
A Simple Algorithm for Computing StokesMultipliersDavide Masoero ∗SISSA, via Bonomea 265, 34154, TriesteAbstra
tWe propose a new simple algorithm to 
ompute Stokes multipliersof the S
hrödinger equation with a 
ubi
 potential. Our method givesa numeri
al solution of the dire
t monodromy problem for the �rstPainlevé equation.1 Introdu
tionThe aim of the present paper is to introdu
e a new algorithm for 
om-puting the Stokes multiplier of the following S
hrödinger equation witha 
ubi
 potential (plus an apparent fu
hsian singularity)
d2ψ(λ)

dλ2
= Q(λ; y, y′, z)ψ(λ) , (1)

Q(λ; y, y′, z) = 4λ3 − 2λz + 2zy − 4y3 + y′2 +
λ

λ− y
+

3

4(λ− y)2
.Remarkably, in the limit y → ∞, y′2−4y3 → b, z → a, equation (1)be
omes the 
ubi
 os
illator

d2ψ(λ)

dλ2
= V (λ; a, b)ψ(λ) , V (λ; a, b) = 4λ3 − aλ− b . (2)Hen
e, for the rest of the paper we 
onsider equation (2) as a parti
ular
ase of equation (1).The monodromy problem (i.e. the problem of 
omputing Stokesmultipliers) of the 
ubi
 anharmoni
 os
illator is a fundamental andrather interesting problem in itself and a large literature is devoted toit (see author's paper [Mas10
℄ for some bibliography).Our study is however motivated by the relation of above linearequations with the Painlevé �rst equation

y′′ = 6y2 − z , z ∈ C , (3)whi
h we brie�y explain below.
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The relation goes as follows: any solution y of the Painlevé equa-tion gives rise to an isomonodromi
 deformation of equation (1) (see[KT05℄ and [Mas10a℄). In other words, if the parameters y, y′ of the
ubi
 potential evolve a

ording to the Painlevé �rst equation, thenthe Stokes multipliers of equation (1) do not depend on z.If z is a singular point of y then equation (1) is not well-de�ned.However, re
ently the author [Mas10a℄ (see also [Mas10b℄) showed thatif a2 is a pole of a solution y of the Painlevé equation then, in the limit
z → a

2 , equation (1) be
omes equation (2). The parameter b in (2)
orresponds to a parti
ular 
oe�
ient of the Laurent expansion of yaround the pole.Our algorithm gives a numeri
al solution of the dire
t monodromyproblem for the Painleve �rst equation: given the Cau
hy data y, y′, zof a parti
ular solution of P-I we are able to 
ompute the 
orrespondingStokes multipliers, even when z is a pole of that solution.The paper is organized as follows. In Se
tion 2 we introdu
e theNevanlinna's theory of the 
ubi
 os
illator and the S
hwarzian di�er-ential equation (5). Then we give a formula for 
omputing the Stokesmultipliers from any solution of the S
hwarzian di�erential equation.Se
tion 3 is devoted to the des
ription of the algorithm. In Se
tion 4we test our algorithm against the WKB predi
tion and the DeformedTBA equations. For 
onvenien
e of the reader, we explain the basi
theory of 
ubi
 os
illators (Stokes se
tors, Stokes multipliers, subdom-inant solutions, et
 ...) in the Appendix.A
knowledgments I am indebted to my advisor Prof. B. Dubrovinwho 
onstantly gave me suggestions and advi
e. This work began inMay 2010 during the workshop "Numeri
al solution of the Painlevéequations" at ICMS, Edinburgh and was �nished in June 2010 whileI was a guest of Prof. Y. Takei at RIMS, Kyoto. I thank Prof. Takeiand all the parti
ipants to the workshop for the stimulating dis
ussions.This work is partially supported by the Italian Ministry of Universityand Resear
h (MIUR) grant PRIN 2008 "Geometri
 methods in thetheory of nonlinear waves and their appli
ations".2 S
hwarzian Di�erential EquationThe algorithm we propose for 
omputing Stokes multipliers is based onTheorem 1 below, that gives a formula to 
ompute Stokes multipliersfrom any solution of the S
hwarzian di�erential equation (5).Theorem 1 has its roots in the geometri
 theory of the S
hrödingerequation, whi
h was developed by Nevanlinna around 1920 [Nev70℄.The author learned su
h a beautiful theory from the remarkable paperof Eremenko and Gabrielov [EG09℄. In this se
tion we follow quite
losely [EG09℄ as well as author's re
ent paper [Mas10
℄. Here and forthe rest of the paperZ5 = {−2, . . . , 2}.Remark. Equation (1) has a fu
hsian singularity at the pole λ = yof the potential Q(λ; y, y′, z). However this is an apparent singularity2



[Mas10a℄: the monodromy around the singularity of any solution of(1) is −1. As a 
onsequen
e, the ratio of two solutions of (1) is ameromorphi
 fun
tion.The main geometri
 obje
t of Nevanlinna's theory is the S
hwarzianderivative of a (non 
onstant) meromorphi
 fun
tion f(λ)

{f(λ), λ} =
f ′′′(λ)

f ′(λ)
− 3

2

(

f ′′(λ)

f ′(λ)

)2

. (4)The S
hwarzian derivative is stri
tly related to the S
hrödingerequation (2). Indeed, the following Lemma is true.Lemma 1. The (non 
onstant) meromorphi
 fun
tion f : C → Csolves the S
hwarzian di�erential equation
{f(λ), λ} = −2V (λ; a, b) . (5)i� f(λ) = φ(λ)

χ(λ) where φ(λ) and χ(λ) are two linearly independent so-lutions of the S
hrödinger equation (2). Hen
e, the �rst derivative ofany (non 
onstant) solution of (5) vanishes only at the pole λ = y ofthe potential.We de�ne the Asymptoti
 Stokes Se
tor Sk as
Sk =

{

λ :

∣

∣

∣

∣

argλ− 2πk

5

∣

∣

∣

∣

<
π

5

}

, k ∈ Z5 . (6)Every solution of the S
hwarzian equation (5) has limit for λ→ ∞,
λ ∈ Sk. More pre
isely we have the followingLemma 2 (Nevanlinna). (i) Let f(λ) = φ(λ)

χ(λ) be a solution of (5)then for all k ∈ Z5 the following limit exists
wk(f) = lim

λ →∞λ∈Sk

f(λ) ∈ C ∪∞ , (7)provided the limit is taken along a 
urve non-tangential to theboundary of Sk.(ii) wk+1(f) 6= wk(f) , ∀k ∈ Z5.(iii) Let g(λ) = af(λ)+b
cf(λ)+d = aφ(λ)+bχ(λ)

cφ(λ)+dχ(λ) , (a b
c d

)

∈ Gl(2,C). Then
wk(g) =

awk(f) + b

cwk(f) + d
. (8)(iv) If the fun
tion f is evaluated along a ray 
ontained in Sk, the
onvergen
e to wk(f) is super-exponential.Proof. (i-iii) Let ψk be the solution of equation (2) subdominant in Skand ψk+1 be the one subdominant in Sk+1 (see the Appendix fortheir de�nitions). From the WKB theory , we know that ψk and

ψk+1 are linearly independent: ψk is dominant is Sk+1 and ψk+13



is dominant is Sk. Hen
e, we have that f(λ) =
αψk(λ)+βψk+1(λ)
γψk(λ)+δψk+1(λ) ,for some (α β

γ δ

)

∈ Gl(2,C). Hen
e wk(f) = β
δ if δ 6= 0, wk(f) =

∞ if δ = 0. Similarly wk+1(f) = α
γ . Sin
e (α β

γ δ

)

∈ Gl(2,C)then wk(f) 6= wk+1(f)(iv) From WKB estimates (see the Appendix) we know that inside
Sk,

∣

∣

∣

∣

ψk(λ)

ψk+1(λ)

∣

∣

∣

∣

∼ e
−Re

“

8
5λ

5
2 −aλ

1
2

”

,where the bran
h of λ 1
2 is 
hosen su
h that the exponential isde
aying.De�nition 1. Let f(λ) be a solution of the S
hwarzian equation (5)and wk(f) be de�ned as in (7). We 
all wk(f) the k-th asymptoti
value of f .The author noti
ed in a previous paper [Mas10
℄ that the Stokesmultipliers of the S
hrödinger equation are rational fun
tions of theasymptoti
 values wk(f):Theorem 1. [Mas10
℄ Denote σk the k-th Stokes multiplier of theS
hrödinger equation (2) (for its pre
ise de�nition, see equation (14)in the Appendix). Let f be any solution of the S
hwarzian equation(5). Then

σk = i (w1+k(f), w−2+k(f);w−1+k(f), w2+k(f)) , ∀k ∈ Z5 , (9)where (a, b; c, d) = (a−c)(b−d)
(a−d)(b−c) is the 
ross ratio of four point on thesphere.Proof. Due to equation (8) all the asymptoti
 values of two di�erentsolutions of (5) are related by the same fra
tional linear transformation.As it is well-known, the 
ross ratios of four points of the sphere isinvariant if all the points are transformed by the same fra
tional lineartransformation. Hen
e the right-hand side of (9) does not depend onthe 
hoi
e of the solution of the S
hwarzian equation.Let ψk+1 be the solution of (2) subdominant in Sk+1 and ψk+2be the one subdominant in Sk+2 (see the Appendix for the pre
isede�nition). By 
hoosing f(λ) = ψk+1(λ)

ψk+2(λ) , one veri�es easily that theidentity (9) is satis�ed.Remark. The same 
onstru
tion presented here holds for anhar-moni
 os
illators with polynomial potentials of any degree. For anydegree, there are formulas similar to (9) for expressing Stokes multipli-ers in terms of 
ross ratios of asymptoti
 values. The general formulawill be given in a subsequent publi
ation.4



2.1 SingularitiesSin
e the S
hwarzian di�erential equation is linearized (see Lemma 1)by the S
hrödinger equation, any solution is a meromorphi
 fun
tionand has an in�nite number of poles [Nev70℄. The poles, however, arelo
alized near the boundaries of the Stokes se
tors Sk, k ∈ Z5. Indeed,using the 
omplex WKB theory one 
an prove the followingLemma 3. Let f(λ) be any solution of the S
hwarzian equation (5).Fix ε > 0 and de�ne S̃k =
{

λ :
∣

∣argλ− 2πk
5

∣

∣ ≤ π
5 − ε

}

, k ∈ Z5 . Then
f(λ) ha a �nite number of poles inside S̃k. Hen
e, there are a �nitenumber of rays inside S̃k on whi
h f(λ) has a singularity.3 The AlgorithmIn the previous se
tion we have proved the following remarkable fa
ts

• Inside the Stokes Se
tor Sk, any solution to the S
hwarzian di�er-ential equation (1) f 
onverges super-exponentially to the asymp-toti
 value wk(f). See Lemma 2 (iv).
• The Stokes multipliers of the S
hrödinger equation (1) are 
rossratios of the asymptoti
 values wk(f). See equation (9).
• Inside any 
losed subse
tor of Sk, f has a �nite number of poles.See Lemma 3.Hen
e the Simple Algorithm for Computing Stokes Multipliers goesas follows:1. Set k=-2.2. Fix arbitrary Cau
hy data of f : f(λ∗), f ′(λ∗), f ′′(λ∗), with the
onditions λ∗ 6= y, f ′(λ∗) 6= 0.3. Choose an angle α inside Sk, su
h that the singular point λ = ydoes not belong to the 
orresponding ray, i.e. α 6= arg y. De�ne
t : R+ ∪ 0 → C, t(x) = f(eiαx+ λ∗). The fun
tion t satis�es thefollowing Cau
hy problem
{

{t(x), x} = e2iαQ(eiαx+ λ∗; y, y′, z),

t(0) = f(λ∗), t′(0) = eiαf ′(λ∗), t′′(0) = e2iαf ′′(λ∗) .
(10)4. Integrate equation (10) either dire
tly 1 or by linearization (seeRemark below), and 
ompute wk(f) with the desired a

ura
yand pre
ision.5. If k < 2, k + +, return to point 3.6. Compute σl using formula (9) for all l ∈ Z5.1Integrating equation (10) dire
tly, one 
an hit a singularity x∗ of y. To 
ontinue thesolution past the pole, starting from x∗ − ε one 
an integrate the fun
tion ỹ = 1

y
, whi
hsatis�es the same S
hwarzian di�erential equation.5



Remark. As was shown in Lemma 1, any solution f of the S
hwarzianequation is the ratio of two solutions of the S
hrödinger equation. Hen
e,one 
an solve the nonlinear Cau
hy problem (10) by solving two linearCau
hy problems.Whether the linearization is more e�
ient than the dire
t integra-tion of (10) will not be investigated in the present paper.4 A TestWe have implemented our algorithm using MATHEMATICA's ODEsolver NDSOLVE integrating equation (10) with steps of length 0.1.We de
ided the integrator to stop at step n if
|t(0.1n)− t(0.1(n− 1))| < 10−13 and
∣

∣

∣

∣

t(0.1n) − t(0.1(n− 1))

t(0.1n)

∣

∣

∣

∣

< 10−13 .To test our algorithm we 
omputed the Stokes multiplier σ0(b) ofthe equation
d2ψ(λ)

dλ2
= (4λ3 − b)ψ(λ) . (11)A

ording to the WKB analysis (see [Sib75℄, [Mas10a℄) the Stokesmultiplier σ0(b) has the following asymptoti
s

σ0(b) ∼



















−ie
√

π
3

Γ(1/3)

22/3Γ(11/6)
b

5
6

, if b > 0

−2ie
−

√

πΓ(1/3)

2
5
3 Γ(11/6)

(−b)
5
6

cos

(

√

π
3 Γ(1/3)

25/3Γ(11/6)
(−b) 5

6

)

, if b < 0 .(12)Our 
omputations (see Figure 1 and 2 below) shows 
learly thatthe WKB approximation is very e�
ient also for small value of theparameter b.We also tested our results against the numeri
al solution (due toA. Moro) of the Deformed Thermodynami
 Bethe Ansatz equations(Deformed TBA), whi
h has been re
ently introdu
ed by the author[Mas10
℄, developing the seminal work of Dorey and Tateo [DT99℄.The Deformed TBA equations are a set of nonlinear integral equationswhi
h des
ribe the exa
t 
orre
tion to the WKB asymptoti
s. Thenumeri
al solution of the Deformed TBA equations enable to a-prioriset the relative error in the evaluation of the Stokes multiplier σ0(b)res
aled with respe
t to the WKB exponentials (12). Hen
e, in therange of −20 ≤ b ≤ 20 we 
ould verify that we had 
omputed theres
aled σ0(b) with a relative error less than 10−8.
6
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5 Con
luding RemarksStarting from Nevanlinna's theory, we have developed an algorithm for
omputing Stokes multipliers of the S
hrödinger equations (1, 2) thatare relevant in the study of the Painleve �rst equation (3).Our algorithm gives a numeri
al solution of the dire
t monodromyproblem for the Painleve �rst equation. Indeed, given the Cau
hy data
y, y′, z of a parti
ular solution of P-I we are able to 
ompute the Stokesmultipliers 
orresponding to it via (1). We stress that our method isvalid also when singular Cau
hy data (i.e. poles) are given and in that
ase equation (2) must be used.We have tested our algorithm in a parti
ular 
ase and we haveshown that WKB predi
tions for the 
ubi
 os
illator (2) are impres-sively good.We plan to pursue our study in relation with the numeri
al solutionof the Painlevé �rst equation (3). In parti
ular we plan to analyze theinverse monodromy problem for the Painlevé �rst equation, i.e. to
ompute y and y′ on
e z and the Stokes multipliers are given. Wewill develop a numeri
al solution of the inverse problem through thenumeri
al inversion of the solution of the dire
t problem presentedhere.Re
ently [Olv10℄ S. Olver has 
onstru
ted an algorithm for 
om-puting inverse monodromy problems through a Riemann-Hilbert ap-proa
h. On
e our method will have been developed, it will be inter-esting to 
ompare the two methods, whi
h are based on 
ompletelydi�erent approa
hes.6 AppendixThe reader expert in anharmoni
 os
illators theory will skip this Ap-pendix; for her, it will be enough to know that we denote σk(a, b)the k − th Stokes multipliers of equation (2). Here we review brie�ythe standard way, i.e. by means of Stokes multipliers, of introdu
ingthe monodromy problem for equation (2). All the statements of thisse
tion are proved in Appendix A of author's paper [Mas10a℄ and inSibuya's book [Sib75℄ .Lemma 4. Fix k ∈ Z5 = {−2, . . . , 2} and de�ne a 
ut in the C plane
onne
ting λ = y with in�nity su
h that its points eventually do notbelong to Sk−1 ∪ Sk ∪ Sk+1. Choose the bran
h of λ 1

2 by requiring
lim
λ→∞

arg λ= 2πk
5

Reλ
5
2 = +∞ ,while 
hoose arbitrarily one of the bran
h of λ 1

4 . Then there exists aunique solution ψk(λ; a, b) of equation (2) su
h that
lim
λ→∞

|arg λ− 2πk
5 |< 3π

5 −ε

ψk(λ; a, b)

λ−
3
4 e−

4
5λ

5
2 + a

2λ
1
2

→ 1, ∀ε > 0 . (13)8



De�nition. We denote ψk the k-th subdominant solution or the solu-tion subdominant in the k-th se
tor.From the asymptoti
s (13), it follows that ψk and ψk+1 are linearlyindependent. If one �xes the same bran
h of λ 1
4 in the asymptoti
s(13) of ψk−1, ψk, ψk+1 then the following equations hold true

ψk−1(λ; a, b) = ψk+1(λ; a, b) + σk(a, b)ψk(λ; a, b) , (14)
−iσk+3 = 1 + σk(a, b)σk+1(a, b) , ∀k ∈ Z5 .De�nition. The entire fun
tions σk(a, b) are 
alled Stokes multipli-ers. The quintuplet of Stokes multipliers σk(a, b), k ∈ Z5 is 
alled themonodromy data of equation (2).Referen
es[DT99℄ P. Dorey and R. Tateo. Anharmoni
 os
illators, the thermo-dynami
 Bethe ansatz and nonlinear integral equations. J.Phys. A, 32(38):L419�L425, 1999.[EG09℄ A. Eremenko and A. Gabrielov. Analyti
 
ontinuation ofeigenvalues of a quarti
 os
illator. Comm. Math. Phys.,287(2):431�457, 2009.[KT05℄ T. Kawai and Y. Takei. Algebrai
 Analysis of Singular Per-turbation Theory. Ameri
an Mathemati
al So
iety, 2005.[Mas10a℄ D. Masoero. Poles of integrale tritronquee and anharmoni
os
illators. A WKB approa
h. J. Phys. A: Math. Theor.,43(9):5201, 2010.[Mas10b℄ D. Masoero. Poles of integrale tritronquee and anhar-moni
 os
illators. Asymptoti
 lo
alization from WKB anal-ysis. arXiv:1002.1042v1, 2010.[Mas10
℄ D. Masoero. Y-System and Deformed Thermodynami
Bethe Ansatz. arXiv:1005.1046, 2010.[Nev70℄ R. Nevanlinna. Analyti
 Fun
tions. Springer, 1970.[Olv10℄ S. Olver. A general framework for solving Riemann-Hilbertproblems numeri
ally. Mathemati
al Institute, Oxford Uni-versity, Report no. NA-10/5, 2010.[Sib75℄ Y. Sibuya. Global theory of a se
ond order linear ordinarydi�erential equation with a polynomial 
oe�
ient. North-Holland Publishing Co., 1975.
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