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ABSTRACT. We study the moduli space I, , of rank-2r symplectic instanton vector bun-
dles on P? with r > 2 and second Chern class n > r+1, n—r = 1(mod2). We introduce
the notion of tame symplectic instantons by excluding a kind of pathological monads and
show that the locus I ;. of tame symplectic instantons is irreducible and has the expected
dimension, equal to 4n(r + 1) — r(2r + 1). The proof is inherently based on a relation
between the spaces I, ,. and the moduli spaces of 't Hooft instantons.

1. INTRODUCTION

A symplectic instanton vector bundle of rank 2r and charge n on the projective 3-space
P? is an algebraic vector bundle E = Es, of rank 2r on P? which is equipped with a
symplectic structure ¢ : E = EY, ¢V = —¢ and satisfies the vanishing conditions h°(E) =
h'(E ® Ops(—2)) = 0. The Chern classes ¢;(E) and c3(FE) vanish, and we also assume
c2(E) =n > 1. We shall denote by I, , the moduli space of symplectic (n, r)-instantons.
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Rank r symplectic instantons on P? relate in a natural manner with “physical” Sp(r)
instantons on the four-sphere S*, i.e., connections on principal Sp(r)-bundles on S* with
self-dual curvature [1]; the moduli spaces of the former are in a sense a complexification of
the moduli spaces of the latter. This relation is expressed by the so-called Atiyah—Ward
correspondence [3, 1], which relies on the fact that the projective space P? is the twistor
space of the four-sphere S*. The present paper and its companion [7] are the first to study
the geometry of the moduli spaces I,,,.. While [7] studied the case n = r (mod 2), with
n > r, the present paper deals with the other case, n = r+1 (mod 2), with n > r+1. The
main result of this paper is that a component I . of I, that is singled out by a certain
open condition (which rules out some “badly behaved” monads) is irreducible.

We exploit as usual the monad method [8, 2, 4, 5, 6, 11, 12|, which allows one to study
instantons by means of hyperwebs of quadrics. Namely, we realize [, , as the quotient
space of a principal GL(H,)/{+£id}-bundle m,, : M1,, — I,,, where M1I,, is a locally
closed subset of the vector space S,, of hyperwebs of quadrics (precise definitions will be
given later on). The tame locus I} . being open in I, ,, its irreducibility is equivalent to
that of MI' = m, (Ir ). The key ingredient of our approach is the reduction of the last
problem to that of certain sets Z, .1 (see section 3). The sets Z; as locally closed subsets
of some vector spaces related to S,, were first defined in [9]. It is shown in [9, Section 9]
that the Z; can be interpreted essentially as open subsets of certain affine bundles over
the monad spaces M | of 't Hooft rank-2 mathematical instantons of charge 2i — 1—see
more details in section 3.2. Thus the irreducibility of Z,,_,11, hence that of I} ., is reduced
to the irreducibility of the moduli spaces of 't Hooft instantons of fixed charge, which is
well known; see references in [9]. This nontrivial relation between the spaces I, and the
moduli of 't Hooft instantons is crucial for the results in this paper. Note that this process
of reduction from I . to the moduli of 't Hooft instantons somewhat resembles Barth’s
approach in [5] to the proof of the irreducibility of the moduli space I, of instantons of
charge 4. In that paper, Barth reduces the problem to the irreducibility of the space @,
of commuting pairs of (good in some sense) pencils of quadrics for n = 4. In our case the
role of the spaces @, is played by the moduli spaces of 't Hooft instantons.
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Notation and conventions. Throughout this paper, we consider an algebraically closed
base field k of characteristic 0. All schemes will be Noetherian. By a general point of
an irreducible (but not necessarily reduced) scheme X we mean a closed point of a dense
open subset of X. An irreducible scheme is generically reduced if it is reduced at all
general points. We follow the notation of [9]. So, we fix an integer n > 1, and denote
by H, and V fixed vector spaces over k of dimension n and 4, respectively, and set P? =
P(V). Furthermore, S,, (the space of hyperwebs of quadrics) will denote the vector space
S?HY @ A?VVY. A hyperweb of quadrics A € S,, is a skew-symmetric homomorphism
A:H,®V — HY® VY, and we denote by W, the vector space H, ® V/ker A and by
c4 the canonical epimorphism H, ® V' — Wj4. A choice of A induces a skew symmetric

CV
isomorphism g4 : W4 — W)/, and A is the composition H, ® V' Swa wy 5 HY®VY.

For any morphism of Ox-sheaves f : F — F' we denote by the same letter f the induced
morphism id ® f : U® F — U ® F', and analogously, for any homomorphism f : U — U’
of k-vector spaces, the induced morphism f®id : U® F — U ® F. For A € S,, we
denote by a4 the composition HY @ Ops(—1) L H,QV®0p A W4 Ops, where u is the
tautological subbundle morphism. By abuse of notation, we denote by the same symbol a
k-vector space, say U, and the associated affine space V(U") = Spec(Sym*U").

2. EXPLICIT CONSTRUCTION OF SYMPLECTIC INSTANTONS

In this section we provide some examples and recall some facts about M, .., in particular,
its relation with the moduli space I,,, of symplectic instantons, see [7, Section 3]. Let us
consider the set of (n,r)-instanton hyperwebs of quadrics

(i) tk(A: H, @V — H/ @ VYY) =2n+2r,
(ii) the morphism a}% : WY ® Ops — H, ® Ops(1) is
surjective,
(iii) h°(FEy.(A)) = 0, where Es,.(A) := ker(aYoqa)/Imay.

(1) MI,, ={A€S,

Theorem 2.1. (i) For each n > 1, the space M 1,,, of (n,r)-instanton nets of quadrics is
a locally closed subscheme of the vector space S,,, given locally at any point A € M1, , by

2) (2” ) 2r) — 2% —n(dr + 1) +r(2r + 1)

equations obtained as the rank condition (i) in (1).

(ii) The natural morphism

(3) Tng s MIy, — Ine, A [Eo(A),
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is a principal GL(H,)/{xid}-bundle in the étale topology. Hence I, is a quotient stack
MI,,/(GL(H,)/{£id}), and is therefore an algebraic space.

The fibre Fip = m,'([E]) over a point [E] € I,, is a principal homogeneous space of
GL(H,)/{£id}, so that the irreducibility of (/,,)r.q amounts to the irreducibility of the
scheme (M1, ,)req. Besides, (2) yields

(4) dimg MI,, > dimS, — (2n® —n(dr + 1) +r2r + 1)) =n* +4n(r + 1) —r(2r + 1)

at all points A € M1I,,. Thus, dimg) I, > 4n(r + 1) — r(2r + 1) at all points [E] € I, ,,
as M1I,, — I,, is an étale principal GL(H,)/{=£id}-bundle.

2.1. Symplectic (n + 1,n)-instantons. We give a construction of symplectic (n + 1,n)-
instantons and describe their relation to usual rank-2 instantons with second Chern class
¢y = 2n. This will be established at the level of spaces of hyperwebs of quadrics M1,
and M5, 1, regarded as spaces of monads.

Denote by Isom,, 1,1 the set of all isomorphisms
(5) C : Hn+1 D Hn—l :> Hgn.

This is the principal homogeneous space of the group GL(2n). Moreover, for any ¢ €
Isomy,41,n-1, let pc : Sa,, = S,41 be the induced epimorphism, and, for any monomorphism
i Hy — Hy,p1, let prgy 0 Spp1 — S, be the induced epimorphism.

Note that M1, is irreducible [10, Theorem 1.1, and one has the following result [10,
Theorem 3.1].

Theorem 2.2. There exists a dense open subset MI5, | of My, such that, for any
hyperweb A € M1, | and a general ¢ € Isom, 1,1 the rank of the homomorphism B =
pe(A)  Hyn @V — HY ., @ VY coincides with the rank of A : Hy, @V — Hy, @ V'V

(6) rkB =1kA =4n + 2.

Set Wiy := Ha, @ V/ker A and define the skew-symmetric isomorphism g4 : Wypio —
Wy, o and the morphism of sheaves as : Hayp ® Ops(—1) = Winyo @ Ops with Hy, and
Wi taken instead of H, and Wy, respectively. The morphism a4 and its transpose
tay =a%oqa: Wipio @ Ops — Hy) @ Ops(1) yield a monad

MA : O-)HQn@O[[DS(—1> %W4n+2®op3 tg Hg/n@OPS(l) —0

with cohomology sheaf E(A), [E(A)] € Iz, 1, see Theorem 2.1.

Let
i¢c: Hpyr — Hap
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be the monomorphism defined by the isomorphism (5). The composition ap : H,y ®

Ops(—1) & Hy, @ Ops(—1) 4 Winso ® Ops and its transpose fap = a}0qa yield a monad
Mp: 0= Hypy @ Ops(—1) 22 Wiso ® Ops 2% HY, | ® Ops(1) — 0
with the cohomology sheaf
Ey,(B) :=ker‘ag/imap, co(Fy(B)) =n+ 1.

The symplectic isomorphism g4 : Wiyuio — W), induces a symplectic structure on
E2n<B)7

(7) OB : EQn(B) = EQn(B)V'

Moreover, (6) implies an isomorphism H, 11 ® V/ker B ~ Wy, 12, hence a monomorphism

of spaces of sections h°(*ag) : Wipio ® Ops ti? HY. VY in the monad M. Hence for this
monad one has h"(Fs,(B)) = 0. This together with (7) means that E»,(B) is a symplectic
instanton:

(Bl B)] € Ly
Note that by construction the monads M 4 and M fit into the commutative diagram
(8)

0 — Hpy1 ® Ops(—1) —2> Wipyo @ Ops —= WY, 5 @ Ops B HY @ Opa(1) — 0

o zZ T
a\/

0 —— Hap ® Ops(—1) —> Wanpo @ Ops q—;> Wylhio ® Ops —> HY, ® Ops(1) — 0,

IR

\%

ic w

In view of (7) and the canonical isomorphism Ha,/i¢c(Hp41) =~ H,—1, this diagram yields
the quotient monad

aA B

Mag: 0= Hy ® Opa(—1) "2 Ep(B) 28 Epu(B)Y "2 HY_, ® Ops(1) = 0

RS

whose cohomology sheaf is
Ey(A) = ker(a} g o ¢p)/im ay.
2.2. A special family of symplectic (2n —r+ 1, 7)-instantons. For any integer r, 2 <
r <n—1, with n > 3, consider a monomorphism
(9) T Hoppi1n = Hyy,
such that

(1()) T(H2n—r+1) ) iC<Hn+1)'
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The image of A € M1, 1 under the projection S, —» So,_,4+1 induced by 7 produces a
hyperweb of quadrics
AT € S2nfr+1-

This corresponds to a monad

M, 0= Hypy iy @ Ops(—1) 55 Wiy ® Ops "4 HY 1 @ Ops(1) — 0,
whose cohomology is the rank 2r bundle
(11) Fy.(A,;) = ker(a) o qa)/im a,.
where a, := a4 o 7. The bundle Es,(A,) has a natural symplectic structure
(12) br 1 Ban(A;) 5 Eap(A,)Y

induced by the antiselfduality of the monad M,. Moreover by (10) the monad M, can
be included into diagram (8) as a middle row, thus obtaining a three-row commutative,
anti-self-dual diagram. Thus, in addition to the monad My4 g, we also have the monads

(13)  M.: 0= Hy o @ Ops(—1) 5 Ep(B) % Esu(B)Y S HY_, @ Ops(1) = 0,
with cohomology

By (A7) = ker(a’: o ¢)/im a’,
and

(14) M’ 0= Hy @ Ops(—1) S Bor(A) S Eor(A)Y S HY | @ Ops(1) — 0,

1§

with cohomology

Ey(A) = ker(a”) o ¢,)/im a.

Since Fy,(B) is a symplectic instanton, h°(Esy,(B)) = h'(Fa,(B)(—2)) = 0, and the monad
M yields

h°(Ey,(A;)) = h'(Ey(A;)(—2)) =0, i >0, co(Egr(AL)) =2n — 1 + 1.
This, together with (12), means that
(15) [Eor(Ar)] € Ton—ri1
Remark 2.3. The maps 7 lie in the set
Ny, = {17 € Hom(Hap—y+1, Hop)| 7 is injective and im 7 D im .}

which, for fixed A € M5, 1(¢), parameterizes a family of hyperwebs A, from M Iy, 11 ,.
Now, N, is a principal GL(Ha,_,11)-bundle over an open subset of the Grassmannian
Gr(n —r,n —1), so it is irreducible. As a result, the family of the three-row extensions of
the diagram (8) is parameterized by the irreducible variety M1y, 1(¢) X N, ,. This in turn
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implies that the family D, , of isomorphism classes of symplectic rank-2r bundles obtained
from these diagrams by (11) is an irreducible, locally closed subset of I, 41, It is not
clear a priori if the closure of D, , in I3, ,11, is an irreducible component of I, 11,. A

Let 2 < r < n—1. For every monomorphism i : H,, < Hs, .1, denote by B(A,1)
the image of A € M I5,_,+1, under the projection Sg,_,4+1 — S,, induced by ¢. It may be
regarded as a homomorphism B(A,i): H, @V — HY @ V.

Definition 2.4. We say that A € MIy, .11, satisfies property (*) if there ezists a
monomorphism i : H, < Hy, .1 such that B(A,1) is invertible.

This is an open condition on A. By Theorem 2.1, mo,_yy1, : MIoy_pi1, = Ion—py1, i
a principal bundle, so that, if an element A € my, . .([Es,]) satisfies (*), then any other

point A’ € 73,1, ([Ea]) satisfies (*). A symplectic instanton Es, from Iy, 1, is said
to be tame if some (hence all) A € w1, ([Fo,]) satisfies property (*). This is an open

condition on [Es,.] € Iy i1,
Remark 2.5. Using (10), we see that any [Es,| € D, is tame. We define
Ly iry =Ty U Uy,

where I(y),..., I are the irreducible components of I, .1, whose general points are
tame symplectic instantons. As D, C I3, .., by definition, I3, ., is nonempty. If we
* -1 * . * *
define M12n7r+1,r = 7T2nfr+1,r(12nfr+l,r>7 then the map mop—r41,r - MI2nfr+1,r — I2nfr+1,r
is a principal GL(Hap—r11)/{Z£1}-bundle. A

3. IRREDUCIBILITY OF I3, .4,

3.1. A dense open subset of MI;, ., . We want to obtain the irreducibility of I; . by
reducing it to that of X,, ., a dense open subset of M 15, ., . The subset X,,, is a locally
closed subset of the product of an affine space and an affine cone over a Grassmannian.
Given an integer n > 1, we define the dense open subset of S,

SY:={A€S,|A:H,®V — HY®V" is an invertible map}.

We need some more notation. By definition, an element B € S is an invertible anti-self-
dual map H, ® V — HY @ VY. Its inverse B~ : HY @ VY — H, ® V is also anti-self-dual.
Consider the vector space 2,,, := H,_, . @HY®AN*V"Y. Anelement C € 3, , can be viewed
as a linear map C': H,_, 1 ®V = H/ @ VY, and its dual CV : H, ® V = H/ @ V",
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As the composition CV o B™! o C' is anti-self-dual, we can consider it as an element of
N(HY @ VY)~S, 11 ®A*H)_ ., ®S*VY Thus the condition

D—CYoB'oCE€S, 11, DeN(H ..,V
makes sense.
Under an arbitrary direct sum decomposition
(16) §:Hy® Hy i1 = Hopri

we can represent the hyperweb A € Sy, .1, regarded as a homomorphism A : H, ® V &
H, 1@V - H' VY& H! ., ®VY asthe (8n — 4r +4) x (8n — 4r 4+ 4)-matrix of
homomorphisms

L A© A
) A_<—%@W/M8>’

where
A1<£) < Sn’ AQ(&) S En,r = HOl’Il(Hn, HT\'L/7T+1) ® /\2‘/\/7 A3(£) S Snfrqtl-
With this notation, the decomposition (16) induces an isomorphism

(18> g . SQn—r-‘rl :> Sn S En,r N> Sn—r—i—la A = (Al (g)a A2(£>7 A3(§))

Let Isom, , be the set of all isomorphisms & in (16). According to Definition 2.4, there
exists § € Isom,,, such that the set

MI3, 1 ,(&) = {A € My, 1, | Asatisfies property (x) for the monomorphism

i¢ » H, — Hyp,_,41 determined by &}

is a dense open subset of M I3, .., . Now take A € M3, ., (§) and consider A as a
matrix of homomorphisms as in (17). By definition, the submatrix A; (&) is invertible. By
a suitable elementary transformation we reduce the matrix A to an equivalent matrix A of
the form

0 Az(§)Y o Au(§) ! o Asx(§) + As(€)

Since rkA = rkA = 2(2n — r + 1) + 2r = 4n + 2, we obtain the following relation between
the matrices A;(§), A(§) and A3(€):

(19) rk(As(€)" 0 A1 (€)7h 0 Ax(€) + A3(¢)) = 2.

A:<Mmm’ A(§) ™ 0 As(§) >'

Consider the embedding of the Grassmannian

G = GT<27 HT\L/—T+1 & V\/) — P(/\2<HT\L/—7‘+1 & V\/))7
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and let KG C A*(H)_,.,; ® VV) be the affine cone over G. Set KG* := KG ~ {0}. We
can now rewrite (19) as

(20) Ax(€)Y 0 A1(€) 7 0 Ay(€) 4 A3(€) € KG,
where
(21) A3(€)Y 0 Ay(&)T o Ay(§) € NP(HY_, 1 @ VY),  A3(§) € Sprpa.

Now counsider the set
(22) Xpr ={(B,C,D) eS8’ x %, x KG*| D—CVoB 'oC eS8, , 1}

Since for an arbitrary point y = (B, C, D) € X,, the point £"1(B,C,D —CY o B 1o () lies
in Sy,—r41, it may be considered as a homomorphism Ay, : Hoppy1 @V — Hy, ., @ VY
of rank 4n + 2, and we have a well-defined (4n + 2)-dimensional vector space Wy, 2(y) :=
Hsp—yri1 @V / ker A, together with a canonical epimorphism ¢, : Hopyp1 @ V= Wiy io(y)
and an induced skew-symmetric isomorphism ¢, : Wini2(y) = Winy2(y)Y such that
A, = CZ o gy o ¢;. Now, similarly to the morphism a4 : Hapyp1 @ Ops(—1) = Wiyqo @ Ops
(see subsection 2.1), a morphism of sheaves

(23) Qy = CyoUu: H2n—r+1 & Ops(—l) — W4n+2(y) & Op3

is defined, together with its transpose ‘a, = a, 0q, : Wy, ,»(y) ® Ops — Hy, .1 ® Ops(1).

We now introduce an open subset X, , of the set X, ,,

(i) *a, is epimorphic, }

24 an:: Ginr .. .
(24 ’ {y " | i) kertay fimay) € 5,y

Since the conditions (i) and (i) on a point y € X,,, in (24) are open, from (20) and (21)
we obtain the following result.

Proposition 3.1. There exist a decomposition ¢ € Isom,,, a dense open subset
MI3, . 1,.(&§) of MI5, ., and an isomorphism of reduced schemes

S M[;’nf’r+1,1”(§) = Xy A (A1(8), A2(), A3(E))-
The inverse isomorphism is given by the formula

o : X’ﬂﬂ” :> M];nfTJrl,r(g) : (3707 D) = é_1<B7 C? D — Cv o B_l 00)7

where € is defined in (18).
The following theorem will be proved in Subsection 3.2.

Theorem 3.2. X, .. is irreducible of dimension (2n—r—+1)2+4(2n—r+1)(r+1)—r(2r+1).
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Proposition 3.1 and Theorem 3.2 imply that M5, ., is irreducible of dimension (2n —
r+1)2+4(2n—r+1)(r+1)—r(2r+1) for any n < 3 and 2 < r < n—1. Thus, for these values
of n.and r, the space I3, ., . is irreducible and has dimension 4(2n—r+1)(r+1)—r(2r+1).
Substituting 2n — r 4+ 1 — n, we obtain the main result of this paper.

Theorem 3.3. For any integer r > 2 and for any integer n > r — 1 such that n =

r — 1(mod2), the moduli space I} . of tame symplectic instantons is an open subset of an

irreducible component of I, , of dzmenszon In(r+1)—r2r+1).

3.2. Proof of the irreducibility of X, ,. We prove now Theorem 3.2. Consider the
set Xm defined in (22). Since X,,, is an open subset of Xm., it is enough to prove the
irreducibility of X, + In view of the isomorphism S2 = (SY)?: B+ B! we rewrite Xn,r
as
X, ={(B,C,D) € (S))° x%,, x KG* | D—CYoBoC €S, 41}
If a direct sum decomposition
Hn :> Hn—r+1 D Hr—l
has been fixed, any linear map
C €X,, =Hom(H, .41, H ® ANV, C:Hy 1@V = H @V,
can be represented as a homomorphism

C: Hypp1®@V—>H_ VY& H oV

and also as a block matrix

_ [
@5) o (2)

with
¢ E H0m<Hn,r+1, HT\I,/7T+1) ® /\QV\/ - ¢n77'+17 w E lIln’T = Hom(Hn,T+1, H;/fl) ® /\QVV.

In the same way, any D € (SY)* € SY = S?H,, ® A’V C Hom(HY @ V¥, H,, ® V) can be
represented as

By A
(26) B:(_Av M>7

with
(27) B, € Sn e Hom(H 1 ® VY H, i1 ® V),

n—

A€ L,, :=Hom(H' H, ,11) @AV, pueM, ;:=S5H,_ ANV
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By (25) and (26) the composition
CVoBoC:Hy 1@V —=HY VY (CVoBoCeNH, .0V
can be written in the form
(28) CVoBoC=¢"oBiogp+¢ oot —9p'oX o+ 1Y opuor.
In view of (25)-(27) we have
Sy XX, =8, 1 X Py i1 XU, X Ly, x M,_q,

and well-defined morphisms

P Xpr = Loy x M, x KG, (By, ¢, ¢, A, i1, D) — (A, 1, D).
and

p:=pXn,: Xn, = Ly, x M1 X KG.

Here Ynm is the closure of )'EW in (SY)Y x X, x KG. Moreover, we have:

Proposition 3.4. Let n > 2. For any B € (S))° and for a general choice of the decom-
position H, ~ H,_, 11 @ H,_1, the block By of B in (26) is nondegenerate.

Proof. By applying Proposition 7.3] in [9] 7 times, one obtains a decomposition H, —
Hy,_ i1 ® H,_y such that By : HY ., ® VY — H,_,.1 ®V in (26) is nondegenerate, that

If X is any irreducible component of X, ,, taken with its reduced structure, and X is its
closure in X, ., we pick up a point z = (By, ¢,¥, \, i, D) € X not lying in the components
of X, , different from X', and such that the decomposition H,, ~ H,,_,1 @ H,_; is general.
Then, by Proposition 3.4, By € (S,/_,,;)°. Consider the morphism

f: A = X, t— (B, 26, t, t\ Pu, t* D),  f(1) = z.

This is well defined as a consequence of (28). The point f(0) = (By,0,0,0,0,0) lies in the
fibre p~1(0,0,0), so that p~1(0,0,0) N X # @. In different terms,

(29) p 1(0,0,0) # @, where p:=p|X.
By (28) and the definition of X,, ., one has
(30) 15_1(07 Oa O) = {(Bla ¢a ¢) € (Sa\;—r-i-l)o X (I)nfrJrl X \Iln,r | ¢V o Bl © ¢ € SnfrJrl}'

Now for each ¢ > 1 consider the set Z; mentioned in the introduction. This set Z; is
defined in [9, Section 7] as

(31) Z;={(B,¢) € (S))" x ®i | ¢" o Bod €S},
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and has a natural structure of closed subscheme of (S})° x ®; The key point in the sequel
is the fact that Z; is an integral scheme of dimension 4i(i + 2)—see [9, Theorem 7.2]. This
statement is based on the following relation between Z; for ¢ > 2 and the moduli space
of 't Hooft instantons of charge 2i — 1. Fix a monomorphism j : H; ; — H;. For an
arbitrary point z = (B, ¢) € Z;, let Ey; be a symplectic vector bundle of rank 2i defined as
a cokernel of a morphism of sheaves B : H; ® Ops(—1) — HY ® Qps(1) naturally induced
by B. Let s(z) : H; — H°(E(1)) be the composition of ¢ understood as a homomorphism
H; — HY ® A’V and of the evaluation map HY @ A*VY — H°(Fy(1)), and let s, be
the composition s, : H; ® Ops(—1) ® HO(Ey(1)) ® Ops(—1) = Ey;, where ev is the
evaluation morphism. Using the symplecticity of Ey;, one obtains an antiselfdual monad
M(z):0— H;—; @ Ops(—1) =Y By, ezgd) HY |, ® Ops(1) — 0 with a rank-2 cohomology
vector bundle Fy(z) with ¢; = 0 and ¢ = 2i — 1. A standard diagram chase yields a
monomorphism H;/j(H;_1) ® Ops(—1) — FE(2) showing that h%(Fy(2)(1)) # 0, i. e. that
Es(z) is a 't Hooft instanton vector bundle. Thus the association z ~» M(z) yields a
morphism of Z; to the space MiH | of the 't Hooft monads, which is irreducible since the
moduli space of 't Hooft instantons of charge 2i—1 is known to be irreducible. It is shown in
9, Section 9] that this morphism Z; — M | is a composition of a dense open embedding
and the structure map of an affine bundle over M . This implies the irreducibility of Z;.

Now, comparing (31) for i = n —r + 1 with (30), we obtain scheme-theoretic inclusions
(32) p~1(0,0,0) C p~1(0,0,0) C 571(0,0,0) = Z,_pi1 X ¥,y ..

By the above, Z,_,,1 is an integral scheme of dimension 4(n — r + 1)(n — r + 3). This
together with (32) implies that

(33) dim p~'(0,0,0) < dimp~1(0,0,0) < dim Z,,_,4; +dim ¥, , =4(n—r+1)(n—r+3)
+6(r—)(n—r+1)=Mnm—r+1)4n+2r +6).

Hence, in view of (29),

(34) dim X <dimp~'(0,0,0) + dim L, , +dimM,_; + dim KG

<(n—r+1)@n+2r+6)+6(r—1)(n—r+1)+3(0r—1)r+ (8n—8r+5)
=@2n—r+1°+42n—r+1)(r+1) —r(2r +1).

On the other hand, formula (4)—with n replaced by 2n — r + 1—and Proposition 3.1 show
that, for any point z € X' such that A := f, }(z) € M5, ., .(£),

35) @n—r+1P2+4@2n—r+1)(r+1) —r2r+1) < dimy M5, () = dim X.



SYMPLECTIC INSTANTONS ON P3 13

Comparing (34) with (35), we see that all the inequalities in (33)—(35) are equalities. In
particular,

(36)  dimp~'(0,0) = dim(Z,_,41 x ¥,,,) = dim X — dim(L,,, x M,_; x KG).

Since, by Theorem [9, Theorem 7.2], the scheme Z,_,; is integral and so Z,,_,11 X ¥,
is integral as well, (32) and (36) yield the coincidence of the integral schemes

(37) p(0,0,0) = p(0,0,0) =5 '(0,0,0) = Z i1 X ¥, ..

We need now the following easy Lemma, which is a slight generalization of Lemma 7.4
from [9].

Lemma 3.5. Let f : X — Y be a morphism of reduced schemes, with'Y an integral scheme.
Assume that there exists a closed point y € Y such that, for any irreducible component X'
of X,

(a) dim f~'(y) = dim X’ — dim Y,

(b) the scheme-theoretic inclusion of fibres (f|x) ' (y) C f~(y) is an isomorphism of

integral schemes.
Then

(i) there exists an open subset U of Y containing y such that the morphism f|p— ) :
Y U) = U is flat, and
(i1) X is integral.

By applying this lemmato X = X,,,, X' =X, Y =L, ,xM,_1 xKG, y = (0,0), f = p,
also in view of (36) and (37), one obtains that X, , is integral and is of dimension

Cn—r+1)2+4@2n —r+1)(r+1)—r(2r +1).

Theorem 3.2 is thus proved.
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