Reduced basis approximation and a-posteriori error
estimation for the coupled Stokes-Darcy system

Immanuel Martini - Gianluigi Rozza -
Bernard Haasdonk

Received: date / Accepted: date

Abstract The coupling of a free flow with a flow through porous media has
many potential applications in several fields related with computational science
and engineering, such as blood flows, environmental problems or food technolo-
gies. We present a reduced basis method for such coupled problems. The re-
duced basis method is a model order reduction method applied in the context of
parametrized systems. Our approach is based on a heterogeneous domain decompo-
sition formulation, namely the Stokes-Darcy problem. Thanks to an offline/online-
decomposition, computational times can be drastically reduced. At the same time
the induced error can be bounded by fast evaluable a-posteriori error bounds. In
the offline-phase the proposed algorithms make use of the decomposed problem
structure. Rigorous a-posteriori error bounds are developed, indicating the accu-
racy of certain lifting operators used in the offline-phase as well as the accuracy
of the reduced coupled system. Also, a strategy separately bounding pressure and
velocity errors is extended. Numerical experiments dealing with groundwater flow
scenarios demonstrate the efficiency of the approach as well as the limitations
regarding a-posteriori error estimation.
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1 Introduction

The fundamental idea of reduced basis (RB) methods [1,24-26,30] is approxi-
mating the solution manifold of a parametric partial differential equation (PDE)
by a low-dimensional linear space, commonly spanned by solution instantiations
(snapshots) for carefully selected parameter values. This RB space is built up on
a high-dimensional approximation space, from which the solutions are taken, for
example a finite element (FE) space. The efficiency of the method highly relies on
the affine decomposition property of the weak form. It ensures an efficient decom-
position of the computations in an offline- and online-phase. In the offline-phase
the RB space is built up once for all RB simulations. This is a costly process,
but independent of the ultimate simulation requests. In the online-phase RB so-
lutions can be computed for every new parameter value of the parameter domain,
but the computational load is independent of the high dimension. The quality
of the approximation can be certified by efficiently computable a-posteriori error
estimates.

The advantages of the method are worth while for several settings, where many
parameter requests are posed (many-query context) or where fast solution evalu-
ations are needed (real-time context). For example RB methods were applied to
optimization problems [6,23,28]. The range of RB methods includes time depen-
dent problems [11,12] as well as noncoercive and nonlinear problems [26,36]. More
specifically, much investigation was performed in solving saddle-point problems
evolving from fluid simulations [10,15,16,18,28,29]. The idea to include domain
decomposition methods [27,34] in the computational framework of the RB method
was introduced in [19,20], following a Mortar-like approach for a coercive and lin-
ear PDE and extended in [15,16,18] to the Stokes equations. Other approaches
are based on the Schur-complement in domain decomposition [9,13,35] and on the
Dirichlet-Neumann solution scheme [21]. A method suited for the simulation of
fluidic networks was developed in [15]. The a-posteriori error estimation for ellip-
tic PDEs on decomposed domains is an issue that has been addressed from many
different points of view [13,18,21]. Very recently a framework has been developed,
that combines many of the previous ideas [33]. To our knowledge, there is no work
for the noncoercive case.

In this paper a RB method for the heterogeneous coupling of the Stokes equa-
tions and the porous medium equation [7,8,17] is presented. The known procedures
for homogeneous couplings of noncoercive PDEs [15] are extended to a more gen-
eral setting. The algorithm takes account of the fact that the complexity of the
problem with respect to the parameter is expected to be smaller on the interface
between the subdomains than on the whole domain. With the interface values of
a small number of global snapshots, we construct bases on the subdomains via
a subdomain-lifting framework, that is integrated into the Greedy-algorithm [36]
for the basis generation. The resulting Subdomain-Greedy adaptively builds the
basis on the subdomains in parallel. Regarding a-posteriori error estimation of the
global error, the standard non-coercive error estimate [26] can be very pessimistic
due to a great difference of the stability constants of the subproblems. We present
a modified error bound, which is more suited in that case and refines the error
bounds of [10].

The outline of the paper is as follows. We introduce the coupled system of
PDESs and the weak formulation in Section 2. In Section 3 the considered parameter
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Fig. 1 Illustration of the computational domains and boundaries.

dependency is explained and the resulting parametrized problem is detailed. The
analysis of the problem is summarized in Section 4. As we use the FE method
as foundation, Section 5 serves to present the FE approximation of the coupled
system and in addition the concept of lifting interface modes. Then we introduce
the RB formulation together with the basis generation procedure in Section 6 and
give the definitions and proofs of the error bounds in Section 7. An investigation
by numerical tests dealing with groundwater flows is portrayed in Section 8. We
conclude with some remarks on the results and future work.

2 Problem formulation

We consider the coupled Stokes-Darcy system [7,8,17] in a two-dimensional do-
main {2 C RQ, decomposed into two subdomains 2;, 7 = 1,2 with 1 N2> = () and
21 U2 = 0. We denote by I' = 921 N 9§22 the common boundary or interface,
depicted in Figure 1, with associated normal unit vector n pointing from §2; to {22
and tangent unit vector 7. All boundaries are assumed to be Lipschitz-boundaries.

The differential multidomain formulation is as follows. On {21 we consider a
Stokes flow: Find velocity u and pressure p such that

—vAu+Vp=f in (9,
V-u=0 in.Ql,
(1)

u=u; only",

u=20 on Iy,
and on {22 the porous medium equation: Find the pressure head ¢ such that

-V - (KVp)=0 in (2,
—KVp -ns =0 on Iy, (2)

b

p=¢p only.
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Here v is the kinematic viscosity, K is the hydraulic conductivity tensor, f a
source term, uin the inflow data, ¢y, the Darcy pressure on the bottom and n; the
outward normal unit vector on 9f2;, i = 1,2. The Darcy velocity is given by

1
up = ——KVL,O,
n

where n is the volumetric porosity constant. The systems are coupled through the
following interface conditions on I

u~n:—lKV<p~n on I,
n

ou
_Vn.a_n+p:g<p on I, (3)
Vk ou
urT=—77-— onl.
aABJ an

The first two conditions represent the balance of mass and forces. The last one
was proposed based on experiments and is a boundary condition rather than a
transmission condition. Here g denotes the gravity acceleration, apy the Beavers-
Joseph constant depending on the permeable material and k = %’T K- 7. We
introduce the weak formulation with the definition of the functional spaces:

Xiu={veH (2))*: (v-ni)lr, =0A(v-ni)|pm =0},

Xy ={veH (2))?:(v-ni)|n =0Av|r =0},

X1, =L*(f), (4)
Xo={¢ € H' () : | rp = 0},
X3 ={¢ € H' (%) : ¢|r = 0}.

The inflow data is assumed to be in (H&

éQ(Fli“))Q and lifted into the interior of
£21 by means of a continuous extension operator &y, : (H&é2 (I™)? — X%, with
(Emv)|pm = v for v € (Hol({Q(Fin))Z. Here, H&éQ(Fin) is defined as the subspace
of functions in H'/?(I'™) whose extension by zero to 921 lives in H/2(821).
We also introduce a continuous extension operator & : H1/2(F2b) — XY, such
that (Evt))|pp = ¢ for ¢ € HY2(I'?). The weak solution of (1)-(3) is given by
(u+ Einin, p,  + Ebpp) with (u,p, ¢) € X1,u X X1,p x X2 such that

Ai(u,v) + Bi(v,p) + Ci(p, v) = Fru(v), Vv € Xiu,

Bl(ua q) = Fl,p(q), vq S lepv (5)
Az(p, ) +C2(u,¥) = Fo(¢), Vo € Xo,

where

Ai(v,w :/ v :Vwde + | v (v 1) (w-T ds,
(v, w) o : \/E( )(w - 7)

Bl(v>q):_/() QV'VdiE, Cl(’l/J,V):/gi,bV‘ndS,
1 r

Fiulv) = / f-vdr — Ai(Enttin, v), F1,p(q) = —B1(Einttin, q)
21
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r Fig. 2 Computational domain with
parametrized properties: The height of

25 the shaded area is parametrized. This is
achieved with Ry = 5 and R2 = 1 affine
transformations.

and

2

Ca(v, ) = — /F nvonds,  Fa(@) = —As(Enprd).

3 The parametrized problem

We introduce a parameter vector u € P, P C RY | on which the material properties
and also geometric quantities depend. Here we follow the methodology for RB
approximation in parametrized geometries developed earlier [28,29]. We suppose
that 2 = 2(u) is obtained from a reference domain (2 through a piecewise
affine geometry transformation. More precisely, let reference subdomains 2,ef =
ﬁl,ref U ﬁgvref, 21 vef N 22 ref = O with decompositions ﬁivref = Uf;lﬁ;ref for
i = 1,2 be given. Such decompositions originate from coarse triangulations, as is
depicted in Figure 2. On each subdomain (2] ¢, 7 = 1,..., Ri, i = 1,2 acts a

bijective affine transformation T} (-; pt) : £2] ;of — 2(p) given through
T7 (x; ) = Gi (k)x + £ (1),

with a transformation matrix G; : P — R?*? and a translation vector t7 : P — R?.
The transformation mappings have to fullfill the following continuity condition:

Tir (X; IJ’) = T;: (X; N)? Vx € ﬁ;ref N ﬁ;’,reb
forallr=1,...,R;,r =1,..., Ry and 4,7’ = 1,2. Then our assumption reads
R;
2i=2(p) = |J 2 (w), i=1,2
r=1

with £2] (p) = T (£2] yeps ) for all r = 1,..., R;, i = 1,2. Subsequently we define
Trer = 601)ref N 6(22’ref and rref =TIrer N Qf,ref and have

Ry
I'=T(p) =TI w.
r=1

Regarding the material constants, we assume v = v(u), n = n(u), k = k(p)
and apy = apj(p) to be constant in space. Let g = (u®°, u™"), where us®°
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bundles the parameters shaping the geometrical domain and p™** bundles the pa-
rameters representing material properties. Then v(u) = v(u™"), n(p) = n(pu™*)
E(p) = E(u™**) and apy(p) = apy(p™'). Conversely, we allow heterogeneity in
K = K(p) away from the interface I'(u) (thus k(p) remains constant) and so

Ko 1) = Keer (((T7 (115°%) ™ (03 x €2 (m), ()

forallr=1,...,R;, i =1,2.

Problem (5) is solved by tracing it back to {2,cf. As a consequence, in addition
to the dependency on the material parameters, we get dependency of (5) on the
geometry parameters due to transformation formulas.

I

Remark 1 For the sake of readability we do not introduce new notations for the
function spaces on (2.¢f, but understand the definitions (4) to be done on (2¢f.

The resulting problem on 2,of then reads: For p € P find (u(u),p(p), o(p)) €
Xi,u X Xl)p x Xo such that

Ai(u(p), vip) + Bi(v,p(p); 1) + Ci(p(p), vip) = Fru(vip), Vv E X1, (7a)
Bi(u(p),q; 1) = Fip(g; ), Vg€ X1,p, (7b)
Az (p(p), s m) + C2(u(p), s p) = Fa(vhsp), Vi € Xo,  (Tc)

with

Ai(v,w; 1) Z/ Vv]) I, (w)Vw; dw—|—Z/ Ki (w)(v-7)(w-T)ds

1 ,ref

(v,g; Z/ q(Jp, (W)V) - vdz,

1 ,ref

Ci(¢,v;p) / K¢, (p)yv -nds,

Fiu(v;p) Z/ K% (w)f - vdr — A1 (Eintin, Vi 1),

1 ,ref
Fip(q; ) = —B1(Eintin, g; 1),

where we omitted summation over j (j = 1,2) and

T, (1) = v(p)| det(GY ()| GT (1) " GT ()~ T,

150 0) = v “BEGGoyr, s, ) = | e G016 ),
KE () = g6l K, () = |det(GE()

and on the second subdomain

A2 (v, x; 1) = Z/ (V)" T4, (n) Vx da,

2 ref

(v, ¥ Z/ K¢, (pw)y v -nds, Fa(¢; ) = —Az2(Eppr, s 1)
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where

T, (1) = | det(G5 (1)) |G5 (1) ™ Keet ()G (1) ™", K¢, (1) = n(p)|Gh(p)T].

Here, 7 is the tangential unit vector on I .f. Alternatively, one could use the
Piola transformation [4,5] to treat the boundary terms for general geometrical
transformations. However, this is avoided by our procedure. We only require that
the geometry treatment yields an affinely parametrized system [24,26,30]. This
means that decompositions of the following type can be applied:

Qay
Ai(v,w;p) = Z@ wA(v,w), WeEXiuweXiupeP, (8)

with rapidly evaluable parameter-dependent coefficients @:741 and parameter-in-
dependent bilinear forms A{. The size Q4, of the decomposition is preferably
small. Analogous representations must hold for Az, By and C;, i = 1,2 and for the
linear forms F1,u, F1,p and Fa.

If all parameter-dependent constants allow an affine decomposition, writing
down those decompositions for the linear and bilinear forms is straightforward,
except for the terms involving |G} (u)7|, ¢ = 1,2, r = 1,..., R; due to the square
root. To get small-sized decompositions for those terms, the Empirical Interpo-
lation Method (EIM) [2] could be considered. For our purposes it is sufficient to
assume that the tangential vector T is constant on I, for all ¥ = 1,..., Ry, so
that |G} (u)7|, ¢ = 1,2 only depends on p for allr =1,..., R;.

4 Analysis of the problem

The wellposedness of system (7) has been studied in [7]. The proof makes use of
the Brezzi stability theory for saddle-point problems [3,4]. We introduce here the
properties of the involved linear and bilinear forms of the parametrized system,
which ensure wellposedness. The function spaces are equipped with the following
norms: [-x,.. = Il nuonyts 51, = 222100 A0 [-llxs = L2732,
For all g € P the symmetric bilinear form A;(-,-; ) is continuous and coercive
on X1 u, that is

VAL (H) = Ssup sSup M < o0, VH € 7)7
vexiuwexX, VX IWlix, .

as (p) = inf Ay, vi ) > 0, Y e P. 9)
VEX1iu || ||X1u

Furthermore, sup,cp 74, () < oo and infuep aa, () > 0 is supposed. Here,
va, (p) is called continuity constant and a4, (p) coercivity constant. The same
properties are assumed to be valid for Aa(-,-; ) on X2 X X2 with corresponding
constants v, (p) and aa,(p). The bilinear form Bi (-, -; p) is continuous and inf-
sup stable on X1 u X X1 p, that is

Bi(v,q; p)
B inf  sup ———F"— >0, Yp e P 10
= f S Rl (10)
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and we suppose inf,cp B(p) > 0. Here, 5(p) is called inf-sup constant. The bilin-
ear forms C;(-,-; ), ¢ = 1,2 are continuous on X1 4 X X2 respectively Xo x X1 4
with corresponding constants vc, () and sup,,cp ye, () < oo for i = 1,2. Last
but not least the linear forms F1,u(+; ), F1,p(-; ) and Fa(+; p) are continuous on
X1,u, X1,p and X2, respectively.

We point out that, beyond those standard assumptions, the following condition
on the coupling terms holds by definition: For all u € P there exist constants
ac, () > 0, i = 1,2, such that

Oécl([l)61(¢,v;[1) +O‘C2(H)CQ(V7’L/"§N) =0, Vv € Xl,uaw € Xo. (11)
We report now the a-priori result [7] adapted to our notation.

Proposition 1 For every pu € P there exists a unique solution (u(p),p(p), e(p))
€ X1,u X X1,p X Xo of the system (7). The following a-priori estimates are valid:

), )l 5,5: < 7o (VECr 0 (0) + LS 6 i),
1 Fu(w)
I < ooy (V2 (1 ) 70

Fu(p)(Gu(p) + au(p))
- B ot
with
du(p) = min ac,(m)oa, (w), (12)
() = 2ma { max o () a, () mpgac, e, (13

Cru(p) = maX{Oécl (N)”Flyu(';p’)llx{.u7O‘Cz(p’)”fQ(';p’)”X.;} 7
Cr.p(n) = |FLp(5m)llx; -

The results presented in Proposition 1 are obtained through the reformulation
of the coupled problem (7) as a saddle-point problem. We introduce the respective
notations here, since we will use them for error estimation in Section 7. With the
product spaces Xy = Xi,u X X2 and Xp = X1, we define the bilinear form
Au : Xy X Xu X P — R through

Au(V, W, p) = ac, () (Ar(v, w; ) + Ci(, w; )
+ ac, (,LL) (A2(¢7 X3 IJ’) + CQ(Va X3 ,LL)) )

and the linear form Fy : Xy X P — R through
Fu(V,pn) = ac, (k) Fru(vip) + ac, (1) F2 (s p),

where V = (v,4¢) and W = (w, x). Additionally we define B: Xy x Xp x P — R
through

B(Vv Q; H) = ac, (H)Bl (Va q; :u’)
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and Fp : Xp X P — R through

Fp(Q;p) = ac, (1) F1,p(q; 1),

where Q = ¢g. Then problem (7) can be written as

Au(U(p), Vip) + B(V, P(p);p) = Fu(V;p), YV € Xu, (14a)

B(U(l‘l‘)7QaN) :}—P(Q;/"')a VQ € XPa (14b)

where U(u) = (u(p), o(p)) € Xu and P(p) = p(p) € Xp for p € P. Let vu(p)

be the continuity and ay () the coercivity constant of Ay(-, ;). In fact, they
are well-defined due to ay(p) >= au(p) and yu(p) <= Fu(p).

We continue with condensing the notation by introducing the product space

X = X1,u X X1,p X X2 and define the bilinear form A : X x X x P — R through

A(Va W; ,LL) = Qe (,LL)(.Al(V, w; ,LL) + Bl(W, q; IJ’) + B (Va 75 IJ’) + Cl("/"a Wi ,LL))
+ ac, (B) (A2, x; 1) + C2(v, X 1))

and the linear form F : X x P — R through

F(Vip) = ac, (p)(Frulvip) + F1,p(g 1) + ac, (1) F2(¥; 1),

where V = (v,q,9) and W = (w,r,x). Then problem (7) can be written in its
most general form of a non-coercive problem as

A(U(w), Vi) = F(V; ), YV e X, (15)

where U(p) = (u(p),p(p), o(1)) € X for p € P. The bilinear form A is known
to fulfill the following (Babuska) inf-sup condition under our assumptions [37]:

fat) = gof, sup AVVER > g6 g, VueP.  (16)

: 1 TN i~
vexwex [VIx[IWllx

5 Finite Element approximation

We use the Galerkin FE method to approximate the solution to problem (7), the
resulting FE solution acts as a reference for our RB approximation. Given a fine
triangulation of (2, which is consistent with the coarse triangulation introduced
in Section 3, we use Taylor-Hood Elements on {21 rer and second order Lagrangian
Elements on {2 ref to obtain FE approximation spaces [7] denoted by X{Y’u C Xiu,

XN e xin, X, © Xip, X3 C Xz and X5V © XY with finite dimensions
M u, Nli'fu, Nip, Nz and NP, respectively. The discrete problem on §2,o¢ then
reads: For p € P find (u (), pV (), o (1)) € Xy x X{Yp x X3V such that

Ar (Y (), vV ) + Bi (v pN () )
+C(™N (), vV ) = Fra(vYim), v e X{Y,
Bi(u (), i) = Frp(dsp), Ve e X1,
Ao (™ (), 05 ) + C2 (N (), 0N ) = (0N m), W e xY,

(17)
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According to Section 4 we also define the product spaces X{}[ = X{\fu X Xév,
Xy = X{Yp and XV = X{\fu X X{\fp x X3V and corresponding functions UN(;J,) =
(W (1), ™ (), PV (1) = p (1) and O (1) = (@ (), 9" (1), 9" (), which
are solutions to respective condensed discrete problems.

We note that the properties stated in Section 4 hold true in the discrete setting.
We adopt the notation of the continuity and coercivity constants fyﬁfi (), aﬁ(i(u),
yé\f(p,) for i = 1,2 and

N N
N : Bi(v™,q" ;e
/8 (I‘l’): lan Sup _/\/’( _/\/Z )
avexty, vwexy, VNIx ulldVlx, ,

>0, Vp e P. (18)

Here, BN (i) > 0 is ensured by using Taylor-Hood Elements. The inf-sup stability
of the RB systems, that will be introduced in Section 6, is obtained by using
pressure supremizers. For g € P the (pressure) supremizing operator is given
through

T(): X1 = XM gV o T(w)" -
(T)d" v = B1(v™, ¢V ), wV e X{,vu- (19)

Last but not least we introduce the notation 13} (), oy (p) and ,Bﬁ[ (p) in accor-
dance to Section 4.

The RB procedure we present in the next section deals with so called interface
modes, which are obtained by restricting discrete FE functions to the degrees of
freedom on the interface. Accordingly, we define the trace operators

Y1t X{\,/u - HégZ(Fref) : VN = VN|Fref -,

2 : X3\ = HY 2 (Ier) s 0 = 9V 1,
and the resulting finite-dimensional function spaces
X{Yp = {’ylvN vV e X{Yu}, Xé\,[p = {’yggoN : goN € Xév}

From the definition of the coupling functions C;(-,-; ) it is clear that they are
determined by above defined traces of their arguments. Thus C; (-, -; 1) can be eval-
uated at every vV € X{\)fp and V' € Xé\)[p and we use the abbrevation Cl(nN, )
for C; (¢N, s i), where ¢N € Xév is an arbitrary function with fyg¢N = 77N and
CQ(VN, s ) for Co (VN, -; i), where vNVe X{Yu, ylvN =V, respectively.

If the solution to (17) is known at the interface, it can be reconstructed by the
following problem specific lifting operators:

Eu(p) : X3 = XV x X, N = (Ena(w)n™, ELp(w)n) -

Ar(E1u()r VN ) + B (v € p ()Y s )

= Fru(vYim) -V vV, wWh ext, b o(20)
Bi(&u(w)n™N, ¢V ) = Fi (@ ), vV e x?Y,.

Problem (20) is a (discrete) Stokes-Problem in 27 with modified right-hand side.

Ea(p) : X{Yp - xP N e 52(/L)1/N :
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As(E(mp™ N ) = () — (N Vi), wN exy (1)

Problem (21) is a (discrete) porous-medium problem on 22 with modified right-
hand side. The solution to (17) is given through u™ () = &1 u(p)y2¢e™ (1),

P (1) = E1p(w)y2e™ (1) and @V (k) = Ex(p)yiu ().

6 Reduced basis approximation

. . ~ N
We seek to compute a global approximation of U™ (i) € XV The procedure we
establish consists of three major steps:

6.1 Construct sets of interface modes Zn ;,r C Xﬁf fori=1,2.

6.2 Construct RB spaces Xy, 1,u C X{\fu, Xni,p C X{\fp and Xn 2 C Xév on the
subdomains for each variable from the interface modes.

6.3 For an incoming parameter value p € P, compute the Galerkin projection of

~ N
U (,u) on XN = XN,I,u X XN,I,p X XN)Q.

The first two steps are part of the offline-phase. The third step comprises both
offline and online computations. In the following subsections we explain those
steps in detail. Further comments on the offline/online-decomposition are given in
Subsection 6.4.

6.1 Interface modes

The interface modes are gained from global snapshots. To be more precise, the
trace of the solution variable on (25 is used as an interface mode for (27 and vice
versa: En1,r = {’YQL,ON(N) s € Pictand Enopr = {yluN(u) i p € Pact
where P;c C P, |Pic| = Ni,r for i = 1,2 stem from a very coarse discretization
of the parameter domain. Given those sets we introduce the notation é‘]’li[’i’l", k=
1,...,Ni.r, i = 1,2 for the interface modes (we omit the superscript N for the
sake of readability), such that

ENyir = {fzk\r,i,rak: 17---7Ni,1“}, 1=1,2.

The motivation of this construction is that the variation of the solutions to (17)
on the interface Iqf is potentially smaller than on the whole domain (2,f. While
using the classical RB approach the snapshots have to represent the solution on
the whole domain accurately enough, here we are only aiming at the representa-
tion of the solutions traces. So the amount of global snapshots is expected to be
reduced. In the next step (the generation of the RB spaces on the subdomains)
only subproblems have to be solved, in contrast to global coupled problems in a
“straightforward” RB procedure. This procedure also yields a certain flexibility in
choosing between different interface mode options. One can think of solutions to
a generalized eigenproblem on Ier (see [9,13]) or Fourier interface functions (see

[15]).
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6.2 Subdomain RB spaces

Once the interface modes are given, the basis functions on the subdomains are
obtained via the lifting operators introduced in Section 5. To simplify the read-
ing we define the lifting of an interface mode via £F(p) := &(u){lk\,)i)p for k =
1,...,N; r,i = 1,2. The parameter values for the liftings are chosen in an adap-
tive algorithm. For this, we use auxiliary RB problems on the subdomains. Sup-
pose that on 21 RB spaces Xy, 1,u C X{Yu and Xn,1,p C X{Yp with dimensions
Niu < Niu and Nip < N7y are given. We want to ensure that

. Bl(vaq;u)
By (p) = inf sup ———-2 >0, Yu e P (22)
9E€EXN1p vEX N1 u ||V||X1,u||q||X1,p

plus inf,ep By (p) > 0. This inf-sup stability can be achieved by the so-called
supremizer enrichment [10,28,29,31]. We use a supremizer option, for which stabil-
ity in the sense of (22) was not demonstrated rigorously, but has been observed in
many numerical test cases, including our test case. The procedure will be explained
clearly in Algorithm 1. For u € P the RB approximation to Ef(u), k=1,...,Nir
is defined through:

ENa(m) = (ENau(l), ENa (1) € XNu X Xn,1p ¢

A1 (ER (), Vi) + Bi(v, ER 1 p(1); 1)
= Fru(vip) = C1(€X1r Vik), YW € XN i u, (23)
Bi(EN 1 u(m), @ 1) = F1p(q; 1), Vg € Xn1p-

Suppose that on 22 a RB space Xy 2 C Xé\[ with dimension No < N3 is given.
For p € P the RB approximation to £§(u), k = 1,..., N p is defined through:

51’%,2(#) € Xno2:

A2 (ER 2 (1), s 1) = Fa(ih; ) — Co2(EN 2,0, 05 1), Vi € Xna. (24)

We now can formulate the algorithm in which parameter values are chosen to
gradually extend the subdomain RB spaces. It is based on the Greedy algorithm
for RB approximations [36] and especially on the Greedy procedures realized in
[15] in the context of parametric boundary conditions.

Algorithm 1 (Subdomain Greedy) Let En; r, ¢ = 1,2 and a finite training
set Pr C P be given. In addition, let initial RB spaces Xy 1,u, Xn,1,p and Xy 2
and initial extended parameter value sets S; C P x {1,...,N; p} for i = 1,2
be given. We further assume that local error indicators Iik (n), k=1,...,N, r,
i = 1,2 and a global error indicator Z(u) are given. With tolerances ¢; > 0 and
€ > 0 we perform
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do
m = max,ep; (1)
fori=1,2
M = MaX(u k)ePrx{1,...,Ni.r} I ()
if m; > ¢ and m > €
(ui,k7) = argmax(y kyePsx {1,...,N; r} If(u)
Si = Si U{(pi, k7)}
(i=1): Xnju ¢ XN1u® Span{gl;u(ul)vT(Hl)gl,lp(ul)}
k *
Xn,1,p ¢ XN1,p @ span{&;},(11)}
. S
(Z = 2): XN)Q — XN)Q (&3] span{822(u2)}
end
end
while (m1 > €1 or ma > €2) and (m > ¢).

Here, T denotes the supremizer operator defined in (19). The error indicators Z
and Z will be introduced in Section 7.

Remark 2 The initialization of the algorithm requires generating =n ;. r, ¢ = 1,2
by computing global solutions to (17). The subdomain RB spaces could be initial-
ized with () or some random snapshots. Note that the for loop can be processed in
parallel since the subdomain computations are “decoupled”. There is no guarantee
that m < € when the algorithm terminates. Obviously it will not be the case if the
€;’s are chosen too large. But it may also be caused by a low number of interface
modes.

6.3 Global RB approximation

For p € P the solution T:IN(/J,) of (7) is approximated by the solution Uy (p) =
(un(p), pn (), on () € Xn1,u X Xn,1,p X Xn,2 of the following problem:

Ai(un(p),vip) + Bi(v,pn (p); 1)
+ Ci(en(p), vip) = Fru(vip), Vv € Xnj1u,
Bi(un(p), ¢ ) = Frp(e; 1), Vg€ Xnp,
A2(pn (p), ¥; 1) +C2(un (p), s ) = Fo (b ), Vo € X2

The wellposedness of problem (25) is ensured by the assumptions of Section 4 and
(22). The resulting linear system has reduced size and will be dense in general.
In order to improve the stability we apply the Gram-Schmidt orthonormalization
procedure to each basis. More details on the computational procedure and costs
are given in the next section.

(25)

6.4 Offline/online-procedure

In Section 3 we stated that the system (7) and consequently (25) is an affinely
parametrized system. Without that, assembling the corresponding linear system
would involve computations of high complexity (O(N), N := N1,u + N1, + N2).
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But, given for example the decomposition (8) and a basis {éév)l’u [l=1,...,Ni,u}
of Xn,1,u, the assembly of the matrix block Ay ;(u) € RN XNiu

(AN,I(H’))”- = Al(gg\f,l,ua g?\f,l,u; ,LL)7

can be done in an offline/online-procedure. In the offline-phase matrix components
A% € RN Now for g =1,...,Q.4, are computed:

(A?\ﬂl)ij = ‘A%(g\u,m §§V,1,u)7

and in the online-phase the affine decomposition Ay ;(p) = ZqQ:Af 0% (AN,
is evaluated (for every parameter value p). The online cost for this example is
O(Q 4, Niu) and we recall that N4 < N7,u. The number of components Q 4, is
also expected to be quite low (Q.4, < Ni,u). Analogous procedures are done for
all matrix and vector blocks of system (25), for the assembly of systems (23), (24)
and also for the computation of the residual norms as parts of the error estimators
introduced in Section 7. The right-hand side of (23) and (24) depends on the

interface mode index k. Given Ci(¢,v;pu) = Z?:ml ¢, (m)C{ (¥, v) we compute
offline the matrix components Q?\,vl € RNvaXMNur for g =1,.. ., Qc, via

(Q?V’l)ij = C%(f?\r,l,pa g?\f,l,u%

compute online C'y ;(p) = ZqQ:C‘l ¢, (p)CY ; and get the requested part of the
right hand side by extracting a column of the matrix. In this way the computation
of all liftings for k = 1,..., N1,r and fixed pp € P (which is required in Algorithm
1) is very efficient.

The sizes of the linear systems that are solved during the online-phase are
Ni,u+ Nip for (23), Na for (24) and N := N1 + N1, + Na for (25). Note that
if on each subdomain N parameter values have been chosen to build the bases, we
have N1 u = 2]\7, Nip = N and Ny = N due to the supremizer enrichment. So
the size of the global RB system is 4N.

7 A-posteriori error estimation

For convenience we first introduce some notations that will occur often in this
section. We denote by 2B a computable lower bound and by zVB a computable
upper bound of any respective constant quantity 2N For any vector space Z, we
denote by Z’ the dual space of Z.

As error indicators ZF(p) and Z(p) for Algorithm 1 we use error estimates for
the following errors:

i) = €8 — Ekawlx, and e () =T (1) — OUn(p)x.

Here and in the following we denote X1 = X1,u X X1,5, X3 = X{, x X{¥, and
Xn,1 = XnN,1,u X Xn,1,p. The usage of the errors itself would make an exhaustive
search for the maximal error unrealistic, since P is a fine discretization of P. Thus
we seek for fastly evaluable a-posteriori error estimates. In the case of the local
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errors we rely on the well-known theory for coercive [30] and non-coercive PDE’s
[36]. To this end, let (v,q) € X1 and 9 € Xa. The residual RY : X1 x P — R is
defined through

RY((v,0)i ) = Fru(vip) — AL(EN 1 u(p), vip) — Bi(v, EN 1 p(1); 1)
—C1(EN Vi 1) + Frp(a; ) — Bi(ER1u(), ¢ p),

and the residual Ré“ : X2 X P — R is defined through

RE (s ) = Falh; ) — A2(EX 2(p), 3 1) — C2(ER a1, 05 1),

We also require the inf-sup constant of the Stokes system:

AN () = sup

f (Al(VN,WN;u) +Bi(wN, V)
(VN gM)eX]Y (wN N )ex N

[V @) [x, [[(w A 7V ) x,
Bi(vN, N ) )
[V, @) [, w7V ) x,

+

Proposition 2 [30,36] For u € P andi = 1,2 the errors e?\m(u) can be bounded
in the X;-norms by the a-posteriori error estimates

IRYC: )|,
ek (1)1, < Ak () = 22BN
BB (p)
||R§(';N)||X'
ek ()]l x, < AR o) = 12X
N,2 N.2 ai]?(u)

Having these lifting error bounds, we continue with the global error analysis. A

first ansatz to estimate the global error en(p) = ||ﬂN(/J,) —Upn ()| x is based on
the representation (15) of the global problem (or rather its discrete form) and the
corresponding stability factor Bﬁ[(u). We define the global residual R : X xP — R
through

R(V,p) := F(Vip) — A(Un (1), Vi ).
Then the following result holds:

Proposition 3 [26,29] The error en(p) can be bounded in the X -norm by the
a-posteriori error estimate

foxtils < Ax ) o= LB

The drawback of the estimator Ay (p) is that it does not take account of the
possibility that the stability constants of the subproblems have different magni-
tudes. A critical issue is that 84" can be very small. Better results are obtained
by a weighting of residual norms corresponding to the errors on the subdomains
with constants related to the subproblems. In the following an error estimate is
developed that partly solves this problem.
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The second ansatz builds on the formulation (14) as a saddle-point problem.
We define the residual Ry : Xu X P — R through

Ru(V;u) = Fu(Viu) — Au(Un(p), Vi u) — B(V, Py(p); p),

where Uy (p) = (un(p), on () and Py () = pn () is the reduced basis solution
of problem (25). Additionally we define residuals Ri,u : Xi,u X P = R, Rip :
X1,p X P —=Rand Rz : X2 x P — R through

Riu(vip) = Fru(vip) — Ai(un(p), vip) — Bi(v,pn(p); 1) — Ci(en, v p),
Rip(g ) = Fip(g;p) — Bi(un(p), ¢ 1),
Ra2(Y; u) = F2(¢; ) — A2(pn (1), 5 ) — Ca(un (p), V5 ).

It holds Ru(V;u) = ac, (L) R1,u(v; ) + ac, () Ra(¢; p) for V = (v,9) € Xy.
With all the definitions we now introduce new error bounds, which extend the
theory of error approximation for parametrized saddle-point problems of [10]. This
means that the structure of the bounds is maintained, but the single components
are refined due to our special subproblem structure.

Lemma 1 The errorenu(p) = UN(,u)—UN(u) can be bounded in the Xy-norm
by the a-posteriori error estimate |len,u(p)|xy < An,u(p) with

2 \/561(11)) R, (5 )l x4
A =,/ —=——max A i + (1—|— L
N,U(H) a]ij(u) i=1.2 N, U (H) O‘%JB(H) ﬁLB(H)
(26)
with
ac, (1) ac, (1)
Ay ua(p) = : Riu(sp)llx; . Anuaz(p) = & Ra(:s ) xy
Nu.1(p) Oél,a]?(u)” Lu(sm)llxg, N,U,2(1) ahf(u)” 2(50) |l xy
and

é1() = max {ac, (1242 (1), ac, (0 EP (1) }

The error en,p(p) = PN () — Pn(p) can be bounded in the Xp-norm by the
a-postertori error estimate

RiwCimlng, | - A
el < Ap)i= ol o Vo S (o)

with
(1) = max {757 (1), 2EP ()}
Proof We define the linear operator B(pu) : X{\fu — X{Yp through
(B(u)vN,qN) = Bl(vN,qN; w, = X{\fu, q € X{Yp.

The error en,u(p) € XY can be written as en,u(p) = (envu(p),en,o(p)).
Further, we exploit the unique decomposition ey (@) = e?v)u(u) + eyu(p),
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where e} (1) € ker(B(p)) and ey ,(p) € ker(B(pn))" and define e% y(p) =
(eXu(k),enx () and ey y(p) = (ex u(w),0). For the sake of readability we
omit the p-dependence in the following. It holds

Au(eX.u, el u) = Au(enu, el .u) — Au(en.u, e u)
= Fu(el.u) — Au(Un, el u)
— B(eX,u, PV) — Au(en,u. el v).

Here we use (14a). Now we add 0 = B(e}} y, PN — Pn) to the left hand side and
get

Au (e u,ed,u) = Ruledu) — Aulenu, el u)
= ac, R1u(efu) + ac,Ra(en,y) — Aulenu.efu).  (28)
The residual terms can be estimated by
aclRl)u(eg)v)u) + ac,Ra(en,,)

0
<o, [Riu()lxg lenullx, . +ac IR20)lxs llen.o [l x

ac
</ atp IR1a ()l /e A1 (€% s €%)
1

N

oc
+ S IR2()llxs @, Aa(en. o o)
As

< max An,u,i <\/Oéclv41(e9v,uae9v,u) + \/Oéczv‘b(elv,w EN,so))

i=1,2

<V2 max AN,U,i\/m'
ma. , ;

The last line follows from a + b < v/2v/a2 + b2 for a,b > 0, the definitions of Ay,
e(I)\;’U and (11). The last term in (28) can be estimated via

N

—Au(enu,eNu) = — ac, Ai(eN u, €Nu) — ac,C2(€N u;s en,0)
UB 1 0
< ac, VA, lleN,uHXl,ulleN,u”XLu
UB €
+O‘CQ’7C2 ||eN,u||X17u||eN’60”X2

< \/561 ||eJJ\7,U||XU ||99\7,U HXU

V2é1 | o
< len,ullxuy/Au(eX v, eX u)-
JaLP

Combining those two results and dividing by y/Au(e} iy, e} ) yields
V2é
VAu(eR g elu) < \/5112% Anui+ \/ﬁﬂeﬁuﬂxw
; ol

With the coercivity of Ay we have

2 V2é

0 1 1

len,ullxy < \| ofE max Anu,it FHGN,U”XU' (29)
U - k]

18)
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Now we estimate the error ey . Equation (18) implies [3,4]

BN(;J,): inf sup NI(V ’qN’“) .
vNeker(Bu)*+ gvexy IVVIIx, ullaV llx.,
With llet ullxa = ek ullx,.. this yields
||eJ_ ||X < 1 sup Bl(eJ]\_f,uqu) _ 1 sup Bl(eN,uan)
N,U < =5 —T T — 318 — N
CSBE LT TV, B R e,
- s Fip(@") = Bi(un, ¢V)
BB vexy eV, ,

1
< Bﬁ”Rl,p(‘)Hxiyp?

using e}, € ker B(p) and (7b). Combining the last estimate with (29) via the

triangle-inequality [lex,ullxy < [[eX.ullxy + [len.ullxy yields the desired result
(26).

Secondly, we define en,, = pN — pn and get from (10):
1 Bi(vV,enp)
en,pllx, =llenpllx,, < =5 sup ——m—— 30
” H P H PH 1,p BLB vNeX{‘{u ||VN||X1$H ( )

Using (7a) we have
Bi(vY,enp) = Fru(v) = A (uV V) — (0N V) = Bi (v pw)
=Riu(v") — (@ —uy, vY) = G - on V)
UB N
< (IRuaO)llxg, + 9321 = unx,.,
+982 16" = onllx:) IV 1,

UB _UB N
< (IR1uO)llx; , + V2maxty (P, 7P Hlewullxo ) IV ]1x, -

Inserting this estimate into (30) together with (26) yields the desired estimate
(27). O

Remark 3 The quantities f%B(u) and aIA]?(p,), i = 1,2, respectively 345 (p) can
be computed with the Successive Constraint Method (SCM) [14]. A recipe for the
computation of S5 () is worked out in [22], in particular a lower bound for the

surrogate inf-sup constant Bf{ (p), defined through

B4 ()= inf_ sup —V W ip)
vVexwrex |[T(w) VN x [WH ] x
is computed, where p* is a fixed parameter value and 7’(/1*) : XN = XN s the
global supremizer operator defined through
(T )V, W) x = AVY, WY, uo), VW e xV.
This so-called natural norm approach overcomes the problem of quadratic com-
plexity in the number of “.A-components” during the online-phase [22,32].
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) Fig. 3 Illustration of geometry
: for test model (FF = Free Flow,
PM = Porous Medium). The ob-
stacle B(p) has a parametrized
N height.
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The global error e () itself can be bounded with the above estimates via
en(pn)? =enxu(p)? +en p(p)?. Since ex p(p) is traced back to ex v(p) to get
the bound, the error bound for the primal variable UN(N) will be much sharper
than the global error bound.

8 Numerical results

We consider a groundwater flow model as an instance of (1) - (3) with 1 geome-
try parameter and 2 material parameters. The model configurations, depicted in
Figure 3, are 2 = 2(p) = [0,4] x [0,2]\ B(p), £1 = (21 (p) = [0,4] x [1,2]\ B(p),
20 =[0,4] x[0,1], 1™ = {0} x [1,2] and Iy = [0,4] x {0}. We consider a heteroge-
neous porous medium and, therefore, introduce a decomposition 22 = ﬁQ,U UEQ,L.
The parameter vector lives in a three dimensional space: p = (1, 2, u3) € P C R3
with P = [1,10]? x [0.25,0.75]. The parameter y; parametrizes the kinematic vis-
cosity, the parameter p2 the hydraulic conductivity and ps represents the height
of the obstacle B(u), so that {22 is fixed and K = Kyet (see (6)). For p € P, we
set v(p) = p1 - 1072, n(pu) = n = 0.4 and g = 9.807. For u € P, x € 1, we set
f(x) =f =0 and for x € 2,

Kocp) = S5 R = 10207 (m,v<x> +Lxa, <x>) .

Here x @, , (* = L, U) denotes the characteristic function defined through x o, , (x) =
1,ifx € 22+ and x @, , (x) = 0, else. On the interface, we set ap;(p) = ay = 0.05
and on the outer boundaries, for x = (x1, xQ)T S Fli“, we set

T
wnosp0) = (G5 —1) 78+ (2= 85) 22+ 5.0)

and ¢ (x) = ¢, = 100 for x € I,. By the parametrization of the inflow condition
we achieve that the slip condition at x = (0,1)7 is fulfilled for every pu. We
note that for the lifting operators £1(p) = £1((p1, 13)) and E2(p) = E2((p1, p2)),
that is, the parameter domain reduces by 1 dimension for both subproblems. Two
representative solutions to (17) are shown in Figures 4 and 5. Note that the plots
are separated due to different value ranges.
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Fig. 4 Sample solutions of test model: p = (10, 1,0.25), left: pressures, right: velocities.
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Fig. 5 Sample solutions of test model: p = (10, 10,0.75), left: pressures, right: velocities.
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8.1 Basis generation process

The following quantities will be fixed throughout this section: The overall dimen-
sion of the FE approximation N’ = 92168, the training set P¢ of 125 parameter
values being the vertices of a regular grid on P and a test set Py of 100 uni-
formly distributed random parameter values. In addition, we will always consider
Pi,c = Pa,c C P, Ni,r = Na p for the computation of the interface modes (see
Subsection 6.1). To examine the basis generation with Algorithm 1 we choose tol-
erances €; = € = 1-107% for i = 1,2 and error indicators ZF(u) = A¥(u), i =1,2,
k=1,...,N;r and Z(u) = An,u(p). To simplify the notation we introduce

Ay := max A , A= max AR (). 31
v = i Avulp) P,y AN (B1)
Given those settings, we compute interface modes with N; r = 8,7 = 1,2 as

described in Subsection 6.1 and perform the algorithm. Figure 6 shows on the left-
hand side the progress of the error indicators. We observe that the error bound
for the global error stagnates, whereas the algorithm continues because the lifting
approximations still improve. The actual termination is explained by the following
considerations. In the offline/online procedure of the error bounds the squared
residual norms are computed. An inaccuracy of the solver at 1 - 1072 leads to
an inaccuracy at 1-107° in the residual norms. Then one has to consider also
the multiplication with the constants. As a consequence the newly chosen lifting
snapshots are no longer orthogonal to the current bases, which is detected by our
orthonormalization procedure. By computing more interface modes, we reach a
higher global accuracy. This behaviour is shown in the right plot of Figure 6. In
the following we use bases from intermediate steps, where the stagnation occurs.
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Fig. 6 Progress of the maximal error indicator values Ay, Az and Ay (31) in the Subdomain-
Greedy, left: global and local indicators for N; r = 8, right: global indicator for N; r = 8,27
and 64.

Fig. 7 Maximal relative global test error
(100 parameter values) over basis size N =
Niu + Ni,p + N2 for different numbers of
interface modes N; r = 8,27 and 64.

Table 1 Final basis size, maximal relative global test error, offline computational time, maxi-
mal online computational time and minimal speed-up factor for bases generated from different
sets of interface modes.

Ni.r | N Erel toffline  MaXpe P tonline (1) ming,ep, s(p)
8 76 6.37-1072 1h 2min 0.021s 1232

27 110  5.14-103 1h 49min 0.024s 1106
64 171 6.72-1074 2h 55min 0.035s 877

We investigate the approximation quality of the resulting reduced bases by
computing the maximal relative global error, which is defined through

1/2

Bt — mae (1o @l e p (0l | flen o)k,
Cwen \ WV (Wl IV W, eV, ’

on the given test set P of 100 parameters values. In Figure 7 the errors are plotted
over the total size of the reduced basis N = Ny u + Nip + Na.

We summarize the properties of the bases in Table 1. For a parameter value
p € P we denote tdetail () the computational time for the detailed simulation (as-
sembly and solution of (17)), tonline(ft) the online computational time and s(u) =
tdetail (1) /tonline (1¢) the speed-up factor. The offline computations (tomine) include
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Table 2 Final basis sizes and maximal relative test errors using Algorithm 1 and the global
approach. In the latter case N; r is the number of global snapshots.

Nir | N N Erel Erel
8 76 32 6.37-1072 1.02-107°

27 110 106 5.14-1073  9.98-103
64 171 207  6.72-10"% 2.18 1073

constructing the sets of interface modes, performing the Subdomain-Greedy and
computing the components for system (25) and the error bound (26). The online
computations comprise not only the global approximation (25) but also the error
bound. More significance has the break even quantity, which also takes account of
the offline computational time. Using the RB method pays off after 365, 492 and
634 solution evaluations in the three performed cases. This value is also important
for a comparison with a “straightforward” RB procedure. It will further decrease,
if the offline computational time decreases.

8.2 Global strategies

The global FE solutions computed for the interface mode sets = ; r could as well
serve as basis functions via restriction to the subdomains. We use the snapshots
computed before in the cases N; r = 8, 27 and 64 for ¢ = 1,2 and construct RB
spaces XN,1,u, XN,1,p and Xy 2 by restricting the snapshots to the subdomains,
computing the supremizers and performing an orthonormalization step. We denote
by N the basis size obtained by this procedure and by E‘rel the maximal relative
test error on P of the resulting RB approximation. A comparison of the global
approach to the Subdomain Greedy procedure is shown in Table 2. One can clearly
see that, using the Subdomain Greedy procedure, smaller errors can be reached
using the same amount of global solutions whilst the magnitudes of the bases are
comparable.

Also, a “straightforward” global Greedy procedure could be performed on the
same training set Py. As already stated, the advantage of our method lies in a
more efficient offline-phase due to the avoiding of many global solves.

8.3 Comparison of error estimators

We now investigate the error bound Axn(p) and also the new bounds introduced
in Lemma 1, Section 7. We want to regard the effecctivities of the bounds with
respect to the basis size N and use for this the bases generated with N; r = 64,
TF(u) = A¥(u), i =1,2, k=1,...,N; r and Z(p) = An v () and the same set
of test parameter values as before. To simplify the notation we further introduce

A= A , E:= , Ap = A ,
max ~N(p) gg;illezv(u)llx p 1= max ~,p(p)
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Fig. 8 Illustration of effectivities: Maximal
global errors and error bounds on the test
set Py over basis size N. The maximal ef-
fectivity value An(p)/|len(p)]|x is 10185,
the mean value 940. The maximal effectiv-
ity value AR (u)/|len (1)l x is 120010, the
mean value 16036.
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Fig. 9 Illustration of effectivities: Maximal errors and error bounds on the test set P; over
basis size N, left: primal variable, right: dual variable.

E = E =
U Eg% len,u(m)llxe, P ‘51163% llen,p(1)ll x5,
new new new 2 2 1/2
AP = ma AR (1), AR = (Avu (W)’ + Avp(w)?) .
f

In Section 7 we already noted that a very small stability factor could be a prob-
lem with the bound Ax (). This is confirmed by the results for the effectivity in
Figure 8. Also, a comparison shows that AR™ is an even less sharp bound. We
expect to get an improvement, if we estimate only |len,u(p)| xy using An,u(p)
as error indicator, which was defined in (26). To do so in Algorithm 1 is reason-
able, since U(p) is the primal variable of a saddle-point problem. Note, that this
does not imply that we ascribe less importance to the pressure variable p in our
applications. Figure 9 shows on the left-hand side the results for this bound. The
maximal effectivity value Ay u(p)/|len,v ()] x,  is 18257, the mean value 767.
The results are comparable to those for Ay . The impracticality of A" is due to
the bad effectivity of the bound for the pressure variable. The gain of no longer
dividing by a full global stability constant, but the square root, is neutralized by
the fact, that the splitting into primal and dual variable leads to a rougher esti-
mate. Nevertheless, the bound Ay v is competitive. For the sake of completeness,
we show the results for the bound Ay p(p), defined in (27), on the right-hand
side of Figure 9. This is where the limitation of separately estimating pressure and
velocity errors clearly sticks out, as the pressure error is highly overestimated.
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9 Conclusions and perspectives

We presented a framework for RB approximation of the parametrized Stokes-Darcy
system, picking up recent developments in the field of RB methods for homoge-
neous domain decomposition problems. Our algorithm allows for a heterogeneous
problem structure and different ways of choosing interface modes on the inner
boundary. The a-posteriori error estimation for inf-sup stable saddle point prob-
lems has been extended to the setting and a problem using the Babuska framework
was revealed, which mirrors a general problem of a-posteriori error estimation in
RB methods.

The strength of the method is that we need only few global snapshots. In most
realistic cases the subproblems will depend on fewer parameters than the global
problem. So high dimensions in the parameter space can presumably be better
treated. Especially, large parts of the basis generation process can be performed
in parallel, leading to important advantages and improvements.

Furthermore, there is a wide range of possible applications, including biolog-
ical systems, environmental problems and food technologies. An extension of the
method to fluid-structure interaction (FSI) problems is foreseen. Regarding future
improvements, the conjunction of snapshot based basis generation and other basis
enrichment schemes will be investigated more extensively.
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