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Abstract

We consider the 2 x 2 parabolic systems
ui + A(u®)us, = eud,

on a domain (¢, ) €]0, +00[x]0, I[ with Dirichlet boundary conditions imposed at = = 0 and
at £ = [. The matrix A is assumed to be in triangular form and strictly hyperbolic, and the
boundary is not characteristic, i.e. the eigenvalues of A are different from 0.

We show that, if the initial and boundary data have sufficiently small total variation, then
the solution u® exists for all ¢ > 0 and depends Lipschitz continuously in L' on the initial and
boundary data.

Moreover, as ¢ — 0%, the solutions u®(t) converge in L' to a unique limit u(t), which can
be seen as the vanishing viscosity solution of the quasilinear hyperbolic system

ug + A(u)u, =0, z€]0, I[.

This solution u(t) depends Lipschitz continuously in L' w.r.t the initial and boundary data. We
also characterize precisely in which sense the boundary data are assumed by the solution of the
hyperbolic system.
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1 Introduction
This paper deals with the initial-two-boundaries value problem
u + A(w)ug, =0, x€]0,1[, t€]0,+o0]
u(0,2) = Go(x), (1.1)

u’(tﬂ 0) = ﬁbO(t)v u’(tﬂ l) = abl(t)'

The crucial hypotheses we assume are that the matrix A is strictly hyperbolic with eigenvalues
different from O and that the initial and boundary data are small in BV norm and close to a
constant state u*.

An existence result for hyperbolic boundary value problems was proved in [21] using an adapta-
tion of the Glimm scheme introduced in [20]. Improvements of Goodman’s result (|2I]) have been
obtained by a wave-front tracking technique introduced in [9] and later used in a series of papers
([I0) M2, 3L 7, [15), [T4L [16]) to establish the well posedness of the Cauchy problem. Such a wave-front
tracking technique was adapted to the initial-boundary value problem in [I], where a substantial



improvement of Goodman’s results ([2I]) was achieved. The well posedness of the initial-boundary
value problem was then proved in [T9] relying on the wave-front tracking technique described in [IJ.
All the results quoted so far deal with conservative systems; a comprehensive account of the
stability and uniqueness results for the Cauchy problem for a systems of conservation laws can be
found in [IT].
In [ B, 6] and [ a different problem was dealt with: let u® be a family of solutions to the
parabolic systems
ug + A(u®)u, = eus

xx*

One expects that as e — 07 the solution u® converges in some sense to a solution of the corresponding
hyperbolic system
u + A(u)ug = 0.

The mathematical proof of this convergence was obtained via a suitable decomposition of the gradient
of the solution u® along travelling waves. We refer to [7] for an account of the proof of the convergence
of the vanishing viscosity approximation and of the uniqueness and the stability of the vanishing
viscosity limit: it is important to underline, however, that in the paper the systems considered are
not necessarily conservative.

Vanishing viscosity solutions to initial-one-boundary value problems were studied in [3]: it is
proved the convergence of the approximated solutions and the stability and the uniqueness of the
limit. In [3] the boundary characteristic case is allowed (i.e. one characteristic field is allowed to
have speed close to that of the boundary) and the crucial tool in the proof of the convergence and
the stability is the introduction of a suitable decomposition of the gradient of the vanishing viscosity
solution.

In the present paper we will consider the vanishing viscosity approximation for the initial-two-
boundaries value problem:

u + A(u®)us = eul x €]0,1[, telo,+o0]

u®(0,z) = ao(x), (1.2)

ua(t, 0) = ’Ubo(t), ua(t, l) = abl(t).
We will assume that A is in triangular form, i.e.

)\1 (’U,l) 0
Au) = : (1.3)

g(ur, u2)  Az(ur, ug)

and sufficiently smooth in a compact neighborhood K of a fixed point u*. Moreover, we assume A
to be uniformly strictly hyperbolic, i.e. there exists a constant ¢ > 0 (2¢ is then the ”separation
speed”), such that

AMu) < —e<0<c< A(u) YueK. (1.4)

The above condition means that the speed of the boundary (in our case 0) is strictly different from
the characteristic speeds of the two families of waves.

We denote with r1(u) the first eigenvector of A(u), corresponding to the eigenvalues A\; (u), and
with 79 the second one. Due to the particular structure of A, we normalize r; and 79 as

(1,0, r1 () =1, 72 = < 0 ) . (1.5)

The dual base of (r1(u),r2) is denoted by (1, £2).
We will assume that the initial data @y and boundary data @9, U have sufficiently small total
variation, i.e.
Tot Var(ig), Tot Var(ayo), Tot Var(iy;) < 01 (1.6)



for a suitable ; << 1. Moreover, since we will study boundary layers with small total variation, we
assume that there exists a value u* such that

[0 = u™lloe <01 ([0 = u™[loo <01 1 — ']l < 1. (1.7)

For technical reasons, we will also assume some stronger regularity: the boundary and initial data
will be sufficiently smooth and will satisfy

| to/da’ || 1, | apo/dt’|| L1, |Gy /dt || < M <400 j=2,...n, (1.8)

for some n € N and large constant M. Some observations about the extension of our results to the
case of boundary and initial data with weaker regularity will be made in Remark [CT]

We will denote by Ug, Uy the set of functions ug, up satistying ([CH), (), [CH) in ]0,I[ or
10, +o0[, respectively. We also define the sets Dy C L'(0, 1), Dy, C L}, .(0, +oc) of functions such
that

Tot Var{ﬂo} <41, Tot Var{ﬂb} < d1, (1.9)

respectively.
The first theorem concerns the existence of a solution to the parabolic problem ([[2); moreover,
it ensures that such a solution satisfies stability estimates independent on e.

Theorem 1.1. Suppose Ty € Uy, Tro, Usi € Up and A is of the form ([3) and satisfies ().
Then, for any € > 0, the system (L) has a unique solution u®(t) defined for all t > 0.

This solution depends Lipschitz continuously in L' on the initial and boundary data: indeed, let
To € Uy, Tho, Up1 € Uy be the initial and boundary data of a solution v¢(t) of [CA). Then for some
constants Ly and Lo, depending only on the matriz A and the bound on the initial and boundary
data 91, the following holds:

[v°(t) —u ()2 < Ln (||50 —ollz1(0,1) + U0 — ol L1 (0, +00) + 100 — tnil| L1 (0, +oo))

(1.10)
+L2(|t— s|+ |Vt — x/EI)-
The second theorem concerns the limit as ¢ — 0. Since we have a uniform bound on the total
variation, by Helly’s theorem there is a subsequence of u° converging in L! to a limit function wu(t)
on a countable dense set of times ¢,. By the stability estimate (LI), the convergence is on the
whole R,
However, different subsequences could a priori converge to different limits: we will actually prove
that the limit is unique and that moreover the semigroup property holds.

Theorem 1.2. Ase — 07, the sequence us(t) of solutions of [LA) converges to a unique function
u(t) for allt > 0: we denote such a limit by

u(t) = pt[tio, Upo, Upi)-
This convergence defines a unique semigroup

S [0, +oo] x Ug X Up X Uy — Do x Up x Uy

(1.11)
(t, uo, ubo, upy) ~ (Pt[uo, upo, w1, ubo( - +1), upi(- +t))
which satisfies the following stability estimates in L'(0,1):
Hpt[ﬂo, Up0, Up1] — Ps[Vo, Upo, 'Dbl]HLl <L (||Uo — ol £1(0,1) + 160 — Twol| £1 (0, +-00)
(1.12)

+ ||Tp — Ubl||L1(o,+oo)) + Lot — 5],

for some constant L1, Ly depending only on A and on §;.



Remark 1.1. By the stability estimate ([CIZ) the semigroup S defined by (L) can be extended
to initial and boundary data that satisfy much weaker regularity assumptions, i.e. @4y € Dy and
Upo, Up; € Dyp. Indeed, let {pi} be a sequence of regularizing kernels and let @y € Dy. Then py, * @,
Pk *Upo and py *Up; are initial and boundary data that satisfy the hypothesis (CH): they are smooth
and

||d(pk * ’ﬁo)/dl‘HLl < Tot Var{ﬂo} <d ||d(pk * ﬂbo)/d$||L1 < ||d(pk * abl)/dl‘HLl <d
| o o) e || = |[a((@ = prfa =) o) fda| | < Mk, )60 j=l..n

de(/)k*@bo)/dxju LS M(k, j)oy de(Pk*ﬂo))/dijLl <M(k,j)or j=1,...n

L

The last estimates ensures that, for any fixed k, the L' norm of the derivatives is finite: the bound
is not uniform with respect to k but, since the constant L; in ([CIZ) does not depend on the bound
M in ([C3), it is enough to prove the extendibility of the semigroup to the whole domain Dy. Indeed,
let uj, the sequence of solutions to the systems

(1), A0 (v5), =<(vi),

u5 (0, z) = pg * Uo

ug(t, 0) = pr *x Upo  uj(t, 1) = p * Upi

Theorem [C ensures that, for any k£ € N and for any ¢ > 0, the sequence S (t) converges as ¢ — 07
to some limit function we will call uy(t). Then wug(t) is a Cauchy sequence since by ([CI2)

lluk (t)—un(®)lL1(0,1) < L1(||(Prph)*ﬁo||m(o, 1+ (pr—pr)*Uboll L1 (0, +00) +II(Pk—pn)*Up1l L1 (0, +oo))

The same estimate ([CIA) ensures that the limit limy_ oo ug(t) does not depend on the choice of
the sequence py and therefore the extension
to, Upo, Up) = lim uF(t
pt[ 0, Ub0, bl] kLo ( )
is well defined.

For simplicity, in the following we won’t prove that, if (4o, @s0, @y;) belongs to Dy x Dy, x Dy, but
not to Uy X Uy x Uy, then the solution of the system ([C2) converges as e, — 07 to ps[iig, Upo, Upi]-
However, we will exploit the extendibility property described before, in particular in Section
we will consider the wanishing viscosity solution of the Riemann and of the boundary Riemann

problem, actually meaning the extension of the semigroup of the vanishing viscosity solution to
piecewise constant initial and boundary data.

The function u(t) = pt[o, Upo, Up;] is the vanishing viscosity solution to
up + A(u)ug, = 0. (1.13)

Note that it is not a weak solution, unless the system is conservative, but one can prove that it is a
viscosity solution, in the sense of [2]. In particular, we obtain that, for a.e. ¢, the limits

lim u(t, z) = u(t, 07), lim u(t, x) = u(t, ") (1.14)

r—0t rx—l—

and the boundary data @po(t), Up;(t) can be connected by boundary profiles, i.e. there exists a
solution of the boundary value problem

{ A(0)vg = Vg, 2z € [0, +00[ and { A)vg = Vgp, 2 €] — 00, 0]
v(0) = Upo(t), limg— oo v(z) =u(t, 0F) v(0) = Upy(t), limg— oo v(x) =u(t, I7)



respectively. This means that the boundary datum ¢ lies on the stable manifold of u(¢, 0+), and
the boundary datum @;; lies on the unstable manifold of w(t, (7).

The paper is organized as follows.

First of all we make a change of variables in ([L2): let u(z, t) := u(xz/e, t/e). Then ([2) is
equivalent to the system

up + A(u)ug = Uy, x €10, L[, t €]0,+00]
u(0, z) = uo(x), (1.15)

u(t,0) = upo(t), u(t, L) = upr(?)
where L =1/e, upo(t) = apo(t/e), upr(t) = Gpi(t/e), uo(x) = Go(x/€). One can easily check that
Tot Var{ﬁbo} = Tot Var{ubo} <6 Tot Var{ﬁbl} = Tot Var(up 1) < 01
Tot Var{ao} = Tot Var{uo} < 4.
Moreover, the derivatives of the boundary and initial data satisfy
| ug/da? || 1, ||dupo/dt? ||, ||dupr/dt? |0 < MeZ™t <6 j=2,...n (1.16)

for € small enough.

The crucial tool in the proof of the convergence of the solution of ([CIH) as the scaling parameter
¢ — 07 is Helly’s theorem. One needs therefore to prove a uniform bound on the total variation,
independent on length of the interval L and the L' norm of the boundary and initial data.

In Section Pl we prove a priori bounds on the solution of (LIH) that ensure the local existence and
smoothness of solution. Moreover, we will show that, as long as the total variation of the solution
remains small, the L' norm of u,, is small too and the solution itself can be prolonged in time.
The proof is based on the following observation: ([LIH) can be seen as a perturbed heat equation
and therefore one is led to introduce suitable convolution kernels. Since the technique used in this
section does not depend on the dimension of the solution u, we perform the computations for the
n X n system.

In Section Bl we introduce the crucial tool in the proof of the BV estimates: a suitable decompo-
sition of the gradient of the solution. In the boundary free case [7], the gradient u, is decomposed
along a suitable set of unit vectors 7;, ¢ = 1,...,n, which correspond to the tangent vectors of the
travelling wave profiles of

up + A(u)uy = Ugy.

In the single boundary case [3], instead, the gradient u, is decomposed along n travelling wave
profiles (the same as in the boundary free case) and along a boundary profile, i.e. a solution to the
stationary system

Uz = A(u)uy.
Such a boundary profile lays on a manifold whose dimension is related to the number of negative
eigenvalues of A(u), i.e. to the number of characteristic fields that leave the domain z > 0.

In our case, the basic idea is to split the part of the gradient due to the presence of the initial
datum from the part due to the boundary data: the first part will be decomposed along the same
tangent vectors 71, 7o to travelling wave profiles introduced in [f]. Moreover, following the same
ideas as in [3], in order to decompose the part of the gradient due to the boundary data we use
double boundary profiles, i.e. suitable solutions of the stationary system

{0 = am

In the linear case the two components of the system ([CI7) are decoupled and one can show that
there is a solution of the boundary value problem

Uy = D,
Pz = A(’u)p, (118)
U(O) = UbO, U(L) = UbL



with total variation uniformly bounded with respect to L.

In the general case, the idea is to emulate the linear case, using the center-stable manifold theorem
coupled with a contraction mapping argument: one finds that, provided the difference |Uyo — Uy 1|
is small, there is a solution of (CIX) with uniformly bounded total variation. Such a solution can be
seen as the sum of two components, one exponentially decreasing as * — +00, the other as z — —oo:
we will denote by 71 and 75 the tangent vectors to the first and the second part respectively. It is
important to underline, however, that in the non linear case the two components are coupled: indeed,
one finds that 5\1, the speed of exponential decay of the first component, depends also on the second
component, and viceversa Ao depends on the first component. The introduction of the generalized
eigenvalues A1 and A, allows the equations satisfied by the components of the decomposition to be
exactly in conservation form.

The decomposition of the gradient along travelling waves profiles and double boundary layers
takes the form

Uy = V1T1 + VaT2 + P17 + pafa. (1.19)

In Section Bl we will show that, because of the triangular structure of the matrix A, the vector 75
and 72 can chosen to be identically equal to ro = (0, 1) and A1 is identically equal to A;.

Note that ([CI) is a system of 2 equations in 4 unknowns: this allows some freedom in choosing
in the most suitable way the boundary and initial conditions. The precise expression of all the
boundary and Cauchy data we will impose on vy, v2, p; and ps can be found in Section B3, in the
following however we will sketch the crucial ideas involved in the choice of those conditions.

Since p; and py are the component of u, along double boundary profiles, we don’t want them to
be influenced by the initial datum, and hence we impose

p1(0, ) =0 p2(0, ) = 0.

Moreover, p; is the exponential decreasing component of the boundary profile and hence it should
not be affected too much by the datum on the boundary x = L: more precisely, since the goal is
to establish a uniform bound on the L! norm of p1, it seems reasonable to look for some boundary
condition that minimizes the increment of |[p1||z1(o, z) due to the datum on the boundary = = L.
An integration by parts ensures that

L

d
P Ip1(t, )| < [p1z — Mip1|(t, L) + |p1e — Mip1l(t, 0)
0

and therefore we will impose
[p1z — Aipal(t, L) =0

and, by analogous considerations, X
|p2$ — )\ngl(t, O) =0.

On the other hand, v; and vo are the components of u, along travelling profiles and therefore we
don’t want them to be strongly influenced by the presence of the boundary data. We observe that,
in the hyperbolic limit

us + A(u)u, =0,

the waves of the first family go out from the domain through the boundary = = 0: we would like to
emulate such a behavior in the parabolic approximation. More precisely, since the aim is to show
a uniform bound on the L! norm of v;, we look for some boundary condition that ensures that the
derivative of the wave in the parabolic approximation crosses the boundary, as in the hyperbolic
limit. To make the situation clearer, it is useful to consider the simple examples that follow: consider
the linear scalar equation

2t + A2g — 222 =0 (1.20)

with some Dirichlet condition imposed on the boundaries * = 0 and z = L, for example

z(t, 0) =0, z(t, L) = 1. (1.21)



Moreover, let 2P (¢, ) be a solution of (CZM) and ([CZI): the initial condition is not important at the
moment, but suppose for simplicity that Tot Var{zD(t, 0)} = 1. For sure Tot Var{zD(t)} > 1 and
hence the derivative of zP cannot cross the boundary xz = 0, or at least the loss of total variation
that occur at * = 0 has to be compensated by an increase at x = 0.

On the other hand, let zV(¢, 2) be a solution of (CZM) that satisfy a homogeneous Neumann
condition at x = 0, for example

2N(t, 0) =0, 2N, L) =1,
then an integration by parts ensures that

d L
@ N ol < o)
and hence the total variation of 2% is flowing out from the domain through the boundary x = 0.
Hence we are are led by the previous considerations to impose on the boundary = 0 a homo-
geneous Dirichlet condition on the function vy, which corresponds to the derivative of a travelling
wave of the first family:
U1 (t, 0) =0.

The considerations that motivate the choice
va(t, L) =0

are completely analogous.
Besides that in the choice of the boundary conditions, some freedom is also allowed in the
attribution of the source terms: indeed, if one inserts ([CIY) in the system

up + A(u)uy — Ugy =0
obtains the equations

Vit + (A1) — Vige + D1t + (AMiP1)z — Praz =0

Vot + ()\2U2)m — V2zx +P2t + ()\2]?2)1 — P2z = §1 (ta :E)

for some function 51 whose exact expression can be found in the Appendix[A2Tland is not important
at the moment: however, it is crucial to observe that it is identically zero when the solution is exactly
a travelling wave or a double boundary profile. Moreover, in general such a source term is spread
on the whole interval |0, L[: since pa, the part of the double boundary layer exponentially decaying
as x — —oo, should be affected only by the datum in z = L, it seems reasonable to impose

V1t + (MV1)g — V1ge =0 p1t + (MP1)z — Pige =0 (1.22)
var + (Aav2)y — Ve = 51(¢, ) Dot + (5\2172)1 — P22z =0 -

In Section Bl we exploit the decomposition ([LIJ) to prove that the total variation is uniformly
bounded by O(1)d1. As we will see, the crucial point is to prove that, if Tot Var{u,(c)} < O(1)d
for all ¢ < ¢, it holds an estimate of order two on the integrals of the source term:

/t /L 151(0, 2)|dwdo < O(1)52. (1.23)
0 0

To show ([CZJ) we will basically deal with each of the term that appear in the expression of 3;
separately. Some of the estimates are based on the same techniques described in [f]: in particular
we will use the interaction, area and length functional introduced in the boundary free case. Some
estimates, on the other hand, require quite long computations and can be found in the appendix.
In Section Bl we will prove the stability of the vanishing viscosity approximation with respect to
L' perturbations. More precisely, let ug, uso, upr and vy, vpo, vpr be the initial and boundary



data of two solutions u and v of problem ([CIH): we will show that there exists a constant L; such
that

Hu(t) - ’U(t)HLl(O,L) <L (HUO - 'UOHLl(o’L) + H’ubo — Ub0||L1(07 t) + ||ubL — ’UbLHLl(O, t))
Moreover, one has also stability with respect to time: if w is a solution to ((CI3) then
[u(t) — u(s)|| 1 < La(|t — s| + |Vt — V/5])

for a suitable constant L. We will see that the constants Ly and Lo depend uniquely on the matrix
A and on the bound J; on the total variation of the initial and boundary data. We will actually give
just a sketch of the proof of the stability, since we will show that one can employ the same tools
used to prove the BV estimates and repeat with minor changes the computations of Section El

One can then get back to the solution u® of the original problem () and obtain that for all
€ > 0 it satisfies

Tot Var{u®(t)} < O(1)6; Vt>0  [u*(t) —u*[eo < O(1)61 V>0
[u=(t) —v* ()220, ) < L1(l[to — Vollz1(0, ) + @0 — Veollz1(0,¢) + |0 — Vol Lr(0,4))  (1.24)
[uf () — us(s)|| 2 < La(|t — s| + VE|VE— V/3]).

In the last estimate, @g, upo Upr, and vy, Vpg Upr, are the initial and boundary data for two solutions
u® and v® of (C2).

The uniform bound on the total variation of the solutions u® of ([CZ) ensures that for any
(to, Upo, Up1) € Uo X Uy X Uy, for any ¢ > 0 and &, — 0T there is a subsequence €n,, such that
umx (t) converges in L'(0, 1) to some limit function we will denote by pq[tio, @bo, Upi]. Letting e — 0
in ([CZ4) one finds that the limit satisfies the stability estimate

Pelto, Uyo, Upi] — Ps[Vo, Ubo, 17bz]HL1 <Iy <||170 — || £1(0,1) + 1960 — Twol £1(0, +00) T
(1.25)
+ [|U0 — Ubl||L1(o,+oo)) + Lot — s|.

By a standard diagonalization procedure one can show that there is a subsequence that converges
for any rational time ¢t and for any (g, Upo, Up;) in a countable dense set of Uy X Uy X Uyp; the density
is here intended in the L' norm. Then by the estimates (CZH) pq[tio, tipo, Up;] must be defined on
close sets of times and boundary and initial data. Hence p;[@g, @po, U] is defined for any ¢ > 0 and
for all (@0, Up0, abl) EUg xUp x Up.

One can actually check that the operator

S [0, 400l X Ug xUp X Up — Do X Up X Up

(t, @o, Upo, Up1) — (pt[%, Upo, Up1], Upo(- + 1), Upg(- +t))

satisfies the semigroup property

To complete the proof of Theorem[C2one is therefore left to show the uniqueness of the semigroup
of vanishing viscosity solutions: indeed, different sequences u®"(t), u*"(t) could a priori converge to
different limits.

The proof of the uniqueness of the vanishing viscosity limit can be found in Section and,
following the same ideas as in [{], the crucial step will be to show that the semigroup defined via
vanishing viscosity approximation is actually a viscosity solution in the sense of [2].

We refer to Section 4l for the precise statement, here however we underline that the definition
of viscosity solution is based on local estimates that ensure, roughly speaking, a ”good behavior” in
comparison with the solutions of a suitable Riemann problem and of a suitable linear problem.

The notion of viscosity solution was first described in the conservative boundary free case in
[T0] and was strictly connected to the definition of Standard Riemann Semigroup (SRS) that was



introduced in the same paper. For completeness, we recall here that a SRS is Lipschitz continuous
with respect to the L! norm and in the case of piecewise constant initial data locally coincides with
the standard Riemann solver defined by Lax in [22]. In [I0] it is proved that if a SRS semigroup
exists, then it necessarily coincides with the wave-front tracking limit and with the viscosity solution.
One of the main advantages one gains introducing the notion of viscosity solution is therefore the
characterization of global behaviors through local ones.

The definition of SRS semigroup and of viscosity solution was extended to conservative boundary
value problems in [2]. Moreover, in the same paper it was proved that, also in the boundary case,
if a SRS exist then it necessarily coincides with the wave-front tracking limit and with the viscosity
solution. Hence the uniqueness of the SRS semigroup comes from the uniqueness of the wave-front
tracking limit, proved in [T9)].

From the previous works it is clear that a crucial step in the definition of viscosity solution is

the description of the Riemann solver and of the boundary Riemann solver.
As mentioned before, a solution of the Riemann problem in the boundary free case was introduced
by Lax ([22]) for conservative systems in the case of linearly degenerate or genuinely non linear
fields. Such a definition was then extended by Liu ([23]) to very general conservative systems. The
characterization of the Riemann solver for non conservative system was introduced in [7], where it
was also proved the effective convergence of the vanishing viscous solutions and it was extended
in the natural way the notion of SRS and of viscosity solution. Finally, the Riemann solver for
boundary value problems non necessarily in conservation form was first described in [3]; in this
paper it was also extended in the natural way the notion of SRS and of viscosity solution.

In Section we will describe the Riemann solver and the boundary Riemann solver defined by
the vanishing viscosity limit, which however have an interest in their own. The problem dealt with is
actually a particular case of the one solved in [3], where also the characteristic case was considered,
but since the reduction to our case is not completely trivial, we will describe it explicitly.

In particular, we will consider the vanishing viscosity solution of the boundary Riemann problem

{ ur + A(u)u, =0
u(t, 0) = up (0, z) = uo.

Let w(0T) = lim,_ o+ u(t, ) be the trace of the solution on the axis z = 0, which does not depend
on time since the solution w is self-similar. We will show that there exists a solution of the ODE

AU, = Uy (1.26)

such that
U0)=ap, lim U(z)=u(0T).

T——+00

In other words, the boundary datum i, does not necessarily coincides with the trace u(01), but it
certainly lays on the stable manifold of u(0") with respect to the ODE ([CZH).

Remark 1.2. The fact that the bounds on the total variation are uniform with respect to the length
L of the interval implies that, for any fixed € > 0, one can let L — 400 in (CI3). Hence, coming
back to the original system ([CZ) one finds that also the solutions of

uf + A(u®)ul = eus,, = €l0,+o0], te€]0,+o0]
u®(0,2) = g, (z)
uf(t,0) = apo(t).

have total variation uniformly bounded with respect to .

Hence the analysis of the vanishing viscosity approximations of the initial-one-boundary value
problem can be deduced as a limit case from the study of the two boundaries case.



2 Parabolic estimates

In this section we will find a representation formula for the solution to (CIH)
ug + A(u)ug = ugy, x €10, L[, t €]0, +00]
u(0, ) = up(x), (2.1)
u(t, 0) = upo(t), u(t, L) = upr(t)

with initial and boundary data satisfying ([CH), (C7) and (CX). The aim is to prove that the solution
of (X)) is regular and that the L' norm of the second derivative ||tz (t)]|11(0,2) is bounded, as soon
as the total variation of u(t) remains small. We will regard 1) as a perturbation of the linear
parabolic system with constant coefficients

up + A*ug — Ugy = 0. (2.2)

Here and in the following we will assume A* = A(u*) and A} = A;(u*).

2.1 The convolution kernels

The fundamental step is to study the equation ) in the scalar case, because the Green kernel for
the general vector case [Z2) follows by using the base of eigenvectors of A*. Thanks to the linearity,
we split the Green kernel of the equation

2t + A 2 — 222 =0 (2.3)
into 3 parts:
1. AN (t,z,y) is the solution of ([Z3) with zero boundary conditions and initial condition
AN(0, z,y) =6, y€]o,L].

This function is given by

m = 400

A”(mx,y):( > G(t,:c+2mL—y>—G(t,x+2mL+y>)¢Af<t, 5y, (24)

m=—0o0

where G(t, x) = (6_12/4’5)/2% is the standard heat kernel and

* 12
N (t,a.y) :eXp( S (AT)t)

2. JMO(t,z) is the solution of (ZZF)) with zero initial datum and boundary conditions

JNOt, 0)=1 JYNO®t, L) =0. (2.5)
It follows that
* L *
JNO(t,z) = Aexp (/\;":E) +B— / AN (t,z,7) (A exp ()\:‘y) + B) dy, (2.6)
0
with N
1 et
A:_e/\ﬂfl B:eA*L—l'
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3. JN L(t, ) is the solution of [3) with zero Cauchy datum and boundary conditions

JNEE0) =0 JNE(E L) =1 27)
and it is given by
L
JNE(t w) = Cexp (\a) + D — / AN (t,2,y) (O exp (\y) + D> dy, (28
0
where 1 1
C=si_7 DP=A4=-1z—7

Note that all the coefficients A, B, C, D remain bounded as L. — 4o00. Moreover, one can ap-
ply the maximum principle and, via a comparison with the constant solutions, finds that 0 <
JAO(t,x), JYN I(t,z) < 1. Hence the integrals

T T
/ JNO(t, @) (t)dt / JNO(t, )’ (t)dt
0 0

are well defined for every function v(t) € BV(0, +o0) and for every T'.
In the following, we will also need a further convolution kernel A (¢, z, ) such that

Ay (t @, y) + AT (1, 2, y) =0,

ie.

~ N\ % L AF

AN (t, , y) = / AL (t, x, 2)dz. (2.9)

Yy
To get the previous formula we have arbitrarily imposed AN (¢, z, L) = 0.
Note that A (t, 2, 0) is the derivative with respect to 2 of a function z(t, 2) which satisfies
2(t, ) + JN Ot x) + JN B 2) = 1.
Hence,
AN (t, 2, 0)+ Jot Ot, @)+ T (¢, 2) = 0. (2.10)

The following proposition provides some basic estimates on the convolution kernels we will need
later.

Proposition 2.1. The convolution kernel A satisfies

ANt )l < O() At )l < OW)/VE Vi<, yelo, L. (2.11)
The following estimates hold for the boundary kernels JN 0 JN L
0 < JNO4t,z), JV Et,xz) <1 YVt >0, x€]0,L]
T2 @) e, 1T “ (@) < O(1) Y 0<t<1, (2.12)

125"l |2z “ @Ol < O)/WVE ¥ 0<t <1,
The auziliary convolution kernel AN satisfies estimates analogous to those of AN
AN (8, y) | < O(1)  [AY ()l < OQ)/VE YO<t<1, yelo, L. (2.13)

The proof of the proposition can be found in the Appendix [ATIl
Now we are ready to deal with the vector case. Let 7}, [ ¢ = 1,2 be respectively the left and
the right eigenvectors of A* = A(u*). We define the matrix kernels

Av=30 ANrrely, A=Y A el
(2.14)
JH0 =52 N O JrE=32 NIl

By construction these are the matrix kernels for the initial data corresponding to the cases 1, 2 and
3 considered above (equations (Z4), [ZH) and [Z71) respectively).
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2.2 Parabolic estimates

The solution of equation ([ZJI) can be written as

u(t, ) = /0 A" (t,x, y)uo(y )deruo(O)J* (t, z)+/ J*O(tfs,x)ugo(s)dsqLuo(L)J*L(t, x)

t
—|—/ Tt — s, 2)up; (s ds+/ / A*(t = s,2,y) (A — A(u))uy (s, y)dyds,
0
(2.15)
and therefore, recalling [ZI0) and integrating by parts,

ug(t, x) = /L A*(t, z, y)ub(y)dy + /Ot T2t — s, 2)upg(s)ds + /Ot JrE(t — s, x)upy (s)ds
/ / (t—s,x,y) ((A* - A(u))uyy — DA(u) (uy ® uy)) (s, y)dyds (2.16)

I, @) (wo(L) — wo(0)) — /O (J20 + T2 M) (t — 5, @) (A* — Au))ua(s, 0)ds.

From the previous expression we immediately have that, as long as it can be prolonged, the solution is
regular. Moreover, the local existence of a solution of equation ) follows from the representation
formulas [ZTH) and (TH) via the contraction map theorem.

We can now use the representation [ZI6) to prove the following proposition.
Proposition 2.2. If ||uy(t)||r: < O(1)d1 for all t € [0, 1], then

0(1)8;

~—

it ()] 11 < vielo, 1.

<

Proof. From (ZT0l) we get

¢ ¢
Uz (T, T) / AL (t, z, y)ugh(y )dy+/ JI*IO(t—s,x)ugO(s)ds—i—/ JrE(t — s, 2)up; (s)ds
0

// Ai(t—s, z, y<(A* Alu )uyyDA(u)(uy®uy))(s,y)dyds

+ 5k (@) (uo(L) — uo(0)) — / (J2+ J5F)(t— s, 2) (A* —A(u))uz(s,())ds.
(2.17)

The previous representation formula shows that the function ¢ — ||ug,(¢)|| L1 is continuous.
We claim that there is a constant C' independent from L such that

)
gz ()] L < Co Vi< 1.

Vit

Indeed, for a fixed large constant C', define

. C
T = 1nf{t s g () || L > 751}.

The time 7 is strictly bigger than 0 if C is sufficiently large, since by hypothesis |lu(| L1 is finite.
Moreover, one has ||uz,(7)|| 2 = Cd1/+/T thanks to the continuity of the map ¢ — ||ugq(¢)||r1.
From (IZ:EZI) it follows that

C

. T . T o0
s (s = 281 < IAZO s Tplles +OW1 [ Ny (o)l 1850 = s+ 281 [
0 0

d
Jr—s "

+ &251 + 207

vt

20(1)51 +20(1) C62 4+ 20(1) V761,

\/;
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which is a contradiction if C' is large enough and d; sufficiently small. In the previous estimate we
have used the bounds

"

lupollzee < llugollzr < 61 ds = .

| =
[l

If t > 1 and |lugy(s)||r < O(1)d; for any s € [0, t] , we can apply the previous proposition to the
interval [t — 1, ¢] and obtain
[lugz()|lrr < O(1)d1 ¢ > 1.

Since the derivative u, is regular, this implies in particular that, if ||u.(s)]|z2 < O(1)d; for any s < ¢,
then ||uz(t)||r < O(1)d; if t > 1: in other words, as long as u, remains small in the L! norm, it
remains small in the L* norm too.

3 Gradient decomposition

3.1 Double boundary layers and travelling waves

In this section we will introduce a suitable decomposition of the gradient of the solution to ([CIH),
us + A(w)uy = uge, x €10, L[, t€]0,+o0]
u(0, ) = uo(x),

u(t,0) = upo(t), u(t, L) = upr(t).
We will employ a decomposition in the form
Uy = V171 + V2T2 + p171 + pafa, (3.1)

where the first two terms correspond to derivatives of travelling waves and the last two correspond
to the derivative of a double boundary profile. More precisely, p; is the part of the double boundary
profile exponentially decaying as * — 400, ps is the part exponentially decaying as © — —oo.

The principal results of this section are the construction of the vectors 71, 72, the description of
a decomposition of u, in the form (BII), the computations of the equations for the 4 components
v1, V2, p1, p2 and finally the choice of the boundary conditions for the same components. In the
description of the decomposition we will focus mainly on the construction of the double boundary
profiles, because the construction of the travelling wave profiles follows the same steps as in [7].

The construction of the double boundary profile is based on the following idea: in the linear case,
one finds that there is a solution of the boundary value problem

Uy = P,
Pz = A(u)p, (3.2)
U(O) = UbO, U(L) = UbL

and such a solution is the sum two components: one exponentially decaying as x — +o00, the other
as x — —oo. Moreover, when the length L is very large the solution has the behavior illustrated
in figure B (on the left): it is very steep near the boundary x = 0 because of the presence of the
exponentially decreasing component, then it is almost horizontal in a large interval and then it is
steep again near the boundary z = L because of the presence of the exponential decreasing part.
The idea is to try to simulate such a spatial behavior also in the non linear case: in this way, when
L is large enough the derivative of the double boundary profile is concentrated near the boundaries
x = 0 and = L and therefore there is essentially no interaction with the travelling wave profiles
inside the domain. This behavior is the same one observes in the hyperbolic limit, where in |0, L] the
solution is generated only by travelling wave profiles. We will find out that, if |[Uyo — Up | is small
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enough, then there exists indeed a solution of the boundary value problem ([2) with the behavior
illustrated in figure 21

In this way, we construct the functions p171(u, p1) and pafa(u, p2): however, since the decom-
position [BI) is a 2-dimensional vector equation in 4 scalar unknowns, we have some freedom in
assigning the initial and boundary data for vy, vs, p1 and po. The detailed description of the bound-
ary conditions can be found in Section B3 but the crucial idea is to impose some conditions that
allow the component p; and ps to behave like the derivative of a double boundary layer, and thus
to be independent from the choice of the initial datum and to be concentrated near the boundary
x =0 or z = L, respectively. On the other hand, we want to impose some conditions on the compo-
nents v; and vy that forces them to behave like the derivative of waves in the hyperbolic limit, thus
flowing out from the domain through the boundary = 0 (waves of the first family) or through the
boundary & = L (waves of the second family).

Moreover, we have also some freedom in assigning the source terms, as it will be clear in Section
again the basic idea we will follow is that po, which corresponds to the component of the double
boundary profile exponential decaying as © — +o00, should be affected only by the datum in x = L.
Since in general the source term are spread on the whole interval |0, L[, we will impose that the
equation for p, has no source term.

3.1.1 Double boundary profiles

As a first step, we characterize the solutions of the system

{ Yo =D (3.3)

Pz = A(u)p

that converge with exponential decay to some value (@, 0) with @ in a small enough neighborhood
of the value u* defined by the relation (). Since (u*,0) is an equilibrium point, we can consider
the linearized system, whose center and stable subspaces are given by

Ve ={p=0}, V?® = span(ri(u™)), V% = span(ra(u”)).

Let (p1, p2) be the coordinates of p with respect to the base defined by the eigenvalues 71 (u*)
and 7o(u*) of A(u*): thanks to the center-stable manifold theorem, there exists a regular function

¢:{(u,p1) tJu—u'|,|p1| <} C V@V — R
(u,p1) = p2=o(u,p1),

which parameterizes the solutions of 3) that do not blow up exponentially for x — +oco. In
our case, one can see that this manifold is made by the orbits which converge for x — 400 to an
equilibrium (@, 0), with @ close to u* (figure[l). In particular this manifold is unique.

The dimension of this manifold is dim V¢ 4+ dim V?, i.e. 3 in our case. Since p; = 0 implies
p2 = ¢(u,p1) = 0, we can set ¢(u,p1) = prh(u,p1) and M can be described by the following
condition:

1
U, p1

p=pir1(u”) + prh(u,p1)ra(u”) = p1 ( Fupy) > = p1f1(u, p1).
Inserting the previous expression in the system (B3)), one obtains
A(u)p1in = (plfl)z = p1ot1 + (p1)*Di1fy + P1P1271 p-
Let ¢ = (1, 0): if we multiply the previous expression by ¢; we obtain, since A is triangular,

AP1 = Piz,

and hence
A(u)priy = Mpify + (p1)°Ditft + Apirs . (3.4)
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Figure 1: the center-stable manifold M and the center-unstable manifold M* with orbits expo-
nentially decaying to an equilibrium point as * — 400 or x — —o0, respectively

D2

MC’LL
MCS

D1

It follows that
71(u, 0) =7r1(u) Vu,

and therefore
71 (u, p1) —ri(u)] < O1)[p1].

In a similar way one can also define a regular, 3-dimensional center-unstable manifold M®*
containing all the orbits that as * — —oo converge with exponential decay to some point (@, 0) with
@ close to u*. The manifold is parameterized by V¢ @ V*; moreover, since the matrix A is triangular,
one can choose

The manifold M is thus described by the relation p = pars.
As a second step, we show that the functions p7 and pors indeed allow us to construct a solution
of the two-boundaries value problem

Zow = A(2) 24,
3.5
{ Z(O):Ubo Z(L):UbL ( )
Decomposing z, as
zp = p171(2, p1) + para
and using the relation [4l), we obtain the system
zg = p171(z, p1) + pare,

P1z = A1(2)p1, (3.6)
P2w = A2(2, p1)p2

where we have defined . .
)\Q(U, pl) = )‘Q(U) — D1 (625 Df1T2>, (37)
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Figure 2: the graphic and the orbit of a double boundary layer when the length L of the interval is
large

p2 Mcu

Uso Mes

Uy 1 Uso .

Uyt

where the vector /o satisfies <£2, 71) = 0 and (fg, ro) = 1. Hence, while in the linear case the two
components of the solution of the system (BH) are decoupled, in the general case there is a coupling
in the equation of z, and in the choice of A2, which is in some sense the effective eigenvalue for po.
Note that .

An application of contraction principle ensures that, if |[Upg — Up 1| < 1 for a small enough d1, then
the above system with boundary data z(0) = Uyo, 2(L) = Uy, has a unique solution. Moreover,
X2 (u, p1) — Au)| < O(1)6;.

Since A1 < 0, Ao > 0 for 4; < 1, we obtain that p; is exponentially decaying, while po is
exponentially increasing. We can thus figure the double boundary profile as follows (figure Bl): when
the length L of the interval is very large, the solution will be steep near zero, because in that region
p1 varies exponentially fast. Then it will be almost horizontal for a long interval and becomes again
very steep in a left neighborhood of x = L, because py increases exponentially.

one also finds that

3.1.2 Travelling waves

We refer to [7] for an exhaustive account of the analysis that allow the definition of the decomposition
along travelling waves: here we will only recall for completeness the crucial steps.
Consider the system

Uy = P
pe = (A(u) —ol)p (3.9)
o, =0

and an equilibrium point (u*, 0, A;(u*)). The center manifold theorem ensures that the center space
V¢ = {p =0} parameterizes a center manifold M¢. This manifold contains all the solutions of (B3)
that do not diverge exponentially neither as x — —oo nor as x — +o00.

It can be shown that the center manifold M€ around the equilibrium (u*, 0, A;(u*)) is described
by a function v;7;(u, v;, 0;). Since A is triangular, one can take

_ 1 _ [0
71(u, vy, 01) = mu, v, o) ) To(u, va, 02) = E

for some suitable function m (in general different from the function f in the vector 7). One can
moreover show that the following equations hold:

A(u)F1 = M1 + i DFFL+ 01 (A1 — 01)F1e,
71(u, 0, 01) =r1(u) Yu, o1, |[F(u, vy, o1) —ri(u)] = OD)vy, 71, =O(1)v1.

Here and in the following we will denote by (¢1, f5) the dual base of (71, r2).
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3.1.3 Gradient decomposition

We set

Uy = 0171 (U, v1, 01) + varg + P11 (U, p1) + Para W

o1 = )\1(’u*) — 9(— + )\1(’u*)> (310)
~ ’Ul
up = w171 (u, vi, 01) + Wary

The function 6 is here and in the following an odd cutoff such that

s if |s| <6
0(s)=1< 0 if]s| >36 6 << <
smooth connection if & <s< 36

(3.11)

The choice of the speed o follows from the analysis of the boundary free case, [7].

Note that (BI0) is a system of 4 equations in 6 unknowns: as we underlined in the introduction,
this will allow some freedom in choosing the boundary conditions for v;, ¢ = 1,2 and p;, i = 1,2.
More precisely, we will proceed as follows.

1. We will insert (BIM) in the parabolic equation ((CIH). This will generate a system of 4 equations
in 6 unknown.

2. We will obtain the equations for v;, w;, p;, ¢ = 1, 2 by assigning in a suitable way the terms
obtained.

3. We will impose boundary and initial conditions on each of the 6 equations obtained. This
procedure selects one and only one solution for each of those equations.

The decomposition ([BIM) is thus complete. We observe that the idea is to let the equations to choose
the components in the decomposition, by only imposing reasonable initial-boundary conditions and
by assigning carefully the terms obtained by inserting (BI0) in the system ([CIH).

3.2 The equations satisfied by v;, p;, w; 2 =1, 2

These equations are obtained via the computations in Appendix A2} inserting the components
v;, P Wi, © =1, 2 in the equation
ur + A(u)uy — Ugy =0,

we find

V1t + (A1) — Vige + P1e + (MP1)s — Praz =0

V2t + ()\27}2)1 — V2zx +P2t + ()\2p2)m — P2zaz = §1 (ta :E)
(Arwr)
(A2ws)

/\1’[1)1 z — Wige = 0

w1 +

war + (AoW2)z — Wogs = 52(t, )

for some function §;(¢, x) i = 1, 2 whose explicit expression can be found in the appendix. Moreover,
as it is shown in the Appendix [A2]] from the equation

Ut = Ugy — A(U) Uy
one gets the relations

Wy = Viz — AMV1 + Pz — AMP1
. (3.12)
Wg = Vag — A2V2 + P2z — Aap2 + e(ta )

for a suitable error term e(t, ). The following Proposition (whose proof can be found in the
Appendix [AZ7) gives the form of the source terms:
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Proposition 3.1. The following estimate holds:
|&@zmﬁxamhwmznsom{ijmwmwHwﬂ+mn+mﬂ0+mw@m+wﬂM
i#]
+ 3 (il + Iial ) (3] + ozal + g + w52 ]) + pra = Aapr] (Ipaal + 2l
i, J

w

2
1
<a>‘Xmmgwm+hm+mmKMIHMM+WH+WMD}
xT

(3.13)

2
+U1

+ ‘wlvlz — V1Wig

Following the denomination of [3], we will denote the above terms as follows:

1. interaction between waves of family 1 and family 2

S loil (Jos] + losa | + sl + fewgol ) + el (leos | + oz
i#]

2. interaction of travelling waves with boundary profiles

>~ (Ioil + Ipial ) (ol + sl + oo + o)

2%
3. interaction among boundary profiles

|p1z — A1) (|p1m| + |p2|);

(%),

s + o] (Jor] + Joral + ] + wna ).

4. o7 is not constant

2 .
|w1v1e — V1w | + U] X{|wi|<81]01]}5

5. the cutoff function 6 is active

Since the component ps of the boundary profile should remain close to the boundary x = L, and the
source §; is in general spread in the whole interval [0, L], we split the previous expression as follows:

V1t + (M01)g — V1ge =0 p1t + (MP1)z — P1aa =0

Vot + (>‘2’02)I — V2zz = 51 (tv :C) P2t + ()\2p2)x — P2zx = 0

3.3 Boundary conditions

To conclude the characterization of the equations satisfied by wv;, p;, w;, we have to assign the
boundary conditions. The basic idea is that each component v;, p;, ¢ = 1, should behave like
a travelling wave or a boundary profile, respectively. More precisely, we can make the following
observations:

1) In order to behave like a double boundary profile, p; and ps should be independent from the
initial datum, hence we are led to impose

p1(0, ) =0, p2(0, ) =0.
It follows that the initial data for v; and v, are given by

’1}1(0, x) = <£1’ U6($)> UQ(Oa 'T) = <22’ uf)(x)>
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2) To emulate the behavior observed in the hyperbolic limit, the waves of the first family should
disappear when hitting the boundary = = 0, and the waves of the second family should disappear at
x = L. To understand what kind of boundary condition it is convenient to impose, one can observe
that an integration by parts leads to

d L L
— |v1(t, x)|dx = / signuy (V1 — AMv1 ) dx
L L L
= / 5v:0(vlm — )\1’01)d$ + |:Sign’l)1 (’le — /\1’[)1):| S {signvl ('Ulz — Al’L}l) y
0 0 0
d L

L t oL
— [va(t, z)|dx < / / [51(s, x)|dsdx + |:Sign’l}2(’()2$ - )\gvg)]
dt Jo 0 Jo 0

(we have used the inequality d,—ov, < 0). To minimize the increment of ||v;(¢)||r: due to the
interactions with the boundary we impose

v1(t, 0) =0, va(t, L) =0,

and integrating with respect to ¢t the previous equations we get

L L ¢
/ |vi(t, z)|dx < / |v1(0, x)|dz +/ |v1g — Arv1](s, L)ds,
0 0 0

L L t oL t (3.14)
/ (s (t, 2)|der < / 020, 2)|da +/ / 151(s, 2)|dsda +/ (3 — Aovs|(s, 0)ds.
0 0 0 Jo 0
We have used the following observations:
v1(0) =0 = lim sign(vy)vi.(x) >0
w0 (3.15)

va(L) =0 = lim sign(ve)ve,(z) <0.

x— L~ -

If one inserts the previous Dirichlet condition on v; ¢ = 1, 2 in the decomposition [BI0), obtains
the followings boundary conditions for p;:

pl(ta 0) = <£1; uz(ta 0)>7 p2(t7 L) = <g2; ux(ta L)> —P1 <ZQ, 7A’1> (316)
3) Since p; should be located near x = 0, and ps near x = L, we would like to impose that the
increment of ||p1]|r: due to the datum at x = L is minimal, and similarly that the increment of
lp2]lz: caused by the boundary datum in z = 0 is as low as possible. Since the values p1 (¢, 0) and

pa2(t, L) are already determined, we will impose on p; some condition at = L and on ps at z = 0.
We observe that an integration by parts like the ones performed before leads to

L t t
/ Ip1(t, z)| < / [p1z — A1p1l(s, 0)ds Jr/ |p1z — Aip1|(s, L)ds.
0 0 0
Hence we are led by the previous considerations to impose

(p1z — Aip1)(¢, L) = 0. (3.17)
Similarly, we impose X
(pgz — )\ng)(t, 0) =0. (318)
From these two equations we obtain the boundary conditions for vy, vs: indeed, we have
(Um - )\11)1)@, L) = ({1, w(t, L))
and

(% - Am)(t, 0) = (2, uy(t, 0)) — e(t, 0).

At this point, the initial-boundary data are perfectly determined for all the components v;, p;,
i = 1,2, and thus the decomposition is complete.
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4 BV estimates

Aim of this section is to prove the following theorem, which constitutes the first part of Theorem

CT

Theorem 4.1. Let u(t, x) be the local in time solution of the 2 x 2 system
ur + A(u)uy = Ugy
u(0,2) = up(x) (4.1)
u(t,0) = upo(t) u(t, L) = upp(t)

and suppose that the boundary and initial conditions are regular and satisfy

for some 81 sufficiently small.
Then u(t, x) is defined ¥Vt > 0 and its total variation is uniformly bounded:

dkuo
dz*

dkub L
dtk

dk Upo
dtk

S(Sl 1{3:1,...71,
L1(0,4+00)

b b
L1(0, L) ‘ L'(0, 400) ‘

uae(®)llz1(0,2) < Cb (4.2)
for some constant C which does not depend on L.

It is enough to prove that there is a constant dg such that k61 < §p << 1 with k£ small enough
and such that the following holds: if d; is small enough and ||uz(s)|| L1 < Cd1 Vs € [0, t] then

t L t L
// 151(0, 2)|dwdo < O(1)82, // 155(0, 2)|dwdo < O(1)82,
Ot 0 Ot 0

/ [v2z — Aav2|(0, 0)do < mdy, / |v1z — A1 (o, L)do < mdy, (4.3)
0 0

t t
/ P12 — Mip1l(o, 0)do < moy, / |p2z — A2pz2|(0, 0)do < mdy,
0 0

for some constant m that does not depend on C.

Indeed, suppose the previous implication holds. From the representation formula T8 it imme-
diately follows that the function ¢ +— ||u,(t)||r: is continuous: hence, it will satisfy ||u, (¢)||z: < Cd1
if ¢ is small enough, since the total variation of the initial datum is bounded by §;.

Suppose by contradiction that 7 is the first time such that ||u,(7)||,1 = Cd1. Then we use the
equations

Vit + (MV1)z — Vigz =0 pit + (5\1]?1)1 — Plzz = 0

Vo + (Aav2)y — Ve = 51(¢, ) par + (A2p2)s — D2ge =0

and the boundary conditions described in Section and, integrating by parts, we get

L 2 L L 2 L T L
/ o, )z <3 / foi(r, @) + / pi(r, D)z < Y / i 0, )] + / / 51(0, 2)|dado
0 —Jo 0 = Jo o Jo
4 / lv2s — Agvs| (0, 0)dor + / lore — Avil(o, L)do + / pre — Mpr(, 0)do
0 0 0
+/ [p2e — Aapa|(0, L)do < (4m + 2)6; + O(1)62 < C6y,
0

if C is large enough: this contradicts the assumption ||u,(7)||: = Cé;.
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Note that since all the functions in the right hand side of ([BI3) are continuous (and hence
bounded on [0, L]), we have that

s rL
/ / |5:(0, z)|dzde < O(1)01, i=1, 2, (4.4)
o Jo

for s small enough. Hence to prove ([3]) we can suppose that () holds for any s € [0, t]: since we
will show that actually

t L
// |5:(0, z)|dedo < O(1)82, i=1,2,
0 JO

the assumption will be a posteriori justified since kd; < dg << 1.
We will proceed as follows: in Section Bl we will show some elementary estimates, while in
Section we will introduce suitable functionals that allow the estimates

t L
/0 /0 Z (il ([vs] + [vja] + |wi] + [wie|) + [wil(Jw)] + [vj2])) (0 2)dodz < O(1)dF,
i

t L
/ / |wyv1, — V1w (o, 2)do < (’)(1)5%,
o Jo

t L 2
2 W1
Ul_

0o Jo U1/,

X{|w1|§61|v1|}(0a x)dada: < 0(1)(5%
In Section we will consider the term

t oL
| [ o ovnl(oal + fows| + s (o )doda,
0o Jo
and prove a bound of order §7.

4.1 Elementary estimates

This section is devoted to the estimates which can be obtained by elementary techniques, like the
maximum principle. We will in particular show that the components p;, ¢ = 1,2 are exponentially
decaying as one moves far away from the boundary, and that their decay exponent does not depend
on the interval length L. Moreover, by introducing various functional, we estimate the boundary
data assigned to the components vi, vo and prove that the functions v; are integrable along all
vertical lines {x = const}. This means that, as in the boundary free case, the profiles of travelling
waves just cross the vertical lines.

4.1.1 Estimates via maximum principle
We will first deal with p;. The results in Section ensures that
[us(®)][Lee < [Juge ()| 1 < O(1)d1.

Hence it follows that
Ip1(t, 0)] = [{l1, ua(t, 0))] < kd1,

for some k large enough.
The equation satisfied by p; is

p1t + A1(w)p1z + A1z (w)p1 — Praa = 0.

This is a linear equation, with coefficients depending on the solution u(¢, ). Let 2¢ be the separation
speed defined in (C4) and
q(z) = kdy exp (— cz/2).
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Since |A1z| < O(1)d; and §; << 1, g satisfies
@t + AMde + Mg — Gaa > 0.
Hence the difference (¢ — p;1) satisfies

(¢ —p1)t +Ai(qg—p1)z + Mg —p1) — (4w — Przz) >0
(g—p1)(t,0)>0

<(q —p1) — Mg — pl)z) (t, L) > 0.

By standard techniques it follows that (¢ — p1)(¢, ) > 0 for any ¢, « and hence
Ipr(t, 2)] < kb exp(—ca/2). (4.5)
The boundary condition on p, satisfies the following bound:
Ipa(t, D) = [(la, ua(t, L)) — pr{la, #1)] < O(1)dy, Vi, @

Since |pi(t, )| < kdy, then from @) it follows that |Xa — X2| < O(1)d; and hence in the same way
as before one can prove

|p2(t, )| < O(1)d71 exp(c(xz — L)/2), Vt, x. (4.6)

From (3 it follows
1@y < OM)dy,  [loa(®)l[Lr < O(1)d1
and, since [|ug||L~ < O(1)dy,
Jorlz~ < O(1)31.

Analogously, from 8 it follow
[p2(@)l[r < OM)dr,  foz(®)[r <OM)dr,  val[ze < O(1)d1.
The following proposition summarizes the results obtained in this paragraph:

Proposition 4.1. Let p;, v; be the solutions of ([LZA) with the boundary conditions described in
Section [Z3. Then

Ip1(t, )| < O(1)dy exp(—cz/2),  |pa(t, )| < O(1)d1 exp(c(z — L)/2),

where 2c¢ is the separation speed defined by ([L4).
The previous estimates imply

lpi®)llr <OM)dr,  Nui@)flzr <OM)dr,  [vi(t)lleo <O1)01, i=1,2.
Remark 4.1. The estimate of ||v;(¢)||z1 can also be obtained directly from (BI4): indeed, since
(p1z — Mp1)(t, L) =0
and the total variation of up 1, is bounded by 41, from [BIZ) one gets
t
/ |’U1I — /\1U1|(S, L)dS S 51,
0

and hence |lv1(t)]|p1 < 267.
To obtain the estimate on ve from (B4 one has to start supposing

/O le(s, 0)]ds < é1. (4.7)

With the same computations as before one gets ||va(t)||z1 < O(1)d1. As it will be clear from the
next sections, the assumption @) actually leads to the estimate

t
/ le(s, 0)[ds < O(1)82,
0

and therefore it is a posteriori well justified.
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4.1.2 Integrability with respect to time

The following lemma, which can be proved by a simple integration by parts, introduces a useful
estimate we will widely use in the following.

Lemma 4.1. Let P(x) be a non negative C* function defined on R and let q be a solution of
a4t + (A2 — Guz = s(t, ).

Then the following estimate holds:

d L L L , "
& |t o1p@e < [ s ol P@ds + [late 08 + P e
[P+ [P @ - 20w
=0 =0

Before applying the previous lemma, we recall that the boundary data of the scaled problem
([CIH) belongs to BV (0, +00) and that the L' norms of u}, and u} ; are bounded by d;. From the
decomposition u; = w1, + were, we immediately have

||wl(x = O)HLl(O,Jroo) S (51 ||wl(:13 = L)HLl(O, +oo) S (51 7 = 1, 2.
Moreover, in Section B2 we found that w; i = 1, 2 can be decomposed as follows:

W1 = P1g — A1P1 + Ve — A\101 (4.8)
Wy = Paz — NP2 + Vaz — Aovz + e(t, x), .

where the error term e(t, x) satisfies the estimate (BX13). As we anticipated in Remark BTl we will
suppose

t
/ le(s, z)|ds < 1 Va € [0, L].
0

Since we will obtain an estimate of order 67 < d;, this assumption is a posteriori well justified.
From the boundary condition BI8) (p2, — A2p2)(t, 0) = 0 and from the decomposition EH) we
get

t
/ |2z — Aaval(s, 0)ds < 20;.
0
Similarly, one obtains that

t
/ |v1z — Av1(s, L)ds < 4.
0

An application of Lemma Bl with P = 1 and ¢ = vy leads by observation (BIH) to

/t |v2 (s, L)|ds < /t /L |32(s, x)|dxds + /t |v2z — A2u2|(s, 0)ds + /L lv2(0, z)|dz
i < (90(1):5)1 +25+0(1)5 < ?9(1)51, i
and similarly
/Ot (1 (5, 0)[ds < O(1)3.

Let 2¢ be the separation speed defined by ([4l): the application of Lemma BTl with ¢(¢, ) = va(¢, z)
and

P(z) = Py(z) = - y € [0, L]



leads to the estimate

/|U2 ,y|ds</ |v2(0, @)|dx + = // |51(s, z)|dsdx

+ P,(0) / [vaz — Aava2l(s, 0)ds + P,( / |vex (s, L)|ds
<O0(1)d1 + 0(1)6; < O(1)d Yy € [0, L.
Analogously, we get
t
[ tents. s < 0w vy €, 2.
0

The following proposition summarizes what we have proved so far:

Proposition 4.2. Let v;, p; i = 1, 2 be the solutions to the equations (LZA) with the boundary
conditions described in Section 3. Then it holds

t t
/ |’U2$ — )\2U2|(S, O)dS S 2(51, / |’U1$ — )\1’1)1|(S, L)dS S (51,
0 0

t t
/ |v12(s, 0)|ds < O(1)dy, / |vaz (s, L)|ds < O(1)d1,
0 0

and

t
/Ivz‘(s, y)lds <O(1)8;, Yy e[0,L] i=1,2.
0

Further computations (Appendix [AZTl) ensure that
p1a(t, )] < O(1)d1exp(—cz/2),  |p2s(t, 2)] < O(1)d1 exp (c(x — L)/2). (4.9)
The following proposition deals with other estimates of integrals with respect to time: the proof is

quite long and requires the introduction of new convolution kernels. It can be found in the Appendix
A3

Proposition 4.3. In the same hypothesis of Proposition [{.3 it holds

t
/WM&Mﬁémmhvyemﬂi:L2
0

and

t
/ lwi(s, y)lds < O(1)6y Vy € [0, L] i=1,2.
0

We also have

t
/ lwia (s, y)|ds < O(1), Yy € [0, L] i=1,2.
0

In the previous proposition the functions w; are of course defined by relation u; = wy71 + wars.
Putting together Proposition and and the decomposition (X)) one gets

t t
/ [p1z — Aip1|(s, y)ds < O(1)dy, / |D2s — A2p2(s, y)ds < O(1)61, Vy € [0, L],
0 0

and . .
/ P12 — Aip1l(s, 0)ds < mdy, / P2z — 5\2]?2|(57 L)ds < méy,
0 0

where the constant m satisfies the hypothesis stated in Section E
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The estimates obtained so far will be widely used in next sections and moreover allow to prove
a bound of order O(1)d% on some of the terms that appear on the right hand side of EI3):

t L
/0 / S (il + pial) (03] + 052 + [ws] + g2 ])(s, 2)dsde
i, J

i t (4.10)
<o [ (@ D) [yl ool + s+ o s, adsde < O
0 0
and
t L
[ [ S toe = nmslll + Il (s, w)dods
070 i (4.11)

L t
< O(1)d, / e+ ec(z_L)/ |p1z — Aip1|(s, x)dsdz < (’)(1)5%.
0 0

4.2 Interaction functionals

In this section we introduce three nonlinear functionals and we use them to bound those terms in the
right hand side of BI) due to interaction between waves of different families and those due to the
fact that the speed o7 is not constant. The form of the functionals is exactly the same considered
in [7], with some more technicalities due to the presence of the boundary.

4.2.1 Interaction among waves of different families

We claim that the condition

t oL t L
// 151(s, 2)|dsdz < O(1)5 // 155(s, 2)|dsdz < O(1)5
0 Jo 0 Jo
implies
t oL
/ / 3 <|Ui|(|vj| ) + |wiwj|> (5, 2)dsdz < O(1)52. (4.12)
o Jo i
We will prove only that
t oL
// lv1va(s, x)dsdx < O(1)6%, (4.13)
0 Jo

because the other terms in ([EIZ) can be dealt with analogously: see for example [3].
Let 2¢ be the separation speed introduced in () and let P(€) be defined as follows:

[ e )2c £<0
P(g)'{l/Qc £€>0

One gets
d%(/OL /OL P(x —y)lvi(s, )| |va(s, y)|dasdy> < /OL lva(s, y)l [P(ZE — y)signvi (viz — Arv1)(s, iE)]:::dy
o  for(s, =) (o~ y)signin(oa, — Mava) (s, ) :dx - st ) Pl o) :dy

y=L

- or(s, ) Pe-pneal +f or(s, =) / " Pl )l (s, )y

y=0

* / / (P'(”” =) (Mals, ) = dals, 9)) + 2P - y)) for (s, )| [v3(s, )\dody.

25



One has

1
P'(M —X2) +2P" <2(—cP' + P") = —§5—0, 0< P(s) < % 0< P(s) <
&

DN =

and moreover from the estimates of Proposition EE1] and it follows that

t L
/ lore — Aot (s, L) / loa(s, )ldyds < O(1)5 /
0

// |515y|/ lv1 (s, )|dedyds < O(1)?

this completes the proof of the estimate 3.
With some technical computations, in Appendix [A33lit is proved

/ / > <|v1|(|vﬂ| + Iwml) + Iwzvﬂl)(s z)dsdr < O(1)63, (4.14)

1#]

which completes the proof of the estimate

LS (il sl s ) + o+ 52 ) 5, s < ©0)5

7]

t L
[vaz — Aaval(s, 0) / lva(s, 2)|dzds < O(1)63

4.2.2 Length and area functionals

To prove the estimate

t L
/ / [v1zw1 — V1w |(s, z)dads < (9(1)6%,
o Jo

~(x) ( vi(2) ) (4.15)

we introduce the curve

wi (x)

and the related area functional

/ / e A yldady = = / / o (s, @)wi (s, ) — v1(s, y)wi (s, 2)|dzdy.
<z

The curve -, satisfies
Yt + ()\171)1 = Yzzzx

and moreover one has

- %/OL /yL Sign(m(s, x)wi (s, y) — vi(s, y)wi (s, 1’)) (vl(s, z)wi (s, y) — vi(s, y)wi (s, x))

rT

_ %/OL /yL Sign(m(s, x)wy (s, y) — v1(s, y)wi(s, x)) ()\1(3, x)(vl(s, 2wy (s, y) — vi(s, y)wi (s, x)))

x

+ % /OL /Ow Sign(vl(S, z)wi (s, y) —vi(s, y)wi (s, x)) (ul(s, 2w (s, y) — v1(s, y)w (s, x))

vy

_ %/OL /Om sign(vl(s, z)wi (s, y) — vi(s, y)wi(s, w)) ()\1(& y) (Ul(sa z)wi(s, y) = vi(s, ylwils, x)))y

and hence
dA 1 [r
= <3 \vly(s, Lywn(s, y) = vi(s, yJwry(s, L)|dy =5 [ ory (s, y)wi(s, y) — wiy(s, y)oi(s, y)|dy
0
1

L
-3 /0 M (s, L)[or(s, Lywi (s, y) — v1(s, y)wn(s, L)|dy

1 L

L 1
_ 5/ ’Ul(s, X)wig (s, ) — wi(s, x)vix(s, x)‘d:n + 5/ ’vl(s, x)wiz (s, 0) — v (s, 0)wy (s, :c)’dx
0 0

26



Since A(7)(0) < O(1)6%, one obtains, using the estimates in Propositions and I3

t L ¢
/ / [v1(s, B)wia(s, T) — v1a(s, 2)wi(s, z)|dw < f/ (Z—Ads +0(1)86 < O(1)63.
0 Jo o 0S

The length functional of the curve [IH) is defined as

L L
L(y)(s) = / eld = / o + wide,
0 0

and will be used to prove the estimate

/ot / [(w_ﬂxdd < oW, (4.16)

where x is the characteristic function of the set

(see Section for the definition of §).
We preliminary observe that the following equalities hold:

[v1] [(ﬂ) }2 _ U}%zv% + v%zw% — 201, W1,V1 W] < C|’Yzz|2|’)’z|2 - (Ya 'Ymc>2,
/e |U§| Vx|
ATYels = MYz, MY2)z) _ (Vs ()\yyz)Z),
Mel el
o (M) _ e vee)? | O Yewa) | Paal®
Yz - —|7z[3 Vel EA

From ;¢ + (M7Y2)z = Vaaz, One gets integrating by parts

%:/L (Yraw: Vo) _/LM

ds |7z ] Y|

L L <7Ia 7zz>2 L |'Yacm|2 L
0 0 Ve o |l 0
Hence,

1 t oL 2 t L 112 12— . zzQ
O
C 0 0 U1 z 0 0 |7z|

tdﬁ t =L T =L
< —/ —ds+/ Dmm(s, x)] +/ [|)\1%|(s, x)} ds < O(1)5.
o ds 0 =0 0 z=0

In the previous estimate we have used the fact that vy, wi, v1,, wy, are integrable with respect
to time and that their integrals are bounded by O(1)d1 (Propositions EE2 and E3)). Since ||v1 /oo is
bounded by O(1)d;, the previous estimate complete the proof of [EIH).

4.3 Estimate on the error in choosing the speed

The final estimate is the source term due to the cutoff function 6. Also this computation is similar
to the one performed in [7], taking into account the fact that here we have a double boundary. In
Appendix [A34 one can find the proof of the estimates

t oL
/ / (|U1| + |wr| + |’U11|) (|w1 + 01v1|) (s,x)dzds < O(1)67. (4.17)
0 Jo
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This ends the proof of the estimate

t L
/ / 15:(s, )|dsdz < O(1)6? i =1, 2,
0 0

and hence of Theorem BTl

5 Stability estimates

In this section we prove the second part of Theorem [Il completing the proof. Since the ideas are
essentially the same as in the boundary free case, we will only sketch the line of the proof, paying
more attention to the choice of the boundary conditions (which is the new element in this paper).
The result of this section is thus:

Theorem 5.1. There exist constants Ly, Ly s.t. the following holds: let u', u? be two solutions of
the parabolic system

ut + Au)uy — Ugy =0, (5.1)

with initial and boundary data ucl,, ugo, uiL and ug, “1%0) u%L respectively. Then

' () = w3(5) 210, 1y < La (llsd — Bl s o, 2y + Ny = wollir o, +oe) + by = Wl r(0, o0 )

+L2(|t—s| + V- \/EI)-
(5.2)

5.1 Stability with respect to initial and boundary data
We will prove that, in the hypothesis of Theorem BT

st () = w2 @l 2o, 29 < I (1 = w3l a0, 1 + sk = wdoll i 4o + lido — w0 a0, 400 ) (5:3)

Let z(t, x) be a first order perturbation of a solution u(¢, ) of (&l). By straightforward computa-
tions one gets that z satisfies

2+ (Aw)z) = 2o = (DA(u)ug)z — (DA(u)z)u,. (5.4)

To prove Theorem Bl it is enough to prove that any first order perturbation z(¢, ) satisfies the
bound

2@ L0,y < In (IIZ(t = 0)llLr (0, 2y + [12(z = 0)l|L1(0, 400) + [|2(2 = L)||L1(O,+oo))' (5:5)

Indeed, provided (BH) holds, a homotopy argument which can be found in [8 H] gives then the
Lipschitz estimate (E3).
To prove (BH) it is convenient to introduce the auxiliary variable

T =z, — A(u)z,

which satisfies the equation

Ti4+ (Aw)Y)y — Tow = | DA (uy ® 2 — 2 ® uz)} — A(u) [DA(u)(uz ®z—2®ug)

x

(5.6)
+ DA(u)(us ® T) — DA(u) (u; ® 2).
Let zo(2), 2zp0(t) and 2, 1. (¢) be the initial and boundary conditions we impose on z: since the final

goal is to apply (BH) in the homotopy argument, it is not restrictive to suppose that zo(z), zp0(t)
and zp ,(t) satisfy the same regularity hypothesis as u. Indeed, the solution z of (B4 that is used
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in the homotopy argument is on the boundaries and at ¢t = 0 just the difference of the solutions u!

and u? of (&1).

Hence we will suppose that zo(z), 20(t) and 2z, 1(t) are regular and that d*zo/da®*, d*zyq/dt*
and d*z, 1, /dtF, k =1,...n are integrable and have a small L' norm. Moreover, if [|u$ — ud| 11(0, 1),
luto — uioll L0, +00) OF llug, — Ui Ll L1 (0, +00) are infinite, then (BEZF) holds trivially, and therefore
we can suppose that zg € L(0, L), zp0, 251 € L*(0, +00).

From the hypothesis on zq it immediately follows that Y(t = 0) is regular and small in L and
Sup norm.

As in the proof of the BV bounds on the solution u, the crucial step to show (&I is the
introduction of a suitable decomposition along travelling waves and double boundary layers: note,
moreover, that u, satisfies equation (B4]). Hence, it seems promising to decompose z along the
same vectors 7;(u, v;, 0;) and 7;(u, p;) that appear in the decomposition BI0) of u,. This choice
actually leads to non integrable source terms. We will therefore allow the vectors employed in the
decomposition of z to depend not only on the solution u, but also on the perturbation z itself:

z = z171(u, v1, T1) + zor2 + 171 (u, P1) + G212
T = Llﬁ(u, V1, 7'1) —+ LoT9.

In the previous expression the speed of the travelling waves described by the vector 71 is not o1, but
T = 9<>\* > — /\*
U1

s if [s| <6
O(s)=4¢ 0 if |s| > 30
smooth connection if § < s < 3§

The function 6 is the cutoff

S
IA
Wl

The proof of (&) is from now on very similar to that of the BV bounds: one inserts the previous
decomposition in the equations (4] and (8) and obtains the equations:

21t + (M21)z — Z1ze =0 22t + (%\222)1 — Zoga = 841 (, T)
Gt + (M@1)e — qraz =0 Got + (A2q2)e — G2z =0 (5.7)
L+ (M)e — tizs =5 5(t, ) 1o + (Nat2)s — Loge = So(t, )

As in the proof of the BV bounds, to prove ([&0) it is sufficient to show that the condition
()10, ) < Co1 Vs €0, 1]
implies
// i(s, x)|drds < O(1)62 i=1,2,3

and suitable bounds on the boundary terms. Moreover, in the proof of the previous implication it
is not restrictive to assume

// (s, x)|drds < O(1)0; i=1, 2,3,

because a posteriori one finds a bound of order 67.

Actually, one could observe that while the equations for u, and wu; have no source term (see
Appendix [A27] for details), the equations (B4 and () have nontrivial source terms. However,
one can show that both the source terms in (&4l and (BH) and the other terms that contribute to
s;, ¢ =1, 2, 3 can be bounded by an expression analogous to the one that appears on the right side
of BI3). The computations that ensure such an estimate are quite similar to those performed in
the proof of Section Bl

The proof of ([BH) can therefore be completed with the same tools described in Paragraph H,
hence we will skip all the details.
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5.2 Stability with respect to time
Let u(t, x) be a solution of (B)): from Proposition 22 and the observations that follow one gets

o5 /VE t<1
[tae ()]l < { o) t> 1.

Let t; < ty: the estimate above implies

S| < [ Ol D)l + et )|z

L t1

to
lu(ts) — u(ta) 110, 1) < /
t1

<0(1) /tZ (61 + 01 VDAt < O |ty — to] + O()01 |V — Vi | (O8)

t1

< Ly(jts — tal + VB — V2] ).

This completes the proof of Theorem Bl and hence of Theorem [l

6 The vanishing viscosity limit

In this section we prove Theorem [[2 The proof proceeds in two steps: first, by using the results of
Theorem [Tl we obtain that there exists a subsequence of solutions u¢ to the problem

u + A(w)ug, =0, x€]0, [ t €]0,+o00]
u(0, z) = wo(z)

u(t’ 0) = abO(t) u(ta l) = abl(t)

which converges to a Lipschitz semigroup. Then we use the machinery of viscosity solutions to
complete the proof, showing the uniqueness of the limit. In particular, we exhibit explicitly the
boundary Riemann solver.

Let pf [@o, @po, Up;] the solution of the system ([CZ): from Theorem El one gets that the total
variation of the solution of system (CIH) is uniformly bounded with respect to time and hence, by
a change of variables, p,° [to, Upo, Up;] satisfies

TotVar{pt6 [@o, Upo, ﬂbl]}, py (o, o, @pi](x)] <O(1)6; VE>0,2€ [0,1],e>0

and for any g € Uy Ty, ty; € Up. By Helly’s theorem, for every sequence €, — 07 and for any
t > 0 there exists a subsequence, which we still call £, for simplicity, such that p,”"[@o, Tpo, Ub1]
converges in L'(0, [). The stability with respect to time and to initial and boundary data ensures
that, by a standard diagonalization procedure, one can find a function

p [0, doo[ XUy x Uy xUp — Do
(t, @o, Upo, Up1) = piltio, Uyo, Upi)

such that, up to subsequences,
pe " () [to, Upo, Upi] — pelto, Gpo, Up] L0, 1) VYt >0, 4y € Uy, Upo, Ups € Up.
Moreover, one can verify that the function
S ¢ [0, oo x Uy X Up xUp — Do x Uy x Uy,
(t, to, Upo, Up1) — <pt[ﬂo7 Upo, Upi], Uo(- +1), upo(- +1), upi(- +t)> (6.1)
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satisfies the semigroup properties, together with the Lipschitz estimate

Pt[To, Tpo, Ubi) — Ps|Tos Tbo, ﬁbl]HLl <L <|50 — |l 10,1y + [|T60 — ol 21 (0, +-00)
(6.2)

+ [1O6 — @i 21 o, +oo)) + Lot — sl
We now make use of the tool of viscosity solution, which was first introduced in [I0].

6.1 The Riemann solver and the boundary Riemann solver

A crucial step in the proof of the uniqueness of the vanishing viscosity limit is the local description
of the vanishing viscosity solution in case of piecewise constant data, which however has an interest
in its own. The aim of this section is to characterize the limit as €,, — 01 of the solution of

ur + A(u)uy = Entigy
ut >0
u(0, x) = { w— <0 (6.3)

u(t, 0) = upo u(t, 1) = up;

where u™, u™, upo and up; are constants. In the following, we will write ”solution to the Riemann
problem” meaning ”vanishing viscosity solution to the Riemann problem”.

In B, [ it is shown that the solution of [E3) is defined locally: to solve (B3] it is therefore
sufficient to characterize the vanishing viscous solutions in the following three cases:

1. the Cauchy problem with datum

u- <0
uo(z) = ut >0

2. the boundary problem at z =0

{ w(0, ) = uo

u(t, 0) = upo

3. the boundary problem at z =1

{ w(0, ) = uo

u(t, 1) = up;

The second and the third case are clearly analogous, and therefore in Section we will deal only
with the second one. In the following section, instead, we will recall for completeness the essential
steps of the construction of the solution in case 1: we refer to [7] for an exhaustive account.

In any of the three cases the crucial step is the definition of two families of admissible states, as
it will be clearer in the following.

6.2 The non conservative Riemann solver

Since in this case the construction of the first and the second curve of admissible states is the same,
we will describe only the construction of the first curve T'u, of the states that can be connected by
waves of the first family to a right state u,. For a general reference, see [1].

Consider the family T C C°([0, s]; R"™ x R x R) of curves

7= (u(7), v1(7), o1(7)), T € [0, §]

with
lu(r) —u*| <e, |ui] <e, [N —o1(7)| <Le.
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The function fi(7) related to the curve v € T is defined as

fi(r) = /OT A1 (u(g))dg.

Let 7 be the generalized eigenvector of the travelling waves of first family (see Section for the
proper definition of 71). By the contraction map principle, one can show that if s is small enough
then for any 7 € [0, s| there is a solution (4, 91, 1) of the following system:

a(r) = un + /O " (@), (<), 61()ds

01(7) = concyg, 5 f1(7) — f1(7)

. deoncyp, 51 f1
&1(7) Z%-

We indicate with concyy 4 f1 the concave envelope of fi in the interval [0, s].
The curve of admissible states passing through u, is defined as T} u, = 4(s). Indeed, let

Tlu, z/t < o1(s)
a(z/t)y =¢ a(r) oi(r) =z/t
ur x/t > 01(0) :

one can show that any sequence of vanishing viscosity solution of the Riemann problem with data
(ur, Ttu,.) converges to . Moreover, the curve Tlu, is Lipchitz continuous.

6.3 The boundary Riemann solver

In this paragraph we will construct the vanishing viscosity solution in case 2. We will proceed as
follows: we will construct two curves of admissible states Z! and Z2 and given a right state uo and
a left state upo, we will show that there is a couple (s1, s2) such that

1 2
Zs, 0 Z5 ug = Upo-

The waves of the second family are entering the domain: it is therefore quite reasonable to suppose
that they are not influenced by the presence of the boundary and therefore the second admissible
curve will be the one defined in the previous paragraph, Z2ug = T ug. Let @ = Z2, ug be the value
reached throughout the waves of the first family.

The waves of the first family are leaving the domain and are therefore affected by the boundary
datum. To understand their behavior, it is convenient to focus the attention on the boundary layers
of the first family, i.e. on the solution of

that are exponentially decreasing to an equilibrium as * — +oco. One can now go back to the
problem

A(uf)ug, = eus,,

and let ¢ — 0. Since u®(z) = u(x/e), we get

. en+y .
EE%L ut(0") = zEI}rloou(z) (6.5)
Such a behavior is illustrated in figure Bl
The value lim,_,o+ u®(0") is the state reached throughout the waves of the second family: we
called it @. It also represents the trace of the hyperbolic limit on the boundary = = 0. From (E3)
it follows that the states which can be connected to @ by boundary layers are the initial points of
orbits that decrease exponentially to u, i.e. that lay on the stable manifold throughout .
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Figure 3: the graphic and the orbit of a boundary layer of the first family connecting uyo to 4: when
€ — 07 the graphic is pressed against the axis z = 0
b2

Upo

(U*a 07 O) D1

Up 0

The stable manifold at the equilibrium point (#, 0) of the system
Uy = P
6.6
{ Pe = A(u)p (6.6)

is parameterized by the projection p; of p on the stable space. Passages analogous to those in Section
B ensure that the stable manifold is characterized by the relation p = p1#(p1) for a suitable vector

function .
L= ( f(p1) ) '

One imposes u1(4+00) = (l1, @) and from the second equation gets

ur(0) = (1, @) — p1(0) exp < /0 a (ul (p1(0), x))dx) .

Since A; < —c¢ < 0, the previous map is invertible and one can express p;(0) as a function of u;(0).
The inverse map is clearly regular.
We parameterize the stable manifold by s; := u;— < I3, @ > and obtain (for some suitable

regular function z) the map
1 {lh,8)+s1
ZSlu B ( ) ’

z(s1)
defined on a small enough interval [0, s].
The vanishing viscosity solution of

up + A(u)uy =0
{ u(tﬂ 0) = Up U(O, :C) = Upo (67)

can be constructed patching together the curve described so far. Let
Upg = Zsl1 o szuo :

thanks to a version of the implicit function theorem valid for Lipschitz maps (see [I§]), one can
reconstruct from wug and wupo the couple (s1, s2). The vanishing viscosity solution of (G is then
given by

T2uy x/t < oa(s2)

u(t, x) =4 a(r) o2r)=x/t

Ug x/t > 02(0).
One gets in particular that the trace of the solution at x = 0 is not necessarily the boundary value
upo, but it is the intermediate state TfQuo.
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6.4 Viscosity solutions

Before giving the definition of viscosity solution we have to introduce some preliminary notation;
moreover, in the following we will use the spaces Uy, Uy, Dy that have been defined in the introduction
(equation ((CH) and previous lines).

Let u(t, ) be a function such that, for any ¢, u(t) € Dy: given a point (7, ) €0, I[x[0, +oo],
let A® = A(u(T, 5)) and let U("% e be the solution of the linear Cauchy problem

wy + APw, =0 w(0, z) = u(T, x).
Viceversa, let U(ﬁu -, ¢) be the solution (defined in Section E2) of the Riemann problem

ug + A(u)uy =0

] ou(r, &) x <0
u(0, z) = { u(r, £1) x>0

The previous limits are well defined, since u(r) € BV(0,1). Given a function @,o € Uy, the
definition of U(ﬂu ) can be extended naturally to the case £ = 0: it is enough to define U(ﬂu o, 7)
as the solution (described in Section [E3) of the boundary Riemann problem

{ us + A(u)u, =0
u(0, *) = u(r, 0F) u(t, 0) = apo(rT).

f

(u, @pr, T

Given a function @p; € Uy, the definition of U ) is clearly analogous.

Definition 6.1. Let u(¢, «) such that for any ¢, u(t) € Dy and such that the function ¢ — u(¢, -) is
continuous in L}, and let @0, @y € Uy and g € Up.
Then u is a viscosity solution of the system

us + A(uw)u, =0, z€]0, 1], t €]0,+o0[
u(0, z) = Go(x) (6.8)
u(ta 0) = ﬁbO@) ’U,(t, l) = ﬁbl(w

if and only if the followings hold:

(i) w(0) = o
(ii) for every 8 > 0 and for every point (7, §) with £ #0, [

1 /min{l,swh} | ﬂ |
im — u(T+h, x) =U, _ (h, o —=E§)|de =0
h—0+ h max{0, é—Bh} (u, 7,€)

(iii) for every 3 > 0 and for every 7 > 0

1 min{l, Bh} 4
hi%l+ 7 /0 |u(T +h, x)— U(u,abo,f)(h’ x)‘d;z: =0;
and
1/ 4
lim — h -U; h dex =0
o+ h /max{o,lﬁh} ulr 1, 2 (o) (P ol

(iv) there exist constants C' and ' such that for every point (7, &) with £ # 0, [ and for every p > 0
small enough

1 min{l, é&+p—B'h} 2
lim sup —/ |u(T + h, z) — U(bu neh, x— €)|dx < C(TotVar(u(T), 1&—p, £+ p[)) .
h—0t h max{0, {—p+3'h} o
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The previous definition may appear a bit complex: note, however, that, since p and h can be
arbitrarily small, it is not restrictive to suppose

max{0, { — fh} =& — Bh min{l, £ + Bh} =&+ Bh
max{0, { —p+F'h} = —p+F'h min{l,{+p—Fht=§+p—F'h
max{0, | — h3} =1 — hf3 min{l, b3} = hf

The definition of viscosity solution ensures, roughly speaking, that a function is well approximated
by the solution of a suitable linear problem and of a suitable Riemann problem.

The following proposition ensures that viscosity solutions coincide indeed with vanishing viscosity
limits. The proof is very simile to that of the analogous property stated in [] (Lemma 15.2, page
308) and will be therefore omitted.

Proposition 6.1. Let 4y € Uy and Gpo, Up; € Up. Let pi(to, Upo, Upi) be a vanishing viscosity
solution of the system [EX): then p:(to, Tpo, Up1) 1S a viscosity solution of the same system.
Viceversa, if u(t, x) is a viscosity solution of the problem ([GX) then

u(t) = pe(Qo, o, sr) VYt >0.

From the previous result it immediately follows the uniqueness of the semigroup: indeed, let
by contradiction p} (to, @bo, Up1) and p3 (o, Upo, Up;) be two different vanishing viscosity solutions.
The function p} (@, tpo, Up;) is hence a viscosity solution of problem () by the first part of
Proposition Bl Then p; (wo, tipo, tip;) = p?(io, Upo, Uy;) for any t > 0 by the second part of the
proposition.

A  Appendix

A.1 Appendix to Section
A.1.1 Proof of Proposition 2]

In the following, for simplicity we will suppose A} = A3 > 0, since the case A} = A] < 0 is analogous.
We denote by
D (t,2,y) = (L= e ™/NG(t o~y = Ajt)

the solution of the equation
2t + A52y — 222 =0 (A1)

in the first quadrant with zero boundary datum and Cauchy datum §,. The following estimates
have been proved in [7:

+oo +oo .
IT22 (¢, )]l 11 (0, +00) < O(1) I (¢, z, €)dE|dz| < O(1)  VteR*
Y O +oo +oo 0(1) (A2)

Let G(t, x) = exp(—x2/4t)/2y/7t: we will use the notation
G(t, & — \5t) = G2 (t, z).

The estimate on the L' norm of A*? in Proposition EZIl can be obtained via the maximum principle
applied to equation ([(AJ)): indeed,

0<AM(t a,y) <G2(t,z—y) V>0 =z ye€l0, L],

and therefore ||A2 (¢, )| < 1.
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To prove the estimate on the L' norm of Aiz it is convenient to write A*2 as

A2 (t, x, y) =T (E, z, y) + 02 (¢, x, y) Z {G(t,:c +2mL —y) — G(t,x +2mL + y)},
m #0

with v 2
oM (t, 2, y) = exp <32(x —y) - @t)
Since A5 > 0, for m > 0 it holds

3 (0%t 2 G -y 2m) )|

*

. A .
= ¢ (t, x, y)‘TQG(t, x —y+2mL) 4+ G.(t, xy+2mL)‘ < ‘Gi‘?(t, x—y+2mL)|,

and similarly

* *2 *
’g(exp (ﬁ(:c—y) _2A t)G(t, x+y+2mL))’ < ‘Giz(t, x+y+2mL)|.
x

2 4
The terms of the series corresponding to m < 0 can be estimated as follows: let n := —m then
0 o(t )G(t, x 2nL)
= T oy —
ax ) ) y ) y

x S
= ¢ (t, x, y)’ —Gy(t,2nL —xz+y) — 726'(1&, 2nL —xz+y)+ NG(t, 2nL — x—i—y)’

< ’G;\;(t, 2nL—$+y)’ AL

G2 (t, 2nL — x + y)’
and similarly

32 (0t 2= 0Gutt 24y —200))| < G2 2mL - )| 4
X

G2 (t, 2nL — & — y)‘
Since ||Gi‘§ (t)||zr < O(1)/+/1, one obtains

L “+ o0
; A3 X X3
HA22 (ta y)HLl(O,L) < / |FI (t’ Z, y)|d$ +/ (‘GZ (ta Z +y)‘ + ’GZ (t’ Z = y)’)dz
0 2L

+oo . " +oo . "
+/ (‘G?Q(t,z+y)‘+|G?2(t,zy)|)dz+>\§/ (‘G?Q(t,z+y)‘+|G?2(t,zy)|>dz§%.
L L

In the following estimates, we will suppose y < L/2: by symmetry this is not restrictive. Observe
that, for y < L/2
r+y—2L<—-L/2<0 Vzel0, L] (A.3)

This assumption corresponds to the fact that the most singular part in A*™ is collected in "' i.e.
it is given by G(t,x +y) — G(t,x — y). If y > L/2, then the most singular part would be given by
Gz —y)—Gx+y—2L).
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One has

A (t, x /L / - -
2, ) 2(t, z, €)dE + ¢Itzg>z[ (t, z — &+ 2mL) G(t,x+§+2mL)}d5
Y

m#0

/ o(t, z, €) [ (t,x—§+2mL)—Gm(t,x+€+2mL)}d§

m#0

:/ 22 (t, z, £)dE — /{¢th£ZGtx+§+2mL) ¢(t,x,£)ZGm(t,x+€+2mL)}d§
Yy

m#0 m#0

+/ {(bz(t, 2, &) Y Gt x—&+2mL) + ¢(t, x, §) > Galt, z§+2mL)}d§

m#0 m##0

L
=/ T2 (t, @, €)dE+ > o(t, @, y)G(t, x +y +2mL) = Y ¢(t, v, L)G(t, x + L + 2mL)
Yy

m##0 m#0
L
_ / STAs6(t @, Gt @ + €+ 2mL)de + 3 olt, @, y)G(t, @ -y + 2mL)
Y m#0 m#0
=Y é(t, z, L)G(t, v — L+ 2mL).

m##0

The integrability of the first term follows from ([A2)), the other terms are clearly integrable because
of the quadratic exponential decay of the heat kernel G: hence ||A*2 (t,y)| 1 < O(1).

The function Ai; can be written as follows:

oy L s P}
A2 (t, z,y) = / Fi‘%(t, x, §)dE + Z f(ﬁ(t, z, y)G(t, v +y +2mlL)
y

m##0

)\*
+ 3" o(t, @, y)Galt, v +y +2mL) — qus(t, w, L)G(t, © + L+2mL)

m##0 m##0
)2
= > ¢(t, x, L)Galt, o + L +2mL) — / ¢(t,z,g)G(t,x+§+2mL)d§
m#0 Y m#0
A%
- / S Xolt . Gt w4 €+ L)+ Y 2(t, x, y)G(t, .~y + 2mL)
Y m#£0 m#0
+ Z o(t, x, y)Gy(t, z,—y + 2mL) — Z %qﬁ(t, x, L)G(t, x — L+ 2mL)
m##0 m##0
—qutmL 2(t, . — L+ 2mL),
m#0

and hence with computations similar to those performed before one gets

~\F O
13% @ gl < QY i<t y e, 1L

Vi

If one derives the explicit formula (Z8) for J* ¥ and then integrate by parts gets

L L L
[t s = [
0 0

where we have used the estimate ||A*2 |1 < O(1). By symmetry it follows ||J$§ O||L1 < O(1).
Deriving J;\ 2 one obtains

L
A5 Ceta®dy — /\30/ AP (L, x, y)er2Vdy
0

dx < O(1),

L

< 00)

L L
T2 ()] g/ |C(A;>2ex2"f|dx+m;/ / R 1, . )y do < 2,
0 0

0
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thanks to the estimate on ||Ai‘§ |. By symmetry one gets HJ;‘% %)l < O(1)/V/1: this concludes
the proof of Proposition 21

A.2 Appendix to Section
A.2.1 Explicit source terms
We want to find the equations satisfied by the quantities vy, va, p1, p2, w1, we: we will use the

decomposition

Uy = 0171 (U, v1, 01) + vare + P171 (U, p1) + Par2 w

o1 = )\1(’u*) — 9(—1 + )\1(’u*)>
up = wi1(u, v1, 01) + Wary v

and insert it in the parabolic equation
u + A(u)uy — Uz = 0.
A derivation w.r.t. x gives

T1p = DF1(v171 + vare 4+ p171 + pare) + V1710 + 012710
T1e = Dy (V171 + var2 + P17y + par2) + P1aTip.

Recalling that

A2 == Ao — p1(la, Dityrs)
A(’U,)fl =v1Driry + M7+ 01 ()\1 - 0’1)7:11,
A(u)?y = pr1 Dy + M1 4 prAify

one gets

Ut = Ugy — Alu)uy
= V1571 + V1715 + P12T1 + D171z + VogT2 + Pazre — v1 A(w)F1 — prA(u)fs — Agvars — Aapare
= (viz — A1) (F1 + v1710) + V101710 + V102DF 72 + V11 DFFL 4 v1paDF e + V101416

+ (P12 — A1p1) (F1 + p171p) + vip1 D71 + vap1 DFre + (Vo — Aava)re + (P2g — 5\2]?2)7“2-
(A4)

We multiply the previous expressions by ¢, and by fo, the vectors of the dual basis of (71, r2): we
obtain
w1 = V1g — A1V1 + P1z — A1p1

A A5
Wy = Vag — AgU2 + Pag — Aap2 + e(t, ), (A4-5)

where the error term e(t, ) satisfies the estimate BI3) in Paragraph 8.2.2.
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Deriving ([(A4)), one obtains

Uty :(Ulmw — ()\lvl)z)fl + (v1 (Vizz — (Mv1)2) + 2014 (Vie — Aro1) + (Ufo-l)m)Flv
n (m (v — Am))Dml + (UQ (012 — Mv1) + (vlvg)l)Dflrg
+ (P2 (v1 = Mv1) + (0ap)e )DAFs + (P2 (01 = M0) + (012, ) D
+ (au(uu ~ o) + (Mu)z)m + (m (010 — Mv1) + ufal) (F10)a
+v102(DF172)y + v1p1 (DF171) 2 + v1p2(DF172) s + 01012 (F1o )2 (A.6)
+ (pm - (A1p1)x)f1 + (p1 (P1ze — (MP1)z) + 2p12 (Pro — A1p1))f1p
+ (Ul (Pre — Mip1) + (Ulpl)z)Dfﬂzl + (U2 (p1e — Mip1) + (U2P1)Z)Df17“2
+ (Pl (p1o — )\1p1))Df1f1 + (p2 (p1a — )\1p1))Df1r2 + (p1 (P1z — )\1191)) (1p)a
+ 01Dy (DFs71)s + 2o (DF1r2) + (v2ea = Oav2)a )2 + (p2sa = (ap)a )1

On the other hand,

Ugt = V1T1 + V171 + V272 + P1ef1 + pifue + p2ra, (A.7)

where ~
71t = DF1 (w11 + ware) + v1if1e + 016710 (A.8)
f1; = D1 (w11 4+ ware) + p1efip. '

We equal [A6) and (A7) and we use [A-F), obtaining

0= Utz — Uyt

= (Ulm — (Mv1)z — U1t)f1 + (Ul (Vizz — (AM1v1)z — v1¢) + 2010 (Vi — Av1) + (Ufgl)z)flv
+ (’Ul(Ulz — Auy) — U1w1)D7z17:1 + (U2(U11 —Mo1) + (v1v2), — U1w2)D7:17“2
+ (p1 (viz — Av1) + (Ulpl)z)Dﬁﬁ + (pz (viz — Mv1) + (Ulpz)m)Dfﬂ’z
+ (Uu (V12 — Mv1) + (V1012)0 — Ulﬂh)fla + ('Ulzvl + 03 (o1 — /\1)) (F10)e +v102(DF172) 0
+ v1p1(DF171) 5 + v1p2(DF172) s + v1014(F1o ) + (puz — (Mp1)e —pu)fl
+ (pl (P12z — (AM1P1)2 — P1t) + 2D12 (P1e — )\1]?1))721;) + (U1 (p1z — A1p1) + (vip1)s — w1p1)Df17:1
+ (Uz(pu — A1p1) + (vap1)z — w2p1)Df1T2 +p1 (pu - /\1p1)Df1f1 + (p2 (p1z — >\1p1))Df1T2
+ (pl(pu — )\1191)) (f1p)z + 101 (DP171) 5 + vap1 (D7) + (U2$$ — (A2v2)y — U2t)7“2
+ (mew - (5\2p2)z - p2t)7“2

= (Ulm — (A1) — U1t)f1 + (plm = (Mp1)z *plt)f’l
+ (UQmw — (Aov2)y — U2t)7“2 + (p2m — (\ap2)s —p2t)7“2 + s1(t, ).

We can therefore impose the conditions
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where (£1,05) is the dual basis of (71,73).
To compute the equations satisfied by w, ws we will use

Ut = Uzat — (A(u)us),

= Upgp — (A(u)u,g)z + DA(u) (uz ® up — us ® uy),
which follows from

(A(u)uz), = DA(u)(ur @ ug) + A(u)uz
(A(u)ut)z = DA(u)(uz ® ut) + A(u)ug,.

Straightforward computations ensures that

Ugt — A(u)up =(w1g — Mw1)71 + w1 (Vg — Av1)F10
+ W1V101T 10 + w102 D717 + wip1 D771 + wipe Dy

+ w1015T16 + (Waz — A2wa)ra

and

DA(u) (Uz Qup — Ut ® Uz) = V1WaT1 @ T2 + VawiT2 @ T + prwify @ 7 + prwefy @ ro + pawire @ 7y

—wW1U2T1 @ T2 — WiP1T1 @ F1 — wiPaT1 @ T2 — Wav1T2 @ T1 — Wap1T2 @ F1.
(A.9)

Hence
Ut = W1tT1 + WarT2
= —wiDFf 71 — wiweDiry — w101F1y — W101F1e + (wlm - (Alwl)x)fl + (Ul (wiz — >\1w1))Df171
+ (UQ(wlz - )\1w1))D7317“2 + (pl(wu - A1w1))Df1f1 + (p2(w1z - )\1w1))D7:17“2 + (’Ulm(wlm - A1w1))f1v
(Uu (w1e — )\1101))710— + (wlz(vlm - )\101))?17; + (wl (V12 — )\1“1)) (F10)z + w1v101(F10)2
+ (w1v101)2T10 + (W102): DF1 72 + wi1v2(DF172)s + (W1p1)2DF171 + wip1 (DF171),
+ (w1p2)Di1re + w1pa(DF172) e + (W1015) 2716 + W1015(F16)s + (wzm - ()\2w2)m)7“2
+ (prws2)Di1re + prwa(Diyra),
+ DA(u) (U1w27:1 @ ro + vawir2 @ T1 + prwity @ T1 + prwary ® 12 + pawirs 71
— wW1veT1 @ T2 — W1P1T1 ® 1 — W1PeT1 ® To — WavU1Te ® T1 — Wap1Te & fl)
= (wlm - ()\11111)1)7:1 + (w2m - ()\27«02)1)7“2 + so(t, ).
One can check that, since A is triangular,
(1, DA(u)(us ® us — up ® ug)) =0
and therefore the equations satisfied by w; ¢ = 1, 2 are

wig + (AMw1)z — Wige =0

_ ~ (A.10)
war + (Aowa)z — Wage = (a(t, ), s2(t, x)) = 52(¢, x).
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A.2.2 Proof of Proposition Bl
Equation (BI0) and @II) ensure that, since,

01A;9<i’—11+x{),

w1 w1 W1xV1 — VigW1
/ * /
cla==0(—+XN||— )| =—-(————)¢,
U1 V1 vy
xT

[vi01,| = O(1)|wizv1 — vigws|,

then

w1
- _ )\*{
U1

01z 0 = < 34.

Most of the terms in §;(¢, z) i = 1, 2 and e(t, x) can be directly reduced to those in Proposition Bl
The terms which requires some technicalities are:
1. ~
Ip1e — Mp1| [(L2(u, v1, 1), F1(u, pr))| < O)(|p1] + |v1])Ip1e — Aiprl.
Indeed,

|(Ca(u, o1, 01), Fr(u, p))| < (2, 71— 17)| + (G2 = €5, 77)] < O(1)(Ipa + 1)

We have denoted by r} the first eigenvector of the matrix A(u*) and by (¢1, ¢3) the dual base
of (rf, r2).

2012 (V1y — Mv1) + (Vi01)s

2v1g (wl — (p1a — )\1p1)> + 20101,01 + V01,

< 2015 (w1 + v101)| + |201(A1p1 — P12) | + O1) |v1w1 — Viwsy

|15 |: some computations ensures that

3. ’011(011 — A1) + (Vi01z)z — 01401

w w w w
(—1) (vig — A1) + Uu(—l) + v (—1) — (—1) vy = 0.
U1/ V1 /x v/ xx v/t

Hence, since |71,| = O(1)|v1], one gets

2

w
’O—lz(vlm — A1) + (Vi013)z — 01401 (—Ul)
1/

[710] < O(l)X{\A;—wl/mIS%}v%

4. | —wio1t + 01z (wiz — Mwr) + (W1012) 2] [F1e]
since

’LU19/<E) +w119'<ﬁ) )\1w19'<%> +w119'<ﬁ) +’LU19/<E) :0,
U1 t U1 x U1 T U1 x U1 xTT

one is left to the estimate
<w1 )
U1 x

9// ﬂ
U1 .

2

2
lwyvr | < O(l)UfX{\A;—wl/mIS%}
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5. |v1015(T15)z| ¢ first of all, we observe that that 6’(s) # 0 implies |w;| < O(1)|v1] and therefore

().

|U1011| = |’U19’|

_ ‘wuvl — VizW1

S 018 < O() (e + vral).
1
We develop
|(F10)z| = [(T12)o] < 0(1)(|U1| + |v2| + p1| + |p2| + |U1z|) + O()|v1012].

Since
0 #0 = |wi]=|vie — Av1 +prz — Ap1| LOD)|v1] = |vie| < OQ)|vi]| + [pra — Aapals

one has
Wi1zV1 — V1 W1

[V1201201] = | ————— ‘ 10" v1v1,]
U1

< O(D)|wizv1 — wrviz| + O(1) <|wlz| + 0(1)|U1m|> |p1z — Mp1l.

Using the previous estimates, we get
V1012 (F1o)a| < O(1)|wizv1 — vigwi| + O1)(Jv1] + Jwiz]) (v2] + [p1| + [p2])

w1\ 2
+ O wisvn —wivis| + 0<1>(|wu| + 0<1>|vu|) Pre = APl + OVX s o155y (5 ) -

v1/x

[v1 (W1e — Mwr) — wi| = |Viwie — Vizw1 + Vigws — Aviw; — w?|
< Jviwig — vigwi| + |wi (Vig — Aivr — wi))|

< Jviwig — vigwi| + w1 (Pre — Aip1)|-

|wig (V1 — A1v1) + (W1v101) g + (W1 — Arw1) V14
= 2w1(V1e — A1v1 — W1) — WigV1e + AMW1,01 + 2Wiw1
+ WizV101 + W1V1201 + W1V101e + WizVip — A W1V1g]
= |2w14 (P12 — A1p1) + 2wi, (w1 + 0101) — o1w101
+ Mwizv1 + o1wiv1g + (w101 — wi1v1L)0 (w1 /v1) — A\wivg]
< 2|wie(Pre — Aip1)] + 2|wiz (wy + o1v1))]

+ (M1 — 01) (w101 — wW1v1e)] + (W1zv1 — W1V14)0 (w1 /v1)]

|wi (w1 + o101 — p1e + A1p1)| = [wi (w1 + o1v1) + w1 (Pra — A1p1)]

w1012 (Fio)z| < V1012 (Fio)z]s

and therefore one comes back to case (5).

This completes the proof of the estimate BII).
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A.3 Appendix to Paragraph @
A.3.1 Proof of the estimate [3)

It is convenient to introduce a representation formula for p;, ¢ = 1, 2. To this end, two new
convolution kernels are needed: let I O(, s, ) be the solution of the equation

D4’ —ni =o,
with boundary and initial data

I)‘;O(O, s, x) =0, I)‘;O(t, 8, 0) = dy—s, I’\ro(t, s, L) =0.

Without specifying the explicit expression of I A , we observe that
+OO * *
/ MOt s, 2)ds = JN O(t, x)
0

(see equation () for the definition of J* ©). Analogously, let I* “(t, z) be the solution of the
equation
Rt - nit=o,

with boundary and initial data:
00, s, 2)=0, IOt s,0)=0, IOt s, L) =06,

By construction, it satisfies
+oo
/ N, s, x)ds = JN E(t, x)
0
(see equation ([EZX) for the definition of J ). If t < 1 the function p; admits the following
representation formula:
+oo

+oo
pl(ta ‘T) = / IX{O(ta 5, ZC)pl(S, O)dS +/ IX{L(ta S, .T)p1(8, L)d8+
0

0
t L )
=+ / / A)\l (t -8, T, y)((>\ﬂlK - Al)ply - )\lypl)(sv y)dde,
0 JoO

and hence

+oo . +oo .
p12(t, ) = / I?l O(t, s, )p1(s, 0)ds +/ I;‘l L(t, s, x)p1(s, L)ds
0 0
bl
+ / / Aml (t - S, T, y)(()‘i< - )\l)ply - )\lypl) (Sa y)dde
o Jo

From the expression of A, given by formula (&3, it follows that

Lo

HAQI(L -, y)exp(e(- —y)/2) LV

and from the previous observations

= ’exp(cl‘/?)J;\;k O(t, $)’ <0O(1)

exp(cx/Q)/ I;‘jo(t, s, x)ds
0

o0 .
/ I L(t, s, x)ds
0

= |J£:L(t, :I:)|
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Hence

too |, too .,
| exp(ca/2)pi(t, z)| = |exp(cz/2) / IOt s, 2)pi(s, 0)ds| + | exp(cz/2) / LY s, 2)pi(s, L)ds
0

0

t L
+expteas) [ A¥ = s m ) (05 = Moy — ) 5. y)dyds
0 JO

< O0)lp(z =0)los + O(1)[p(z = L)|s

+owa| [ t (5o, myexpiear2) | " AN (s x ) esp <c<:cy>/2>dsdy' +0(1)5

and therefore
| sup p1(t, ) exp(cz/2)| < O(1)6; Vit < 1.

The estimate
sup |p2z(t, ) exp (c(L — 2)/2)| < O(1)6; V<1

follows by symmetry.
If t > 1 the following representation formula holds:

L +oo .
pralt, @) = / pilt—1, ,y)AN (L, z, y)dy + / (1, s, 2)pa (s, 0)ds
0 t

-1

+oo .
—|—/ I;‘l L(l, s, z)p1(s, L)ds

t—1
1 L A
AN s ) (00 = Mpay = M) = 1+, )y
0 0

It follows that
|sup p1a(t, z) exp(cz/2)| < O(1)61 Vit >1,

and hence by symmetry
| sup pao (t, @) exp (c(L — 2)/2)| < O(1)6; V> 1.
This concludes the proof of ().

A.3.2 Proof of Proposition

We will perform the computations only for vs, we and ws,, since those for v1, wy; and wy, follow
by symmetry.
Three new convolution kernels: the solution of equation

Qt+XQs — Qrz =0 (A.11)

with boundary conditions

QO, z) =06y, Q@ 0)=0,  Qu(t,L)=0

is
Q(t, ) = ©*2(t, x, y) := / o(t, z,y) < Z G.(z+2mL —y)+ G,(z +2mL + y)) dz (A.12)
0 m
As in Section Bl we use the notation

¢*2 (t,z,y) exp< /;2 (:cy)(A—g)Qt).
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and G(t, ) = exp(—x?/4t)/2y/7t. Note that, by construction,
022(t,0,y)=0 Yt>0, yeo,L[. (A.13)

Moreover, an argument similar to that used in Section EEI Tl ensures that a maximum principle holds
for equation ([ATl), in other words if

Q0,2) <0, Q1 0)<0,  Qu(t, L) <0,

then Q(t, ) <0 V¢, x.
The solution of [AIl) with boundary conditions

Q(0, z) =0, Qt, 0)=1, Q. L)=0

is

* L *

B2 (t, 2) =1 —/ 0*:(t, x, y)dy. (A.14)
0

In the following, we will need another convolution kernel, Oz (t, x, y), such that

% A3

Oy (ta Z, y) =—-62 (t’ T, y). (A15)

We arbitrarily impose ©*2(t, 2, L) = 0Vt, z and define
~ oy ok L AX
O%(t, 0. 9) = [ Otz ).
y

Recalling (AI3), we observe that ©*2 (, z, y) is the derivative with respect to z of a function z such
that

0 O0<z<
460920 5 Ly=0 s0ng={] PZTEY e

2t + A52y — Zog = 0.
It follows that ©*: (¢, z, y) satisfies
0N(1,0,y)=0 OY(t, L,y) =0 OY(0,z,y) =J,

and hence actually 5
N (t, z, y) = AN(t, 2, y), (A.17)

where A*2 is the convolution kernel defined by E4). In the following, however, for sake of clearness
we will write ©*2 (¢, z, y) when we want to underline that the relation (AIH) holds. From the
identity (A1) and the estimates [ZII)) it follows

i ~AE o1
9%t 5, )l < O) 162t 2 )l < T Ve, (A18)

Moreover, let z be as in (AI6) and let B2 be defined by ([(AId), then z(t, z, 0) + B* (¢, ) = 1
and hence

O™ (t, x, 0) + B (¢, x) = 0. (A.19)
Such an identity, together with ([(AS), implies
. . o
IB22(t, 2)||pr < O(1) || Ba2(t, o)||11 < o . (A.20)

Vit

Since the kernels introduced so far will be used to prove the integrability of vo, with respect to time,
one has to prove that they are integrable on small time intervals.
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1 1
[ 182w it = [ 1% w i< 00) Vo€ 2l vyelo, Ll (A21)
0 0
Proof. One can check that
Lo, 1 X
/ |G22 (t, x — y)|dt < O(1) / |GA2(t, x —y)|dt <O(1) Vaz,yeR. (A.22)
0 0

Since

A¥ (L, x, y) = (qb(t, z,y) Y Gt z—y+ sz))z —~ (¢(t, z,y) Y Gt z+y+ 2mL))I

m>0 m>0
# (oo X Gl oy -20)) = (ot 0) X Gt a4y —201)) |
n>0 z n>0 x
one gets
A (2, y)l < Y 1GE (1 @ —y+ 2mL)| + > G2 (t, @+ y + 2mL)|
m>0 m>0
+ 371Gt 2L +y — )|+ A5 Y [GR(t, 2nL +y — )|
n>0 n>0
+ 371Gt 2L —y — )|+ A5 Y [GM(t, 20l —y — ).
n>0 n>0
Since
G2 (t, 2+ 2mL)| < e ™E|GR2 (L, 2)| |G (t, 2+ 2mL)| < e ™E|GP3 (L, 2))|

ifm >0,t <1and z is large enough, from the previous estimates and from ([A22)) one deduces

(A.21). u

e From equation [AJ9) and the previous estimate it follows
Lo
/ IBY(t, 2)|dt < 0(1) V€0, L]. (A.23)
0

A representation formula for v, : it is convenient to introduce the auxiliary function

Valt, x) = /0 ualt, €)d,

which satisfies the equation _
‘/Qt + AQ‘/QI - ‘/211 = Sl(t7 :C)v

where

Si(t, 7) = /O "5t )de.

The boundary and initial conditions of V(t, ) are

T t
V2(0, z) = /0 v2(0, £)dE, Va(t, 0) = /0 (vaz — A2v2)(s, 0)ds, Voo (t, L) = 0.
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The convolution kernels [(AI2]) and ([(AT4) provide the representation formula

Va(t, x) / 0% (t, x, y)Va(0, y dy+/ B(t — s, 2)(vaz — A2v2)(s, 0)ds

/ / 0% (t — s, x, y)(()\s — )\2)02)(5, y)dyds (A.24)
+/ / 0% (t — s, z, y)S1 (s, y)dyds.
0 Jo
Since } X )
O (t, 2, 0)+ Ba*(t,z) =0,  Si(t,0) =0,
from ([(A24)) one gets

Vaur(t, ) =va(t, x) / 02 (t, x, y)vs(0, y)dy—i—/t BA*(t—s .T)(’Ugm—)\Q’Ug)(S, 0)ds

/ / @/\* t—s,x,y)s51(s, y dyder/ / O (t—s, x, y)((/\gf)\g)vg) (s, y)dyds
y

and

Vo (t, T) / @AQ t, z, y)v2(0, y dy+/ Bai(t—s, J;)(vgz—)\gvg)(s, 0)ds

/ / — s, 2, y)51(s, y)dyds
/ / dt—s, z, y)((A; — Xo)vay — AQyUQ) (s, y)dyds.

From the estimate (AIR), (AZI) and [(A23)) on the convolution kernels it follows
1

/ |vag (t, x)|dt < ||v2(0)]| L2 sup/ 022 (t, , y)|dt

0

+o( )(/1{(021&@2)(5 0) + (A% — Aa)ua(s, O)ds}ds)

([ 1) ([ ) ([ ) op i)

( 517

for all x € [0, L]. If t > 1 we can use for vy, the expression

Vo (8, ) / @ (1, z, y)va(t — 1, ydy+/ B x)(vgz—)\gvg)(t—l—i—s, 0)ds
/ / —s,z,y)51(t —1+s, y)dyds (A.25)
/ / 2(1—s, x, y)(()@ — )\g)vgy — )\gyvg) (t—1+ s, y)dyds.

Computations analogous to the previous ones lead to

T
/ |2z (s, 2)|ds < O(1)d;.
1

Hence

T
/ (s (s, 2)|ds < O(1)3, YT >0, z €0, L].
0
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The integrability of ws with respect to time: it holds
t
/ lwa(s, y)lds < O(1)6; Vt>0, Vy € [0, L] (A.26)
0

Proof. We preliminary observe that
wa(0, @) = (L2, up(0, 2)),  walt, 0) = (b, upo(1)),  walt, L) = (fo, ujy 1 (1)),
where /5 satisfies (gg, ro) =1 and (gg, 71y = 0. Hence
[wa(t = 0)l[Lr0,2) < OM)d1,  flwa(z = 0)[L1(0,400) S 01, [lwa(z = L)||L2(0, +00) < 61

Let 2¢ be the separation speed defined by (), let K be a compact neighborhood of the value u*
defined by () and let C' > 0 satisfy

0<c< X <C YVuekK.
If y €]0, L], the estimate [(A26) can be obtained applying Lemma ET] to the functional

a(l - e’cz) <y
Py(z) = (A.27)
b(e*“ - e*CL) T >y,
where a and b satisfy
a(l — e‘cy) = b(e‘cy — e_CL)
(A.28)
aCe %Y + bee™ = 1.

By straightforward computations, from [AZ28) one gets that the functional P, satisfies

Py(0) = Py(L) =0, 0< Py(x) < Py(y) < O(1), P;(O)SO(l), —P;(L)SO(U, VL>>1
P)(x) + AP, (x) < —02=y

Since wq satisfies
War + (A2W2)g — Woge = 82(8, ),

Lemma E-T] ensures that

Anwﬁwmwgwnéﬂm@xmemgng@@xmms

1)/0 lwa (s, 0)|ds+(9(1)/0 |wa(s, L)|ds

<01)6, VYyelo, L[

Integrability of ws, with respect to time: it holds
/Ot |waz (s, x)|ds < O(1)6; Vit >0. (A.29)
Proof. From the representation
wag (t, x) / A)‘Q t, x, y)ws2(0, y dy+/ / AAZ — 8, x, Y)8=2(s, y)dyds
/ / AN (1~ 5. ) (85 — Ay — Aayun) (s, y)dsdy + wa(0, L).25 (1, 2)

¢
+ws (0, 0)22 (¢, £C)—|—/ J22 0t — s, 2)wl (s, 0)ds—|—/ J22 (= s, 2)wh(s, L)ds
0 0
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it follows

1
/ s (£, 2)dz < O(1)61.
0

If t > 1 one can write
wWay (t, ) / AAZ 1, z, y)wa(t — 1, ydy+/ / AAZ 1—s, 2, 4)8t—1+s, y)dyds

/ / A)? (1—s,x, y)(()\z — Xo)woy — )\Qng) (t—1+s, y)dsdy

Fws(t—1, L)J2? (1, 2) + wa(t — 1, 0)J22°(1, 2)
! s ! A5 L

Jr/ Jzzo(l—s, r)wy(t — 1+ s, O)der/ Jz2 (1 — s, x)why(t — 1+ s, L)ds
0 0

and obtains .
/ |waz | (¢, 2)dt < O(1)d;.
1

This concludes the proof of ([A2T). O

A.3.3 Proof of the estimate [T

We need three preliminary results:
e For any ¢t < 1, the following holds:

<y o(1
|622 (t, z, y)| <alt,z—y)+ bt 2) |a®)l|rr—r, 0y, 16|11, 1) < % (A.30)

Proof of [A30) In the following, a(t, z — y) and 3(t, ) will denote functions that satisfy

(@)
ol 18O < 22,

By the identities ([24]) and (A17),

m = +o0
62‘2 (t, z, y) = Ai‘z (t, z, y) = <¢>‘; (t, , y) Z G(t,x +2mL —y) — G(t,z + 2mL + y)) .

m = —0oQ

One has

m = 400
(%0 3 Gl amL—y)

m=—00

<> }G?E(t, x—y+2mL)}+)\§ZG’\5(t, onL —x + )

m>0 n>0

+ZG;‘;(1§, nL —z+y) <alx—y),
n>0

where we have set n := —m. To complete the proof of [A30), it is convenient to observe that
Gt w+y) <GN(t, ) Vo> (Nt+V20), Yy>0
and that
A
<
G (1w 9)] < GY 1 0) + Galts VX < 4 < vty sy <00

A3 o AL B
|G2* (t, 2L — 2 —y)| < G2 (t, L :c)+Gz(t,\/_)X{L_\/2_t_)\2

< p <y SO, Vo yeln L]

49



where y g denotes the characteristic function of the set £. Hence

m = —40o0

‘(Wﬁ(t, zy) Y G(t,z+2mL+y)) < ST GE( wyromD) Gtz +y)
m = —00 x m>0
+ 5N GN(t L~z —y) + Y G (t, 2L~z —y)
n>0 n>0
< ST GEt e ramD) £ B@) + A DG, L—2) + > G (t, (2n— 1)L —2) + G2 (t, 2L —z — y)
m>0 n>0 n>1
< B(a),
which concludes the proof of ([(A30). O
e If t <1 then
L
O(1)d
/ |vaa (t, @)|da < (1o (A.31)
0 Vi

Proof. Let t < 1. From the equality
Ugy = V1 (Dfluz + V14T 10 + Ulzfla) + V1271 + P1 (waz +P1zf1p) + P1aT1 + Vogre + pagre, (A.32)

and from the bounds ||p1(#)||z1 < O(1)d1 and |Ju..(t)]| < O(1)81/V1, it follows that

lore (O] = (61, waa(®)) — pro(®) s < 0(25%
where ¢; = (1, 0). Hence
O1)5,
o (2 < O on )l + oas (Olls + OWpr ()]s + lors(0)r < =2
From the estimates
(& = O)l| 1 (0, 00y = 11, o) 120, 400) < 61
1@ = D) 20,400 = 11, 1) 1230, 400) < 61

lws (t = 0|10, 2) = {61, ug — Auo)ug) | Lr(0, ) < O(1)d1,

and from the representation formula
Lo AT O AT L
w1, (t, ) :/ AZ(t, z, y)wi (0, y)dy + Jz* (¢, )w1(0, 0) + Jz* 7 (¢, z)w1 (0, L)
0
b o Ny
—|—/ Jzt(t — s, z)wi (s, 0)ds —|—/ Jzt 7 (t — s, m)wi(s, L)ds (A.33)
0 0

t L
A s ) (O = Ay = Ay ) (s, )
0 JO

it follows that

O(1)8
LD < .
l[wiz (®)]] NG
Hence o)
’ w1 1
1= - — <
ot @l = ¢ (wn-0) = Lonste )| < 2
and therefore from (A32) one gets [(A3T]). O
o If ¢t > 1 then
L
/ [vos (t, @))|dz < O(1)8; (A.34)
0
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Proof. One can repeat the same computations performed to prove [A3Tl), using, instead of ([(A33),
the following representation formula (which holds if ¢ > 1):

L
wig(t, ¥) = / AL (L, @, y)wy(t— 1, y)dy + Jot °(1, @)w (t =1, 0) + Jo “(1, @)wi (¢ — 1, L)
0
1 ¥ 1 AL
—|—/ T — s, p)wl(t—1+s, 0)d5+/ Jet 7 (1 — s, x)wi(t — 1+ s, L)ds

0 0

1 ,L
+ / / Ail (1 -5, y)((AT - Al)wly - Alywl) (t -1+ S, y)dey
0 Jo

O
Let
min{7T, T+7} ,min{L,L+£}
I(T):= sup / / |vi(t, )| |vax (t — T, & — &)|dtda.
re(~T,T) max{0, 7} max{0, £}
ze(—L,L)
It holds:

T L
/ / |v1 (¢, )| vz (¢, ©)|dxdt < Z(T).
o Jo
Moreover, thanks to the estimates (A31]) and (A34),
max{2, 247} pmin{L, L+£} 2 1 )
/ / or(t, ) ot = 72 = O] < Ol s [ {1+ 2= har < oyt
max{0, 7} max{0, £} 0 \/E

Hence we are left to estimate the term

min{T, T4+7} ,rmin{L, L+£}
/ / [vr(t, @) [z (t = 7, @ = ©)|dadt
max{2, 2+7} max{0, £}

in the case T' > 2: to do this, we will exploit the representation formula [(A2H) and the estimate
(A30).
One has

min{7T, T+7} ,min{L,L+£} L <
/ / wite) [ 61 s—g pul—1-7y)
0

max{2, 2+7} max{0, £}

min{7T, T+7} pmin{L,L+£} L
</ / wltn) [ ol ¢ pul-1-m)
0

max{2, 2471} max{0, £}

min{T, T+7} min{L, L+£} L
+ [ / wlt) [ 01— Qualt-1-7.9)
0

max{2, 2+7} max{0, £}

L min{7T, T+7} ,min{L,L+&+2}
S/ a(l,z)/ / vi(t, 2)va(t —1—7, 2 — 2z —§)d¢

—L max{2, 2+7} max{0, z+&}

min{L, L+&} min{T, T+7} L
+/ wia-9f | o, x)( [ wt-1- y)dy>dt dz < O(1)2,
max{0, £} max{2, 2+7} 0
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and

min{T, T+7} pmin{L, L+£} 1 L N
/ / v (¢, x)/ / 0z2(1—s,z—¢, y)((/\§ - )\Q)vgy)(t —7—14s, y)dydsdzdt
max{2, 2+7} max{0, £} 0 Jo

min{T, T+7} min{L, L+&} 1 L
< (51/ / v (t, :I:)/ / a(l —s, x—&—y)voy(t — 7 — 1+ s, y)dydsdzdt
max{2, 2+7} max{0, £} 0o Jo

min{7T,T+7} ,min{L,L+&} 1 pL
+ 61 / / v (¢, :I:)/ / b(1—s, x —&vgy(t — 7 — 1+ s, y)dydsdzdt
max{2, 2+7} max{0, £} 0 Jo

1 L min{L, L+z+&£} min{T, T+7}
< (51/ / a(l —s, 2) / / vi(t, )va(t — T — 1+ 8, ¢ — & — z)dxdt |dzds
0 J— max{0, {+z}

max{2, 2+7}
min{L, L+£} min{T, T+7} 1
+51/ / b(l—s,x—¢) / v (¢, x)</ voy(t —7 —1+s, y)dy)dt dxds
aX{O &} max{2, 2+7} 0
< 0158 I(T) + O(1)82.

With analogous computations one can estimate the other terms that comes from the representation
formula ([(A2H) and hence prove that Z(T') < O(1)d%.

A.3.4 Proof of the estimate [I7)

Since in the following we will often refer to equations (BI0) and (BIl), we recall them:
o1 =\ 9<ﬂ+/\’{),
U1

s if |s| <6
0(s)=1< 0 if[s| >36 6 << <
smooth connection if § < s <36

where the cut-off 4 is given by

It follows that |w; + o1v1] # 0 only when the function € is not the identity, i.e. when |w; + Ajvq| >
d|v1]. Since

w1 = vig — AMU1 + Pz — A1p,
the condition |wy + o1v1| # 0 implies
012 + (A} = A)v1 + pra — Aapr| > bl .

There are therefore two possible cases:

1.
o1+ (F = Aol 2 3800l
and therefore, since [A\f — A;| < O(1)d; and §, << 4,
V12| 2 §|Ul|-
3
2.

1) 1)
[v1z] < §|v1| = [Pz — \p1| > §|U1|-
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If case 1 holds, then

|wi + o1v1] = |vig + (01 — A)v1 + Praz — Aipi]
< |viz] + 61|v1] + [p1z — Mip1| < O1)|viz| + |p1e — Mipi]

and therefore
(Il + fwr] + oral + Jwial ) (lor + ove1]) < OW) (losal + o] + pral + [wral) (O o1z ] + Ipra = M)

< O (Jora] + Ip1] + pral + w1z ) Ipra = ipt] + O(W) o1 2+ OW)fvral (Ipa] + pral) + Ol |

Since
Ip1l, [P12| < O(1)01 exp(—cx/2),

it follows that, if case 1 holds, then one is left to prove

T rL
/O /0 X {|(w1/m)+mzé}(|vlm|2 + |w1z|2)(ta$)d$dt < O(1)d7. (A.35)
On the other hand, if case 2 holds then
4 ~
|1z + (01 — A1)v1 + pre — Aip1| < §5|U1| + [p1z — Aip1] < O(1)|p1z — Aipal,

and therefore

T /L
/ / (|”1| + [wi] + |viz| + |w11|) (|w1 + 011)1|) (s, x)dsdx
o Jo
T /L
<o [ [ (joal + nl + fora| + el e = Napal(s, a)dsdo < O(1)5,
o Jo
thanks to the exponential decay of |p1| and |p1,].

To prove ([A3H) it is convenient to introduce a new cutoff function:

0 if|s| <3/50
P(s)=4¢ 1 if [s| >4/50
smooth connection if 3/54 < |s| < 4/54.

Moreover, in the following we will only prove that
T L
/0 /O X {1t foryins iy 012 (8 2)dzdt < O(1)32, (A.36)
because the estimate
T /L
/0 /0 X (i fun) 2 12y w1l (¢ 2)dwdt < O(1)3F.

can be obtained with similar techniques.
As we have already observed, it is sufficient to show

T L wy
/ / oiaf? (2 + X;) () dadt < O(1)33.
o Jo U1

Multiplying the equation
V1t + (M01)g — V1ge =0
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by v, we get

ET (4 v} v? 5, U 2
0:/ / S R) = LW+ Mo — ) + Ploral? + o Aiath — 03 | dods
o Jo £ 2 2 2

. - "y L (A.37)
+/ v (Ao — Ulz):| dt +/ 71(1% - )\11/1)] dt.
0 =0 0 =0
Indeed,
d  v? v?
E(éﬂ’) = vy + —11/)t
T rx=L
/ / Al’Ul — 'Ulz ’L/)’Uldl'dt / / Vig — Al’Ul ’l/)’l)l dIdt + ’l/)’l)l Al’Ul — 'Ul:c):| dt
0 =0

L T 1)2 T =L
[ e (5) et rvwnt - () o [ [wvl wow - o) e
0

=0
T x=L
/ / ’L/)’Ulm < >(A1I’L/) )\1’(/)1 + 1/}:61 - 2"/%&0 dIdt + |"l/)’l)1 )\1’01 — ’le):| dt
0 =0
’U =L
+/ - (W = /\11/))} dt.
0 x=0
One can develop the term ¢ + A1), — 1, and, since
wt _ w/(wuvlvzwlvu)’ wl _ w,(wuvlvzwlvu),
N ! (A.38)
Vs = wu(ﬂ) + w/(wlzz’ul ;Uuzwl _ 2?}1z(w1zv13— wwu))’
U1 T Ul ’Ul

one obtains

U%(i/ft + MYy — Yaz) = Por1(wir + (AMwi)z — Wige) — Y'wi(vie + (Av1)s — Viga)

2
— v} <ﬂ> + 2¢'v1,01 <ﬂ> :
V1 z U1 .

Thus, inserting the last formula into (AZ31), we obtain

t=T T =L T 2 =
[ [om= S Tl o] e -]
2
B _/ / W 2( 1> +’l/)'Ulz'Ul<U1> Jrvl’l/)m — —1/\1x"/)-
1/

The boundary terms are bounded by O(1)67 since ||v1]| L~ < O(1)d; and thanks to the estimates of
Proposition LA Since by (EIH)

o o W1 2 5
i 5 — | dzds < O(1)67,
/o /0 X{/\1+w1/v1|§35}”1<vl)m xds < O(1)67
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we are left to estimate the following terms:

dsdzx

T oL T oL

[ w2 s [ [ o320
0 v o Jo V1
wy

<O(1 / / <|’Ul| + P12 — )\1p1|) (wlz - v—vlz)

/ / ’Ulwlm - 'Ulzw1|d8dl‘ + O / / |p1z - )\1p1 (|w1z| + O( |U1Z|)

dsdzx

Indeed, if ¢ # 0 then |A\f — w; /v1| < 6 and hence

[viz] < O)|v1] + |p1z — Mpil-

T L
o / / "/)/ (wlxxvl - wlvlzz)del' = / / W1V — wlvlz) dsdx
0 0

=L

< (’)(1)/0 [wuvl —wlvlzL < O(1)5;

=0
\/OL/OT“;MW\]/L/T”—%(Ale)zwl
’// (M — )\* ”1

<o 51]/ {”1 ]_ +O(1)82 < O(1)82.

=L

o]

=0
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