ON THE CAUCHY PROBLEM FOR THE WAVE EQUATION ON
TIME-DEPENDENT DOMAINS

GIANNI DAL MASO AND RODICA TOADER

ABSTRACT. We introduce a notion of solution to the wave equation on a suitable class
of time-dependent domains and compare it with a previous definition. We prove an
existence result for the solution of the Cauchy problem and present some additional
conditions which imply uniqueness.
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1. INTRODUCTION

The mathematical formulation of dynamic problems in fracture mechanics leads to the
study of the wave equation in time-dependent domains (see [9, 12, 7]). The main feature
of these problems is that at every time ¢ the solution belongs to a different space V;. In
the case of fracture a typical situation is V; = H'(Q\ I';), where Q is a domain in R" and
T'; is a closed (n — 1)-dimensional subset of €2, which represents the crack at time t (see
[6, 8, 3, 14]). The most important example of equation we consider is formally written as

{u‘—Au:f in Q\ T,

(1.1)
O,u=0 on 0QUTY,

where i denotes the second order time derivative of u, Aw is the Laplacian of u with
respect to the spatial variables, and 0,u is the normal derivative of u.

In this paper we introduce and study a notion of solution to the wave equation on time-
dependent domains in a sufficiently general abstract framework for the spaces V;.

We compare this definition with the one introduced in [6], which was given under slightly
stronger assumptions on the data, and we prove that they are equivalent when these as-
sumptions are satisfied (see Theorems 2.16 and 2.17). Our definition is based on integration
by parts in time and does not require a precise definition of the value at time ¢ of the
second derivative (), which is a critical issue in the case of time-dependent domains (see
Proposition 2.13). Actually, the boundedness assumptions of [6], which we remove in our
paper, are used to simplify the definition of (¢).

Under natural assumptions on the initial data, we prove an existence result for the solution
to the Cauchy problem, which simplifies the proof of [6] because we can avoid some estimates
regarding (t) (see Theorem 3.1). We also prove that the solution obtained in this way
satisfies the energy inequality (see Corollary 3.2).

In the last part of the paper we consider some general conditions on V; which imply the
uniqueness of the solution to the Cauchy problem (see Theorem 4.3). These are given in
terms of properties of some linear isomorphisms Q;: V; — Vg and R;: Vo — V4, as well as
of their derivatives with respect to time.

To illustrate this uniqueness result let us consider the model situation of a rectilinear
crack in the plane with subsonic speed. In this case we have to solve (1.1) with Q = R? and
Iy = {(21,0) : 21 < L(t)}, where £: [0,T] — R is a prescribed C1! function such that

0</(t)<1 foreveryte[0,T]. (1.2)
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Using the Lipschitz continuity of ¢ and (1.2) it is easy to see that all conditions for uniqueness
are satisfied (see Example 4.1).

More general assumptions on the sets I'; under which the Cauchy problem for (1.1) has a
unique solution can be expressed in terms of the regularity properties, with respect to space
and time, of suitable diffeomorphisms of  into itself, mapping I'; into I’y (see Example
4.2). These assumptions are weaker than those considered in [8] and [3].

2. FORMULATION OF THE EVOLUTION PROBLEM, NOTIONS OF SOLUTION

Let H be a separable Hilbert space, let T' > 0, and let (V;).c[0,7) be a family of separable
Hilbert spaces with the following properties:

(H1) for every t € [0,T] the space V; is contained and dense in H with continuous

embedding;

(H2) for every s,t € [0,T], with s < ¢, Vi C V; and the Hilbert space structure on Vj is

the one induced by V;.
The scalar product in H is denoted by (-,-) and the corresponding norm by ||-||. The norm
in V; is denoted by || - ||:. Note that for every ¢ € [0,T], by (H2) we have |[v||; = ||v||z for
every v € V4.

The dual of H is identified with H , while for every ¢ € [0, 7] the dual of V; is denoted by
V. Note that the adjoint of the continuous embedding of V; into H provides a continuous
embedding of H into V;* and that H is dense in V;*. Let (-,-); be the duality product
between V;* and V; and let || - || be the corresponding dual norm. Note that (-,-); is the
unique continuous bilinear map on V;* x V; satisfying

(h,v)¢ = (h,v) for every h € H and v € V;. (2.1)

For 0 < s <t <T we have V5 C V;, but since V; is not dense in V; the dual space V;* is
not embedded into V. However, it is useful to introduce the natural projection operators
from V;* to V.

Definition 2.1. Let s,t € [0,7] with s < t. The projection map Il : V;* — V* is defined
by
(Mg, v)s = {C, V)4 for every ¢ € V;* and v € V.

It is easy to see that Il is continuous, with ||IL;:C||% < ||¢||; for every ¢ € V;*. In general
it is not injective. Note that by (2.1) we have

IIgi;h=h for every h € H. (2.2)

Moreover, we have
I, I, =1I,; foreveryr <s<t. (2.3)

Example 2.2. Let Q be an open subset of R™ and (I't);e[o,r be a family of relatively
closed subsets of Q, with T'y C T; for every 0 < s <t < T and H" (I'7) < +oo, where
H"~1 is the (n — 1)-dimensional Hausdorff measure. Then the spaces V; := H!(Q\T}) and
H = L*(Q) satisfy (H1) and (H2).

Example 2.3. Let Q be an open subset of R" and (I't);c[o,r7 be a family of relatively
closed subsets of Q, with 'y C T'y for every 0 < s <t < T and H" 1(I'g) < +oo. Then
the spaces V; := H§(Q\ ;) and H := L?() satisfy (H1) and (H2).

Example 2.4. Let Q be an open subset of R" and (I'y);cjo,r] be a family of subsets
of Q, with Ty C Ty for every 0 < s <t < T and H" !(I'r) < +o0o. Then the spaces
V; := GSBVZ(Q,T}) introduced in [6, formula (2.1)], together with H := L2(), satisfy
(H1) and (H2).

Let a: Vp x Vp — R be a bilinear symmetric form satisfying the following conditions:
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(H3) continuity: there exists My > 0 such that

la(u,v)| < Mp||lu||r||v|]|r for every u,v € Vi (2.4)
(H4) coercivity: there exist Ag > 0 and vy > 0 such that
alu,u) + Xollul|®* > vollul|3 for every u € V. (2.5)
For every 7,t € [0,T] let AL : V; — V* be the continuous linear operator defined by
(Atu,v), := a(u,v) for every u € V; and v € V. (2.6)
Note that
|ALu||* < Mo||ull; for every u € V;. (2.7)

Example 2.5. Under the hypotheses of Example 2.2, let (a;;) be a symmetric n x n matrix
of functions in L*>(Q) satisfying the ellipticity condition with a constant ¢y > 0:

> aii (@66 = colél? for ae. a € Q and every § € R
ij

Then the bilinear form

a(u,v) := /Q (Zaiiju Dw)dz  for u,v € H'(Q\T'r) (2.8)

\I'r ij

satisfies (H3) and (H4). Therefore, under suitable regularity assumptions, for every given
f € H the equation Alu = f provides a weak formulation of the boundary value problem

—ZDi(aiiju) = f in Q\Ft
ij

63;1:0 on ONUTY,

(2.9)

where v® is the conormal corresponding to (a;;), whose components are given by vi =
D il
Given f € L?((0,T); H), we now study the evolution equation formally written as
i(t) + Aju(t) = f(t)
{u(t) eV

on the time interval [0,7]. In order to give a precise notion of solution we introduce a space
of t-dependent functions.

Definition 2.6. V is the space of functions u € L((0,7T); Vz) N HY((0,T); H) such that
u(t) € V; for a.e. t € (0,T). It is a Hilbert space with the scalar product given by

(u,v)y = (u,v) L2¢(0,7);v) + (D) L2((0,7); H) 5

where % and © denote the distributional derivatives with respect to t.

It is well known that every function u € H'((0,T); H) admits a representative, still
denoted by w, which belongs to the space C([0,T]; H). With this convention we have
Vv cC(0,T; H).

Definition 2.7. We say that u is a weak solution of the equation
i(t) + Aju(t) = f(t)
u(t) € V
on the time interval [0,7] if u € V and
T T T
- [ pnar+ [ ato. o)t = [ e (211)
for every ¢ € V with ¢(T) = ¢(0) =0.

(2.10)
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Lemma 2.8. Given ¢ € V with o(T) = ¢(0) = 0, there exists a sequence of functions
w; € C((0,T); V), with ¢;(t) € Vi for every t € (0,T), such that

wj — @  strongly in V. (2.12)

Proof. Tt is enough to consider ¢ € V with compact support in (0,7). Indeed, every ¢ € V
with o(T) = ¢(0) = 0 can be approximated by a sequence of functions ¢, € V with
compact support. For instance, we can take o (t) = wi(t)¢(t) where wy is the piecewise
affine function such that wy =0 on [0, 1] U [T — £,T], wx =1 on [}, T — 2], and wy is
affine on [, 2] and [T — £,T — 4]. Using the fundamental theorem of calculus for H -valued
functions and the Hélder inequality it can be easily seen that y — ¢ strongly in V.
Assume now that ¢ € V has compact support in (0,7). For every € > 0 let p. be a
C* function on R with p. > 0, fR pe = 1 and suppp. C (0,¢e). For £ small enough the
function
o i=pxp.: (0,T) = Vp (2.13)
is of class C'™ and has compact support in (0,7). By (H2) the asymmetry of the convolution
kernel p. guarantees that ¢°(t) € V; for every ¢t € (0,T), hence ¢° belongs to V. Moreover
©° — @ strongly in V. O

Remark 2.9. Let u € V be a function such that (2.11) holds for every ¢ € C°((0,T); Vr)
with ¢(t) € V; for every ¢t € (0,T). Using Lemma 2.8 it is easy to see that u is a weak
solution of (2.10) according to Definition 2.7.

Proposition 2.10. Let u € V be a weak solution of (2.10) satisfying the initial conditions
u(0) =0 and 4(0) = 0, the latter in the following strong sense:

h
hlir&%/o |a(t)||2dt = 0. (2.14)
Then
T T T
- / (at), p(t))dt + / ault), (t))dt = / (F(8), o(8))dt (2.15)
0 0 0

for every ¢ € V with o(T) =0, even if the condition ©(0) =0 is not satisfied.
Proof. Let us fix ¢ € ¥V with ¢(T) =0. For every ¢ > 0 set

Lo(t) tel0,e

o) teleT].
Then ¢. € V, ¢-(0) = ¢-(T) =0, and by (2.11)

- [ . gna - [ @o.pinaes [ atuo. i [ atuo. e

pe(t) =

T 5
- / (1), o(t))dt + / (F(8), e (1))

0

For a.e. t € (0,e) we have ¢.(t) = Lo(t) + Lp(t). Since ¢ € C([0,T]; H), using the
Holder Inequality and the absolute contmulty of the 1ntegral by (2.14) we obtain

[t econa] < (2 [ ricora) ¢ [ iaora)
w( [ natonea) ™ ([ reipa)” o,

| [ ettt penat] < [ Lotuto o)l < 2y [ [0 le®le 0.
0 0 0
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t

and
€ € t €
| [ o] < [ Ziceneia < [ isolieola—o.
Therefore, passing to the limit as ¢ — 0 we conclude that (2.15) holds. g

We now want to introduce a different notion of solution of (2.10) (see Definition 2.15),
similar to the one given in [6, Definition 4.1], which does not use integration by parts with
respect to time. It requires instead a precise definition of () for a.e. ¢ € (0,7, and this
is not trivial because of the time-dependent constraint u(t) € V;. We begin by introducing
a new function space which will allow us to define the pointwise value of (t).

Definition 2.11. Given n € L%(0,T), let W, be the space of functions u € V such that
for every 7 € [0,T), the restriction u, of u to (7,T) satisfies

u, € H*((1,T); V), (2.16)
li-(O)||x < n(t) forae. te (r,T). (2.17)

Note that if 0,7 € (0,T) with o < 7 then
g (t) = yriir(t) forae. te(r,T). (2.18)
Remark 2.12. Let u € W), for some n € L*(0,7). For every 7 € [0,T) we consider u,
and i, as in Definition 2.11, and note that @, = @ a.e. in (7,T). By standard properties of

distributional derivatives of functions with values in Hilbert spaces (see, e.g., [2, Appendix])
there exists a negligible set N, in (7,7) such that

w(t + h) — a(t)

noso I W =1,(t) strongly in V¥ for every t € (7,7)\ N,, (2.19)

¢
a(t) —u(s) = / iy (r)dr for every s,t € (7,T)\ N, with s <t, (2.20)

where in the right-hand side we have a Bochner integral in the space V*. Hence

li(t2) — at) 15 = s (2) — ter (12) 5 < / i (3))]2ds < / Tnsds (221)

for a.e. t1,t2 € (1,T) with ¢; < to. In particular, for 7 = 0 we have

[a(tz) —a(ti)llo < / 2 n(s)ds (2.22)

t1
for a.e. t1,t2 € (O,T) with t1 < ts.
The following proposition provides a pointwise definition of #(t) as an element of V;*.

Similar results under slightly different hypotheses have been proved in [6, Lemma 2.2], [8,
Lemma 2.2], and [14].

Proposition 2.13. Let n € L*(0,T) and let u € W, . Then there exist a set E of full
measure in [0,T] and, for every t € E, an element u(t) of V;* such that

a(t+ h) — u(t)

h—0+, t+heE h =it) weakly in V', (2.23)
u(t +h) —a(t) , -

h%O,hgiheE B ——— IT;4ii(t)  strongly in VI for every T € (0,t), (2.24)

() v, < n(t) - (2.25)

Moreover, for every T € [0,T] we have

Ui (t) = Uppti(t)  for a.e. t € (1, 7). (2.26)
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In other words, the second order distributional derivative i, in the space V' coincides a.e.
on (1,T) with the function t — TL 4 (t).

In the proof of Proposition 2.13 we shall use the following result on increasing sequences
of subspaces of separable Hilbert spaces proved in [6, Lemma 2.3].

Lemma 2.14. Let (V3)epo,1) be an increasing family of closed linear subspaces of a separable
Hilbert space V. Then, there exists a countable set S C [0,T] such that for all t € [0,T)\ S,
we have

V.= J Ve (2.27)

s<t

Proof of Proposition 2.13. Let D C (0,T) be a countable dense set. For every 7 € D we
consider w, and i, as in Definition 2.11. By Remark 2.12 there exists a negligible set N,
in (7,T) such that (2.19) and (2.20) hold for every s,t € (7,7) \ N, with s < ¢. Since D is
countable, there exists a negligible set N in (0,7) such that (2.19) holds, with N, replaced

by N, for every ¢t € (0,7)\ N and every 7 € D, with 0 <7 < t.
By (2.17) and (2.18), there exists a set E of full measure in (0,7") such that
ENN=0 (2.28)
every t € E is a Lebesgue point of 7, (2.29)
every t € E satisfies (2.27), (2.30)
lir()|r <n(t) <+oc forTeDandte EN(r,T), (2.31)
U (t) = Hyriir(t) foro,7 € Dwitho <7andte EN(r,T). (2.32)

Let us fix t € E. By (2.27) and by the density of D we have
vi= U (2.33)
T<t,T€ED

Therefore, for every v € V; there exists an increasing sequence 7, — t, with 7, € D, and
a sequence v converging to v strongly in V;, with v, € V,, for every k. We now define
ii(t) € Vi as the linear function from V; into R given by

(i(t), v)y == klim (s, (t),vE)s, foreveryveV;. (2.34)
—00
We have to show that the limit exists, that it does not depend on the approximating
sequences Tk, Uk, and that it defines a continuous linear function on V;. As for the existence
of the limit, we show that (i, (t),vx)r, satisfies the Cauchy condition. Indeed, if k& > h we
have, by (2.31) and (2.32),
‘<7.‘.L7'k (t)’vk>7'k - <il7h(t)7vh>7h,| = |<ﬁ’7'k (t)7vk>7'lc - <HTthuTk(t)vvh>Th|
= (iir, (1), vk — vn)r | < 0(E)|lvk — wnlle -

A similar argument proves that the limit does not depend on the approximating sequences
Tk, Uk . This implies the linearity of the limit with respect to v. By (2.31) it follows that

[((t), v)el < m(@)lolle, (2.35)

which gives (t) € V;* and proves the inequality (2.25).
If v € V; for some 7 € D with 7 <t we can take vy = v in (2.34) for every k such that
7 < 7. By (2.32) this implies that

(liry (), V)7 = (Wi lir, (), 0) 7 = (iir (1), 0)~,
hence (2.34) yields
(U(t),v)e = (s (t),v), forte D, 7<t, andveV;, (2.36)

which gives
I ii(t) = i, (t) forTe D, 7<t. (2.37)
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Together with (2.19) this implies that

a(t+ k) — a(t)

hool e - =1II,4i(t) strongly in V¥ for every 7 € D, 7 <t. (2.38)

By the density of D, for o € (0,t) there exists 7 € D with ¢ < 7 < t. By applying Il
to both sides of (2.38) we obtain (2.24) (written with 7 replaced by o), thanks to (2.2)
and (2.3).

Let us now prove (2.23). By (2.33) for every ¢ > 0 and for every v € V; there exist
7€ D, with 7 <t¢,and w € V,, with |[v —wl||; <e. Let us fix h >0, with t + h € E. By
(2.1) we have

‘<u(t + h})L —a(t) i(t),0),| < ‘<u(t + h})L —ut) it), w),
—i—‘(w,v—w)‘—i—‘@(ﬂ,v—w% . (2.39)
By (2.1), (2.19), and (2.36) we have
h—>0,1E1|-hGE <w — (), w>t
= }Ho’hgheE <w — i (t),w)_=0. (2.40)

Since t € E and t + h € E, for every 7 € D, with 7 < ¢, by (2.20) and (2.28) we have
t+h

w(t+h) —a(t) = /t iir(s)ds.

By (2.17) this gives

t+h
Mu+m—mmms[ n(s)ds

hence
t+h
(a(t+h) —a(t),z) < ||z||T/ n(s)ds for every z € V,.
¢
Using (2.30) we obtain
t+h
(a(t+h) —a(t),z) < ||z||t/ n(s)ds for every z € V;.
¢

Since [[v —w||; < €, we obtain

i —a t+h
’(M,v - w)’ < %/t n(s)ds (2.41)
and, by (2.35),
ii(t), v — )] < en(t). (2.42)
By (2.29), (2.39), (2.40), (2.41), and (2.42) we have
. w(t+h) —a(t) .
oy (SR8 i, | <2600

By (2.31), taking the limit as ¢ — 0+ we obtain

a(t + h) — alt)

- —ii(t),v),| =0,

im ¢
h—0, t+heE

which proves (2.23).
Let o € [0,T]. By (2.37), for every 7 € D with 0 <7 < T we have

I i(t) = i, (t) forae. te(r,T).
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Applying TI,, to both sides of this equality, by (2.3) and (2.18) we obtain
I,i(t) = iy (t) for ae. t e (r,T),
which, by the density of D, gives
M, ii(t) = iy (t) for a.e. t € (0,T),
thus proving (2.26). O
Having defined (t) as an element of V;* for a.e. t € (0,7, we can interpret (2.10) as

an equality in V;* to be satisfied for a.e. t € (0,7). This leads to the following definition
which extends to W, the notion introduced in [6].

Definition 2.15. A function u is a strong-weak solution of the wave equation (2.10) on
the time interval [0,7] if u € W), for some n € L?(0,T) and for a.e. t € [0, 7]

(i(t),v): + a(u(t),v) = (f(t),v) for every v € V4, (2.43)
where for a.e. t € (0,T) the pointwise value of i(t) is defined in Proposition 2.13.

In [6, Definition 4.1] the same notion of solution is considered assuming that the a priori
bounds on [Ju(t)|l¢, ||@(?)||, and ||i(¢)||; are uniform with respect to ¢. Weaker a priori
bounds were considered in [14].

In the rest of this section we shall prove that the notions of weak solution and strong-weak
solution coincide.

Theorem 2.16. FEvery strong-weak solution according to Definition 2.15 is a weak solution
according to Definition 2.7.

Proof. Let u be a strong-weak solution of the wave equation (2.10). Since u € V, we only
have to check that (2.11) is satisfied. Let us fix ¢ € V with ¢(0) = ¢(T) = 0. We extend
¢ by setting ¢(t) = 0 for t < 0. Let € > 0 and let ¢, : [0,7] — Vr be defined by
¢e(t) = p(t —€). Then p. € V by (H2),

we(t) € Vi_e for a.e. t € [¢,T], (2.44)
and @.(t) =0 for t € [0,¢].
Let us prove that
t— (u(t), pc(t)) is absolutely continuous on [0, 77, (2.45)
4 (@), pe(t)) = (a(t), @=(1)) + (i(t), e ())e  for ae. t €[0,T], (2.46)

where the pointwise value of () is defined in Proposition 2.13.

First of all note that it is enough to prove that for every s € [0,T — ]| properties (2.45)
and (2.46) hold with [0,T] replaced by [s,s + €]. By (2.44) we have ¢.(t) € V;—. C V; for
a.e. t € [s,s+¢] and, by the definition of Iy, we have also (i(t), < (¢)): = (I 1i(t), pe(t))s
for a.e. t € [s,s + ¢]. Therefore the restriction ¢.|(s s1c) belongs to L?((s,s +¢); V;) and
its distributional derivative belongs to L?((s,s +¢); H).

Let v := u(s s1e). Then its distributional derivative © belongs to L*((s,s +¢); H), by
(2.16) in Definition 2.11 its second order distributional derivative # belongs to L?((s,s +
€); V), and by (2.26) in Proposition 2.13 it satisfies () = Il i(t) for a.e. ¢t € (s,5+¢€),
hence (4(t), pe(t))s = (i(t), pe(t)): for ae. t € (s,s+¢). By Lemma 5.1, with ¢ = © and
© = @, we have that

t— (0(t),pe(t)) is absolutely continuous on [s, s + €],
L(0(t), - (1)) = (6(0), $2(0) + (B(8), po(8))s  for ave. ¢ € [s,5+¢].
Since s € [0,T — €] is arbitrary, we obtain (2.45) and (2.46).
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By the continuity of translations in L? we have ¢. — ¢ in L2((0,7); Vr) and ¢. — ¢
in L?((0,T); H). Therefore, since u € L?((0,T); H), we obtain

(@(-), 0=(-) = (a(-), () in L'((0,T)), (2.47)
(@(-), @=(-) = (a(-), () in L'((0,1)). (2.48)

Let us prove that
ts (i(t), pe(t))y  converges to t s (ii(t), p(t))y in L*((0,T)). (2.49)

Since p. — ¢ in L?((0,T); Vr), for every sequence converging to zero there exists a subse-
quence €; — 0 such that

@e,; (t) = o(t) strongly in V3 for a.e. t € (0,T).
Since ¢, (t),o(t) € V; for a.e. t € (0,T) and V; is a subspace of Vr, we have that
@e, (t) = o(t) strongly in V; for a.e. t € (0,7).
This implies that
(t(t), e, (t))e — (i(t), p(t))r forae.te (0,T).
On the other hand, since u € W;,, by (2.25) in Proposition 2.13 we have
ii(8), e, ()] < (D)=, D)l for ae. t € (0,T).

Since ¢. — ¢ in L2((0,T); V), our claim (2.49) follows from the Generalized Dominated
Convergence Theorem and from the arbitrariness of the sequence converging to zero.

By (2.45)-(2.49) we obtain that the function ¢ — (1(t), ¢(t)) belongs to W1(0,T) and
satisfies

L ie) o0)) = (a(0), $(0)) + (1), p(1))e for ae. 1€ [0,7].
)

Since ¢ %('(t) o(t)) and t — (u(t),9(t)) belong to L'((0,T)) we deduce also that
t — (ii(t), p(t)); belongs to L1((0,T)). As ¢(0) = »(T) = 0 we obtain

T T
|t eonar =~ [ (a0, s0)ar. (250)
0 0
Since by (2.43) we have (ii(t), o(t)): + a(u(t),¢(t)) = (f(t), ¢(t)) for a.e. t € [0,T], inte-
grating from 0 to T and using (2.50) we obtain (2.11). O

We now complete the proof of the equivalence of the two definitions.

Theorem 2.17. FEvery weak solution according to Definition 2.7 is a strong-weak solution
according to Definition 2.15.

Proof. Let u be a weak solution of the wave equation (2.10). We have to show that v € W,
for some n € L%((0,T)) and that (2.43) holds. To this end, let us fix 7 € [0,7), v € V,, and
v € CH((7,T)). Then the function t — ((t) := 1(t)v belongs to V and ¢(0) = ¢(T) = 0.
Using this function in (2.11) we obtain

T ' T T
- / (alt), o) (t)d + / a(u(t), o) (t)dt = / F.0p@de. (251)

For every t € [1,T) let AL : V; — V* be the continuous linear operator defined by (2.6).
Since u € L?((0,T); Vr), it follows that ¢ — Alwu(t) from (0,7) into V;* is weakly measur-
able. Since V* is separable, by (2.7) we have that ¢ — Alu(t) belongs to L2((0,7);V.*).
Hence, by (2.51) we have

(/TTu() dtv - /At dtv /f dtv)
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where the first and the third integrals are Bochner integrals in H, while the second one is
a Bochner integral in V*. Since this equality holds for every v € V; we deduce that

T T T
/ Aty ()dt = / Abu(typ(t)dt — / ().

Let u, be the restriction of u to (7,7 as in Definition 2.11. The previous equality shows
that u, € H?((7,T); V) and ii,(t) = —Atu(t) + f(t) for a.e. t € (7,T), which gives

(- (t),v)r +a(u(t),v) = (f(t),v) for every v e V,. (2.52)
Moreover, (2.7) gives
liir ()12 < Mollu@llr + CIFON, for aue. t € (7,T), (2.53)

where C' is the norm of the continuous immersion of H into V. This shows that u € W,
with 7(t) := Mollu(t)||7 + C|| f{B)]]-

Let us fix a countable dense set D in (0,7). By (2.26) and (2.52) for every 7 € D and
for a.e. t € (1,T) we obtain

(TL4ii(t), v)r 4+ a(u(t),v) = (f(t),v) for every v e V,.
By the definition of II,; this implies that for a.e. ¢ € (7,T) we have
(i), v)e + a(u(t),v) = (f(t),v) for every v e V,. (2.54)
By the countability of D, there exists a set E of full measure in (0,7") such that (2.54)

holds for every t € E' and for every 7 € D with 0 <71 <.
By the density of D and Lemma 2.14 we may assume that for every ¢ € E we have

V, = U V. (2.55)
T<t,TED
Let us fix t € E and v € V;. By (2.55) there exists an increasing sequence 7 in D
converging to ¢ and a sequence v converging to v strongly in V; such that v, € V;, for
every k. By (2.54) we have

(U(t), vi)e + a(u(t),vk) = (f(t),vg) for every k. (2.56)
Passing to the limit in k& we obtain (2.43). O

We conclude this section with a result that will be used to prove the existence of a weak
solution to (2.10) satisfying some continuity conditions. For every Banach space X let
Cw([0,T]; X) be the space of all functions w: [0,7] — X that are continuous for the weak
topology of X . By the Banach-Steinhaus Theorem we have C,,([0,T]; X) C L>=([0,T]; X).

Proposition 2.18. Let u € W, for some n € L*((0,T)). Assume that u € L>((0,T); Vr)
and uw € L*®((0,T);H). Then, after a modification on a set of measure zero, we have
u € Cyp([0,T); V)N C([0,T); H) and @ € C,([0,T]; H) N C([0,T); Vy) .

Proof. We prove only that @ € C,([0,T]; H) N C([0,T]; V). By Remark 2.12 and by the
assumption @ € L*°((0,T); H) there exist a set N C [0,T] of measure zero and a constant
C > 0 such that for every s,t € [0,T]\ N with s <t we have

\Iﬂ(t)*ﬂ(S)IISS/ n(r)drand a(t)]| < C. (2.57)

Clearly the restriction of 4 to [0,T]\ N is strongly continuous in Vg . Let us prove that it is
also weakly continuous in H . Let t,, be a sequence in [0,T]\ N converging to ¢ € [0,T]\ N.
By (2.57) the sequence (t,) is bounded in H, so a subsequence converges weakly in H .
Since, by (2.57), u(t,) converges to u(t) strongly in V', we deduce that a(t,) converges
to u(t) weakly in H.

We now redefine 4 on N in such a way that @ is weakly continuous in H and strongly
continuous in Vj*. Let us fix s € N and a sequence s, € [0,T]\ N converging to s.
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By the first inequality in (2.57) u(s,) is a Cauchy sequence in V', hence it converges
to some v* strongly in Vj*. By the second inequality in (2.57) the sequence u(s,) is
bounded in H, so a subsequence converges weakly in H. Therefore v* € H and the whole
sequence U(s,) converges to v* weakly in H. We define u(s) = v*. A similar argument
shows that u(s) does not depend on the sequence s, and that the function @ belongs to
Cuw([0,T]; H) N C([0, T Vi) - O

3. EXISTENCE

In this section we prove the existence of a weak solution to (2.10) according to Defini-
tion 2.7. The solution we construct also satisfies additional regularity properties and the
energy inequality.

Theorem 3.1. Given u(®) € Vy and uV) € H, there exists a weak solution u to (2.10) on
[0,T] satisfying the initial conditions u(0) = u®) and @(0) = vV, in the sense that

1" .
%% /0 (flu(t) = u@[F + lla(t) = uD))dt = 0, (3.1)

and such that
u€ Cu([0, T);Vr)NC([0,T); H) and u€ Cy,([0,T); H)NC([0,T);Vy). (3.2)

Proof. The proof is based on a time-discretization procedure and follows closely the proof of
[6, Lemma 3.3], with some simplifications due to the fact that we do not need any estimate
on .

Step 1. Construction of the discrete-time approximants. Given n € N, we set 7, := T/n

and ti :=i7,, with i = —1,...,n. For i = 1,...,n we set
] [t
o= — [ . (3.3)
Tn Je!
We define u?, for i = —1,...,n inductively. First,
u;t o= u® — 7w and Wb = w0 (3.4)
then, for i = 1,...,n, u! is a minimizer in Vii of the functional
1w — =t =t — 2> 1 )
U = n_ n + —a(u,u) — (f!,u). 3.5
;| Ja(,w) — (fiu) (35)
Using the coerciveness of a (see (2.5)), it is easy to see that, if 7,, < /\81/2, then the

functional in (3.5) is convex and bounded from below by % |ul|7. — C, for a suitable
constant C? > 0. The existence of a minimizer then follows from the lower semicontinuity
of the functional with respect to the strong (and hence to the weak) convergence in Vii .

To simplify the exposition, for ¢ = 0,...,n we define
4 W — i1
vy, = ——" (3.6)
Tn

Step 2. Discrete energy estimates. The Euler equation for (3.5) gives
i i—1

(=8 ¢) b afu ) = (£3.Q) for every € € Vi )

Tn

Taking ¢ = u!, — ul! in (3.7) we obtain

lonll® = (vn v + alup, u,) — aup, u™) = (f,u, — ).

n’vn n’ n n’
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Since a(u,u) — a(u,v) = 3a(u,u) + 3a(u —v,u —v) — 2a(v,v), and a similar equality holds

for (-,-), we deduce that
gl + llo, = v HIP + alug,, uy) + aluy, —up ™t ug, — )
= Jlon 1P+ aluy L un )+ 2(f0 un — ).

Summing from ¢ =1 to some j and using (3.4), we get

J J
A1+ > Mo, = o M I1P + alug, ) + Y aluy, Sy, = Uy )
i i=1
J
:||U(1)||2—|—a( (0) u(o +22 i }1— )'
i=1

Hence (2.5) implies that
J
[ 1% + a(ud,, uf,) — Ao, Z o1 < a2 + au®@,u) + 27, (Frvh) . (38)
i=1 i=1

Step 3. Interpolating functions. We now define u,, as the piecewise affine function which

satisfies u,(t}) = u! for i = —1,...,n and is affine on each interval [t ! t!] for i =
0,...,n. Therefore

U (t) = ulm b (¢t — 5l for ¢t € [t E], (3.9)

Un(t) = v', fort e (ti 1 th). (3.10)

Note that for every ¢ € [ti-1, 1], with i = 1,...,n, we have u,(t — 7,) € Vii-x C Vi. This
implies that
Un(- —Tn) EV. (3.11)

Moreover we consider the piecewise constant function , defined for ¢ € (ti-1 #!] and
i=0,...,n by
Un (1) = uy, = un(t;,). (3.12)
Rewriting (3.8) using these definitions and the Cauchy Inequality, for every ¢ € (271, ¢))
we get

‘
i ()2 + i (0. () = Ao [ i (9]
td th
< O + 0@ @) + [Pt [P, (613
0 0

Since for ¢ € (tJ71,#1) we have i, (t) = ul, = u(® + f Uy (s)ds we obtain that for every
e>0

“FE . t{z
i (O < 1+ N2 + 2544 [ i ()]s,
which together with (3.13) gives
[in (O + al@n (t), n () + Aol @ (t)|*

), ,
< [P + a(u®, u®) +>\o(1+€)|\u(°)H2+/ ||f(8)||2ds+05/ lin(s)]*ds , (3.14)
0 0

where C. = A\gT22 + 1, and by (2.5) we have

th
lin (O + vollan ()7 < Be + CE/O [in (s)*ds , (3.15)
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where B. = |[u™]]? 4+ a(u®,u®) + Xo(1 + &)||u'® > + fOT | £(s)||2ds. Since t > w,(t) is
constant on (t271,¢), we obtain

t
[t ()[|* + voll@n (B)]IF < Be + Cs/o [t ()] ds + Cerp||tin (8) ]| (3.16)
If Cer, < 1/2 we obtain

1,. . b
§Ilun(t)||2 + vol|in (8)17 < Be + Ca/o [[n (5)[|*ds . (3.17)

By the Gronwall Inequality it follows that
tn (t) is bounded in H uniformly in ¢ and n, (3.18)
which, together with the fact that u, (0) = «(?), implies that
up(t) and 4y, (t) are bounded in H uniformly in ¢ and n. (3.19)
By (3.17) we also have that
un(t) and 4, (t) are bounded in Vr uniformly in ¢ and n. (3.20)
Step 4. Convergence of the interpolating functions. From (3.11) and from the uniform

bounds (3.18)-(3.20) it follows that the sequence w, (- — 7,,) is bounded in V, hence, there
exist a subsequence, not relabelled, and a function

uey (3.21)
such that
Up(- — ) —u  weakly in V. (3.22)
Let us prove that
i, —u weakly in L?((0,T); H) . (3.23)
We begin by observing that for every t € [t 1, t1] we have
t,
i (8) — tn(t — ) = n(£L) — n(t — ) = / in(3)ds (3.24)
t—Tn
hence by the Holder Inequality we have
Han(t) — U (t — Tn)” < (2Tn)1/2”un||L2((0,T);H) . (3'25)
Therefore by (3.18) we obtain that
Up — Up(- — ) = 0 strongly in L>°((0,7); H), (3.26)
which together with (3.22) implies (3.23). Similarly we can prove that
u, —u weakly in L?((0,T); H) . (3.27)

By (3.20) a subsequence of @, converges to some % weakly in L?((0,7); V). Since the
embedding of Vr in H is continuous, from (3.23) it follows that @ = u, hence

il,, —u weakly in L*((0,T); V). (3.28)

By (3.18) it follows that a subsequence of 1, converges to some u* weakly in L?((0,T); H).
Using (3.27) it is easy to see that u* = @, hence

i, — 4 weakly in L*((0,T); H) . (3.29)
Moreover, from (3.18), (3.20), (3.28), and (3.29) it follows that
we L*((0,T);Vp) and ue L*((0,7);H). (3.30)

Step 5. The limit function u satisfies the equation. To prove that u satisfies (2.11) it is
enough to consider ¢ € C°((0,T); Vr) with ¢(t) € V; for every t € (0,T), see Remark 2.9.
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For i =1,...,n we take p(t!) as test-function in (3.7) and sum the corresponding equalities
obtaining that
LN vi 1 L )
> (el +Z (b 0(81)) = D (Fa p(E) (3.31)
i=1 " i=1
Since ¢ has compact support we can use the discrete version of the integration by parts in
the first sum to obtain

n—1 . iy i1 n . ) n ) ]
S (o, D) S o) = () 632)

for n large enough.
Let now ¢, and @, be the functions defined for t € (¢t{-1,#] and i =1,...,n by
tz 1)<p(t ) @(ty 1)
Tn

@n(t) = 90(t;_1) + (t and Sz)n(t) = @(t;) :

Then a(ul,, o(t})) = a(tn,(t), gn(t)) for every t € (ti71,¢!]. Hence

n T
> afup(th)) = = [ ain(0). G0t

and
n

T
S (et = / (1), Gn(8))dt.

i=1
As 1, (t) = vl and ¢y, (1) = = (p(th) — p(ti1)) for every ¢ € (t71,th), we have

n

. +) — t2+1 ) )
(,U;HQO( n) c)O(n )) :*(un(t)ﬂpn(t“i’Tn))
Tn
for every t € (t{71,t%), so that

n—1

) i\ i+1 T—1n
Z (viww) = 7%/0 (an(t)a¢n(t+7—n))dt'

n

=1
Therefore, by (3.32) we obtain that

_/0 o (un(t),¢n(t+7'n))dt+/0 a(vln(t%@n(lt))dt=/0 (f()@n(®)dt.  (3.33)

Since ¢, — ¢ strongly in H*((0,T); Vr) and ¢, — ¢ strongly in L?((0,T); Vr) we ob-
tain (2.11).

By Theorem 2.17 we have u € W, for some n € L?((0,T)). Hence Proposition 2.18 and
(3.30) imply (3.2).
Step 6. Initial conditions. It remains to prove (3.1). To this aim it is enough to show that
there exists a set N of measure zero in [0, 7] such that

a(ty) = uM  strongly in H, (3.34)
u(ty) — ul® strongly in Vp (3.35)

for every sequence t;, € (0,7') \ N converging to 0.
To prove these properties we first claim that there exist a set Ny of measure zero in [0, 7T
and a positive constant M; such that

la(t) — ulDfs < Myt (3.36)

for every ¢t € [0,T]\ N1 (we recall that ||-||§ is the norm in Vj* dual to the norm of Vp). To
prove this estimate we use (3.7) and the fact that, by (3.20), |Jul|lr is bounded uniformly

nll
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with respect to n and 7. This implies that there exists a positive constant C' such that for
every n and i

(1, — 5.0) < Onallclo + Crallfi Il for every ¢ € Vo. (337
Hence for every i we have
Iof il < O [ 176 )lds. (3.39)
Iterating we obtain
Ioh ol < i+ [ sl (339

Taking into account (3.10) and the fact that v0 = u) | for a.e. t € (0,T) we get

t+1
i (£) — u D[ < Ot + ) + C / 1£(s)ds. (3.40)

where we set f(s) =0 for s > T. Integrating with respect to t on (a, 8) C [0,T] we obtain

/j it (£) — u D |[2dt < /j (Ctt+m)+ C/Otw 1£(s)l1ds)dt . (3.41)

Since 1, — 4 weakly in L?((0,T); H) we have also i, — @ weakly in L?((0,T); Vy). There-
fore, by lower semicontinuity, from (3.41) we obtain

/j i) — w3t < /f (ct+ c/ot 17(s) ) e (3.42)

By the arbitrariness of a and S it follows that there exists a set N7 of measure zero in
[0,T] such that for every t € [0,T] \ Ny

t
la(t) — w5 < Ot + C/ 1£(s)llds < Ct + Ct 2| fl L2 (0,7y5m): (3.43)
0

which gives (3.36).
By (3.18) we get that there exists a constant Ms such that ||, (t)]] < My for a.e.
t € (0,T) and every n, hence

[un () — u@|| < Mot for every t € [0,7T].

Arguing as in the proof of (3.43), from (3.27) we obtain that there exists a set Ny of measure
zero in [0,T] such that

u(t) — u || < Myt for every t € [0,T]\ Na. (3.44)

Starting from (3.14), we now prove that there exists a set N3 of measure zero in [0, 7
such that

la®)l* + alu(t), ult)) + Xollu(t)[|?

¢
< M+ a(u®, @)+ Mo (1 4 ) Ju? || + / | £(s)||2ds + C-M3t, (3.45)

0

for every ¢ € [0,T]\ N3. We first observe that for every («, ) C (0,7) the functional
B
¢ [ (ale(o): )+ xalloto)1)ae
«

is continuous on L2((0,T); Vr) thanks to (2.4). Since it is convex by (2.5), it is also lower
semicontinuous in the weak topology of L?((0,T); Vr). Since 1,, — 1 weakly in L2((0,T); H)

and i, — u weakly in L%((0,T); Vr), we can apply to (3.14) the arguments used in the proof
of (3.43) and we obtain (3.45).
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Let now N = N3 U Ny U N3. Given a sequence t; — 0 with t; € [0,T]\ N, by (3.45) we
obtain

la(t)lI? + alulte), u(t)) + Aollu(te)|”

tr
< a1 + a(@@,ul) + Ao (1 + &) @) + / 1f()][?ds + C-M3t),.  (3.46)
0

By (3.18) a subsequence of u(ty) converges weakly in H. By (3.36) it follows that «(tx)
converges to u") strongly in Vs and weakly in H. By (3.30) we have that a subsequence
of u(ty) converges weakly in V. By (3.44) it follows that u(t) converges to u(®) strongly
in H and weakly in Vp.

On the space H x Vp we consider the norm defined by

(h,v) = (]I + a(v,v) + Xo||v]|?)1/? for every (h,v) € H x Vp,

which is equivalent to the product norm by the properties of a (see (2.4) and (2.5)). Using
the lower semicontinuity of the norm and (3.46), by the arbitrariness of £ we obtain

Fat)|* + alu(t), ultn) + Aollult)|* = a1 + a(@®,u®) + Ao [[u|?,
which implies (3.34) and (3.35) and concludes the proof. O

Corollary 3.2. Assume that one of the following conditions is satisfied:

(a) a(u,u) >0 for every u € Vr;

(b) the embedding of Vi into H is compact.
Then for every u'®) € Vo and u™) € H there exists a weak solution u to (2.10) on [0,T]
which satisfies

(1) the initial conditions: u(0) = u®) and 4(0) = uV) in the sense of (3.1);
(2) the continuity conditions: u € Cy([0,T]; V) NC([0,T]; H) and u € C,([0,T]; H) N

C((0,T); Vi)
(3) the energy inequality:
L2 + Latu, u®) < Lja® ) + La@® u) + [ (F)ils)as  (347)
2 2 2 2 0

for every t € [0,T].

Proof. Let u,, Uy, and u be as in the proof of Theorem 3.1. Then u satisfies conditions
(1) and (2). To prove the energy inequality (3.47) we use (3.8) and we obtain

tn ()
lin (011 + alin(t), @ (t)) — AoTn/O i ()] ds
ta(t)
< [l + a(@®, ul) + 2/ (f(s),tn(s))ds (3.48)
0

where t,(t) =tJ for t € (tJ71,t).
If (a) holds, then for every (a, 8) C (0,7T) the functional

B
o / a(C(t), C(t))dt

is lower semicontinuous in the weak topology of L?((0,T);Vr). Therefore we can apply
to (3.48) the arguments used in the proof of (3.43) and thanks to (3.18), (3.28), and (3.29)
we obtain (3.47) for a.e. ¢ € (0,T). This inequality can be extended to every ¢ € [0,7] by
using (2) and the lower semicontinuity with respect to weak convergence of the terms in the
left-hand side of (3.47).
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If (b) holds, then by the Aubin-Lions Theorem (see [1, Theorem 5.1] and [11, Theorem
12.1], revisited in [13, Section 8, Corollary 4]) i, — u strongly in L?((0,7); H). Adding
Xol|tn (t)]|? to both sides of (3.48) we obtain

tn(t)
e (1% + @G (£), in (£)) + Aol @n ()] — /\oTn/O It (3)]|*ds
tn(t)
< Jut)? + au®, w) + Aol (£ + 2/ (f(5),in(s))ds
0

We now argue as in the proof of (3.45) and we obtain
a1 + alu(t), u(t)) + Aollu(®)]*
t
< JuD )P + a(u®, ul?) + Ao lu(®)||* + 2/ (f(s),u(s))ds .
0

for a.e. t € (0,7). This inequality can be extended to every t € [0,T] as in case (a) and
this concludes the proof of (3.47). O

4. UNIQUENESS

In this section we give some conditions on the family of spaces (V;);c[o,rj which ensure
the uniqueness of a weak solution to the Cauchy problem for the wave equation (2.10).
These conditions describe the regular dependence of the spaces V; on the parameter ¢t and
are expressed through the properties of some isomorphisms between V; and Vj and of their
time derivatives. More precisely, we assume that:

(U1) for every t € [0,T] there exists a continuous linear bijective operator Q;: V; — W
with continuous inverse R;: Vo — V;;

(U2) Qo and Ry are the identity map on Vj;

(U3) there exists a constant M; independent of ¢t such that

|Qeul|| < Mi||u|| for every u € V;  and ||Ryv|| < My||v|| for every v € Vy,  (4.1)
|Q:ullo < M ||u||s for every w € Vi and  ||Revl| < Myljv|o for every v € Vi . (4.2)

Since V; is dense in H for every t, (4.1) implies that @; and R; can be extended to
continuous linear operators from H into itself, still denoted by @Q; and R;.

The idea of the proof of uniqueness is to transfer a solution u(t) of the wave equation
(2.10) into the space V; by considering the function wug(t) := Qu(t). To study the equation
satisfied by ug we need to control the behaviour of the operators Q); and R; with respect
to t.

We begin with the properties of R;, which are simpler to state because the operators R;
are defined in a space independent of ¢. We assume that:

(U4) for every v € Vp the function ¢ — Ryv from [0,7] into H has a derivative, denoted
by Riv;
(U5) there exists n € (0,1) such that

||RtQtv||2 <1 - 77)Hv||? for every t € [0,T] and v € V;, (4.3)

where vy is the constant given in (2.5).

By (U4) the function ¢t — R;v is continuous from [0,7] into H. This property, together
with (4.2), implies that ¢ — Rv is weakly continuous from [0,7] into Vr. By (U4) and
(U5) R; is a continuous linear operator from V; into H and by the Mean Value Theorem
for every 0 < s <t < T and every v € Vj we have the estimate

|Rw — Ryw|| < vy/>(1 — ) /2 My |Jolfo(t — s). (4.4)
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As for @, a technical difficulty is due to the fact that its domain of definition depends
on t. By analogy with (4.4) we assume that:

(U6) there exists a constant My such that
Qv — Qsv|| < Ma||v]|s(t —s) for every 0 < s<t<T and every v € V; (4.5)

(U7) for every t € [0,T) and for every v € V; there exists an element of H, denoted by
Qv such that
Qt+nv — Qv o .
Jim === Qv strongly in H. (4.6)
By (4.5) for every s € [0,T) and for every v € V, the function ¢ — Qv is continuous from
[s, T] into H. This property, together with (4.2), implies that

t— Qv is weakly continuous from [s, T into Vj . (4.7)

By (4.5) we obviously have
[Qeoll < Ma ]l (4.8)

for every ¢ € [0,T) and for every v € V;. Hence Q; is a continuous linear operator from
V4 into H. We shall see in Lemma 4.5 below that properties (U6) and (U7) can be used to
obtain the differentiability of uo(t) = Q;u(t) with respect to ¢.

To formulate in an easier way the estimates leading to uniqueness it is convenient to
introduce for every t € [0,T] the bilinear maps

a(t): VoxVo — R defined by a(t)(u,v) := a(Rsu, Rv) (4.9)
B(t): VoxVy — R defined by B(t)(u,v) := (Ryu, Rw), (4.10)
Y(t): VoxH — R defined by v(t)(u,v) := (Ryu, Ryv). (4.11)
0(t): HxH — R defined by 0(¢)(u,v) := (Reu, Ryv) — (u,v) . (4.12)

By (2.4), (4.1), (4.2), and (4.3) there exists a constant Mz > 0 such that for every ¢ € [0, T
we have

|(t)(u, v)| < Msllullof|v]lo  for every u, v €V, (4.13)
|B(t)(u,v)| < Ms]|ullo||lv|lo  for every u, v € Vp, (4.14)
[y(t)(u, v)| < Ms|lullo|jv]] for every uw € Vy, v € H, (4.15)
[0(t)(u,v)| < Ms||u||||v|| for every u, v € H. (4.16)

We assume that there exists a constant M, such that
(U8) the functions t — «a(t)(u,v), t — B(t)(u,v), t — y(t)(u,v), and t — §(t)(u,v) are
Lipschitz continuous and for a.e. t € (0,T) their derivatives satisfy

|ce(t) (u,v)| < Myllullol|v]jo  for every u, v € V, (4.17)
1B(t)(u, 0)| < Mallullol[vllo  for every u, v € Vo, (4.18)
|5(#) (w, v)| < Myllu|loljv]| for every u € Vy and v € H | (4.19)
16(t) (u, v)| < Myl|ul|||v|| for every u, v e H . (4.20)
We now consider the simplest example where conditions (U1)-(U8) are satisfied.
Example 4.1. Let ¢: [0,7] — R be a C! function such that
0</(t)<1 foreveryte[0,T]. (4.21)
We set
Ty = {(21,0) : 2y < L(1)}, Vi=H'(R*\T,), H=L*R> (422)

for every ¢ € [0,T]. Then conditions (H1) and (H2) of Section 2 are satisfied.
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Let a: HY(R*\T'r) x HY(R*\ I'z) — R be defined by
a(u,v) = / Vu(z) - Vo(z)dz
R2\T'7

Then conditions (H3) and (H4) of Section 2 are satisfied with A\g = 9 = 1. For every
t€[0,T] let Q : HY(R2\T,) — H'(R2\Ty) and R, : H (R2\ T) — H'(R2\T}) be
defined by
(Quu)(y) = u(y +L()er)  and  (Rpu)(x) = u(z — £(t)er) .
It is easy to see that conditions (U1)-(U7) are satisfied and that for every ¢ € [0,T] we have
(Rww)(z) = £(t)Dyu(z — £(t)ey) for ae. z € R?.

This allows to write explicit formulas for the bilinear functions (4.9)-(4.12), which imply
that (U8) is a consequence of the Lipschitz continuity of £.

A more general situation is considered in the following example.

Example 4.2. Let Q be a bounded open set in R™, let M be a C? manifold of dimension
n—1in R™ with H" (M) < oo, and let (T'y);ep0,7] be a family of closed subsets of 2N M
such that I'y C Ty for 0 < s <t <T. To impose a regular dependence on time, we assume
that there exist two functions ®,¥: [0,T] x © — Q of class C*! such that the following
properties hold for every ¢ € [0,T]:

,-) and W¥(¢t,-) are diffeomorphisms from Q into ;

ot
(b) ®(0,7) = ¥(0,2) = x for every z € Q;
(c) W(t,-) is the inverse of ®(t,-) on ;
(d) ®(t,Ty)=T¢ and ¥(¢,T;) = To;
(e) det V®(t,z) > 0 for every x € Q, where V denotes the spatial gradient;
(f) |®(t,y)|> < 1 for every y € Q, where ® denotes the partial derivative of ® with

respect to t.

While conditions (a)-(e) are of qualitative nature, the quantitative condition (f) is related
with the speed of the relative boundary of T'; in M (see the previous example and [8], [3],

[4])-
For every t € [0,T] let V; = H*(Q\T;) and H = L%*(Q) as in Example 2.2. Let
a: HY(Q\T7)xHY(Q\T'7) — R be defined by

a(u,v) = /Q\FT Vu(z) - Vo(z)de .

Then conditions (H3) and (H4) of Section 2 are satisfied with A\g = 19 = 1. For every
t€[0,7] let Q: HY(Q\Ty) — HY(Q\T) and R, : HY(Q\ To) — H'(Q\T;) be defined
by

(Quu)(z) = u(®(t,x)) and (Riu)(z) = u(¥(t,x)) . (4.23)

It is easy to see that conditions (U1)-(U4), (U6), and (U7) are satisfied and that for every
t€1[0,7) and u € H'(Q\ T'y) we have

(Ryw)(z) = Vu(U(t,z)) - U(t,z) for ae ze€Q, (4.24)

hence we obtain

1R Qeul® < /Q\F Vu(z)]?|(t, U (t, 2))| d, (4.25)
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so that (U5) follows from assumption (f). To show that (U8) holds we observe that, after a
change of variables, we can write the bilinear forms a, 5,7, and § as

a(t)(u,v) = o %:aij (t,x)Dju(x)Djv(z)dx for u,v € H(Q\Ty)
B(t)(u,v) = o Z b;;(t, z)Diju(z)Djv(x)dz for u,v € H*(Q\ T'p)

v(t) (u,v) = /Q\F Z ¢i(t,z)Diyu(x)v(x)dx for u € H'(Q\ Ty),v € L*(Q)

9

5(t)(u,v) = /Q\F d(t, x)u(x)v(z)dz for u,v € L*(Q),

for suitable functions a;;, b;;, ¢;, and d which are continuous on [0,T]xQ and Lipschitz
continuous in t uniformly with respect to . By taking the derivatives with respect to ¢ we
obtain that (4.17)-(4.20) are satisfied.

We are now in a position to state the main result of this section.

Theorem 4.3. Assume (U1)-(US). Given u® € Vo, vV € H, and f € L*((0,T); H),
there exists a unique weak solution u to the wave equation (2.10) on [0,T] satisfying the
initial conditions u(0) = u®) and w(0) = uV) in the sense that

1 h
im — — 292 A1) — (D2 -
hlg(r)l+ h/o (||u(t) ™ ||° + |la(t) —ut| )dt 0. (4.26)
Remark 4.4. By Theorem 3.1 the unique solution satisfies the initial conditions in the
stronger sense

1 h
i 5 [ () = a1+ ) - u V) =o.

To prove the theorem we need the following lemma.
Lemma 4.5. Assume (U1)-(U3), (U6), and (U7). Let uw €V and for every t € [0,T] let
uo(t) := Qru(t). Then the following properties hold:

(a) uo € L*((0,7); Vo)
(b) wug is absolutely continuous from [0,T) into H ;
(¢) 1 € L2((0,T); H) and 1o(t) = Quu(t) + Quu(t) for a.e. t € (0,T).

Proof. We begin by proving that wug: [0,7] — V4 is weakly measurable. Given n € N, we

set 7, :=T/n and s} :=i7,, with i =0,...,n. For i = 1,...,n we define
i Lo
Un = u(t)dt (4.27)
and we set up = 0. Let u,: [0,7] — Vr be the step function defined by w,(t) = uj, " for
t e [si-tst) and i = 1,...,n. Then u,(t) € V; for every t € [0,7]. Since u, — u in

L2((0,T); Vr), a subsequence of u,, not relabelled, satisfies u,(t) — u(t) in Vp for a.e.

t €10,T]. For every n the function ¢t — Quu,(t) from [0,7] into V; is weakly measurable

by (4.7). Since Qiun,(t) = Q:u(t) = ug(t) for a.e. t € [0,T], we deduce that ug: [0,T] = Vj

is weakly measurable. Since V; is separable, ug is measurable, so that (4.2) implies (a).
To prove (b) it is enough to show that for every 0 < s < ¢ <T we have

luo(t) — uo(s)| < My / li(r) dr + Mo / lu(r)lzdr (4.28)
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To this end we fix a sequence of partitions (t}) with s =t < ¢t} < ... < t§f = ¢ with
max(ti — ¢4 ') — 0 such that

ZIIU(fZ_l)IIT(tZ*tZ_l) %/ [u(T)l[rdr (4.29)

The existence of such a sequence of partitions is a consequence of the approximability of the
Lebesgue integral by suitable Riemann sums (see Lemma 5.2 with X =R, f = ||ul|r, and
g=1). We have

k
luo(t) — uo(s)|| = [[Quu(t) — Qsuls)| < Z 1Q u(th,) = Qui-1ulty ™)l

<Z||th (th) — ulty™) H+Z||Qﬁ (ti") = Qu-ru(ty ™)

k k
<> Millulty) = ulti I+ Mz Y [lulty et =671,
i=1 i=1

where the last inequality follows from (4.1) and (4.5). Hence

luot) — wo(s )H<M1/ i(dr + M 3 (Dt — 1)

=1

Passing to the limit for & — oo and using (4.29) we obtain (4.28).
To prove (c) we start by the equality
up(t+h) —uo(t)  Quynu(t +h) — Quu(t)
h h
u(t+h) —u(t . . u(t) — Qrult
= Qt+h(% — u(t)) + Qurntu(t) + Qesnul )h Qrult) .

For a.e. t € (0,T) the first term tends to 0 in H thanks to (4.1), while the last term tends
to Quu(t) for every ¢t € [0,T) as h — 0+. It remains to show that

Jim [Queni(t) — Qui(®)] = 0. (4.30)

To this aim, using the density of V; in H, for every ¢ > 0 we find v. € V; such that
|[ve — @(t)]] < . Then we have

[Qesnti(t) — Qrir(t) || = 1Qeqn (@(t) — ve) | + |Qesnve — Qrvell + Qe (ve — (D))l
S ||Qt+hve - Qtvs” + 2M1€

where the inequality follows from the choice of v. and (4.1). Passing to the limit as h — 0+,
by (4.5) we get

limsup [|Q¢1nu(t) — Qea(t)|| < 2Mie.
h—0+
By the arbitrariness of ¢ we obtain (4.30). O

Proof of Theorem 4.3. By linearity it is sufficient to prove the uniqueness in the case f =0,
u® =0, and ™™ = 0. Let u € V C C([0,T]; H) be a weak solution of the wave equation
(2.10) in this case. Suppose by contradiction that there exists t € [0,T] such that u(t) #0
and let
to :=inf{t € [0,T] : u(t) # 0}. (4.31)
Then 0 <ty <T.
Let ug(t) := Quu(t
L2((0,T); H). Since u(

w(t) = Ryuo(t) + Rytig(t) for ae. t € (0,T). (4.32)

). By Lemma 4.5 we have that ug € L2((0,T);Vp) and gy €
t) = Ryup(t), arguing as in Lemma 4.5 we can prove that
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We fix t; € (to,T] and choose

solt) = {/t up(s)ds 0<t<ty, (4.33)

0 th <t<T.

It is clear that ¢o € C([0,7]; Vo), ¢o € L*((0,T); Vo), and $o € L*((0,T); H). Moreover,
we have

, —up(t) 0<t<ty ; —lo(t) 0<t<ty
t) = d t) = 4.34
$o(t) {0 t<t<T an Gol(t) 0 t<t<T. ( )
By the definition of ty and wuy and (4.34) it follows that
uo(t) = @o(t) = @(t) =0 for a.e. t € (0,1p) - (4.35)

For every t € [0,T] let o(t) := Ripo(t). Arguing as in Lemma 4.5 we can prove that
o € L*((0,T); Vr), that ¢: [0,T] — H is absolutely continuous, and that

@(t) = Rypo(t) + Rigo(t) for ae. t € (0,T), (4.36)

hence ¢ € L?((0,T); H). By the properties of R; we also have o(t) € V; for every t € [0,T].
Therefore ¢ € V.

Since ¢(T') =0, in view of (4.26) and Remark 2.10 we can use ¢ as test function in the
wave equation (2.10) satisfied by w. By (4.32) and (4.36) this leads to the equality

T . . T
/O (Buuo(t) + Rutio(t), Repo(t) + Rugpo(t))dt = /O a(Rtio(1), Rucpo (1)),

which by (4.9)-(4.12), (4.33)-(4.35) gives

/t o(t) (po(t), golt))dt —

ty t1

B()(o(t), wolt))dt — / () (o (), Go(t))dt

to to

- / (0 (polt), o)t — / (i (t), wo(t))dt — / 5(t) i (£), uo(t))dt = 0. (4.37)

From (U8), using (4.13)-(4.16) and the properties of ug and g, we obtain that the functions

t e Jluo®)?, ¢ = al®)(po(t),vo(t), t = B(t)(po(t), po(t)), t — Y(t)(¢o(t),o(t)), and
t— 0(t)(uo(t),uo(t)) are absolutely continuous on [tg,¢1] and that for a.e. t € (tg,t1)

2 S luo(b)” = (o), uo(t)

& (alt)po(t), 20(1))) = 36 (1) (po(t) o(t)) + lt) (Bo(t), 20(1)
& (B(0)olt), 0(11)) = 28O 0lt), 20(0)) + BO(o(t), 2ol),

t
= (100 206)) = H0) (0, 20(0) + 1o (2), p0(8)) + 1) 20(), Bo(t)
5 55 (300 (0), w0(6)) = S8(0)(uo(8), w0 ) + 5(6) (), o 1)

Hence, using the equalities ¢o(t1) =0, ¢o(to) = —uo(to) = 0, from (4.37) we obtain

300 utto) ¢o(to) + 5 [ (0(0(0). o)t — 5(0) ot o)

~3 | B0 o)t = [ 50600, 00+ Gt (438)

to

1

280 (uo(t), (1)) — / 5(6) (uo 1), wo(#))dt = 0.
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By (4.12) we have |lug(t1)||* + 8(t1)(uo(t1), uo(t1)) = || Re,uo(t1)||? = ||u(t1)||?, where in
the last equality we have used the definition of uy and (U1). Therefore, (4.34) and (4.38)
give

1 1 . 1
Sa(Ruypolte), Ruspolte)) = 51 Rigpo(to)ll* + 5 lu(t)]

<L [ st eotnar +

2 to t

B0 (polt), o))t (4.39)

ty

- [ a0yt + 5 [ S (o). u(o)i.

t t
By (2.5), (U3) and (42;) we have 0
a(Riyp0(t0), Rigpo(t0)) — | Reypo(to)[I* = vonl| Ree o (to) 17, — Aol Reo o (to) |1
> 1 lleoto)lE = oMo (to)]*
Hence by (4.17)-(4.20) from (4.39) we obtain

Ao M2

von 1 t
leo(to) I3 + (eI < 25 (el + 05 [ lieo(0)3a
(0]

202

t1 M2M ty
MM [ leo(®lollu(@llde + = [ fuge) P (4.40)
to to

We now want to apply the Gronwall Lemma in order to conclude that u = 0 on [tg, 1]
provided t; — tg is small enough. To this end it is convenient to introduce the function

Yo (t) ::/ ug(s)ds = / 1 uo(s)ds for t € [to,t1], (4.41)

to 0
so that
Yo(t) +¢o(t) = polto) = o(t1) for every t € [to, t1] .
By using the Cauchy Inequality from (4.40) we obtain

von 1 Ao M?

o () + 3t < 225 (o) P
t1 t1

4 [ o(t) — o(en) e+ © [ uto) e, (142
t() t()

where C' is a constant depending only on M; and My. By (4.1) and (4.41) we have

t1 t1
lo(t)]2 < (81 — to) / luo(8)|2dt < (b — to)M? / lu(t)|2dt,

therefore (4.42) gives

von 1 b
sutellda(t)[} + 5 lu(tn)I <26 [ ol0)de + 200 — ) wn(er)
i to

#o+ OO [ pear, (443

so that if t; —tg < Sgﬂ% we obtain

t1 2 t1
Vo1) 2, 1 2 2 AovonMi / 2
74M12||1/10(t1)||o + 2||Uo(1t1)|| < QC/tO o (®)llodt + (C + “Tec ) . [[u(®)[|dt.

Let ¢f := min{T,to + g&4s= } - Since this inequality holds for every 1 € [to, 5], we can apply
1
the Gronwall Lemma and deduce that ¢(¢t) = 0 and u(t) = 0 for every ¢ € [to,t5]. This

contradicts the definition of ¢; and concludes the proof. O
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5. APPENDIX

In this section we prove two technical results that were used in the paper. Let V' and H
be Hilbert spaces with V' C H and V dense in H. Let V* denote the dual of V' endowed
with the dual norm. As V C H and V is dense in H, we have also that H C V* and H is
dense in V*. The scalar product in H is denoted by (-,-) and the duality product between
V* and V is denoted by (-,-). It is obvious that

(u,v) = (u,v) Yue H, veV. (5.1)
The following lemma was crucial in the proof of Theorem 2.16.

Lemma 5.1. Let ¢ € L2((0,T); H) with ¥ € L2((0,T);V*) and ¢ € L2((0,T);V) with
¢ € L*((0,T); H). Let w: (0,T) — R be the function defined by

wlt) = (B(8), ¢(t)) for a.e. t € (0,T).
Then w € WH((0,T)) and

O(t) = (1), o(1)) + (), $(1))  for a.e. t € (0,T). (5.2)

We begin by proving the following lemma on the approximability of the Lebesgue integral
by Riemann sums. The oldest result in this direction is contained in [10]. Our statement is
similar to [5, Lemma 4.12].

Given a bounded closed interval [a, b], for every irrational s € (0,1) we consider the finite
set

Se(s):={a+(s+5)(b—a):i€Z}N(a,b). (5.3)
Since s is irrational, it is easy to see that Sk(s) has k — 1 elements. Let
th(s) < - <th7l(s) (5.4)

be an increasing enumeration of Si(s). We set

t2(s) :==a th(s):=b. (5.5)

Lemma 5.2. Let [a,b] be a bounded closed interval, let (X,]|| -||) be a Banach space with
dual (X*,] - |l+), let f:[a,b] = X, g: [a,b] = X* be Bochner measurable functions such
that ||f||* and |g||? are integrable, and let N C (a,b) be a set of measure zero. Then for
a.e. s € (0,1) the subdivisions given by (5.3)-(5.5) satisfy

ti(s) ¢ N for everyi and k, (5.6)
and
th.(s)
lim _Z / ., 0 FE7 @) = rone =0, (5.7)
k(s) .
lim. g [ Vot stige)) = spiae =0, 6.9

where (-,-) denotes the duality product between X* and X In particular, for a.e. s € (0,1)
we have

Z</ﬂk(s) Dt f(t7(s)) — /ab<g(t),f(t))dt, (5.9)

i=1 (s)
Z</@t11:) t)dt, f(ty(s ))> — /ab<g(t),f(t)>dt (5.10)

as k — 0.
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Proof. 1t is not restrictive to assume a = 0 and b = 1. We extend all functions to 0 outside
[0,1]. For every k > 2 and for every s € (0,1) we have

> / Ul s+ 54 — 10
i€Z +k 1
—Z/ lg(s + ) (s + 22L) = fs + =2+ 7)||dr .

i€EZL

Note that there are at most 2k non-zero elements in the above sums, namely those with
i€l ={i€eZ:—-k+1<i<k}. Integrating with respect to s we obtain

/ > / gl 15+ 24 - F@lde]ds

i—1
zeZ +k

<Z/ / lo(s +

i€l
=2k [ [Tl 156 ) = sis)1as]ar

— 00

T f(s +

=Ly f(s 4 izt —|—T)||ds}dr (5.11)

By the continuity of the translations in L?(R; X), for every € > 0 there exists § > 0 such
that

+oo
|16 = fls = mlPas < (5.12)
for 0 <7 < ¢§. Thus, from (5.11) and (5.12) we obtain

1 s+k11
W DSy I TOTN e
“eoJo Mgz Jstir

Similarly we prove that

(S / g 1+

ZEZ

=1) — F(0)l| dt]ds =

er) = [(0)ldt]ds = 0.

Therefore for a.e. s € (0,1) we have

Jim 3 / ol 17 + 22— f@llde =0, (513)
sti=t

i€EZL

) )
Jim > / g @I (s +
—00 4 g izl
i€EZ k-1

We fix an irrational s € (0,1) such that (5.13) and (5.14) hold, and s+ 5 ¢ N for every
1 € Z and every integer k > 2.
Using (5.3)-(5.5) we have

ko pti(s) }
T (s) = ()
2 /t;l(s)uga)n I ) — Ol

k— ti(s)
_ i*ls _ _
-3 / o B LA ) = sl [ o) 170) — s

w) — fO]ldt =0. (5.14)

1
+ / e 1 ) — £t (5.15)
t*=1(s)

k
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The first term in the right hand side of (5.15) is bounded from above by the sum in (5.13)
and therefore it tends to 0. The second one tends to 0 by the absolute continuity of the
integral, while the third term satisfies

1

1 te ()i
/ )||g(t)H* (" (s)) = £(2)|dt :/ “ lg()ll« Lt () = F(®)dt

k—1 k—1
ty (s ty (s

and therefore it tends to 0 by (5.13). This proves that the left-hand side of (5.15) tends to
zero and clearly this implies (5.7).

Similarly from (5.14) we deduce (5.8). Equalities (5.9) and (5.10) are easy consequences
of (5.7) and (5.8). O

Proof of Lemma 5.1. To prove that w € W11((0,T)) and that (5.2) holds it is enough to
show that for a.e. a,b € (0,T) with a < b we have

b b
w(b) — wla) = / ({2, (1)) dt + / ((8), () (5.16)

Under our hypotheses on ¢ and ¢, using (5.1) we obtain that there exists a set N C (0,7T)
of measure zero such that

w(b)*w(a) (¥ (0), (b)) = (¢(a), p(a))
= (¥(0) = ¥(a), p(b)) + (¥(a), p(b) — ¢(a)) (5.17)

/w (t)dt . o(8)) + (4(a) /bso@)dt)

for every a,b € (0,7)\ N with a <b.

We fix a pair a,b with these properties. By Lemma 5.2 there exists an irrational s € (0, 1)
such that the subdivisions (t(s))o<i<k of the interval [a,b] introduced in (5.3)-(5.5) satisfy
(5.6)-(5.10) simultaneously for X =V, f =, g=4, and for X = H, f =1, g=¢. By
(5.6) and (5.17) we obtain

w(t w(ti ' (s))

M;r

i=1
k ti(s) k ‘ ti(s)
-3 / (Ot ot (s)) + - (0l 6D, [ etorar)
(s ) i=1 t;;l(s)
By (5.9) and (5.10), passing to the limit as &k — oo we obtain (5.16). This concludes the
proof. O
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