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Abstract

We link Brakke’s “soap films” covering construction with the theory of fi-
nite perimeter sets, in order to study Plateau’s problem without fixing a priori
the topology of the solution. The minimization is set up in the class of BV
functions defined on a double covering space of the complement of an (n — 2)-
dimensional smooth compact manifold S without boundary. The main novelty
of our approach stands in the presence of a suitable constraint on the fibers,
which couples together the covering sheets. The model allows to avoid all issues
concerning the presence of the boundary S. The constraint is lifted in a natu-
ral way to Sobolev spaces, allowing also an approach based on I'-convergence
theory.

Introduction

This work is inspired by the “soap films” covering space model, set up in [6] by
Brakke as a new original approach to Plateau’s problem in codimension one. We
recall that, in its earliest and simplest formulation, Plateau’s problem consists in
finding a surface ¥ in the ambient space R®, spanning a fixed reference smooth
loop S, and minimizing the area. As it is well known, several models have been
proposed to solve the mathematical questions related to this problem (and to its
generalizations in R™, for n > 2), depending on the definition of surface, boundary,
and area: parametric and non parametric solutions, integer rectifiable currents,
varifolds, just to name a few. We refer the reader for instance to [1], [22] and [§]
for a brief, but comprehensive overview on the study of Plateau’s problem. In this
paper we simplify and link the ideas of Brakke with the theory of finite perimeter
sets and I'-convergence, in order to solve the problem of minimal connections of an
even number of points in the plane, and more generally to find an embedded solution
to Plateau’s problem, without fixing a priori the topology of the solution.

The starting idea of Brakke is to mathematically reproduce the physical structure
of soap films, which are made of two layers with a thin liquid region between them.
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Since the model works in arbitrary dimension n > 2, it can be useful to consider
the layers as (n — 1) dimensional integer rectifiable currents; at the same time, it
is necessary not to make the corresponding orientations (one opposite to the other)
cancel out. This difficulty is overcome in [6] by merging Plateau’s problem in an n
dimensional (abstract) manifold Y, which is a covering space of the open set

M :=Q\ S,

Q) C R" being usually a bounded connected open set with Lipschitz boundary. How
to choose Y is part of the model construction, and it can lead to different solutions
of Plateau’s problem. A typical situation is to take Y as a two—sheets, “cut and
paste” covering space: let ¥ be an (n — 1)—dimensional orientable manifold with
boundary equal to S, and let Y be the manifold defined by “pasting” two copies
of M along the “cut” ZH The layers are then placed in different sheets of Y, thus
replacing the interior and the exterior of the soap film.

At this point, the construction of [6] is not finished yet, since the sheets need to
be paired up. This is done by Brakke by selecting some connected components of
a pair covering space of M (denoted respectively by W and Wy in [6]), where the
minimization problem is set up in terms of a suitable notion of currents mass. Again,
the choice of W is part of the model construction. Solvability for the minimization
problem follows by standard results in the theory of integer rectifiable currents.
The author gives also some results on uniqueness and regularity of minimizers, e.g.,
showing that in some setting (namely, when W = W) the projection of minimizers
onto the base set M is (M, 0, ) —minimal in the sense of Almgrenﬂ

We mention also the recent paper [9], where the authors, extending in a different
setting some result of [12], look for a solution of Plateau’s problem, minimizing
the (n — 1) —dimensional Hausdorff measure in the class of relatively closed subsets
of R™\ S, with nonempty intersection with every loop having unoriented linking
number with S equal to 1E| Here, no covering construction is performed, and the
minimization problem is solved using direct variationals arguments; neverthless, the
approach of [9] shares some common features with [6], as we show in the Appendix.

The aim of this work is to reformulate and simplify Brakke’s construction using
BV functions defined on the double covering space. In particular, we approach
the problem without making use of pair covering spaces, since the sheets here are
coupled by a constraint on the fibers. Our construction of the covering, which we
denote by (Y, s a) in what follows, requires a suitable pair of cuts ¥ = (X4, 3s),
in order to work with local parametrizations suggesting the natural way to endow
Ys, with the Euclidean metric. The metric aspects here play a role; as it will be clear
from the discussion, we cannot confine ourselves to a purely topological construction
of the covering (see Remark [1.6)).

Our idea is to minimize the total variation of BV functions defined on Yy, taking
values in {£1}, and such that

Z u(y) =0, fora.e. x € M. (0.1)

s,M(Y)=2

'See Figure [3] for the case n = 2.
2See |6, Theorem 10.2].

3See Remark



To have an idea of the geometric meaning of the total variation we are considering,
it is useful to look at the elementary Example

What we call a constrained double — covering solution to Plateau’s problem with
boundary S will be (Definition the projection through 7 ps of the jump set
of a minimizer. In Theorem we prove that the constrained double—covering
solutions are independent of Zﬁ In some sense, this is due to the fact that, working
on the covering space, all information about the exact location of the cuts becomes
irrelevant, since changing the cuts corresponds just to an isometry on the covering
space. In view of the conceptual importance of this independence result, in Propo-
sition we give another proof of it. In Theorem we show that, at least when
n < 8, our model is equivalent to solving Plateau’s problem using the theory of
integral currents modulo 2 [IT].

We stress that the constraint is really crucial in our construction; for in-
stance, it forces the minimum value to be strictly positive (Lemma , as well as
it forces the boundary datum S to be covered (Corollary . Perhaps the most
remarkable consequence due to the constraint is that all issues about the definition
of “boundary” on S are avoided; the same qualitative property is shared by Brakke’s
formulation. It seemed to us not immediate to derive the constraint on the
fibers from the approach of [6].

This paper is divided as follows: in Section [T] we define the family of admissible
cuts, and the space BV (Yy). For u € BV (Yy), the functions vy (u), va(u), v3(u), v4(u)
are defined in , and coincide with u read in the various domains of the atlas
used to parametrize Yy. In Example we give a representation formula for the
total variation of some elementary functions in BV (Yy), in order to make the reader
more confident with the covering construction. Then, for any admissible pair of cuts
3., the minimization problem is set up in

BVeonstr(Ys; {£1}) := {u € BV (Ys;{£1}) : u satisfies }

Existence of minimizers is proved in Theorem [1.19} Regularity of constrained dou-
ble — covering solutions is based on the well —established regularity theory for isoperi-
metric sets. Then, we lift the constraint on the fibers to the class of Sobolev func-
tions on Ys, showing in Proposition that our formulation naturally leads to a
I'-convergence result. In Section [2| we show that the minimization problem
is independent of the admissible pairs of cuts. In Section [3] we exploit the simplest
possible case, i.e., when n = 2 and S consists of 2k distinct points, for some k > 1.
When k£ = 1, the (unique) constrained double - covering solution coincides, as ob-
viously expected, with the segment joining the two points. Despite its simplicity
(already pointed out in [6, Example 8.5]), the study of this example is instructive,
and probably it can be considered as a starting point for more interesting situations.
In Section 4 we test the model in the case of the standard Plateau’s problem in R3.
Finally, in the Appendix we present a standard abstract construction of a covering
space of M, which we show to be isometric with Ys. The construction is performed
avoiding the definition of admissible cuts.

We expect that our model could be generalized in a nontrivial way in various
directions; in particular, as in [6], to [ sheeted covering spaces, with [ > 2, as in the
case of the tripod or of space partitions; these subjects require further investigation.

“See [6, Proposition 12.1] for a similar result.



1 Double coverings and the minimization problem

Notation. Let n > 2. We denote by H"~! the Euclidean (n — 1)—dimensional
Hausdorff measure in R™. We let | - | be the Euclidean norm. For any z, 2’ € R,
we denote by z - 2’ the scalar product between z and z’. We also let S*~1 := {z €
R™ : x| = 1}; for » > 0 and = € R", we set B,(z) := {y € R" : |y — x| < r} and,
unless otherwise specified, we let B, := B,.(0). For any F' C R", we denote by F the
closure of F'in R™.

We recall the following definition of unoriented linking number, see for instance
[5, Section 3.17], or [I5], Section 5.2].

Definition 1.1. Let S C R™ of a boundaryless compact smooth submanifold of
codimension 2. Assume that S = 0%, for some compact, smooth manifold ¥ C R".
Let p € C1(SY;R™) be such that p~1(S) = 0, and transverse to ©.. The unoriented
linking number between p and S is defined as

if HO(p~1(2) i
links (p; S) = 0 1 H(p( )IS even,
1 if HO(p™H (%)) is odd.
The right hand side of (1.1)) turns out to be independent of 3. When p is just

continuous, the unoriented linking number is defined using a C' loop homotopic to
p and not intersecting S [15].

(1.1)

Throughout this paper, 2 C R” denotes a nonempty connected open set. Let
S C Q be a boundaryless, compact, embedded, smooth submanifold of dimension
n — 2, not necessarily connected.
We define the base set as
M:=Q\S, (1.2)
which is path connected.
Example 1.2. Typical choices will be:
- n =2, and S an even number of points;
- n =3, and S a tame link (that is, a finite number of disjoint closed smooth
space curves).
Definition 1.3. We denote by
Cuts(£2,.5) (1.3)
the set of all (n — 1)-dimensional compact embedded smootfﬂ submanifold ¥ C Q
with
oY, = 8.
We also let
Cuts(©, 5) = {Z = (21,52) : 51,5 € Cuts(Q,5), £1N¥y =5}, (1.4)

and we call the elements of Cuts(€2, S) (resp. of Cuts(€2,S)) admissible cuts (resp.
admissible pairs of cuts).

5 The smoothness assumption on the cuts and on S is required in order to use Definition
All subsequent discussion (in particular, Theorem can be adapted requiring just Lipschitz
regularity, by properly extending unoriented intersection theory to Lipschitz manifolds. It seems
nontrivial to extend the definition of admissible cuts (hence, the covering construction in Section
to the case where S is just a compact subset of R", having Hausdorff dimension n — 2.
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Throughout the paper, we shall always suppose that
Cuts(£2,.5) and Cuts(£2,S) are nonempty.

A typical situation is when S = 0%, for some (n — 1)—dimensional, compact, em-
bedded, orientable, smooth submanifold ¥ C Qﬁ See Figure |1 for a very simple
example.

0 5,

W\j

Figure 1: The base set M = Q\ S, when n = 2, Q is a rectangle, and S = {p,¢}. In the
figure, an example of admissible pair of cuts is shown. ¥; U X5 encloses an interior I (an
open set), while the exterior (still an open set in ) is denoted by O.

1.1 “Cut and paste” construction of the double covering

In this section we explicitly construct the double covering (Ys, s ar) quoted in the
introduction. As a consequence, we shall end up with local parametrizations which
naturally bring the Euclidean metric on Ys.

Let ¥ = (X1, X2) € Cuts(, S). We consider two disjoint copies of the open sets

Dy :=Q\ X1, Dy:=0\X%y, (1.5)
which we denote respectively by
(D1,1),(D1,2),  (D2,3),(Da,4). (1.6)
Points in the space
X :=(D1,1)U(D1,2) U (D2,3) U (D2,4)

are identified as follows. Let O C Q (resp. I C ) be the open region exterior (resp.
interior) to 31 U Y. Let x,2’ € M, j € {1,2} and j' € {3,4}; then (z,j) ~ (2, 5')

6 Indeed, the orientability of 3 gives a unit normal vector field on ¥\ S — hence, in particular,
a direction to follow in order to “enlarge” the cut, separating its two faces. The construction
is standard (in the case n = 3, it is given for instance in [I6, p.147]). Necessary and sufficient
conditions for the existence of this (n — 1)-dimensional orientable submanifold can be found in [24].
When n = 3, and S is a tame link, there exists [21, Theorem 4, p.120] an embedded orientable
surface, called Seifert surface, whose boundary is S.



if and only if z = 2/, and one of the following conditions holds:

i=7,
{j,5'} € {{1,3},{2,4}}, z=2"€O, (1.7)
{5.3'}y € {{1,4},{2,3}}, z=2a'€l

Intuitively, if O C Q (resp. I C ) denotes the open region exterior (resp. interior)
to X1 U X9, we identify: points of (O, 1) with points of (O, 3); points of (O, 2) with
points of (O, 4); points of (I,1) with points of (I,4); points of (I,2) with points of
(1,3); notice that each point on (X7 UX9) \ S is identified just with itself.

(Dlvl) (D172)

@
&/\@/\J &/\@/\J
D
®

(D2,3) (D2,4)

Figure 2: The double covering space Ys;, for M as in Figure [} A dashed curve denotes
that an admissible cut has been removed. In the picture, some examples of admissible
neighbourhoods are shown. Identifications are meant by using the same colour. Note that
a complete (small) turn around p (or ¢) in M corresponds to a double turn on Ys.

Then ~ is an equivalence relation, and the quotient spaceﬂ
Y i =X/ ~

is endowed with the quotient topology given by the projection 7 : X — Yy induced
by ~. We set : (x,j) € X — x € M, and we denote by

rem: Ys — M (1.8)

the projection 7s a7 (7(x, j)) := x, for any (x, j) € X. This latter map is well defined,
since if (x,7) ~ (2/,7), then s (7(z, ) = z = 2/ = s m(7(2',5")). Therefore,

7 Ys depends on the choice of Q; for notational simplicity we shall not indicate such a dependence.



we have the following commutative diagram:

X —>Ys (1.9)

\ iﬂ'zy]\{
™

M
Definition 1.4 (Local parametrizations). We set
\I/jZD1—>7T((D1,j)), \I/j =Tom -1 j:1,2,

l(py.5)’

1.10
\I/j/: D2 —>7’F((D2,j/)), ‘l’j/ =ToT ( )

./
, =3,4.
Dy’ 7

The covering Spacdﬂ Ys: admits a natural structure of differentiable manifold,
with four local parametrizations given by

Wy, Wa, W3, Uy, (1.11)
Remark 1.5. For j € {1,2} and j' € {3,4}, we have
\1:;,1 oV; =id = \p;l oW, on DyN Do,

where id is the identity map on Dy N Dy. The pair (Ys, 7 ) is a double covering
of M, see Figure [2| Notice that U1(D;) U ¥y(D3) =Yy \7‘(2_]%/[(21 \ S).

Remark 1.6. A double covering of M can be constructed in a standard way [16),
p.147] also using a single orientable cut X € Cuts(£2,.S), by suitably identifying two
copies of Q\ X. This construction is perhaps more intuitive than the one based on
and corresponds, essentially, to the case in which ¥; and ¥y coincide (with X).
However, in order to rigorously define the covering, one needs to slightly separate
the two “faces” of ¥ (as in Figure . Since our minimization problem (see (1.20)
below) depends on the metric on the covering space, we find more convenient to use
the construction via admissible pairs of cuts. However, it is worth noticing that,
concretely, it will be enough to deal with only one of the two cuts of the pair X.

The next observation is of importance for the computation of the total variation
of BV functions on the covering space Ys.

Remark 1.7 (Splitting). If £ C Yy is a Borel set, we can write E as the union of
the following four disjoint Borel sets

EN#((D1,1), EN7(D1,2)), ENF(Z1\ S,3)), ENF(Z1\ S,4)).  (1.12)

Notice that Yo does not appear in ((1.12)). Choosing D5 in place of D amounts in
considering Yo in place of ¥; and does not change the subsequent discussion.

8Since S has been removed, Ys is not branched.



M

Figure 3: By slightly separating the “faces” of an admissible cut X, we get a double covering
for the base set M defined in Figure Some examples of admissible neighbourhoods are
shown. Notice that each copy of M contains the whole fiber of X.

1.2 Total variation on the double covering

The covering space Ys is an n-dimensional connected orientable smooth non com-
plete manifold; it is endowed with a natural volume measure p, which is the push-
forward (indicated by #) of the n-dimensional Lebesgue measure £™ in M via the

maps (|1.11]). More specifically, if £ C Ys is a Borel set, using the splitting ((1.12]),
we have
W(E) - = Ui (E N 7(D1, 1)) + Uay £(E N 7((D1, 2)))
=L (rem(EN7((D1,1)))) + L™ (mem (BN 7((D1,2))))-

We set L (Ys) := L,,(Vs) and L{ (Yx) := L}”OC(YE).

Definition 1.8 (The functions vy (u)). Letu: Yy — R. Forj=1,2 and j' = 3,4
we let vj(u) : Dy — R, vy (u) : Do — R be the functions defined by

vj(u) :=uo ¥y, vjr(u) :=uoWy. (1.13)

Clearly, if u € L'(Yx) then vj(u) € L' (Dy), vy (u) € L*(Ds).
By construction (recall (1.7))), we have

3(u), wva(u) =

, 4(u) a.e. in O,
a(u), va(u) =

v
1.14
v 3(u) a.e. in . (1.14)



Let © be bounded. Our aim is to define the total variation of a function u €
LY(Ys). We say that u is in BV, (Yx) =: BV (Yx) if its distributional gradientﬂ
Du: ¢ € CH(Yg) — — fY): uD¢ dp € R™ is a bounded vector — valued Radon measure
on Yy. Let us denote by |Du| the total variation measure corresponding to Du [3,
p.3]; we recall [3, Proposition 1.47, p.21] that, for any open subset E' C Y5, we have

|Du|(E) = sup{/ wdiv®dy : ® € CLHE;R"), |®| < 1}, (1.15)
E

which is L'(Ys) - lower semicontinuousm

Remark 1.9 (Representation of the total variation, I). Let u € BV (Yx) and
E C Ys, be a Borel set. Then

[Dul(B) = 3 1Dvj(w)|(wz.0 (E0F(D1.5))) )

£ 3 1Dy )l (rmar (BNF(S S.5))-

j'=3,4

(1.16)

In order to prove (1.16)), let us first assume E C 7((D1,1)) is open. Then, recalling
(1.15), we have

|Du|(E) = sup {/ ?1(u) divpdLl" : ¢ € C;(‘IIII(E);]R”), lp] < 1}
T (B)

= |Dui(w)|(¥71(B)) = [ Doy (u)|(rx,0(E)),

which gives (|1.16]).
From ([1.17)) and [3, Proposition 1.43], we get (1.16) for every Borel set E C Ys

contained in a single chart. The general case follows by the splittingjﬂ in (1.12)).

(1.17)

9Let ¢ € CX(Ys). Fori=1,...,n, let ¢; be the i —th element of the canonical basis of R™. Then
Did(y) == limp—o h ™" (¢(¥; (70 (y) + hei)) — P(y)) is well - defined for every y € 7((D1,j)). Sim-
ilarly for other points in Ys. We set D¢ := (D1, ..., Dn¢). For & := (¢1,...,¢n) € C2(Yx;R™),
we set div® :=>"" | Di¢;.

10 We notice that BV (Yx) is equal to the space BV (Yx,g,w) (see [4 Definition 2.1, Theorem
3.1]), where g (resp. w) is the pull-back of the Euclidean metric (resp. Euclidean volume form)
via the map 7s m. Moreover, BV (Ys) coincides also with BV (Ys,dyy,u) (see [4, Definition
3.2]), where dyy. is the Carnot—Carathéodory distance associated with g.See formula in the
Appendix. We notice incidentally that (Y, dyy) is not a complete metric space. For the definition
of Carnot—Carathéodory distance in a more general framework, see [4, p.13] By [4, Theorem 3.1],
the three definitions of total variation coincide.

"'We notice once more that, the right hand side of is not altered replacing 1 by X2, D1
by D2, and vi(u) (resp. v2(u)) by vs(u) (resp. va(u)).



Example 1.10. Referring specifically to Figure [l let u € BV (Ys) be such that
v1(u) is equal to a € R inside a disk B of radius r > 0 contained in I (or in O) and
b € R outside, and vy(u) is equal to ¢ € R in B and d € R outside. Then, from

(.17,
| Du|(Ys:) =|Dv1(u)|(B N D1) + [Dva(u)|(B N D)
+ [Dvs(w)[(X1\ {p, ¢}) + |Dva(u)|(£1 \ {p, ¢}) (1.18)
=(|b—a| +|d —¢|) 2rr + 2H (Z1)|d — b|.
On the other hand, if B is centered at a point of X1, and BN Xy = (), then
| Du|(Ys) =|Dv1(u)[(B N D1) + [Dva(u)|(B N D)
+ [Doz(u)|(E1\ {p, ¢}) + [Doa(u)[(E1 \ {p, ¢})
=(|b—a|+|d—¢|) 2nr +2|c — a|/H' (21 N B)
+2|d — b (H'(Z1) — HY(Z1 N B)) .
If in particular a =1 = —b, c = —1 = —d, (|1.18)) and ((1.19) become
|Du|(Ys) = 4 (277 + HY(Z1)) -

(1.19)

1.3 The constrained minimum problem
We define
BV (Ysy; {£1}) := {u €BV(Ys) : Jul=1p ae. in Yg}.

Our constrained minimization problem, which in principle could depend on the
choice of X, can be stated as follows:

(8, 5) = inf {|Dul (Vs) : w € BVeonsur(Yos 1)}, (120)
where
BVeonstr(Ys; {£1}) := {u € BV (Ys;{£1}) : Z u(y) =0 for a.e. z in M}
s, (y)=2

Notice that there are only two terms in the sum inside parentheses, and that the
functional in attains the same value when evaluated at v and at —u. By
virtue of the constraint, it turns out that @72 . (S, %) is strictly positive (Theorem
1.19)).

From the constraint , for any u € BVeonstr(Ys; {££1}) we have

vi(u) = —va(u) a.e. in Dy, v3(u) = —vg(u) a.e. in Ds. (1.21)

For this reason, in formulas (1.25)) and (1.27)) the functions ve(u) and v4(u) are not
present.

For any u € BVeonstr(Ys; {£1}), let J, C Yx be the set of approximate jump
poz’ntﬂ of u in Ys.

'? Here we follow [3, Definition 3.67, p.163]. Let dys, be the distance defined in (A-§). Given y €
Ys, r > 0, and a unit vector v € R™, set B(y,r) :={y' € Ys : dvs(y,9) <r}, Bf(y,r) :={y €
B(y,r) : (=M (y)—m=m(y)) v >0}, By (y,r) :=={y € B(y,7r) : (m=.m(y")—m=m(y)) v <O}
Notice that, for 7 > 0 sufficiently small (depending on y), B(y, ) is contained in a single chart of
Ys. Now, we define J, as the set of points y € Ys such that there exists a unit vector v € R",
satisfying lim, o+ 77" mey’T) |lu—1|dp =0=lim, o+ r " fB;(y,r) |w+ 1| dp.

10



Remark 1.11 (Unbounded open sets). Let © be unbounded. Then, instead of
(1.20]), we shall consider the minimization problem

Q
JZfconstr

(S,%) = inf{|Du|(Yg) . u e Byl (Yg,{il})}, (1.22)

constr

where

constr

BVC (v, {£1}) == {u € LL.(Ys) : |Du|(E) < oo, E C Ys open rel. compact,

|lul =1 p—a.e. in Yy, Z u(y) =0 for a.e. x in M}
T, M (y)=2

We notice that the previous discussion (in particular, formula ((1.16])) still holds true
assuming 2 unbounded.

Remark 1.12. Let Q, ' C R" be connected open sets, such that Q C Q'. Then

Q
‘Q{constr

(S,%) < 7Y

constr

(S,3). (1.23)

Indeed, let us assume that ' is bounded. For ¥ € Cuts(2,5) C Cuts(?,S),
let us denote by Y%, the double covering space of M’ := @'\ S. It is natural
to see Y as a subset of Y., so that, for any u € BVionstr(Ys; {£1}), we have
upy € BVeonstr(Ysy; {£1}). In particular, |Du|(Ys) < |Du|(Yy;), which gives (1.23).
Similarly for the case in which Q or €’ are unbounded.

1.4 Existence of minimizers

Concerning functions defined on the base set, clearly BV (M; {£1}) = BV (Q; {£1}).
Moreover
BV (Q;{£1}) = BV(D;;{£1}),

so that any v € BV (Dy;{+£1}) (or more generally any v € BV (Q \ C; {%1}), with
C' a finite union of cuts) can be considered also as a BV function in 2, whose total
variation in general may increase by a contribution due to the two traces of v on X
(more generally on C). In the following, we denote by

Jy CQ

the set of approximate jump points of v considered as a function in BV (€; {£1}).
The next definition will be of frequent use in the sequel.

Definition 1.13 (Constrained lifting). Let v € BV (Dy;{x1}). Then the func-

tion
im Uy (D
T (1.24)
—v in Yo(Dy),

is in BVeonstr(Ys; {£1}), and v1(u) = v. We call u the constrained lifting of v.

In particular, when v is identically equal to 1 (or —1), we have

s m(Ju) =21\ S.

11



Lemma 1.14 (Splitting of the projection of the jump). Let X = (X1,39) €
Cuts(Q2,5), and let u € BVeonstr(Yss; {£1}). Then

mr () = (Js \ (Z1\ ) U (Jugy 0 (B2 8) ). (1.25)
Proof. As in , let us split J,, as the union of the following four disjoint sets:
JuNm((D1,1)), JuN7T((D1,2)), JuN7T((X1\ 5,3)), JuN7((X1\ S,4)). (1.26)

By the constraint (0.1]), to each point in the first set of ((1.26) there corresponds a
unique point in the second set, belonging to the same fiber, and viceversa. A similar
correspondence holds between the third and the fourth set. Hence

rear(Ja) = T80 (Ju N#7((D1, 1))) Ursa (Ju N7((Z1\ S, 3))).

By definition of Ju, Jy, (u), Jus(u), using also the local parametrizations Wy, W3, it
follows that 7T§;7M(Juﬂ%((D1, 1))) = Ul(u)\(Zl\S), and TS, M (Jurﬁ((El\S, 3)))
o) N (Z1\ ), and (1.25)) follows.

The next lemma seems to be consistent with [6, Lemma 10.1].

O

Lemma 1.15 (Representation of the total variation on the covering, II).
Let ¥ = (X1,%9) € Cuts(2,5), and let u € BVionstr(Ys;{£1}). Then
[Dul (V) =4(H" (o \ 51) + H' 1y 09 1 51) )

1.27
:47'[”_1(7T27M(Ju)). ( )

Proof. Recall the splitting in , with the choice ¥ :=Yx. By , we have
|Dui(u)|(D1) = [Dva(w)[(D1),  [Dug(u)|(31) = [Dva(u)|(X1). (1.28)
By [3, Theorem 3.84], we have
[Doy(w)|(D1) = 2H" " (Jyy ) \ Z1)s [ Dus(w)[(B1) = 2H" (g N E1). (1.29)

Substituting (1.29)) into (1.16)), and recalling (|1.28), we get the first equality in
(1.27). The second equality is now a consequence of ((1.25)). O

Remark 1.16. The factor 4 in is obtained by multiplying the absolute value
between the difference of the values of u (which gives a factor 2), with the number
of the covering sheets. Up to this multiplicative constant, the total variation of a
function in BVionstr(Ys; {£1}) is equal to the push—forward of the H"~! measure
of its jump set, via the local parametrizations .

From formula (1.27)), we see that |Du|(Ys) is indeed independent of the orienta-
tion of 1 —hence, in particular, of the orientation of S.

Remark 1.17. If we choose u as the constrained lifting of v, with v identically
equal to 1, we obtain
Dnstn (S, D) < AHH(Dy). (1.30)

The natural bound from above for 75} ... (S, ) will be given in ([2.10).
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Corollary 1.18 (Compactness). Let Q be bounded with Lipschitz boundary. Let
(uk)ken C BVeonstr(Yss; {£1}) be such that supyey |[Dug|(Ys) < +o00. Then there ex-
ist u € BVeonstr(Ys; {£1}) and a subsequence of (uy)ren converging to u in L*(Ys).

Proof. Let vi(ux) € BV (D1;{£1}) = BV(Q;{£1}) be as in (1.13). From (|1.16))
and (|1.28)) we have

sup | Doy (ug )| (€2) = sup ||Dvi (ug)|(D1) + [ Doy (Uk)l(El)]
keN keN

| Dug| (V)

< sup +H" () < +oo.

keN
Since ) is a bounded Lipschitz domain, there exists v € BV (;{£1}) such that,
up to a not relabelled subsequence, v1(uy) — v in L'(2). The proof is completed,
letting u be defined as in ((1.24)). O

We are now in the position to show that problem (|1.20)) has a solution; a key
result is represented by Lemma below.

Theorem 1.19 (Existence of minimizers). Let Q be a bounded connected open
set with Lipschitz boundary. Let ¥ € Cuts(Q, S). Then &2, (S, 2) is a minimum,
and A . (S, 2) > 0.

constr
Proof. Recalling the lower semicontinuity and Corollary existence of minimiz-
ers for problem (1.20)) follows by direct methods. Positivity of <7} . (S, %) follows

constr

from (1.32)) below, with the choice A := Q. O

The next lemma shows, in particular, that in the fibers over any open sub-
set of ) containing a loop around a point of S, the jump set of any function in
BVeonstr(Yss; {#1}) has strictly positive H"~! —measure. We stress that this is due
just to the constraint .

Lemma 1.20. Let A C Q be a nonempty open set such that ms; 1, (A\S) is connected.
Then for any u € BVeonstr(Ys; {£1}),

H'" M (ANTsm(Jy)) > 0. (1.31)
Moreover, if A is bounded with Lipschitz boundary, then
inf {H" M (AN7sm(Ju))  u € BVeonste(Ys; {£1})} > 0. (1.32)
Proof. By contradiction, suppose that
H" Y (AN7Tsm(Jy)) = 0. (1.33)
Applying to , we get
0=H""AN(Jpw \ Z1)) + H" (AN Jpyu) N E1). (1.34)

Now, set A% := A\ S. Applying (1.16]) with the choice E := WE}M(AS), we get
[Dul(m5 34 (A%) =2 Dvi(w)] (w01 (753, (A5) N7 (D1,1)))

+ 2| Dus(u)| (”nM(Wz_,MAS) N7(Z1\ S, 3)))) (1.35)
=2 (|Dv1 (u)| (A5 \ 51 + [Dus(u)] (A5 N'%y))
=4 (K" AN (Jyy ) \ 21)) + HHAN Ty N1 21)),
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which, coupled with (1.34]), implies |Du|(7r2j/[(AS )) = 0. The u is constant on
7['2_’]%4 (A%), which contradicts the validity of the constraint (0.I)). This proves (1.31).

Now, let us suppose, still by contradiction, that there exists a sequence (ug)r C
BVeonstr(Yss; {£1}) such that limy,_, 4 oo H* ! (AOWEM(JW)) = 0. Thanks to the as-
sumption on A, 77277]%4(145 ) is a double covering of A°. In particular, for each k € N,

the restriction ay = ug| _, : belongs t0 BVeonstr (s 17 (A%); {£1}), and reason-
TS M ’

(A
ing as above, |Di|(ms 1,(A%)) = 4H" YA N 7s a(Ju,))- Let us apply Corollary
1.18] replacing €2 with A. Then, up to a not relabelled subsequence, there exists
@ € BVeonste(Ts 1(A%); {£1}) such that @y — u in L'(7s 1,(A)), and by lower
semicontinuity, ’ 7

|Ditl(ms; 3 (A7) < lim inf | Ditg| (55,3, (A7) = 4 Tim H" (AN 7501 (T )) = 0.

Hence 4 is constant on 77277]%4(145 ), a contradiction with (0.1)). O

As a further consequence of Lemma [I.20, the boundary datum S is covered by
any constrained function in the covering space. In Theorem using also (|1.37))
below, we shall prove that equality holds in ((1.36) when 2 < n < 7 and u is a

minimizer.

Corollary 1.21. Let Q be bounded (resp. unbounded), and let u € BVeopstr (Ys; {£1})
(resp. u € BVIC  (YVs; {£1})). Then

constr
ms () \ T m(Ju) 2 8. (1.36)

Proof. The relation S N s p(J,) = 0 is trivial, recall also (1.25). Now, suppose
by contradiction that there exists a point p € S\ 7s a(Jy). Take an open ball
B centered at p, with B C Q\ 7 p(Jy,), and apply Lemma with the choice
A := B. Then, since AN nxp(Jy) = 0, we end up with a contradiction with
([T31). O

Recalling Remark we observe that the proof of analytic regularity for the
reduced boundary of isoperimetric setﬂ applies in our setting. Here we have to
observe that, even if szu dp = 0 for any u € BVeopstr(Ys; {£1}), we are not min-
imizing the total variation under a volume constraint, and therefore we are not
exactly in the isoperimetric situation. Nevertheless, since the classical arguments
(such as monotonicity formula, excess decay, tilt lemma) are local, they can be sym-
metrically reproduced on the two sheets of the covering space, thus respecting the
constraint (0.1)) on the fibers. In particular, the following result holdﬁ

13 See [3} Proposition 3.2]; this constancy result can be generalized to our setting, considering first
the case in which a connected open set £ C Ys is contained in a single chart, and then reasoning
for each connected component of EN7((D1,1)), EN7((D2,3)).

14Gee for instance [I7], and references therein. See also [20] for the case of isoperimetric hyper-
surfaces in smooth Riemannian manifolds.

15Theoremis consistent with [6, Theorem 10.2], which implies that s s (Ju,,,, ) is (M, 0,8)—
minimal in the sense of Almgren [2]. Our result is stronger than Brakke’s one, which considers more
general coverings constructions, just requiring connectedness on the pair covering space Wy cited in
the introduction. In our setting, we have Wy := {(y,y’) € YaxYs : y# v, ms.m(y) = m=,m(y")},
which is always connected.
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Theorem 1.22 (Analytic regularity). Let Q be a bounded connected open set
with Lipschitz boundary (resp. an unbounded connected open set), and let upmi, be

a minimizer of problem (1.20) (resp. assume there exists umin minimizing (1.22]) ).
Then Jy,,,, and hence, s pr(Ju,.,), @5 an analytic submanifold, possibly excepting

Umin

for a set of Hausdorff dimension at most n — 8. Moreover,
T M (Jugin) \ T2, M (Juy,) © S UKL (1.37)
Proof. We can limit ourselves to the proof of (1.37)). Recalling Lemma we have
(WE,M(Jumin) \ WE,M(Jumin)> ND = (Jvl(umin) \ Jv1(umin)> N Dy. (1.38)

By the regularity of local minimizers of perimeteﬂ o1 (umin) M D1 coincides with

the relative boundary in D of the set {v1(umin) = 1}. In particular, Jor (umim) N D1
is relatively closed in D;, which by ((1.38) implies

(WE:M(Jumin) \ TrzyM(Jumln)> ﬂ D]- = @
Similarly we argue on Do, and (|1.37)) follows. O

In view of Lemma also comparing (1.20)) with Brakke’s formulation [0,
Section 6.1], we give the following definition.

Definition 1.23 (Constrained double — covering solutions). Let 2 be bounded
with Lipschitz boundary and let umin be a minimizer of problem (1.20) We call

7T21M (Jumin )

a constrained double—covering solution (in Q1) to Plateau’s problem with boundary

S.

A similar definition is given when {2 is unbounded, assuming existence of tpin
minimizing ((1.22]).

Remark 1.24. No topological restrictions on s, M (J

Umin

) are required.

1.5 Regularization

The interest in using finite perimeter sets in the context of covering spaces is sub-
stantiated by a I'—convergence [7] result. Let Q be bounded. The main idea is to
lift the constraint (0.1)) onto the Sobolev space H'(Ys) := {u € Li(Yg) : Du €
L2 (Ys; R™) }, setting

HL o (Vs):= {u c H (Ys) : Z u(y) =0 for a.e. z € M} (1.39)

ms,M(Y)=7

For ¢ € (0,1), let us consider the functionals F.: L'(Ys) — [0, +-0c], defined as
1
Fe(u) = / [e|w\2 +-(1- u2)2} dp  if u € Hlppe, (Ye),
Yy €

and extended to +oco in L'(Ys) \ HY . (Vs).

163ee for instance [I7, Theorem 28.1].
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Proposition 1.25 (I' — convergence). If (uc, )n C L' (Ys) is such that sup, Fj,(ue,) <
+00, then there exist u € L'(Ys) and a subsequence of (ue,, )n converging to u in
LY(Ys). Moreover,

(T(LY(Ys)) — lim F.)(u) =

ep—0T

%)|Du|(Y2), u € B‘/constr(YE; {il})v
+00, otherwise in L*(Ys),

where ¢ := x(1) — x(=1), and x(t) := 2fg 11— s?|ds.

Proof. The proof of the equicoerciveness statement is standard (see, e.g., [18]), as
well as the I'—limit assertion. The I' — liminf inequality follows using the lower
semicontinuity of the total variation, and the fact that the constraint is closed
under almost everywhere convergence in Ys. The I' — limsup construction follows
by recalling that the local parametrizations of Yy are the identity (Remark ;
in order to get the validity of the constraint in , it is sufficient to use the
standard construction, since the optimal one-dimensional profile is odd (hence, the

corresponding recovering sequence is in HL . (Yx)). O

2 Independence of the pair of cuts

In this section we show that constrained double — covering solutions are independent
of admissible cuts. A different proof of such an independence is given in Proposition
A3

Theorem 2.1. Let Q be bounded. Let 3 = (X1,%9), ¥’ = (¥],%)) € Cuts(, 5).
Let uw € BVeonsty(Y; {£1}). Then there exists v € BVionstr(Ysr; {£1}) such that,
up to a H" ' —negligible set,

me () = w1 (Jw). (2.1)

Proof. Without loss of generality, we can suppose that ¥; # 3. Fix xg € M\ (21U
$h). Let z € M\ (X, UXY), and let v, € C*([0,1]; M) be such that v,(0) = o,
vz(1) = z, and 7, is transverse both to ¥; and ¥); such a v, will be called an
admissible path from zy to x. We set

h(7a; 51, 30) == H0 (971 (B1)) + HO (97 (20)-

If we consider another admissible path A, from x to x, we have that h(vy;; X1, %))
and h(\g; X1, 3]) have the same parity. Indeed, let p be the closed curve going from
xg to x following ~,, and then backward from = to xg along A,. Applying with
the choice ¥ = ¥; and ¥ = ¥/, and recalling that links(p;31) = linka(p; X)), it
follows

h(h2; 51, 21) + h(Ae; 1, 50) = HO(p 71 (21)) + HO(p~ ' (2))) is even.  (2.2)
By (2.2)), we are allowed to set

0 if h(ye; X1, X)) is even,

h<x72172/1) = . .
1 if h(ye; 21, %)) is odd,
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for any admissible 7, from xo to af '}
Set O :={z e M\ (Z1UX]) : h(z;X1,3]) = 0}, which is an open set, and
00 C ¥ U XY; moreover O has finite perimeter in Q by [3, Proposition 3.62]. Let

o v1(u) in O,
b —v1(u) in 2\ O.

From [3, Theorem 3.84] it follows that vj € BV (Q;{%1}). It also immediately
follows™| that
Ty N (B1UEY) = Ty \ (B1UDY). (2.4)

We define ©' € BVeonstr(Ys; {£1}) as the constrained lifting of v} when Dy is
replaced by D := Q\ ¥/, and we claim that «’ satisfies (2.1]).
Recalling also (1.14)), set

o {vi in the exterior region O’ to ¥} U X5,
3=

—v] in the interior region I’ to X} U X5,
Notice that v4 € BV (Q; {£1}). By construction, we have
vy = vi(u), vh = v3(u).
Applying Lemma we have
me (Jur) = (T \ (B1\9) U (Juy N (Z1\ 9)),
and our proof is concluded provided we show that, up to a H" ! —negligible set,
(o \Z1) U (Juy N27) = (Joy ) \ Z1) U (Juy) N 1) (2.5)

Let us split the sets on the left hand side of (2.5)) as follows:

Ty \ X} = ((Jv’l NZp)\ 2’1) U (ng \(Z1 U 2'1)),

(2.6)
Jy N = (J3 %N 2’1) U <(J,,é A\ 21).
Let us show that, up to a H"~! —negligible set,
(Joy NED)\ ) = (Jpgwy N 21) \ 2. (2.7)

Let z € (Jy NE1)\ ¥}. Up to a H" ! —negligible set/'] we can assume that the
approximate tangent spaces to Jv’l and ¥ at x coincide. Let B(z) be an open ball
centered at x, not intersecting ¥}, and such that B(z)\ X; consists of two connected

7Once 2o is fixed, the function h allows to define an “exterior” and an “interior” of ¥; U 3,
even when ¥; and ¥ intersect on a set of positive H" ! — measure.

8 Tndeed, let z € J“i \ (X1 UX)) and let 7, be an admissible path from z¢ to . Let B(z) be
an open ball centered at x and disjoint from ¥; U ¥; in particular, every z € B(x) can be reached
by a path obtained attaching to v, the segment between x and z; notice that such a path -, is
admissible from o to 2z, and h(vy:;%X1,31) = h(vz;21,31). Therefore, either v = v1(u) in B(z)
or v; = —v1(u) in B(z), which implies € Jy, (). Hence Joy \ (B U 21) C Joyw \ (1 UXY).
Similarly, also the converse inclusion holds, and (2.4) is proven.

9 Here we use again [3] Theorem 3.84].
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components. The same argument used in the proof of (2.4) shows that on one
component vj = vi(u), while on the other v} = —vi(u). Since x € J,;, we have

T ¢ Jvl(u)‘

On the other hand, by (1.14)), in one component we have v;(u) = v3(u), while in the
other component v3(u) = v2(u) = —v1(u) (where in the last equality we used (L.21))).
Thus, x € Jy,(u)- So, up to a H" ! —negligible set, (o NEDA\E] C (Jugy) 1)\ 2
Arguing similarly for the other inclusion, we get .

The same argument applies also to prove that, up to a H"~! —negligible set,

Jvé NnXx;N 2/1 = va(u) NnX;N 2/1, (2.8)

and
(Jv’g N Z:/1) \ Y= (Jm(u) N E/1) \ 2. (2'9)

From (2.4) —(2.9), we finally get (2.5). O

A statement similar to Theorem holds (with a similar proof) when 2 is
unbounded, the space BVeonstr(Ys; {#1}) begin replaced by BVI¢ (Ys; {£1}) and
BVeonst:(Ysri {£1}) by BVeSi: (Vs {£1}).

constr

Corollary 2.2 (Independence). <7 . (S,%) in (1.20) is independent of E €
Cuts(, 5).

Proof. We consider the case in which € is bounded, the unbounded case being
similar. Let X, ¥’ € Cuts(Q,S). Let umin € BVeonstr(Ys; {£1}) be such that
AL (8, 8) = AH" N ar (). Let v/ € BVeonste(Yay; {£1}) be the function

given by Theorem (applied with ©w = umin). Then, by (1.27) and ({2.1]), we have

Q
JZ{constr

(8, %) < aH" Hmsr p () = AR (me (i) = oo

constr

(S, 2).

(8, %) =

Arguing similarly for the converse inequality, we get <7\ constr

constr

(S, 2).
]

In accordance with Corollary we set

Q
eQ{constr

(S) :=

constr(S? 2)
Recalling Remark we get the following inequality.

Corollary 2.3 (Upper bound). We have
Fhuser($) < 4 inf {HTH(E) 1 T € Cuts(2,9) }. (2.10)
In Sections 3| and 4] we shall prove that, when n = 2,3 and 2 = R", ([2.10)) holds
as an equality (see Proposition and Theorem . Notice that, by the regularity

of area minimizing currents modulo 2 [23] Theorem 6.2.1], the infimum on the right
hand side of (2.10) is a minimum.
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3 The case n =2

In this section we exploit the simplest setting, corresponding to the case in which
we remove from the plane k copies of S° = {£1}, for some k € N, k > 1@

3.1 The plane without two points

Let n = 2 and p,q € Q, with p # q. We set S := {p,q}. When Q contains the
segment connecting p and ¢, the simplest example of admissible cut corresponds,
clearly, to the segment itself. Hereafter, we shall assume that:

lg — p| < 2dist(S, 09). (3.1)

Assumption (3.1)) is needed, in order to get the segment as the unique constrained
covering solution with boundary S. A counterexample when (3.1]) is not satisfied is
shown in Figure [4

Proposition 3.1 (Geodesics). Let @ C R? be bounded, connected, with Lips-
chitz boundary, S = {p,q}, and let & € Cuts(Q,S). Assume (3.1). Let umin €
BVeonstr(Ys; {£1}) be a minimizer of . Then s v (Ju,,,,) is the open seg-
ment connecting p and q. In particular o .. (S) = 4|q — p|.

Proof. Let umin € BVeonstr(Ys; {£1}) be a minimizer of problem . By The-
orem s M (Juy,, ) 18 @ finite collection of disjoint analytic curves, whose end-
points lie on {p, ¢} U 9. Moreover, by Corollary p and ¢q are touched by at
least one of these curves.

Set r := |¢—p|/2, and let € € (0,7). Suppose first that ms ps(Jy,,, ) consists only
of loops with base point p (resp. ¢), and contained in B,_(p) (resp. in B,_.(q)).
Let A be the circular annulus centered at p with radii (r —e€) and r. By construction,
AN7s M (Jups) = 0, which contradicts (1.31)).

Hence, either there is a loop contained in a ball of radius larger than or equal to
r and not contained in the concentric call of radius 7 — € (thus, giving a contribution
larger than |¢ — p|), or there is at least one curve connecting p either to g or to a
point on 9f). Using assumption , we get the statement. O

Corollary 3.2. Z% . (S)=4|q—p|.

constr

Proof. Let Q be as in Proposition Then, recalling ([1.23]) and (2.10)), we get

4lg —p| = FLn(S) < TR (S) < 4g — .

constr constr

O]

20 The case in which S consists of an odd number of points is excluded. Actually, it requires a dif-
ferent and more complicated covering construction, together with a generalization of the constraint
on the fibers, which seems nontrivial already when S consists of three points. See for instance [6]
or the final discussion in the introduction.
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Uy (Dy)

Uy (D) l
TS M

W27M(Ju) w1 (Ju)

M

Figure 4: Referring to the cut X in Figure [2| a minimizer of (1.20)) is shown, whose jump
set does not project onto the segment between p and ¢ (the function u is defined just on
Uy(Dy) and ¥o(Dy), by the constraint (0.1))).

3.2 The plane without an even number of points

We generalize Proposition to the case in which, for some integer £ > 1, we fix
2k distinct points pi,...,pox € 2, and

S:={p; : j=1,...,2k}. (3.2)

Our aim is to explicitely characterize the constrained double—covering solutions
with boundary S.

Let us denote by Y°P' any union of k segments connecting the elements of S,
and having minimal total length. Notice that, when ) contains the convex envelope
of S, then

YOPt € Cuts(92, 9), (3.3)

since any segment in X°P' cannot intersect any other different segment. Indeed,
denote by [p, q] the segment connecting p with ¢; by the triangular inequality, for
any distinct ¢, ...,q4 € S such that [¢1, g2] has nonempty intersection with [g¢s, g4],
either [q1,q3] U [g2,¢4] or [qi1,qa] U [q2, 3] has total length strictly less than the

length of [q1, g2] U [g3, qa]-
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Proposition 3.3. Let Q be bounded, connected and with Lipschitz boundary. As-
sume that
H (2P < 2dist(S, 99). (3.4)

Let 3 = (X1,32) € Cuts(Q2,5), and let umin € BVeonstr(Yss; {£1}) be a minimizer of
problem . Then s pr(Juy,,) @ @ union of k segments connecting the elements
of S and having minimal total length. In particular,

”Q{Cgo)nstr(s) - 4H1(Eopt)'
Proof. By Theorem s M (Juy,, ) 1S union of pairwise disjoint, simple, analytic
curves, whose endpoints lie on S U 0f2.

First, we claim that any closed simple curve in ms ar(Ju,,,
point of S must intersect or enclose another point of S.

Suppose by contradiction that there exist ¢ € S and a closed simple curve
pq: [0,1] — €, such that py((0,1)) C s pm(Juyi)s P¢(0) = pg(1) = g, and such
that the open region Z enclosed by pg4([0, 1]) does not contain any other point of S.
We distinguish two cases.

First case: ZN Y, = 0. Define

~ {vl (Umin) in Q\Z,
0=

constantly extended by continuity in Z.

) passing through a

The definition is meaningful, because v1 (umin) does not jump in a (one-sided) neigh-
bourhood of p4([0, 1]) in Q\Z; moreover v € BV (Q; {£1}). Let & € BVeonstr(Ys; {£1})
be the constrained lifting of . Clearly 7s; as(J) is properly contained in 7s; ar(Ju,,, ),
which contradicts minimality of wmip.

Second case: Z N Y1 # (. By Theorem it is not restrictive to suppose that
7 and Y1 meet at a finite number of points, and each intersection is transverse. We
argue as in the previous case in each connected component of Z \ ¥, constantly
extending by continuity the function vy (umin)| oz starting from its value on each
connected component of p,([0,1]) \ ;.

Hence our claim is proven and, as a consequence,

the number of loops in 7s; a(Jy,,, ) is finite. (3.5)
Given ¢q € S, we define
%(q):{Fl,...,FNq} (36)

as the set of all curves in 7y pr(Jy,,,,) having ¢ as an endpoint and which are not
loops, and we let

%= %),

qeS

which is a finite set of curves.
We divide the proof into four steps.

Step 1. Let ¢ € S, and let p: St — M = Q\ S be a circle around ¢, such that the
closure of the open region enclosed by C := p(S') does not contain any other point

21



of S or any portion of curve belonging to Z \ Z(q). Then, for any I'; as in (3.6|), we
have

Nq_ZHO 1) =H (0 (rsmr(Juny)))  (mod 2). (3.7)

Without loss of generahty, we can assume that C intersects X1 and s ar(Ju,,,)
at a finite number of points, and each intersection is transverse. Therefore, since
I'; € %(q) is not a loop, we have that H°(p~1(T;)) is odd; hence N, has the same

parity of valHO( ~1(T;)) < +oo. This latter sum, in turn, has the same par-
ity of H(p™ (7,01 (Jupy)))» where we use (3.5), and we notice that each loop in

Umin

75 M (Jupy, ) intersects C' an even number of times. Then (3.7)) follows.

Step 2. N, is odd for every g € S.

Let p and C be as in step 1. By regularity, the two traces of vy (umin) (resp.
v3(Umin)) on C are equal, and locally constant on C'\ Jy,, ¢y, ..y (resp. on C\ Jy, (y,00))-
Moreover, by transversality, they are discontinuous exactly at J, NC (resp. at

Jos(umin) M C); Whence, by ,
P (T (i) N E1) = 27 (E1\ T (i) (3.8)

Then, recalling , and using also , we have

H (0™ (s 0 (Fun))) =H (07 (T i) \ Z1)) +HE (07 (T (i) N E1))
:HO( (J (Umin) \ 21)) + HO (p (El \ Jv1 umm)))
=H’(p~1(J,, umm))) +H (p71(21)) (3.9)
- 2H0 (p 'Ul umm) N El))
=H? (0™ (Jor (um))) + H2 (P71 (1)) (mod 2).
Hence, coupling (3.7) with (3.9 -,

Ng = H’ (pil(‘]vl(umin))) +H° (Pil(zl)) (mod 2).

1 (umin)

Step 2 is proven, noticing that C intersects i an odd number of times, while
Ju1 (umin) N €' consists of an even number of points.
Step 3. We have

rno=0, Te#q),qes. (3.10)

By assumption , we just need to exclude the case of a single curve belonging
to #Z, and reaching the boundary of 2. Suppose by contradiction that there exist
qo € Sand T'g € Z(qo), such I'y has an endpoint on 92, and that I" has no endpoints
on 09, for every I' € Z \ {T'p}. Then, using and step 2,

0=2k=) 1=» N, (mod?2). (3.11)

qeS qesS

On the right hand side of , each curve in Z different from I'g is counted twice
(corresponding to its endpoints), while I'y is counted only once. Hence, the right
hand side of is odd, a contradiction.
Step 4. Ny =1 for any g € S.

Suppose by contradiction that there exists gy € S such that %Z(qp) contains three
distinct curves I'y, I'g, T's (recall step 2). For j = 1,2,3, let ¢; be the endpoint of T';
different from qg; from , we know that ¢; € S. We distinguish three cases:

22



(i) if g1 = q2 = g3, set Z'(qn) := Z(qn) \ {T'2, T3}, for each h =0,1,2, 3;

(ii) if g1, g2, g3 are distinct, then: if gg is aligned to ¢ and g3, I'oUT's = g2, ¢3], and
le2—q1] < lgs—a1| (vesp., [g2—aq1| > lgz—aqu|), we set Z'(qo) := %(q0)\{T'1, T2},
Z'(q5) = #(q;) U {laz, ]} \ {T';}, for j = 1,2 (resp., #'(q;) = Z%(q;) U
{las: ]} \ {L';}, for j = 1,3), and %'(q3) := #(q3) (vesp., Z'(q2) := #(q2));
otherwise, we set Z'(q0) = %(q) \ {T'2, T3}, Z'(q1) = Z(q1), Z'(q2) =
(%(q2) U{laz,q31}) \ {2}, and #'(g3) := (Z(q3) U {la2, gs]}) \ {T's };

(iii) only two points among ¢1, g2, g3 coincide. To fix ideas, suppose g2 = g3. Then,
we set Z'(qn) := Z(qn) \ {T'2,T's} for each h =0,2,3, and Z'(q1) := Z(q1).

For each point (if any) ¢ € S\ {qo, q1, ¢2, g3}, we set Z'(q) := Z(q). In all cases,
- the number of elements of %’ (qo) is less than the number of elements of %(qp),

- the number of elements of %#’(q) is less than or equal to the number of elements
of %(q) for q # qo,

- %#'(q) has an odd number of elements, for any ¢ € S.

Moreover, by the triangular inequality, the sum of the lengths of the curves of
R' = UgesZ'(q) is not increased.

Now, suppose that there exists g € S such that %#’(q() contains at least three
distinct curves connecting ¢), to some point ¢}, qh,q5 of S. Then, we can repeat
the arguments (i)-(ii)-(iii) replacing g; by ¢}, and %(g;) by #'(q;), for j =0,...,4,
obtaining a new collection of families 2" (-).

Fori € NU{0}, set Z0(.) :=2(.), #9(.) := (%(i_l)(-))/, AV = UgesZV(q)
for i € {1,...,m}. By construction, we can perform the above reasoning a finite
number m € NU{0} of times, until 2™ (q) consists of one curve only, for all ¢ € S.
In particular, Z(™) € Cuts(Q, S), which implies

(U 1)< (Ur) cHmsutn)) <H (U 1),
ez

rez(m) rez(m)

where the second inequality follows by the inclusion Jpe, I' € 7s 0 (Juyy, ), While
the last inequality follows from . Therefore, the total length is not strictly
decreased during the algorithm. This happens if and only if only m = 0, and this
proves step 4.

Steps 3 and 4 imply that Z consists of k£ curves connecting the points of S.

Therefore, by definition of X°P', we have

H(ZOPY) < Hl( U r). (3.12)
ez
Conversely, observe that, by (3.4), ¥°P* C €, so that
(U T) < W (rmar () < 1), (3.13)
ez

where the last inequality follows recalling (3.3)) and (2.10)).
Coupling (3.13)) with (3.12]), we get the statement.
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As in the case k = 1, we can drop assumption (3.4]), setting the problem in the
whole plane. We skip the proof, since it is the same as that in Corollary

Corollary 3.4. Z%  (5) = 4H!(XPY),

constr

4 Constrained double covering solutions for the Plateau’s
problem

Let S C R? be a tame link. Let Q C R? be bounded with Lipschitz boundary, and
3 € Cuts(Q2,5). Let umin € BVeonstr(Ys; {£1}) be a minimizer of problem .
By Theorem s M (Juy,;, ) 1 an embedded analytic surface in M. We ask now
whether 753 17 (Jupin) \ 75,0 (Junsn ) coincides with S (compare with (1.37))). To this
aim, we need an assumption, analogous to , in order to avoid components of
75 M (Jup, ) touching 0€; roughly speaking, we have to show that “long thin” parts

reaching the boundary of {2 cannot occur in a constrained double —covering solution.

Theorem 4.1 (Attaining the boundary condition). Let 2 <n < 7. Let 7 > 0
be such that S C By. There exists R > 7 such that, if Q D Bg, then any minimizer

Umin € BVeonstr(Yss; {£1}) of problem satisfies
T2 M (Juin) \ T80 (Jiin) = S (4.1)
Proof. Fix X € Cuts(By, S) C Cuts(€2, S). Set
Soonst (1) 1= Ao (S), 1 2>7,

constr

and let u, € BVeonstr(Yss; {£1}) be a minimizer of problem (1.20)) for Q@ = B,; here,
Y3, denotes the double covering space of the base set B, \ S.

By (1.23), “eonstr () is nondecreasing; in addition, it is bounded (see (2.10])). Set
€:=4H" 1)) — Heonstr () > 0, so that by (1.30),

ij{constr(r) - b‘Z{constr(f) <, r>T. (42)

Write Zeonstr (1) = 4H" L (s a1 (Ju, )N\ Br)+4t(r, 7), where t(r, 7) := H" Y (7s ar (Ju, )\
By). Since ms; a1 (Ju, ) N By is a competitor for the computation of &onstr(7), we have

JZ{constr ('F) §4Hn71(7rz,M(Jur) N Bf)

-1 (4.3)
<4H" (WZ,M(JuT) N BF) + 4t(7“, f) = JZ{Constr(T)-
Coupling (4.2)) and (4.3)), we get
4t(7'7 F) < fQ{constr(T) - JZ{cons‘cr(F) < €, r>T. (4.4)

Suppose € = 0. Then, by (4.4), we have H" *(ms a(Ju,) \ Br) = 0, which, by the
assumption 2 < n < 7 and Theorem [1.22] implies that the constrained double—
covering solution does not reach 9B, for any r > 7. We have the statement, taking
an arbitrary R > 7.

Suppose € > 0, and let r > 7 be such that (WE,M(JUT)\BF> NoB, # (. By
the assumption 2 < n < 7 and Theorem there exists z € (ms p(Jy,) \ Br) N
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OB(y17)/2- Take § € (0, (r—7)/2). By the lower density estimate for local minimizers
of the perimeter functional (see for instance [I7, Theorem 21.11]), we have

cnd" "t < AR s (Ju,) N Bs(x)) < 4t(r,7) <€ (4.5)

for some positive constant ¢, depending only on n. Notice that (4.5) has to hold
1

for each 6 € (0, (r — 7)/2). This is possible only if r < r. := 7+ 2(¢/c,) 1. Hence,

taking R > r., the proof is completed. O

Now, we compare the constrained double—covering solutions with other classical
notions of solutions to Plateau’s problem.

Remark 4.2 (Area-minimizing currents). Let n = 3, and assume that Q con-
tains the convex envelope of S. Let Ty be a rectifiable two-current [11] solving
Plateau’s problem with boundary S in the sense of currents. By [19, Theorem 5.6],
the support of Thyi, is contained in 2. Moreover, by [14], it is an embedded, orientable
smooth surface Y C Q up to the boundary S. In particular, ¥;, € Cuts(,.S).

Hence, by
"Q{c%nstr(s) S 4M(Tmin)a (4.6)
where M(Thpin) is the mass of Tpip.
It is worth noticing that there is not an absolute positive constant ¢ € (0,4],
satisfying
JZ{Q

constr

(S) > eM(Tiin) (4.7)

for any S. As a counterexample, let By = {x € R?: 22 + 23 < 1,23 = 0}, let

S := 8By, and, for € > 0, let Q := (1+ e)é\l x (—2,2). As admissible pair of cuts,
we take as X1 the closure of 1/5’\1, and o := {(21,22,73) €ER? : 2?2 + 22 <1, 23 =
—/1—2%—23}. Now, let v € BV(Q;{£1}) be defined as v(z1,xs,2z3) = 1 if
x3 > 0, and —1 elsewhere. Finally, let u € BVionstr(Ys; {£1}) be the constrained
lifting of v. Then, recalling , it is immediate to verify that

() < P _ 21 1) w0 ase ot

At the same time, the minimal mass in the sense of currents is 7 (the area of El),
independently of e.

Another (not rigorous but more intuitive) example of the lackness of inequality
can be obtained taking as S the boundary of a very thin Mobius band: in
this case a surface similar to the Mobius band is expected to be the double covering
solution with boundary S, while the support of the minimal current is expected to
be approximately a double disk.

Remark 4.3 (Disk-type area-minimizers). Let n = 3 and suppose that S is
connected. Since the right hand side of (4.6]) is not larger than the area of a disk—
type area-minimizing surface with boundary S (see [10]), we have

%Q

constr

(S) < 4minfarea(X (By)) : X € HY(B;R?), X(0B;) = S}, (4.8)

where B; C R? is the unit disk, and area(X (B;)) := I35, 102, X N0y, X | day dzy. We
observe that (4.8) can be obtained independently of (4.6]), reproducing the proof of
Theorems 2.1] and (4.4
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Now, we show that, when n < 8, constrained double —covering solutions give an
equivalent way to solve Plateau’s problem in the sense of integral currents modulo
2 [11].

Theorem 4.4 (Area-minimizing integral currents mod 2). Let 2 < n < 7,
and let Q be as in Theorem . Let umin € BVeonstr(Ys; {£1}) be a minimizer of
problem (L.20). Then ms; ar(Ju,,;,) can be seen as an integral current modulo 2 with
boundary S, and A . (S) coincides with 4Ma(To min), where My is the mass and
T3 min 5 @ mass-minimizing integral current modulo 2 having boundary S.

Proof. By Theorems and 75 M (Jupy, ) is an embedded analytic hypersurface
satisfying (4.1). In particular, ms ps(Jy,,,,) can be considered as the support of an
integral current modulo 2 having S as boundary support. This gives

‘Q{cgnstr(s> = 4Hn71(7T2,M(J

Umin

)) > 4Mo(T2 min)-

The converse inequality follows by the interior regularity of minimal integral currents
modulo 2 (see [23, Theorem 6.2.1]). O

Remark 4.5. Let n > 2. Recalling Theorem [1.22| and Lemma [1.20] we have

() = 4 inf {HTH(K) K C M rel. closed, K N p(S') # 0 »
for every p € C(S'; M) such that linky(p; S) = 1}. 9

In particular,
fQ{cgnstr(S) > 4 inf {HR_I(K) : K C M rel. closed, KN p(Sl) # ) (4.10)

for every simple link p} =:m(S),

where, according to [12] p.4], a loop p € C(S'; M) is said to be a simple link if there
is a connected component C of S such that links(p; C) = 1, and links(p; C") = 0
for all connected components C’ of S\ C. The right hand side of has been
recently investigated, in [12] and [9], for more general choices of S.

We notice that, in general, we cannot expect the inequality in to be an
equality. A counterexample, in dimension n = 2, is obtained taking S as the set of
(six) vertices of two triangles, as in Figure |5l Then, m(S) is attained by the union of
(1, Ga, the two Steiner graphs corresponding to the triangles. On the other hand,
by Proposition A (S) is strictly larger than H'(G1) + H' (Gy).

A Appendix: isometry between Yy and an abstract cov-
ering space

In this appendix we set the minimization problem using an alternative construction
of a covering of M. The construction is standard ( see, e.g., [13], [16]), and has the
advantage to avoid all issues about the definition of admissible cuts. Setting up the
minimization problem on the covering space My below could have an independent
interest; we have preferred to use the “cut and paste” construction (and next proving

26



- ~ 1< -

M M

Figure 5: Let S be the set of vertices of two triangles, which are sufficiently far one from
the other. In the left picture, the constrained double covering solution is shown, in the case
M = R2. Notice that &/, (S) is strictly larger than m(S) (which is realized by the two

constr

Steiner graphs drawn in the right picture).

independence of the cuts) in order to deal with a more “handly” formula (like (1.27)))
for the total variation of BV functions defined on the covering space.

Let M :=Q\ S and S be as in Section [1} Fix zg € M, and set Cy, ([0, 1]; M) :=
{v€ C([0,1]; M) : 7(0) = zo}. For v € Cyy([0,1]; M), let [y] be the class of paths
in Cy, ([0, 1]; M) which are homotopic to v with fixed endpoints. We recall that the
universal covering of M is the pair (M,p), where M := {[v] :+ v € Cu([0,1]; M)}
and p: [y] € M — p([y]) := 4(1) € M. A basis for the topology of M is given by
the family {[y\] : [7] € M, B open ball 5 v(1),\ € C([0,1]; B), A0) =~(1)}.

Let 71 (M, z¢) be the first fundamental group of M with base point g € M, and
let

H :={[p] € m(M,xg) : links(p;S) = 0}.

Remark A.1. H is a (normal) subgroup of 71 (M, zp) of index two. Moreover, H
is independent of the orientation of S.

For v € Cy,([0,1]; M), set 4(t) := (1 —t) for all ¢ € [0, 1]. Associated with H,
we can consider the following equivalence relation ~g on M: for [v],[\] € M,

]~ N = A(1) = A1), Tinks (74 8) = 0.
We denote by [y]x the equivalence class of [y] € M induced by ~, and we set
My =M/ ~p .
Letting pgr: M — My be the projection induced by ~p, we endow My with the

corresponding quotient topology. We set pyar: [Ylg € My — (1) € M, so that
we have the following commutative diagram

i —2 My (A1)
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and the pair (Mpy,pm ) is a covering of M, see [13, Proposition 1.36].

Let (Y,my) be a covering of M, and let yo € 7' (20). By (my)«: m(Y,90) —
71 (M, zo) we denote the homomorphism defined as (7my)«([g]) := [7y © g]. By [13]
Proposition 1.36], we have

(r,00)s (w1 (M, [wo] ) = H. (A.2)
Proposition A.2. Let ¥ € Cuts(Q2,S). Then Yy, and My are homeomorphic.

Proof. By [13| p. 28], we can assume that xo ¢ 31 U Xa. Now, let [g] € m1 (Y=, o).
Then, [o] changes sheet in Yy an even (or zero) number of times; therefore, assuming
without loss of generality p of class C' and transverse to 1, recalling also , we
have

0= HO((T('M o Q)_I(El)) = linky(mps 0 05 S) (mod 2),

which implies 7y 0 0 € H. Hence, (ma)«(m(Ys,y0)) < H, and since H and
(ma)«(m1(Ys, yo)) have the same index, they must coincide. Recalling (A.2)), we
have

(pr.0) (1 (M, [zo] ) = (man)« (71(Ys, o).

By [13], Proposition 1.36], the proof is complete. O
The homeomorphism between the two covering spaces, which we denote by
fs: Mg — Y, (A.3)

is given for instance in [I3, Proposition 1.33]: for [y]g € My, let 5 € C(]0,1]; Mp)
be a path from [zo]g to [y|mg; we uniquely lift pg s 0 5 to a path on Ys with base
point yOE Then, fx([y]x) is defined as the endpoint of the lifted path, which turns
out to be independent of 3.

Now, we define the distance dys,, on My as follows: for [y]g, [Nz € Mp,

dary (V] ws [N m) = i%fsup {>  Ipaam(Bt)) = prar(B(ti—1))| « (t): € Part(B)},
l

(A.4)
where the infimum runs among all 5 € C([0, 1]; My) connecting [y]g and [A]x; for
any such [, Part(5) denotes the collection of all finite partitions (¢;); of [0, 1] such
that, for every [, there exists ([y], B;) € U such that B(ti—1, t]) € pu (], B))-

For the sake of completeness, let us check that djs, is a distance. Symmetry,
positivity, and triangular inequality are direct consequences of the definition. Let us
show that das, ([Y]m, [N ) = 0 implies [y]g = [Ag. Clearly, we have (1) = A\(1).
Fix € > 0, and let § € C([0,1], Mg), N € N, (t;); € Part(5), | < N, be such that
SN prar(Bt)) — prar(B(ti—1))| < e. In particular, for € > 0 sufficiently small,
the closed curve p defined a:

p=[v1),purm(B(t1)] - [P (B(En-1)), A(1)]

is contractible in M, which implies that

links(p; S) = 0. (A.5)

2! For instance, B(t) := Mio.g Y1y 1y a5 for ¢ € [0, 1]; with this choice, pu o f =1.
22 With slight abuse of notation (compare Section [3.1)), here by [z, 2'] we mean the path corre-
sponding to the segment from z to z’, for every x, ' € M.
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By definition of Part(f), for every | < N there exist A\;1, N2 € C([0,1]; B;), with
A1,1(0) = A 2(0) = (1), and such that B(t;—1) = [viAi1]w, B(t) = [vidi2]m; notice
that, since [v—1\—12]g = B(ti—1) = [viAi,1]H, we have

linkg(’yl_l/\l_lygj\hl’fn; S) = 0, [ <N. (AG)

For every I < N, let us set p; := v\ 1[A,1(1), )\172(1)]]/_\172'71, which is a closed curve
in M. In particular,

linkg(pl; S) = 1ink2()\l’1[[)\l71(1), )\172(1)]]5\172; S) = 0, (A7)

where last equality follows recalling that B; is contractible in M.

Coupling (A.5)), (A.6), and (A.7]), we finally get
links (yA; S) =linka (7001 AN 2A; )

N
= Z (linkg(pl; S) + linkg(’yl,l)\l,lygj\l,fn; S)) + linky(p; S) = 0.
=1

Hence, [y] ~g [A], and the conclusion follows.

Now, we are in the position to establish the isometry bewteen the two covering
spaces. We endow Ys with the distance dyy, defined as follows: for any y, v’ € Yx,
we set

dys (v, ') = i%f Sup{z [ (n(t)) — mar(n(tic1))] = (G € Part(n)},  (A.8)
!

where the infimum runs among all € C([0, 1]; Yx) connecting y and 3/, and Part(n)
is the family of all finite partitions (¢;); of [0, 1] such that, for every I, n([t;—1,%;]) is
contained in a single chart of Ys.

Proposition A.3 (Isometry). The map fx in (A.3) is an isometry between (My, dpr,,)
and (Ys, dyy,).

Proof. Let [Y]u, [ANlg € Mg. For e > 0, let 5 € C([0,1]; M) be a path from
[V, [AH, realizing the infimum in (A.4]) up to a contribution of order e. Now, set

n := fx o 3; accordingly to (A.8), let (¢;); € Part(n) such that

dys (F(]m)s fo (W) < Y lmar(n(t) — mar (nti-)] + e.
l
Clearly, it is not restrictive to assume that, for every I, mys(n([ti—1,%])) C By, for

some open ball B; C M. Therefore, accordingly to (A.4), we have (¢;); € Part(3);
hence, for every [,

[T () — T ((ti—1)) = P (B(t)) — pum (B(ti-1))l,
which implies
dys (fs((V ), f£((N#)) < duy (e, Na) + 2.

By the arbitrariness of €, we get dyy, (fs([V]a), f=((N#)) < day (Y], [AF). Simi-
larly, we get the converse inequality. O
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