
A Deterministic Approach to the Skorokhod Problem
Piernicola Bettiol�

AbstractWe prove an existence and uniqueness result for the solutions to the Sko-rokhod problem on uniformly prox-regular sets through a deterministic ap-proach. This result can be applied in order to investigate some regularityproperties of the value function for di�erential games with re
ection on theboundary.
Key words. Skorokhod problem, re
ection on the boundary, di�erential inclusions, di�e-rential games, value function.
AMS Mathematics Subject Classi�cation 2000: 49J24, 49K24, 49N70.

SISSA Ref. 67/2005/M

�SISSA/ISAS via Beirut, 2-4 - 34013 Trieste, Italy, e-mail: bettiol@sissa.it





1 Introduction
The main purpose of the present article is to study the Skorokhod problem froma deterministic point of view and to get some properties on the value function for(zero-sum) di�erential games with re
ection on the boundary.Given T > 0 and the initial data x 2 K, by solving the deterministic Skorokhodproblem, we mean to �nd the solution to the following di�erential inclusion:
(1.1)

8><>:
_y(t) 2 f(t; y(t))� @� K(y(t))y(t) 2 K 8 t 2 [0; T ]y(0) = x 2 K

where @� K is the subdi�erential of the indicator function of K,  K .More properly, the Skorokhod problem arises in the stochastic framework. It wasstudied and solved by Lions and Sznitman in [16] and [17] for smooth domains (cf.also the reference therein for a more complete literature scene). See also the article[12] where Frankowska used a viability approach.In the deterministic frame the analogous problem is often called \re
ecting boun-dary problem". Nevertheless, we prefer to keep the terminology used by Ishii in [14]talking about deterministic Skorokhod problem or (with a little abuse of language)simply Skorokhod problem.We assume that K � Rn is a uniformly prox-regular set. This notion is equi-valent to a very nice property: the projection to K is single-valued on the suitable(\tubular") neighborhood of K.For a rather complete description of such sets we refer the reader to the article [19]and the reference therein (cf. also [7]). Since we deal with �nite dimensional spaces,the notion of uniformly prox-normal sets coincides with the notion of Federer's setsof positive reach (for properties of these sets see [11], [9], [10]).Examples of uniformly prox-regular sets are provided by K � Rn such that @K 2C1;1 or K convex.Notice that system (1.1) without the term @� K(y(t)) becomes an usual Cauchyproblem that admits a unique global Carath�eodory solution, and this is the case wheny(t) 2 Int(K). On the other hand, when y(t) 2 @K, the trajectory y(�) is pushedback along a direction that belongs to @� K(y(t)), obtaining a sort of re
ection onthe boundary. In fact, we can clarify better this concept showing that system (1.1)really describes a re
ection on the boundary of K. Indeed, for uniformly pro-regularsets the normal cone of K and the subdi�erential of its indicator function coincide.Therefore, system (1.1) is equivalent to the viability problem
(1.2)

8><>:
_y(t) 2 f(t; y(t))�NK(y(t))y(t) 2 K 8 t 2 [0; T ]y(0) = x 2 K
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that, in turns, has the same set of solutions of the following one
(1.3)

8><>:
_y(t) = �TK(y(t))(f(t; y(t)))y(t) 2 K 8 t 2 [0; T ]y(0) = x 2 K:

The equivalence between (1.2) and (1.3) express quite well the re
ecting role of theterm @� K(y(t)) in system (1.1) (or of the term NK(y(t)) in (1.2)). Equivalence andexistence results for these systems have been successfully studied in severals papersand in di�erent context: see for instance Henry [13] who treats the case when K isconvex and Cornet [8] who assumes a tangential regularity of K.More recently, in the frame of sweeping process Thibault [21] provides existenceresults of viable solutions to (1.2) for K closed and with a re
ection obtained bythe Clarke cone. Furthermore, in [20] Serea gives an equivalence result dealing witha Mayer problem for controlled systems with re
ection on the boundary of closedsubsetsK of Rn; she formulates system (1.2) by using the strict normal cone N̂K(y(t))providing an existence result for bounded sleek subsets and, moreover, also uniquenesswhen K is bounded and proximal retract.In the present paper after introducing some preliminaries in section 2, we devotesection 3 to a proof of an existence and uniqueness result using an adapted version ofan approach due to Ishii in [14]: this approach yields not only a constructive proof ofthe trajectory that solves the deterministic Skorokhod problem (1.1), but also allowsus to get existence and uniqueness also for not necessarily bounded prox-regular sets.Finally, in the last section, we investigate the di�erential games with re
ection onthe boundary: once we �x the the controls of the players, the controlled Skorokhodproblem becomes a system like (1.1). So, we show that the Lipschitz dependence ofthe solutions to the Skorokhod problem on the initial data provides a H�older regularityfor the value function. We also mention how this regularity could be useful to getimportant another property of the value function, as its limiting behaviour, namelythe so-called ergodic problem.
2 Basic notions and assumptions
Let Rn be endowed with the euclidean norm j � j. Given K � Rn, we denote thedistance function from a point x 2 Rn to K by dK(x) = dist(x;K) := infy2K jy � xj.We recall that the projection on K �K : Rn �! K is de�ned by

�K(x) := fy 2 K : jx� yj = dK(x)g:We denote the closed ball of radius r centered in x0 2 Rn by B(x0; r) := fx 2 X :jx0 � xj � rg. For the closed unit ball in Rn we simply write B. A set C � Rn iscalled a cone if it is nonempty and for all � � 0 and v 2 C we have �v 2 C. Thenegative polar cone of C is de�ned by
C� = f� 2 Rn j h�; vi � 0; 8 v 2 Cg

where h�; �i : Rn � Rn ! R is the canonical scalar product in Rn.
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De�nition 2.1 Let K be a subset of Rn and x 2 K. Then
1. the contingent cone to K at x, TK(x), is de�ned by

TK(x) := �v j lim infh!0+ dist�x+ hvh ;K� = 0� ;
2. the Clarke tangent cone to K at x, CK(x), is de�ned by

CK(x) := �v j limh!0+; y!Kxdist
�y + hvh ;K� = 0� ;

3. the proximal normal cone to K at x, NPK(x), is de�ned by
NPK(x) := �� : 9M > 0 such that h�; y � xi �M jy � xj2 8y 2 K	 ;

4. the strict normal cone to K at x, N̂K(x), is de�ned by

N̂K(x) := �� : lim supy!Kx
h�; y � xijy � xj � 0� :

5. the limiting normal cone (also called general cone of normals) to K at x, NK(x),
is de�ned by

NK(x) := �� : 9xn !K x and �n ! � with �n 2 NPK(xn)	 :
6. the (Clarke) normal cone to K at x, NCK(x), is de�ned by

NCK(x) := T�K (x):
For many properties on tangent and normal cones we refer the reader for instance tothe books [1], [2], [18] and [22].Here, we recall that in general we have CK(x) � TK(x) and f0g � NPK(x) �N̂K(x) � NK(x) � NCK(x). NPK(x) is convex, N̂K(x) is closed and convex, NK(x) isclosed and NCK(x) = coNK(x) (if Y � Rn, then coY denotes the closed convex hull ofY ). Moreover, we have NK(x)� = CK(x) and N̂K(x) = C�K(x). A closed set K � Rnis called sleek if the set-valued map

K 3 x; TK(x)is lower semicontinuous. A very important property of sleek subsets is that the con-tingent and the Clarke tangent cone to K at x coincide for every x 2 K.Here, we assume that for some r0 > 0 �xed the closed set K � Rn is uniformly
prox-regular with constant 1r for any r 2 (0; r0) (or also called proximal r0-retractset), namely, whenever x 2 K, r 2 (0; r0) and � 2 NK(x) with j�j < 1, then x is theunique nearest point of K to x+ 1r � (see for instance [19]).Prox-regular sets are characterized in several interesting ways and have a lot ofimportant properties. In the following Proposition we recall some of them referring thereader to the article [19] for the proofs (in particular see Theorem 4.1 and Corollary4.6).
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Proposition 2.2 Let K be a subset closed of Rn and r0 > 0. Then, the following
properties are equivalent:

1. K is uniformly prox-regular with constant 1r for any r 2 (0; r0);
2. �K is single-valued on the \tubular" neighborhood of K UK(r0) := fx 2 Rn :0 < dK(x) < r0g;
3. every nonzero proximal normal to K at any point x 2 K can be realized by anr0-ball, namely for any x 2 K and 0 6= � 2 NPK(x) one has

K \ Int�x+ r0� �j�j +B�� = ;;
4. whenever xi 2 K and �i 2 Nr0K (xi) = NK(xi) \ Int(B(0; r0)) we have

h�1 � �2; x1 � x2i � �jx1 � x2j2:
If one of the above equivalent properties occurs, then

NPK(x) = N̂K(x) = NK(x) = NCK(x):Remark 2.3 Property 3 of Proposition 2.2 can be rephrased in the useful following
way: given x 2 K, 0 6= � 2 NPK(x) if and only if

12r0 jy � xj2 � � �j�j ; y � x� 8y 2 K:
So, for all x 2 K � 2 NPK(x) we have
(2.1) � � (x� y) + C0j�jjy � xj2 � 0 8y 2 K
where C0 = 12r0 . An immediate consequence of (2.1) is that for any x1; x2 2 K,�1 2 NPK(x1) and �2 2 NPK(x2)(2.2) h�1 � �2; x� yi+ C0(j�1j+ j�2j)jx1 � x2j2 � 0:
Remark 2.4 Proposition 2.2 yields immediately that K is sleek. Property 4 of Propo-
sition 2.2 says that the set-valued map K 3 x ; Nr0K (x) + x is monotone (i.e. if�i 2 Nr0K (xi) + xi for i = 1; 2, then h�1 � �2; x1 � x2i � 0).
Thanks to Proposition 2.2, henceforth, we simply talk about normal cones NK(x)(and analogously for the tangent cones TK(x)) without specifying the type, since allthe notions coincide.By  K : Rn �! [0;+1] we denote the indicator function of K, namely

 K(x) = � 0 if x 2 K+1 if x =2 K:
Note that  K is lower semicontinuous on Rn because K is closed.Now, we introduce the notion of (local) subdi�erential.

4



De�nition 2.5 Given a function  : Rn ! R := R[f�1g and a point x0 such that (x0) 6= �1, the (local) subdi�erential of  at a point x0 is so de�ned

@� (x0) := �� 2 Rn : lim infx!x0
 (x)�  (x0)� h�; x� x0ijx� x0j � 0� :

We recall that by solving the deterministic Skorokhod problem we mean to �nd asolution to the following di�erential inclusion:
(2.3)

8><>:
_y(t) 2 f(t; y(t))� @� K(y(t))y(t) 2 K 8 t 2 [0; T ]y(0) = x 2 K:

In the present paper f is a function so de�ned
f : R� Rn �! Rn(t; x) 7�! f(t; x)

and we assume that
(2.4)

8>>>><>>>>:
(i) f(t; �) is continuous for all t;(ii) f is (Lebesgue) measurable with respect to t;(iii) jf j < M for someM > 0;(iv) 9L > 0 such thathf(t; x1)� f(t; x2); x1 � x2i � Ljx1 � x2j2 8 x1; x2 2 Rn; t 2 R:

In general we have @� K(x) = N̂K(x): But, the regularity (in the Clarke sense) ofthe set K provides also a sort of regularity of the indicator function  K , obtaining thefollowing lemma (for the details of the proof, see for instance [18] Chapter 8 sectionB).Lemma 2.6 If K � Rn is uniformly prox-regular with constant 1r for any r 2 (0; r0)
then we have @� K(x) = NK(x) 8x 2 K:

Thus, thanks to Lemma 2.6, we can rewrite system (2.3) by means of the (viability)di�erential inclusion
(2.5)

8><>:
_y(t) 2 f(t; y(t))�NK(y(t))y(t) 2 K 8 t 2 [0; T ]y(0) = x 2 K:

The set of solutions of system (2.5) is the same of the following one (see for instance[20] for the proof)
(2.6)

8><>:
_y(t) = �TK(y(t))(f(t; y(t)))y(t) 2 K 8 t 2 [0; T ]y(0) = x 2 K:
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Let us recall the de�nition of the inf-convolution of the function  K(x) (cf. forinstance [3] for this notion): for all " > 0
 "(x) := infy2Kf K(y) + 12" jx� yj2g; 8x 2 Rn:

Notice that the inf-convolution of  K coincides with the Moreau envelope of  K ,denoted by e" K : indeed, 8x 2 Rn  "(x) = infy2Rnf K(y)+ 12" jx� yj2g =: e" K(x).We introduce also the notion of proximal mapping associated to the indicatorfunction  K , we denote here by P" K or simply by P":
P"(x) = P" K(x) := argmin� K(y) + 12" jx� yj2 j y 2 Rn� :

For general properties of Moreau envelopes and proximal mappings we refer the readerto the book [18].By Kr0 we denote the set of the points of Rn whose distance from K is less thanr0: Kr0 := fx 2 Rn : dist(x;K) < r0g:Observe that P" is a single-valued map on Kr0 . Indeed, if x 2 K then obviouslyP"(x) = x. So, we assume that y1; y2 2 P"(x) with x 2 UK(r0) = Kr0 n K. Then,clearly yi 2 K and jx � y1j = jx � y2j = dK(x) < r0. Since �K is single-valued onU(r0) by Proposition 2.2, we have that y1 = y2 = �K(x). This automatically impliesalso that if x 2 Kr0 then  "(x) = 12" [dist(x;K)]2 = 12" jx� P"(x)j2.Remark 2.7 Notice that for all x 2 Kr0 P"(x) has the property of being the closest
point of K to x and it does not depend on ". So, henceforth, in order to simplify the
notations we drop the \"", writing just P (x).

Now, if x1; x2 2 Kr0 , then we have
1" (xi � P (xi) 2 NK(P (xi)) i = 1; 2

and by (2.2)
h(x1 � P (x1))� (x2 � P (x2)); P (x1)� P (x2)i++C0(jx1 � P (x1)j � jx2 � P (x2)j)jP (x1)� P (x2)j2 � 0:

Therefore, we obtain
(2.7) jP (x1)� P (x2)j � jx1 � x2j1� C0(dK(x1) + dK(x2)) :Moreover, we get(2.8) "(x1)�  "(x2) = 12" (jx1 � P (x1)j2 � jx2 � P (x2)j2) == 1" hx2 � P (x2); x1 � x2 � (P (x1)� P (x2))i+ 12" jx1 � x2 � (P (x1)� P (x2))j2 �� 1" hx2 � P (x2); x1 � x2)i+ 1" hx2 � P (x2); P (x2)� P (x1)i �� 1" hx2 � P (x2); x1 � x2)i � C0" jx2 � P (x2)j jP (x2)� P (x1)j2
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where we use (2.1) since xi �P (xi) 2 NK(P (xi)) and P (xi) 2 K. So, (2.8) and (2.7)yield
 "(x1)�  "(x2) � 1" hx2 � P (x2); x1 � x2)i+O(jx1 � x2j2) as x1 ! x2:

By a similar argument we have
 "(x2)�  "(x1) � 1" hx2 � P (x2); x2 � x1)i+O(jx1 � x2j2) as x1 ! x2

and, so
 "(x1) =  "(x2) + 1" hx2 � P (x2); x1 � x2)i+O(jx1 � x2j2) as x1 ! x2:
We summarize all the remarks above in the following lemma, whose proof is ac-tually rather standard, but we decided to write here for the sake of the completenessand also because the introduced arguments will be successively used.

Lemma 2.8 Assume that K is uniformly prox-regular with constant 1r for any r 2(0; r0). Then, we obtain the following properties (for any " > 0):
1. the proximal mapping P" is single-valued on Kr0 ;
2. for all x 2 Kr0  "(x) = 12" [dist(x;K)]2;
3.  " 2 C1;1(Kr0) and 8x 2 Kr0 r "(x) = 1" (x� P"(x)) 2 @� K(P"(x)).
Next, we prove the existence and uniqueness result of the deterministic Skorokhodproblem.

Theorem 2.9 Assume that K is uniformly prox-regular with constant 1r for any r 2(0; r0) and (2.4). Then, for any T > 0 and for any initial data x 2 K the deterministic
Skorokhod problem (2.3) has a unique solution.Proof. First, we prove the existence. Let us �x T > 0 and chose a point x 2 K. Westart solving an approximated Skorokhod problem on [0; T ]
(2.9) ( _y"(t) = f(t; y"(t))�r "(y"(t))y"(0) = x 2 K:
By the regularity of r "(x) (cf. Lemma 2.8), the system (2.9) admits a uniqueabsolute continuous solution y"(t) as long as y"(t) 2 Kr0 . Multiplying by _y" theterms of the equation in (2.9) and integrating on [0; t] with 0 < t � T , we obtain

Z t
0 j _y"(s)j2 ds+ Z t

0

r "(y"(s)) _y"(s)� ds = Z t

0

f(y"(s); a(s); b(s)); _y"(s)� ds:
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Recalling that  "(x) = 0 because x 2 K, we obtain
Z t
0 j _y"(s)j2 ds+  "(y"(t)) = Z t

0

f(s; y"(s)); _y"(s)� ds �MpT �Z t

0 j _y"(s)j2 ds� 12 :
Hence, we haveZ t

0 j _y"(s)j2 ds+  "(y"(t)) �MpT �Z t
0 j _y"(s)j2 ds� 12 ;

that in turns yields the following important two estimates that hold true for anyt 2 [0; T ] as long as y"(s) 2 Kr0 :
(2.10) jj _y"jjL2(0;t) �MpT
and
(2.11)  "(y"(t)) �M2T:
Therefore, as long as y"(s) 2 Kr0 , since

 "(y"(t)) = 12" jy"(t)� P (y"(t))j2 = 12" [dist(y"(t);K)]2
(see Lemma 2.8), the inequality (2.11) implies that
(2.12) dist(y"(t);K) �Mp2T":
Thus, y"(t) belongs to Kr0 for all t 2 [0; T ] if
(2.13) 0 < " < r202TM2 :

We summarize what we obtain so far: if (2.13) is satis�ed, then system (2.9)admits a unique solution y" on [0; T ] and y"(t) 2 Kr0 8t 2 [0; T ]. Moreover, thanksto (2.10) there exists a sequence f"jg � �0; r22TM2
� which converges to zero such that� y"j ! y in C([0; T ])y"j * y in H1(0; T )

for some y 2 C([0; T ]) \H1(0; T ).Now, we have to check that y is really a good candidate, namely
_y(t) 2 f(t; y(t))� @� K(y(t)) for a:e: t 2 [0; T ]:

Since f(t; y"(t))� _y"(t) = r "(y"(t)) 2 @� K(P (y"(t)));
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by (2.1) for all z 2 K we obtain
f(t; y"(t))� _y"(t); P (y"(t))� z�+ C0
��f(t; y"(t))� _y"(t)����P (y"(t))� z��2 � 0

and, so, for any ' 2 C([0; T ]) such that ' � 0Z T
0
n
f(t; y"(t))� _y"(t); P (y"(t))� z�+
C0
��f(t; y"(t))� _y"(t)����P (y"(t))� z��2o'(t) dt � 0:

In order to simplify notations we set �"(t) := f(t; y"(t)) � _y"(t) and, splitting theabove expression into two integrals, we getZ T
0

�"(t); P (y"(t))� z�'(t) dt+ C0

Z T
0
n���"(t)����P (y"(t))� z��2o'(t) dt � 0:

Letting " ! 0+ (taking a subsequence if necessary), by (2.10) the measure j�"j dtweakly converges to some measure d�(t) and we obtainZ T
0

�(t); �P (y(t))� z�'(t) dt+ C0

Z T
0
n��P (y"(t))� z��2o'(t) d�(t) � 0;

where � is such that �"j * � in L1(0; T ): If we de�ne the measure d�(t) := j�(t)jdt, itturns out that d� << d�; in other words, by the theorem of Radon-Nikodym, thereexists a function h 2 L1(�) such that d� = hd�. Finally, the following inequalityholds Z T
0
��h(t) �(t)j�(t)j ; P (y(t))� z�+ C0

��P (y"(t))� z��2�'(t) d�(t) � 0:
Hence, for any countably dense set D � K, we have
(2.14) �h(t) �(t)j�(t)j ; P (y(t))� z�+ C0

��P (y(t))� z��2 � 0
for each t 2 [0; T ] n Jz with �(Jz) = 0 and z 2 D: the inequality (2.14) holds truefor all z �xed, so the set of zero measure could depend on z, say Jz; setting Z as theunion of Jz such that z is in a countably dense subset D, then Z has zero measure:

�(Z) = �([
z2D

Jz) = 0:
Inequality (2.12) implies that y(t) 2 K and, hence, P (y(t)) = y(t) �P (y(t)) is the
closest point of K to y(t)�. So, we get
(2.15) �h(t) �(t)j�(t)j ; P (y(t))� z�+ C0

��y(t)� z��2 � 0
9



for all t 2 [0; T ] n Z and, moreover, for each z 2 K: indeed, for any z 2 K we canconsider a sequence zk 2 D which converges to z and such that the above estimate(2.15) is satis�ed. By Remark 2.3
h(t) �(t)j�(t)j 2 @� K(y(t)) for a:e: t 2 [0; T ]

and, hence, we obtain
_y(t) 2 f(t; y(t))� @� K(y(t)) for a:e: t 2 [0; T ]:

Notice that if _y(t) 2 �TK(x(t))(f(t; y(t))) then
j _y(t)j = j�TK(x(t))(f(t; y(t)))j � jf(t; y(t))j < M:

So, actually, in order to solve the deterministic Skorokhod problem, it is not necessaryto consider the whole @� K(y(t)) in system (2.3), but it is su�cient to consider onlythe set @b� K(y(t)) := f�(t) 2 @� K(y(t)) : j�(s)j < 2Mg ;with M > 0 is the constant de�ned in (2.4). Indeed, since systems (2.5) and (2.6)are equivalent, if �(t) = f(t; y(t)) � _y(t) 2 @� K(y(t)) then j�(t)j < 2M , namely,�(t) 2 @b� K(y(t)).Thus, once the initial data x is �xed, we found a solution, say yx(�), to the followingsystem with re
ection on the boundary
(2.16)

8><>:
_y(t) 2 f(y(t); a(t); b(t))� @b� K(y(t))y(t) 2 K 8t 2 [0; T ]y(0) = x 2 K:

The uniqueness is an immediate consequence of the following Lemma.
Lemma 2.10 Under the assumptions of Theorem 2.9, there exists �0 > 0 such that ify1(�) and y2(�) are solutions to (2.16) with initial condition y1(0) = x1 and y2(0) = x2
respectively, then we have

jy1(t)� y2(t)j � e�0tjx1 � x2j 8t 2 [0; T ]:
Proof. The proof is an easy consequence of Proposition 2.2 and Gronwall's inequality.Indeed, let us consider two starting points x1; x2 2 K and two corresponding solutionof the Skorokhod problem (2.16), say y1(�) and y2(�). So there exist elements �i(t) 2NK(yi(t)) \ Int(B(0; 2M)) such that

yi(t) = f(t; yi(t))� �i(t) 8t 2 [0; T ]:
By property 4 of Proposition 2.2 we obtainr02M h�1(t)� �2(t); y1(t)� y2(t)i � �jy1(t)� y2(t)j2:
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Therefore, we have
jy1(t)� y2(t)j ddt jy1(t)� y2(t)j �� hy1(t)� y2(t); f(t; y1(t))� f(t; y2(t))i � h�1(t)� �2(t); y1(t)� y2(t)i �� Ljy1(t)� y2(t)j2 + 2Mr0 jy1(t)� y2(t)j2 = �L+ 2Mr0

� jy1(t)� y2(t)j2
and, so, ddt jy1(t)� y2(t)j � �L+ 2Mr0

� jy1(t)� y2(t)j:
By applying Gronwall's inequality we deduce that

jy1(t)� y2(t)j � e�L+ 2Mr0
�tjx1 � x2j 8t 2 [0; T ]:

Thus, the statement follows for �0 = L+ 2Mr0 .
2

Now, the proof of Theorem 2.9 is complete.
2

Remark 2.11 It is possible to prove that the above result still holds true when we
consider the deterministic Skorokhod problem with oblique re
ection:( _y(t) 2 f(t; y(t))�A(y(t))@� K(y(t))y(0) = x 2 K
where for each x 2 Rn A(x) is a symmetric n�n-matrix such that A : Rn�Rn �! Rn
is of class C1 with bounded di�erential and, moreover, there exists � > 0 such that

�I � A(x) � ��1I 8x 2 Rn:
For the details of the proof see [14] (cf. also Appendix B in [5]).

3 The Skorokhod control problem and some appli-cations
In this section we deal with the following di�erential game with re
ection on theboundary.Let us consider the functions g : Rn � U � V �! Rn and ` : Rn � U � V �! Rwhere U and V are compact subsets of Rm. We assume that there exists M > 0 suchthat for all x1; x2 2 Rn; u1; u2 2 U; v1; v2 2 V

11



(3.1)
8<:

jjg(x; u; v)jj1; jj`(x; u; v)jj1 �M ;jg(x1; u1; v1)� g(x2; u2; v2)j �M(jx1 � x2j+ ju1 � u2j+ jv1 � v2j);j`(x1; u1; v1)� `(x2; u2; v2)j �M(jx1 � x2j+ ju1 � u2j+ jv1 � v2j):
Let us denote the set of the controls of the �rst player, called Ursula, and of thesecond player, called Victor, by U := fu : [0;+1[�! U measurableg and V := fv :[0;+1[�! V measurableg, respectively. As usual, we denote an element of U by u(�)or simply by u when it is understood we are using measurable and bounded functions(and similarly for elements in V).Once the controls u(�) 2 U and v(�) 2 V are �xed, for any T > 0 the followingdeterministic Skorokhod control problem

(3.2)
8><>:

_y(t) 2 g(y(t); u(t); v(t))� @� K(y(t))y(t) 2 K 8t 2 [0; T ]y(0) = x 2 K
reduces to (2.3) simply by taking f(t; x) = g(x; u(t); v(t)) So, by Theorem 2.9 for anyT > 0, once we �x u(�) 2 U and v(�) 2 V, we get a unique solution to the di�erentialinclusions (3.2) starting from the initial data x 2 K, say yx(�).Take a discount factor � > 0. In our di�erential game, Ursula wants to minimizethe cost functional Z 1

0 `(yx(s); u(s); v(s))e��s ds;
while Victor has to maximize it, where yx(�) 2 W 1;1loc (0;+1) is the solution to thecontrolled Skorokhod problem associated to u and v.For any � > 0, the (lower) value functions w� is so de�ned

w�(x) := inf�2SU supv2V
Z 1
0 `(yx(s); �[v](s); v(s))e��s ds for all x 2 K;

where SU denotes the nonanticipative strategies set of the �rst player, namely theset of the maps � : V �! U such that if, for any t > 0 and v(�); v0(�) 2 V, v(s) =v0(s) 8s � t implies �[v](s) = �[v0](s) 8s � t.Let us consider the constant �0 > 0 de�ned in the proof of Lemma 2.1. We getthe following H�older estimate on the value function w�.
Proposition 3.1 Assume that for some r0 > 0 �xed the closed set K � Rn is uni-
formly prox-regular with constant 1r for any r 2 (0; r0) and (3.1). Take any x0 2 K
and R > 0. For all � > 0 such that � < �0, we have the following estimate
(3.3) j�w�(x1)� �w�(x2)j � Cjx1 � x2j ��0 8 x1; x2 2 K \B(x0; R)
where C = 2MR+1 (it does not depend on �).
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Proof. The proof follows by applying a standard argument based on the Lipschitzdependence of the trajectories on the initial data provided by Lemma 2.1 (see forinstance [6]).
2

It is well known, through the classical theory, that the value function w� providesthe viscosity solutions of the following stationary Hamilton-Jacobi-Isaacs equation(see the books [3] and [4] for the general theory and [16] for the Neumann typeboundary conditions):
�w� +H(x;Dw�) = 0;coupled with the Neumann boundary conditions:Dw�D
 = 0 on @K;

where we suppose that K is uniformly prox-regular with @K 2 C1 and 
 = 
(x) is asmooth vector �eld on @K pointing outwards i.e.
9� > 0 s: t: 8x 2 @K hn(x); 
(x)i � �:

The Hamiltonian function H is given by
H(x; p) := minv2V maxu2U f�g(x; u; v) � p� `(x; u; v)g:

Remark 3.2 The H�older regularity expressed in (3.3), not only is interesting by it-
self, but is quite useful for other important properties of the value function. Indeed,
if for instance the domain K is not only uniformly prox-regular with @K 2 C1 but is
also connected and bounded, then we can study the asymptotic behaviour of the term�w� as � ! 0+: it is the so-called ergodic problem (for a general introduction to
this problem we refer the reader to [3]). Under a uniform approximate controllability
assumption of one player it turns out that there exists a unique �0 2 R such that for
all x 2 K, we have (see [6] for the proof):

lim�!0+ �w�(x) = �0:
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