ON THE BLOW-UP OF GSBV FUNCTIONS UNDER SUITABLE
GEOMETRIC PROPERTIES OF THE JUMP SET
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ABSTRACT. In this paper we investigate the fine properties of functions under suitable geo-
metric conditions on the jump set. Precisely, given an open set 2 C R™ and given p > 1 we
study the blow-up of functions u € GSBV (2), whose jump sets belong to an appropriate
class Jp and whose approximate gradients are p-th power summable. In analogy with the
theory of p-capacity in the context of Sobolev spaces, we prove that the blow-up of u con-
verges up to a set of Hausdorff dimension less than or equal to n —p. Moreover, we are able
to prove the following result which in the case of W1P(Q) functions can be stated as follows:
whenever uy, strongly converges to u, then up to subsequences, uj pointwise converges to u
except on a set whose Hausdorff dimension is at most n — p.
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INTRODUCTION

The following result concerning the Lebesgue points of a Sobolev function is well known (see
[9, 7,20, 23, 11]): given 1 < p < n, if u € L}, (R"™) and its first order distributional derivatives
are p-th power locally summable, then there exists a set A with dimy(A4) < n — p, namely
with Hausdorff dimension at most n — p, such that every x € R™\ A is a Lebesgue point for w.

More precisely, for every € R™ \ A there exists a real number a such that:

1
lim — —aldy =0. 0.1
Jim [ ) —aldy (01)
By a change of variables, if we call u, the function constantly equal to a, the convergence
in (0.1) can be rephrased by saying that w,,(y) := u(x + ry), namely the blow-up of u at x,
converges in L'(B1(0)) to u,, i.e.

lim lu(z + ry) — ux(y)|dy = 0. (0.2)
r—=0% Jp, (0)

Roughly speaking, (0.2) says in a precise way that the values of u near x are close to a
single constant. The aim of this paper is to investigate the local behavior of functions when
we introduce also a jump discontinuity set.

Given Q C R™ an open set, for every function u which belongs to the space GSBV(Q2) and
whose approximate gradient Vu belongs to L(£; R"™), by using the general theory developed
in [1] one can deduce that at every point z it holds

Uy — Uy in measure in By (0), asr — 07,

except on a set A with H""1(A) = 0. Furthermore, if z is a Lebesgue point then u, is a
constant function, while if x € J, then u, assumes two different values on two disjoint subsets
of B;1(0) separated by an (n — 1)-dimensional hyperplane passing through the origin. In this
situation u, may assume from one or two values.
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9 E. TASSO

In this work we focus our attention on the space GSBVP()) when 1 < p < n. Precisely,
we investigate under which hypothesis on the jump set, the p-th power summability of the
approximate gradient guarantees dimy (A4) < n — p.

To illustrate the result we are going to prove, let us consider the following example. Consider
Ty C R? the union of three half lines starting from the origin. Let I' C R? be defined by I'g x R
and let [ be the straight line {(0,0,¢) | t € R}. The set I' disconnects R3\T into three connected
components €27, Qa, Q3. Whenever u is a locally integrable function in GSBV(Q) with J,, C T,
thanks to a well known property of locally integrable GSBV-functions Vu coincides with
the distributional gradient in each open sets €2;; then by using Poincaré-Wirtinger inequality
on balls, it is easy to prove that every u € GSBVP(R3) N L} (R3) with J, C T satisfies
ul§; € Wﬁ;f (Q;) for i = 1,2,3. Using a reflection argument, through an obvious modification
of the result in [9], there exists a set A with dim (A4) < 3 — p such that if z € R®\ A then the
blow-up of u at  converges. In addition, on the points x € I\ A the limit u, can assume three
different values «; each on the set Q; N B1(0), i = 1,2, 3. Therefore, the family of all possible
limits u, is richer than the previous cases.

Nevertheless, the p-th power summability of the approximate gradient is in general not
enough to guarantee the convergence of the blow-up at every point except on a set of Hausdorff
dimension (n — p). Consider for example u := 1, the characteristic function of a set with
finite perimeter. Clearly Vu is p-summable for every p > 1, but from the theory of sets of finite
perimeter, we know that the blow-up of v in general converges only up to an H" !-negligible
set. Precisely, it is possible to construct a set £ C R? with finite perimeter and such that,
by setting u = 1g, the set of points  where u, , does not converge has Hausdorff dimension
exactly equal to 1 (see Section 7). Therefore, it is reasonable to think that the geometry of
the jump set affects the local behavior of the functions.

In Definition 3.6, for every 1 < p < n we introduce the class J, of all admissible jump sets,
for which the following two main results hold true.

Theorem 1. Let Q@ C R™ be open, and letT' € J, (1 <p <mn). Ifue GSBVP(;T), then
there exists a set A, with Hausdorff dimension at most n — p, such that for every x € Q\ A,
there exists a function u.(-): B1(0) — R

Up gz — Uy, 0 measure in By (0), (0.3)
asr — 0t.

Theorem 2. Let Q@ C R™ be open and let I' € J, with (1 < p < n). Suppose (up)p>, C
GSBVP(Q;T)N LP(Q) is such that

llue — ullLe + [|Vur — Vul|Le — 0, as k — .

Then there exists a subsequence (k;);, such that for every x € Q except on a set with Hausdorff
dimension at most n — p we have

(uk;)e — Uz in measure in B1(0), as j — oo, (0.4)
where in (0.4) (ur)y is the one given by (0.3) where u is replaced by uy.

Theorem 1 can be seen as the analogous of the result (0.2) mentioned above. In the context
of Sobolev spaces this is obtained through the theory of capacity, by exploiting the well known
fact that smooth functions are dense in W1P(Q). However, at the best of our knowlegde, it
is not known whether there exist dense subspaces of GSBV?(;T') made of regular functions
u with the additional constraint J, C I’ (see Remark 5.22). For this reason, we decide to
perform a different analysis based on Geometric Measure Theory techniques. In particular we
prove a weak version of Poincaré’s inequality on balls, which guarantees that the L°-distance
of u from a particular piecewise constant function can be controlled in terms of the LP-norm
of its approximate gradient plus a small volume error (see Theorem 4.4). This tool, together
with a fine analysis of the blow-up of u permits us to obtain the conclusion of Theorem 1. The
dimension n — p is optimal, since in the WP() setting, i.e. when I' = ), we already know
that it is sharp (see Remark 4.10).
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Theorem 2 is reminiscent of the following result in the context of Sobolev space: if a sequence
ug, in WHP(Q) strongly converges to u, then, up to subsequences, the precise value of uy(x)
defined by (0.2) converges to the precise value of u(x), except on a set of zero p-capacity (see for
example [11, Lemma 4.8]). In order to prove Theorem 2, we use a suitable notion of capacity
(see Definition (5.7)), which allows us to deduce the convergence (0.4) for every x except on
a set of capacity zero. The relation between this novel notion of capacity and the Hausdorff
measure (see Theorem 5.16) enables us to deduce Theorem 2.

The class J, is composed of all (H"~!,n — 1)-rectifiable sets (see [, Subsection 3.2.14])
with finite H"!-measure, which satisfy a suitable geometric condition at every point except
on a set with Hausdorff dimension n — p (see Definition 3.6). For example, finite union of
(n — 1)-dimensional manifolds of class C! belong to 7, for every 1 < p < n. More in general,
finite unions of graphs of Sobolev functions in W2? belong to J, (see Example 6.3). As pointed
out in Remark 6.2, whenever n > 2p + 1, the graph of a W2P-function might have topological
closure with arbitrarily large n-dimensional Lebesgue measure. This shows that a generic set in
Jp does not need to be essentially closed. In addition, in Example 6.5 we are able to construct
a set in R? which cannot be written as a finite union of graphs, but nevertheless it belongs to
Jp for every 1 < p < 2.

In order to define the property which characterizes the sets in 7, we make use of the theory
of indecomposable sets, for which we introduce a geometric quantity called upper isoperimetric
profile (see (2.12)). This quantity plays a similar role to that of the Cheeger’s constant in the
context of Riemannian manifolds. Roughly speaking, if I' € 7, then for every x up to a set of
Hausdorft dimension n —p, the set B1(0)\ (I' —z)/r can be overrun by N, indecomposable sets
(possibly depending on ), say (Fr’i)jvgl, in such a way that the upper isoperimetric profile of
the sets F.; does not vanish as 7 — 0*. We call this property non vanishing upper isoperimetric
profile (see Definition 3.2). This property is optimal in view of Theorem 1. More precisely,
we construct a counterexample to Theorem 1 which shows that, essentially, the notion of non
vanishing upper isoperimetric profile cannot be weakened (see Example 6.7).

1. PRELIMINARY RESULTS

In this first section we recall some properties about sets of finite perimeter. In particular
we focus our attention on the concept of indecomposable set, which will play an important role
for the rest of the paper. We end this section by recalling some fundamental tools and results
about the space GSBV () which will be useful in the sequel.

1.1. Sets of finite perimeter. Given 2 an open set of R™ we recall that a L£"-measurable
set £ C R™ has finite perimeter in {2 if

P(E;Q):=  sup / divpdr < oo,
peCH(R") JE
lelloo<1
where div denotes the divergence operator defined as usual, i.e. divy :=> 1, ‘g—f:. fQ=R"
we simply write P(F) to denote P(E;R™). Whenever F has finite perimeter, by means of
Riesz’s representation Theorem, we know that the distributional gradient of the characteristic
function of E, i.e. DIlg, can be represented as a measure in M;,(Q;R™) (the space of all
R™-valued bounded Radon measures on ). In particular, by denoting the total variation of
D1y as |D1g|, then for every Borel set B C € the relative perimeter of E in B is defined as

P(E; B) := |DL5|(B).

We denote by 0*E the reduced boundary of E, defined as those x € ) for which there exists
ve(z) € S such that

L Dle(Bi(@)
S IDLeI(B )~ .

The unitary vector vg(x) is the measure-theoretic inner normal of E at x.
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1.2. Structure properties. Following the notation in [3, Subsection 2.10.19], given x € ,
whenever 0 < a < n, we denote the a-dimensional upper and lower densities of u at =x,

IeSpeC(]'vely, as
:“ I;T’ 1
@*O( , ) . ]. p ( ( ))

)
r—0+ WaT®

0% (1, x) := liminf M

r—0+ W T
If the upper and lower density coincide, the a-dimensional density of u at x is defined as

1(Br(x))
r0t  War®
Given 0 < 4 <1 and given a set A C Q2 we denote the point of density § of A as
AP = {zeQ|O"(L"L A 2) =76},

where L™ is the n-dimensional Lebesgue outer measure.
De Giorgi’s structure Theorem holds true (see for example [, Theorem 3.59]).

Theorem 1.1. Let Q be an open set of R™ and let E C R™ with P(E;Q) < co. Then 0*E is
countably (H"~1,n — 1)-rectifiable and

|Dlg| =H" ' LO*E.
In addition, for every x € 0*F the following properties hold

(a) the sets (E—x)/r locally converge in measure in R™ asr — 0% to the halfspace H orthogonal
to vg(x) and containing vgy(z);

(b) O V(H "1 LO*E, x) = 1.

We shall make use of the following two results. The first is due to Federer and concerns the
structure of sets having finite perimeter. The second can be seen as a sort of Leibniz’s formula
for the intersection of two sets of finite perimeter.

Theorem 1.2. Let Q2 be an open set of R™ and let E C R™ with P(F;Q) < co. Then
° H”*l(E“/?)Aa*E) =0;
e H1(Q\ [EMWUEY? UEO]) =o0.

Proof. See for example [1, Theorem, 3.61]. O

Proposition 1.3 (Leibniz’s formula). Let Q be an open set of R™ and let E, F C R™ with
P(E;Q),P(F;Q) < oo. Then P(ENF;Q) < oo and moreover

H U (ENF)=H" L' ENFY 4 4 1L o FnEW
+ anl L {I/E = VF}.
Proof. See [18, Theorem 16.3] O

(1.2)

1.3. Caccioppoli’s partition and indecomposable sets. First of all let us recall the defi-
nition of Caccioppoli’s partition (see [1] for a reference).

Definition 1.4 (Caccioppoli’s partition). Let € be an open set of R”. We say that a £"-
measurable partition (F;)$2; of © is a Caccioppoli’s partition if

i=1

Moreover we say that a Caccioppoli’s partition is ordered if |E;| > |E;| whenever i < j.

Definition 1.5 (Indecomposability). Let Q2 be an open set of R™ and let F' C Q with P(F;Q) <
0o. We say that F' is indecomposable if for every set E satisfying

ECF, P(F;Q) =PEQ+P(F\E;Q), (1.3)
then |E| =0 or |[EAF| =0.



ON THE BLOW-UP OF GSBV FUNCTIONS 5

Remark 1.6. The notion of indecomposability can be found for example in [14] and it is in per-
fect agreement with the following fact (see [6, Proposition 2.12]): the set F' is indecomposable
if and only if any u € BV (Q) with |Du|(F) = 0 is necessarily constant on F'.

In particular this tells us that every connected open set U C Q with finite perimeter is
indecomposable.

Remark 1.7. For every set E C F it holds P(F;Q) < P(E; Q)+ P(F\ E; ). This means that
condition (1.3) is equivalent to
ECF, P(F;Q)>P(E;Q)+P(F\ E;Q).

Moreover, condition (1.3) can be equivalently stated for a countable family (E;)$2,. This
means that F' is indecomposable if and only if the following conditions

UB=F IBEABI=0G45), 3 PE:)=PFN), (14)
=1 1=1

imply that there exists i such that |E;)AF| =0 and |E;| = 0 for i # io.
Indeed condition (1.4) clearly implies (1.3). While if F' is indecomposable, by setting E :=
Eq, (1.4) tells us

P(E;Q) + P(F\ E;Q) < P(F;Q),
which implies

P(E;Q)+ P(F\ E;Q) = P(F;Q).
By the indecomposability of F' we deduce that one between E or FAFE has zero Lebesgue
measure. If |[FAE| = 0 we are done. Otherwise |E| = 0 and we can proceed as before by

defining F := E,. Clearly, if this procedure does not stop, then |F| = 0 and we are done.
Otherwise if it stops at ig € N this means that |FAE; | = 0 and we are done.

We conclude this subsection with two technical propositions.

Proposition 1.8. Let Q0 be an open set of R™ and let F© C Q) be indecomposable. Suppose
E C Q is a set having finite perimeter in Q and such that

|[ENF|>0 and |F\E|>O0. (1.5)
Then it holds H" ' (0* ENFWV) > 0.

Proof. We can consider the measurable partition of F' given by F' = (ENF)U (F \ E). By
hypothesis |[E N F|,|F \ E| > 0. Using Leibniz’s formula (1.2) we can write
PENF)=[0"EnFO U0 FNEV U [{vg = vr}],
and
I(F\E)=[0"EnFOU[0*FNEO)U [{vg = —vr}]
Since *F N EW, {vg = vp}, *F N EO and {vg = —vp} are pairwise disjoint subsets of
O*F, if H* 1 (0*ENFM) =0 then
P(ENF;Q)+ P(F\ E;Q) =H" Y 9*"FNEW) + H" 19" Fn EO)
+H" T ({ve =vr}) + H" T ({ve = —vr})
< P(F;9),

which by Remark 1.7 implies (1.3) and this together with (1.5) is in contradiction with the
indecomposability of F'. O

Proposition 1.9. Let  be an open set of R™ and let E, E' C Q with P(E;Q), P(E’;) < 00
and such that O*E' C 0*E. Let F C E be an indecomposable set. Then one and only one of
the following holds

(1) FCEFE

(2) FCE\E'
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Proof. Tt is enough to show that |F'N E’| # 0 implies F' C E'.

Suppose not. Then |F N E’| > 0 and also |F'\ E’| > 0. By Leibniz’s formula both F' N E’
and F\ E’ are sets having finite perimeter in Q. Moreover, by Proposition 1.8 we would
have also H" 1(0*E' N FM)) > 0. But since F' C E then F(Y) ¢ EM and this implies
H*1(9*E'nEWM) > 0 which is in contradiction with the hypothesis 9*E’ C 9*E. This proves
the proposition. [l

1.4. Indecomposable components. The following result is a well known fact about the
decomposability property of sets of finite perimeter. Precisely, every set with finite perimeter
E can be decomposed into a countable family of indecomposable sets (F;) such that

o0 o0
lg=)» 1lp, and P(E)=Y_ P(F,

i=1 i=1
This result was first announced (with a sketch of the proof) in [3, Subsection 4.2.25] in the
more general setting of integral currents of R™. A complete proof in the context of sets of finite
perimeter in R™ can be found in [141]. We are interested in the same result when R™ is replaced
by a generic Lipschitz-regular open set 2. Namely, whenever E' C ) is such that P(E; ) < oo,
then there exists a countable family of indecomposable subsets of €2, say (F;), such that

ILE—Z]lF7 and P(E;Q) ZP F;;9).
i=1
This fact can be deduced by using [14, Lemma 3.1, Corollary 3.2, Proposition 3.3], and we
decide to give a complete proof in the next proposition.

Proposition 1.10. Let Q C R™ be a bounded Lipschitz-reqular domain, and let E C Q2 be such
that P(E;Q) < oo. Then there exists a Caccioppoli’s indecomposable partition of E, which
means a countable family (F;)$2, of indecomposable sets such that

(1) EﬂF(l) Fl, for every i € N;

(2) 1= (B ED \UiZy Fi) = 0;

(3) ENE;NE =0, fori#j;

(4) 22, P(F,:Q) = P(E; 9);

(5) H=H(Qno*E) \U;Z, 0°Fi) =0

(6) H' 1 ((QNO*F;) \ 0*E) =0 for every i € N;

(7) HH QN O*F;NO*F;) =0 fori # j.
Moreover the family (F;)52, is unique up to permutation of indices in the sense that given any
family of indecomposable sets (F})$2, satisfying 1-4 then there exists a bijection m: N — N
such that

|FiAF, ;)| =0 for every i € N.

Remark 1.11. Conditions 2 and 3 say in a more precise way that 1g = Zfil 1p,.

Proof. We first prove that conditions 1-3 hold true. Since €2 is Lipschitz-regular, we know that
E is a set of finite perimeter in R™, i.e. P(E) < oo (see [20, Subsection 6.5.1 Lemma 1]).
By applylng [14, Proposition 3.3] to the set E C R™, we deduce that there exists a countable
family (F})ier 5at15fy1ng 1 and 2 with the additional property F; # () for every i € I, and
> P(F;) = P(E). (1.6)
iel
Now if the cardinality of I is a natural number N, we define F; := ~ﬂ(i) where 7 is any
bijection of {1,..., N} onto I, and F; = ) for every ¢ > N. While if the cardinality of I is
equal to the cardlnahty of N, we define F := F, =(i) where 7 is any bijection of N onto /. Clearly

the family (F;)$2, satisfies 1 and 2. We show that it satisfies also 3. Indeed, we can use [14,
Lemma 3.1] which says that

H ! ([9 N @ EBUEY)\ | Jo F U F}”) =0,

i=1
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where now 9*FE has to be intended as the reduced boundary of E as a subset of R™. Since
Fi(l) N O*E = () for every i, the only possibility is that

H (8*E\ U a*Fi) =0, (1.7)
i=1
which by (1.6) implies
Jo"Fi=0"E and H"'(0"F; N 9" F;) =0, for i # j,
i=1
and in particular that

H" Y (O*F;\ 0" E) = 0, for every i € N. (1.8)

If |F;NF;| > 0 for some ¢ # j then by using Proposition 1.8, we deduce that H”*I(G*FiﬂFj(l)) >
0 which is in contradiction with (1.8). Finally, since by (1) every F; coincides with its measure
theoretic interior on the points of E, this shows condition 3.

We claim that

oo
> P(F;Q) = P(E;Q).
i=1
To show this, notice that by applying Leibniz’s formula (1.2) to the couple of sets Q and E
(both seen as sets with finite perimeter in R"™), since E C € we can write
H NP E=H" L ENQ)=H""TL@ENQD) + H" L ({vg =vq}), (1.9)
and since by 1 we have F; C Q) for every i € N, then we have also
H UL F, =H" (@ (Fn Q) =H" L@ FENnQW) + 1 L ({vp, =vq)).  (1.10)
By using [14, Corollary 3.2] together with (1.9) and (1.10) we deduce that

H ! ({uE = v} Q{ym = m}) = 0. (1.11)

We can write
P(E) = Hn_l(a*E) = Hn_l(a*E N Q(l)) + Hn_l({l/E = I/Q}) = P(E; Q) + 'H"_l({]/E = I/Q})

By using the lower semicontinuity of the perimeter and (1.11) we can continue the previous
inequality

P(E) = P(E;Q) + H" ' ({vg = va}) < iP(Fi; Q)+ H (fvp, = va))

i=1

=Y H O RN QW) + 1 ({vm, = va))
i=1

_ ZH'n—l(a*Fi) — ZP(FZ) = P(E‘)7

where we have also used that, since € is Lipschitz-regular, then H"~1(0* F;n QM) = P(F;; Q).
By using again the lower semicontinuity of the perimeter and (1.11), we deduce that the only
possibility for which (1.4) is actually an equality is that

P(E:0) = 3 P(F:) and H' (v = va}) = S W ({vr, = v},

=1

which in particular implies our claim.
Properties 5-7 simply follow by [14, Corollary 3.2].
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It remains to prove that a family of indecomposable sets (F;)$°, satisfying 1-4 is unique.
As before, since ) is Lipschitz-regular, then the (F;) are actually sets having finite perimeter
in R™. Then, in view of [141, Proposition 3.3] it is enough to prove that

ip(ﬂ) = P(E). (1.12)

In this case, suppose that (F}); and (F}); are two sequences of sets satisfying 1-4. By removing
the sets in (F;); and in (F}); equal to the emptyset we end up with two families (F;);c; and

7

(F!)ier , both satisfying 1-4 with the additional condition F;, F! # () for every i € I and 7 € I'.
Therefore, we are in position to apply the uniqueness result [14, Proposition 3.3] which says
that there exists a bijection 7: I — I’ such that

|FiAF, ;)| =0, for every i € I,

and this would be enough to obtain uniqueness.
Now we show (1.12). Since by hypothesis

S P(F:0) = P(E:0),

by (1.9) and by (1.10) together with the fact H"~1(0*F; N Q1)) = P(F;;Q), it is enough to
show

Y H" {vr = va}) = H' ({ve = ra)}).
i=1
First of all since |F; N F;| = 0 it is easy to see that

H" ' {vp, =va} N {ve, =vq}) =0 for i # j. (1.13)

In particular this implies that

iP(Fl) = iP(Fi; D) +H"  {vr, = va}) < . (1.14)
i=1

i=1
We claim that

1! ({VE = ug}A Q{m - m}) =0.

By using (1.14) we can apply [14, Lemma 3.1] and arguing as before this implies (1.11). To
prove

H ! <Q{Vﬂ =vot\{ve = Vsz}> =0,

we show that H" l-a.e. © € {vp, = vq} belongs to O*E for every i € N. For this purpose,
define ' := (J;2, 9*F;. Thanks to (1.14) T is a countably (H"!,n — 1)-rectifiable set with
H"~1(T") < co. By properties 1-4, we can apply [14, Corollary 3.2] to deduce that
H N (QNO*F; NO*F;) =0 for i # j.

This together with (1.13) tells us that

H" YO F;NO*F;) =0 for i # j. (1.15)
This last condition allows us to define an orientation of I', namely a measurable map v: I' —
S*~1 in the following way

v(x) :=vp,(z), for x € O*F;. (1.16)
If we set u; := 1yi_ g, then we have u; € SBVP(;T) for every p > 1. Since for every i
Vu; = Vu = 0 and
u; — w strongly in L*,

then we can apply [21, Remark 4.9] to deduce

uF — ut in H" " '-measure on T (1.17)
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Now fix ip € N. By (1.15) and the definition of u™ (see Definition 1.16), for H" '-a.e. x €
{vr, =va} u (z) = 1 and u; (z) = 0 for every i > ig. Hence, by (1.17) this means also that
ut(z) =1 and u™(z) = 0 for H" '-a.e. x € {vp, = vo}. By definition of u™ (see Definition
1.16) we deduce that H" l-ae. x € {vr,, = va} is a point of density 1/2 for £, and by
Theorem 1.2 also that H" !-a.e. z € {vF, = va} belongs to 9*E. Thanks to the arbitrariness

of ig we conclude the proof.
O

Definition 1.12 (Indecomposable components). Let 2 be an open set of R™ and let E C §2
with P(E;§) < co. Let (F;)$2, be the unique (up to permutation of indices) indecompos-
able partition of E given by Proposition 1.10. Then, for every ¢ € N we say that F; is an
indecomposable component of E.

The following proposition says that if Fy is an indecomposable set, then whenever |E, AEy| —
0 and P(E,; Q) — P(Ey;Q) as r — 07, then for every r it is possible to select an indecompos-
able component F, of E,., such that |F,AE| — 0 and P(F,;Q) — P(E;Q) asr — 0T

Proposition 1.13. Let Q be a bounded Lipschitz reqular domain of R", and let (E,)rc(0,1
be a family of sets contained in Q with P(E,;Q) < co. For each r € (0,1) let (F, ;)2 be
the Caccioppoli’s indecomposable partition of E, given by Proposition 1.10. Let Ey C € be an
indecomposable set. Suppose that

(1) lim, o+ |E,AEo| =0

(2) lim, o+ P(E,; ) = P(EO;Q)'
Then, for each r € (0,1) there exists o, € N such that

lim |FT,UTAE0| =0, (1.18)
r—0+
and
lim P(Fr,or§ Q) = P(EO; Q) (1.19)
r—0+

Proof. Suppose that our proposition does not hold. Then there exists a § > 0 such that

lim sup <inf |FT,iAE0|) > 0.
iEN

r—0+ g

This implies the existence of a subsequence (r,,)2°_; such that

|F,, iAEy| > 6, (1.20)

ms

for every m € N and for every ¢ € N.

Consider the Caccioppoli’s partition of Q made of (F,. , ;)52; UQ\ E,, . Since Q has finite
Lebesgue measure, this partition can be ordered. Thus we can apply the compactness theorem
for Caccioppoli’s ordered partitions (see [1, Theorem, 4.19] and [I, Remark, 4.20]), to find a
Caccioppoli’s (ordered) partition of Q, say (Fp;)5°; where one of the Fp; must be equal to
Q\ Ey, such that up to subsequences we have

lim |F,, ;AFy;| =0 for every i € N. (1.21)
m—roo

By removing the set (Q\ Ep) from the partition, we obtain an ordered measurable partition of
Ey, which we still call (Fp;)$2,.

By (1.20), there exists a family I C N with cardinality strictly greater than 1, such that
Fy; # 0 for every i € I.

Using the lower semicontinuity of the perimeter and property (4) of Proposition 1.10, we
can write

Y P(Foi) <) liminf P(F,, ;5Q) < liminf Y P(Fy, i 0)
el =0 i=1
<liminf P(Ey, ;)

m—r0o0

= P(EQ; Q),

(1.22)
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since (Fp;)ier is a (measurable) partition of Ey, (1.22) implies

> P(Fpi;9) = P(Eg;9), (1.23)
il
and by Remark 1.7 this is in contradiction with the indecomposability of Ey. Hence this proves
(1.18).
Finally we notice that
P(E; Q) < liminf P(F,,,;Q) < limsup P(F,.,,;92)

r—0+

< lim sup E P(F, ;)
r—=0+t 72,

= limsup P(E,; Q)
r—0+t

= P(Eo, Q),
and this gives (1.19). O

1.5. GSBV functions. For the general theory concerning the space of generalised functions
of special bounded variation GSBV (), we refer to [1]. In order to give a precise meaning of
jump set and of approximate gradient in the context of GSBV functions, we need to recall the
notion of approximate limit ([1, Section 4.5]).

Definition 1.14 (Upper and lower approximate limit). Given an L™-measurable function
u: 2 — R the upper approximate limit of v at x € ) is defined as

ut(z) := ap-limsupu(y) :=inf{t € R | O"(L"L {u > t},x) = 0}
y—

while the lower approximate limit of u at x is defined as

u” (x) ;= ap-liminfu(y) :=sup{t € R | ©™(L" L {u < t},x) = 0}.
y—T

In addition, we say that v admits an approximate limit equal to a € R at x, and we write

ap-limu(y) = a,

y—x
if ut(2) = u=(z) = a (the case a = +oo are not excluded).

Definition 1.15 (Approximate continuity). Let © be an open set of R™. For every L"-
measurable function u: 2 — R we define the approximate continuity set as the set of points
x €  for which there exists a € R such that
ap-limu(y) = a.

Yy—x
The approximate discontinuity set S, is defined as the complement in 2 of the approximate
continuity set, i.e.

Su={reQ|u (z) <ut(x)}.

When z € Q\ S, we denote the approximate limit of u at = as u(x)

We are now in position to remind the definitions of jump set and of approximate gradient
for GSBV-functions.

Definition 1.16 (Jump set). Let £ be an open set of R". For every L"-measurable function
u: © — R we define the approximate jump set .J,, as the set of points x € € for which there
exist a,b € R with a < b and v € S”~! such that

ap-lim v(y) =a and ap-lim v(y) =b. (1.24)
(y—z)-v>0 (y—z)-v<0
Yy Y=z

If z € J, then we write a = u™(z) and b = u™ (z). The vector v, uniquely determined by
this condition, is denoted by v, (z). The jump of u is the function [u]: J, — R defined by
[u](z) == uT(x) —u~(z) for every x € J,.
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Definition 1.17 (Approximate differentiability). Let u: Q@ — R be a £"-measurable function
and z € Q\ S,. Then u is approximately differentiable at z if 4(z) € R and there exists a
linear map L: R™ — R such that

ot [10) = () = Ly = )

=0.
y—a ly — =
In this case the approximate gradient of u at z is defined as Vu(z) := L.

Definition 1.18 (GSBV functions). Let 2 be an open set of R”. We say that a function
u:  — R belongs to GSBV (), if for every M € N the truncated function u := (uvVM)A—M
belongs to SBV,.(Q2).

Now we recall the main result about the fine properties of GSBV functions (see [1, Theorem
4.34]).

Theorem 1.19 (Fine properties). Let u € GSBV (Q), let M € N. Then
(1) S, = UMEN Sym and

wta) = Jim (@)*@), w (@)= lm @) (@)

(2) S, is countably H" -rectifiable, H" 1 (S, \ Ju) =0 and
Tan(S.,x) = (vu(x))*, for H' t-a.e. x € Sy;
(8) u is weakly approzimate differentiable L™-a.e. in Q and
Vu(z) = VuM (z), for L™-a.e. x € {Ju| < M}.
The following compactness result holds true.

Theorem 1.20. Let 2 be an open set of R" and let (ug)52, be a sequence of functions in
GSBV(Q). Suppose that there exists p > 1 such that

sup ([[ul|r + [[Vul[Lr + H* " (Ju)) < co. (1.25)
€

Then there exists u € GSBV () such that, up to passing through a subsequence, we have

klim ug(z) = u(z), L"-a.e. and Vuy — Vu, weakly in L*(Q), as k — oo,
— 00

and
liminf H" (T, ) > H" ().
k—oo
Proof. Tt is a particular case of [1, Theorem 4.36]. O

Finally, we introduce suitable subspaces of GSBV ().

Definition 1.21. Given I' C Q a countably (H" "1, n — 1)-rectifiable set with H"~}(T") < oo,
we define for every p > 1

GSBVP(Q) :={ue GSBV(Q) | Vu € LP(Q;R")};
GSBVP(Q) :={uec GSBV(Q) |u e L (Q), Vue LP(;R™) ]
GSBV(Q;T) :={ue GSBV(Q) | J, CT};

GSBVP(Q:T) = {u € GSBV?(Q) | Ju C T}:

GSBVP(;T) :={u e GSBVP(Q) | J, CT}.

Remark 1.22. Using [, Proposition 2.3] and Theorem 1.20, it is possible to prove that GSBV,P(€};T)
endowed with the norm

[ullp := llulle +[[Vul e,

is a Banach space.
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2. WEAK POINCARE’S INEQUALITY FOR INDECOMPOSABLE SETS

This section is devoted to the proof of a weak version of the Poincaré’s inequality for in-
decomposable sets. We recall that given a connected Lipschitz-regular bounded open set €,
Poincaré’s inequality allows to control the LP-distance of a function u from its average in term
of the LP-norm of its gradient. Namely, for every u € W1P(Q) it holds

(/ u—][updx); SC(QaP)</Q|Vu|pdx>;. 1)

In our case we want to derive a similar inequality in the context of G.S BVP-functions, when
Q is replaced by a generic indecomposable set of finite measure. Since in general a function
u € GSBVP(Q) is not even integrable, the LP-distance on the left hand side of (2.1) will be
substituted by the L°-distance, which is the one that induces the convergence in measure (see
Definition 5.4). Precisely, we prove the following inequality

=

(/F|u—mp/\1dx); < C(F,p, )\)(/Fvupdx); + (2\|F|)7, (2.2)

for every indecomposable set F' C Q with |F| < oo and for every u € GSBVP(Q) such that
H*1(J, N FM) = 0. The real number m is the median of u on F (see Definition 2.8), Vu is
the approximate gradient of u (see Section 1.5), and A is any positive real number in (0,1/2].
The integral on the left hand side of (2.2) is equivalent to the L°-distance on F' (see (5.3))
between u and m. The function C'(F, p,-) is decreasing and in general may blow up as A — 0.
Inequality (2.2) tells us that if fF |VulP dz is sufficiently small, then u is close to a single
constant on F. This information will play a crucial role in order to derive the first main result
of this paper, namely Theorem 1.

2.1. The upper isoperimetric profile. Given F' C Q an indecomposable set with finite
measure, we want to introduce an isoperimetric quantity hp, which is a function hp: (0, %} —
(0, 00), and which plays a similar role to the so called Cheeger’s constant. We recall that when

) is a bounded open set of R™, (n > 2) the Cheeger’s constant is defined as (see [16],[17])
P(E
h(Q) := inf {|§E|) | ECQ, |E|> 0} . (2.3)

Let us remind that the Cheeger’s constant was introduced in [3] to study lower bounds for
the smallest eigenvalue of the Laplace operator on compact Riemannian manifolds without
boundary. As a consequence, one obtains the validity of a Poincaré’s inequality with optimal
constant uniformly bounded from below by a geometric constant. Precisely, for the case of
2 bounded open set of R™, let A,(£2) be the smallest “ecigenvalue” of the p-laplacian with
Dirichlet boundary condition (1 < p < 00), i.e.
P
Ap(2) := inf %.
uEW, P (Q) llul|7»

Then arguing as in [3] (see [15] [13]) one can easily show that
h(€)P

PP
In our case, since we are interested in a weaker version of Poincaré’s inequality for inde-
composable sets without the assumption of Dirichlet boundary conditions, we need to work
with a different notion of Cheeger’s constant. Before starting with the definition, we need
to prove a lower-semicontinuity property, which can be seen as a generalisation of the well
known result of lower semicontinuity of the perimeter: given a sequence of sets (Ej) such that
limg 00 |[ExAE| = 0, then for every open set 2

liminf P(Ey; Q) > P(E; Q).
k—o00

() =

Proposition 2.1 (Lower semicontinuity). Let Q be an open set of R"™. Let (E)%,(EL)72,
and E, E' be subsets of Q0 with finite perimeter in Q such that E;, C Ej and
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(2) limg o0 P(Ey; Q) = P(E;Q);
(3) limy_yo0 |ELAE'| = 0.

Then it holds the following lower semicontinuity property
lim inf %"~ (9" B}, N EMy >y (o E' n EW). (2.4)
Proof. Using the Leibniz’s formula (1.2) we can write
P(E};Q) = P(By N E; Q) = H' Y0 B N EY) + H Y9 B, 0 EY) (25)
+ Hn_l({VE,; =vg}).

Since E}, C Ej, then Ellﬁ(l) C Elgl), hence E,;(l)ﬂE,(el/Q) = (). This implies H”fl(a*EkﬂEgl)) =0.
Moreover, since Ej, C By, then H" ' ({vg # vg, }) = 0. Therefore (2.5) can be rewritten as

P(E};Q) = 1" (0"E, N EV) + H* (0" E)}, N 0" Ey). (2.6)
Analogously we have
P(Ei \ Ej; Q) = H1(0%(Ex \ Ep) N EX) + 11 (0% (Ey \ E}) N 0" Ey).

Since H"~1(0* (Ex\ E},) ﬂE,(:)) =H"" (0" E], ﬂE,il)), then we can rewrite the previous equality
as

P(E,\ Ejp; Q) = H" (0" E}, N EXY) + H* (0" (B \ E}) N 0" Ey). (2.7)
We claim that
H'HO By \ (0" Ej, U™ (B, \ ) =0 (2.8)
and
H (0 Ey NO*EL) N (0*E, NO*(Ey \ E},)) = 0. (2.9)

To show this, notice that by Theorem 1.2 for H" t-ae. z €, ifx € E,il/Q), then
{z € () or e (E)Y?} and {z € (B \ E})© or v € (Ex \ Ef) /2 1.

But if z € Elgl/Q) it cannot happen = € (E},)(*) and = € (E; \ E},)), otherwise = € El(€0) which
is a contradiction. This proves (2.8). Also, if z € E£1/2) then it cannot happen z € (E})(/2)

and z € (Ey \ E;)Y/?) otherwise z € E,(Cl) which is again a contradiction. This proves (2.9).
By (2.8) and (2.9), summing (2.6) with (2.7) we obtain for every k € N

P(E}; Q) + P(Ey \ Ej; Q) = 2H" (0 B, N E)) + P(Ey; Q). (2.10)
Since E' C FE, repeating the same argument we have also in this case
P(E';Q)+ P(E\ E';Q) = 21" (0" E' n EW) + P(E; Q). (2.11)

Finally if we call [ := liminfy_, . H" "1 (0*E} N E,(cl)) (without loss of generality we can assume
[ € R), using (2.10) and the lower semicontinuity of the perimeter on €2, we can write

oH" Y (9" E' N EW) + P(E;Q) = P(E';Q) + P(E\ E';Q)

< liminf(P(E}; Q) + P(Ex \ Ej; Q)

k—o0
= lim inf(2H" (9" Bf N E) + P(Ey; Q)

—00
=2+ lim P(Ey;Q)
k—oo

— 9l + P(E;Q),

which is our desired result. O
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Remark 2.2. If the sets (Fy )y of the previous proposition are open, say for example (Uy), and
such that ’H"‘l(US)AUk) =0, then P(E};Ux) = H" Y(0*E}, N Uél)) for every k and by the
previous lower semi-continuity result we have

liminf P(E}; Uy) > P(E';U),
— 00
where we have also used H" 1 (0*E'nUW) > P(E";U).
With the next definition we introduce the upper isoperimetric profile.

Definition 2.3 (Upper isoperimetric profile). Let € be an open set of R™ (n > 2) and let F
be an indecomposable set of Q with |F| < co. For every A € (0,1/2] we define

n—1(9* (1)
hr(X\) :—inf{H (5‘|§|ﬂF )

We call the function hp: (0,1/2] — R the upper isoperimetric profile of F.

E CF, \[F| < |E| <|F|/2, P(E;Q) < oo}. (2.12)

Remark 2.4. The upper isoperimetric profile is a non decreasing function. Moreover, if we take

an indecomposable open set U C 2 such that |U| < oo and H* (UM AU) = 0, then (2.12)

reduces to

P(E;U)
|E|

Notice that infysohy(A) is not the Cheeger’s constant in (2.3), since we look only at the
relative perimeter of E inside U, while in (2.3) one is interested in the whole perimeter of E.

Notice also that in literature (in particular in the context of Riemannian manifolds) the
isoperimetric profile at A is defined by considering the infimum among all sets E with fixed
volume |E| = A|F|. Since we ask for |E| > A|F'| we decide to call it upper isoperimetric profile.

hu(\) = inf{ ‘ECU, ANU| < |E| < |U|/2, P(E;Q) <oo}.

Finally, the next proposition is the core result of this subsection.

Proposition 2.5. Let Q be an open set of R™ (n > 2) and let F' be an indecomposable set of
Q with |F| < co. Then hp(X) > 0 for every X € (0,1/2].

In particular, it holds the following relative isoperimetric inequality

1
hr(A)

for every E C F with \|F| < |E| < |F|/2 and P(E;Q) < oc.

|E| < H YO ENFW), (2.13)

Proof. Let A € (0,1/2] and consider

n—1(9% (1)
=t W L(9*E N FW)

API<|BE[<|F|/2 |E|
ECF

(2.14)

Clearly hp()\) is finite. We want to show that it is strictly positive. Consider a minimizing
sequence (FEy)gen i-e.
7—["*1(8*Ek N F(l)) )

)

hie(A) = Jim T

since
P(EQ) =H" N0 Ex N FO) + H" ' ({vr = vg,})

< P(F;8) + (hp(X) + €)| Ek|

< P(F5Q) + (hr(N) + €)(|F|/2),
then by using [1, Theorem 3.39], up to subsequences there exists a set Fo, C F having finite
perimeter with A|F| < |E| < |F|/2 and such that limg_,o |[ExAFEs| = 0. Moreover thanks
to Proposition 2.5 we have

. H" Y O'E,nFWY) _ H"Y(0*E,NFW)
hrp(A) = lim )
FNETTTED 2T (R
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which means
W (07 B n FO)

hr(A\) =
) E.]
Finally, since A F| < |Ex| < |F|/2 and F = E, U (F \ Ew), by Proposition 1.8, the indecom-
posability of F forces H" 1 (0* E,o N F(M)) > 0. This concludes the proof. O

Remark 2.6. Notice that infy~o hr(A) might be equal to zero. Indeed consider two sequences
of positive real numbers (1,)5°; and (8,)5%; such that Y > | 12 < oo and limy,—e0 0, /12 = 0.
Define an open set U C R? made of an union of disjoint open squares Q,, of side [,, each

connected to an open big rectangle through small bridges of size d,, as in figure (1).

FIGURE 1. Indecomposable set U with infyx~o hy(A) = 0.

By our choice of [,,, U is a connected open set with finite perimeter, hence by Remark 1.6
it is indecomposable.
For every n € N we define E,, C U to be the square of side [,, union half of the n-th bridge
as in figure (1). By our choice of I,, and §,, we have
HYO*E, nUW)

. - _
WO = TR ’

However, Proposition 2.5 tells us that this can happen only for sequences (E,) such that
|E,| — 0.

Moreover, by using the Coarea Formula, it can be proved that infyso hp(A) > 0 if and only
if for every u € BV () the following Poincaré’s inequality holds true

/ lu — m|dx < ¢|Du|(FMV),

F

where m is the median of u on F' (see Definition 2.8). In this case the best constant ¢ which
satisfies the previous inequality is exactly infyso hp(A).

Remark 2.7. Given F' an indecomposable set of R™, then simply by definition, we have the
following scaling property of the relative upper isoperimetric profile:

he(-) =rhe=s("),
for every r > 0, x € R™.

2.2. Weak Poincaré’s inequality. We are now in position to prove the weak version of
Poincaré’s inequality (2.2). Before we need the following definition.

Definition 2.8. Let u: Q — R be a measurable function. Given a measurable set F C Q we
define the median of u on F' as

m(u, F') :—inf{teR |{u>t}ﬂF|§§}.

Remark 2.9. It holds

F F
|{u>t}ﬂF|§% for t+>m(u, F) and |{u>t}ﬂF|>|2—| for t <m(u,F). (2.15)
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Theorem 2.10. Let Q be an open set of R™ and let T C Q be a countably (H" " ',n — 1)-
rectifiable set with H"~1(T') < co. Given an indecomposable set F C Q with |F| < oo and
HYTNFM) =0, then for every u € GSBVP(Q;T) (p > 1) and for every A € (0,1/2], there
exists a measurable set F* C F such that

F\ P < 2A|F), (2.16)
and the following inequality holds true

(/1m fu = mf? dx); < hFIEA) (/w [Vl dfc>p, (2.17)

Proof. Let v € GSBVP(Q;T') be a positive function such that

where m := m(u, F).

F
H{v>t}NnF|< ‘ | for every ¢ > 0. (2.18)
Define
=inf{t: [{v>t}NF| <AF|}, (2.19)
and notice that
Hov>t}NF|<AF|fort>s, |[{v>t}NF|>AF|fort<s. (2.20)

If we set v° := v A s we can write

/ vdr < / v’ dx :/ |F N {v® > t}| dt. (2.21)
Fn{v<s} F 0

Since {v > t} = {v® > t} for every t € (0,s) and v® € SBV(Q), then by (2.18), (2.20), and
the definition of hr(-) we have

H L9 [0° > INFW) = H 10  [o > }NFD) > hp(V)|[FN{v > £} = hp(V|FN{o® > t}].

Then by (2.21) we can use the Coarea Formula for BV functions (see [I, Theorem 3.40]) to
obtain

1 S
/ vdr < 7/ H Yo {v* >t} n FW) dt
FON{v<s} hF(A) 0

1 S
= gy P () (2.22)
1

/ Vol dz,
) FMON{v<s}

rnrF® ) = 0 together with the decomposition of the

" h F()\
where for the last equality we used H"~!(
variation measure in BV.

Now define (u —m)% = [(u —m) V 0. Since by (2.15)
|F|

{(u—m)E >t} NF| < fort >0,

we can apply (2.22) to the function (u —m)% instead of v to deduce that there exists s™ >0
satisfying (2.20) (where v is replaced by (u —m)" and s by s*) and such that, thanks to the
chain rule in BV (see [1, Theorem 3.99]), we can write

<P /
= hE(N) Jrafo<(u-m)? <s+}

where we used that both integrals vanish on the set {(u —m)%. = 0} and that |[FAF1| = 0.
Analogously, if we set (u —m)? :=|(u —m) A O by (2.15)

171
2

(u—m) dzx (u—m)% " Vuldz  (2.23)

\/Fﬁ{0<(um):’_ <st}

Hu—m)? >t} NF| <, fort>0.
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Arguing as before there exists s~ > 0 such that

(ufm)]idx<L

/Fﬁ{0<(um)€<s—} N hF()\) /Fﬁ{0<(um)€<s_}

If we set F* := {m — (s7)P <u <m+ (sT)/P} N F by (2.20) we have |F'\ F*| < 2)\|F|. By
summing the previous two inequalities and by using Holder inequality we deduce

(u—m)P HVu|dz.  (2.24)

(/p fu = mi? d“”); = h;@(/ﬂ IW”dx> ;, (2.25)

which immediately implies (2.17).
]

Corollary 2.11 (Weak Poincaré’s inequality). Under the same hypothesis of Theorem 2.10
we have for every A € (0,1/2] and for every u € GSBVP(Q;T') with H* (TN FM) =0

(/F |u —m|P A 1dz>; < th()\) </F | VP dz)é + (2M\F|)7, (2.26)

where m := m(u, F).

Proof. Given v € GSBVP({;T), we can consider F* and m as in Theorem 2.10. Then we can
(/ |u—m|pdx) + |F\F>‘ﬁ
X

write
(/ u—m|p/\1dx>p
F
P (/ Vaul? dx)p +2A\F),
hr(A) \Jr

which is exactly (2.26). O

IN

(2.27)

3. THE CLASS J,

In this section we define the class of admissible jump sets 7, for which Theorems 1 and 2
hold true. We start with the notion of non vanishing upper isoperimetric profile, but before
we need the following definitions.

Definition 3.1. We say that a set A C B1(0) is conical, if
[(ANAA)ANA| = 0 for every A € (0,1).

Moreover, given an open set Q@ C R™, given a set A C 2, and given a ball B,.(z) C Q we will
use the following notation

A—
Arg 1= = = 1 By(0),
and we will always make use of the following identity
AT,I N By (O)

A)\r,m = B\ ’

for every A € (0,1].
Definition 3.2 (Non vanishing upper isoperimetric profile). Let 2 be an open set of R™ and
let I' C Q. Given x € 2 we say that I has a non vanishing upper isoperimetric profile at z if
there exists N, € N such that
(1) for every 1 < j < N, there exists (Fr j)o<r<r, (rz > 0) a family of indecomposable subsets
of B1(0), with the following properties
(L1) H* YT NED) =0, 1€ (0,7,);
(1.2) liminf, o+ hps ) (A) >0, A€ (0,1/2];
(2) there exists a measurable partition of B;(0) made of (nonempty) conical sets (EOJ-);»V:’”1

with the following property
(21) limrﬁoJr |Fr,jAE07j| =0.
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Remark 3.3. In order to prevent misunderstandings, we want to emphasize that since F. ; are
subsets of the unitary ball, then in the definition of i, ; the infimum in (2.12) has to be taken
among all sets with finite perimeter in By. Moreover, for a given I' neither the family (F ;)
nor (Ey ;) are unique. Nevertheless, if I' has a non vanishing upper isoperimetric profile at x,
then there exists the minimum number N, (> 1) for which (1) and (2) hold, and this number

clearly depends on the geometry of T'.

Remark 3.4. The property of non vanishing upper isoperimetric profile is stable under inclusion,
in the sense that whenever IV C T and T" has a non vanishing upper isoperimetric profile at z,
then also I satisfies the same property at x.

We give a basic example which clarifies the concept of non vanishing upper isoperimetric
profile.

Ezample 3.5. Let M C Q be an (n — 1)-dimensional manifold of class C*. Then M has a non
vanishing upper isoperimetric profile for every « € €. To show this, let us first suppose x € M.
Then if we call v(z) a unit normal to M at z, we know that there exists a sufficiently small
value 7, > 0 and a C! function f: v(z)* — R such that

B,.(x) N M = B,.(x) Ngraph(f), r € (0,74).

By writing the generic point y € R™ as y = (2,t) where y € v(z)* and t € R, we define

Fy:={ye B, (z)|t< f(z)} F={yeB,. (x)|t>f(2)}
and

Na: = 27 Fr,l = (Fl)r,a:v Fr72 = (F2)r,:r7 T e (O,Tm);

Ep1:={y € B1(0) | v(z)- -y <0}, Eoo:={y € B1(0) | v(z) -y > 0}.
To prove condition (1.2), one can use the C* regularity of f and an argument similar to the

one in Example 6.5, to deduce that the open sets F, ; (j = 1,2) admit a Poincaré’s inequality

/ ’U,—ZZ u
Fr I

i
where ¢ > 0 is a constant independent on r € (0,7;). So given E C F, ; a set of finite perimeter
in By, we can use 1g instead of w in (3.1) to deduce that

min{|E|, |F.,; \ E|} < ¢|D1g|(F,,) = cH" Y 0*ENF,;) = cH" (0" EN Ff}j)),

dx < c|Du|(F; ;), u € BV(By) (3.1)

where the right-most equality follows from the fact F,. ; = FT(lj) This implies

1
liminf hg  (A) > =
r—0+ 7 c

for every A € (0,1/2].

Another possibility to prove that M has a non-vanishing upper isoperimetric profile at
x € M, is to notice that since M is an (n — 1)-manifold of class C*, we can always find a set
of finite perimeter £ C Q such that M C 0*FE. In this case we can make use of Proposition
3.7, which says that 0*E admits a non-vanishing upper isoperimetric profile at every point
xr € O*F. Since the property of non-vanishing upper isoperimetric profile is stable under
inclusion (Remark 3.4), this means that also M satisfies this property for every x € M.

Finally, the case € Q\ M is much easier. Indeed, by the closeness of M there exists r, > 0
small enough such that B,(x) N M = () for every r € (0,r,). Then it is enough to set

N, =1, F,., := B1(0), r € (0,r,);
Ey := B1(0).
Now we are in position to introduce the space of all the admissible jump sets T'.
Definition 3.6 (Admissible jump sets). Let I' C © be a countably (H"~!, n—1)-rectifiable set
with H"~1(I") < oo and let 1 < p < n. We say that I belongs to J,, if for every z € Q\Sr, where

St is a set of Hausdorff dimension at most n — p, I' has a non vanishing upper isoperimetric
profile at x.
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We will use the next two proposition to construct examples of sets living in 7, (see Section
Proposition 3.7. Let Q be an open set of R™ and let E C Q with P(E;Q) < oo. Then

the reduced boundary 0*E has a non vanishing upper isoperimetric profile at every point x
belonging to the following set

{reQ |0 DN L E x) =0} UIE.

Proof. First we deal with the case z € 0*F.
We denote as H the half space given by Theorem 1.1 such that
lim |(E,zAH)N B1(0)] =0, 1iI(I)1+ P(E,;B1(0)) = P(H; B1(0)). (3.2)
r—

r—0t
Clearly H N B1(0) and B;(0) \ H are conical and indecomposable sets. Thus, we can apply
Proposition 1.13 to find two families F;.; and F}. » made of indecomposable components of E, ,
and B1(0) \ E, z, respectively, such that

lim ‘(FTJAH) n Bl(O)| = O, lim P(Fr,l; Bl(O)) = P(EOJ; Bl(O)), (33)
r—0+ r—0+

lim |Fr’2A(Bl(O) \H)| = 0, lim P(Fr’g; Bl(O)) = P(E()’Q; Bl<0)) (34)
r—0+ r—0+

Given 7, > 0 such that B, (x) C €2, we set
E,:=ENB, (z), Ey:=B, (z)\E,
and
Eoy = HNBy(0), Epo=B1(0)\ H.

This choice guarantees also (1.1) and (2.1) of Definition 3.2.
Finally, in order to show (1.2) of Definition 3.2, we claim that

liminf hg,  (A) > hg(X), A€ (0,1/2], (3.5)
r—0+ ’
and
lim(i)IJ}f hg, ,(A) > hBl\H()\), A€ (0,1/2]. (3.6)
r—

We prove for example (3.5). To this purpose fix A € (O, %] and for every r € (0,r,) consider
E, C F,1 with P(E,; By) < o0, such that
H 1 (9*E, N FY)
| B
We show that for every subsequence (r,,) such that r,, — 07 as m — co then

lim inf hFrm,1 ()\) 2 hH()\)

m—r o0

S hF,,.,l()\) + r, )\‘Fr,1| S ‘Er| S |Fr,1|/2- (37)

Without loss of generality we assume

liminf hp,  (A) = lim hp, (\) =1<ooc.

m—o0 m— 00

Since E, CF,

Tm Tm,

sup P(E,, ; B1) <sup[|E,,| hprm)l()\) + P(F;,, 1;B1)] < 0.

1, by using Leibniz’s formula 1.3 the inequalities (3.7) say to us

This means that thanks to the compactness result [1, Theorem 3.39], eventually passing through
another subsequence, we have lim,,, o | Fr,, AEp| = 0 for some set Ey C H with finite perime-
ter in B1(0) and with A\|H| < |Ey| < |H|/2. Hence, thanks to (3.3) we are in position to apply
the lower semicontinuity result of Proposition 2.1 to obtain
HY(E, nFY) W1 (Ey 0 HD)

. . > i . m ™ _ > >

lﬂl&f he, L (A)> lgr;lglof | Ty > ol > ha(\)
The same argument shows the validity of (3.6). Since hg(A) > 0, this says that 9*E admits a
non-vanishing upper isoperimetric profile at x with N, = 2.
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In the case x € Q is such that @* "= D(H"~1 L 9*E,z) = 0, we claim that we have two
different sub-cases:

lim [B1(0)\ Ey.0| =0, (3.8)
r—0+t
or
lim |E,.,| = 0. (3.9)
r—0t

Indeed by a simple application of the relative isoperimetric inequality in the unitary ball we
can write

min{ By o}, |B1(0)\ Byt } 7 < Om) 2B _ )

rn—l

H 18" E N B, (0))

rn—l

)

and by the fact that r — |E, .| is a continuous map on (0, ;) we deduce that one between (3.8)
and (3.9) must occur. Suppose for example (3.8) holds. Given r, > 0 such that B, (x) C €,
we set

FE,=EnNn Brz (x), EO,I = Bl(O)

Arguing in the very same way as before, we can make use of Proposition 1.13 to find for every
r € (0,7,) an indecomposable component of (E1), 4, say Fy. 1, such that

lim ‘FhlABl(O)‘ = O7 lim P(F,-J;Bl) =0.
r—0t r—0+

Finally, by using again Proposition 2.1 we can prove in the very same way as before that

liminf hp , (A) > hp, (A), A€ (0,1/2].
r—0+ ’
Case (3.9) can be treated in the same way. O

Remark 3.8. By Proposition 3.7, the reduced boundary 0*F of a set F C 2 with finite perime-
ter such that dimpy (Q\ 9*EU{z | O(H" ' LO*E;z) = 0}) = n — p, belongs to J,.

4. PROPERTIES OF THE BLOW-UP IN GSBV?(Q)

This section contains the proof of Theorem 1. We proceed following two main steps: first
we show that there exist suitable subsequences of radii (r;) with 7, — 07 as ¢ — oo, such
that if I' € J), then for every z € €2, up to a set of Hausdorff dimension n — p, the limit
lim; 00 mj(u, 75, x) exists and it is finite; by combining this result with the weak Poincaré’s
inequality on balls we are able to deduce our first main result.

4.1. Weak Poincaré’s inequality on balls. We start this section by proving a weak version
of Poincare’s inequality on balls. First, we need the following definitions.

Definition 4.1. For a given function u:  — R, we define u, ,: B1(0) — R as
Up 2 (y) = u(x +ry),
for every y € B1(0).

Definition 4.2. Let ' € J, (1 <p <n) and let z € 2\ Sr. Let r, > 0 and N, € N be given
by Definition 3.2. We define for every r € (0,73), Up5: By, (x) = R as

Ta(y) mj(u,r,z) onz+rF,;
Uy o (y) =
oY 0 otherwise.

where m;(u,r,x) := m(u, z + rF, ;) (see Definition 2.8) and (F1'7_j)§‘v;1 are the indecomposable
sets given by Definition 3.2.

Remark 4.3. The median of w in F' is invariant under rescaling and translations in the sense
that

m(u, F) = m(up g, (F—x)/r),
for every z €  and for every 0 < r < r,. This means that the number m;(u,r, x) of the
previous definition is also equal to m(u, g, Fy ;).



ON THE BLOW-UP OF GSBV FUNCTIONS 21

Theorem 4.4 (Weak Poincare’s inequality on balls). Let Q be an open set of R™ and let
' C Q be a countably (H"~1,n — 1)-rectifiable set with H"1(I') < co. Suppose that T' C Q has
a non vanishing upper isoperimetric profile at x, then for every A € (0,1/2] there exists ry > 0
(depending also on x) such that

(/ fu— Ty P A1 dy> < Cp,n) | AV (/ Vup? dy) IRV IRNR)
B, (x) B, (x)

for every r < ry and for every u € GSBVP(Q;T'), where
2
2 () =i —_— . 4.2
(M) im sup [j max {th-()\> H < 00 (4.2)

r—s0+ =1,...,N,

Proof. Fix A > 0 and let z € Q\ Sr. By property (2.1) of Definition 3.2 we know that there
exists 0 < r} < ry such that for every r < r}

Ng
sup [By(0)\ | Frjl < A,

r<rl j=1
which means N
sup |B(x) \ U (x+rF )| <r"A (4.3)
r<r} =1

Moreover by the definition of lim sup we can consider r§ small enough such that

sup { max {1” < AN < .

rery =1 Ne LhE, 5 (A)
Since u, , € GSBVP(B1(0);T;..) (r < r.) and thanks to the fact H" (T, N Fflj)) =0 for
every 1 < j < N,, by applying Theorem 2.10 we know that there exists F;\J- C F,.; with
P \ E2y < AIE 1, (4.4)
such that

p
u(a +ry) —my ;[P dy < ( - ) / [Vu(z +ry)[” dy,
h’Fr,j ()‘) FT*‘j

F2,
where m,.; := m;(u,r, x).
If we define F := U;V:T1 Fr)jj, then by summing on j = 1,..., N, both sides of the previous

inequality, if » < min{r},r}} we obtain

[ et ) = ala )P dy < A0 [Vt =)l i

T

or equivalently

[ ) -ty < pan? [ V)P dy
z+rF) z+rEF)
Finally, by defining F. := U;V;1 F,; and by using also (4.3) and (4.4), we can write
[ ) -mapardy< [ ful) - meaP dy+ (B \ o4 rE)
B (z)

z+rF)

< (pAe(N)r)” /+ P> Vu()lP dy +r"|F\ B+ [Bp(x) \ (x + 7Fy)]

< (ALY /B L THP dy (o D

< Cn,p) [(%@(A)T)P /B Ve dy e

which is exactly (4.1). O
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Remark 4.5. Under the hypothesis of the previous theorem, in the case the set I' satisfies the
stronger conditions at z

o UjZy Frj = Bi0), r<ry;
o liminf, ,o+ infrsohp, ;(A) >0, j=1,...,N,.
then it is not difficult to show that inequality (4.1) can be improved to

(/ uur7r|pdaz)p < C(p,n)r(/ |Vu|pd:z:>p
B, () B, (x)

4.2. Convergence of the blow-up. The following theorem, which is the core result of this
section, tells us that when the integrals fB (@) |VulP decays properly as r — 07, then the medi-

ans m;(u,r,x) are convergent for suitable subsequences of radii r; — 0%. In the proof we will
use the following inequality which is true for each quadruple of measurable sets A, B,C, D C {2

|AAB| < |CAD| + |AAC| + |BAD|. (4.5)
Inequality (4.5) simply follows by noticing that |[AAB| = |14 — 1|z and by applying the
triangular inequality.

Theorem 4.6. Let Q@ C R™ be an open set, letT' € J, (1 < p <n) and let z € Q\ Sp. Suppose
that there exists some ¢ € (0,p] with the following property

hTHi%lip 7""*% /BT(m) |Vul? dz = 0. (4.6)
Then for every sequence of radii (1;)32, such that
(1) () < <, ieN;
(2) Y232, (ri) ¥ < oo;
the sequence of medians (mj(u,ri,x))zl 1s Cauchy for every j=1,..., N,.
Proof. Choose j € {1,...,N;}. In order to simplify the notation we write
K

ty

i

=m;(u,r,x) F.:=F.; FEy=E,; a:= .
Ti—1
2a] —1
Zan14

Fix € > 0 such that for every n € N it holds € < (this is possible since by condition (1)

it is enough to chose 0 < € < 2@114), and consider ¢ € N so big that for every i >4
1 1
> —— := — liminf .
he (€ 2 Gy = g iminthr, (9> 0

This is possible by the definition of lim inf.

By using Theorem 2.10 with the function u(z + r(-)) € GSBVP?(B1(0);T, ;) and the in-
decomposable set F,.., we deduce that for every i > i and for every e > 0, there exists
Fy. C F,, C B1(0) such that

FS| > (1—26)|F, ], (4.7)

and

1
( e dy>p32c<e>p< J dy>. (4.8)
Fe Fy

Now for each i > i delﬁne L
Fi=a;F, NF; | C By, (0).
Since F; C a;F},, we can give the following estimate
|Fil = |a:Fy, N ES | = |aiFy, \ (aiFy, \ @i By, Uai B\ FY, )
> |aiFr,| = |aiFy, \ aiFy | = |ai B\ FY_ L
By (4.7) and the fact |F.,AEy| — 0 we can write
|aiFy, \ aiFY | = af | By, \ F | < ajf2€| | = a2€]| Eo| + o(1)],
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and by using also inequality (4.5) with A = F,.,_, Nna;F,,, B = a;F,,, C = EyNa;Ey and
D = a;Ey, we can write
laiFy, \ FY,_ | < |(Frooy Naily) )\ FY [+ |[(Frsy NaiFr ) Aai B )\ FY
<|NFe  \Ef |+ [(Frly NaiFy)AaiF |
= 2¢|Eo| + |[(Eo Na;Ey)Aa; Eg| + o(1),
and since Ey is conical, then |(Ey N a;Ey)Aa; Eg| = 0 for every i € N; as a consequence we can
write

lai By, \ Fy, || < 2€|Eo| + o(1).
Putting together our previous estimates we obtain
|Fi| > al'|Eo| — al'2¢|Eg| — 2€¢|Eq| + o(1)
= |Ep|(al — alle — 2¢) + o(1).

By our choice of €, we have a* — €(2a + 2) > %, hence
1
[Fil 2 5|Eo| +0(1), i €N, (4.9)
Therefore, for every i > i, we can write

|th‘ - t"’i—l |p :][ |t7‘7: - th‘—l ‘p dy < 2;071][ |u7“7:—1795 - t?”q‘, P dy + 2p71][ |u7“1;—17iv - tf’i,—l |p dy
Fi Fi Fi

i

2r—1gn 2r—1
= |}—1| * /Fﬁ |u7‘i,I - t"'i |;n dy + |fz| e |uT'i—17w - tTi—l |p dy7
Ti—1

i

hence by using (4.8) and a; < 1 there exists C = C(p,n, €) > 0 such that

C
|t7'i - trq‘,—1|p S |]_—| |:/ |Vu1”7‘,73?|p dy +/ ‘vum—17£|p dy:|
7 Fﬁi Fe i

i—

C
== {rf/ \Vu(z +ry) P dy+ 17, / [Vu(z +ri—1y)P dy] ,
| 1| Fy, Fr

and finally by using (4.9) we have

C 1 1
ty, —tr, P = [ — / [Vul? do + —— / |Vul? dm}
! 1/2|E0‘ + 0(1) T; P z+ri Fy, Ti,]_p z+ria FY

1

O 1 l>—6/2n
< 7 v p d +27/ v p d :|
B 1/2|E0‘ + 0(1) [T?_p-ﬂs /Bm (z) | U| ’ rﬁ—p-l-(s Bri_y(2) | U| ’

i—1
/..
< C'ry,

where, thanks also to (4.6), C’ > 0 is a constant which depends only on z, j, p, n, €.
These last inequality means

> 1 s
Z |tm - th'71| < Cl; Z(ri);a
=1

i>i
and this last series is convergent thanks to our choice of r;. This implies that the sequence

(tr,)24 is Cauchy. Since 1 < j < N, was arbitrary, we prove the theorem.
O

Now we are in position to prove our first main result.

Theorem 4.7. Let Q2 be an open set of R™, letT' € J, (1 <p <n) and let w € GSBVP(;T).
Then for every x € Q) except on a set of Hausdorff dimension at most n — p, there ezists a
piecewise constant function ug(-): B1(0) — R such that

lim [t — ug| A Ldy = 0. (4.10)
r—0+ B1(0)
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Moreover using the notation of Definitions 3.2 and 2.8 we have that
um(y) = mj(u’x) ny € EO,ja (411)
where mj(u, z) = lim, oo m;(u,r,z) for 1 <j < N,.
Proof. For every § > 0, consider As C Q\ Sr the set of points 2 such that
1
limsup ———~ Vul? dz > 0. 4.12
r~>0+p rnopto /Br(ac) Vel (4.12)

By applying for example [7, Theorem 3, Section 2.4.3] we have H" P*%(As) = 0. Moreover,
since A5, C As, for ;1 < d3, we have that if we fix dp > 0 then by setting A := ﬂ5>0 As we
have

HP PO (A) = 0.
Since dp > 0 is arbitrary we deduce

dimy (A) < n —p, (4.13)
and hence also

dimy (AU St) <n—p. (4.14)

We claim that every x € Q\ (Sp U A) satisfies (4.10) and (4.11). To show this, let (1;)$2, be a
sequence of radii satisfying (1) and (2) of Theorem 4.6 and define u,: B1(0) — R as

uz(y) = lim m;(u,r;,x), fory € Ey; and 1 < j < N,.
71— 00
First of all we prove that

lim [tr, 2 (y) — us(y)| Aldy = 0. (4.15)
71— 00 Bl((])

Recalling condition (2.1) of Definition 3.2 and the definition of @,, ,: B,(x) — R (see Definition
4.2), we immediately deduce

lim [Ty, »(x +7iy) —us(y)| Aldy = 0. (4.16)
71— 00 Bl(O)

which together with the weak Poincaré’s inequality on balls (4.4) gives for every A € (0,1/2]

1—00 71— 00

lim sup / e 2 () — 4 (y)| A 1dy < limsup / tpe 0 (4) — T o+ ri)| A Ly
B1(0) B1(0)

1
1 P
= limsup][ |t — Ty, o] A 1dy < C(p,n)limsup [%(A)( = / [Vul? d;v) + )\;}
i—00 J B, () i— 00 r; BT‘i z)

< C(p.m)Av.
By letting A — 07 we deduce (4.15). Now in order to prove (4.10), it is equivalent to prove

lim lu(y) — ua((y —x)/r)[ A1dy =0, (4.17)
r—0+ B, ()
but since the sets Ey ; are conical, then u,(y) = u,((y — x)/r) for every y € B,.(z), and
therefore we can rewrite (4.17) as

lim lu(y) —ux(y)| A ldy = 0. (4.18)
r—0+ B, ()
To show (4.18), simply notice that given any r € (0,1) then there exists ¢ € N such that
riy1 < r <r;, and therefore by using the lower-bound (1) in Theorem 4.6 on the ratio r;11/7;
we easily deduce

B,
][ |lu—u,| Aldy < B | |u—ux|/\1dy§ﬁ][ lu — ug| A 1dy,
B, (x) |BTi+1 | B, (x) B

which together with (4.15) clearly implies (4.18) and hence (4.10).

ri(x)
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Finally, to conclude we need to show that if we set for every j € 1,..., N, mj(u,x) =
lim; o0 mj(u, r;, x), then
lim mj(u,r, ) = m;(u, ). (4.19)
r—0+

In order to show this, notice that the convergence (4.10) implies that for every ¢ except on a
countable set A, we have

Hurz > tHA{u, >t} — 0, (r—0").
Moreover since |F, jAEy ;| — 0 as 7 — 01, we have also that for t e R\ A
e >t} N F | = [{ue >t} N Eo |, (r—07). (4.20)
By definition of medians (see Definition 2.8), in order to prove (4.19), we need to show that
nf{t € R | [{urs > 1} 0yl < |Fl/2)
converges as r — 07 to
inf{t e R | [{u, >t} N Ey ;| <|Eo;|/2}.

The convergence (4.20) together with |F,.;AEy ;| — 0 as r — 01 imply that if t € R\ A is

such that [{uy >t} N Ey | < lEg’j‘

, then for every r close enough to 0% we have

|Erj
e > 1} N Fpyl < =55,

analogously if ¢ € R\ A is such that [{u, >t} N Ey ;| > ‘E;’jl, then for every r close enough
to 07 we have
|7
Hurz >t} N E 5] > 5

Therefore (4.19) is established once we know that

Ey ; En
Hue >t} NEy ;| < %, for t > m;(u,z) and [{uy >t}NEy ;| > %, for t < m;(u,x).

But this last condition is obviously verified since u,. ,, is constantly equal to m;(u, z) on Eg ;. O

Remark 4.8. Since the result of Theorem 4.7 is local, then it still holds for the space GSBV}? (;T).

Remark 4.9. Tt is not difficult to show that if we substitute condition (1.2) in the definition of
non vanishing upper isoperimetric profile with the stronger conditions

N,

U Fj =Bi(0), (r<r.) and liminfinf hp, (\) >0, (j=1,...,N;), (4.21)
=1 r—0t A>0 ’

then, by using Remark 4.5 it is possible to show that the convergence (4.10) actually holds

with respect to the LP-convergence (in Example 6.5 we construct a non trivial admissible jump

set, such that it admits a non vanishing upper isoperimetric profile with the stronger condition

(4.21) at every point x ).

Remark 4.10. When we deal with Sobolev spaces, namely I' = (), Theorem 1 implies the well
known result that given u € Wllo’f (Q) then every point z, up to a set of Hausdorff dimension
at most n — p, is a Lebesgue point of w. The function

u(x) = loglog 2],

which belongs to W12(B;(0)), B1(0) C R2, shows that the dimension n — p is optimal in
Theorem 1.
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5. A NOTION OF CAPACITY FOR FUNCTIONS WITH PRESCRIBED JUMP

This section is devoted to the proof of Theorem 2. For this purpose we need to introduce
a suitable notion of capacity for functions in GSBVP({;T"). Let us recall that given A C R",
the classical p-capacity in the context of Sobolev functions is defined as (see for example [9] or

[
Cap,,(A) := inf {/ |[VulP dz | w € KP, uw > 1 a.e. in an open neighborhood of A} , (5.1)

where K? := {u: R" - R | u > 0,u € LP*(R"), Vu € LP(R™)}. Moreover, the following
result can be interpreted as a capacitary version of Chebyshev’s inequality (see for example [9,
Section 7] or [7, Lemma 1, Section 4.8]).

Proposition 5.1. Assume u € KP and € > 0. Let
A:={z eR" | m(u,r,z) > € for somer > 0},
where m(u,r,x) denotes the median of u on B,(x) (see Definition 2.8). Then
c
Capy(4) < 5 [ 1P de.
where ¢ = ¢(n,p).

The previous proposition suggests us that given A C R”, if we define a variant of the
p-capacity in the following way

Cap,(A) := inf {/ |[Vu|Pdx | w € KP, limsup m(u,r,z) > 1 for every = € A} , (5.2
n r—0+
then
Cap),(A) < Cap,(A) < 2P Cap,(A),
for some constant ¢ > 0 and for every A C R™. Indeed, if u € K? is such that « > 1 a.e. in an
open neighborhood of A, clearly u satisfies limsup,_,o+ m(u,r,x) > 1 for every z € A and we
obtain
/
Cap),(A) < Cap,(A).
On the other hand, given § > 0, let v € K? be such that limsup,_,o+ m(u,r,x) > 1 for every
xr € A and

/ |VulP d < Cap),(A) — 6.
By definition of lim sup for every = € A there exists r, such that m(u,r,,x) > 1/2. Therefore
AC{z eR" | m(u,r,z) > 1/2 for some r > 0},

and by the capacitary Chebyshev’s inequality the previous inclusion together with the mono-
tonicity of the p-capacity immediately imply

n

Cap,(A) < 02”/ |VulP dz < ¢2P(Cap),(A) —6).

Thanks to the arbitrariness of § > 0, we deduce
Cap,(A4) < cCap,(A).

Hence, it is possible to define an equivalent notion of capacity by looking at the medians of
u for every x € A. Since for technical reason we prefer to define a notion of capacity where
the infimum (5.1) does not depend on a a.e.-condition, the variant introduced in (5.2) seems
to fit better our purpose. However, if we want to mimic definition in (5.2), we should take
into account different medians, i.e. (m;(u,r,x)) éV:"'l, depending on I and = (see Definition 4.2).
Since we prefer to define a capacity which is a priori independent on I', we decide to give a
slightly different definition which is based on the notion of approximate limit (see Definition

(5.7)).
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5.1. Convergence with respect to an outer measure. In this subsection we want to fix
the notion of convergence with respect to an outer measure and to define a suitable function
space which will be useful in view of Theorem 2.

For convenience of the reader we recall the definition of outer measure.

Definition 5.2 (Outer measure). An outer measure on {2 is any set function p: P(Q) —
[0, +00] satisfying the following properties

(a) p(0) =0
(b) u(Ar) < p(As), whenever A; C Ay (monotonicity);
(¢) p(Uspmy Ai) < D002, u(A;) (countable sub-additivity).

Definition 5.3. Let p: P(Q) — [0,00] be an outer measure. Given A C 2, we say that
a property P(z), defined for x € A, holds p-quasi everywhere, and we use the abbreviation
p-g.e., if there exists a set N C A, with u(N) = 0, such that P(z) holds for every x € A\ N.

We recall that the convergence in measure can be metrized.

Definition 5.4. We denote by L°(Bj) (see [12]) the Fréchet space of all (equivalence classes
of) Lebesgue measurable real-functions on By equipped with the topology of convergence in
measure. This topology can be defined for example by the Lévy-metric

|lu —v||LoBy) = / lu —v| A ldz, u,v € L%(By). (5.3)
By

By means of Theorem 1, whenever I' € J,,, we can associate to each function u € GSBV?((;T')
a map ucy: 2 — L°(B;) defined everywhere except on a set of Hausdorff dimension n — p.
Given an outer measure y on {2, we want to define a space which contains functions defined
p-q.e. from Q to L°(By), and to endow such a space with a notion of convergence in y-measure.

Definition 5.5. Let p be an outer measure on 2. Let X be the real vector space of all
functions u: Q — L°(By), and consider the equivalence relation

u~wv iff p({x e Q| ulx)#£v(x)})=0. (5.4)

We define
U.(Q; L%(By)) == X/ ~,

i.e. the space consisting of all equivalence classes obtained as the quotient of X with respect
to ~.

Remark 5.6. Notice that, since p is an outer measure, (5.4) makes sense even without any
measurability conditions on the functions v and v.

Definition 5.7. Let u be an outer measure on €2, let (u)% ; and u be functions in U, (€; L°(By)).
We say that (uy) converges to u in p-measure if

Tim (€ Q| flug — ull oz, > ) = 0, (5.5)
for every € > 0.

Convergence in pg-measure implies up to subsequences pointwise convergence p-q.e.. This is
the content of the next proposition.

Proposition 5.8. Let ji be an outer measure on Q, let (u)$S, and u be functions in U, (€; LY(By)).
Suppose u, — w in p-measure, then there exists a subsequence (k;) such that for p-g.e. x € Q

lim {|ug, (2) — w(z)||Lo(s,) =0,
j—oo

Proof. For every j € N choose k; € N such that

1
" ({x € Q| flur, —ulzomy > j}) <

R =
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Set A; = {x € Q| |lur, —ullpos,) < %}, define B; := (;5; A4; and finally B := Uiz, Bi.
Suppose x € B, then « € B; for some ¢ and hence = € A; for every j > i. Therefore

1 C .
ur,; (2) — u(@)| Loy < ;, for j > 1,

which means

lim |lug, () — w(z)||Lom,) = 0.

]*)OO
Finally, we can use the monotonicity and the countable sub-additivity of u to estimate

1
p(Q\ B) < u(Q\ Bi) <Y pu(4;) < 5T
j>i

and by the arbitrariness of ¢ we deduce u(2\ B) = 0. O

The convergence in pu-measure can be metrized in the following way:.

Proposition 5.9. Let u be an outer measure on € such that p(Q) < +oo, and let u,v €
U, (; L%(By)). The metric d(u,v) defined by

d(u,0) 5= inf pu({lu = ollz00m,) > 5} +6,

induces the convergence in measure (5.5), and it gives to U,(Q; L°(By)) the structure of a
complete metric space.

Proof. We start by proving that d(-,-) is a metric.

First of all suppose that d(u,v) = 0, then we want to prove that u({|lu—vl/zo(p,) > 0}) = 0.
Indeed, if d(u,v) = 0, then for every 0 > 0 pu({|lu—vl|zo(B,) > d}) = 0. Since {|lu—v||o(B,) >
0} = Uz {llu — vl os,) > 1/k}, we can conclude u({|lu — v| Lo(p,) > 0}) = 0 simply by the
sub-additivity of u.

The equality d(u,v) = d(v,u) is obvious.

Finally we need to prove the triangular inequality. For this purpose notice that for every
triple of functions u,v,g: Q — L°(By) it holds

{lu=ollzos) > 61+ 82} © {llu—glzoay > 1} U{llg = vllinca) > 02}

Given € > 0, let §; and 2 be positive real numbers such that
d(u,g) +€ > p({[lu = gllLo,) > 01}) + 01, d(g,v) +e>p({llg —vllo,) > d2}) + da.
Then
d(u,v) = inf p({llu —vl[Lo(p,) > 0}) +6
< p{llu =vlLom,) > 61 4 d2}) + 01 + 02
< [u({llw—=gllros,y > 01}) + 1] + [u({llg — vllLos,) > d2}) + b2
< d(u,g) +d(g,v) + 2,

and letting e — 0+ this implies the triangular inequality.

Given (ug)?2, C U,(Q; L°(By)) and u € U, (9 L°(By)), we claim that limg_, o0 d(ug, u) = 0
if and only if uy converge to u in p-measure. Let us first suppose limy_, o0 d(ug, u) = 0. Then
by definition of d(-,-), it turns out that for every k there exist d; N\, 0 such that

lim p({|lux —ullzo(s,) > d}) = 0.
k—o00

Hence, given € > 0 we can find k big enough such that for every k > k {||uy, — ul[Lo(5,) > €} C
{llux — ullpo(B,) > Ox}, which implies

lim p({[lux —ullLos,) > €}) < lim u({[lux —ullLos,) > 0k}) = 0.

k—o0 k—o0

This gives the convergence in p-measure.
Now suppose that uj converge to u in y-measure. Then we can write for every € > 0

lim inf u({{lux —ullros,) > 6}) +6 < lim p({llue —ullrosy) > €}) +e=¢

k— o0
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which immediately implies limg_, o0 d(ug, u) = 0.

Finally, we have to prove that U,(Q; L°(B;)) endowed with the metric d(-,-) is complete.
For this purpose, suppose that the sequence (uy)72, is Cauchy. Given a sequence (A;); of
positive real numbers such that Z;‘;l Aj < 0o, there exists a subsequence (k;); such that

d(ukjlvukh) < Ajv for every ji,j2 > J,

which means that or every j there exists 0 < §; < A; such that (without loss of generality we
may also suppose J; \, 0)

u({llur; = vk, o) > 053) + 65 < Ay (5.6)
Define A; := {|lux; — uk,;,[lo(my) > d;} and set B; == U,,5;,1 Am. We claim that uk;
converge pointwise for every z € Q\ (72, B;. Indeed, if 2 € Q\ (;Z, B; then there exists j
such that x ¢ B, hence by the definition of B; this implies = ¢ Aj for every j > j+ 1. For
this reason we have
ur, (x) = ug,,, (2)||Lo(By) < ;, for every j > j+1,

and this immediately implies that (uy,(z)); is a Cauchy sequence in L°(B;). By the com-
pleteness of L°(B;) we deduce that there exists a function u: €\ ﬂ;’il Bj — L°(B;) such
that

lim [Jug, () — w(z)|[LoB,) = 0.
j*)OO

Since by the monotonicity of p we have

u( N Bj) < Jim D0 p(Aw) < Tm YA =0,
j=1 m>j m>j
we deduce that the function u is a well defined element of U, (Q; L°(By)).
We claim that the subsequence (ug;); converges in y-measure to u. Indeed given any € > 0
we have

{lluk, — ullLocpy) > €} € {lluk, — ullLocsy) > 65}
for every j big enough such that §; < e. This means that

Jim g, —ullzos) > €h) < lim p({llur, —ullzos,) > 653).

By using (5.6) we can deduce

p({lluk, — ullposy) > 6;1) < > p({llwk,, =k, oy > 653)

m=j

< 3 il = s lzo(Br) > 0m))
m=j

o0
<Y A,
m=j

which by the fact Zj’;l A; < oo implies our claim. Since we already know that the convergence
in p-measure implies the convergence in the metric d(-,-), we can write
lim d(ug;,u) = 0.
j—o0
This together with the fact that the sequence (ug ) is Cauchy in the metric d(-, ), easily implies
that the full sequence satisfies
lim d(ug,u) =0,

k—oc0
and we are done.
O

Remark 5.10. The space U, (2; LY(B;)) equipped with the distance defined in the previous
proposition is actually a Fréchet space.
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5.2. The outer measure C,. Let us start with the definition of capacity.

Definition 5.11 (p-Capacity). Let © be an open set of R™ and let ' C © be a countably
(H" 1 n — 1)-rectifiable set with H" (") < co. We define the p-Capacity (1 < p < n) of a
set A C Q as

Cp(A) :=inf {/Q(|Vu|p + uP)dz | e GSBV(4:T), ut(z) > 1 on A}, (5.7)

where u™(z) is the upper approximate limit defined in 1.14.

Remark 5.12. In (5.7) we consider also the LP-norm of the function, while in (5.1) only the
LP-norm of the gradient is present. This is simply because we want to avoid that functions
u belonging to the kernel of V could trivialise the infimum in (5.7). We remember that
the kernel of the approximate gradient of GSBV(€;T') functions is made up of piecewise
constant functions whose jump sets are contained in a Caccioppoli’s partition subordinated
to T'. This result can be found for example in [2] for SBV functions; the case GSBV can be
easily recoverd by a truncation argument. For example, with this choice the scaling property
Cp(AA) = A" PCp(A) (see [7, Section 4.7.1]) is lost. Anyway, we do not need this property to
develop our theory.

Proposition 5.13. For every set A C Q we have

Cp(A) = inf {/(|Vu|p + [ufP)dz | we GSBV(Q;T), ut(z) >1 on A, 0 <u < 1}.
Q

Proof. Let u} := (u A1) V0. Since ut(x) > 1 if and only uyt(x) > 1, it is enough to notice
that if w € GSBVP(Q;T') then

/ IVubl? + [u]P d < / Vul? + [uf? dr,
Q Q

and this concludes the proof. O
Proposition 5.14. C,(-) is an outer measure on .

Proof. Clearly C)(+) is monotone and C,(#)) = 0. Hence we need only to prove the countable
sub-additivity.

Let (Aj)72; be a countable family of subsets of  and define A := |J;—, A;. Without loss
of generality we can assume ), C,(Ay) < oo. For each k we can find u, € GSBVP(;T),
0<ur<1,and u:(x) > 1 on Ay, such that

2k

We define u := supy,cy ug, and we claim that v € GSBVP(;T) and ' (z) > 1 on A. Indeed,
since the uy, are bounded functions in GSBVP(Q;T'), we have uj, € SBV((2). Therefore by
using the chain rule in BV [, Theorem 3.99], if we set u,, := sup;<<,, ux, we have

m
/|Vum\pdx§2/ |[Vug|? dz,
o /e

/Q|vuk|p Fugl? do < Cp(Ag) + —.

hence
€
s&p/Q [Vt [P + [um|P dz < ZCP(Ak) + o (5.8)
k=1
Thanks to (5.8) we can use the compactness result [I, Theorem 4.36] for GSBV () together
with [4, Remark 2.9] to deduce that u € GSBVP(%;T') and moreover
Uy, — u strongly in L' () Vi, — Vu weakly in L'(9). (5.9)
Moreover, if z € A then x € A, for some k, therefore uZ‘ (x) > 1, and since u > uy, for every k,
we deduce ut(x) > u; (x). Therefore

Ac{zeQ|ut(z)>1}.
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By using the lower semicontinuity of the LP-norm with respect to the convergence (5.9), we
have

Cp( / [VulP + |ulP de < hmlnf/ [Vt P + |tum|P de < ZC’ (Ag) +
k=1
which implies the countable sub-additivity of C)(-) thanks to the arbitrariness of e. O

5.3. Relations between C, and H"P. In this subsection we derive the relation between C,,
and H""P. Let us notice that Proposition 5.15 and property 2 of Theorem 5.16 are obtained
mainly as in the Sobolev case, and do not depend on the fact I' € [J,, while property 1 of
Theorem 5.16 strongly relies on the validity of Theorem 1, i.e. on I' € .

Proposition 5.15. Let 2 be an open set of R™ and let T C Q be a countably (H" 1,n —1)-
rectifiable set with H"~1(T') < co. For every 1 < p < n there exists a constant ¢ = c(n,p) > 0
such that for every A C

Cp(A) < cH"P(A).
Proof. First of all if B,(x) C €, then C,(B,(z)) can be rewritten as

inf{/ﬂ(VvV’ + [v|P)dy | v(y) = u(ﬂv;y>7 u € GSBV(Q;T7), ut(z) > 1 on Bl(O)}7

where ' = (Q —z)/r and IV = (T’ — ) /r.
Notice that for r < 1 we have

Javol +oPydy = [ @orIvap +ap)dy < or [ (9 + ) dy
Q Q' Q'
Hence, by choosing u(z) := dist(a, R™ \ B2(0)) A 1 whenever z € (', it follows

Cp(By(x)) < 2" w,r" P (r < 1).

Let (C;)2, be a family of sets contained in € which is a cover of A and diamC; < 1. For
each i there exists a ball B, (x;) such that C; C B, (z;) and r; = diam(C;). Therefore

= icp < ZC (1) < 2ty Zr” P < 92ntlop, Z (diar;Ci)"p
i=1

= i=1 i=1

Hence, if we set ¢ := 22"+17Py,, then
Cy(A) < eHP(A).
U

Whenever u: €2 — R is such that u, is a piecewise constant function of the form of Theorem
4.7, then by definition of upper approximate limit (Definition 1.14), it is easy to see that

T(z) =  ax m;(u, ). (5.10)

u

We shall use this simple observation to deduce more precise relations between p-capacity and
Hausdorff measure.

Theorem 5.16. Let Q be an open set of R™ and let T C Q be a countably (H" 1, n — 1)-
rectifiable set with H"1(T') < co. Then for every A C Q and for every 1 < p < n we have
(1) Cp(A) =0 and I" € J,, imply dimy (A) <n —p;
(2) H" P(A) < oo implies Cp(A) = 0.
Proof. Suppose Cp(A) = 0 and I' € J,. By hypothesis we can find a sequence (ux)g2, C
GSBVP(Q;T), 0 < wuy <1, such that
(i) uf () > 1, for every x € A
(i) [o,(IVurlP + |uglP) doz < 2, for every k € N.
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Define u := Y7, uj. Since by Remark 1.22 GSBVP(€;T) is a Banach space, by (ii) we
deduce that u € GSBVP(Q;I'). Thanks to Theorem 4.7, if we call Sy, the set of z € (2 where
the blow-up of uy, does not exist, then dimy (Si) < n — p. By setting S := =, Sk clearly

dimy(S) <n —p. (5.11)
Property (i) above together with (5.10) imply that for every k and for every z € A\ S the
blow up of uy at x is of the form

N
(ug)e = ij(uk,:c)ILEoyj, and 12%(\1 mj(ug, x) > 1. (5.12)
i=1 -

Since uy, > 0 for every k, we have u(y) > 22/[:1 ug(y) for every M € N and every y € B1(0).
For this reason, by using the linearity of the blow-up and again (5.10), we have

ut(z) > (kzjiuk(x>>+ - max [g:lmj(uk,x)].

By letting M — oo, thanks to (5.12), we deduce that A\ S is contained in the set of point z
where ut(z) = +o0o. By Theorem 4.7 together with observation (5.10) we deduce that

which together with (5.11) is exactly (1).

To prove 2 we follow the proof given in [9, Section 3]. Suppose H" P(A) < 2P~ "y < oo for
some v > 0. By denoting S" P the (n — p)-dimensional spherical measure (see [3, Paragraph
2.10.2]), we have

S"TP(A) <K 2"TPHMTP(A) < 4.
We claim that for every m € N we can find an open set V,,, and a function u,, € W1?(£2) such
that
(a) AC Vi = U, By (w), supyr? < (m+1) (75 6 ™"
(b) Bar, (i) C Vine1 (Vin C Vin—1);
(¢) wh(x)=1on Vp, spt(Dum)C Vi1 \Vin, [ [Duml|Pdz < cv,
where ¢ := ¢(n,p) > 0.
We start by setting Vo := Q and ug := 1. Set 61 := (m + 1)7( ZL=+11 kfl)fl. To define
Vi and u,,, by using
ZS""’(A N{z | 2" < dist(z, V1) < 2771)) < 7,
i=1
we can find a sequence of balls (B,, (z;))$2, such that Ba,, (x;) C Vi1, sup; r; < 0y, and
ACV,, = U B,,(z) and an_pr;hp <.
i=1 i=1
Define h; € W1P(Q) as
hi(z) =11if |z — x| <7y hi(z) =0, if |z —a > 2,
hi(x) =2 — |z —mz|/ry I r; <|z—x <2

Since [q, |Dhi[P dx = r; Pwy[(2r:)" — r]'] = cwp_pry P, if we define w,, 1= supj2, h;, then

/\Dum|pdx§/Z|Dhi\pdx§0’y.
Q Q

i=1
In this way (a),(b) and (c) are satisfied.
Define u := Y 7~ | k™ uy,. Since by construction spt (Duy,) C Viy—1\V;, we have [spt (D, )N
spt (Dupm41)| = 0 for every m € N. Therefore we can write

/ |Dul|? dx = / Zk‘_p\DukV’ de <cvy A,
Q Q-
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where X := "7 | k™P. By using
u(@) <Y kT if 2 € Vino1 \ Vin,
k=1

we can estimate

/ |u|P da :/
Q Q

ik‘luk pdxg i/ <zm:k:_1>pdx§ 3 <zm:k’_1>p|Vm1|.
k=1 m=1 k=1 m=1 k=1

Vin—1\Vim
(5.13)
If we call (B, (z)) the balls relative to V,,_1, i.e. Vo1 = Ujeq Br, (x), then
m ) p m . p o0 w [e'e
— — n n —-p n—p
(0 ) Wl = (07 et < 2 S iy
k=1 k=1 i=1 i=1
Therefore we can continue inequality (5.13) in the following way
w > w > w
| de < -2 mP WP < S0 m Py =
We claim that
ut(z) > Zk‘l, x € Vp. (5.14)
k=1

To prove (5.14) it is sufficient to show that for every t < >}, k™! the superlevel {u > ¢} has
strictly positive density at every = € V,,.
Using the fact that V,,, C V},—1 together with property (c), we have that

uf (@) >1, 1<k<m, x€V,. (5.15)

Hence, by choosing any ¢ < >~ k™!, since

m
({ue > (1—6)} € {u>1t},
k=1
for any 0 < § < 1 such that >, (1 — §)k~! = ¢, and since by (5.15) each set {uj > (1 —d)}
has density greater or equal than one at x € V,,,, we deduce that {u > t} has strictly positive
density at every x € V,,.
For this reason, by definition of p-capacity it immediately follows

Cp(Vin) < <k§:—1k_l)p/ﬂ(lvulp+|up)dx < <k§:—1k_l>pd (Y A).

Sending m — oo in the previous inequality we deduce C,(A) = 0.
]

5.4. The main result. Let 1 < p <nand I' € J,. Given u € GSBVP?(Q;T"), by Theorem
4.7 we know that u, € L°(Bj) is well defined for every x €  up to a singular set of Hausdorff
dimension at most n — p. If we call S such a singular set, this means that for every 1 < g <p
we have H"~9(S) = 0, and by Proposition 5.15 also C,;(S) = 0. Therefore, for every 1 <
q < p, uy is a well defined element in the Fréchet space Uc, (€% L°(By)) (see Definition 5.5).
Unfortunately, we can not conclude the same for ¢ = p. For this reason we need to introduce
a further outer measure.

Definition 5.17 (Lower p-capacity). Let @ C R™ be open, and let I € 7, (1 < p < n). Given
any set A C Q) we define the lower p-capacity as
C (A):= sup Cy(A). (5.16)

p
1<g<p

Proposition 5.18. C,(:) is an outer measure. In addition,

C,(A) =0 iff Cyu(A) =0 for every1 < q<p. (5.17)
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Proof. C,; (-) is an outer measure simply because it is obtained as supremum of a family of
outer measures. Property (5.17) follows by construction. O

Proposition 5.19. LetT' € 7, (1 < p < n), then for every w € GSBVP(;T) we have that
ug is a well defined element in U, (Q; LO(By)).

Proof. By Theorem 4.7 we know that u, exists everywhere except on a singular set S of
Hausdorff dimension at most n — p. This means that if we call S the set of points where the
blow-up u, . does not converge, then for every § > 0 H" P+9(S) = 0. As a consequence by
Proposition 5.15 this means also Cj,_5(S) = 0. Finally, relation (5.17) gives the conclusion of
the theorem. O

Proposition 5.20 (Capacitary Chebyshev’s inequality). Let Q2 be a bounded open set of R™
and let I' € Jp with 1 < p < n. Then for every e > 0 and for every 1 < g < p it holds

1
Culla € Q| lusllzoqmy > wnch) < 7 [ (Vul?+ fult) da, (5.18)
Q

for every uw € GSBVP(Q;T).
Proof. Renormalizing by €, in order to prove (5.18) it is enough to show the following inclusion
{o € Q| uallpos > wn} C fo e Q| Jul*(x) > 1}, (5.19)

up to a set of zero C-capacity.
By Theorem 4.7 together with Theorem 5.15, we know that except on a Cy-negligible set

we have
Ny

fula(5) = > (ul. )L g, , (), € By(0),

Using (5.10) we know that |u|T(z) > 1 if and only if at least one of the (mj(|u\,x))§vgl is
greater or equal than one.
Now suppose by contradiction that maxi<;<n, m;(Jul,z) <1 and |ug|/zo(p,) > wn. Then

N
S mj(lul,@)1r,,
j=1

[uallLoB,) =
LO(B1)
N
=3 [ my(alo)lArdy
j=1"Fr;
< wp,
which immediately implies (5.19) and hence the proposition. O

Theorem 5.21. Let £ be a bounded open set of R™ and let I' € J, with 1 < p < n. Suppose
that (ur)i2; C GSBVP(Q;T) is such that

llur — ullLe + [|Vur — Vul|lLe — 0, as k — .

Then (uk)y converge to u, in the Fréchet space Ues (Q; L°(By)).

Proof. We shall prove that given ¢, > 0, then there exists k such that for every k > k
OI; ({x € Q| [[(ug)e — UﬁcHLO(Bl) > wne}) < 4.

Thanks to Theorem 4.7 there exists a set S with dimy(S) < n — p such that (u), and u,
exist for every z € Q\ S and for every k € N. Moreover by Theorem 5.16 we know that
Cy(8) = 0 for every 1 < q < p, which by Proposition 5.18 implies C, (S) = 0. Therefore, since
by linearity we have for every x € Q\ S the relation (ux)y — uy = (ur — u)z, by using the
capacitary Chebyshev’s inequality for every 1 < g < p we get

1
Cq({x € Q| |[(ur)e — uzllLo(my) > wne}) < i / (IVug, — Vu|? + |ug, — u|?) dz.
Q
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Finally, by the definition of € it is enough to choose k big enough such that for every k > k

1
sup — [ (|Vur — Vul|? + Jup, — u|?) dz < 4,
1<q<p €1 Jo

which is possible since €2 is bounded. O

Putting together Theorems 5.16, Theorem 5.21, and relation (5.17) we are able to prove the
second main result of this paper.

Proof of Theorem 2. Let us first suppose (2 bounded. Putting together the previous result
with Theorem 5.8 we have that there exists a subsequence (k;); such that

Jlggo H(ukj)z - uo:HLO(Bl) =0,

for every x € ) except on a C, -negligible set 5. Putting together Theorem 5.16 with relation
(5.17) it easily follows dimy(S) <n —p.

For general €2, we set ; := QN B;(0) (i € N). For every i we can apply the previous result on
the bounded open set ; to obtain a sequence (k:;)}";l and a set S; C Q; with dimy(S;) < n—p,
such that

lim ||[(ugi )z — Uel|Lo(B,) = 0, for every x € Q; \ S;.

J—00 J
We can also suppose that (k;“);?‘;l is a subsequence of (k})>2, for every i. By a diagonal
argument we define for every j € N k; := k‘g , and we obtain that

oo
]lgglo |(ur,; )z — el Lo(By) = 0, for every z € Q\ Ulsl
im
Finally, since every S; has Hausdorff dimension which does not exceed n — p, then also [ J;-, S;
has Hausdorff dimension which does not exceed n — p. This proves the theorem. O

Remark 5.22. In [5] the authors are able to prove a density result for the space SBVP?().
More precisely, if Q is an open set with Lipschitz boundary and u € SBVP(Q), then there
exists a sequence of functions u; € SBV?(2) and of compact C'!' manifolds with C! boundary
M; cc Q such that J,, € M; but H"~H(M; \ J,,) = 0 and

u; € C(Q \Tuj), luj —ulpr =0, [[Vu; — Vulr» =0, ’H"_l(JujAJu) — 0.
It is natural to ask whether the hypothesis ’H”_l(JujAJu) — 0 can be improved to
Ju, C Jy for every j € N.

In other words we can rephrase this question in the following way: given I' C 2 a countably
(H"~1, n —1)-rectifiable set, then is it true that the closure in SBV? with respect to the norm
given by ||[Vul|Le + |Ju|: of all functions v such that

veC®(Q\J.), J,CMNT, M isany C' manifolds with C* boundary, (5.20)

is the whole of SBVP(Q;T) N LY(2)?

The answer is in general no. Consider 'y C R? the union of three half lines starting from the
origin. Let I' C R? be defined by I'y xR and let [ be the straight line {(0,0,t) |t € R}. The set I'
disconnects R3\ I into three connected components Q1, s, 3. Let v: R? — R be the function
which assumes three different constant values on each of the connected components, say a; #
ag # az # ay. Clearly v € SBVP((;T) for every p € [1,3). We claim that for p € (2,3),
the function v cannot be approximated in SBV? by functions satisfying (5.20). Indeed, any
function u € SBVP(Q) satisfying (5.20) has the property that v, is defined everywhere, except
on a (3 —p)-dimensional Hausdorff set, and it is a function taking at most two values. By using
a slightly modified version of Theorem 2 (where we have to substitute the LP convergence of
the functions with the L' convergence), we deduce that any limit u in SBV?(Q;T) of functions
satisfying (5.20), inherits the property that its blow-up converges to a function wu, which takes
at most two values for every z except on a set of Hausdorff dimension 3 — p. However for
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every point x € [, v, assumes three different values, namely a1, aq, a3. Since dimy (1) = 1, this
implies that for every p € (2,3), v cannot be approximated by functions satisfying (5.20).

6. MORE ON THE CLASS 7,

We dedicate this section to construct sets living in J,. In the second part we present a
counterexample to Theorem 1.

6.1. Some examples. Let n > 3 and 1 < p < n— 1. We write the generic point z € R"
as ¥ = (y,t) € R*"! x R. We define WHP(R"1) as the space of all Sobolev functions
f € WEP(R"1) such that for every y € R"~! except on a set of Hausdorff dimension n—1—p,
y is a Lebesgue point for the distributional gradient Df .

Now let f € WLP(R"~1) and consider its sub-graph

S;={zeR"|t< f(y),yeR"'}.

It is well known that Sf_ is a set having locally finite perimeter in R™.
Consider the following sets

A= {yew-l |37(y) € R, lim ) - Fw)l dHo},

r—0 B:}—l(y)
and
B:={yecR" | 3IDf(y) € R", lim |Df(z) = Df(y)| dz =0 p,
r—0 Blf’l(y)
where B"~1(y) is the (n — 1)-dimensional ball of radius 7 centered at y. To be precise we will
call the graph of f the set of points of the form

graph(f) := {(y,t) € R" ' xR |y € ANB, t = f(y)}.
Proposition 6.1. Let f € WHP(R" 1) with 1 < p <n—1 andn > 3. Then graph(f) belongs
to Jp.

Proof. By using the theory of capacity developed in [9] (see also [7, Section 4.7]), and the
definition of WP, we know that

dimy (R '\ ANB)<n—1—p.
Therefore, it follows for example by [19, Corollary 8.11] that
dimy (R \ (ANB)] xR) <n —p.
We claim that for every z = (y,t) € R™ such that y € AU B one and only one of the

following conditions occurs

e xcE 8*5;;

o OF(n=1)(n=1 8*5;,33) =0.
By Proposition 3.7, this would imply that 0* Sf_ has a non vanishing upper isoperimetric profile
" :\67\.7e first prove that for every = = (y,t) € (AU B) x R such that t < f(y), it holds

O DU Lo ST x) =0, (6.1)

or equivalently
li n=L((9*S7 ) a) = 0. 6.2
Jim HTH(07S ) )re) (6:2)

Now, since lim,._, an_l(y) |f(z) — f(y)| dz = 0, then by a change of variable in the integral
we have R
Jim [f @y +7C) = FO g pp-10) =0

In particular, this means that for every ¢ > 0
Jim [{[f(y +7() — f)l> e nBIH0) = 0. (6.3)

1By using the theory of capacity it is easy to see that W2P(R?~1) c Wh.p(R?~1)
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For every z € B ~1(0) such that |f(y +72z) — f(y)| < € we have
fy+re) =t 1fW) —t [fytr) =Wl f) —t e

- — )

r r r r r

and if € < %, by the previous inequalities we deduce

Sy+rs)—t fw -t

r 2r
Hence, for sufficiently small value of r, we have
—1
|f(y +rz) —t o1
r

Therefore, for sufficiently small value of r, we have
{Ify+r() —tl/r <130 BEH0) < {If(y + () = f(y)| > e} N BY~H(0).
Notice that
(9°S7 ) {(Z,s) € BP(0) x (—1,1) | s = f(y”z)_t}

r

As a consequence, for sufficiently small value of r, we have the following inequalities

H* (0757 ) < V14 |Df(2)? dz (6.4)
{1/

y+r(-))—t|/r<1}nBF 1 (0)

<

/ ~ T D) de. (6.5)
{1f (y+r(-)—=F(w)>enBy~(0)

Therefore, by using (6.3) and the definition of B, we deduce

lim V14 |Df(z)]? dz =0,
0)

=0 S F (gt ()~ F ()| >enBY T
which proves claim (6.1).

Analogously one can prove that if z = (y,t) € (AU B) x R is such that f(y) <t then (6.1)
holds.

Finally it remains to prove that if € graph(u) then z € 0*Sy . First of all, since y
is a Lebesgue point for u and a Lebesgue point for Du, by using [l, Theorem 3.83], w is
approximately differentiable at y, i.e.

|f(y+72) — f(y) — Duly) - rz|

lim dz = 0.
r—0+t Bffl(O) r
Therefore if we set L, (2) := Du(y) - z, then
FwtrtD =FW) 7 0), i L (BP4(0), as > 0°. (6.6)

,
This means that if we define Cy(0) to be the cylinder given by B}~'(0) x (—1, 1), we can write

lim P((S; —x)/r;C1(0)) = lim V1+ |Df(y +7r2)2dz. (6.7)

+ + -
r—0 r—0 BT 1(0)

(=Du(y).1)

= we can
V1+[Du(y) 2’

Moreover, if we call H the lower half space relative to the unit vector

continue equality (6.7) in the following way

lim P((S7 —x)/r;C1(0)) = lim 1+ |Df(y+rz)]2dz
Jim PUS; —omeio) =t [ IETDR ) .

= P(H,;C1(0)),
where we used that y is a Lebesgue point for Du. Putting together (6.6) with (6.8) we deduce
(i) (S; —x)/r — H in measure in C1(0) as r — 0*;
(ii) lim, o+ P((S} —2)/r;C1(0)) = P(H,; C1(0)).
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Since B;1(0) C C1(0), condition (i) implies in particular
(87 —x)/r — H,, in measure in By1(0), asr — ot. (6.9)
Moreover, since P(H_ ;0B1(0)) = 0 we have
P(H, ;C1(0)) = hm P((Sy —x)/r; C1(0))

Zhni?ﬁp[P(( 5 —2)/r;B1(0)) + P((Sy —2)/r; C1(0) \ B1(0))]
>hni>%1+1pP(( —@)/r; B1(0)) + liminf P((S —)/r; C1(0) \ B1(0))
>11m1an(( - —x)/r; B1(0 ))+11m1an(( —x)/r;C1(0) \ B1(0))

> P(H, ; B1(0)) + P(H, ; C1(0) \ B1(0))
which implies

limsup P((S; —)/r; B1(0)) = liminf P((S; —)/r; B1(0)) = P(H, ; B1(0)). (6.10)

r—0+ r—0+
Putting together (6.9) and (6.10) we can apply [1, Proposition 1.62] to the measures D]l( —a)/r
(0 <r < 1), to deduce that

Dl(S;_m)/r(Bl(O)) — D1y (B1(0)) = wp1vm,(x), asr— 07, (6.11)

where vy is the inner unit vector relative to H . Finally, by (6.10) we deduce
P(Sy; Br(x))
m
r—0t yn—l1
which together with (6.11) implies
Dls; (Brle)) e i (BU(0) _ o e (Ba(0))

lim ——— = -1 HrA\P1\M))
=0+ \Dﬂs (Be@) 8PS, Bo) e w0

= Wn-1,

and this is exactly (1.1), hence we can conclude z € 9*S} . O

Remark 6.2. Since for n — 1 — 2p > 0 it is possible to construct functions u € WP (R"~1)
such that the topological closure of their graphs have arbitrarily large n-dimensional Lebesgue
measure, with the previous example we have shown that a generic set in 7, is not essentially
closed.

Proposition 6.3. Let Q be an open set of R™ (n > 3), and let (T;)M, (M € N), be sets
such that for every i there exists & € S"™! and f; € WYP(&) (1 < p <n—1) with T; =
graph(f;) N Q. Then T := vail T; belongs to J,
Proof. Proposition 6.1 shows that for every x € Q and for every 1 < i < M, except an
(n — p)-dimensional Hausdorff set, one and only one of the following conditions occurs

e xcC G*Sf_i,

o (Y1 §*S, x) = 0.

Now fix such an x € Q. By reordering the indices ¢ we may suppose for example that

there exists £ € N such that for every 1 < i < k z € 8*Sfi and for every k < i < M

@*("’1)(5}“33) = 0. Without loss of generality we may also suppose that if 1 < i3 < iy <k
and I';, T';, have the same tangent space at z, then the measure-theoretic normals of Sf__ and
21

S; are the same at x. For the same reason, without loss of generality, we may suppose that
i2
for every k < i < M =z is a point of density 1 for SJ?

Given r > 0 such that B,.(z) C 2, we set for 1 <i <k

E; =5} N B, (x) and Ef = S}t N B, (x).
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and

By ={y € B1(0) | vr,(2) -y < 0} and Ey; := {y € B1(0) | vr,(z) -y > 0},
For k < i < M we set

E;q =S}, N B (),
and
Ey,; == B1(0).
By eventually reordering again the first £ indices, we may assume that there exist k1, ko, ..., kn
(m < k) such that
vr,

i = Ur if and only if kj < 1,10 < kj+1.

i2

Now we want to define the sets F. ; and Ejy ; of Definition 3.2. For this purpose let us denote
as 2227 the family of maps from {1,..., M} into {—,+}. Given o € B} we define

M .
E,=(E",
i=1
and
M .
Eoo =) E;Y,
=1

whenever Ey , # (.

We have 1 < N, < 2M (here, instead of j, we have indexed our sets with the parameter
running in ©47). Notice that
hm+ |(Eo)rsAFEy | =0.

r—0
Moreover Ey , are conical and indecomposable sets, since they are intersection of half spaces.
Also, by our choice of = € ), we have that
lim P((E),q: B1(0)) = P(Ey; Bi(0)), i=1,..., M.

r—0+

(i2) for every kj < iy,ia <

By construction we have also that, since Ey, # 0, then o(i1) = o
i))M
i

k;y1 and for every j =1,...,m. This means that the family (Eg -1, satisfies also point (3)

of Lemma 6.4. Therefore we can deduce that

Tim P((Eo)r.s By(0)) = P(Eo: Bi(0)):

Hence, we are in position to apply Proposition 1.13 and to deduce that for every o € X3! such
that Ey , # ), there exist indecomposable components of (Ey ), say F; , such that

lim |F,,AEy,| =0, 6.12
Jim | Fr o AF o (6.12)

and
hmo+ P(F, ,; B1(0)) = P(Ey,»; B1(0)). (6.13)
-

This gives immediately condition (1.1) and (2.1) of Definition 3.2.
Finally, by (6.13) we can use the same argument as in the proof of Proposition 3.7 to deduce
liminf g, _(A) > hg, ,(A), A€ (0,1/2],
r—0+ ’ ’

which implies condition (1.2) of Definition 3.2 since hg, ,(A) > 0 for every X € (0,1/2]. O

Lemma 6.4. Let Q C R"™ be an open set. Let (E,;)M, (M € N) be sets having finite perimeter
in Q. Suppose that there exist sets (Eg ;) having finite perimeter in Q such that

(1) lim, o+ |EyiAEg;[ =0, 1 <i < M;

(2) lim, o+ P(Er,i; Q) = P(EO,i; Q), 1<i<M;

(3) H”fl(a*EO,il N a*.E(),i2 N {VEo,il 75 VEo,i, }) =0, 1 <iy <ip <M.

Then we have
M M
lim P( () Eris Bl(0)> = P( () Eo.i; Bl(0)>.
=1 =1

r—0+
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Proof. We proceed by induction on M. For M = 1 there is nothing to prove. By induction
suppose that our statement holds for M — 1, then we want to show that it still holds for M.
For this purpose, suppose to have (E, ;) satisying (1)-(3). If we consider the first M — 1
sets (Em-)f\ifl, then clearly they still satisfy (1)-(3), hence by inductive hypothesis we have

M—1 M—1
lim P E,.;:B,(0)) =P Eo4:B1(0) ). 6.14
tim P((() Bm0) = P ) BsBi0) (6.14)
If we define E. := X" E,., B, = NM" Eo; and E, := E, 1, Eo == Eo s, then we have
that the couple E,., E!. still satisfies (1)-(3): the first is clearly satisfied; the second follows from
(6.14); for the third just notice that if x € 9*Ej N 0* Ey then there must exists 1 <i < M —1
such that z € 0" Fy; N 0" Eo i, therefore if vg (v) = —vE, (7) also vg, ,(z) = —vE, ,, (x). This
immediately implies H"~'(0*Ej N 0*Eo N {vg, # vi,(z)}) = 0. Hence, we are reduced to
prove our statement for M = 2.
In order to do that, we notice that by Theorem 1.2 the following identities hold

P(E'; B (0)) = H" Y O*E. N EM) + H" (0" E. n ED)

6.15
+ H”fl(ﬁ*Eﬁ NO*E, N {VE; = VET}) + H"71(8*E£ NO*E, N {Z/E; 7& VET})7 ( )

and analogously
P(E,; B1(0)) = H" (8" E, N E/M) + H"Y(0*E, N E/) (6.16)

+H"H OB NI E, N {ve, =vp}) + H' O E. NI E, N {ve, # vB,}).
Summing both sides of (6.15) and (6.16), and using Leibniz formulas (1.2) for the reduced
boundary of an intersection of sets with finite perimeter we get
P(E/;B1(0)) + P(E,; B1(0)) = P(E. N E,; B1(0)) + P(E)* N ES; B1(0))
+ 21" N O EL.NO*E, N{ve, # vg,}).
Taking the limsup on both sides we get
P(Ej; Bi(0)) + P(Eo; By (0)) = limsuplP(E, 1 Ey; B1(0)) + P(EL 1 ES: B1(0))

r—0+
+ 27‘[”_1(8*.5'; No*E, N {VE; 75 VET})]
> liminf[P(E. N E,; B1(0)) + P(E' N ES: B (0))

r—0+

(6.17)

+ 21" O*E,. N O*E, N{vg, # vg,})]

> P(Ey N Eo; B1(0)) + P(Eg N Eg; Bi(0))

+ 2lim(i)rlf H YO ELNO*E, N{ve #vE,})
T—

= P(Ey; B1(0)) + P(Eo; B1(0))

+ 2lim i&f H* N O*E.NO*E,. N {vp #vg,}),
r—0 "

(6.18)

where in the last equality we use again identity (6.17) for Ej, Ep, and the fact that H"~1(9* E{N
0" Eo N {vg, # ve,(2)}) = 0.
By (6.18) we immediately deduce

liminf H" ' (0*E. N 0*E, N {vg, #vg,}) =0.

r—0+
Moreover since (6.18) is true for every subsequence r; — 0" we can choose r; such that
limsup H" H(0*E.NO*E, N{vp, #vg,}) = lim H" YO*E. NO*E,, N{ve, #ve,. }),
=0+ ' j—oo ! K !

and we immediately deduce that
lim H" Y0*E.NO*E, N{vg #vg,})=0.

r—0t

Using this last information again in (6.18), we obtain
lim [P(E. N E,; B1(0)) + P(E° N ES; B1(0))] = P(E{ N Ey; B1(0)) + P(E{° N E§; B1(0)),

r—0+
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which by the lower semicontinuity of the perimeter implies separately
h%l+ P(E. N E,;B1(0)) = P(E|, N Ey; B1(0)),
r—

and
1iI51+ P(E* N ES; B1(0)) = P(E N E§; B1(0)).
r—
This is exactly our desired result. O

The purpose of the previous propositions was to show that the class J, is much richer than
the class of C'-manifolds. Nevertheless, we were able to cover condition (1.2) of Definition 3.2,
by using the convergence of the perimeter

lim P(Fyjs B1(0)) = P(Eo; Bi(0)), 1<) < N, (6.19)
r—

However, we want to show that (6.19) is not necessary in order to have a non-vanishing upper
isoperimetric profile at z. In the next example we exhibit a rectifiable set I' in R? such that
there exists a set of Hausdorff dimension o (0 < o < 1) on which I admits an asymptotic
upper isoperimetric profile but the limit (6.19) diverges to +o0.

Ezample 6.5 (Cantor’s home). We work in R?. We define a sequence of closed sets, say (.J,,)2;,
following the usual way to construct the Cantor’s middle third set (see [19, Subsection 4.10]):
let Ji := [0, 1] and define J,, := J"3_1 U <% + %) Set Cy :=Ni—y In-

Now fix 2 < s < 3 and consider by induction the following sets:

%12:J1X|:0, L :|,

s—1

and

an = Op—1 \ (Cn—l \ Cp x (_007 Sn))a (n > 2)
where

sl—n =1 1 =1
Sn—m—;; and s_l—gg
We define the Cantor’s home € C R? as
€ = m Cn.

n=1

w =

@

B e B

FIGURE 2. Cantor’s home

By construction % is a closed set and P(%) < oco. Indeed it can be easily verified that
271

P(an—i-l) = P(%n) + m, n

=1,2,...,

which means
n

P(€) <liminf P(%,) = P(%1) + lim »

n—00 n—00 = (s — ].)Sn
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where in the last inequality we have used s > 2.

We claim that 0*% admits a non vanishing upper isoperimetric profile at every z € R2. As
a consequence 0*¢ € J, for every p > 1.

To prove our claim, notice that if we call C' C [0, 1] the Cantor’s set, i.e.

C = ﬁ T, (6.20)
n=1

then it is easy to see that for every z € R?\ (C x {0}) our claim is satisfied. Therefore, we
need only to prove that for z € C' x {0} our claim holds.

If x € C x {0}, by using the fact that the number of connected components of J, N (x; —
5,71 + §) can be asymptotically estimated by 2n=lo81/5T a5 n — oo, together with the fact
that s < 3, it is possible to check that

O*(L*L€,r) =0, (6.21)

while
O H'LO*C, x) = +oc. (6.22)

Now we denote the generic point z € R? as 2 = (z1,x2) for x1,z2 € R, and we prove that
conditions (1) and (2) of Definition 3.2 are satisfied with N,, = 1. Instead of the balls B,.(z)
we prefer to work with the squares Q,.(x). It is clear that everything will be true also for balls.

Pick z € C x {0}. Set

e L1 :=Q1(0);
o Fr1:=01(0)\ @ for every r > 0.

First of all, since for each r the sets [ ; are connected open sets with finite perimeter, then
they are indecomposable (see Remark 1.6). Moreover, conditions (1.1) and (2.1) immediately
follow from construction and from (6.21), respectively.

In order to show that also condition (1.2) is satisfied, first of all notice that for each r > 0
the sets F).; are open connected and of finite perimeter, hence in particular they are indecom-
posable. We claim that for every r > 0 and every A € (0,1/2] we have

1
hr,, (V) 2 5. (6.23)
In order to show (6.23) we shall prove that for every r > 0
min{|E|, |F, \ E|} <3HYO*ENFY)), EC F,,. (6.24)

This can be achieved by proving that for every r € (0,1) it holds the following Poincaré’s
inequality

/ |u —u|dx < 3|Du|(F)1), u € BV(Q1(0)), (6.25)
Fra

where 7 := f,, . Then (6.24) follows by choosing v = 1 in (6.25), since in this case

[ ualde > winf| B, F I,
Frq

and
H YO ENFY)) > H Y 0" EN Fy) = |Dul(F ).
Given ¢t € R we write

Fy:={xy €R| (t,x2) € F}, and F' := {z; € R | (21,t) € F}.

Notice that for each > 0 the sets F}.; have the following two properties
(1) (x1,22) € Fy1 and (x1,y2) € F, 1 implies (x1, Az +(1—N)y2) € F,. 1 for every A € [0,1];
(2) (z1,22) € Fr1, (y1,22) € Frq and x2 € (—1/2,0) implies (Az1 + (1 — A)y1,x2) € Fra
for every A € [0,1].
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We show that any set F C Q1(0) satisfying (1) and (2) admits a Poincaré’s inequality like

(6.25).
Indeed we have

0
/ lu — | dr = 2/ [][ u(x1,22) — <][ u(y1,y2) dyldyQ) ‘ dxy dmz} dt
F —1/2 UF "
0
< 2/ [/ (][ [u(w1, 22) — u(y1, ya)| dyldy2> dxy d@} dt.
—1/2 F F

If t € (—1/2,0), by using the triangle inequality, we can write

lu(z1, 22) — u(y1, y2)| < u(zy, 2) —u(z1, t)] + [u(z1,t) — u(ys, t)] + [u(ys, t) — ulys, y2)ls

hence by using the Fundamental Theorem of Calculus we have

0
/ |u — @l dr < 2/ [/ (][ IDzul(le)dyldm) dxy d@] dt
r -1/2 F\JF
0
+ 2/ [/ (][ |Dyul(F")| dyldyz> dxq de] dt
—-1/2 LJF \JF
0
+ 2/ {/ (][ |DQU|(Fy1) dyldy2> dzy de} dt,
-1/2 LJF \JF

and finally by using Fubini’s Theorem

1/2 0
/ lu — 7| da g/ | Dou|(Fy, )| LY (Fy, ) day +2|F|/ |Dyul|(FY) dt
F /2 —1/2

—1
1/2
+ / | DI )

< |Dou|(F) + 2|F||D1u|(F) + |Dou|(F)
< (1+ 2/F))| Dul(F).
Since |F| < 1, this shows exactly (6.25).

Remark 6.6. In the previous example, the set € has a non vanishing upper isoperimetric profile
for every = € R? but with the stronger condition
liminf inf hp, , (A) > 0.

r—0t A>0

Therefore by Remark 4.9 if we set I' = % in Theorem 1, then (0.3) actually holds with respect
to the strong LP-convergence.

6.2. A counterexample. Now we want to exploit the idea of the previous example to show
that, the indecomposability condition together with condition (1.2) of Definition 3.2 are crucial
in order to get the validity of Theorem 1.

Ezxample 6.7 (Optimality for the class J,). We start by showing that the indecomposability
assumption on the sets (F) ;) in Definition 3.2, cannot be removed in order to get the validity
of Theorem 1. For this purpose we shall construct a countably (H"~%, n — 1)-rectifiable set I'
in R? with H"~}(T") < oo, such that there exists I'y C R? with dimy (L) = logs(2), with the
following properties
(a) for every x € I'y there exists a family of sets F. C B1(0) (r > 0) satisfying lim, g+ |F,AB1(0)| =
0;
(b) there exists a function u € SBV?(R?;T) such that for every x € I'y the blow-up u,, does
not converge.
To construct such a I', we start by considering % C R? the reflection of the Cantor’s home
given in Example 6.5 with respect to the x; axis, i.e.

€ = {(x1,12) € R? | (x1,—22) € €.
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We define F := € U%. The set F can be seen also as the limit in measure of €, U%,, when
n — oo, where 6, is the approximated Cantor’s home at the n-th step (see Example 6.5) and
%, is its reflection with respect to the z1-axis (see Figure 3). Clearly E has a non vanishing
upper isoperimetric profile for every x € R?\ (C x {0}), where C denotes the Cantor’s set (see
(6.20)). By arguing as in Example 6.5 we know that E is a set of finite perimeter and

O"(L"LE,x) =0, z¢€C x {0}.

FI1GURE 3. Approximation of E at the fifth step.

Now let (C,) and (s,) be the sequence of sets and the sequence of numbers defined in
Example 6.5, respectively. Define the following function

1 if € Cap_1 \ Can X (=821, 521)
U(.’I?) =<¢ —1 ifx e an \ an+1 X (_5271—‘,-17 82n+1) (626)
0 otherwise.

By Remark 1.22 we know that u € SBV?(R?;0*E). Call f: R — R the restriction of u to the
T axis, i.e.

f() =u(-,0).
Notice that given z € C'x {0}, then if the blow-up of u at & = (1, z2) converges as 7 — 07 then

also the blow-up of f at x7 must converge. To see this, by using the fact that the parameter s
of Example 6.5 has been chosen strictly less than 3, it is not difficult to show that

rl_i>r(r)1+ ‘Cl({yl € (_17 +1) | ur,m(ylayZ) = fra (yl) for every yo }) =2.

This means that any limit u, in L*(B;) of (u,,) must be constant along the segments orthog-
onal to the xi-axis and contained in By, and moreover it must satisfy

T fr () = 2, 0) 12 = 0,

Therefore, given = = (z1,z2), if we want to prove that (u,,) does not converge, we can
reduce ourselves to prove that f,,, does not converge.

In view of the previous observation, we claim that for every z; € C x {0}, except on a
countable set A, f,,, does not converge as r — 0%. For this purpose, we show that given
x1 € C'\ A, then for every € > 0 there exists a couple of radii r,r’ < e such that

1
||fr,ac1 - fr',x1||L°(B1) > 5 (627)
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To see this it is convenient to write every point in the Cantor’s set in base 3. This means
that given x; € C, then there exists a map o defined on every positive integer number with
values in {0, 2}, such that

§
I
M8

i=1
Define the set A to be the set of points x; in the Cantor’s set such that there exists ig € N
(depending on 1) such that for every ¢ > ig the function o alternates consecutively the values
0 and 2. Clearly the set A is countable. We want to prove our claim on every point z; € C'\ A.
Let 21 € C'\ A, then by definition of A there exists a sufficiently large value of n such that
1/3" <e€/2 and o(n) =c(n+1) =0or o(n) = o(n+ 1) = 2. Let us suppose to be in the case
o(n) = 2 (the case o(n) = 0 can be treated in the same way). Since x; € C, then z; belongs
to a connected component (an interval) of J,,_1, say I (J, are those defined in Example 6.5).
We can consider a partition of I made of three closed intervals I, I, I3 (with overlapping
end-points) each of length % where I is the most-left one, I3 is the most right one, and I is
in between. By construction of the sets (J,,), we know that J, NI = I; UI5, and since o(n) = 2
then 1 € I3. By (6.26), we know that f takes value 1 or —1 on I5. Let us suppose for example
1. As before we can consider a partition of I3 made of three closed intervals I3 1, I3 2, I3 3 (with
overlapping end-points) each of length |I3]/3 where I is the most-left one, I3 3 is the most
right one, and I3 o is in between. In addition, by (6.26), we know that f assumes the value —1
on I3 5. As before, since o(n + 1) = 2, then z; € I5 3.
Now call a the left end-point of I> and b the left end-point of I35. Clearly we have the
following estimates

2 2
(ac1—a)§3—n and (z1 —b) <

< gt (6.28)

Moreover, if we set r = x1 — a and ' = x1 — b, then we can write

| frzr = frr il Losy) :]{3 |f(z1+ (21— a)yr) — f(@1 + (21 = D)y1)| A Ldy

:]{B If(x1+y1) — flzr + (21 = b)/(x1 — a)y1)| A Ldy;.
(z1—a)

Using the fact that, by construction, the dilated interval ((2 :‘Z)) (I35 — z1) has left end-point

coincident with the left end-point of the interval Iy — x1, and that |f(z1 +y1) — f(z1 + (21 —
b)/(x1 —a)y1)| =2 on (I —x1) N ((211:22 (Is,2 — 1), we can continue the previous inequality
by writing

(z1 —a)
(z1—b)

(z1

> Tl_a) min {|I27 m:g|f3,2|}
)

)

(I —z1)N (I3,2 — 1)

1
wa17(l1—a) - fl‘lv(ll_b)HLO(Bl) Z m

I
=

1V
[N

where for the last inequality we use (6.28). This proves our claim and shows that at every
z € (C\ A) x {0} the blow-up u, , does not converge as r — 0.

Finally, by setting I := 0*E, T'g := (C'\ A) x {0}, and F, := B1(0) \ E,, we obtain (a)
and (b). As a consequence we deduce that I' ¢ 7, for every p € (2 — logs(2),2]. In this case
it is clear that what fails in the definition of non vanishing upper isoperimetric profile is the
indecomposability of the sets (F} ;),>¢ for every x € C x {0}.

Exploiting the previous idea, it is possible to construct sets I' I'g, and a function u satisfying
(a) and (b) with the additional property that the sets F,. are indecomposable. This together
with Theorem 1, immediately implies that on every point of I'g the set I' satisfies all the
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properties of Definition 3.2 except (1.2). This shows that condition (1.2) is crucial in view of
Theorem 1.

The idea is to connect each white rectangle of E (see Figure 3) by small bridges without
altering the local behavior of the set E on points of the set C x {0}. To do this, define for each
n > 1, 0, := 1/7". We start by connecting the two white rectangles whose horizontal sides
have length 1/3? with the white rectangle whose horizontal sides have length 1/3 (see figure
3) by subtracting from the set F a thin horizontal bridge in the following way

By :=FE\ (1/3*1—1/3%) x (s3 — 61, 53).

By induction, if we call the n-th thin bridge R, := (1/3"T1 1 —1/3"*1) x (812 — 0n, Sni2)
(sn are defined in Example 6.5), then we define for general n (see Figure 4 for n = 3)

En = Lip \ Rn

FIGURE 4. The set E5

Since by the choice of (d,) the rectangles (R,,) are pairwise disjoint, by subtracting from
E,_ the rectangle R,, one adds an amount of perimeter which is exactly 2(2"*! — 2)/37+1,
i.e.

P(E,) = P(E, ) +2(2"! —2)/3"+1,
This means that by defining

E = ﬁ E,,
n=1

then E’ is a closed set of finite perimeter in R2.

Since E' C E, this means that we still have that for every z € C' x {0} it holds

O"(L"LE  x) =0,

but with the additional property that for every r > 0 the open sets B1(0) \ £}, are connected
and with finite perimeter and hence indecomposable (see Remark 1.6). The connectedness
comes from the fact that if @)1 is a connected components (white rectangle) of the set [Cj,—1 \
Cp] X (=Sn, sp) for some n (where (Cy,) and (s,,) are defined in Example 6.5), and Q2 is a
connected components (white rectangle) of the set [Cr,—1\Cin] X (—Sim, Sm) for some m, both Q4
Q2 with non empty intersection with B,.(z) (z € C x {0}), then there must exist a sufficiently
large M > max{n, m} for which the bridge Ry connects Q1 N B,.(z) with Q2 N B,.(x).

Now we define the function v € SBV?(R?;9*E’) in the following way. If x ¢ |J;_, R, N E
we define v(z) := u(z) where u is the function defined in (6.26). If z € R,, N E for some n, then
by construction there exists a connected components of J,+1 C [0, 1] (see Example 6.5), say I,
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such that @ € T X (Sp42 — dpn, Sny2). We have two cases: suppose that I X (S,42 — dp, Sni2)
connects two rectangles where v has the same value, i.e. —1 or +1, then we simply define v(z)
to be exactly —1 or +1, respectively; otherwise suppose that v changes value (for example from
—1 to +1), then if we call p: I — R the linear interpolation between —1 and +1 we define

v(z) := p(m(z)),

where 71: R? — R is the projection onto the first component (we proceed analogously if v
changes value from +1 to —1).

Clearly, since v differs from u on a set which is contained in E, and ©™(L"L E,z) = 0 for
every € C' x {0}, then the blow-up of v has the same behavior of the blow-up of u at each
point in C' x {0}. It remains to prove that Vv € L*(R?). But by our choice of §,, an easy
computation shows that we can estimate from above

°°6n+1
Vol|? de < 2 < oo0.
/R2| v|*dx < ,; = 00

7. NON CONVERGENCE OF THE BLOW-UP

In this last part we construct a set in E C R? with the property that its blow-up (E — z)/r
does not converge in measure on every point of a set having Hausdorff dimension equal to 1.
To show this, we need the following theorem which can be deduced from the results obtained
in [22] (see also [10] for a simpler proof). Anyway we decide to present this result with an
alternative proof which is more convenient for our purpose.

Theorem 7.1. Let N C (0,1). Then N has zero Lebesgue measure if and only if there exists a

Lipschitz function uw: (0,1) — R such that u is not differentiable from the right at every point
of N.

Proof. If f is lipschitz then the set of point where it is not right differentiable has Lebesgue
measure zero from Rademacher’s Theorem.

Now let N C R be such that |[N| = 0. We claim that there exists a Borel set F' C R such
that for every x € N we have

FnN FnN
0 = liminf @2 EOL g O @ et
r—0+ r r—0+ r

=1. (7.1)

To prove this, notice that for every 0 < ¢ < 1/6, since |[N| = 0, we can find a cover of N
made of open and disjoint subintervals of (0, 1), say (;)$2,, such that

(1) 2, [l <6 A ,
(2) NNnI C U;’il{x € I; | 1/250FY < dist(x, R\ I;) < 1/2%7}, for some s € [1/2,1]
depending on I;.
Indeed (1) simply follows by the fact that |N| = 0. Moreover, let a < b be the end points of
the intervals I;; then since |[N| = 0 we have that for every j

{s€[1/2,1] |ae N —1/2¥} =0,
therefore also .
U{se/2.1] Jae N-1/27} =o0.
j=1
For this reason by choosing s € J;2,{s € [1/2,1] | a € N —1/2°7} we obtain that
a+1/2%9 ¢ N, j=1,2,3,....

By repeating the same argument for the right end point we can find s € [1/2, 1] satisfying (2).
Define Z' € (0,1) to be a cover of N made of open intervals satisfying (1) and (2) with
€ = 1/6. By induction we define Z* in the following way. For every I € Z~1 we consider the
set
Nj:=Nn{zel|1/2°0D) < dist(z,R\ I) < 1/2%},
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where s € [1/2,1] is relative to I. Since |N;| = 0 we can use the claim to find a cover of N;
made of open and disjoint subintervals of {x € I | 1/2°U%1) < dist(z,R\ I) < 1/2%}, say
(I;)$2,, satisfying (1) and (2) with € = 1/67. Finally, we call Z% the family made of all open
intervals obtained as in the previous procedure, by letting I varies in Z'~! and j varies in N.

We set _
F :L_Jl( U Yy 1), (7.2)

JeT2i—1 TeT2?i

and we claim that F does the job. Clearly F is Borel since every Z' is a family made of open
intervals. Moreover, whenever € N, since for every i the family Z; covers N, then for every
i there exists I € Z° such that € I. Moreover, by property (2) there exists j such that
re{reT]|1/2°0T) < dist(x, R\ T) < 1/2%} for some s € [1/2,1]. Since

1 N
(x,er W) U {xeT|1/2°¢D < dist(z, R\ T) < 1/2°%},

k=j—1

and since by construction the intervals I € Z;11 which are contained in the set {xeT|1/25¢+D <
dist(z, R\ I) < 1/2°%} are such that Y |I| < e with € = 1/6, we can write

j+1

1 1

IeZit+? k=j—1

If i is odd, by (7.2) we have that T\ Urez,,, I C F, and then

F(ee + /202 a1 AN 25<J+2 1
1/25(j+2) = 2s(j+2) kzl 6k ) Z Gk
5

9(s—1)j+3s 3 1
=l-— > 6F (7.3)
k=1

23 31
21_33'—1 kZ@T’
=1

where for the last inequalty we use s € [1/2,1]. Therefore for each i odds there exists a
corresponding j;, with j; — oo as i — oo, satisfying (7.3), hence by letting ¢ — oo among all
odds numbers, this proves
Fn(z,x+r
limsup—| (z,z+1)]
r—0+ r

If 7 is even, by (7.2) we have that FN T C Urez,,, I, and then

=1

; j+1
|Fn(x,x+;/2s(1+2> < 952 ]Z _ 2S<_J+2>Z 1
1/2S(J+2) 6k 671 6k
k=j—1 k=1
2(5 1)j+3s 3 1
S o -
k=1
21
Gk’
k:

where for the last inequalty we use s € [1/2,1]. Arguing as before, this proves

liming £ @2+ 1)

r—0t r

=0.

Finally, define
u(t) :=|FN(0,8)], t €(0,1).
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Clearly u is 1-Lipschitz and moreover (u(x + r) — w(z))/r = |(F N (z,z + r))|/r for every
0 <r<1-—uz By (7.1) we immediately deduce that u is not right differentiable at every
r e N. U

Theorem 7.2. There exists a set E C R? of finite perimeter, such that the set of points where
its blow-up (E — x)/r does not converge locally in measure has Hausdorff dimension 1.

Proof. Let N C (0,1) be a set of Hausdorff dimension equal to 1. It can be easily constructed
as a countable union of sets N, with positive 7' ~!/*-measure. Clearly N has zero Lebesgue
measure.

Let u: (0,1) — R be the 1-lipschitz function given by the previous proposition, which is not
right differentiable at every point of N. Define E:={z € R? |0 <z < 1, 0 < 22 < u(z1)}.
We claim that at every point « of the form 21 € N and x5 = u(z1) the blow-up of E at  does
not converge in measure.

Indeed, since u is 1-Lipschitz, then in the square (—1,1)? C R? the set (E — z)/r can be
described as the subgraph of the function y1 — (uy 4, (y1) — u(x1))/r for y1 € (—1,1) and for
every r < min{z1,1 — z1}. Hence the convergence of (E — z)/r locally in measure implies
in particular the convergence in L}, .((0,1)) of the sequence ((uyz,(y1) — u(x1))/r) to some
function v(y;). Moreover, since for every A > 0 we have

DO\g1) = 1 (1) = 0(@0)) /= X T (e, (1) — )/ A = Moga),

lim
r—0t
then v is positively one-homogeneous. But since u is 1-Lipschitz, then the L}, convergence
can be improved to a uniform convergence on the closed interval [0,1], i.e.
u(xy +ry1) — ul(z)

lim sup —v(y1)| =0,
r—0+ y1€[0,1] T ( )

Thanks to the positively one homogeneity of v, this immediately implies the right differentia-
bility of u at xy with «/(z1) = v(1) which is a contradiction. This proves the theorem. O
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