [0,T] we have that

t
insup{| X)) + 71X 0] < Tnsup | 220+ € [ X + 1X sy 0 1

<c / i supl[ X (5) 0 + 10 (9 g g
Consequently, using Gronwall’s Lemma we conclude that
i [ X (6] 32() + 21X (1) 3y )] = O

Therefore we obtain the strong convergences (4.37) and (4.38).
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Step 2. Strong convergence of vl —ve, . Let €, > 0 be a sequence of parameters to be fixed. The functions
n

vl and v, satisfy the perturbed problem (3.10) with different coefficients, but with the same viscosity e,.
Then, by linearity the difference X" := v — v, solves

(X" (), 0)o + BEHVX" (), V) + (@(t) VX" (1), 9) — 2V (1)b(2), )
+en(X7(8),8) + enl VX" (V) = (¢"(1), ¥)o
for a.e. t € (0,7) and every ¢ € H}(Qo; R?), with initial data X% = 0" — 4% and X" = vb" — ¢l In
particular the right—hand side of (4.44), which is defined as
(a" )0 - = (9" — 9) = (" —a) VoL, —2(divb" — divb)il, , )

— (B ~B)VOL, + 202, ©(b" — b), Vi) +(F" — F¢)oye,
is an element of L2((0,T); Hp'(Q0;R?)). Observe that, to derive (4.44), we have used formula (2.53) both
for b" and b. By combining the energy equality (3.33) with (2.2), the uniform ellipticity condition (3.1)
for B™, the uniform bounds (4.26) and (4.27), and the convergences (4.19) and (4.34)—(4.36), we conclude
that 9" and v" are uniformly bounded in L ((0,T); L%(Q0; R?)) and L>((0,T); HL (2; RY)), respectively.

Moreover these bounds do not depend on the sequence €,. Then, thanks to (2.3) and (4.26)—(4.34) we get
that

(4.44)

(4.45)

q" — 0 strongly in L*((0,T); Hp'(Q0;RY)) as n — oo, (4.46)
and the rate of this convergence is independent of the choice of €,. Note that, to pass to the limit in the
second term in the right-hand side of (4.45), we have used the strong convergences (4.32) and (4.33).

Since X™ € H((0,T); H}(20;R?)), we can use X" as test function in (4.44) and integrating by parts we
obtain

t
E (X" ) 40 [ X" () s = E(X",0)
0
t
1 .~ _ _ ) ) .
+/ [2<IB%VX”,VX”>—<aVX”,X”>— (divb, [ XY 1 + (g™, X™)o | ds.
0

As in the previous step, the uniform bounds on B, a, and divb, the ellipticity condition (3.1), and the
estimate (3.15) for X™ imply that

1 N Y n ! Y&o
1" O+ I Ol 0y + 2 | 1X7 Iy s
1 n n
< IOy + (54 5 ) 1K Oy /| ), X7(3))olds,
t
+C [ X0 + X6 )i

for a suitable constant C' > 0 independent of n and ¢t. Since

t t
n n 1 n 1 n n 2
/0 (g, X™)olds < Slla" Il L2 ((o,7y;m5 (o)) + 5119 ||L2<<0,T>;H51<90;Rd))/0 17 () ez, (620 45
by choosing &,, such that
1 n
En — in L2015 (omeyy 2 0 foralln, e, =0,

we obtain the following estimate

t
1" (01 200) + VIX Oy () < O +2C / 1™ (5) 130y + 1X™(5) 2

with

Cr = | X™(0)[1 720 + (26 + 1)||Xn(0)||§1}3(90) a2 0,7y 15 (200 m))-
The convergences (4.35), (4.36), and (4.46) imply that the sequence Cj, — 0 as n — +oo. Therefore, by
Fatou and Gronwall’s Lemma it is easy to show that lim,,_, o [|| X" (t) H%Z(Qo) F| X (¢ )||Hl ©@ )] = 0 for every
t € [0, T]. This proves (4.39) and (4.40).
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Step 3. Weak convergence of v™ to v. For every n € N the function v™ satisfies
(5" (), ¥)o + (B () V0" (1), Vo)) + (@ () Vo™ (), ) + 20" (1), div [¢ © " (1))
= <gn(t)7¢> + <Fn(t)7'(/)>8NQ

for a.e. t € (0,7) and for every ¢ € HL(Q0;R?). As shown in (3.57), there exists C' > 0 such that for every
tel0,T]

(4.47)

167 (0) 20y + 10" (O3 ) < C- (4.48)
In particular the constant C' can be chosen independent of n € N, thanks to (2.2), the uniform ellipticity

condition (3.1) for B”, the bounds (4.26) and (4.27), and the convergences (4.19) and (4.34)—(4.36). Moreover,
using (2.47) we infer that also 4" is uniformly bounded in L2((0,T); H;'(Q;R?%)). Hence there exists

€€ L*((0,7); Hp(Qo; RY) N H'((0,T); L*(Q0; RY) N H?((0,T); Hp' (% RY))

such that, up to a subsequence,

V™ — ¢ weakly in L2((0,T); Hp(Q0; RY)), (4.49)
" — € weakly in L2((0,T); L?(Q0; RY)), (4.50)
" — & weakly in L2((0,T); Hp' (Q0; RY)). (4.51)

By combining the strong convergences (4.19) and (4.28)—(4.34) with the weak convergences (4.49)—(4.51),
we can pass to the limit as n — 400 in (4.47) and we obtain that £ is a generalized solution of the limit
problem (3.9), with initial conditions v* and v!. Thanks to Theorem 3.7 such solution is unique, therefore
& = v. Therefore, since the limit does not dependent on the subsequence, the whole sequence v" satisfies

™ = v weakly in L*((0,T); Hh(Q0; R?),
" — b weakly in L2((0,T); L*(Q0; RY)).
Furthermore, the bounds (4.48) imply that for every ¢ € [0, T
v™(t) = v(t) weakly in H}(Qo; RY),
o™ (t) — o(t) weakly in L*(Qq; RY).

Step 4. Strong convergence of v —v". Let X" := v —v", where ¢, are the parameters chosen in Step 2.
Following the same procedure adopted in Step 1, we get

t
Eon (X7 ) + £, / e, ()1 gy 8
t
1 . ~ N ~ ) )
:/ [2<IB%"VX”,VX">—<a"VX”7X”)—<divb”,|X"2>L1 ds + Ry (t),
0
with
Ra(t) = —(02. (£), 0" (1)) — (B (1902, (1), o™ (1)) + [0 22 g + (B"(0) 07, T

t
+ / (B0 Fom) — (@ Fun 6™y — (@"Fu" 60 ) — 2(div b, o7 - 6] ds (452
i .

t
+ / [(g", 02, +0") = (F" 0L +v")ayalds + (F"(8), 02 (t) + 0" (£))oye — 2{(F"(0),v"")oyq.
0

By using the bounds (4.26) and (4.27), the uniform ellipticity condition (3.1) for B”, and the estimate (4.43)
for X™, we infer that

t
X" ()1 72(00) T X" O3 (0) < 2Ra(t) + C/O X" ()72 00 + 1K™ ()17 (2015 (4.53)

for some C' > 0 independent of n and t¢.

Let us show that R,(t) — 0 as n — +o0. In view of Step 1 and 2, v (t) converges strongly to v(t) for
every t € [0,T], while, by Step 3, v"(¢) converges weakly to v(¢). Thus, using also (4.19) we have that as
n — 400

(F™ (), 02, (1) + 0" (1) aye — 2(F"(0),v"")aya = 2(F(t),v(t)aye — 2(F(0),°)aya- (4.54)
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Moreover, the dominated convergence theorem in the time variable gives that

t t
/ <F”,v?n + 0" g 0ds — 2/ <F,’U>8NQdS. (4.55)
0 0

Now, as explained in Remark 4.2, the convergence (4.13) holds for every ¢ € [0,T]. Then, arguing as in [3,
Theorem 3.1] we get
[0 1220 + (B (VO V0O = [0} 120, + (BO)VoO, Vo), (4.56)
(02, (1), 0" (1)) + (B"(t)Vor, (t), Vo' (t)) — [[0(t)]1Z2(q,) + (B V(T), Vu(t)). (4.57)
Finally, thanks to (4.26)—(4.34) it is easy to check that
t
/ [(B"Vu! Vo) — (@"Vol ") — (@" Vo™, ol ) — 2(divd"™, 0l - 0") 1 + (g", 07, +0™)]ds
0
. (4.58)
- / [(BVv, Vo) — 2(aVu,d) — 2(divb, [0]%) 11 + 2(g, D)] ds.
0

In view of (4.54)—(4.58), the energy equality (3.62) implies that R, (t) — 0 as n — 400 for every ¢ € [0,T].

Hence, by Fatou and Gronwall’s Lemmas we obtain that limn_)oo[HX”(t)HQLQ(QO) + I X" ()13 (Qo)] = 0.
D

This gives the strong convergences (4.41) and (4.42), and concludes the proof of the claims and of the

theorem. 0

5. APPENDIX

For the benefit of the reader, we recall an existence result for evolution problems of second order in time,
whose proof can be found in [4]. Let B(¢;-,-), Ai(t;-,-), Aa(t;-,-) be three families of continuous bilinear
erms over HL(Q0;R?) x HL(Qo;R?), with ¢ varying in [0,7], satisfying the following properties, where
B(-;n,€&) denotes the derivative of B(+;7,&):

(i) for every t € [0,T] the form B(t;-,-) is symmetric;
(ii) there exist ¢ > 0, ¢; € R such that B(t;n,n) > C‘]”"”%gmo)_ 01H17||2LQ(QO) for every t € [0,T], for
every 1 € Hp(Qo; R?);
(iii) for every n,& € H}(Q0; RY) the function ¢ — B(t;n, &) is continuously differentiable in [0, T7;
(iv) there exists co > 0 such that |B(t;n,8)| < cal[nllgy o)l a1 (o) for every t € [0,T7], for every
1€ € Hp(Q0;RY);
(v) for every n,& € Hp)(Qo; R?) the function t +— A;(t;n,€) is continuous in [0, T7;

(vi) there exists c5 > 0 such that [Ai(¢;1,)] < eslnllmy oy ll€llz2(,) for every ¢t € [0,T], for every

1€ € Hp(Q0;RY);

(vii) for every n,& € Hp(Qo; R?) the function t — A (t;n,€) is continuous in [0, T7;

(viii) there exists c4 > 0 such that [As2(t;n,8)| < calnllzy o) €llL2(ao) for every t € [0,T7], for every

1,€ € Hp(Q0; RY).

Theorem 5.1. Let k > 0, g € L*((0,7); Hp' (Q;RY)), 0 € HL(Qp;RY), vt € L2(Qo;RY), and B(t;-, ),
Ai(t;-, ), Aa(t;-, ), t € [0,T), be three families of continuous bilinear forms over Hp(Qo; RY) x HE (Qo; RY)
satisfying the assumptions (i)-(viii) above. Then there exists v € H((0,T); HL(Q0;RY)) with © which
belongs to L2((0,T); Hp' (Q0;RY)) such that, for a.e. t € (0,T)

(B(t), Vo + Bt v(t), 1) + Ar(t; v(t), ) + Aa(t6(t), ¥) + k(b(t), ¥) + k(Vi(t), V) = (g(t),¥)o,  (5.1)
for every ¢ € HL(Qo; R?), with initial conditions v(0) = v° and ©(0) = v!.
Proof. See [4, Chapitre XVIII §5, Théoréme 1 and Remarque 4]. |

In the following lemmas we investigate some regularity properties of functions defined in Q \ T, when
composed with suitable diffeomorphisms of the domain into itself. Let us specify the class of diffeomorphisms
under study.
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Definition 5.2. We say that A : [0,7] x Q@ — R? is admissible if it belongs to C'([0,7] x Q;R?) and,
for every ¢t € [0,7], the function A(t,-) is a C? diffeomorphism of Q in itself such that A(¢,Q) = Q and
A, TNQ)=TNAO.

Note that, according to (H7)—(H9), both ® and ¥ are admissible in Definition 5.2.
Lemma 5.3. Let A be admissible. There exists a constant C' > 0 such that
[f(At, ) = F(A(s, )Lz < CIV Fllez@lt — sl
for every f € HY{(Q\T) and 0 <t <s<T.

Proof. Tt is sufficient to repeat the proof of Lemmas 4.5 of [3], by approximating f € H'(Q\I') with functions
f- € C=(Q\T)NHY(Q\T) given by Meyers—Serrin’s Theorem (see, e.g, [1, Theorem 3.16]), and integrating
over Q\ T O

Lemma 5.4. Let A be admissible and let t € [0,T]. Then for every function f € H'(Q\T) as h — 0

%[f(A(t +h,)) = f(t AR )] = @f(A(t, ) ~A(t7 ) strongly in L*(Q).

Proof. As before, we repeat the same proof of Lemmas 4.6 of [3], by approximating f with functions f. €
C>®(Q\T)N HYQ\T) given by Meyers—Serrin’s Theorem, and integrating over  \ I'. In particular, we
claim that as h — 0

h
Th(f2) = %/0 VEME+T,) At +7,-)dr — L(f.) :== V(AL ) - A(t,-) strongly in L*(€2).

Indeed, A : [0,7] x Q — R? is uniformly continuous, then for every § > 0 there exists p > 0 such that
|A(t+7,y) — A(t,y)| <& for every || < pand y € Q. (5.2)

Similarly, fixed ¢ € [0,7], we have that A=1(¢,-) : @ — R? is uniformly continuous. Hence for every n > 0
there is § > 0 such that

A1 (t,y) — A7t 2)| < for every y,z € Q, with |y — 2| < 6. (5.3)
Combining (5.2) and (5.3), we get that for every n > 0 there exists p > 0 such that
At +71,A) C A(t,I,(A)) for every A C Qand |7| < p, (5.4)
where I, (A) := {z € Q : dist (z, A) < n}. Define
K, :={xeQ\T:dist (z,0(2\T)) > 1/n}.

The sets K,, are compacts, K,, C K,+1 and U, K,, = Q\ I". Furthermore, fixed n € N we can find n > 0
such that I,,(K,) CC Q\T', which implies that A(¢, I;,(K,)) CC Q\T'. Hence there exist p > 0 such that if
|h| < pand y € K,

I ,
T < 5 [ 95+ 7)) - A+ mylir <,
0

for some C' > 0 independent of h. Therefore, ||Th(f:) — L(f:)|l2(k,) — 0 as h — 0 by the dominated
convergence theorem, since Ty (fe)(y) — L(fe)(y) for every y € 2\ I'. Similarly, there exists n > 0 such that
I,(2\ Kyy1) € Q\ Ky, and so we can find p > 0 such that for all |h| < p

1 b . ~
1T (flEe ki) < 7 / / V(A +7,y) - At + 7,y)]Pdrdy < C / IV fe(A(t, ) Pdy.
O\K,y1 J0 O\K,,
Thus for every |h| < p we obtain
ITh(fe) = L(f )l z2@) < NTn(fe) — LUfllL2(xi ) + 1 Th(f)ll2@nmni ) + 1L 2@ k)
SNTh(fe) = LU L2 s0) T 20NV (AR ) 200K )

Consequently lim supy, o [|Th(f=) = L(f-)llz2(0) < 2CV fo(A(t, )|l 220\ ,,) for all n € N. We conclude by
observing that |Q\ K,| — 0 as n — +o0, and that Vf.(A(t,)) € L2(Q;R9). 0
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