arXiv:2404.06601v1 [hep-th] 9 Apr 2024

SISSA 05,/2024/FISI

On the Symmetry TFT of
Yang—Mills-Chern—Simons theory

Riccardo Argurio®, Francesco Benini®»“¢, Matteo Bertolini®?

Giovanni Galati®, Pierluigi Niro®

* Physique Théorique et Mathématique and International Solvay Institutes
Université Libre de Bruxelles, C.P. 231, 1050 Brussels, Belgium

b SISSA, Via Bonomea 265, 34136 Trieste, Italy
¢ ICTP, Strada Costiera 11, 34151 Trieste, Italy
4 INFN, Sezione di Trieste, Via Valerio 2, 34127 Trieste, Italy

¢ Mani L. Bhaumik Institute for Theoretical Physics, Department of Physics and Astronomy,
Unwversity of California, Los Angeles, CA 90095, USA

Abstract

Three-dimensional Yang—Mills—-Chern—Simons theory has the peculiar property that its one-form
symmetry defects have non-trivial braiding, namely they are charged under the same symmetry
they generate, which is then anomalous. This poses a few puzzles in describing the corresponding
Symmetry TFT in a four-dimensional bulk. First, the braiding between lines at the boundary seems
to be ill-defined when such lines are pulled into the bulk. Second, the Symmetry TFT appears to
be too trivial to allow for topological boundary conditions encoding all the different global variants.
We show that both of these puzzles can be solved by including endable (tubular) surfaces in the
class of bulk topological operators one has to consider. In this way, we are able to reproduce all
global variants of the theory, with their symmetries and their anomalies. We check the validity of

our proposal also against a top-down holographic realization of the same class of theories.
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1 Introduction

Our understanding of symmetries in Quantum Field Theory (QFT) has seen a substantial leap forward
after the realization that any extended topological operator should be regarded as a symmetry element
[1]. This new paradigm includes the standard definition of symmetry in QFT, but also considerably
extends it. One convenient way to describe such generalized symmetries, partially inspired by the
anomaly inflow mechanism that describes 't Hooft anomalies [2,3], is through the so-called Symmetry
Topological Field Theory (Symmetry TFT for short) [1,4-7]. While (conventional) 't Hooft anomalies
are described through inflow by symmetry protected topological (SPT) phases, also known as invertible
TQFTs [8] — which essentially are classical topological field theories of the background fields in one
higher dimension — the Symmetry TFT is a full fledged (i.e. possibly non-invertible) TQFT. As it
turns out, such a topological theory is capable of encoding all Renormalization Group (RG) invariant
data related to the symmetry of a QFT: the structure of the symmetry, its representations [9-11],
't Hooft anomalies [12-14], the set of “global variants” of the QFT obtained by topologically gauging
subsets of the symmetry [5], the classification of possible gapped phases [15], and so on.

The Symmetry TEFT has been mostly studied for the case of finite symmetries, but recently pro-
posals for the extension to continuous symmetries have been put forward as well [16-19]. Other works
on the Symmetry TFT include [20-28]. Symmetry-TFT-like constructions in the context of string
theory and holography include [29-40].

The description of the symmetry of a d-dimensional QFT works through a “sandwich” construction.

The Symmetry TFT is placed on a (d 4 1)-dimensional slab between two copies of the d-dimensional
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Figure 1: The prototype of a Symmetry TFT.

spacetime manifold, pictured in Fig. 1. On one boundary, referred to as the “physical” boundary, it is
coupled to the QFT, of interest. On the other boundary, referred to as the “topological” boundary,
one imposes a topological boundary condition. On general grounds, one expects the set of topological
boundary conditions to be in one-to-one correspondence with the global variants of the QFT,;. The
common lore is that specifying a boundary condition corresponds to prescribing (in a consistent way)
which bulk operators of the Symmetry TFT can end on the topological boundary (green operator in
Fig. 1), and thus are trivialized at that boundary. Those operators constitute the set of charges (or
representations) of the symmetry. On the contrary, the bulk operators which can be pushed to the
boundary (red operator in Fig. 1), modulo the ones that are trivialized there, constitute the set of
topological symmetry defects of the QFT,. In this way, from the fusion and the braiding between
bulk operators, given a boundary condition, one is able to reconstruct the structure of the symmetry

of the QFT, and the possible charges carried by its dynamical (non-topological) operators.

This construction, even in the simple case when the Symmetry TFT is Abelian, raises a few
puzzles. If the symmetry defects of the QFT; braid among themselves, how can this be captured in
the bulk of the Symmetry TFT that has one higher dimension? Given two extended operators that
braid in d dimensions, they do not braid in d + 1 dimensions. A paradigmatic example is that of
Yang-Mills—-Chern—Simons (YM-CS) theories in d = 3 dimensions. They typically have some finite
1-form symmetry whose symmetry defects are topological lines that braid among themselves.! If those
lines originate from lines of a putative 4d Symmetry TFT, how can the braiding be preserved in the
bulk?

A natural way to construct the Symmetry TFT — at least when the symmetry is invertible — is
to start with the QFTy coupled to background fields that extend in one higher dimension, as well as to
the anomaly inflow Symmetry Protected Topological (SPT) phase,? and then to gauge the symmetry
in d + 1 dimensions, namely to make the background fields dynamical. This in general produces a
non-trivial TQFT 4, 1.> When applied to YM-CS theories, that procedure yields a 4d TQFT that

!The braiding phases, that depend on the Chern—Simons level, are the manifestation of an ’t Hooft anomaly for the
1-form symmetry.

2An SPT phase is an invertible unitary TQFT, namely a TQFT with a one-dimensional Hilbert space on any closed
spatial manifold [8]. Its Euclidean partition function is a phase.

3For a generic non-invertible (categorical) symmetry C in two dimensions, the three-dimensional Symmetry TFT
corresponds to the TFT whose symmetry structure is the Drinfeld center of C (see e.g. [41]). This TFT can be obtained
from the Turaev-Viro construction [42], which gives an explicit formulation of its partition function in terms of a state-

sum formula (see e.g. [43] for a more physically-oriented discussion). For three-dimensional QFTs with a symmetry



Figure 2: Intersection/braiding of two-dimensional endable operators in the 4d bulk, as detected by
equivalent configurations. From left to right: intersecting disks; braiding semi-infinite cylinders; cylin-
ders terminating on the topological boundary along braiding lines; braiding boundary line operators.

This reproduces the braiding between symmetry defects (red circles) of the QF T3 of interest.

seems to lack the very line operators that braid on the boundary. In some extreme cases (e.g. in
SU(N) with N, k coprime) the bulk TQFT is still an SPT after gauging, and thus, naively, it does
not have any topological operator. This is related to a second puzzle: an invertible TQFT has a
single state on any spatial manifold and thus, if we regard the topological boundary conditions as
states on the boundary manifold, it should have a unique boundary condition. On the other hand, the
corresponding YM-CS theories can have multiple global variants (seemingly breaking the one-to-one

correspondence with boundary conditions).

With the goal of clarifying these issues, in this work we study the case of 3d Yang—Mills—Chern—
Simons theories in detail. In Section 2, focusing for definiteness on the su(N) gauge algebra, we
conduct a field-theoretical analysis and confirm that, in fact, the gauged version of the anomaly inflow
SPT phase is the 4d Symmetry TFT for those theories. Even when the latter is still an SPT, we notice
that there can exist inequivalent sets of topological edge modes one can couple it to at the topological
boundary, hence re-establishing the one-to-one correspondence with global variants of the 3d theories.
It turns out that one can resolve both puzzles by broadening the class of bulk topological operators
under scrutiny (similarly to the G-crossed braided tensor categories of [48]) to include “endable”
operators, i.e. extended operators in which one can cut a hole. In the language of higher categories,
there exist (possibly higher) morphisms between such operators and the identity operator. Exploiting
configurations in which the operators are placed along non-intersecting semi-infinite cylinders (as in
the middle left portion of Fig. 2) one can provide a good definition of braiding between the boundaries
of the holes. By smoothly closing the open semi-infinite ends of the cylinders (Fig. 2 left) one realizes
that such a braiding is equivalent to a contact interaction between the endable operators, for instance

placed on intersecting disks.

By including the behavior of such endable operators in the definition of topological boundary
conditions, one recovers the full classification that encompasses the inequivalent edge modes. This

can be formalized in terms of a generalized concept of Lagrangian algebra that includes the endable

described by a Modular Tensor category (MTC), the Turaev-Viro construction can be generalized to give rise to a 4d
TQFT known as Crane-Yetter TQFT [44,45] (see also [46,47] for further generalizations).



operators. One could think of the semi-infinite cylinders as terminating on a topological boundary (as
in the middle right portion of Fig. 2). In this way, the braiding between holes is seen to capture the
braiding between the edges of the cylinders on the boundary (Fig. 2 right). Such edges are precisely
the symmetry defects of the QFT3 that braid among themselves, thus solving the first puzzle as well.

In the second part of the paper we leverage holography in type IIB string theory to verify our
claims. At a first glance this should not be expected since holography is a different framework, in
which a boundary QFT, is encoded in a (d + 1)-dimensional bulk and the bulk theory has local
dynamics (and it also includes gravity). It is possible, however, to single out a topological sector of
the bulk theory that describes the symmetry properties of the QFTy;. Due to the bulk background
metric, at large 7, 7.e. in the near boundary region, bulk field kinetic terms are suppressed and the
bulk action is dominated by topological terms [49]. This is the region one should focus on to distill all
RG-invariant properties of the dual gauge theory, which are described by the Symmetry TFT. From a
holographic point of view, the (d + 1)-dimensional slab in Fig. 1 can then be thought of as describing
a tiny portion of the dual bulk, parametrically close to the holographic boundary [50]. All dynamical
data — the RG flow and the IR dynamics of the QFT — are instead encoded in the physical boundary.

The model we consider is based on a system of D3/D7-branes in type IIB string theory compactified
on a supersymmetry breaking circle, proposed long ago in [51,52] as a holographic model of (the
universality class of) SU(N), YM-CS theory at large N. In Section 3 we extract its topological
sector and verify that it agrees with the Symmetry TFT proposed in Section 2. We also provide
a description in terms of string states (D-branes, fundamental strings, and bound states thereof)
of symmetry defects and charged operators associated to the 1-form symmetry of SU(N); YM-CS
theory, and show that they behave as expected, in terms of their (non-)topological nature and braiding
properties. Finally, Section 4 contains a discussion on how holography captures the way line operators
of the UV YM-CS theory evolve along the RG flow from being a set of topological / non-topological
operators to becoming all topological in the deep IR, where the full non-invertible 1-form symmetry
of pure CS theory is expected to be realized. In addition to providing an independent check of our
field theory analysis, these results provide further evidence that the holographic model of [51,52] is
indeed in the same universality class as three-dimensional YM-CS theory (see e.g. [53-56] for further

results supporting this claim).

2 Symmetry TFT of su(INV); Yang—Mills—Chern—Simons theory

Three-dimensional Yang-Mills—-Chern—Simons (YM-CS) theory with gauge algebra su(/N) and level k
admits multiple global variants (or global forms), all related by “topological manipulations”, i.e. by
gauging some finite internal symmetry of the theory. As we recall in Appendix A, for given N and k
the global variants have gauge group (S U(N)/ Zp) , Where p is a divisor of N that satisfies an extra

condition. For bosonic theories, namely theories that do not require the existence of a spin structure



Figure 3: Topological manipulations of GW operators that define the braiding B,,,, and the spin 0,,.

on the spacetime manifold, k£ must be a multiple of

p
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For spin theories, namely theories that require and depend on a spin structure on spacetime, k must

be a multiple of »
spin __

= Xy (2.2)
This result can be obtained in (at least) two ways. One is to study for which groups the level k
Chern—Simons term is well defined (we review it in Appendix A.1). The other way is to start from
the theory with simply-connected gauge group SU(N ). This theory has a Zy 1-form symmetry,
implemented by topological Gukov-Witten (GW) operators U, [7y] supported on one-dimensional lines
7 and labeled by elements g = exp(%m), with m € Zy, in the center of the gauge group. Among
charged operators there are the non-topological Wilson lines defined as

Wg = Trg Pexp (z 7{ A) , (2.3)

where R is a representation of SU(N), A is the SU(N) gauge field, and Pexp is the path-ordered
exponential. Such lines have charge g equal to the N-ality (number of boxes in the Young diagram)
of the representation R.* The 1-form symmetry has an ’t Hooft anomaly captured by the mutual

braiding B,,,,» between GW operators and by the spin 6,,, both taking values in U(1)

2mik k
B = exp( 7;\; mm’) : 0, = exp (% m (N — m)) . (2.4)
They are determined by the manipulations in Fig. 3, and are related by [57]

O, Oy

9m+m’

(2.5)

IBmm’ =

One way to think of this anomaly is that the topological operators U,,[7] are both symmetry defects

and charged objects under the symmetry. As a consequence, they are not gauge invariant under

“In the topological pure CS theory, the Gukov-Witten operators U,,[y] coincide with the Abelian Wilson lines whose
defining representation is labeled by a rectangular Young diagram with k columns and m rows. In the full YM-CS theory,

instead, all Wilson lines are non-topological and are distinct from the Gukov-Witten operators.



background gauge transformations when a background gauge field B € H?*(X3;Zy) is turned on
(here X3 is the spacetime manifold). Writing the spin as 6,, = exp(—mf %2) [58], the anomaly is
quantified by an integer ¢ € Zsy that is given by

k+ N for k odd
0 — + or k odd, (2.6)
k for k even.

Note that in the bosonic case N/ is always even. In the context of spin theories one identifies
¢ ~ ¢+ N [58], therefore if we regard SU (N )y as a spin theory then ¢ = k in Zy. The anomaly
inflow action for the 1-form symmetry is

2mail

Ainﬂow[B] = W ™

P(B), (2.7)
where M is a four-dimensional bulk manifold with OM, = X3, whilst P is the Pontryagin square
operation. Because of the anomaly, the Zy 1-form symmetry cannot be gauged in general. However,
there can exist a Z, subgroup (generated by a subset of GW lines) which is anomaly free and, upon
proper gauging, leads to another global variant [59]. This anomaly-free subgroup exists precisely when
the conditions (2.1) and (2.2) are satisfied. Note that the anomaly cancellation condition is different

in the bosonic and spin cases [1]. See Appendix A.1 for details.

Our goal is to characterize the four-dimensional Symmetry TFT which describes all global variants
and topological manipulations of YM-CS theory with gauge algebra su(/N) and level k. If, as in
our case, one starts from a theory with an invertible symmetry, a constructive way to produce the
Symmetry TFT is to couple the d-dimensional boundary theory to a background gauge field B with
(d + 1)-dimensional anomaly inflow action and make BB dynamical. Placing the system on a (d + 1)-
dimensional slab and imposing (topological) Dirichlet boundary conditions for B on one boundary,
one recovers the original theory on the other boundary. Consequently, the Symmetry TFT emerges as
the gauged version of the anomaly inflow action A;,gow [B] In our case, one obtains a Zy Dijkgraaf-
Witten theory [60] with twist ¢, which admits a description in terms of U(1) one-form and two-form

gauge fields C' and B, respectively, with Euclidean action [61-63]

N N/
SSymTFT = / |:Z2— B A dC + Z— BABJ|. (28)
My L2 4m

This theory has been studied in [63] (see also [64]). Let us review some properties of the theory in

(2.8). The gauge transformations are
B%B—i—d/\g, C—>C+d>\c—€)\3, (29)

under which the action transforms by a local total derivative

N N(
5 SsymTET = / [’— dAp AdC — == dag AdAg| . (2.10)
My 47

™

Recalling that gauge fields and transformations satisfy Dirac quantization conditions, the variation
is an integer multiple of 27 on generic (orientable) closed manifolds if N¢ € 27, and on closed spin

manifold for any N/ € Z. Since these conditions are satisfied, the theory is gauge invariant.



The gauge transformations and the equations of motion imply that the Wilson surface of B on a

Ws[Ss] = exp (i/E2B> , (2.11)

is gauge invariant and topological. On the contrary, the Wilson line of C, W¢[vy| = exp (i fv ), is

closed surface X

not and needs to stay at the boundary of (Wp)* in order to be well defined. In other words

WeaDs] = Wely] (W) (D] = exp [z /D (dC + EB)] , (2.12)

2

where Dy is an open surface with 0Dy = 7, is the correct gauge invariant topological object. Oper-
ators like W[ D3] are sometimes called non-genuine line operators because, as a matter of fact, they
explicitly depend on the surface Do attached to the line v. The equations of motion obtained from

the sum over gauge fluxes in (2.8) impose that
N 4 N
(Wi)V[5s] = 1, (Welh] Wp)[Da]) " =1. (2.13)
They imply that (W¢)V/9[v], where
g = ged(N, €) = ged(N, k) (2.14)

is a genuine line operator which does not require an open surface DDy. On the other hand, in the
language of Section 1, the surface operator (WB)Q and its powers are endable because one can cut a
topological hole in them by terminating them on suitable powers of W. Endable topological operators
are often regarded as trivial, because one can cut holes in them and shrink them to a point. As a
consequence, in our case the standard lore would be to consider as non-trivial bulk operators only
the n < g powers of Wpg and of (WC)N /9. However, endable operators can have contact interactions
with other operators (namely, their correlation functions can be non-trivial if the operators cross each

other), thus they are not completely trivial. This will be important in the following.

2.1 Topological boundary conditions via Lagrangian algebras

We expect a one-to-one correspondence between topological boundary conditions of the Symmetry
TFT and global variants of the boundary theory. Let us then analyze such boundary conditions.
For Abelian TQFTs, the topological boundary conditions are in correspondence with Lagrangian
algebras, namely with maximal subsets of the topological operators that are closed under fusion, have
trivial braiding with each other, and in the bosonic case have trivial spin, § = 1. However, one
has to be careful because when the TQFT includes some SPT phases there are operators that couple
via contact interactions rather than by braiding. For instance, when g = 1 the TQFT in (2.8) is
an SPT phase: all its operators are either non-genuine or endable, meaning that the Hilbert space
is one-dimensional. Therefore, it seems that there is no non-trivial braiding to define. Indeed the

theory has a unique state on any spatial manifold (because, by the state/operator correspondence

5In the spin case, the triviality of the spin means 6 = 41, which is already guaranteed by the triviality of the braiding.

In the bosonic case, we need to further impose 6 = +1.



for TQFTSs, only genuine non-endable operators create non-trivial states), and identifying boundary
conditions with states one would conclude that there exists a unique boundary condition. Instead,
an SPT phase should admit multiple inequivalent boundary conditions, corresponding to the global

variants of the boundary theory.

One way to understand this fact is to notice that if the Symmetry TFT is described by an SPT
phase, then the operators which implement the symmetry must be endable. They also produce the
non-trivial phases of the partition function when a network of them is inserted. Correlation functions
in this theory are all trivial, but for contact terms. In the presence of a boundary, one can broaden
the set of operators by including the open surfaces that terminate on the boundary, as in the middle
right of Fig. 2. Alternatively, by pushing the topological boundary to infinity, we can think of them
as non-intersecting semi-infinite cylinders, as in the middle left of Fig. 2. In both presentations, such
endable operators can now link between each other without intersecting, and hence define a braiding.’
This reproduces the usual braiding between the boundary lines, as in the right of Fig. 2. Notice that,
instead of letting the endable surfaces run to infinity, one can smoothly close them: then, the linking
number of their boundaries equals their intersection number, as in the left of Fig. 2. In this way, we see
that the contact interaction between endable surfaces, which captures the SPT phase, is responsible
for the braiding of the corresponding boundary lines. One is thus led to specify boundary conditions
in terms of a generalized definition of Lagrangian algebra, as a maximal set of both genuine and non-
genuine topological operators which do not braid with each other (plus a condition on the spin in the

bosonic case).

Let us apply this definition to the TQFT in (2.8). The full set of topological operators is given by
(Wg)"[2s], We)" D2, with m,r € Zy . (2.15)

They satisfy the following braiding relations
211 2mil

IB%((WB)m,(WC)T>:eXp(WmT>, IB%((WC)”,(WC)”):eXp( = m). (2.16)

Notice that correctly, since an endable surface and a genuine line do not braid, the first braiding is
trivial when m is a multiple of g and r is a multiple of N/g, and the second braiding is trivial when

either 71 or 79 is a multiple of N/g. We can also associate a spin to the operators (W¢)" since their

6, = exp (—%M r2> : (2.17)

Notice that the genuine line operators (WC)“N/ 9[v] have spin 0an/g = E1, consistently with the

bulk has codimension 2

fact that they have codimension 3. We construct a Lagrangian algebra with the subset of operators
{(Wg)™i, (Wc)"}. The integers {m;, r;} take values in Zy. Triviality of the first braiding in (2.16)
and maximality impose that m; € pZ, r; € q7Z for some integers p, q such that N = pq. Triviality

5Usually, braiding in a d-dimensional manifold is defined through the linking between two closed p- and ¢- surfaces
such that p+ ¢ = d — 1. In this case, we are considering two 2-surfaces in 4d. However, the presence of a boundary
allows for an extended definition of braiding between the non-intersecting endable operators: in any slice parallel to the

boundary, they braid according to the usual definition.



of the second braiding in (2.16) imposes that ¢>¢ be a multiple of N, namely
p

ged(p )

In the bosonic case, triviality of the spin in (2.17) imposes the stronger constraint that ¢2¢ be a

¢ must be a multiple of (2.18)

multiple of 2V, namely
2p

ged (2p, %) '
In the spin case £ € Zy and £ = k mod N. We immediately see that the condition on ¢ in (2.18)

is equivalent to the condition on k in (2.2). Also in the bosonic case, where ¢ € Zsy, one can verify

¢ must be a multiple of (2.19)

with a little bit of algebra that the condition on ¢ in (2.19) is equivalent to the condition on k in
(2.1). Thus, the set of Lagrangian algebras is in one-to-one correspondence with the global variants
of the boundary theory. Indeed the topological surface operators (Wg)™[Xs] modulo the Lagrangian
algebra, when laid on the boundary, become the symmetry defects of a Z, 0-form symmetry of the
boundary theory that we identify with the magnetic symmetry of SU(N)/Z,. We can thus identify

the integer p introduced here with the one introduced before.

Not all of the Z,, 0-form symmetry acts faithfully. In principle a monopole operator with unit charge
is the endpoint of (W¢)?. However, the latter is in general not a genuine line. As a consequence,
the monopole operator is not genuine itself, ¢.e. it is not a gauge invariant operator of the theory
on the physical boundary. Genuine lines that end on the topological boundary can be identified by
the fact that they must have trivial braiding with all the other lines in the bulk. These are the lines
(We)™ with r € gcd( y;
invariant, making only the Zg.q(p,¢) subgroup of the Z, 0-form symmetry faithful.

)Z " Tt follows that only the monopoles of charge multiple of —2— 7) are gauge

gcd(

Similarly, we can determine the electric 1-form symmetry of a global variant (SU(N)/Z,);. Its
symmetry defects are the topological operators (Wg)"[Ds], when laid on the boundary, modulo the
Lagrangian algebra. This operation would give a Z, 1-form symmetry for the boundary theory,
generated by the operators with r € Z,. However, these operators also depend on the surfaces of
B which they are attached to, which appear with the integer power r¢. To impose that (W¢)" is a

genuine boundary line, we have to trivialize the surface dependence by requiring that (VVB)M is in the

Lagrangian algebra. This imposes r¢ to be a multiple of p, namely r = ms with s € Zp,, where
T plecdp.l) P2

The defects (W) D ® laid on the boundary, are the genuine lines generating the Z;j, electric 1-form
symmetry of the global variant (SU(N')/Z,)j. Obviously, the whole Zj, symmetry acts faithfully. The

braiding between the generating lines can be determined from (2.16) to be

2
. p°k

—— 55| =exp|2m ———— 55| . (2.21

Lged(p, () P Nged(pp ] 42V

These results precisely agree with the order of the symmetry and the braiding between topological

Abelian lines in (S U(N)/ Zp) , CS theory (see Appendix A.2), and in the special case where p = 1

they reproduce (2.4).

B((Wc)gcd?ﬁi (Wg)my) — exp [zm'

"Indeed, the minimal charge of a genuine endable line is lem(N/g, ¢) = N/ ged(p, g) = pq/ ged(p, £).



2.2 Topological boundary conditions via edge modes

An alternative way to describe the inequivalent topological boundary conditions is in terms of topo-
logical edge modes. When the theory in (2.8) is placed on a manifold M, with boundary, under the
gauge transformations (2.9) the action transforms by a boundary term
[iN 1NC

— A ANdC — — Ap ANdXp| . (2.22)
47

SSymTFT — SSymTFT + / or

oMy

In order to make the theory gauge invariant we need to impose boundary conditions which trivialize
such a variation. This can be achieved by either constraining the gauge fields and their variations on
the boundary, or introducing dynamical edge modes that couple to the bulk fields and enforce boundary
conditions. While the former method is conceptually more straightforward, the latter makes it clearer
what is the full list of boundary conditions and elucidates the fate of bulk operators pushed to the

boundary.

We introduce a boundary one-form degree of freedom ¢ (a standard U (1) gauge field) with topo-
logical Chern—Simons action, coupled to the bulk (2.8) by the following action

iq iy
S, = SSym —opNdC — =¢p Ndp| , 2.23
3d/4d SymTFT T /a/\/u [27T ¢ = ¢ N do ( )
and with gauge transformation
¢ = ¢+drs —pAp, (2.24)

which supplements (2.9). Here p, q, y are arbitrary integer parameters, although ¥y is constrained to
be even for a bosonic edge mode. Taking into account that 9 M, has no boundary, the coupled 3d/4d

system is gauge invariant if and only if
pqg =N and yp = ql . (2.25)

In the spin case, this requires that p be a divisor of N and ¢f a multiple of p, which is equivalent to
(2.18) and in turn to (2.2). Thus the set of topological edge modes is in one-to-one correspondence
with the global variants of the physical boundary theory. In the bosonic case where 4 has to be even,
the requirement is that p be a divisor of N and ¢f a multiple of 2p, which is equivalent to (2.19)
and in turn to (2.1). Once again, there is a perfect correspondence between boundary conditions and
global variants. Notice that p = 1 is always a solution for any N and k (or £), because the global
variant SU(N), always exists both as a bosonic and a spin theory. It is worth stressing that even
when ged(N, £) = 1 so that the Symmetry TFT is a four-dimensional SPT, there can be inequivalent

boundary conditions corresponding to different global variants of the physical boundary theory.®

The equations of motion give the following boundary conditions:

pB}aM4:—d¢, qdc\8M4:yd¢. (2.26)

8For instance, consider su(N); with N = 16 and k odd. In the spin case, £ = k mod N therefore £ is odd and
ged(N,¢) = 1. The spin global variants (SU(N)/Zp)k exist for p = 1,2,4. In the bosonic case, £ = k + N mod 2N
therefore £ is again odd and ged(N,¢) = 1. The bosonic global variants exist for p = 1, 2.

10



< (Wg)"™ C
\ ]

Figure 4: Slab description of a Wilson line of 3d YM-CS theory (with N-ality np), as an operator
(Wp)"P stretched between the physical boundary on the left (where the QF T3 lives) and the topological
boundary on the right.

The first one implies that a multiple of B is pure gauge on the boundary and is thus a (partial)
Dirichlet boundary condition. In the special case that p = 1 corresponding to SU(N); YM-CS
theory, those are Dirichlet boundary conditions for B and free (Neumann) for C'. As already noticed

above using the language of Lagrangian algebras, the bulk operators
(Wg)™[2s] with m € Z, (2.27)

remain non-trivial when laid on the 3d topological boundary and become the symmetry defects of a Z,,
0-form symmetry. On the contrary, the operators (WWg)™ get trivialized at the boundary because of

(2.26), but they can consistently be opened to terminate on the Wilson lines of ¢, since the operators

exp{z’n(/DpB—i-/aD ¢>} with n € Z (2.28)

are gauge invariant. Here Dj is an open surface in the bulk, whose boundary 0Dy C OMy. In
the picture of the Symmetry TFT on a slab one has the usual configurations of operators stretched
between the physical and the topological boundary, that represent non-topological Wilson lines in the
3d physical YM-CS theory, see Fig. 4.

On the other hand, one can define genuine line operators stuck at the topological boundary along
a curve 4y C 0My, of the form

(WC)S[’?] = exp [z % [/(qC - y¢>} with s € Zp,, (2.29)

where

N ged(p, k
L =gcd(q,y) = 1 _ Nedph) (2.30)

p/ ged(p, £) p?

The order L of the group follows from the boundary equations of motion, ¢.e. from the sum over

boundary fluxes of ¢ which sets f P (qC — y<]§) € 27n7Z. In expressing it, we have used the relations
yp = qf, N = pq, and the fact that ged(p,¢) = ged(p, k). These boundary line operators are the

symmetry defects of a Z, electric 1-form symmetry, reproducing the previous result in (2.20).

The equations of motion also determine the braiding between boundary line operators as

—_~ —~ ! 2
B((WC)Sa (WC)S> _GXP{%Z' L Pk !

— sd| = 27— 2.31
T ecd(p.0) 331 exp{ mNgcd(p,k)Q ss'|, ( )

11



S'/p

ged(p,f)

We

Figure 5: Braiding of boundary line symmetry defects of the Z;, 1-form symmetry, and their cylindrical
surfaces counterpart in the bulk. Left: Symmetry defects on the boundary. Right: When the symmetry
defects are pulled into the bulk, they become the boundaries of cylindrical bulk surface operators

connected to the boundary. In this way the braiding of boundary lines is reproduced in the bulk.

which, again, fully agrees with our findings in (2.21).

Unlike in more standard instances of Symmetry TFT, most of the boundary lines do not arise
from bulk lines pushed to the boundary. Indeed, the bulk TQFT has g = ged(N, ¢) topological line
operators generated by (WC)N/ 9. These bulk lines cannot braid among themselves for dimensional
reasons, and they should continue not to braid even when pushed to the boundary. In fact, at the

boundary they can be re-expressed as

(WC)% = (Wc)gcdﬁ?,e) gcd(L,e/Lgcdw» . (2,32)
Note that the power? of W is such that the dependence on ¢ trivializes due to the sum over boundary
fluxes of C' which sets ¢ | 5@ € 2mZ. They are generically a subset of the boundary lines. By plugging
the adequate power in the expression (2.31), one can check that indeed they have trivial braiding

among themselves.

Instead, if we try to extract a generic boundary line (Wc)s from the boundary and move it into

the bulk, it remains connected to the boundary through an attached cylindrical surface

o2 fac [ - [45)]. o

where 7 is a bulk line, 7 is a boundary line, and T5 is a cylindrical surface with 0T, = v — 4. In the
special case of SU(N ) where p = 1 (and hence ¢ = L = N, y = N/), these are all the operators
(W¢)® deformed to end on a line of ¢ at the boundary. Now a configuration of two cylinders attached
to the boundary (similarly to the configuration of two semi-infinite cylinders discussed in the context

of Lagrangian algebras) can indeed braid in four dimensions, see Fig. 5.

The minimal charge of a boundary line that has trivial braiding with all other topological boundary

°Indeed, this is the integer s such that sq/IL = N/g. We used that N/g = [p/ gcd(p, £)]]q/ gcd(q, £/ ged(p, £)] and
ged(q, £/ ged(p, £))) = ged(L, £/ ged(p, £))-

12
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ines is - I

= > )
ng(L’ gcd(p,é))

The trivial boundary line has charge s = L which is a multiple of s,. On the other hand, the boundary

(2.34)

Sx

line with charge

Lq q
Sfree — = 7 (235)
ged(La,y)  ged(d: soapm)
is free to leave the boumdary.10 Notice that Sgee 18 also a multiple of Sy, Sgee = ms*, and it

coincides with the genuine bulk line operator (WC)N/ 9[7], following (2.32). The difference between
lines with charge multiple of Sg.. and the ones with charge multiple of s, lies on the fact that,
generically, the genuine lines living on the boundary can braid with open surface defects. Consider a
boundary line (W¢)® which has trivial braiding with all other boundary lines, namely s = ns, with
n € Z. If we further require that it does not braid with all the operators (W)™ that can open at the
boundary, namely m = gm’ with m’ € Z, the trivialization of the first braiding in (2.16) restricts n
to be a multiple of m. Therefore, the subset of lines with charge s multiple of Sgee are exactly
the ones with trivial braiding with open surface defects. Consistently, these lines are the only ones

that can be genuine lines also in the bulk.

The Z, 0-form symmetry and Zj, 1-form symmetry realized by the symmetry defects on the topo-
logical boundary, or equivalently by their cylindrical avatars in the bulk, are precisely the symmetries
f (SU(N)/Zp)k YM-CS theory, as reviewed in Appendix A.2.

2.3 Global variants with unfaithful symmetries

As we just saw, the global variant (S U(N)/ Zp) ., has Z, 0-form symmetry and Zj, 1-form symmetry,
with L given in (2.30). This shows that in contrast with what typically happens in theories with
Abelian symmetries, the number of symmetry elements, 1.e. of group elements, is not the same across
the various global variants. Actually, the total number of symmetry defects 2s the same in all global
variants once we include in the counting also the non-genuine boundaries of endable defects.!! This
essentially holds by construction, since we specify the topological boundary conditions in terms of
Lagrangian algebras in the bulk theory (with the generalized definition of Lagrangian algebra): a
Lagrangian algebra has a number of elements equal to the square root of the total number of symmetry
defects of the bulk Symmetry TFT, and the symmetry defects of the boundary theory are the bulk

defects modulo the Lagrangian algebra.

From a three-dimensional boundary perspective, the reason for this atypical behavior is that, in
most variants of YM-CS theory, a subgroup of the 0-form symmetry Z, does not act on anything.
Indeed, as already discussed when analyzing the Symmetry TFT, when a symmetry acts trivially, its

topological symmetry defects are endable also in the boundary. Consequently, one can independently

1%Tndeed, stree is the minimal positive integer such that the coefficient of ¢ in (2.29) is a multiple of q.
Since we are dealing with invertible symmetries, it is enough to count the number of topological operators. In the
case of non-invertible symmetries there can be multiplicities in this counting, related to the quantum dimensions of the

non-invertible lines.
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Electric 1-form Magnetic 0-form
# of non-trivial bulk operators N N
# of ine/ dable bulk t N d(N, k)
of genuine/non-endable bulk operators _— C
g p 2cd(N.F) ged(N,
# of elements in Lagrangian algebra g=N/p P
# of boundary symmetry elements 1 _p P
p/ ged(p. k)
. q p
# of faithful boundary symmetry elements — =1L ———  =gcd(p, k
p/ ged(p, k) p/ ged(p, k) k)
# of total boundary symmetry defects L x ged(p, k) x [p/ ged(p, k)]> = N

Table 1: Summary of the order of various sets of operators in (SU(N)/Z,);, global variant.

counts both the symmetry defects and their boundaries. By employing this counting, one can show
also from a purely boundary point of view that the number of symmetry defects is constant along all
global variants of a given three-dimensional theory. Let us see how this works in the case of su(N)g
YM-CS theories.

The theory SU(N )y has a 1-form symmetry ZR,]. Among its lines, the ones that do not braid with
any other line form a subgroup ZE] generated by Uy (where g = ged(IN, k)). These lines are special
because they can terminate on a point, thus defining twisted sectors. All other lines cannot be broken,
because they carry some charge under Zg\l,}. Let us focus on the subgroup Z;[,H C ZE&,] generated by
the line Uyyp,. In this subgroup, the endable lines that do not braid with any other line of Zg\l,] form

a subgroup Z[glc] d(p,k) generated by UN) ged(p,e)- Going to the quotient, there are p/ged(p, k) classes

of lines in Zz[,l] / Z[glc] d(p,k) Such that the trivial class contains the endable lines while the other classes
contain the unbreakable lines.

[0]

When we gauge Z;[;” in order to obtain the variant (S U(N)/ Zp) a dual 0-form symmetry Z,

(0]
P

Kk’

arises. Local operators charged under Z;," are monopole operators, which before the gauging were

]

endpoints of the lines of Zz[,l to be gauged. As discussed above, there is an obstruction to the existence

of gauge invariant monopole operators with charge n &€ ZI[,O], because the corresponding line of ZE]

before gauging has to be in the trivial class. In particular, there exist monopole operators only when

]

the charge n is a multiple of p/ gcd(p, k). This implies that the symmetry Z][;? does not act faithfully:

its subgroup AN does not act on anything.

p/ ged(p,k)

We conclude that the surface symmetry defects of the subgroup yAY C Zz[,o] are endable,

p/ ged(p,k)
and hence we should count their boundaries as well. All in all we hence find
number of symmetry defects = L X p X S (2.36)
ged(p, k)

]

The first factor comes from Z[Ll , the second factor from ZLO], and the third factor from the boundaries

of the endable surfaces. Table 1 summarizes the order of the sets of objects discussed in this Section.
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3 Symmetry TFT from holography

As we are going to show in the following, the Symmetry TFT for su(N); YM-CS, including the
corresponding symmetry defects and charged operators, can also be derived from a (fully top-down)

holographic setup in type IIB string theory.

3.1 Holographic model

Three-dimensional SU(N) YM theory (we are not paying attention to the global structure of the

gauge group, for the time being) can be engineered in type IIB string theory placing N D3-branes

0 ..., 2% with 2® compact with period 2w /Mg [51]. Imposing anti-periodic

3

along the directions x
boundary conditions for fermions and periodic for bosons on x°, supersymmetry is explicitly broken
and a mass of order M i for both gaugini (at tree level) and scalar fields (at one-loop) is generated,
while the three-dimensional gauge bosons remain massless. Therefore, the four-dimensional N = 4
SYM theory reduces at low energies (below My ) to pure SU(N) YM theory in three dimensions,
with gauge coupling g%M = gsMkk, gs being the string coupling constant. The dual type IIB
supergravity background contains the metric, the dilaton ¢ and the Ramond-Ramond (RR) five-form

F35, and reads (in Lorentzian signature, which we will adopt in this Section)
2 2

ds® = I (nw,da:“dx” + f(?")(dmg)z) + ) dr? + L*ds%s
¢ . (3.1)
= Ys, o7 \4 F5 = _N7
© =9 (2rl,)" /S °
where ds§5 is the metric on a unit five-sphere, pu, v =0, 1,2 and
4
My L?
L4 = 471'9le§, f(’l“) =1- (%) ) To = % ) (32)

with [, the string length. We take [, = 1 from now on. The geometry is given by a flat R%!, a constant
S5 and a cigar-shaped (, x3) subspace, where the holographic coordinate 7 goes from 7 = 0o at the
holographic boundary to 7 = 1y at the tip of the cigar. Here the geometry smoothly ends, thus giving
rise to a mass gap (glueballs get a mass of order M ) and to an area law for the fundamental Wilson

1/2

loop (the holographic string tension scales as (AM;-;)'/?, where A = g2, is the strong coupling

scale). This implies that the theory confines, and its 1-form global symmetry is unbroken.

In three spacetime dimensions a Chern—Simons term can be added to a gauge theory. This can
be implemented in our holographic setup following [52]. The D3-brane theory admits a coupling with

the RR axion C
1 1
Sc, = — CoTr(fANf)=— Qsz(a) A\ Fy, 3.3
0= gz ), 0 (fAS) = /}RQJXS1 s(a) A Fy (3.3)
where a is the gauge field on the D3-branes, f is its field strength, and {23(a) is the CS form in three

3

dimensions. Assuming that @ does not depend on 2 nor it has components along S*, and choosing a

background value for the RR flux F; = dCj such that

/31 Fi—Fk, (3.4)
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Figure 6: The D7-branes which act as a source for the RR Cp potential around S! are located at the
tip of the cigar geometry.

a CS term at level k£ (which we take to be positive without loss of generality) for the D3 gauge field

a is produced

S, = 4ﬁ Qs(a) . (3.5)

T JRr2.1
Since we are neglecting the backreaction of the axion field on the D3 background, strictly speaking
this description is only valid when & < N. Note that this implies that the strong coupling scale
A = g3 \(N is much larger than the tree-level gluon mass m, = g3\k. Hence, this theory is really

the full YM-CS theory, and gluons cannot be integrated out at weak coupling.

At strong coupling the stack of D3-branes is replaced by the cigar geometry. This is topologically
a disk, so the presence of a non-vanishing flux on the contractible S* needs to be supported by a
magnetic source for Cy. This is provided by k& D7-branes wrapped on S°, that are pointlike on the
cigar and extend in the three dimensions of Minkowski spacetime. To minimize their energy density,
the D7-branes are located at the tip of the cigar, where the 23 circle shrinks to a point, see Fig. 6.
In this situation, the worldsheet of a string which is attached to a fundamental Wilson loop at the
boundary can end on the D7-branes at the tip of the cigar. This configuration is energetically favored,
as it was explicitly computed in [65], and it signals a perimeter law for the Wilson loop. This shows
that in the presence of a Chern—Simons term the theory does not confine. Equivalently, the electric

1-form symmetry is spontaneously broken.

At energies below the S® inverse radius, the D7-brane theory reduces to a three-dimensional gauge
theory with gauge group U(k). Note that the D7-branes are stuck at the tip, in their vicinity the
ambient space is locally flat, and the (low-energy effective) theory described by the open strings ending
on them is indeed U (k).

The presence of a background 5-form flux induces a Chern—Simons term at level —N from the

corresponding Wess—Zumino term in the D7-brane action

_1 1 N
Se, 2] D7C4/\ r(F A F) 2n) /R . 3(O) A Fs = =~ » 5(b),  (3.6)

where b is the gauge field on the D7-branes and F is its field strength. Note that, because the level
N is much larger than the rank k, the gluons of this theory can be integrated out at weak coupling.

Thus, at low energies all excitations on the D7-branes decouple and we are left with a pure U(k)_x
CS theory.
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All in all, we started from an SU(N); YM-CS theory with large N and fixed k in the UV, and
we ended up with a U(k)_x pure CS theory in the IR. By level/rank duality, this is equivalent to an
SU(N)y pure CS theory. Thus, this model describes the RG flow from a YM-CS theory to a pure CS
theory.'? We will come back to this RG flow in Section 4.

Finally, let us clarify an issue related to the global structure of the gauge group. When we consider
the theory on the D3-branes, the gauge field a takes values in the Lie algebra u(/N). In order to get a
theory with an SU(N) gauge group, we need to impose Dirichlet boundary conditions on the NSNS
2-form By [49]. This implies that the RR 2-form (5 is free to vary on the boundary. From the point

of view of the D3-branes, whose action contains the term

502N/DSC’Q/\Tr(f)N/RmC/\Tr(f), (3.7)

the field C' — which is the dimensional reduction of C; on the circle — acts on the boundary as a
Lagrange multiplier that sets Tr(f) = 0 once we path-integrate over it, effectively reducing the U(N)
gauge field to its traceless SU(IN) part [56]. Different boundary conditions are possible, and they

correspond to different global variants of SU(N), in a similar vein as in Section 2.

3.2 Topological action from type IIB supergravity

Let us now derive the four-dimensional topological sector of the supergravity theory discussed above.
As we are going to show, such sector captures the global symmetries of the boundary YM-CS the-
ory and provides the action of the Symmetry TFT. To do that, we compactify the ten-dimensional

equations of motion on S and S°, and then write down a 4d action which reproduces them.

Let us start from the bosonic part of the action of type IIB supergravity in the string frame,

neglecting its gravity and dilaton parts

1 T
SIIB D —m/(6_2¢H3/\*H3+F1/\*F1—|—F3/\*F3+§F5/\*F5—|—C4/\H3/\F3), (38)
m

where H3 == dBQ, Fp+1 == de and
~ ~ 1 1
F3:F3—C()H3, F5:F5+§B2/\F3_§CQ/\H3. (39)

The self-duality condition F: 5 = % F: 5 has to be imposed after the equations of motion are derived. In

the supergravity background of interest, we have
F=kuw, Fy = —(2m)*Nuws, (3.10)
where w; are the unit volume forms on S! and S°. The equation of motion for Cj is

dxFy+HyAxF3 =0, (3.11)

128trictly speaking, this would require the presence of a regime where the UV theory is perturbatively YM-CS. In the
holographic regime, however, the theory in the UV is never decoupled from the tower of KK modes, as in many other
holographic RG-flow scenarios. We thus need to assume that the holographic theory at hand and SU(N)r YM-CS are

in the same universality class.
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and it is automatically satisfied by the background in (3.10). This means that if By and Cy fluctuate,
they are forced to satisfy
Hg/\*FgZO. (312)

The equation of motion for Cy is

d*ﬁ%—Hg/\Fg:O, (313)

which can be easily shown to be equivalent to the Bianchi identity df5 = 0 once the self-duality

condition is imposed. The most relevant equations for us are the ones for C'y and By, which read
dxFys+ Hy N F5 =0, —g;2d* Hy +d(Cox F3) + Fs A Fs = 0. (3.14)
Assuming that all fields but F5 do not have components along S°, the first equation is solved by
*Fy =dCs — By A Fs . (3.15)
Taking By not to have components along S!,'% we have
*x Hy = (27)* h(r) (%4 H3) Awy A ws, (3.16)

where h(r) is a function of the radial coordinate only (whose precise expression is not needed) and %4

is the 4d Hodge star. Making the following Ansatz for the dimensional reductions of Cs and Cs,
06:(271')56/\&)5, 02:271'0/\&}1, (317)
and using (3.10), the second equation in (3.14) becomes

[(—gs—?d(h(r) x4 dB) + kdC + kN B — Ndo) Awy + N CodB| Aws =0, (3.18)

where we normalized the B, field as By = 27 B. Since dB does not have any component along S*,

this is equivalent to the two equations
kdC+kNB—NdC =0, NdB=0. (3.19)

Note that the equation (3.12) is also satisfied. Equations (3.19) can arise as the equations of motion

of the following four-dimensional action

N k ~ Nk
S4d_/< BAdC + B/\dC+EBAB>, (3.20)

or 27

where C' and C' are not independent, but rather are related by the ten-dimensional Hodge duality

relation (3.15) which becomes

21 % (dC' A wy) = (21)°(dC + N B) Aws . (3.21)

13An S* component of By would describe the background 1-form gauge field of the electric 0-form symmetry associated
to the circle compactification. We do not include this component because we are not interested in such a symmetry,

which is not present in the low-energy field theory.
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Using the large r dependence of the background metric (3.1), one can translate this relation to one
that involves the 4d Hodge star

- 1
dC+ N B ~ - %y dC. (3.22)

This means that for large values of 7 (7.e. near the holographic boundary) we have dC = —NB. All
in all, close to the boundary the bulk theory is dominated by the following action

N N
S4d:—/(—B/\dC+—kB/\B), (3.23)
2T 4

which is (after a Wick rotation to Euclidean signature) the Symmetry TFT action (2.8), including the
quadratic term in B which captures the 't Hooft anomaly of the Zy 1-form symmetry (recall that, by

construction, in our top-down holographic setup we deal with spin manifolds, so ¢ = k here).

3.3 Symmetry defects from holography

Let us now see how the topological operators discussed in Section 2 are described holographically. Let
us start with the SU(N) global form. Under the Zy 1-form symmetry, the minimally charged operator
is a fundamental Wilson line supported on a curve +'. This is described by a fundamental string whose
two-dimensional worldsheet Y, extends in the bulk and ends on 7" at the 7 = 0o boundary of the
geometry (3.1), as in ordinary holographic constructions [66,67]. Fundamental strings couple to the
NSNS two-form By = 27 B as

Sp1 = / B, (3.24)

2

where 0¥, = 4/, The fundamental Wilson line hence reads Wg[¥}] = exp (’L fzg B). The operator
that measures the charge of such a Wilson line is a line operator of C', which corresponds to a D1-
brane with one direction wrapped on the circle and the other direction extended along the boundary.
Let us briefly recall why this is the case. Introducing a fundamental Wilson line in the effective 4d

topological action (3.23) leads to
N Nk
Sya + Sp1 = — / (2—B AdC+ B A B) + /B AP (), (3.25)
7 s

where 6 localizes the four-dimensional integral on the worldsheet. The equation of motion for B
and its restriction on the 3d boundary (where B = 0 due to the Dirichlet boundary conditions) reads,

respectively
N Nk N
—dC +—=— B =06%(x%! —d
2 CF 2 (%2). 27 ¢

The latter is exactly the violation of the conservation of the electric 1-form symmetry current .J, in

=6@(y). (3.26)

=00

presence of an electrically charged Wilson line, once we identify

(3.27)

We need C|,—« to be a freely varying field, namely Neumann boundary conditions for C'. The

symmetry defect of the electric Zy 1-form symmetry, supported on a line 7y at the boundary r = oo,
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Figure 7: The stringy bound states describing (bulk) topological operators of SU(N )i YM-CS theory.

is thus given by the GW operator

U, _22z] = exp (m /y " Je) — exp <ip [y c) (3.28)

with integer p ~ p + N. This is nothing but the (exponential of the) WZ action of p coincident
D1-branes wrapped on S! and supported on a line 7 on the 3d boundary. Indeed, using the Ansatz
(3.17), the WZ action for a D1-brane on the boundary (where B = 0) reads

Sp1 = — (02 - QWCOB) - / C. (3.29)

2T xSt v

Hence, D1-branes at the boundary are associated with the Zy topological symmetry defects of the 3d
SU(N)r YM-CS theory.

If £ = 0 a Dl-brane describing a symmetry defect of the boundary YM-CS theory, whose WZ
action is (3.29), can be moved into the bulk and the operator W¢[vy] = exp (z f7 C ) is well defined
even if v does not lie on the boundary. If £ # 0, instead, this is not the case. We learned, following
the discussion in Section 2, that when k # 0 gauge invariance requires the symmetry defect We[v] to

be attached to a surface Dy whose boundary is 0Dy = 7y

Wel0Dy]) (We)* Dy = exp(i /8 D2O+ik /D 2 B) : (3.30)

This has a natural explanation in the dual holographic side. When k # 0 the action (3.29), once
evaluated on a curve 7y not lying at the boundary, gets a contribution from Cy due to the non-vanishing
flux of Fy on the circle (a background that satisfies (3.4) is 2rCy = k¢, where ¢ = 23Mc} is the
angular coordinate of the S'). This introduces a tadpole of k units of unbalanced F-string charge on
the D1-brane. This charge can be soaked up by k F-strings with a worldsheet Y5 extending in the
holographic bulk direction 7 and with boundary -y, as shown in Fig. 7. This reproduces the topological
operators corresponding to the D1/k F1 bound states of (3.30), which is nothing but (2.12) (recall
that £ = k here).!® Crucially, this allows the Wilson line (described by an operator defined on the
string worldsheet Y,) and the symmetry defect (defined on Dj) to exhibit non-trivial braiding in
the four-dimensional bulk. This would not be possible without attaching the two-dimensional k£ F1-

strings on the one-dimensional D1-brane. This mirrors the usual braiding between the corresponding

M Note that this expression is consistent with gauge invariance of the bulk equations of motion, which show an extra
B-dependent term in the bulk when k # 0, which disappears due to the Dirichlet boundary conditions (even if k # 0)
when projected on the boundary, see eq. (3.26).
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one-dimensional lines, supported on 7' = 9%, and v = JD, respectively, on the three-dimensional

boundary.

We conclude that our holographic model exactly reproduces the Symmetry TFT and all symmetry
defects and charged operators of SU(N); YM-CS theory, including also endable operators, which, as
argued by the field theory analysis of Section 2, are crucial to make sense of the Symmetry TFT. The
description of other global variants are obtained imposing appropriate boundary conditions for the B
and C fields at 7 = co. The discussion follows verbatim the one in Section 2 and we do not repeat it

here.

It would seem that this agreement holds as a general rule, since the standard results of [49].
However, in holography the (d+ 1)-dimensional bulk is not topological, not even in the near boundary
region where — as already emphasized — the correspondence with the Symmetry TFT description is
expected to hold. There can be instances where holography, while still capturing the topological
aspects of the dual gauge theory, does not reduce to the Symmetry TFT. Natural candidates are
gauge theories with U(1) factors, whose holographic description requires dynamical boundary degrees
of freedom and where bulk field boundary conditions are not purely topological. This will be addressed
in [68].

4 Holographic RG flow from YM-CS to pure CS

In this Section we want to show how the bulk description encodes the RG flow that takes place in the
3d theory. In field theory terms, what we are describing is an RG flow from a YM-CS theory in the
UV to a pure CS theory in the deep IR. This means, in particular, that some line operators that are
not topological in the UV should become topological along the flow. Some other line operators, on

the other hand, are expected to disappear from the IR theory.

In YM-CS theory Wilson lines are not topological, and they are labeled by irreducible representa-
tions of the gauge group SU(N), which can be described in terms of Young diagrams. The generators
of the Zy 1-form symmetry are instead topological lines. When linking the Wilson lines, they mea-
sure their Zy charge, which is given by the N-ality of the representation. Hence, in the UV there
is a clear distinction between symmetry defects and the objects which they act on. As previously
discussed, when the CS level k£ # 0 the Zy 1-form symmetry is anomalous and the topological lines

are themselves charged, with charge multiple of k.

In the deep IR, i.e. at energies well below the strong coupling scale A = N g%,M, it is widely
believed that the theory flows to a pure SU(N); CS theory.'® In pure CS theory, there is only one
kind of lines, the Wilson lines, and they are all topological. For k& # 0 Wilson lines are still labeled
by irreducible representations of SU(INV), but only representations corresponding to Young diagrams
with at most k columns lead to non-vanishing Wilson lines. The N lines generating the Zy 1-form

symmetry are the subset consisting of the Abelian lines, corresponding to rectangular Young diagrams

15Remarkably, this is instead a prediction of the holographic model we are using. Indeed, on spin manifolds, we have
that U(k)—n <> SU(N); as pure CS theories, by level/rank duality.
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with m lines of k boxes, with m = 0,..., N — 1. What distinguishes the Wilson lines that generate
the Zy 1-form symmetry in the IR from all others is that they fuse according to the Zy group law.
Yet, also all other Wilson lines are topological and can be considered as 1-form symmetry defects. The
symmetry generated by the full set of Wilson lines is the non-invertible 1-form symmetry of SU (N )y
CS theory [69].

Remarkably, all these aspects can be seen from the dual holographic perspective.

We have already discussed Wilson lines in our setup. For gauge group SU(NV) they correspond
to fundamental strings ending on the boundary, in agreement with the fact that we impose Dirichlet
boundary conditions on the NSNS field By, which fundamental strings couple to. Let us start focusing
on Wilson lines in the fundamental representation. If we take a line along the 3d boundary, then the
worldsheet of the F-string is an open 2d surface “hanging” in the bulk along the radial direction, and
whose boundary is the line at the boundary. For a line that is a small loop, the 2d surface will have
the topology of a disk, and it will reach a minimal radius that is still well within the AdS region
of the background. Hence, the Wilson loop one-point function will have a scaling typical of its UV
completion, namely 4d conformal A/ = 4 SYM, for instance the potential between the probe quarks

is Coulomb-like.

When the loop at the boundary grows, the minimal radius of the F-string worldsheet goes deeper
into the bulk, until it reaches the tip of the bulk geometry. This corresponds to a Wilson loop whose
size is larger than the inverse of the strong-coupling scale A. When the F-string reaches the tip, it
can end on the D7-branes that are located there, and which are parallel to the boundary (we take
here the bulk to be the four-dimensional manifold M, we get after the reduction on S° and S, so
that D7-branes are effectively three-dimensional objects). Hence, the worldsheet can open there, so
that it has now the topology of a cylinder, with the loop on the D7-branes being a sort of IR image
of the loop at the boundary.'® For any k # 0, this configuration is actually energetically favored with
respect to the disk topology, which for a large Wilson loop would describe instead an area law and a
confining phase [65]. We would like to further argue that the dual bulk description gives evidence that
the Wilson loop is in fact topological in the deep IR. To see this, notice that the boundary conditions
at the two ends of the cylinder stretched between the boundary at 7 = 0o and the D7-branes at the tip
are actually different. As usual for holographic Wilson loops, the conditions at the boundary of My
are of Dirichlet type [70]. At the other end of the worldsheet the boundary conditions on the D7-branes
are instead of Neumann type, from the very definition of what D-branes are. This is an indication that
the line living on the D7-branes is topological. Indeed, consider the end of a string on the D7-branes
as a probe quark in the theory defined on the worldvolume of the D7-branes. This is charged under
the gauge group of the latter. But, as we derived earlier, the gauge theory on the D7-branes is nothing
but a U(k)_y pure CS theory (the YM term is suppressed already in the perturbative regime, because
N > k and gluons get a mass and can be integrated out semiclassically). Hence probe quarks have

worldlines that are topological Wilson lines. We then establish that fundamental Wilson lines of the

16 As already noticed in Section 3.1, the expectation value of the Wilson loop satisfies a perimeter law typical of a
deconfined phase with a spontaneously broken electric 1-form symmetry. Indeed, the potential between probe quarks is

constant.
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SU(N)r YM-CS theory become topological in the IR by manifesting themselves as the fundamental
Wilson lines of the U(k)_y level/rank dual pure CS theory, which are obviously topological.

The above discussion can be extended to Wilson loops in other representations of SU(N). Some
of these operators should also become topological along the RG flow. These include the operators
that are topological in the UV, i.e. the symmetry defects (D1/kF1 bound states in the holographic
setup) which in the IR are identified with the Wilson lines in the corresponding representation. In
fact, one expects to have the possibility of creating networks of surfaces in 4d that provide the putative

Symmetry TFT for the full non-invertible 1-form symmetry of the pure CS theory in the IR.

For 4d N' = 4 SYM a precise recipe has been developed to describe line operators in arbitrary
representations as states of type IIB string theory in AdSs; x S° [71-74]. Wilson line operators
are embodied by either D3- or D5-branes with some units of fundamental string flux dissolved on
their worldvolume and which end on lines at the boundary of AdS. The units of F-string flux equal
the number of boxes for each given column (D5-brane) or row (D3-brane) of the corresponding Young
diagram. So, any given Young diagram can be described in terms of bound states of D5- or D3-branes,

whose solutions as defects in AdS5 x S° have also been found.

It would be very interesting to find analogous solutions in our setup, which is in one lower dimension
and, most importantly, with broken supersymmetry. This is beyond the scope of the present paper,
but we do not expect qualitative changes to what mostly concerns us here. In fact, one can just
think of configurations with a number of parallel F-strings which equals the number of boxes of the
desired Young diagram. This holographically represents a Wilson loop in a reducible representation,
that contains the irreducible representations corresponding to the Young diagrams of interest. The
argument for their topological nature once the strings open up on the D7-branes at the tip goes
verbatim as for the F-string describing a Wilson loop in the fundamental representation. However, on
the D7-branes there are topological lines only in representations allowed for pure U(k)_y CS theory,
which are the same as for the level/rank dual SU(N); CS theory. In particular, they can have at
most [NV rows and k columns in terms of Young diagrams. Hence, only string configurations which are
compatible with those representations can end topologically on the D7-branes at the tip. The other
larger representations will just lie at the tip, and the corresponding Wilson loops will display an area

law. In other words, they vanish in the deep IR, 7.e. they are not operators of the IR pure CS theory.

We then see how the holographic model of [51,52], which describes three-dimensional SU (N )
YM-CS theory at large N (or, more precisely, is believed to belong to the same universality class),
correctly captures the way topological and non-topological operators rearrange or disappear along the
RG flow from the YM-CS regime in the UV to the CS regime in the IR.
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A Aspects of su(N); Chern—Simons theory

Here we review some aspects of the three-dimensional gauge theories with algebra su(/N') and Chern—
Simons level k. In particular, we first review the quantization of the level and the possible global
forms of the gauge group, and then the corresponding 1-form and O-form symmetries in each global

variant.

A.1 Level quantization and global variants

Let us first review the quantization condition on the Chern—Simons level k£ in a three-dimensional

theory with gauge group SU(N)/Z,, where p is a divisor of N. We give two alternative derivations.

3d Chern—Simons term as 4d second Chern class. The Chern—Simons term on a 3d manifold

X3 can be defined as the instanton density integrated on a 4d manifold M, with boundary, such that
8M4 - X3

Ses = K E(AA&A—%AAAAA>:2mf/‘TﬂFAF) (A1)
X3 3 87T My

47

In order to have a well-defined 3d Chern—Simons term, this expression should not depend on the
choice of extension My. Let us then consider two such extensions, My and M/, and impose that
the difference between the corresponding actions S¢g — Scg takes values in 27Z, for every possible
bundle. By gluing M/, with M, (where bar denotes orientation reversal) along the common boundary
X3, this can be rewritten as the integral of the instanton density over the closed manifold M/, UMy,
Using the relation between the quantization of the instanton number on closed manifolds and the
magnetic flux (or second Stiefel-Whitney class, or Brauer class) wy € H?(My;Z,) of an SU(N)/Z,
bundle, namely (see e.g. [75])

1 N(p—1)
— HWAFFD—%T—/PWgImdL (A.2)
where P is the Pontryagin square, one obtains the condition
kN(p—1)
2p?

/P(wg) ez, (AS)

24



for every possible choice of ws.

On closed spin four-manifolds one has that [ P(ws) € 2Z, hence the condition (A.3) amounts to

require that k is a multiple of

kspin _ p2 _ p ) (A4)
" ged(P’, N(p—1)  gd(p,Y)

Note that k(s]pin = 1 (and hence any k € Z is allowed) if and only if p? is a divisor of N (this is
trivially the case if p = 1, leading to the SU(N); CS theories, but also if N = ap? with p > 1). On
the other hand, if p and N/p are coprime then k has to be a multiple of p (this happens for example
when p = N, namely in a PSU(N); gauge theory).

On non-spin manifolds one has that f P(wy) € Z, hence the condition (A.3) implies that k& must

be a multiple of

p
———— for podd,
pbos _ 2p* _ 2p _ Jeede5) (A.5)
0 gcd(2p2, N(p— 1)) ng(2p7 %(p - 1)) _ for p even. |
gcd(Qp, %)

Spin of 3d Wilson lines. Wilson lines charged under the Zy 1-form symmetry of SU(N); CS
theory transform with a charge equal to the number of boxes in the Young diagram of the gauge
representation used to define the line, 7.e. the N-ality of the representation. The topological line
operators U, that generate the 1-form symmetry are themselves Wilson lines in pure Chern—Simons
theory, in particular the generator U, is the Abelian Wilson line in representation R, whose Young
diagram is a rectangle with m rows and k columns, with m = 0,1,..., N — 1. The spin of such
Wilson lines can be read-off from the conformal dimensions A of the corresponding primary operators
in the 2d su(N), WZW model, which are given by

_ Cy(Ryk)  km(N —m)
Am=T0N T

(A.6)

where Co(R ) is the quadratic Casimir of the representation Rk, while the spin is 0, = e2 A0

We attempt to gauge a Z, subgroup of the Zy 1-form symmetry. Let N = pg, so that such a subgroup

"The quadratic Casimir (in the physicists’ normalization) of the representation R, specified by the rectangular

Young diagram with m rows and k£ columns can be obtained using the general formula:

AMA+2
Co(Rumi) = %
where p = [1,...,1] and A = [0,...,0,k,0,...,0] (where k is at position m) are the (N — 1)-dimensional su(N) Weyl
vector and highest-weight vector of the representation Rk, respectively, in terms of Dynkin labels. The scalar product
has matrix Gi; = i(N — j)/N for i < j, and Gy; = Gj; for i > j. We then get
= = km(N —m)(k + N)

1 1
C2(Rimk) = 2 Z Gij (6im5jmk2 + 28imk) = 3 (k‘QGmm + 2k Z G’rnj) = 5N .
47 j=1
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is generated by the lines U, with m’ = 0,...,p — 1. From (A.6), the spin of these lines follows

from

ENm/(p —m/)
2p? '
In order to be able to gauge Z, within spin theories, we need to impose A(m’q) € %Z for all m’. The

A(m'q) = (A7)

most restrictive condition arises when m’ = 1, and it requires k to be a multiple of k;(s)pin in (A.4). In
order to be able to gauge Z, within bosonic theories, we need to impose A(m'q) € Z for all m’. Once
again, the most restrictive condition arises when m’ = 1 and it requires k to be a multiple of kgos in
(A.5).

A.2 Symmetries and anomalies

Let us discuss the 1-form symmetry of the global variants (SU (N)/ Zp) ., Oobtained by gauging a
Z,, subgroup of the Zy 1-form symmetry of SU(N)j. Given the spin from (A.6) of the lines Uy,
generating the Zy 1-form symmetry, their braiding is

, k
B (mb m2) _ e?m[A(m1)+A(m2)—A(m1+m2)} = exp (ZWZN m1m2> . (AS)
The anomaly coefficient £ was defined in [58] by rewriting the spin (A.6) of the lines as
2
O(m) = exp (—m’ﬂ %) : (A.9)

which shows that for bosonic theories £ is defined mod 2N, and it is given by
/= {k—i—N for k odd,

(A.10)
k for k even.

Notice that N/ is always even in bosonic theories. For spin theories, instead, the anomaly coefficient
is defined mod N and hence ¢ = k for all values of k.

We now proceed to gauge the lines U,,, generating the Z, subgroup of Zy, where N = pq.
Assuming that the quantization conditions on k described in Appendix A.1 are met, this is an allowed
operation. After gauging, the lines that remain as genuine symmetry defects are the ones which
have a trivial braiding with the lines U,,/,, modded out by the identifications induced by fusion with
Uprg [59]. The first requirement implies that the surviving generators U, are labeled by m’s such
that 1 = B(m,m/q) = exp(%mm’) for all m’ € Z. This restricts m = ra, where

p
a acd(p. k) (A.11)

and 7 is an integer. We then have to mod out this set by the action of fusion with the lines of Z,,

1.€. we identify lines whose charges differ by multiples of . We are thus left with the lines U,., labeled

by 7 =0, ..., L — 1 which implement a Zj 1-form symmetry, where!®
q
L= ——:. (A.12)
ged(g, a)

8Indeed the smallest identification between values of m is by lem(q, a) = qa/ gcd(q, a). This means that the smallest

identification between values of r is by L = lem(q,a)/a.
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As a consistency check, note that if p = 1 then L = N (SU(N)j has a Zy 1-form symmetry),
if p= N then L = 1 (PSU(N) does not have a 1-form symmetry), and if k& = 0 then L = ¢
(SU(N)/Zy has a Zyy, 1-form symmetry).

Let us show that, for those k that satisfy the quantization conditions (A.4) or (A.5), the identity
ged(g, a) = a holds and therefore

N ged(p, k
p=9_ Nedpk) (A.13)
a p
Indeed, if k is a multiple of p/ gcd(p, q), we can pull this factor out in the following ged
ged(p, k) ged <gcd( ) i ) (A.14)
PR)=——+ D:q)s 77—~ |- .
ged(p, q) p/ ged(p, q)
This allows us to write a as

a= ’
ged(ged(p,q), k)

which shows that ¢ is a multiple of @ and thus ged(q, a) = a as sought. Similarly, if k is a multiple
of 2p/ ged(2p, q), we can pull this factor out and write

2p ( 2k )
2gced(p, k) = ged(2p, 2k) = ——— ged| ged(2p,q), —————— | . A.16
ged(p, k) = ged(2p, 2k) gcd@p’q)g ged(2p, q) ) (A.16)

This allows us to write a as

ng(Qpa Q)
a = d( d(2p, q) L) ’ D
gCA(8CdleD, 9) 5 357 ecd(2pa)

which again shows that ¢ is a multiple of a and thus ged(g, a) = a as sought.
Using (A.6), the spin of the lines U,, that implement the Zj, 1-form symmetry is given by

kr(Lp—r)

O(ra) = exp (m W) , (A.18)

whereas their mutual braiding is

B(ry,72) = exp <2m’ (A.19)

k
L ged(p, k) 7’17’2> ’

We can compute the anomaly coefficient ¢, of a given (S U(N)/ Zp)k global variant, which is now
defined as 6(ra) = exp(—m'ﬁp%). For bosonic theories ¢, is defined mod 2L and is given by

k
——+ L for k and p odd,
) ecdk) A20
—_— otherwise .
ged(p, k)

With some algebra and using (A.5) one can show that L/, is always even. For spin theories, instead,
¢, is defined mod L and hence it is given by the latter case of the formula above for all values of k
and p. The result in (A.20) matches the one in (A.10) for p = 1.
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Finally, let us discuss the magnetic O-form symmetry in each global variant. When we gauge
the Z, electric 1-form symmetry, a dual Z, magnetic O-form symmetry arises. Importantly, only
its Zged(p,k) subgroup acts faithfully. Indeed, local operators with charge m under the Z, 0-form
symmetry are point-like monopole operators, which can be identified as the endpoints of the lines Uy,
of the Z, 1-form symmetry we gauged. However, the only gauge invariant monopole operators are
the ones with charge m such that the corresponding U,,, were trivial before gauging. This imposes
2T;T“’Cmm') for all m’ € Z, which restricts m to be a multiple of m.
Consequently, only the Zgcq(p,x) subgroup of the Z, magnetic 0-form symmetry acts faithfully.

1 = B(m/,mq) = exp(
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