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On the Dirichlet problem associated to bounded
perturbations of positively-(p, ¢)-homogeneous
Hamiltonian systems

Alessandro Fonda, Giuliano Klun, Franco Obersnel and Andrea Sfecci

Abstract

The existence of solutions for the Dirichlet problem associated to
bounded perturbations of positively-(p, ¢)-homogeneous Hamiltonian sys-
tems is considered both in nonresonant and resonant situations. In order
to deal with the resonant case, the existence of a couple of lower and up-
per solutions is assumed. Both the well-ordered and the non-well-ordered
cases are analysed. The proof is based on phase-plane analysis and topo-
logical degree theory.

1 Introduction

Let H : R? — R be a continuously differentiable positively-(p, ¢)-homogeneous
positive-definite function. By this we mean that, for some p > 1 and ¢ > 1 with
(1/p)+(1/q) =1,

H(\ 2, \Py) = NH1H (z,y) > 0, (1)

for every A > 0 and (z,y) # (0,0). We are interested in Dirichlet problems of
the type

OH OH
o = Gy @y +otey), ¢ = —Fr(@y) +ultey)
z(a) =0=xz(b),

(2)

where the functions ¢, : [a,b] x R? — R are continuous and bounded.

The autonomous system

OH oH
r YL r_ Yt
=5, (,y), y o (z,y) (3)

is isochronous (see [25]). More precisely, (0, 0) is a global center, and all solutions
are periodic of the same period, which we denote by 7. Moreover, if yy > 0,
for all solutions (x,y) starting with (2(0),y(0)) = (0,y0) there is a first time
74+ > 0 for which z(ry) = 0, while z(¢) > 0 for every ¢ €]0,74[, and this
time 74 is independent of yy > 0. Symmetrically, if yo < 0, there is a first time
7_ > 0 for which z(7_) = 0, while z(t) < 0 for every t €]0,7_[. Clearly enough,
T+ T-=T.
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First of all, let us state the following nonresonance result.

Theorem 1. Assume that there is an integer n > 0 such that one of the fol-
lowing alternatives hold

nT <b—a<nr+min{r_, 7}, (4)
nt+max{r_, 71} <b—a<(n+1)T. (5)
Then, problem (2) has a solution.

Its proof relies on the so called shooting method, following the ideas presented
in [10] (see also [3, 23]), and will be given in Section 3.

As a possible example we may consider the function
1 1
Hr,y) = - (57 +907)7) + - (P + o)),

for some positive constants d,~, i, v (we use the standard notation where f =
max{f,0}, f~ = max{—f,0}). If we choose § =+ =1 and ¢ = 0, our problem
is then equivalent to

(6)

{“I’l“ac')/ + et P2t — e [2e = h(t,a,a)

z(a) =0=xz(b),
with A(t,z,v) = —¢(t, o, |v|P"2v). In this case, 74 = mp /P and 7_ =
mpv VP cf. [18], where
_2p-1)'P
" psin(a/p)

and the assumptions of Theorem 1 are illustrated in Figure 1. If p = 2, the
differential equation in (6) models an asymmetric oscillator, with 7 = 7/,/1,
7_ = 7//v, and it is well known that some care on the choice of u,r must
be taken in order to avoid resonance phenomena; when A is bounded, the exis-
tence of a solution depends on the position of (u,r) with respect to the Fucik
spectrum, cf. [10]. In Figure 1, the assumption of Theorem 1 can be visualized,
when b — a = m,, taking the values (u~'/P,»~1/P) in the white regions.

A different way of avoiding resonance would be the assumption of the ex-
istence of a well-ordered couple of lower/upper solutions « < 3, together with
some Nagumo-type conditions. This method goes back to the pioneering pa-
pers [20, 21, 22|. Some more care is needed in the non-well-ordered case a £ S,
see [1, 8, 9, 16, 17]. We refer to the book [7] for an extensive exposition on the
theory of lower and upper solutions for scalar second order differential equations.

The concept of lower and upper solution has been recently extended to planar
systems in [15] for the periodic problem (see also [12]), and in [14] for Sturm-—
Liouville type problems, including the Dirichlet problem. We recall in Section 4
the main definitions in this case.

Here is our result for problem (2), in the well-ordered case.

Theorem 2. Assume H to be a continuously differentiable positively-(p,q)-
homogeneous positive-definite function, for some p > 1 and g > 1 with (1/p) +
(1/q) = 1. Let ¢,v be uniformly bounded continuous functions, and let (a, B) be
a well-ordered pair of lower/upper solutions of problem (2). Then, there exists
a solution (x,y) of (2) such that a < x < B.
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Figure 1: The Fuéik spectrum.

The proof will be given in Section 5. We will first need some properties of
positively-(p, ¢)-homogeneous Hamiltonian systems, which we provide in Sec-
tion 2. Then, the main issue will be the construction of some guiding curves in
the phase plane so to enter the framework of [14, Theorem 11].

In the sequel, we denote by C’foi the space of C7-smooth real functions whose
j-th derivative is locally ¢-Holder continuous, with £ > 0. Moreover, defining
the function

©1(t) = sin (Z:Zw) ,

we introduce the following order relation: for any continuous function x : [a, b] —
R, we write
x>0 (7)

if and only if
there exists € > 0 such that z(t) > e1(t), for every ¢ € [a,b].

We will write either u > v or v < u when u — v > 0.

Concerning the non-well-ordered case, we recall that the existence of a pair
of lower /upper solutions does not guarantee the existence of a solution, since
resonance phenomena can occur with respect to the higher part of the spec-
trum. However, at least for scalar second order equations, it is well known
that resonance can be handled with respect to the first eigenvalue, cf. [7]. This
observation leads us to assume, in the non-well-ordered case, that

b—a <min{ry,7_}. (8)
Here is our result, in the non-well-ordered case.

Theorem 3. Let ¢ > 0 and assume H to be a C’llo’f—smooth positively-(p, q)-
homogeneous positive-definite function, for some p > 1 and g > 1 with (1/p) +
(1/q) = 1. Let ¢, be uniformly bounded Cloo’ﬁ-smooth functions, and let («a, 3)



be a non-well-ordered pair of lower/upper solutions of (2). Assume moreover

that
OH

a—(xo, -) is a strictly increasing function, for every xg € R. (9)
Y
Then, if (8) holds, there exists a solution (z,y) of (2) such that o € x and

T & 3.

The above theorem generalizes [14, Theorem 19]. Its proof is provided in
Section 6 by the use of topological degree techniques, which require the above
regularity assumptions. It would be interesting to know whether the result still
holds when the functions ¢, are only assumed to be continuous. Notice that
assumption (9) is surely verified for problems like (6), where %(m, y) = |y|9%y.

In the final section of the paper we extend the previous results to systems
in R?V which can be considered as weakly coupled planar systems of the above
type. The different planar systems involved could have either well-ordered or
non-well-ordered lower and upper solutions. We are able to deal with this mixed
type of situations, still obtaining an existence result, thus carrying out the
investigation opened in [14]. However, for the non-well-ordered case, we need
to ask the lower/upper solutions to be strict, a concept we will introduce in
Section 7.

2 Elementary properties of positively-

(p, 9)-homogeneous Hamiltonian systems
For the autonomous system (3) the origin (0,0) is an isochronous center, all
solutions having minimal period 7 > 0. We denote by S(t) = (S1(¢), S2(t)) the
periodic solution such that S;(0) = 0 and S2(0) > 0, with H(S1(¢), S2(t)) = 1 for

every t. Then, the periodic solutions of system (3) having energy H(z,y) = FE
can be written as

(x(t),y(t)) = (E7 Sy (t + 0), E7 Sa(t + 7)) ,

for some o € R. We will use the notations

S = max{[S1(t)] + |S2(t)| : t € R}, (10)
57 = max{|S| ()| +|S4(t)| : t € R}.

For any function u = (z,y) : [a,b] — R?\ {(0,0)} we can introduce the
generalized polar coordinates

{x(t) - r(t)%Sl(ﬁ(t)), (11)

where 7(t) > 0. If u(t) = (0,0), we set r(t) = 0, while (¢) is not defined. Let
Ny(u) = [Ir| 3P = sup{r(t)7 < € [a,5]}
For every D > 0, one has that

P
q

Ny(u) <D = |z]leo < DS and |y]lec <D< S.



Condition (1) can be rewritten as
1
H(\rz,A1y) = AH(x,y) >0,
for every A > 0 and (z,y) # (0,0). Then,

OH 0H oH
4, \P,) — \a(p—1) T2 — P
vz, wy) = M0 SR () = WS (), (12)
OH OH OH
dp NP p(a—1) 222 =\ 1
S N y) = WD T ) = M 0.y (13)
We can write the generalized Euler formula
Ty
VH(z H(z,y). 14
(2.2) Vi) = i (1)
We can rewrite (12) and (13) as
O0H OH & _«
67(33’/19) (’“)7( Pr,Y), (15)
0H «OH  _4
afy(x,uy)—w oy (W ra,y), (16)

for every p > 0. We will need the following property.
Lemma 4. For every L > 0, we have that
OH
lim (x,y) = Loo uniformly with respect to x € [—L, L].
y—+oo 8y
Proof. We first prove that there are cg > 0 and yy > 1 such that
OH OH
2] <L = a—y(:myo) >c¢o and a—y(ac7 —yo) < —Co -

From (14), we have both

OH OH
—(0,1 0 d —(0,-1 0.
a9 0,1) > an 3y (0,—-1) <
Hence, we can find dg > 0 and ¢y > 0 such that
oOH oOH
lul <6 = a—y(u, 1) >¢op and a—y(u, 1)< —¢. (17)

If we set ,
Yo = max{(L/éo)E , 1}
then, for every x € [—L, L] we get, using (16) and (17),

OH 1 9H 4
ay ('T yo) = yO a (y() Zz, 1) > yOp Co Z Co,
OH _a

56H P %
afy(xv—yo) =% 5y (yo x,—l) < —yfco < —cp.

So, for any z € [-L, L] and p > 1, from (16) we obtain

OH (g0l
8y Z,UYo) = p

(H rr yo) > b e,

a—H(zf )= b ( 5x7)<750
8y,uyo—ﬂayu,yo_uo.

The conclusion follows. O



3 Proof of Theorem 1

In order to prove Theorem 1, let us first assume the validity of the alternative (4).

Introducing the generalized polar coordinates (11), we can compute (cf. [25,
Section 2])

, 1 J1 1
0'(t) =1+ 0 ;y(t)qﬁ(t,m(tky(?ﬁ)) - ];fﬂ(t)w(tfc(t),y(t)) :

r(t) = (t, (1), y(8)r7 ()S1(0() — d(t, x(t), y(t))re (£)S5O(L)) -

Since the functions ¢, : [a,b] x R? — R are bounded, there is a constant K
for which

lp(t,z,y)| < K, |(t,z,y)| < K, forevery (t,z,y) € [a,b] x R%.  (18)
Setting w = min{%, %} and using (10), we have

0'(t) — 1| < KSr(t)™“, (19)

()] < 287 (1), (20)

when r(¢) > 1. As a consequence of (20), all the solutions of

OH oH
=@y ey, v = =@ y) + oty (21)

are globally defined. Since we are assuming (4), choosing § > 0 sufficiently
small, we have

nt<(b—a)(l—=90)<(—a)(1+) <nr+min{r_, 7 }. (22)
Correspondingly, we can fix R > 1 such that
KSR “ <3.

From (19), a solution of (21) satisfying r(t) > R for every t € [a,b] is such
that
1-6<@(t)<1+94,

for every t € [a, b]. Hence, recalling assumption (4), from (22) we get
nt < 0(b) —0(a) < n7T +min{r_, 7 }. (23)

Finally, from (20) and Gronwall lemma, we can find Ry > Ry > R with the
following property: if a solution of (21) satisfies r(tp) = Ry for some tg € [a, b],
then

R < r(t) < Ry for every t € [a,b]. (24)

In particular, the solution is globally defined on [a,b]. Let us set

1 1
yg = R{S2(0) >0 and y; = R{Sa(ry) <O0.



For any o € J := [y, ,yd |, we consider the Cauchy problem

OH oOH
xlzi(x7y)+¢(tﬂx7y)7 y/:_i(xay)—i_w(txay)a
z(a) =0, yla) =o.
We recall that all the solutions of (25) are defined in the interval [a,b]. Then,
by [6, Corollary 2.3|, the set

K ={(0,2) € J x C([a,b],R?) : z = (x,y) is a solution of (25)}

is closed, connected and its projection on J coincides with J.
So, we can find some (y,,(r7,y~)) € K and (yi,(z*,y")) € K. The
solutions (z*,y*) satisfy (23) and

R <r(t) < Ry for every t € [a,b].

Indeed, denoting by (r*, #%) the modified polar coordinates of (x*,y*), we have
r*(a) = Ry and so (24) holds. Then, if we consider the initial data y*(a) =y,
[resp. vy~ (a) =y, |, we can choose 6 (a) =0 [resp. 0~ (a) = 74].

From (23), we get

nt < 07 (b) < nt+ 714, nt+7 <0 (b) < (n+ 1)1,

so that
x(b) - 21 (b) <O0. (26)

Hence, defining the continuous function Z : K — R as Z(o, (z,y)) = z(b),
from (26) we easily deduce that

Z(yy,(x7,y7) - Z(yg. (T, yh)) < 0.

By continuity, Z(K) is an interval and we find the existence of (7, (Z,7)) € K
satisfying Z(7, (Z,7)) = 0. Hence, (T,7) is the solution we were looking for.

The proof of Theorem 1 is thus completed if (4) holds. If (5) holds, the proof
is similar: we need to replace (22) by

nt+max{r_, 74} < (b—a)(1-98) < (b—a)(1+9) < (n+1)T,

and (23) by
nT +max{r_, 74} < 0(b) —0(a) < (n+1)7.

Finally, we get
nT+7e <0 )< (n+)7r, (n+D7<6,(b)<n+1)7T+14,
which gives (26), permitting us to conclude as above.

The proof of Theorem 1 is thus completed. O



Remarks. Other types of boundary conditions can be considered, leading to
similar results. The case of a Neumann-type problem, with boundary conditions
y(a) = 0 = y(b), is nothing but the previous Dirichlet-type problem by a simple
switch in the variables x = y. The mixed problem

, OH ,  OH
T *aiy(xay)+¢(tax7y)v Y *7%(x7y)+w(taxay)a (27)
z(a) =0 =y(b)

can be considered, as well. Going back to the solution S = (S1,52) of the
unperturbed system (3), we can find the positive values 71, 79, 73, 74 such that

51(0) =0, S2(0) >

Si(m) >0, Sa(71) =

Si(m1+72) =0, Sa (7 +Tg)<0
S1(m + 12 +73) <0, Sa(my + T2+ 73) =0,

TN +T+T+T174=17,
leading to the following.

Theorem 5. Assume that there is an integer n > 0 such that one of the fol-
lowing alternatives hold

nt < b—a<nt+min{r, 3},
nT+ 1 + 73+ max{m,u}<b—a<(n+1)r
Then, problem (27) has a solution.

Similarly, we can consider the boundary conditions y(a) = 0 = z(b), as
well, thus obtaining the corresponding existence result. Finally, Carathéodory
conditions on ¢ and 1 can be considered. We avoid entering into details, for
briefness.

4 The definition of lower and upper solutions

Let us consider the boundary value problem

{xl:f(t7w7y)7 y’:g(t,x,y),
z(a)

a) =0=uxz(b), (28)

where f,g : [a,b] x R? — R are continuous functions, and recall the definitions
introduced in [14].

Definition 6. A continuously differentiable function « : [a,b] — R is said to
be a lower solution for problem (28) if there exists a continuously differentiable
function yq : [a,b] = R such that, for everyt € [a,b],
Yy<walt) = ft,a(t),y) <a'(t),
y>ya(t) = f(talt)y) >d(t),
Ya(t) > g(t, a(t), ya(t))
and



Definition 7. A continuously differentiable function B : [a,b] — R is said to be
an upper solution for problem (28) if there exists a continuously differentiable
function ya : [a,b] — R such that, for everyt € [a,b],

y>ys(t) = f@BQ1)y)>pF(1),

yé(t) < g(t,ﬂ(t),yﬁ(t)),

{y<yﬂ<t> = f(t,B(1),y) < B(t),

and

Bla) =0, B(b)=0.

We say that (a, () is a well-ordered pair of lower/upper solutions of prob-
lem (28), if & and S are respectively a lower and an upper solution for prob-
lem (28) and they satisfy

a(t) < B(t), foreveryt € [a,b].

On the other hand, if the above inequality does not hold, we say that the pair
(a, B) is non-well-ordered.

5 Proof of Theorem 2

Define

OH OH
f(tvxay) = 7(I7y) =+ (ZS(t,I,y) ) g(t,l’,y) = *7(56,31) + ¢(t,$,y) )
dy or
and set m, = mina and Mg = max 5. In order to apply [14, Theorem 11], we
need to construct some guiding curves ’yfo : [Ma, Mg] — R such that, for every
t € [a,b] and x € [a(t), B(1)],

77 () < minfya(t), ys(8)} < max{ya (), ys (O} <77 (2), i=1,2,
gtz () > f(t, 2,7 (@) () (2), (29)
g(t,,73 () < f(t2,9 () (73)(2), (30)
g(t,z, 7 (2) < [t 2,7 (2) () (2), (31)
g(t, 2,75 (2) > f(t, 2,75 (2)(v2) (). (32)

This can be obtained as an immeditate consequence of the next two lemmas.

Lemma 8. For any L > 0 and yo > 0 we can define two continuously differen-
tiable functions v{, 74 : [-L, L] — R satisfying

i (x) >yo, i=1,2, forallze[-L,L],
and such that (29) and (30) hold for every t € [a,b] and x € [—-L, L].

Proof. Since both ¢ and v are bounded, let us consider K > 0 as in (18). From
Lemma 4 we can find y; > yo such that

%—j(m,y) > K +1, for all (x,y) € [-L, L] x [y1, +o0][. (33)



Since H is C!, we can find a positive constant ¢; such that

0H
‘ax(x,y)‘ <c¢p, forevery (z,y) € [—L,L] X [y1,y1 +2L]. (34)

Now, since 2 — ¢ < 1, we can find M > 1 sufficiently large so to have
(aaM* 9 +1)(K +1) < M. (35)
We define ’ﬁ,? :[-L,L] - R as
n(@) =My +L-z), 7(z)=My +L+z). (36)

Notice that v 5(z) > y1 > yo, for every z € [-L,L]. If we show that, for
i=1,2,

(@) + K

SH " <M, foreveryxzel|[-L,L], (37)
— (@7 (2) - K

Ay !

then, since from (36) and (33) the denominator in (37) is positive, we get both

M (St @)+ ottt @) 2 1 (Gt ) - &)

> |Gt @)+ & = St @) - vt @),

and

M (G @)+ oftani (@) 2 01 (Gl () - K)
‘OH

O0H
O R

o (22797 @) + (.95 (2))

for every ¢ € [a,b] and © € [—-L, L] and the lemma will be proved. Hence, we
need to prove the validity of (37).

Using equality (15) and the estimate (34), we have that

‘aH(a@Mv) < Mcy,

oxr

:M‘aalj (M_%x,v>

for every x € [-L,L] and v € [y1,y1 +2L]. (38)
Moreover, using equality (16) and recalling (33), we have that

_e O0H 0H _a
M paiy(.’L',M’U)—aiy(M pr',U)>17

for every z € [-L,L] and v € [y1,11 + 2L]. (39)
From (38) and (39),

0H B 0 qOH
9y (x, Mv) =1 M 9 (z, Mv),

for every x € [-L, L] and v € [y1,y1 + 2L].

“—(z,Mv)| < Me¢; < ;M™%

or

‘8H

10



Since, using (36), for all z € [~ L, L] we have ;7; (z) € [y1,y1 +2L], i = 1,2,
then we get

OH  + o-qOH  +
it @) < G o o).

33) and (36), we have

—

Hence, recalling

|G (2,7 (2))| + K - el MP=18 L (2,4 (2)) + K
G (w7 (2) — K G (w7 (2) — K

2—q K
M=t g

1o — K
G (] (2))

(s M*71+1)(K+1) < M,

IN

where the last estimate is given by (35). We have thus proved (37), and so the
proof of the lemma is completed. O

Lemma 9. For any L > 0 and yo > 0 we can define two continuously differen-
tiable functions vy ,7v5 : [—L,L] = R satisfying

v () <—yo, =12, foralxze|-L,L],
and such that (31) and (32) hold for every t € [a,b] and x € [-L, L].

The proof of this lemma is analogous to the previous one, so we omit it, for
briefness.

Let us now conclude the proof of Theorem 2. Choosing

L =max{[leflec, [1Bllsc} > vo > max{[|lyallcc , [[Yyslloc} ,

we can apply Lemmas 8 and 9 in order to get the existence of the needed curves
'yii. Moreover, for every t € [a, b],

y > min{y(0),7 (0)} = f(t0,y) >0,
y <max{y; (0),7(0)} = f(t,0,9) <0.

This is an immediate consequence of Lemma 4, choosing a larger value of yq,
if necessary. Then, [14, Theorem 11| applies, thus completing the proof of
Theorem 2.

6 Proof of Theorem 3

As a first step, we need the following two lemmas, where the ordering relation
defined in the Introduction is used.

Lemma 10 ([14, Lemma 17]). Given a continuous function ¢ : [a,b] — R, the
sets
{zeCy([a,b]) : p <z}, {zeCh([ab]) : z<p}

are open in C}([a,b]) = {z € C1([a,b]) : z(a) =0 = z(b)}.

11



Lemma 11 ([14, Lemma 18]). Given a continuously differentiable function
¢ : [a,b] = R, we have that

max{p(a), p(0)} <0 = F>0: ¢ < é&pp,
min{p(a), (b)} >0 = 3FE>0: o> —épr.

We now use the notation introduced in Section 2, and set Sy (t) = Sy (t+74).

Lemma 12. Given a continuously differentiable function ¢ : [a,b] — R, we
have that

max{p(a),p(b)} <0 = Je>0: ¢ < Sy,
min{p(a), o)} >0 = Je>0: ¢> 5.

Proof. Tt is an immediate consequence of the previous lemma since S; > 0 and
S1 < 0. O

Let us introduce a C*°-smooth cut-off function y : R — [0, 1] such that

1 ifls| <1,
- = 40
x(s) {o if |s| > 2, (40)

and, for every d > 1, consider the modified problem

{x = falt,z,y), ¥ =Ga(t,z,y), ()
z(a) =0=xz(b),
where
~ d—10H ~
fd(tvxay) = Tl aiy(rvy) + ¢d(t,$,y> 5
d—10H ~
/g\d(t7x7y) = _Tl 67(:[;7:[/) + wd(tw%'vy) 3
with
- 10H
a2, =X ()W (ez) (35 @) + otz
- 10H
Va(t,z,y) = X(%)X(dp/ng) (—dam(ﬂc,y) +w(t7x,y)) :

Notice that (2) and (41) coincide in the set [~dS,dS] x [-d5S,d45]. In
particular, if a solution v = (z,y) of (41) is such that N,(u) < d, then u is
necessarily a solution of (2).

Lemma 13. There exists D > 1 with the following property: if u = (x,y)
is any solution of (41), with d € [D,+o0], satisfying a <€z and © <K 3, then
Np(u) < D.

Proof. Assume by contradiction that there exist a diverging sequence (d,), and
some solutions u, = (Zn,yn) of (41), with d = d,,, such that a K z,,, ©,, €
and N (u,) > n. We introduce the functions

T

Np(“ﬂ)

Yn
Np(un )=t

Uy = and w, =

12



Notice that, from (11) and (10), we have
lvnlle €S and |lwplleo < S. (42)

By (12) and (13), we see that (v, w,) solves

d, —10H
vy, = dn, %(Un7wn) + @ (t, vp, wn)
d,—10H
w;'L - dy, 86737(”71; wn) + \Pn(tv Un, wn) ) (43)

where
1 ~
(I)n(t7vna wn) = W¢dn (taNp(un)UnaNp(un)pilwn) y
1 ~
U, (t, v, wy) = Wz/}dn (t, Nop (), Np ()P~ wy,)

Then, by (42), since (v,,, w,) solves (43), it is bounded in C' x C*. By a standard
compactness argument, a subsequence converges to some (v, w) in C! x C1, and

Hence, we have either ((t),w(t)) = S(t), or (v(t),w(t)) = S(t + 74). More
precisely, using (8), the first case is possible if and only if b—a = 7, the second
one if and only if b—a = 7_. In the first case, since v,, C'-converges to S; > 0,
we have that v,, > %Sl when 7 is sufficiently large, so that, recalling Lemma 12,
we get the contradiction

1
Ty, = Np(un ) vy > in(un)Sl > S>> a.

In the sgcond case, since v,, C'-converges to §1 = S1(- +74) < 0, we have that
Uy K %Sl when n is sufficiently large, thus providing the contradiction
Tn = Np(up)v, < %Np(un)gl < S < B.
The proof is thus completed. O
We now fix D > 1 as in Lemma 13, assuming also
max{||a/loc , |B]lc} < DS, (44)
mac{ lyalloc - [yslloc} < DS

From Lemma 13, if v = (z,y) is any solution of (41) with d > D, satisfying
both o € = and z < 3, then u is a solution of (2), too.

Lemma 14. The functions a and B are a lower and an upper solution of (41),
respectively, provided that d is chosen large enough.
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Proof. From Lemma 4 and the boundedness of ¢, we deduce the existence of a
constant K > 0 such that, for every d > 1, we have both balt,a(t),y) > —K
when y > 0, and d)d(t,a( ),y) < K when y < 0, for every t € [a,b]. Moreover,
using again Lemma 4, we can take d large enough so that, if y > d?/9S then

A a0+ Batt. ) 2 T2 S @(0.0) - K > '),

and if y < —d?/9S then

d—10H ~ d—10H

G (@0.9) + daltat).9) < =@ 9) + K < o'(r).

On the other hand, if y € [-dP/9S,dP/?S], then (a(t),y) belongs to the region
where the problem has not been modified and the desired estimates hold.

The inequality for y/, (¢) still holds since, for every ¢ € [a, b], also (a(t),ya (1))
belongs to the region where the problem has not been modified. O

Our aim now is to construct a lower solution & and an upper solution 3 such
that @ < 8 and a < . In order to do so, let us consider, for every d > 1, the
slowed autonomous system

y_d-10H . d-10H

It is isochronous, all solutions being periodic with minimal period 7d/(d—1) > 7

Lemma 15. For every £ > 0, the problem

d—10H —10H
L /:—77

7 ay@w% y g ax@W%
z(a) =& =x(b),

has a unique solution (x¢,ye). Moreover, x¢(t) > & for everyt €la,b[. Similarly,
the problem
d—10H . d-10H

r = ——

d Ty(z’y)’ Y :_T %(l‘vy)a
:z:(a) = _5 = lf(b),

has a unique solution (x_¢,y_¢), satisfying x_¢(t) < = for every t €la, b.

Proof. If we parametrize the solutions (z,y) with the energy E = df;lH(x, Y),
we see that they cross the line £ = {(z,y) € R? : z = ¢} if and only if F is
greater of a well determined value F¢ > 0, and assumption (9) ensures that
there are exactly two crossing points (&, ;Ug') and (&, Ye ), with gg“ > ¥ . Since
b—a<7_ <7_d/(d—1), the solution (z,y) we are looking for cannot follow
the path to the left of £, hence, if it exists, it has to be z¢(t) > £ for every
t €la,b.

14



Let us denote by T¢(E) the time needed to go from (f,yz) to (&, yg) We

have thus defined a function T¢ : ] E¢, +00[ — R which is continuous, positive and
strictly increasing. Surely T¢(E) < b— a if E is in a small right neighbourhood
of F¢. Hence, since limp_ 400 T¢(E) = 74d/(d — 1) > b — a, there is a unique
value E¢ > E¢ for which T¢(E¢) = b—a, and this value of the energy determines
the solution we are looking for. O

We are now ready to define the lower and upper solutions & and B .

Lemma 16. Taking d > D and € > 2dS, the functions & = T_¢ and B = T
are a lower and an upper solution of (41), respectively. Moreover,

akp and a<<§.

Proof. Let us show that ﬂ = x¢ is an upper solution, with associated function
Yz = ye- Recalling that (bd(t x,y) and ¢d(t x,y) vanish when = ¢ [—2dS, 2dS],

since £ > 2dS, using assumption (9), we have

v<ue) = 0.0 < S S 0. 0e0) = ot(0).
d—10H d—10H

v uelt) = G (relt)y) > S G (). ) = 1)

Moreover,
d—10H
ye(t) < —T%(xg(t),yg(t)) ;

since equality holds. Finally, z¢(a) > 0 and x¢(b) > 0, thus proving that x¢ is
an upper solution. Analogously one proves that x_ is a lower solution.

Now, since from (44) we have ¢ > 2dS > max{||a|« , ||8]|cc}, one has
r_g(t) < =E<B(t), ze(t)>E>aft), foreverytea,b],
thus ending the proof of the lemma. O

Let us now fix d > D sufficiently large in order to ensure the validity of
Lemma 14. We thus have three well-ordered pairs of lower/upper solutions
of (41):

(@.8), (vpB), (a,p).

Let @ = mina and E_: max B By Lemma 4, we can find M > 0 such that, if
t € [a,b] and x € [a,b], then

y>=M = faltz,y) >0, (46)
y<-M = fit,a,y) <0.

We now need to introduce the guiding curves.
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Lemma 17. There are four continuously differentiable functions 'yii : [a,b] —
R, with i = 1,2, satisfying

Galt, 2,77 (@) > fa(t.2, 9 (2)) () (@), (47)

Galt,x, 75 (2)) < falt.w, 25 (@) () ()

Ga(t 2,77 (2)) < fa(t.2.97 (2) (O07) ().

Ga(t, 7,75 (7)) > fa(t. 2,7 (@) (1) (@),
and such that

v; () < min{—M, ya(t), ya(t), ys(t), y5(t)}

< maX{Ma Yo (t)’ y,a(t)v Yp (t)’ yg(t)} < 77,'+ (l‘) ) (48)
for every t € [a,b] and z € [a,b].
Proof. 1t follows the lines of the proofs of Lemmas 8 and 9. O

Let us now introduce our functional setting for the problem (41).

Set Z = [a, b], denote by C%*(Z) the space of ¢-Hélder continuous functions
and by CY¢(Z) the space of functions having derivative belonging to C%*(T).
Moreover, define

CyY(T) = {z € CY(T) : z(a) =0=z(b)}.
We consider the linear operator
L:CyH(T) x CYH(T) — C¥H(T) x CO4(T)
L(z,y) =" -y, y),
and the Nemitskii operator
Ng: CH(T) x CHT) — C*(T) x C*Y(T)
Na(z,y)(t) = (fd(t,x(t%y(t)) —y(t), ’g\d(w(t),y(t))) :
Problem (41) is then the same as
Lu= Ngu,

with
ue X :=Cy(I) x CHT).

Lemma 18. The operator L is invertible with continuous inverse, and prob-
lem (41) is equivalent to u = L= Nyu. Moreover, the operator

L7IN;: X - X
is completely continuous.

Proof. Tt is rather standard, using the fact that C*(Z) is compactly imbedded
in CY(7). O
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Let us define the sets

-~

Vi=V@p), V=V@p), Vi=V(a5b)),
with the notation
V(p,n) = {(z,y) € X : p <z < nand
v (x(t) < y(t) <" (x(t)), for every t € T},

where

v~ (z) = min{y; (z),i=1,2}, v (z) = max{y; (z),i=1,2}. (49)
These sets are open in X = C}(Z) x C1(Z), by Lemma 10.

We say that an open set 2 C X is admissible if L='Ny has no fixed points
on 99 and the set of fixed points of L™'Ny in €2 is bounded, i.e., it is contained
in some open ball B,,. In this case, we can define

deg(I — L™'Ny,Q) =drs(I — L 'Ng4, QN B,),

where dp s denotes the Leray—Schauder degree. By excision, this definition does
not depend on the choice of p.

Our aim is to prove that, if there are no solutions of (41) on dV;, then V; is
admissible and
deg(I — L™'Ng, V) =1, j=1,2,3.

This fact will be proved in Lemma 22.
In the following we denote by (p,n) any of the three pairs

@,8), (aB), (@p).

We need to truncate the functions ﬁl and g4 so to modify system (41). Define,
for any p < v,

p, ifs<up,
Clsypv)=4qs, ifu<z<v, (50)
v, ifs>v.

Fix Y > 0 such that

for every x € [a,b]. Let

f%n(t> €, y) = J/C;l(u C((.C, L,D(t), n(t))> C(y7 _?, ?)) - C(y7 _?7 ?) ’
990777 (tv Z, y) = /g\d (t, C(xa ‘p(t)v n(t))v C(yv _? ?

and consider the problem

(51)

o=yt font,r,y), Y =T+ gon(tT,y)
z(a) =0=xz(b),

which is equivalent to Lu = N, ,u, with the appropriate Nemitskii operator.
Notice that the functions f,, and g, are bounded. Moreover, if (z,y) is a
solution of (51) satisfying ¢ < x < nand —Y < y < Y, then it is a solution
of (41), too.
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Lemma 19. Fach (p,n) is a well-ordered pair of lower/upper solutions for (51).

Proof. Assume for instance that (p,n) = (a, 3). Then, if y € [-Y,Y],

~

Yy > ya(t) = Y+ fam(t)a(t)vy) = fd(taa(t)
Y<Yalt) = Y+ fanlt,alt),y) = falt,a(t)

Y)
Y)

>a
<ad

—~ o~
~ o+
NN

while

y>? = y+fa’n(t,a(t),y) >?+fa,n(taa(t)7?) >O‘/(t)a
y < _? = Y+ fa,n(tva(t)7y) < _?—i_ fa,n(tva(t)a _?) < Oé/(t) .

Since —Y < yu(t) <Y for every t € [a,b] from the choice (48), the inequality
for y/,(¢) still holds, since (a(t),yq(t)) belongs to the region where the problem
has not been modified. All the other cases can be treated similarly. O

Lemma 20. Every solution u = (x,y) of (51) satisfies p <z <.

Proof. Let us define the following regions

ANE:{(taxay) : te[a7b]ax>77(t)ay>yn(t)}a
ASE:{(taxay) : te[a7b]a‘r>n(t)7y<y77(t)}a
ASW :{(t,x,y) HRAS [aab]7 $<(P(t), y<y§0(t)}7
ANW:{(taxay) tte [a,b],x<g0(t),y>y¢(t)}.
If u = (z,y) is a solution of
I/:y+f<p,7](t7z7y)7 y/:$+g¢,n(t,x,y),
then, for any ¢y € [a, b],
(to,u(to)) € Ase = (t,u(t)) € Asp for every t € [a, o],
(to,u(to)) € ANW = (t,u(t)) S ANW for every t € [a,to] s
(to,u(to)) € ANe = (t,u(t)) € Ang for every t € [to, 0],
(to,u(to)) € Asw = (t,u(t)) € Asw for every t € [to,D].

Moreover, for any tg € [a, b], if
z(to) < ¢(to) and  y(to) = yy(to),
then there exists § > 0 such that

(f7 ’U,(t)) S ANW s
(t,u(t)) € Asw .

to£a,tEtg—d,t =
to#b, t €lto,to +06] =
Similarly, if, for any ¢y € [a, ],

z(to) >n(to) and  y(to) = yn(to),
then there exists § > 0 such that

to#a,tE]to—&to[ = (t,u(t))EASE,
to#b, t€lto,to+] = (tu(t)) € Ang.
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4 0 n

Figure 2: A section at a fixed time of the regions introduced in Lemmas 20
and 21, describing the dynamics of (51).

By contradiction, let u = (z,y) be a solution of (51) such that x(t9) < ¢(to),
for some tg € [a,b]. Since z(a) =0 > p(a) and z(b) = 0 < ¢(b), then ty €]a,b|
and by the above considerations it cannot be that (¢p,u(to)) € Ayw U Asw .
Hence y(to) = ye(to), and there exists 6 > 0 such that (¢,u(t)) € Ayw for
t €]to — 0, o[, which leads to a contradiction. The case x(tg) > 1(to) leads to a
similar contradiction, as well. O

Lemma 21. FEvery solution u = (x,y) of (51) satisfies

v (1) <y(t) <7 (x(t), for everyt € [a,b].
Proof. We introduce the functions G () = y(t) — v (2(t)), with i = 1,2. We
first show that y(a) < v"(z(a)) and y(b) < y*(z(b)).

Let us prove that we cannot have y(a) > 7" (z(a)). At first, assume that
y(t) > ~iF (x(t)) for every t € [a,b]. Then, from (48) we get y(t) > M for every
t € [a,b], so that (46) gives x(b) > 0, a contradiction. So, there exists tg € [a, b]
such that G (tg) = 0 and G{(t) < 0 in a right neighborhood of t,. We can
compute, recalling (47),

(G (to) =¥/ (to) — (77" (x(t0))2’ (to)
= Ga(to, z(to), 71 (x(t0))) — (1) (x(to)) fa(to, 2(to), 7 (x(t0)))
)71 (2(to))) —

getting again a contradiction. Hence, y(a) < ~ (z(a)) < v+ (z(a)), recall-
ing (49).

Y
= Ga(to, z(to),
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Similarly one shows that y(b) < v (2(b)) < 7 (2(b)), going backwards in
time.

We now prove that y(t) < y*(z(t)) for every t € [a,b]. Assume by con-
tradiction that there is ty € ]a,b[ such that y(tg) > v*(z(t9)). We distinguish
two possibilities. First, if 2(¢y) > 0, then the solution remains above ;" for all
t €to,b], hence y(t) > M and /() > 0 for all ¢ € Jto,b], leading to z(b) > 0,
which is impossible. Second, if z(t9) < 0, then there must exist a t; € [a, o[
such that y(¢;) < M. But then the solution remains below ~; for all ¢ € [t1, b],
in contradiction with the assumption.

Similarly one proves that y(t) > v~ (x(t)) for every t € [a, b]. O
Lemma 22. If there are no solutions of (41) on 0V, then V; is admissible and
deg(I — L™'Ng,V;) =1, j=1,2,3.

Proof. For any sufficiently large p > 0, denoting by B, the open ball in X with
radius p, centered at the origin, we claim that

deg(I — L™'N,.,, B,) =

Indeed, let us show that there is a p > 0 such that, for every A € [0, 1], every
solution of Lu = AN, ,u satisfies ||ul|c1 < p. By contradiction, if this is not
true, there exist a sequence (A,), in [0,1] and some solutions u, = (zn,yn)
of Luy, = ANy pup such that [Ju,|cr — oo. Let v, = zp/||up|cr and w, =
Yn/llunllcr. By a standard argument it can be seen that, for a subsequence,
An — X € [0,1], while (v, w,) — (v,@) in X. Moreover, ¥/ = w, @' = \v, S0
that " = Ao, and since #(a) = 0 = ©(b), this implies © = 0, hence also w = 0,
a contradiction. By homotopy invariance, the degree is then equal to 1.

Fix p > 0 as above. Since there are no solutions of (41) on 9V(p,n), we
also have that there are no solutions of (51) on dV(¢,n). Hence, V(p,n) is
admissible and, by excision,

deg(l — L' Nop, V(p,m)) = deg(I — L™' Ny, By) =
Now, since N, ,, = Ngq on V(yp,7), the result follows. O
Lemma 23. There are no solutions of (41) on V.

Proof. Let u = (z,y) be a solution belonging to the closure of V. Then a(t) <
z(t) < B( ), for ‘every t € I. Assume by contradiction that z & B. Since

z(a) =0 < & = B(a) and z(b) = 0 < £ = B(b), there must be a ty € ]a, b] such
that

x(to) = B(to) > €, #'(to) = F'(to)
Hence both (z(t), y(t)) and (z¢(t), ye(t)) solve the autonomous system (45) in a
neighborhood of ty. Recalling that 8 = x¢ by definition, since

#'(tg) = ;1 83[;( (to),y(to)) »

and d—10H
zg(to) = T@(ff(to)ays(to))a
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being ' (to) = 2¢(to) and x(tg) = w¢(to), by assumption (9) it has to be that
y(to) = ye(to). Since autonomous planar Hamiltonian systems have the unique-
ness property for Cauchy problems when the initial value is not an equilibrium
(cf. [19, Theorem 1]), then the two solutions (z(t),y(t)) and (xe(t), ye(t)) coin-
cide, as long as they remain in [£, +oo[ xR, leading to a contradiction. Hence,

T <K 3 Similarly one proves that @ < x. So, there are no solutions of (41) on
oV. O

Now, if there is a solution u = (x,y) of (41) on 9Vs, then x < § and =z £ S.
Since oo £ B, there is a tg such that x(tg) < B(to) < a(to), implying that o € x.
So, u is the solution of (28) we are looking for.

A similar argument shows that if uw = (z,y) is a solution of (41) on 9Vs, then
u is the solution of (28) we are looking for.

Finally, if there are no solutions of (41) on dVy U Vs, then
deg(I — LilNd, Vi\ V2 UVs) =
= deg(I — L™'Ng, V1) — (deg([ — LNy, V) + deg(I — L' N, vg)) =-1.
Then, there is a solution of (41) in V; \ V, U Vs, and this is the solution of (28)
we are looking for.

The proof of Theorem 3 is thus completed.

7 Higher dimensional systems

Let us now introduce a higher dimensional version of problem (2). We will
write © = (71,...,75) € RN, y = (y1,...,yn) € RY, and assume that the
continuously differentiable function H : R?N — R is of the type

N
H(l‘,y) = ZHn(xnvyn) (52)

n=1
Moreover, for every n € {1,..., N}, we assume that there exist p, > 1 and

qn > 1, with (1/pn) + (1/gn) = 1, such that
H, (A u, \Pry) = \Prtin [ (u,v) > 0,
for every A > 0 and (u,v) # (0,0). We consider the problem

,  OH ,  OH
r = ?y(xay) —|—¢(t,x,y), Yy = _%(-ﬁay) +7r/)(t"r’y) (53)
z(a) =0=xz(b),

where the functions ¢, : [a,b] x R*M — RY are continuous and bounded.
Equivalently, writing ¢ = (¢1,...,¢n) and ¥ = (¢¥1,...,¥N),

0H,
.T;L = ayn(a:n?yn) +¢n(ta$17--~7$N,Z/17~-~,yN)7
n

0H,

y":_(‘?x (xnayn)+wn(tax1a"'7xN7y17"'7yN)a

Tn(a) =0=x,(0b), n=1,...,N.
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For &, v € RY we write £ <v (or v = §) if

& < vy, forevery ne {1,...,N},
and in this case we define

(& v) ={ueRY : £ 2u=v}.

We now adapt the definition of lower /upper solutions given in [14, Defini-
tion 31| to the higher dimensional problem

¥ =ftay), Y =gltzy), (54)
z(a) =0

(a) =0=2(0),

where f,g : [a,b] x R?N — R¥ are continuous functions. As usual, we write
f=1,...,fn)and g = (¢1,...,9n). Similarly for the vector-valued functions
considered below.

Definition 24. Given two C*-functions o, 3 : [a,b] — RN, we say that (o, 3)
is a well-ordered pair of lower/upper solutions of problem (54) if

alt) < B(t), for everyt € [a,b],

afa) 20 = B(a), a(b) <0 = 8(b),

and there exist two C-functions y*,y® : [a,b] — RN such that, for every z,y €
RY, ne{l,...,N} and t € [a,}],

falt,z,y) < al(t) when x, = an(t) and y, < yo(t), (55)
fult,z,y) >l (t) when z, = an(t) and y, > y2(t),
fo(t,z,y) < Bl (t)  when xn, = Bn(t) and y, < yh(t), (56)
fa(t,z,y) > B (t)  when z, = By(t) and y, > yg(t),

and

() (t) > gu(t, z,y),
when z € {a(t), B#)), Tn = an(t) and y, = y2(t), (57)

() (8) < gu(t, 2, y),
when © € (a(t), B(t)), Tn = Bn(t) and y, =y2(t). (58)

Here is our result in the well-ordered case.

Theorem 25. Assume H to be as in (52), with components H, being positively-
(Pn, qn)-homogeneous positive-definite continuously differentiable functions, for
some p, > 1 and g, > 1 with (1/p,)+(1/qn) = 1. Let ¢, be uniformly bounded
continuous functions, and let (c, B) be a well-ordered pair of lower/upper solu-
tions of problem (53). Then, there exists a solution (x,y) of (53) such that
a(t) < z(t) < B(t), for every t € [a,b)].
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Proof. One proceeds like in the proof of [14, Theorem 32]|. The main difference
here is that the functions ¢ and v depend on all variables x and y. However,
setting

me = min{a,(t) : t € [a,b,n=1,...,N},
Mg =max{f,(t): t € [a,b],n=1,...,N},

the fact that ¢ and 1 are bounded permits to recover, for every n = 1,..., N,
the required guiding curves *yfn,fyin : [ma, Mgl — R, with ¢ = 1,2, and the
result follows. O

For the non-well-ordered case, we need to introduce the notion of strict lower
and upper solutions. To this aim we will follow the ideas developed in [11], and
distinguish the components which are well-ordered from the others.

The couple (J, K) is a partition of {1,..., N} if and only if 7NK = @ and
JUK =A{1,...,N}. We denote by #J and #K the cardinality of the sets J
and K. For a given partition (7, K), a vector

xr = (1‘1, R ,JjN) = (xn)ne{l,...,N} € RN

can be decomposed as z = (z7,zx) where 7 = (2;)jes € R*7 and zx =
(1)rexc € R¥X. Similarly, we can decompose every function F : D — RY as
F(z) = (Fr(2), Fc(z)) with F7 : D — R#*J and Fic : D — R#X, for any
domain D. Moreover, for &,v € RY we write

(&v) s ={u=(ug,uc) €RY : &5 2uy vz},

Definition 26. Let o, : [a,b] — RY be two C-functions. We will say that
(ar, B) is a pair of lower/upper solutions of (54) related to the partition (7, K)
of {1,..., N} if the following conditions hold:

1. aj < B, for any j € T ;
2. ay £ By, for any k € IC;
3. ala) 20 =< B(a) and a(b) 20 < B(b);

4. there are two C*-functions y,y” : [a,b] — RN such that (55) and (56)
hold for everyn € {1,...,N} and t € [ .0l

5. for everym € {1,...,N} and t € [a,b] one has

() (t) = gn(t, z,y)
when x € (a(t), B(t)) 7, Tn = an(t) and y, = yn(t),

and

(yg),(t) S g’fb(t’ x’ y) ’
when @ € {a(t), B(t)) 7, Tn = Bu(t) and y, = yp(t).

In the following definition we will use the relation > introduced in (7).
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Definition 27. Let («, 3) be a pair of lower/upper solutions of (54) related to
the partition (J,K). We will say that this pair of lower/upper solutions is strict
with respect to the j-th component, with j € J, if a; < B; and, for every
solution (x,y) of (54),

aj <z, <P = oLy LG

We will say that this pair of lower/upper solutions is strict with respect to the
k-th component, with k € K if, for every solution (z,y) of (54),

ap <xp = ap <R, and xp <P = 1 < Pr.

In order to prove the existence of a solution of (53), once a pair of lower /upper
solutions («, B) is given, we need to ask the strictness property with respect to
the non-well-ordered components ay, 8. Moreover, we will need to ask more
regularity on the functions ¢ and : we will ask them to be locally ¢-Holder
continuous for a certain ¢ > 0. Here is our result.

Theorem 28. Let £ > 0 and assume H : R*™ — R to be as in (52), with com-
ponents Hy, being Cllo’f—smooth positively-(pn, qn)-homogeneous positive-definite
functions, for some p, > 1 and g, > 1 with (1/p,)+ (1/g,) = 1. Let (o, ) be a
pair of lower /upper solutions of (53) related to the partition (J,K) of {1,...,N}
which is strict with respect to the k-th component, for every k € K. Moreover,

assume that for every k € IC,

0H
—k(xo, \) 18 a strictly increasing function, for every xg € R. (59)

dy
Let ¢, be uniformly bounded Cﬁj’f-smooth functions. If
b—a<min{r,, 7 : keK},
then (53) has a solution (x,y) with the following properties:
J) foranyje T, a;(t) <x;(t) < B;(t), for every t € [a,b];

(K) for any k € K, there exist t,,t2 €la,b] such that zx(t}) < ax(t}) and
wk(th) > Br(ty)-

Proof. The case K = & has been already treated in Theorem 25. In order
to simplify the exposition, we assume both J # @ and K # &, and that
J={1,...,M}and K ={M+1,... N} for a certain M € {1,...,N—1}. The
proof can be easily adapted to the case J = @.

As in Section 2, for every n € {1,...,N}, let S, (t) = (S1,n(t), S2,n(t)) be
the periodic solution of the planar autonomous system

1 Y4tn r_ _Yin
u'= (u,v), w 5 (u,v)
such that S1,(0) = 0 and S5 ,(0) > 0, with H,(S1,,(t), S2,»(t)) = 1 for every t.

We set B
Sy, = max{|S1,,(t)| + |S2.n(t)| : t € R},
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and
S=max{S,:ne{l...,N}}. (60)

For each n € {1,..., N} we will mainly follow the procedure developed
in Section 5 if n € J, the one in Section 6 if n € I, so that the couple of
variables (x,,, y,) will overshadow the remaining ones, which will essentially act
as parameters. We first need to modify problem (53) both in the k-variables,
following the lines of the proof of Theorem 3, and in the j-variables, in order to
apply a topological degree argument, as in the proof of [11, Theorem 10].

Let us rewrite (53) as

xng](t7xay)7 y;zg](taxay)7 J€{1a7M}7
x%:fk(t,x,y), y;c:gk(taxvy)v kE{M—Fl,...,N},
z(a) =0 = z(b)

We introduce the functions
Gt x;) = C(xj, 05(t), B5(1))
where ¢ was defined in (50), and
D(t,z) = (Gt @1), ... Cu(tan) , Tagrs- -, TN) -

Then we set

o~

[itt,x,y) = f;(t,T(t,x),y), gi(t,z,y) = g;(t, T(t, ), y) + 25 — Gt z5).

Concerning the non-well-ordered components, we need to consider a positive
parameter d, which will be fixed later, following the construction of problem (41)
in Section 6. We set

~ d—1 0H ~
fk,d(tvxay) = T W:("Ekayk) + (bk,d(tvxay)a
- d—10H ~
Gr,a(t,,y) = i W:(xk;yk) +Yralt,z,y),
with
~ (%K Yk 10Hy
Buattia) =x(TE)x(5g) (G5 @) + a0 )
Brat. ) = x( 2 (2 ) (<2 0y ) (0. 0(0,2).)
k,d\l, T, Y) =X dg X dpk/qu dafEk k> Yk K\l ) Y )

where S is defined in (60) and the cut-off function y in (40). We thus are led
to the modified problem

o =filtey),  yy=gitay),  je{l... M},
m;g:fk,d(tvl'vy)a y;g:Ak,d(taxay)v kG{M+177N}7 (61)
z(a) = 0= z(b)

We will now provide, working separately on every component, an indexed family
of well-ordered pair of lower /upper solutions of the modified problem (61), which
will be strict in every component.
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Let us first operate on a component j € {1,...,M}. We can argue as in
Lemmas 8 and 9 so to find some guiding curves ij and 72i,j~ To be more precise,

for an illustrative purpose, the curve vi ; will satisfy the analogue of (29), i.e.,

Gitz,y) > fit ) () (25),

for every t € [a,b], every x € R™ with a;(t) < x; < B;(t) and every y € RY
with y; = 'yf:j(xj).

Then, we can follow the reasoning in [14, Theorem 11, Claim 3| and prove
that all the solutions (x,y) of (61) satisfy

a;(t) < x;(t) < B;(t), (62)

and

min{yp;(2(t) , v;(x(t)} < y;(t) < max{y;(=(t)), 9, (z(t)},  (63)

for every t € [a,b]. We then define the functions

a;j(t) =a;(t) —1 and B;(t) = B;(t) +1,
and conclude that

(S1) for every j € 7, the functions ¢; and f; satisfy
a; < Bj,  aj(a) <0< Bila), @;(b) <0< B;b).

Moreover, the conditions (55), (56), (57) and (58) hold with n = j, replac-
ing ajvﬁjvfjagj by Ov‘jvﬁjvfjv:q\j ) Setting y;i = y;f and yf = yf FinaHY7
every solution (x,y) of (61) satisfies &; < z; < ; and (63).

Let us now focus our attention on a component & € K. Arguing as in
Lemma 13 we can prove that

(S2) there exists D > 1 with the following property: if u = (x,y) is a solution
of (61), with d > D, such that oy, € z and zj € B, then N, (ug) < D.

We can surely take the same constant D for every k € K. Now, as in Lemma 14,
enlarging D if necessary we can prove that

(S3) for every k € K and d > D, the functions ay, and Sy still satisfy condi-
tions (55), (56), (57) and (58), replacing fx, gx by fk.a; Gk 4, respectively.

Then, Lemma 16 suggests us how to continue the proof once we have fixed
d > D sufficiently large:

(S4) for every k € K, there are two couples of functions (ak,yf) and (Bk,y,f)
such that ay < Bk, ar < Bk, and o < B satisfying the conditions (55),
(56), (57) and (58), replacing in all formulas ag, 5, Bk, y,f, &, gr by ay,

y,?, B yf, fr.d> Gk.a, respectively.

Now a further step is needed. We are going to prove that
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(S5) for every k € K, if (x,y) is a solution of (61) such that @ < xp, then
ap < xg. Analogously, if (x,y) is a solution of (61) such that zp < S,
then zj < Bg.

We prove the second assertion, the proof of the first one being similar. Following
the proof of Lemma 23, assume by contradiction that there is a solution (x,y)

of (61) such that zj < Bk but x {Ek Since zp(a) =0 < Bk(a) and z(b) =
0 < Bi(b), there exists to € a, b such that zx(to) = Bk (to) and z}.(to) = B} (to)-
Using assumption (59), since

S8
|
—
Q
=
)

d—1 0Hy

T oy @(t0) 9 (10)) = Bilto) = w(t) = == Zo R (o). yulto))

we get yg(to) = yr(to). Recalling that ak,d =0 and ZZk,d = 0 in a neighborhood
of {(Bk,yf)(t) : t € [a,b]}, arguing as in the proof of Lemma 23, we conclude
that (By, vy, ) and (zx,yx) coincide on [a, b], leading to a contradiction with the
fact that zx(a) = 25 (b) = 0. Hence, (S5) is proved.

For every multi-index 1 = (ppri1,...,p0n5) € {1,2,33V "M we define the
couple of functions (p*,n*) by components: for every j € J we set

(¢}, nf) = (a5, 8)
and, for every k € KC,

if pp =1 we set (o, nl) = (qu B
if i, = 2 we set (@, ;) = (@k , Br)
if pp = 3 we set (@, nf) = (a, Bi) .
From (S1), (S3), (S4) and (S5), we can verify that, for every u € {1,2,3}¥=M,

the couple (¢*,n*) is a well-ordered pair of lower/upper solutions of prob-
lem (61) which is strict with respect to all its components. Let

E= {(WL’U“) YIS {17273}]\]7”[} .

As in Lemmas 8, 9 and 17, we can construct some guiding curves 'yffn, ’ygjfn,
for every n € {1,...,N}. Then, for every couple (¢*,n*) € Z, we can mod-
ify system (61), only in the components k € K, exactly as we did to define
problem (51), and obtain the new problem

m;:f](tamay)a y;:./g\j(tam7y)a .76\77
z;c =Yk + (fk)tp“ﬂl“ t,l‘,y)7 y;q = Tk + (gk)tp“,n“(tvxay)a k € ICa (64)
z(a) =0=xz(b)

With the same procedure we can show that every couple (¢, n#) is a well-
ordered pair of lower/upper solutions for the new problem, too. Moreover, as
in Lemmas 20 and 21, we can show that each solution of (64) satisfies, for every
t € [a,b],

e (t) 2 a(t) 2 n"(t),
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and, for every n € {1,..., N},
min{yy, (€(t)) , 2., (2(1)} < ya(t) < max{r{, (x(t)), 73, (x(t))} -

We need now to introduce the functional setting. We denote by fd and gq4
the functions

fd = (fli'"7f]VI7fM+1,d7"'JfN,d)7 /g\d = (/9\17-~7§M7/9\M+1,da~--7/g\N,d)7

which describe system (61). Recalling the notations introduced in Section 6, we
consider the linear operator

L: (G @Y x [CH@)Y = [ @Y < (¢ (D)"Y
Liz,y) =" -y, y),

and the Nemitskii operator
Na: [C3(@)]Y > [CH@)Y — [C*(@)]Y = [C*@D)Y
Na(w,y)(t) = (Flt.2(t),y(0) = y(t), Gt 2(0),9(0)))

Then, the analogue of Lemma 18 holds and u = (x,y) is a solution of (61) if
and only if it solves
Lu = Nau,

with
ue X :=[CHD)N x [CHD)N.

For every (¢*,n*) € 2, we introduce the set

V= {(z,y) € X : ¢l <z, < 7}t and
i (@n(1)) < () < 77 (2a(t)) , for every t € [a,b],m € {1,..., N}} )

where
Y, (x) = min{%fn(ac) ,i=1,2}, yi(z) = max{%fn(:r) ,i=1,2}.
Notice that V* is open in X.

Fix any (¢*,n*) € E. From (S1) and (S5), we see that there are no solutions
of (61) on OV*. Then, arguing as in the proof of Lemma 22, the set V¥ is
admissible and

deg (I — L7'Ng, V") = 1.

Then, we can follow the procedure in [11, Section 3.1] and define, for every
multi-index g = (pars1,- .-, un) € {1,2,3,4}¥ =M the open set

O = {(z,y) € X : (.A?), (AL"), (A]) and (A])
hold for every j € J and k € IC} ,

where the conditions (AY), (A}*), and (A]}) read as

(A)) o < a; < By ;
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)ak<<$k<<3k;
) Qr < 2 L i
) g < T < B
)

Gr <, < By, and there are ti,t3 €la,b[ such that zj(t}) < ap(ti) and
ok (ty) > Br(ty)

(A7) 77 (@ (1)) < yn(t) <7 (2a(t)), for every t € [a,b].

Notice that
QF =VH for every u € {1, 2, 3}N_M‘

Moreover, for any p € {1,2,3,4} "M and k € {M + 1,...,N}, using the
notation .
Ql:’i — Q(MM+1,...,;L~,—1,1,,LLK+1 ..... #N)7 i= 1’ 2’ 3’47

the arguments in [14, Proposition 23] show that
QZA N QZJ = [le \ ng] n [Qg1 \QZ?)] ’

giving easily, passing to the complementary, O, \ Q, = Qi , U QL 3 and
consequently
inA = Qg,1 \ng U Q':,S .

Arguing as in [11, Propositions 15-18|, we can prove that deg (I—L’lNd, Q“)
is well defined for every p € {1,2,3,4}V =M "and it is equal to (—1)™, where m
is the number of times the number 4 appears in the multi-index . In particular,
we have that

deg (I — L7 Ny, QdtDy = (—1)N=M £ .

So, there exists a solution (z,y) of (61) belonging to Q(*%+~%4%) This solution
satisfies (A}), for every k € K, hence oy, € x5, and zy € B, for every k € K.
Then, from (S2) we conclude that N, (ux) < D, so that (z,y) is indeed a
solution of the original problem (53), since the differential equation defining the
two problems coincide in the set {u € R?N : N, (ux) < D}. Moreover, from
(62), we have a7 (t) < x7(t) = B7(t) for every t € [a,b]. The proof is thus
completed. O

As an example of application, consider the Dirichlet problem

(|x;7,|p72x;1)/ =+ Nn|x¢|p*2xz - l/n|x'riz|p72x:z = hn(tv L1y++-3TN, xlh s vx/N)
2n(0) =0 =z (mp) , n=1,...,N,

(65)
where p > 1, g, > 0 and v, > 0. In this case, if a : [0,m,] — RY is a lower
solution, then taking y@ = |a/,|P~2a/,, for every n = 1,..., N, conditions (55)
are always satisfied, while (57) reads as

(loP~%00,)" () + lagl (P20 (£) = valag ()25, () =
2 hn(t; L1y an(t)v s TN YLy - |O/n(t)|p72a:z(t)’ R yN) ) (66)

for every x € RY and y € RY. Similarly for an upper solution.
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As an immediate consequence of Theorem 28, we have the following.

Corollary 29. Let ¢ > 0 and h,, be a uniformly bounded C%*-smooth function,
for every n. Assume that («, B) is a pair of lower/upper solutions of (65) related
to the partition (J,K) of {1,..., N}, which is strict with respect to the k-th
component, for every k € K. If max{uy,vr : k € K} < 1, then problem (65)
has a solution x with the following properties:

(J) forany j € T, aj(t) < x;(t) < B(t), for every t € [0, mp];

(K) for any k € K, there exist t;.,t7 €]0,m,[ such that xx(t}) < ax(ti) and
ok (t}) > Br(ty)-

The above result should be compared with [5, Theorem 2.4] (see also [2]
and the references therein) where some monotonicity assumptions on the non-
linearities were assumed.

Notice that, since we are dealing with second order differential equations,
the strictness property asked in the statement can be verified by a standard
argument, e.g., simply verifying that a strict inequality holds in (66).

As an illustrative example, we suggest the system

!\ p—2..7 \/ +|p—2,.+ —|p—2,.—

(|xn|p xn) + :unlxn ‘p Ly — V"l|xn p T,
Snn

IR
2, (0) =0 =z, (7p) , n=1,...,N,

7 / /
+ hp(tyz, .. xN, 2, T y)

where s, € {—1,41} and || ]oe < 1 for every n. Morecover, for those compo-
nents having s, = —1, we ask that u, <1 and v, < 1.

In this example, the pair of lower /upper solutions can be defined by compo-
nents as follows. The set 7 is made of those n for which s,, = +1, while the set
K consists of those n with s, = —1. If n € J, we simply need to choose some
sufficiently large constants (8, = —a, > 0. If n € K, we can argue as in [14,
Proposition 26], where the case p = 2 is treated, in order to find «,, and 3,, such
that a,, £ G.

Remark 30. A generalization of Theorem 28 can be obtained removing the
strictness assumption on one of the components x € K. Indeed, the above proof
can be easily adapted following the ideas in the proof of [11, Theorem 19]. In
such a situation, the conclusion (K) of the statement must be slightly changed
concerning the estimates on the x-th component: the solution will be such that

ap€r, and T KBx-
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