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Periodic solutions of second order differential
equations in Hilbert spaces

Alessandro Fonda, Giuliano Klun and Andrea Sfecci

Abstract

We prove the existence of periodic solutions of some infinite-dimensional systems by the
use of the lower/upper solutions method. Both the well-ordered and non-well-ordered cases
are treated, thus generalizing to systems some well established results for scalar equations.

1 Introduction

The use of lower and upper solutions in boundary value problems dates back to the pioneering
papers of Peano [19] in 1885 and Picard [20] in 1893. The first results for the periodic problem
were obtained by Knobloch [15] in 1963. There is nowadays a large literature on this subject,
dealing with different types of boundary conditions for ordinary and partial differential equa-
tions of elliptic or parabolic type (see, e.g., [5, 7] and the references therein).

In this paper we consider the periodic problem

= f(t,z),
F) {x(O) =z(T), x(0)=x(T).

—~

In the scalar case when f : [0,7] x R — R is continuous, the C?-functions o, 3 : [0,7] — R are
said to be lower/upper solutions of problem (P), respectively, if

a(t) =z f(t,a(t),  B(t) < f(£,B(1)).

for every t € [0,7], and

a(0) = a(T), B0)=B(T), &0)>(T), B0)<B(T).

We say that (a, 3) is a well-ordered pair of lower/upper solutions if o < . It is well known
that, when such a pair exists, problem (P) has a solution x such that e < z < 5.

When the inequality a < 3 does not hold, we say that the lower and upper solutions are
non-well-ordered. In this case, with the aim of obtaining existence results, some further condi-
tions have to be added in order to avoid resonance with the positive eigenvalues of the differ-
ential operator —2 with T-periodic conditions (recall that 0 is an eigenvalue, and all the other
eigenvalues are positive). See [1, 6, 11, 12, 13, 18] for results in this direction.

The aim of this paper is to extend those classical existence results for scalar equations to
systems, both in a finite-dimensional and in an infinite-dimensional setting.
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Bebernes and Schmitt [3] generalized the scalar well-ordered case to a system of type (P),
with f : [0, 7] x RN — RY. Their result is reported in Section 2 below, in a slightly more general
version. We are not aware of any results for systems in the non-well-ordered case, not even in
the finite-dimensional case.

In Section 3 we provide an existence result for a system in R" when the components of the
lower /upper solutions can be both well-ordered and non-well-ordered. In order to avoid reso-
nance with the higher part of the spectrum, for simplicity we ask the function f to be globally
bounded in the non-well-ordered components, even if such an assumption could certainly be
weakened (see the remarks in Section 5).

The case of a system in an infinite-dimensional Banach space E has been analyzed by Schmitt
and Thompson [21] in 1975 for boundary value problems of Dirichlet type. However, when fac-
ing the periodic problem, they needed to assume E to be finite-dimensional, concluding their
paper by saying: “Whether the results of this section [...] remain true in case E is infinite di-
mensional is not known at this time". We are not aware of any progress in this direction till now.
In this paper we will try to give a partial answer to this question.

In Section 4 we extend our existence result of Section 3 to an infinite-dimensional separable
Hilbert space. The lack of compactness is recovered by assuming the lower and upper solu-
tions to take their values in a Hilbert cube. Moreover, we ask the function f to be globally
bounded and completely continuous in the non-well-ordered components. These assumptions
are reminiscent of an infinite-dimensional version of the Poincaré-Miranda Theorem as given
in [16].

The study of periodic solutions for infinite-dimensional Hamiltonian systems has been al-
ready faced by several authors, see, e.g., [2, 4, 8, 10, 14]. Our approach does not need a Hamilto-
nian structure, and could be applied also to systems with nonlinearity depending on the deriva-
tive of x, provided some Nagumo-type condition is assumed. Such kind of systems were stud-
ied, e.g., in [21]. In Section 5 we will discuss on these and other possible extensions and gen-
eralizations of our results, possibly also to partial differential equations of elliptic or parabolic

type.

2 Well-ordered lower and upper solutions for systems

In this section and the next one we consider the problem

where f : [0,7] x RY — RY is a continuous function. We are thus in a finite-dimensional
setting. Let us recall a standard procedure to reduce the search of solutions of (P) to a fixed
point problem in Banach space. We define the set

Cr = {z € C*([0, T, RY) : 2(0) = 2(T), (0) = &(T)},
and the linear operator
L:C3 —C(0,T,RY), Lor=-i+uzx.
which is invertible and has a bounded inverse. We consider as well the Nemytskii operator

N :C([0,T],RY) = ([0, T],RY),  (Nux)(t) = x(t) — f(t, x(t)).



Problem (P) is so equivalent to the fixed point problem in C([0, 7], RY)
=L'Nz.
Notice that £L7IA : C([0,T],RY) — €([0, T],RY) is completely continuous.
Here, we recall and slightly generalize [3, Theorem 4.1].

Definition 1. Given two C2-functions o, 3 : [0,T] — RY, we say that (., B) is a well-ordered pair
of lower/upper solutions of problem (P) if, for every j € {1,...,N}and t € [0,T),

a;(t) < B;(t),
a;(0) = a;(T), B;(0)=B;(T), @;(0)>a;(T), B;(0) < p(T),
and, for every x € Hfi:l[am( t), Bm(t)],
( ) > fj(t Tiyeeny Tj 1,a](t),xj+1,...,a:N),
Bi(t) < fit,mr, . w1, Bi(t), wjgn, - TN) -

Theorem 2 (Bebernes-Schmitt). If there exists a well-ordered pair of lower/upper solutions («, ),
then problem (P) has a solution x(t) such that

a;(t) <z(t) < Bj(t), foreveryje{l,...,N}andte [0,T]. 1)
Proof. Step 1. Define the functions v; : [0,7] x R — R as

a;(t)  ifs <oy(t),
Vj(tvs){ s lf%()§8<5(t)
ﬁj(t) 1f8>ﬁ7()
and the functions T, f : [0, 7] x RN — R as
F(t,l‘) = (71(t71‘1)7 R v’yN(tva)) ’ f(t,l‘) = f(t’ F(t,$)) .

Consider the auxiliary problem

and the corresponding Nemytskii operator
Ne([0,T),RY) = ([0, T, RY),  (Wa)(t) = (¢, x(t) — f(t,x(1)) -
Problem (P’) can then be equivalently written as a fixed point problem in C([0, 7], RY), namely
=L Nz,
By Schauder Theorem, since £~ : C([0, T],RY) — C([0, T], RN) is completely continuous and
has a bounded image, it has a fixed point, so that (P’) has a solution z(¢).

Step 2. Let us show that (1) holds for every solution of (P’), thus proving the theorem.
By contradiction, assume that thereisa j € {1,...,N} and a t; € [0,T] for which z;(¢;) ¢
[a;(t;), B;(t;)]. For instance, let x;(¢;) < «;(t;) (the case x;(t j) > f;(t;) being similar). Set
v;(t) = a;(t) — z;(t), and let {; € [0, 7] be such that v;(;) = max{vj( ) =t €[0,T]}. We
distinguish two cases.



Case 1: t; €]0,T[. In this case, surely ©;(Z;) < 0. On the other hand,

i(t5) = ay(t;) — i;(f;)
= d(ty) = fi (s, x(Ey)) — x5 () + v (E5, 25 (L))
> dy(ty) = fi (G, (g, 21(85)), - ay(Ey), -y (g, 2n(E5))) >0,

leading to a contradiction.

Case 2: t; = 0 or t; = T. Assume for instance that £; = 0 (the other situation being similar).
Then,

0> 0;(0) = d;(0) = #;(0) = &;(T) — @;(T) = 0;(T),
so that, being v;(T") = v;(0) the maximum value of v;(¢) over [0, T, it has to be that ©;(T") = 0,
hence also v;(0) = 0. Now, since v;(0) > 0, there is a small § > 0 such that v;(s) > 0, for every
s €[0,4]. Thenif ¢t € [0, ], we have that z;(s) < «;(s), for every s € [0, t], hence

=f@m%@@ws

[ (8506 = Bo.060) ~ 215) + 255,350

> /Ot (dj(s) — fi(s,m(s,21(x)), .0 (s), .. ,'yN(s,xN(x)))) ds >0,

a contradiction, since 0 is a maximum point for v;(¢). The proof is thus completed. O
We now provide some illustrative examples.
Example 3. Let, forevery j € {1,..., N},
filt,z) = ajx? +h;(t,z),
for some constants a; > 0, and assume that there is a ¢ > 0 such that
|h(t,z)] <c, forevery (t,x) € [0,T] x RY. 2)

Then, taking the constant functions o; = —{/c/a;, B; = {/c/a;, we see that Theorem 2 applies,
hence (P) has a solution.

Example 4. Let us consider, for every j € {1,..., N},
fit,x) = x? sinxz; + h;(t, ),

and assume that there is a ¢ > 0 such that (2) holds. Then, for every ¢ € Z with |¢| sufficiently
large, taking the constant functions o; = —7/2 + 20w, 5; = w/2 + 2{m, we see that Theorem 2
applies, and we conclude that (P) admits an infinite number of solutions.

In order to work with Leray-Schauder degree, we need to introduce the notions of strict
lower /upper solutions.

Definition 5. The well-ordered pair of lower/upper solutions (., 3) of problem (P) is said to be strict if
a;(t) < B;(t) forevery j € {1,...,N}and t € [0,T), and the following property holds:



if z(t) is a solution of (P) such that for a certain j € {1,..., N}, a;(t) < z;(t) < B;(t) holds for
every t € [0,T), then one has a;(t) < z;(t) < B;(t) for every t € [0, T].

When we have a well-ordered pair of strict lower/upper solutions, the previous theorem
provides some additional information.

Theorem 6. If («, ) is a strict well-ordered pair of lower/upper solutions of problem (P), then
d(I —L7'N,Q) =1,
where
Q= {z €C([0,T],RY) : a;(t) < x;(t) < B;(t), foreveryj € {l,...,N}yandt € [0,T]}.

Proof. Arguing as in Step 1 of the proof of Theorem 2, we can introduce the modified prob-
lem (P’) and we know, by Schauder Theorem, that

d(I—L7'N,Bgr)=1,

where Bp, is an open ball in RY centered at the origin with a sufficiently large radius R > 0. In
particular, we may assume that Q@ C Bp. By the argument in Step 2 of the same proof and the
fact that the pair of lower/upper solutions is strict, we have that all the solutions of (P’) belong
to Q. In other words, there are no zeroes of I — £~ in the set B r \ . Then, by the excision
property of the degree,

d(I — LN, Q) =1.

Finally, since N and N coincide on the set Q, the conclusion follows. O

3 Non-well-ordered lower and upper solutions for systems

In this section we still consider problem (P) in the finite-dimensional space RY. We will treat
the case in which we can find lower and upper solutions which are not well-ordered. To this
aim, we need to distinguish the components which are well-ordered from the others.

We will say that the couple (7, K) is a partition of the set of indices {1, ..., N} if and only if
JNK=@and JUK = {1, ..., N}. Correspondingly we can decompose a vector

= (z1,...,2N) = (Tn)nef1,.. Ny €RY

asr = (v7,zx) where 27 = (7;)je7 € R*7 and ¢ = (wx)rex € R*F. Here #J and #K
denote respectively the cardinality of the sets 7 and K.

Similarly, every function 7 : A — RY can be written as F(z) = (F7 (), Fx(z)) where
Fr:A—R#* and F : A — R#X,

Definition 7. Given two C*-functions o, : [0,T] — RY we will say that («,f) is a pair of
lower /upper solutions of (P) related to the partition (7, K) of {1,..., N} if the following four
conditions hold:

1. forany j € J, a;(t) < B;(t) for every t € [0,T];
2. forany k € K, there exists t € [0, T] such that ax (%) > B (t0);



3. foranyn € {1,..., N} we have
an(t) 2 fn(taxla v 1xn71aan(t)axn+17 v 71.1\/')7 (3)
ﬂn(t) S fn(t7xla .. amn—lyﬂn(t)axn—o—la oo 7IN)7 (4)
for every (t,x) € €, where
&= {(t,x) c[0,T] xRY : z = (z7,2x), 25 € H[aj(t),ﬂj(t)]}.
JjeJ

4. foranyn € {1,...,N},

Definition 8. The pair («, 5) of lower/upper solutions of (P) is said to be strict with respect to the
Jj-th component, with j € J, if a;(t) < B;(t) for every t € [0, T, and for every solution x of (P) we
have

(Vt € 0,77, a;(t) < a;(t) < B;(1) = (V¢ € [0,T], a(t) < z;(t) < B;(t)) ; (5)

it is said to be strict with respect to the k-th component, with k € IC, if for every solution x of (P) we
have

(Ve € [0,T], zi(t) > aw(t)) = (VE € [0,T], zx(t) > ax(t)), (6)
(Vt € [0,T], z(t) < Bi(t)) = (Vt € 0,7, zi(t) < Br(t)). 7)

The following proposition provides a sufficient condition in order to guarantee the strictness
property of a pair of lower/upper solutions of (P) with respect to a certain component.

Proposition 9. Given a pair (o, 3) of lower/upper solutions of (P),
1. if, for any n € J, both (3) and (4) hold with strict inequalities, then (5) holds for n = j;
2. if, for any n € IC, (3) holds with strict inequality, then (6) holds for n = k;
3. if, for any n € IC, (4) holds with strict inequality, then (7) holds for n = k.

The proof can be easily adapted from the corresponding scalar result in [5, Proposition III-
1.1] and is omitted.

We are able to prove the existence of a solution of (P) in presence of a pair of lower/upper
solutions (¢, §) provided that we ask the strictness property when the components «ay, 8 are
non-well-ordered.

Theorem 10. Let («, 3) be a pair of lower/upper solutions of (P) related to the partition (J,K) of
{1,..., N}, and assume that it is strict with respect to the k-th component, for every k € K. Assume
moreover the existence of a constant C' > 0 such that

|fic(t,z)| < C, forevery (t,x) € £.

Then, (P) has a solution x with the following property: for any (j, k) € J x K,



(W;) a;(t) < a;(t) < B;(t), for every t € [0,T7];
(NWy,) there exist t;,t2 € [0, T) such that xj,(t}) < ay(ty) and xx(t3) > Bi(t3).

In Section 3.2 we will provide a generalization of the above result, removing the strictness
assumption on one of the components x € K. Let us now present two illustrative examples.

Example 11. Assume J = @ and let, for every k € K,

AT

t7 =——+ h’ t? )
Filts @) = =77 el k()
for some a;, > 0, with
|7kl = sup {|hx(t, 2)| : (¢,2) € [0,T] x RN} < ag. (8)
Then, taking the constant functions
h hi|| o
S L 19 N

ar — |[hilloo Can — [l

we see that Theorem 10 applies. The same would be true if J # &, assuming for j € J, e.g., a
situation like in Examples 3 and 4.

Example 12. Let
fu(t,x) = —ay sinx, + hy(t, ),

with a,, > 0 and h,, satisfying (8) with k = n. For every n € {1,..., N} we have constant lower
and upper solutions

ane{g—FQmﬂ:mEZ}, ﬁnE{—g—FQmﬂ':mEZ}.
Then, for each equation we have both well-ordered and non-well-ordered pairs of lower/upper
solutions. Let us fix, e.g.,

ﬁ;:gﬂw, with ¢ € {~1,1}.

Qp = 5 P
Choosing = (i1,...,tn) € {—1,1}", and defining («, B) with 3,, = 84", by Theorem 10 we get
the existence of at least 2%V solutions z* of problem (P), whose components are such that

T 371’

=1 = Vte [O,T], L]L‘;L(t) S {5,?

h=-1 = 3, e0,T], 2% () € [— T 5] .
272
We notice that, even if the function h(t, z1, ..., 2,) is 2m-periodic in each variable z,, the solu-

tions we find are indeed geometrically distinct. We thus get a generalization of a result obtained
for the scalar equation in [17].

3.1 Proof of Theorem 10

Notice that the case K = @ reduces to Theorem 2. We thus assume K # @ and, without loss
of generality, we take either 7 = @, or J = {1,...,. M} and K = {M +1,..., N} for a certain
M € {1,...,N}. Indeed, mixing the coordinates of x = (1, ...,z n), we can always reduce to
such a situation. We continue the proof in the case J # @. (The case J = @& can be treated
essentially in the same way.)



We need to suitably modify problem (P). For every r > 0, we consider the problem

where g, : [0,T] x RY — RN, with

g’l‘(tv ZL‘) = (gr,l(ta LE), DR 7gT,M(t7 x)a gT,]\/[+l(t7 .'I/'), cee 7g7‘,N<ta LU)) 3
is defined as follows.
We first introduce the functions f : [0,7] x RN — R¥ and T': [0,7] x RY — R" as
ft,2) = f(t,T(t,2)),
L(t,z) = (’yl(t,xl)7 cos M (G TN, Ty - ,xN) .

where, for j € 7,
a;(t), if s <a;(t),
v;(t,s) =1 s, if a;(t) <s<B;(t),
ﬂ](t) , if s> ﬂj(t) .

Now we define, for every index j € J,

gT7j(t7'r) = ﬁ(t7x) +x;— Vj(tﬂgj) )

and for every index k € KC,

et ) if |ag| <7,

X a .
gr,k(t,x): (|xk|_r)0|$i| +(1+T—|1‘]¢ka(t,l') if r< |l’k‘ <r+1,
T

. if ‘$k|27"+1~
|zk|

Notice that, for the indices j € J, the value r > 0 does not affect the definition of the compo-
nents g, ;.

Proposition 13. If x is a solution of (P,), then a;(t) < z;(t) < p;(t) for every j € J and t € [0,T).

The proof follows from a classical reasoning and can be easily adapted from Step 2 of the
proof of Theorem 2.

Proposition 14. There is a constant K > 0 such that, if x is a solution of (P,), for any r > 0, which
satisfies (NW}y,) for a certain index k € IC, then ||z ||c2 < K.

Proof. Notice that
lgri(t,z)| < C, forevery (t,z) € [0,T] x RNk € Kand r > 0. )

Fix any k € K. If z(¢) is a solution of (P,), multiplying the k-th equation by Z; and integrating,
we have that

- T\*, . T\ i
ol < (57 ) oull < (5 ) VTl



So, by a classical reasoning, there is a constant C; > 0 such that ||Z;|| g1 < Cj, and there is a
constant Cyy > 0 such that ||Z4| o < C, for every solution z of (P,). Define

up(t) = min{ag(t), Be(t)},  Uk(t) = max{ax(t), Be(t)} - (10)
Since (NW}) holds, there is a 79 € [0, T] such that
up(70) < 2k (10) < Up(70) - (11)
Then, if x is a solution of (P,),

t

T
(0] = [on(m) + [ (o) ds] < o)l + [ liu]ds < fau(ro)l + VT

To

< max{||allos , [|Bllec} + VTC1 =: Ko,

hence ||zk]|cc < Ko. Moreover, by periodicity, there is a 71 € [0,77] such that &, (71) = 0, hence
by (9)
t t T
n(0)] =it + [ ano)as] = | [ gssats)as] < [ lgatsize)las < T
T1 0

T1
so that ||Z||cc < CT. Then,
[zkllez = l[eklloo + [1Zklloo + 1Zx]lc0 < Ko+ CT +C =1 K,
thus proving the proposition. O

From now on, we fix r > max{K, ||a||x , ||8]lcc}, where K is given by Lemma 14. Problem
(P,) is equivalent to the fixed point problem

r=L""Nx, z € C([0,T],RN),
where we have introduced the Nemytskii operator
N2 ([0, TL,RY) = C([0, T, RY), - (Ne)(t) = a(t) — g, (t (t)) -
Since we are looking for zeros of
Tea = (I — L7IN;)(2),

we are going to compute the Leray-Schauder degree on a family of open sets. Let us define the
constant functions

a=-r—1, B=r+1,

as well as the functions

forevery j € J.



We define, for every multi-index pu = (pari1,-- -, un) € {1,2,3,4}¥ =M the open set
Q= {z € C([0,T],RY) : (0}) and (O}*) hold for every j € J and k € K}, (12)
where the conditions (O9) and (O}*) read as

(09) a;(t) < z(t) < B4(t), for every t € [0,T],

and #(t2) > Bu(t2).
Proposition 15. The Leray-Schauder degree d(T,,),,) is well-defined for every p € {1,2, 3,4}V =M.

Proof. Assume by contradiction that there is x € 02, such that 7.« = 0, i.e., z is a solution of
(P;). All the several different situations which may arise lead back to the following four cases.

Case A. For some index j € J, &;(t) < x;(t) < B;(t), for every t € [0,T], and &;(7) = z;(1)
for a certain 7 € [0, T'] (the case when (1) = 5;(7) is similar). We can prove that

dj(t) > gw‘(t, Il(t), - ,Ij_l(t), ééj(t), Ij+1(t), v ,«TN(t)) ; for every t € [O, T] N
so that arguing as in Step 2 of the proof of Theorem 2 we obtain a contradiction.

Case B. For some index k € K, & < xy(t) < B, for every t € [0,T], and & = x4 (7) for a certain

7 € [0, T] (the case when z(7) = 3 is similar). Since
gri(t,x1(t), ..., xp—1(t), &, 11 (t), ..., zn(t)) = —C <0, for every t € [0,T],

we easily get a contradiction as before.

Case C. For some index k € IC, & < x(t) < Bi(t), for every t € [0,T], and z(7) = Bi(7) for
a certain 7 € [0, 7. Such a situation cannot arise since (7) holds by assumption.

Case D. For some index k € K, a.(t) < 1 (t) < j3, for every t € [0,T], and z1(7) = ay(7) for
a certain 7 € [0, T]. Such a situation cannot arise since (6) holds by assumption. O

Proposition 16. For every multi-index yu € {1,2, 3} =™ we have d(T,,Q,) = 1.

Proof. In this case, it can be verified by the arguments of the previous proof, that the definition
of the set 2, provides us a well-ordered pair of strict lower/upper solutions of problem (P,).
The conclusion is then an immediate consequence of Theorem 6. O

For any multi-index i € {1,2,3}"~"~1 we can consider, for every ¢ € {1,2, 3,4}, the multi-
index
(67 ﬂ) = (& KN +25 - - - a/J/N) S {17 27 3’4}N—JW .

We can verify that Q3 4, Q3 5y, (4,) are pairwise disjoint and all contained in €2, ;) so that

Q) = Q) \ Q,p U Qa0 - (13)

10



Proposition 17. For every multi-index fi € {1,2,3}N ==Y we have d(T;, Q4 p)) = —1.
Proof. By Proposition 16 and (13),
1= d(Tr, Q)
=d(Tr, Q) +d(Tr, Qs ) + d(Try Qapy)
=2+d(Tr, Qapy)
and the conclusion follows. O

Arguing similarly we can prove by induction the following result.

Proposition 18. For every K € {1,..., N — M} and every multi-index p € {4}5 x {1,2,3}N-M-K
we have
(T, Q) = (D).

Proof. We proceed by induction. The validity of the statement for KX = 1 follows by Proposi-
tion 17. So, we fix K > 2 and assume that

d(T, Q) = (—1)571, forevery p € {4}571 x {1,2, 3}V M-K+L,
Consider the multi-index pt = (4, ..., 4, fipr 5, Uar 4 K415 - - > fin) € {471 x {1,2, 3} V- M-K+1
and define for every ¢ € {1, 2, 3,4}, the multi-index

ng = (4,-~-74;€aMM+K+17"'7/1'N)'

We then see that
(1)K = d(T;, )
= d('ﬁn, Qﬁz) + d('ﬁ, Qﬁs) -+ d(ﬁ, Qﬁ4)
= 2 . (—1>K_1 + d(77«7 Ql_t4> 5
yielding d(7;, Q1) = (—1)%. The proof is complete. O

By the previous proposition we conclude that
A(Tr, Qa,...z)) = ()N (14)

As a consequence, there is a solution z of problem (P,) in the set (4 . 4). Recalling the
a priori bounds in Propositions 13 and 14, we see that the solution z is indeed a solution of
problem (P) and satisfies (W;) and (NWy,), for every j € J and k € K. The proof is thus
completed.

3.2 An extension of Theorem 10

The existence of a solution of (P) can be obtained also removing from the assumptions of The-
orem 10 the strictness assumption on one of the components.

Theorem 19. Let («, 3) be a pair of lower/upper solutions of (P) related to the partition (J, ) of
{1,...,N}. Fix k € K and assume that (o, () is strict with respect to the k-th component, for every
k € K\ {k}. Assume moreover the existence of a constant C' > 0 such that

|f(t,x)| <C, forevery (t,x) €.
Then, (P) has a solution x such that (W;) and (NW4,) hold for every (j,k) € J x (K \ {k}), and

11



(NW,.) there exist 1,2 € [0,T] such that x,,(tL) < o (tL) and z,.(t2) > B.(t2).

R YK

Proof. Without loss of generality we can choose J = {1,...,M}, K = {M +1,...,N} and
k = N. We can follow the proof of Theorem 10 step by step in the first part, noticing that

Proposition 14 holds with the same constant when we assume (NW ). Moreover, since we
do not ask the strictness assumption with respect to the N-th component, when we introduce
the sets €, as in (12), we can consider only multi-indices with the last component frozen to 1,
ie. u= (pare1,---siun—1,1) € {1,2,3,4}N=M=1 »x f1}. Indeed, with this new choice of the
multi-indices we can still guarantee that the Leray-Schauder degree is well-defined.

Then, arguing as in Propositions 16, 17 and 18 we have
e d(T,,Q,) =1forevery p € {1,2,3}V"M-1 x {1},
* d(T;,Q,) = —1forevery u € {4} x {1,2,3}V-"M=2 x {1},

e forevery K € {1,...,N — M — 1}, d(7,,9Q,) = (—1)¥ for every multi-index p € {4}% x
(1,2, 3)N—M—K=1 {1},

However, we cannot conclude the proof saying that the Leray-Schauder degree is different from
zeroin Q. 4) asin (14), since we cannot ensure that it is well defined in the sets Q4. 4 o) with
0=2,3,4.

yens

Anyhow, at this step of the proof, we can follow the classical reasoning adopted in the scalar
case in presence of non-well-ordered lower/upper solutions, cf. [5, Theorem III-3.1]. If there
exists x € 0S4, . 49) such that 7.2z = 0, then we can easily see that x must be a solution of
(P,) such that zn(t) < Bn(t) for every ¢ € [0,T] and zn(7) = Bn(7) for a certain 7 € [0,T].
Since the components ay, Sy are non-well-ordered, we have ay (t%) > By (t%) > zn(t%) for
some t) € [0,T]. So (W ~) holds, thus giving us that z is a solution of (P, ) satisfying all the
required assumptions.

We can argue similarly if there exists z € 9§24 .. 4 3) such that 7.z = 0.

If the previous situations do not occur, we can compute the degree both in Q4 4
Q4,... 4,3)- Asin (13), we have

2) and

)

Qayaa) = Qapan) \ Qu,a,2) UL, a3) - (15)

so that the degree is well defined also for Q4. 4 4). Performing the same computation adopted
in Propositions 17 and 18 we can conclude that d(7;, Q4,.. 4)) = (—1)V~*, thus finding also in
this case a solution x with the desired properties. The proof is thus completed. O

4 Lower and upper solutions for infinite-dimensional systems

We now focus our attention on a system defined in a separable Hilbert space H with scalar
product (-, -) and corresponding norm | - |. We study the problem

() {ifft’x)’ o
2(0) = #(T), #(0) = a(T)

where f : [0,T7] x H — H is a continuous function. In what follows, we extend the results of
Section 3 to an infinite-dimensional setting, trying to maintain similar notations.
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Let Ny = {1,2,3,... }. Choosing a Hilbert basis (e, )en, , every vector x € H can be written
asx = Zn€N+ Tpen, OF & = (Tn)nen, = (¥1,%2,...). Similarly, for the function f, we will write

f(t7x) = (fl(t7x)’f2(t7x)7"')'

As in the finite-dimensional case, we will say that the couple (7, K) is a partition of N if
and only if 7 N K = @ and J UK = N_. Correspondingly, we can decompose the Hilbert space
as H = Hy x Hy, where every « € H can be written as ¢ = (z7,zx) withzy = (z,);es € Hy
and rx = (vx)rex € Hi.

Similarly, every function 7 : A — H can be written as F(z) = (Fz(z),Fi(x)) where
fJ:A%HJandFK:A%HK.

We rewrite Definition 7 in this context.

Definition 20. Given two C*-functions o, : [0,T] — H we will say that (o, 3) is a pair of
lower/upper solutions of (P) related to the partition (7, K) of N if the four conditions of Defini-
tion 7 hold replacing {1, ..., N} by N, and the inequalities (3), (4) by

arL(t) Z f’rl(t7x17 sy Tp—1, Oén(t), Tn+41y--- ) ’ (16)

Bn(t) S fn(taxla o 7xn7176n(t)7mn+la v ) . (17)

Moreover, it is said to be strict with respect to the n-th component, with n € N, if the conditions of
Definition 8 hold.

We recall the definition of the set

£ = {(t,x) €0, T]xRY : z = (z7,2x),25 € H[aj(t),ﬂj(t)]}.

s
Here is our result in this infinite-dimensional setting.

Theorem 21. Let («, 3) be a pair of lower/upper solutions of (P) related to the partition (J,K) of Ny,
and assume the following conditions:

* there exists a sequence (dp)nen, € 02 such that

—d, < a,(t) <d, and —d, <Bn(t) <d,, foreveryn € Ny andt € [0,T];

* (a, ) is strict with respect to the k-th component, for every k € IC;

e there exists a constant C > 0 such that

|fic(t,z)| < C, forevery (t,x) € E;

* for every bounded set B C &, the set fi(B) is precompact.
Then, (P) has a solution x with the following property: for any (j, k) € J x K,
(W) ay(t) < ;1) < B (), for every t € [0,T];
(NWy,) there exist ti,t2 € [0, T such that zj(t1) < ax(ti) and x1(12) > Br(t2).

The proof of the theorem is carried out in Section 4.2.
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Remark 22. As in Theorem 19, we can drop the strictness assumption for a certain index k € IC. In
that case, the so-found solution will satisfy the corresponding condition (NW ;).

As an immediate consequence of Theorem 21, taking o and § constant functions, we have
the following.

Corollary 23. Let there exist two sequences (pn)nen, and (qn)nen, in 02, with p, < gy for every
n € Ny, and a partition (J, K) of Ny, such that, for every (t,x) € [0,T] x [;c 7[pj. ¢;] X H,

jed = filt,xi, ..., xj—1,05,Tjq1,...) SO0 fi(t, w1, 2521, G5, T4, - )5 (18)
ke = fk(t,xl,...,xk_l,pk,xk+1,...)>0>fk(t,zl,...,:ck_l,qk,:zzk+1,...). (19)

Furthermore, let there exists a sequence (C) e € 02 such that, forevery k € K,

|fu(t,x)] < Ck, forevery (t,z) € [0,T] x H[pj,qj] x Hy . (20)
Jje€T

Then, (P) has a solution x(t) such that, for every j € J, k € K,
{a;(t) -t €[0,T]} € [pj, g5l (21)
{zk@) 1t € [0, T1} N [pr, qr] # 2 (22)

We now give some examples of applications, where we implicitly assume all the functions
to be continuous.

Example 24. Let, for every j € N,
fit,z) = a::; + h;(t,x),

and assume that there is a ¢ > 0 such that

I (t,z)| < ]% for every (t,z) € [0,T] x H . (23)
Then, f : [0,7] x ¢ — ¢? is well-defined and taking ¢; = —p; = ¥/c/j, we see that both

(p;);. (g;); belong to ¢, and (18) is satisfied, so that Corollary 23 applies with K = .

Example 25. Let us consider, for every j € N,
fit,z) = J:? sinz; + h;(t, z),

and assume that there is a ¢ > 0 such that (23) holds. Then, f : [0,7] x (> — ¢* is well-
defined. Since 2? sinz > 122 in the interval [0, 7/2], taking ¢; = —p; = V/2¢/j, we see that both
(pj);, (g;); belong to ¢2, and (18) is satisfied, so that Corollary 23 applies with K = &.

Furthermore, for every ¢ € Z with |¢| sufficiently large, we can see that the constants p’ =
—m/2 + 20w, ¢ = 7/2 + 2(7 satisfy (18), for every j € N,. Thus, we can replace a finite number
of couples (p;, g;) with some couples (p*, ¢%). Such a replacement must be performed only for
a finite number of indices j € N, since we need to guarantee that the new sequences (p;); and
(q;); remain in ¢2. Recalling that the so found solution of problem (P) must satisfy (22) then we
conclude that (P) admits an infinite number of solutions.
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Example 26. Let, for every k € N,
fk (t’ 33) =

T
————— + hy(t
1+ k|| hi(t ),
and assume that there is a ¢ €]0, 1] such that
|hi(t, z)| < g, for every (t,z) € [0,T] x H .

Then, f : [0,T] x ¢* — (% is well-defined and taking qx = —px = 755, we see that both

(P )k, (qx)x belong to £2, and (19) is verified, so that Corollary 23 applies with 7 = @.

Example 27. Let (a,), and (0,), be sequences of positive numbers in ¢? and let, for every

n e N+,
2mry
falt, ) = —ay, sin ( e ) + hy(t,x).
On

If h,, satisfies

sup{|hn(t,x)\ : (t,x) €0, T) x H} < ap, (24)
we see that, for every n € {1,..., N}, it is possible to find pairs of constant lower and upper
solutions o o

ozne{znquJ":mGZ}, ﬂne{—szrman:mGZ}.

Then, for each equation we have both well-ordered and non-well-ordered pairs of lower/upper
solutions. Applying Corollary 23 we thus get the existence of infinitely many solutions of prob-
lem (P). By the same argument in Example 12 we notice that, even if the function h(t, z1, z2, . ..)
is o,,-periodic in each variable ,,, the solutions we find are indeed geometrically distinct.

Remark 28. This result should be compared with the ones in [4, 10], where one or two geometrically
distinct solutions were found assuming a Hamiltonian structure of the problem, i.e.,

hn(t, ) = %(t7x) )
for some function V(t,x1,x2,...) which is o,-periodic in each variable x,,. It was said in the final
section of [10] that it remained an open problem to know if the existence of more than two T-periodic
solutions could be proved, and in [4] that “it would be natural to conjecture the existence of infinitely
many T-periodic solutions”. It is interesting to notice that even in [4, 10], in order to recover some
compactness, it was assumed that the sequence of the periods (o), belong to (2.

Remark 29. For any choice of a partition (J,K) of Ny, we can consider functions f satisfying the
requirements of Examples 24, 25 or 27 for every j € J and of Examples 26 or 27 for every k € K.
Corollary 23 applies also in this case.

In the next section we provide some preliminary lemmas, which will be used in order to
prove Theorem 21.

4.1 Some compactness lemmas
For every sequence 7 = (7,,)nen, contained in [0, 7] and every function u € C([0,T7], H), define
the function P;u : [0,7] — H as

t

(PTu)n(t):/ un(s)ds, neN,.

n

We will need the following extension of [10, Lemma 3.2].
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Lemma 30. Let E C C([0, T, H) be such that the set
A={u(t):uwe E, tc0,T)}
is precompact in H. Then the set
S={Pu:7e0,T]" ueE}
is precompact in C([0,T|, H). As a consequence, the set
E={Pu®): 7€ 0, TN, ue E, te0,T]}
is precompact in H.
Proof. Fix € > 0. Since A is precompact, there exist vy, ..., v, in H such that
AC O B(v,,e). (25)
=1

Let V = Span(v, ..., vs), and denote by @ : H — V the corresponding orthogonal projection.
We first prove that the set

R={P,(Qu):uecE, 0,1}
is precompact in C([0, T], V).
The set Q(A) is precompact in V and hence bounded; there exists a real constant D such that
|Qu(t)] < D, forallue F andt € [0,7]. (26)
Moreover, for every u € E, 7 € [0, T]N+ andt € (0,77,

|(Pr(Qu))n(t)] = ( s) ds s)|ds|, neNy
and consequently
2 oo T
P = Sl @OF < Slas <3 ([ l@ualas)’

by the Holder Inequality and the use of the Monotone Convergence Theorem, recalling (26),

o0

;(/OTK ) (s)]ds) <TZ/ (Qu)n(s)2 ds
-7 S lQu o) s

T
= T/ |Qu(s)|*ds < T*D?,
0

and then
|P-(Qu)(t)| <TD.

Since V is finite dimensional, the set S = {w(t) : w € R} C V is precompact. On the other hand,
forevery u € E, 7 € [0, T)"+ and every t1,t5 € [0,T] with t; < t2, we have

| @usas] < [T 1@Qulds < Dt - ).

so that R is equi-uniformly continuous as a subset of C([0, 7], V). By the Ascoli-Arzela Theo-
rem, the set R is precompact in C([0,T7], V).

| P-(Qu)(t1) — Pr(Qu)(t2)| =
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Consequently, there exist f1,. .., f; in C([0,T], V) such that

¢
U (fi.e)- (27)
Now, for every u € E, 7 € [0, T]"+ and t € [0, 7], by (25),

|Pru(t) = Pr(Qu)(O)* = Y [(Pru)a(t) = (Pr(Qu))a(t)]

< [ (5) — (Qu)(5)] s
37A

00 T
ST [ ) - Qi ds

= TOO’U/S— US2S
‘T/o S Jun(s) — (Qu)a(s)[*d

T
= T/ lu(s) — (Qu)(s)|? ds < T?e?,
0
and so
Prau(t) — P,(Qu)(#)| < Te.
On the other hand, since P, (Qu) € R, by (27) there exists ¢ such that
1P-(Qu) — fillo <€,
hence
[Pru(t) — fo(t)] < [Pru(t) — Pr(Qu)(@)| + |Pr(Qu)(t) — fo(t)| < €T +e =e(T +1).

We have thus shown that, given € > 0, there are f1, ..., fr in C([0, T], H) such that

4
U (fir (T +1)e),

hence proving that ¥ is precompact.

The fact that = is precompact in H now follows again from the Ascoli-Arzela Theorem,
recalling that this theorem gives a necessary and sufficient condition for precompactness. [

Let us denote by Il : H — H the projection
Iy(z) = (z1,...,25,0,0,...). (28)

Lemma 31. Let A be a compact subset of H. Then, for every € > 0, there is a M > 1 such that, for

every a = (an)nen, in A,
o0

D Janl? < €%

n=M

In particular limpy_,oo (IIy — Id)z = 0 uniformly for x € A.
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Proof. By contradiction, let there exist an ¢ > 0 such that, for every M > 1, there is o™ =

(al)pen, € Asuchthat Y07, [aM]? > £2. By compactness, the sequence (a*)yen, has a
subsequence, for which we keep the same notation, such that a® — a*, for some a* € A. Let
M, be any positive integer. Then, taking M > M, sufficiently large,

o 1/2 e 1/2
(> al) " = (X 1al)
n=M, n=M
e 1/2 e 1/2
> (3 1) = (X 1ad - ai?)
n=M

n=M

>e—|la™ —a*||p > %

We thus get a contradiction with the fact that a* € H. O
As an immediate consequence we find the following compactness property.

Lemma 32. Let A be a compact subset of H. Then, the set

AP = U yA

NeNy,
is precompact in H.

Proof. Let us consider a sequence (,),en, contained in AP,

If there exists Ny € N and a subsequence (x,, ), such that z,,, € Iy, A for every ¢, then the
conclusion is reached since Iy, A is compact.

If the previous situation does not arise, then we can find a diverging sequence (Ny), C Ny
and a subsequence (x,, ), such that z,,, € IIy, A for every £. So, there is a sequence (y,,)¢ C A
such that z,,, = Iy, yn,. Since A is compact, then, up to a subsequence, we have y,, = § € A.
Hence,

|x’fu - g| < |I7lz - ynz| + ‘ynz - g| < |(HNL7 - Id)yne| + |y7lz - g| — 0,

where Lemma 31 has been applied. O

Remark 33. The above statements have been formulated for a Hilbert space H. We will apply them also
treating the previously introduced Hilbert spaces Hy and H 7.

4.2 Proof of Theorem 21

We consider, for every N € N, the auxiliary system

i1 = filt,z1,. .o, angr(t), ania(t), .. )
S.C.N :fN(t,xl,...,zN,aN+1(t),aN+2(t),...)
Iny1 =0

Iny2 =0
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We recall the projections Iy, introduced in (28), and define the function
ﬁNx(t) = (z1(t),...,an(t),ant1(t), ansa(t),...). (30)
The auxiliary problem can then be written as
(Pn) . .
z(0) =2(T), (0)=2(T).

Notice that R
(t, Ty (t) € &, forevery N € Ny and ¢ € [0,7]. (31)

By Theorem 10, for every N € N, there is a solution 2% (¢) of (Py) such that (W;) and (NWy)
hold for every j € J N[1,N]and k € KN [1, N]. We impose

xN(t)=0, foreveryn > Nandt¢c[0,7]. (32)
Arguing as in the proof of Proposition 14, cf. (10) and (11), we conclude that 2" satisfies
{zf (1) : t € [0, 71} € [—d, ;]

{aN(@t):t € [0,T]} N [~dy,dp] # @,
for every k € K and j € J. Concerning the indices j € J we thus have
2y (t) € Dy = [[[~dj, )], (33)
JjET
for every N € Ny and t € [0,T].

Now, we repeat the arguments of Proposition 14 with a slight modification. Given the solu-
tion zV of (Py), we can compute

2 2
< (IY v < (LY evmis
2R3 < (5 ) 1RIE < (5 TS

so that ||z ||z < € and ||Z{ || < Co for some constants C; and C.

Recalling the validity of (33), we can find a sequence 7 = (7¥)ex C [0, 7] such that
lzN (1) < die forevery k € K. (34)
Then, we can prove that the sequence (2§ ) nen, is uniformly bounded. Indeed,

k@O =D s OF =)

kel kex

<2y (Iﬂdf(ﬁiv)l2 +

ke

2
t
o)+ [ i) ds
Tk
t 2
o

<2) dp+2T||ad |3 <2 di +2TCF =: ¢°,
kex ke
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Then, choosing B = {(t,z) € £ : |zx| < o} and recalling (31) and that fx is completely
continuous in &, we notice that the set A = {fic(t, Iy (t)) : N € Nt € [0,T]} C fx(B)
is precompact. Then, using Lemma 32, we deduce that the set {#{ (t) : N € Ny .t € [0,T]}
is precompact. By periodicity, there exists a sequence tX = (tI¥),cx such that # (t)) = 0 for
every k € K. Writing

t t

i) =af @)+ [ ¥ as= [ i as= (Ppad)o.

we deduce from Lemma 30 that the set {#¥ (t) : N € N, ¢ € [0,T]} is precompact.
Finally we prove that also the set {z% (t) : N € Ny ,t € [0,T]} is precompact. Recalling the
sequence T,]CV = (T]iv Jkek in (34), we can write using the notation of Section 4.1,

W)= + (Pyil)@),  where gl i= (o (7 )rex

By construction (Y € Dy = [1rcxc[—dk, di], so that, by Lemma 30, we conclude that both the
addenda are in a compact set. Hence there is a compact set D such that

N (t) € D, forevery N € Ny and t € [0,T]. (35)

We can now prove similar properties for the components of 2 (¢), and their derivatives, with
indices j € J. At this step, the continuity of f; is sufficient. Indeed, from (33) and (35), the
compactness of { f7(t, MyzN(t)) : N € Ny, te[0,T]} follows. Then, arguing as above, we can
prove that both {5 () : N € N, ¢t € [0,7]} and {#}(t) : N € Ny, ¢ € [0,T]} are precompact.

Consider now the sequence (u") yen, of functions v : [0,T] — H x H defined by
ut(t) = (@), 2V (1)) -

By the above arguments, the sequence (u") yen, takes its values in a compact set, and it is equi-
uniformly continuous. By the Ascoli-Arzela Theorem there exists a subsequence, for which we
keep the same notation, which uniformly converges to some u* : [0,7] — H x H. Writing

u*(t) = (2*(t),y*(t)), we have that (2, #") uniformly converges to (z*,y*). In particular
z*(0) = 2*(T), y*(0) = y*(T). Rewriting the differential equation in (Py) as a planar system,
we have

A T = Y,

Q . =

or equivalently
= FN(t,u),

where FN (t,2,y) = (y, Iy f(t, lya(t))). The corresponding integral formulation is then
t
u(t) = u(0) +/ FN(s,u(s))ds. (36)
0

System (Qy) has a solution u™ = (2N, i) such that u™ (0) = u™N(T) for every N € N;. We
want to show that

FN(t,u™(t)) — F(t,u*(t)), uniformlyint € [0,7], (37)
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where F(t,z,y) = (y, f(¢,2)). Fixe > 0; for N sufficiently large, we have

™ (6) = 7 (6)] + Tn £ (&, Tva™ (1) = (2, 2%(1)]
N (1) = f(6 v (@)] + [f (8 Tva™ (1) = f(t,2 ()]
Since {Iiyz™(t) : N € N, ,t € [0,T]} is precompact, cf. (33) and (35), then by continuity

{f(t,Tna™(t) : N e Nyt e[0,T]}is precompact, too. So, by Lemma 31, for N sufficiently
large,

[EN (8™ (1) = F(t,u*(t)

| <
<e+ Oy f(t1I

Ty £ (¢, Tva® () — (¢, Tna™ ()] = |(My — 1) f(t, Txa™ (1)) < €.

Moreover,
Ty () — Tna™ ()] =(0,...,0,an41(t), ania(t),...)] (38)
gdeL—w? as N — 0. (39)
n=N

Then, applying Lemma 31,
[Tna™ (1) = 2*| < [Ty (1) = Tya™ (1) + [Dya™ (1) = 2 ()] + 2V (1) — 2" ()] = 0,
as N — oo, so that by continuity, for N large enough,
(T (1) = f(t, 2" ()] < e
Summing up, if N is large, then
|[FN(t,u™ (1)) — F(t,u*(t))| < 3¢, for every t € [0,T],

thus proving (37). Passing to the limit in (36), we get

u*(t) = u*(0) +/0 F(s,u*(s))ds,

and so x*(t) is a solution of (P). The proof is thus completed. O

5 Final remarks

In this final section, we briefly outline some possible extensions of the previous results.

1. The boundedness assumption on the function fx (¢, x) could be replaced by a nonresonance
condition with respect to the higher part of the spectrum of the differential operator —i with
T-periodic conditions. For instance, denoting by ), the first positive eigenvalue (27/7)?, one
could assume that

—f(t,x) =y (t,z)x + rc(t, x),

where vk (t,2) < ¢ < Ag and 7k (¢, z) is bounded. Or, more generally, one could assume an
asymmetric behaviour of the type

—frc(t, ) = pc(t, )™ —ve(t, o)™ + rc(t, o),
where (ux(t, z),vi(t, x)) lie below the first curve of the Fulik spectrum (here, as usual, z+ =

max{z,0} and = = max{—=z,0}).

21



2. One could deal with nonlinearities of the type f(¢,z, ), depending also on the derivative
of z, assuming some type of Nagumo growth condition (see [5]). Such a situation has already
been studied in the infinite-dimensional setting, e.g., in [21].

3. In this paper we defined the lower and upper solutions as C*-functions. However, this
regularity could be weakened, and different definitions could be adopted. We do not enter into
the details, for briefness, and we refer to the book [5] for further possible developments.

4. The results of this paper hold the same for the Neumann problem

{i' = f(t,:L‘),
m(O) =0= i(T),

with almost identical proofs. Concerning the Dirichlet problem

some modifications are needed in the non-well-ordered case. Both problems have their par-
tial differential equations analogues. We will provide in [9] an extension of Theorem 10 in a
finite-dimensional abstract setting including the case of elliptic and parabolic type systems with
different types of boundary conditions, thus generalizing the results in [6, 7, 11]. However, an
infinite-dimensional extension in the PDE case remains an open problem.
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