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ABSTRACT. In the framework of rate independent processes, we present a variational
model of quasi-static crack growth in hydraulic fracture. We first introduce the energy
functional and study the equilibrium conditions of an unbounded linearly elastic body
subject to a remote strain ¢ € R and with a sufficiently regular crack I' filled by a
volume V of incompressible fluid. In particular, we are able to find the pressure p of
the fluid inside the crack as a function of I'; V', and €. Then, we study the problem
of quasi-static evolution for our model, imposing that the fluid volume V' and the fluid
pressure p are related by Darcy’s law. We show the existence of such an evolution, and
we prove that it satisfies a weak notion of the so-called Griffith’s criterion.
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1. INTRODUCTION

Hydraulic fracture studies the process of crack growth in rocks driven by the injection of
high pressure fluids. The main use of hydraulic fracturing is the extraction of natural gas or
oil. In these cases, a fluid at high pressure is pumped into a pre-existing fracture through a
wellbore, causing the enlargement of the crack.

In biology, a similar phenomenon has been identified in epithelial tissues. Here, an elastic
body with initial cracks (a cell monolayer) is bonded and hydraulically connected to a
poroelastic material, typically a hydrogel. The evolution of the fractures is due to the
motion of the solvent inside the poroelastic body: when the system is under tension or
compression, the fluid experiences a change of pressure and is driven towards the existing
cracks at cell-cell junctions.

In [16] the authors develop a 2-dimensional model which captures the main features of
the phenomenon mentioned above. The system is assumed to be unbounded and composed
by a linearly elastic body R2 := {z = (z1,22) € R? : 25 > 0} with an initial crack Ty
starting from the origin and lying on the zs-axis. The elastic material is supposed to be
homogeneous, isotropic, and impermeable. The fracture can only move along a straight line
and is hydraulically connected to an infinite hydrogel substrate, which contains a solvent
modeled as an incompressible fluid.

Since the above model is the starting point of our investigation, let us briefly describe
the evolution problem considered in [16]. As usual in the study of hydraulic fracturing, the
inertial forces are ignored. Given T > 0, the whole system is supposed to be subject to
a remote time-dependent strain field with modulus €(t) € R, t € [0,T], which generates a
pressure gradient Vp(t) in the hydrogel. According to Darcy’s law, the exchange of fluid
volume V() between the fracture and the poroelastic material should be described by the
equation V() = —Vp(t), where the dot denotes the time derivative. Motivated by the
small scale of the problem, the authors approximate the pressure gradient with the finite
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difference (poo(t) — p(t))/€, where po(t) is the fluid pressure generated by e(t) far from
the crack inlet, p(t) is the pressure of the fluid inside the crack, and ¢ > 0 is a length
scale which, for simplicity, we will assume to be equal to 1. Using the asymptotic expansion
formulas of linear elastic fracture mechanics in a half plane (see, e.g., [20]), the authors study
the qualitative properties of the evolution of the crack. In particular, their analysis is based
on the Griffith’s criterion (see [12]): whenever the so-called stress intensity factor reaches
a critical value (the toughness of the material), the fracture can grow. We notice that, in
general, the above approach needs some regularity hypotheses on the crack evolution, such
as a prescribed and sufficiently smooth crack path.

Starting from the key ideas of [16], the aim of this paper is to approach the problem of
quasi-static hydraulic crack growth in the general setting of rate independent processes [17],
adapting the variational model of brittle fracture [9] to our purposes. In particular, we
look for an energetic formulation of the evolution problem based on global stability, energy
balance, and, in this case, Darcy’s law.

In order to be more precise on the notion of evolution we want to discuss, let us start
with a brief presentation of the mathematical setting we are going to consider. The ge-
ometry of the problem is similar to the one presented in [16]: an unbounded elastic body
filling Ri is adhered and hydraulically connected to an infinite hydrogel substrate. The
most relevant difference, which is also one of the fundamental features of the variational
model of fracture [9], is that we do not have to assume to know a priori the crack path.
Indeed, the behavior of the crack set will be governed by the energy minimization procedure
(global stability) described below. Therefore, in comparison with [16], we are able to enlarge
the class of admissible fractures, keeping some regularity properties: every crack has to be
the graph of a C'%!-function starting from the origin and with first and second derivatives
uniformly bounded by a constant 7 (see Definition 3.1 for further details and comments).
Hence, the family C, of admissible cracks depends on a positive parameter n which is fixed
once and for all.

For every t € [0,T], we assume to know the “far” pressure p.o(t) of the hydrogel and the
remote strain field acting on the system e(¢)I, where €(¢) € R and I is the identity matrix of
order 2. From a mathematical viewpoint, it is not necessary, as it has been done in [16], to
make explicit the dependence of p,, on €, so that with our approach we can also describe a
more general situation in which an incompressible fluid is injected into a pre-existing crack
with an initial pressure p.,. For technical reasons, we suppose ps,€e € C([0,T1]), the space
of continuous functions from [0,T] to R.

As in [16], we suppose that the elastic part of the system is homogeneous, isotropic, and
impermeable outside of the crack, and behaves accordingly to the rules of linear elasticity,
so that it is fully characterized by a constant elasticity tensor C.

The presence of the far strain field €(¢)I is intended in the following way: at infinity, the
elastic body has to accommodate for a displacement of the form €(t) id, where id stands for
the identity map in R%. Equivalently, the strain of the body, represented by the symmetric
part of the gradient Eu of the displacement wu: Rﬁ_ — R2, has to be close to €(t)I far from
the origin. In our setting, we will require Eu —€(¢)I to be an L2-function. This implies that
the usual stored elastic energy

1
(1.1) 5/ CEu-Eudz
R
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associated to a displacement u and a crack I' € C, can not be finite, unless ¢ = 0 (the
dot in (1.1) denotes the scalar product between matrices). Since we look for a meaningful
energetic formulation of the problem of quasi-static evolution in hydraulic fracture, we have,
of course, to deal with a finite energy. Therefore, the stored elastic energy (1.1) is replaced
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by the renormalized stored elastic energy

(1.2) ENu, T, e(t)) := 1 / C(Eu —e(®)I) - (Bu — e(t)I) dx .
2 Jr2r
We refer to Section 3 for a rigorous derivation of (1.2).

According to the pioneering work by Griffith [12] and to the mathematical model devel-
oped in [9], the fracture process is governed by the competition between the renormalized
stored elastic energy (1.2) and the energy dissipated by the crack production, which is as-
sumed to be of the form

(1.3) KH(T) for every I' € Cy,

where H! denotes the 1-dimensional Hausdorff measure in R? and & is a positive constant
related to the toughness of the material. Therefore, the total energy £ of the system is the
sum of (1.2) and (1.3), i.e.,

(1.4) E(u,T,e(t)) == E%u, T, e(t)) + kH (L) .

Moreover, since we work in a quasi-static setting, which means that at every instant
t € [0,T] we assume that the system is at the equilibrium, the evolution is given in terms of
a reduced energy &, (t,I', V), which is obtained from (1.4) by minimizing with respect to u
in a certain class of admissible displacements. We refer to Sections 4 and 5 for the precise
definition of &,,.

In this mathematical framework, a quasi-static evolution is described by two functions
defined on the interval [0,7]: the fracture ¢ — I'(¢) and the volume ¢ +— V(¢) of the fluid
inside the crack, to which corresponds a function ¢ — p(t) standing for the fluid pressure into
the fracture. The notion of evolution is based on the following properties (see Definition 5.1):

o global stability condition: for every t € [0,T] the crack set I'(¢t) minimizes the re-
duced energy &,,(¢, I,V (t)) among all admissible fractures I' € C,, containing I'(¢);

e energy-dissipation balance: the rate of change of the reduced energy along the evo-
lution (T, V') has to be equal to the power expended by the strain e(t) and by the
fluid pressure p(t) acting on the fracture lips;

e Darcy’s law: the functions V' (+), peo(:) and p(-) are related by the equation

(1.5) V() = poclt) — p(t)  for t € [0,7],
where we have set the length scale £ :=1.

We stress the fact that our definition of quasi-static evolution is variational in nature, since
it is based on energy minimization (global stability condition), which can be interpreted,
together with the energy-dissipation balance, as a weak notion of the Griffith’s criterion. The
advantage of this variational approach is that it allows to study the crack growth problem
in a “derivative free setting”, weakening the a priori regularity requirements needed in [16].

We notice that a problem of quasi-static evolution in hydraulic fracture has already been
considered in [2] in a 3-dimensional setting. However, the starting point of the problem
studied in [2] is completely different, since the authors assumed that the crack path is
known a priori and that the volume V'(-) of fluid injected into the crack is a datum. On the
contrary, in this paper the fracture set is free to choose its path and the volume function
t— V(t) is a result of the evolution process.

The plan of the paper is the following: in Section 2 we define the function spaces used
throughout the paper. In Section 3 we make more precise the mathematical framework of the
model: we introduce the class C,, of admissible cracks (Definition 3.1) and the energy which
will drive the quasi-static evolution problem (Proposition 3.3). In Section 4, we analyze
the auxiliary static problem of a linearly elastic body filling Ri, subject to a uniform
strain field €I, ¢ € R, and with a fracture I' € C, filled by a volume V € [0,4+00) of
incompressible fluid. According to the variational principles of linear elasticity, the static
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problem is solved by minimizing the total energy of the system among a certain class of
admissible displacements. We determine the equilibrium system satisfied by a solution u of
the static problem (see Remark 4.4) and make more precise the relation between the strain
fields Eu and el, showing that they are L -close at infinity (see Remark 4.5). Moreover,
in Proposition 4.3 and Remarks 4.8 and 4.10 we determine the value of the pressure p =
p(I', V, €) of the fluid inside the crack.

Eventually, in Section 5 we focus on the evolution problem. The main result of this section
is the existence of a quasi-static evolution of the hydraulic crack growth problem satisfying
the global stability condition, the energy-dissipation balance, and the Darcy’s law (1.5) (see
Definition 5.1 and Theorem 5.2). The proof of this result relies on a time discretization pro-
cedure introduced in [9] and frequently used in the study of rate independent processes [17].

Finally, in Section 6 we discuss some properties of a quasi-static evolution under an
additional assumption of regularity of the crack set T'(¢). More precisely, in Theorem 6.8 we
show that if T'(¢) is a C*!-curve for every t € [0,7], then a Griffith’s criterion is satisfied
also in our context: the energy release rate, i.e., the derivative of the renormalized stored
elastic energy with respect to the crack length, has to be always less than or equal to the
constant x defined in (1.3), and the equality is satisfied whenever the crack tip moves with
positive velocity.

2. PRELIMINARIES AND NOTATION

For every set E, the symbol 1p stands for the characteristic function of E, i.e., the
function defined by 1g(z) =1 for © € E and 1g(x) =0 for « ¢ E. For every § > 0, we
set

(2.1) Is(E) := {x € R?: d(x, E) < 6},

where d(-, E) is the usual distance function from the set F.

For every r > 0 and every = € R%, we denote by B,.(z) the open ball of radius r and
center z, and we set B;f (z) := B,(z) NR3, where R% := {(z1,22) € R? : x5 > 0}. When
z = (0,0), we use the shorter notation B, and B;". We also define ¥ := 0R?% = {(21,22) €
R?: 25 = 0}, and we denote by vs the unit vector (0,1) normal to X.

We say that an open subset © of R? has Lipschitz boundary if for every x € 9§ there
exist an open neighborhood U of x, § > 0, and a Lipschitz function h,: R — R such that,
up to a change of coordinate system,

QNU ={yeU: |y —x1] <6, y2 < ha(1)}.

We say that 02 has Lipschitz constant L > 0 if h, has Lipschitz constant smaller than L
for every = € 0f2.

Throughout the paper H! stands for the 1-dimensional Hausdorff measure in R? and K
denotes the set of all compact subsets of R2.

Given K1, K5 € K, the Hausdorff distance dy (K7, K2) between K7 and K, is defined
by

dy (K1, K3) := max { max d(z, K»), max d(z, Kl)} .
r€K1 re K2

We say that Kj; — K in the Hausdorff metric if dg(Kj, K) — 0. We refer to [19] for the
main properties of the Hausdorff metric.

We say that a function K: [0,7] — K is increasing if K(s) C K(t) for every 0 < s <t <
T'. We recall two results concerning increasing set functions which can be found for instance
in [6, Section 6].

Theorem 2.1. Let H € K and let K: [0,T] — K be an increasing set function such that
K(t) C H for every t € [0,T]. Let K—: (0,T] — K and K*:[0,T) — K be the functions
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ut

defined by
K (s) for0<t<T,
K(s) fot0<t<T.
Then
K- t)CK@t)CKY(t) foro<t<T.
Let © be the set of points t € (0,T) such that K*(t) = K~ (t). Then [0,T]\ © is at most

countable and K (tp) — K(t) in the Hausdorff metric for every t € © and every sequence tp
in [0,T] converging to t.

Theorem 2.2. Let K} be a sequence of increasing set functions from [0,T] to K. Assume
that there exists H € K such that Kp,(t) C H for every t € [0,T] and every h € N. Then
there exist a subsequence, still denoted by Ky, , and an increasing set function K: [0,T] = K
such that Kp(t) — K(t) in the Hausdorff metric for every t € [0,T].

We denote by M? the space of square matrices of order 2 with real coefficients, and
by ngm, Mgkw the subspaces of M2 of symmetric and skew-symmetric matrices, respec-
tively. For every F € M? and every 4,5 = 1,2, F;; stands for the (i, j)-element of F. We
denote by cof F the cofactor matrix of F. Finally, the scalar product between matrices is
defined by

F-G:=tr(FGT) for every F,G € M?,
where the symbol tr stands for the trace of a matrix and G is the transpose matrix of G.

Let us introduce the main function spaces used in this paper. For every E C R? and every
1 < p < +00, the space LP(E;R?) is defined as the set of functions u: E — R? measurable
and p-integrable. For every function u € LP(FE;R?), u; indicates the i-th component of w.
As before, LP(FE;M?) is the set of functions u: E — M? measurable and p-integrable. In
both cases, we denote by | - ||,z the LP-norm on E.

For every open set  C R? and every 1 < p < +o00, WLP(Q;R?) is the set of functions
u € LP($;R?) whose gradient Vu belongs to LP(Q;M?). The space W1P(;R?) is a
Banach space equipped with the norm |[uly 1.0y := [Jullp,0 + [|Vulpq. In the case p = 2,
the space W12(Q; R?) will be denoted by H'(£2;R?). In particular, H*(£2;R?) is a Hilbert
space, and we denote its norm by || - || g1 () -

We say that u € LP (R?) (resp. u € WLP(4R?)) if u € LP(QV;R?) (resp. u €

loc oc

WP (Q';R?)) for every ' CC Q.
Following [21] and [3], we define the space
(2.2) LD*(Q;R?) := {u € L}, (4 R?) : Bue L*(Q;M2,,,)},

loc sym

where Eu stands for the symmetric gradient of u, namely, Eu = %(Vu + VuT). For every
i, =1,2, E;;u stands for the (4, j)-component of Eu.
We now recall the relationship between the space LD?(2;R?) and the space H'(Q;R?).

Proposition 2.3. Let Q be a bounded open subset of R% with Lipschitz boundary. Then
LD?*(;R?) = HY(Q;R?). In particular, there exists a constant C = C(§) such that for
every u € LD?(Q;R?)

(2.3) / |Vul|? dz < C(/ lul? da +/ |Eul? dx) .
Q Q Q
Moreover, if E CC Q is open, E # @, then there exists C' := C'(Q, E) such that
(2.4) / |Vul? dz < C”/ |Eul? dz
Q Q
for every u € LD?*(Q2;R?) with

/(Vu—VuT)dx:O.
E
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Proof. See [7, Section 4] and [5, Appendix]. O

Since in the space LD?(2;R?) we can control only the symmetric part of the gradient,
we have that ||Eul|2,q is not a norm. Indeed, if we define

R:={v:R* - R?: v(z) = Az + b with b€ R*, Ae M2},

S

the set of rigid motion in R?, we have that R C LD?({%;R?) and |Euls,qo = 0 for every
uecR.

In Sections 3 and 6 we shall use the following subspace of LD?(Q;R?) on which |Eu|2.0
is a norm. Let Q be an open subset of R2 such that #!'(0Q2 NX) > 0. For every open
set & CC ) we define

(2.5) LD%(Q;R?) := {u € LD?*(;R?) : / up dz =0 and us = 0 on E}.

E
It is easy to see that LD%(Q;R?)NR = {0}.
In the following proposition, we prove that ||Eull2,q is a norm on LDZ%(Q;R?).

Proposition 2.4. Let Q be an open bounded subset of Ri with Lipschitz boundary, and
let ECCQ, E+# @, be open. Assume that H1(0QNX) > 0. Then there exists C = C(Q, E)
such that

(2.6) Jullm @) < CllBullae  for every u € LDL(QR?).

Proof. By Proposition 2.3 we have that LD%(Q;R?) C H'(Q;R?). To prove (2.6), in view
of (2.3) it is enough to show that

[ullz.0 < Cl|Eullz.0

for some positive constant C'.

Let us assume by contradiction that there exists a sequence wu, in LD%(Q;R?) such
that |lupll2,0 > nl|Eupll2,0. It is not restrictive to assume that ||u,|20 = 1 for ev-
ery n. From (2.3) we deduce that u, is bounded in H!(Q;R?). Therefore there exists
u € LD%(Q;R?) such that, up to a subsequence, u,, converges to u weakly in H!(Q;R?)
and strongly in L?(Q;R?). In particular |ullsq =1.

From the strong convergence of Eu, to 0 in L*(Q;M3,,), we deduce that v € R, and
hence u = 0, which is a contradiction. O

Remark 2.5. Let Q and E be as in Proposition 2.4. For every A > 0 let us set 2y := A2
and E) := AE. Then, for every u € LD% (Qx;R?) we have

lulla.0y < CAlEu
where C'= C(£2; E) is the constant found in (2.6).

|2,Q>\7

As a straightforward consequence of Proposition 2.4 we have the following corollary.

Corollary 2.6. Let 2 be an open subset of RZ with H(0QNX) > 0. Let ECC Q, E#Q,
be open. Then the space LD%(;R?) is a Hilbert space equipped with the norm ||Eul|2.q .

Finally, we state a stability property of the Korn’s inequality shown in Proposition 2.4.

Proposition 2.7. Let Q,,, Qo be bounded open subsets of R% with Lipschitz boundaries.
Assume that H(02,NT) >0, HL(0QNX) >0, Q, — Qo in the Hausdorff metric and
that 0L, , 00s have Lipschitz constant L > 0. Let, in addition, E # @ be an open subset
of Q. Then, there exists C = C(E) such that, for n sufficiently large, (2.6) holds for
every u € LD%(Q,;R?).

Proof. The proof can be carried out following the steps of [7, Theorem 4.2] using the results
of Proposition 2.3. O
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For simplicity of notation, from now on we will use the shorter symbols L?(Q), WP(Q),
H'(Q)), LD?*(Q), and LD%(Q), instead of LP(;R?), LP(Q;M?), WhP(Q;R?), H'(Q;R?),
LD?(Q;R?), and LD%(Q;R?). Moreover, in view of Corollary 2.6, we will always con-
sider LD%(Q;R?) endowed with the norm ||Euljz.q.

3. MATHEMATICAL MODEL

We describe the mathematical framework we will consider in our model inspired by [16],
to which we refer for more details on the physical interpretation.

To fix the simplest possible geometry, we consider a system made of an elastic body filling
the whole Ri which is adhered to a poroelastic body occupying R? \Ri

As we have said in the Introduction, we assume that the incompressible fluid inside the
poroelastic material is subject to a pressure po, far from the crack inlet. For technical
reasons, we will assume po, € C([0,T]).

Let us concentrate on the main features of the elastic part of the system. We assume that
it presents a regular enough initial crack I'g. More precisely, we suppose that there exists a
CH!-function ~vo: [0,ar,] = R, ar, > 0, defined on the xy-axis and such that ~,(0) = 0,
70(0) # 0, and

Lo = graph(v0) = {(vo(22), 22) : 22 € [0,ar,]} .

In particular, To € RZ, 0 < HY([y) < 400, Lo NE = {(0,0)}, and |vr, -vs| # 1 at the
origin, where vp, denotes the unit normal to I'y and the dot stands for the usual scalar
product in R?. We refer to Remark 5.3 for further comments on I'y.

In our model, especially in the evolution problem studied in Section 5, we do not suppose
to know a priori the crack path, which will be a result of an energy minimization procedure
(see Definition 5.1), but we keep a technical regularity assumption on the fracture set, which
is specified in the following definition of the class of admissible cracks.

Definition 3.1. Let 7 > 0. We define C, to be the set of all closed curves I' of class C'*!
in R% such that the following properties hold:
(a) T2T and T'\ Ty CCRi;
(b) there exist ap > 0 and v € C*([0, ar]) such that [|[V||o,0,ar]> 170, 0,ar] < 77 and
I' = graph(y) = {(v(22), 22) : 22 € [0,ar]}.

By definition of I'g, we can always find a sufficiently large 7 so that [|v)/lec.[0,ar,] < 7
and 79 1loo,[0,ar,] < 7. Clearly, the requirements of Definition 3.1 ensure that for every
I' € C,, there are no self-intersections. Moreover, for every I' € C, it is convenient to fix an
orientation and a unit normal vector vp to T'.

We show a compactness property of the class C,, with respect to the Hausdorff convergence
of sets.

Proposition 3.2. Let I'y, be a sequence in C, such that HY(T) is uniformly bounded with
respect to k. Then there exists I'oc € C, such that, up to a subsequence, I'y, — I'sc in the
Hausdorff metric. Moreover, H*(T)) — H'(T'x)-

Proof. Let 'y, € C, be as in the statement of the proposition and let ar, > 0 and
v € CH([0,ar,]) be as in Definition 3.1. Since H!(T\) is bounded, we have that the
sequence ar, is bounded in R and

(3.1) Sup I llw2.e= (fo.ar, 1) < F00-

Therefore, we may assume that, up to a subsequence, ar, — a. Moreover, we may rescale i
on the interval [0,a] by

Ak (z2) == ’Yk(%) for x5 € [0, 4],
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so that

Ty = {(%(932), mZZF’“) DX € [0,(1]}.

By (3.1) we have that, up to a subsequence, 7, weakly*-converges in W2°°([0,a]) to
some 7. Let us set I := graph(y). It is clear from the convergence of ar, to a and of 7y
to v that I' € C,, and that I';, converges to I' in the Hausdorff metric. Moreover, since 7;,
converges to v uniformly in the interval [0,a], we get that

lim # (') = “in/oa \/<a2k)2 +32(y) dy = /0 V1472 (y) dy = H (D),

and this concludes the proof of the proposition. O

We assume that outside the crack the elastic body is isotropic, homogeneous, and imper-
meable. Therefore, the behavior of the elastic body is fully characterized by the elasticity
tensor C: M2, — M2, defined by
(3.2) CF := Xtr(F)I 4 2uF for every F € M?

sym>

A and p being the Lamé coefficients of the body. As usual, we assume that CF = 0 for every
F € M?, ~and that C is positive definite, that is, there exist two constants 0 < a < 8 < +00

skw

such that
(3.3) a|F? <CF-F < B|F|*  for every F € M?

sym *

Our aim is now to define the set of admissible displacements and the energy of the elastic
body Rﬁ_ subject to a remote strain field €I, € € R, and with a crack I' € C, filled by a
volume V € [0, 4+00) of incompressible fluid.

Let us start with a simpler case in which we do not consider the volume of fluid inside
the crack. As we have already mentioned in the Introduction, the action of the strain el
is intended in the following way: the displacement w: R — R? of the elastic body has
to induce a strain field Eu which is close to el at infinity. The previous requirement
is translated into the condition u — eid € LD?*(R% \T), where LD?(R2\T) is defined
in (2.2). For what follows, we notice that, for every open bounded subset of Ri with
Lipschitz boundary and every I' € C, with I'\T'g CC €, Propositions 2.3-2.7 are still valid
in LD?(Q\T).

In view of the previous comments, for every € € R and every I' € C,, we introduce the
set of admissible displacements (without volume constraint)

(34) AD(T',e) := {u: RZ > R*: u—eid € LD*(RZ\T), upo=0o0n X, [u]-vr >0on '},

where [u] stands for the jump of u through T, that is, [u] := u™ —«™, with 4% and u~
denoting the traces of u on the two sides I'" and I'" of I', defined according to the
orientation of vr.

Let us give some comments on AD(T',€). The choice of the space LD?*(R% \I') has some
important consequences. First of all, it says that every admissible displacement is Sobolev
regular (see Proposition 2.3) outside of the curve I', hence the crack is actually contained
in I'. Furthermore, the fact that Eu — el € L?(R%\T') means, in a suitable weak sense,
that Eu has to coincide with the uniform strain el at infinity. We refer to Remark 4.5 for
further comments on the relation between Eu and el. In what follows, we will assume,
when needed, that Eu — €l is a function in L?(R%). For instance, this is true if we extend
it by zero on I'.

The boundary condition uy = 0 on X reflects the fact that, according to the model
studied in [16], the elastic body is adhered to the poroelastic substrate. Finally, the in-
equality in formula (3.4), which is assumed to hold H!-a.e. in T', takes into account the
non-interpenetration condition: the fracture lips can not cross each other.
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Let us now define the elastic energy of the body for a displacement u € AD(T',¢). Due
to the summability hypothesis made on Eu— €I, we get that Eu ¢ L?(R3) whenever € # 0.
Hence, from (3.3) we deduce that the usual stored elastic energy

1
— CEu-Eudx
R2\T

is not finite. Therefore, in order formulate our problem in the setting of rate independent
processes [17], for every displacement v € AD(T',e) we have to define the renormalized
energy

(3.5) F(u,T,€) := 1 C(Eu —€l) - (Eu — el)dz — / o(€)vr - [u] dH!
RI\T r

where o(€) := €CI is the far stress field associated to e. For simplicity, we set also
(3.6) o(e) := (BA+2u)e,
so that, by (3.2), o(e) = o(e)I and (3.5) becomes

1
(3.7) Fl(u,Te) = = / C(Eu — €I) - (Bu — €I) dz — o(e) / [u] - vp dH.
2 R2\I' r
Besides F¢, it is useful to introduce also the renormalized stored elastic energy
1
(3.8) ENu,T,€):= = [ C(Eu—€l)- (Eu — €l)dz.
R2\I'

The definition of the renormalized energy given in (3.5) is also motivated by the fact
that F¢(u,T',€) can be obtained as limit of the stored elastic energy on bounded domains

which tend to R? | as we show below. Let us consider R > 0 such that I' C EE and let us
set )
Ed(u,T):= = | CEu-Eudz
2 Jet\r
for every displacement u € ADR(T,€), where
ADp(Tye) == {uec H'(BL\T) :u=€id on OBL\ %, uz =0 on OB, N %,
[u]-vr >0onT}.

We notice that the Dirichlet condition u = €4d on 5‘BE \ ¥ corresponds, in the bounded
case, to the condition u—eid € LD*(R%\T) in (3.4). Indeed, if we extend u € ADg(T, €)
by eid in R% \ B}, it is straightforward to see that we obtain an element of AD(I,€). In

what follows, we will denote by u this extension.
An integration by parts shows that for every u € ADg(T, ¢) the following equality holds:

(3.9) 9w, — £ eid,T) = £ (u— cid, T) — /F o (v - [u] dH! = Fe(u,T) .

The aim of the following proposition is to pass to the limit in (3.9) as R — +00, recovering
the renormalized energy defined in (3.5) and (3.7).
Proposition 3.3. Let I' € C;, and e € R. Then the following facts hold:

(a) for every sequence ur in ADg(T',€) such that

(3.10) sup Fg (up,T) < 400
R>0

there exists w € AD(L', €) such that, up to a subsequence, Eug —el — Eu— el weakly
in L*(R%) and

Fl(u,T,¢) < liminf Fg (up — €id,T);
R—+o0
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(b) for every u € AD(T,€) there exists a sequence vy in ADg(T,€) such that Evg —
el - Eu—el in L*(R%) and
FUu,Tye) = lim Fg(vg,T).
R—+o00
Proof. Let us prove (a). Let I', ¢, and ugr be as in the statement of the proposition. It is
easy to see from (3.7) and (3.9) that F&(ug,T) = F(ug,T,€) for every R > 0 such that
I'\I', cc Bf.

Let E cC RI\T, E # O, be an open bounded set. For every R > 0 such that
E CC BY, there exists a horizontal translation ¢z such that ag —eid —tgr € LD%(RZ\T).
In view of Proposition 2.4, for r > 0 sufficiently large there exists a positive constant C,
satisfying

(3.11) [[ug — eid —trll g (pi\ry < Crl|Etir — eI||27]Rz+ for every R > 0 with £ CC Bf,.

By (3.3) and (3.10) we have that Eug — €l is bounded in L*(R%). Hence, by Proposition 2.4
and by inequality (3.11), there exist v € H .(R2 \T) and ¢ € L?(R2) such that, up to a
subsequence, Etg — el — ¢ weakly in L?(R?%) and @p —€id —tr — v weakly in H'(B\T)
for every r > 0. Therefore, Ev = ¢ and v € LD?*(R% \T'). By continuity of the traces with
respect to the weak convergence in H', we have that vo =0 on ¥ and

(312) [’ILR] N [ﬂR —€eid — tR} ‘vr — [U] -vp in LQ(I‘) as R — +o0.

Let us set u := v + eid. From the previous convergences we deduce that u € AD(T,€)
and that, up to a subsequence, Eug — el — Eu — el weakly in L?(R2). Moreover, by (3.12)
we get

el CU el (= CN el
I'e) <1 f Te =1 f r
F(u, T, €e) < liminf 7 (g, I, ) lim inf g (ur, I,
which concludes the proof of (a).

Let us now prove (b). Let u € AD(T',¢) and let E CC Bf/Q \EYM, E#0, bian open
set. Let ¢ € C2°(By/2) be a cut-off function such that 0 <o <1 and ¢ =1 on By/4. Let
us set Er := RE and pg(x) := ¢(x/R) for every x € R? and every R > 0. It is clear that

\%
(313) ||VSDR||OOR2 _ || QOHOO,RQ .
’ R
Let us restrict our attention to R > 0 such that I'\T'y CC BEM. Arguing as in point (a),

for such R we find a horizontal translation tz such that u —eid —tr € LDZ_(R3 \T). In
particular, by Proposition 2.4 and Remark 2.5, there exists a positive constant C' = C(FE)
such that

We define vg := pr(u —tg) + (1 — pgr)eid. By construction, we have vgp = u — tg
in BJ};M and vg = el in R% \ BE/z- Therefore, for every R > 0 such that I' C E;M we
have vg € ADg(T,¢) and vg coincides with . Moreover,

_ 2 2 . 2
(3.15) HEUR—EUHQ,R%r < ||Eu—eI||27R2+\B;/4 —|—/ IVor © (u—e€id —tr)|° dz,
BR\B 4

where the symbol ® denotes the symmetric tensor product. Combining (3.13)-(3.15) we
obtain

(3.16) ||E1-)1;,,—Eu||§w+ < ||Bu — €I))? + C||Bu —

2,R2 \B* EI”§R2 Bt
RINBR,4 REINBR, 4
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for some constant C' > 0 independent of R. Passing to the limit as R — 400 in (3.16) we
deduce that Evg — el — Eu — €l in L?(R%). Finally, it is clear that

el . el . el /—
Flwre) = lim Fil(vnT)= lm 75T,
and the proof is thus concluded. O

We are now in a position to define the total energy of the system: for every I' € C,,
every € € R, and every displacement u € AD(T, €), we set

(3.17) F(u,T,e) := F(u,T,e) + sHY (D),

where k is a positive constant related to the fracture toughness. The energy F(u,T'€) is
the sum of the renormalized elastic energy (3.5) and of a surface energy. The latter, which
is proportional to the length of the crack I', in the framework of Griffith’s theory [12] is
interpreted as the energy dissipated by the fracture process.

We conclude this section considering the additional volume constraint in the definitions
of admissible displacements (3.4) and of the total energy F in (3.17). Let us assume that
the elastic body R?3 , subject to a far strain field €I, € € R, has a crack T' € C, filled by a
volume V € [0, +00) of incompressible fluid. Since we are dealing with linearized elasticity,
for the volume of the cavity determined by the crack lips we use the approximate formula

/F[u]-upd’;'—[l,

so that the class of admissible displacements becomes

(3.18) AT, Vye) = {u € AD(T,e€) : /[u] vpdH! = V} .

r
It is clear that a result similar to Proposition 3.3 can be stated adding the volume constraint
of (3.18). Therefore, also in this case the use of the energy (3.5) is fully justified. Moreover,
thanks to the volume condition we have that

Fl(u,T,€e) = Eu, T, €) — a(e)V for every u € A(T, V,e¢).
Since o(e) and V' are given constants, as total energy of the system we consider
(3.19) E(u,T,€) :=E%u,T,e) + kH(T),

for every displacement u € A(T,V,¢). In particular, the energy (3.19) is the sum of the
renormalized stored elastic energy (3.8) and of the energy dissipated by the crack production.

4. STATIC PROBLEM

In this section, we analyze the equilibrium condition for the elastic body Ri subject to a
far strain field €I, e € R, when a crack I" € C,, is filled by a prescribed volume V € [0, +00)
of incompressible fluid.

According to the variational principles of linear elasticity, the equilibrium of the elastic
body with a prescribed crack I' € C,, is achieved if the displacement u is a solution of the
minimum problem
(4.1) ue}lr(lll“r,lv@) E(u,Te),
where the set A(T,V,¢€) of admissible displacements is defined in (3.18) and the energy &
is given by (3.19). The existence of solutions of (4.1) follows from the direct method of
the calculus of variations and Proposition 4.1 below, and is discussed in Corollary 4.2.
Proposition 4.1 is stated in a more general form than the one needed here since we shall use
it also in the study of the evolution problem in Section 5.
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Proposition 4.1. Let I',I'y,I'sc € C;; be such that I' CT'y, and I'y — I's in the Hausdorff
metric. Let Vi, Voo € [0,+00) with Vi, = Voo, and let €x, s € R with €, — €5, . Assume
that ug, € ALk, Vi, €x) is such that

(4.2) sup ||[Euy — ckIHZvRi < 400.
k

Then, there exists oo € A(Tso, Voo, €cc) Such that, up to a subsequence, Euy, — el converges
to Buoe — €xc] weakly in L*(R%).

Proof. By the Hausdorff convergence of I'y to I'o, it is easy to see that I' C T'.

Since the sequence Euy — €1 is bounded in L2(]R2+)7 we may assume that there exists
¢ € L?(R%) such that, up to a subsequence, Euy, — eI — ¢ weakly in L*(R%).

Let 7 > 0 be such that T'oo \I' CC B;. Thanks to the regularity of the sets T'y, T,
and to the convergence of 'y to I'w in the Hausdorff metric, arguing as in the proof of
Proposition 3.3 and applying Proposition 2.7 we have that there exist a positive constant C,
and a sequence t, of horizontal translations such that, for k£ large enough, the following
inequality holds:

(4.3) [l — €x id — tkHHl(Bj\rk) < Cr||Buy, — 6kI||2,R3 .

In view of (4.2) and (4.3), we may further assume that there exists a function v € H} . (R3 \ T'x)
such that for r,6 >0

(4.4) up — € id —ty — v weakly in H' (B \Zs;(Ts \T)),

where Zs(I'oo \I') is defined in (2.1). Clearly, Ev = ¢ and v € LD*(R% \I's,).

Let us show that v satisfies the non-interpenetration and the volume constraints appear-
ing in (3.18). Let us fix Q, Qo bounded open subsets of Ri with Lipschitz boundaries
such that T \T' CC Q, T \I' CC Qo , and Qi — Qo in the Hausdorff metric. By the
convergence of 'y to Iy, we may split Qi (resp. Qs ) in two open subsets Qf (resp. Q%)
with Lipschitz boundaries such that the following properties hold:

(4.5) [, COQEN\OYU  and T CO0%\ 00,
(4.6) ﬁ: — ﬁoio in the Hausdorff metric,

(4.7) vr, points towards ) and vr_ points towards QF .
By (4.3), (4.6), and by a simple reflection argument, we get that
(4.8) (ug — €x id — ty) Loz »vlge strongly in L*(R%).

By Proposition 2.3, uy — e id —ty € H*(Q \Tx) and v € H*(Qs \T'oo). Thus, by the
properties of the traces of Sobolev functions (see, e.g., [21]) and by (4.5) and (4.7), for every
k € N and every ¢ € C*(R?) with supp(y)) N9 \ L = @ we have

2

Z/ (uk — € 1d — tk)z(V’(/J)l dx + Z ’(ﬂ(Enﬂk — ek) dz

(4.9) =1 Y Q% i1 Y
=— | Ylug] - vp, dH! — Yty -vs dH = — [ lug] -vp, dHE,
Tk YNON Tk

where, in the last equality, we have used the fact that ¢; is a horizontal translation and
vy, = (0,1) is the normal vector to X.

Let us consider 1 € C'(R?) such that supp(v) NN \ X = @. Since O — Qs in the
Hausdorff metric, for k large enough we have supp(y) N0Q \ X = @, so that (4.9) holds.
Taking into account (4.8) and the weak convergence of Euy, — €I to Ev in L?*(R?), passing
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to the limit in (4.9) as k — +00 we obtain

—lim ( Ylug) - vr, dH! + Uty - s d'H1> =— hm Ylug) - vp, dH!
k Ty $NIQs Ty

2
(4.10) =lim (Z/Q(Uk — exid — t3,)i(V)ida + Z/Qfﬁ(En‘uk - Gk)d$>
2
:Z/ s (Vs d:c—i—Z/ YE vde = — /w vp_dH = | Yu-vsdH!,

2N
where, in the last equality, we have used again the properties of the traces of Sobolev
functions.

By (4.4) we have that

0 = lim Pty -vs dH! = v -vs dH!,
£NOQy $N0Qes

which implies, in view of (4.10), that

(4.11) hm Ylug] -vp, dH = / Ylv] -vp dHE.
Tk

for every 1 € C'(R?) such that supp(y) N 0N \ X = @. By the hypotheses and the

arbitrariness of 1, from (4.11) we easily get that

[v] ' vr. >0 on 'y and / [v] -vp dH! = Vi
I

In view of (4.4), we also have that v = 0 on X, hence v € A(Tw, Voo, 0). Thus, it is
clear that teo := v + €50 id € AT o0, Voo, €x0) - Since Fus, = Ev + €51, we finally get that
Eui — €] = Eug — €50l weakly in L?(R?), and the proof is thus concluded.

O

We are now ready to discuss existence and uniqueness of solution of (4.1).

Corollary 4.2. The minimum problem (4.1) admits a unique solution, up to a translation
parallel to the x1 -axis.

Proof. We apply the direct method of the calculus of variations. Let u; be a minimizing
sequence. It is clear that the sequence Euy — €l is bounded in L2 (Ri) Hence, by Propo-
sition 4.1, there exists u € A(T, V,€) such that, up to a subsequence, Euy — el — Eu — €l
weakly in L?(R?). Therefore,

E(u,Tye) < 1imkinf€(uk, Ie),

and this concludes the proof of existence.

The uniqueness of solution up to a horizontal translation follows by the strict convexity
of the energy, by the convexity of the constraints on the crack I', and by the boundary
condition us =0 on X.

O

In the following propositions and remarks we study some properties of a solution u of
the minimum problem (4.1).

Proposition 4.3. Let v € A(I',V,€) be a solution of (4.1) with T' € C,, V € [0,400),
and € € R. Then, for every v € LD*(R3\T) such that [v]-vr =0 on T and vo =0 on X
it holds

(4.12) C(Eu —€l)-Evdz = 0.
R2\T
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Moreover, there exists q(I',V,e) > 0 such that for every ¢ € C(R?)

(4.13) C(Eu —€l) - E(p(u — eid)) dz = q(T', V,¢) / o[u] -vp dH.
RIAT r

Before proving Proposition 4.3, we briefly discuss some consequences of formula (4.12).
Remark 4.4 (Equilibrium system). Let u be a solution of (4.1) and let us set
(4.14) o(u) := CEu,
the stress field associated to w. Formula (4.12) means that u is a weak solution of
(4.15) div(o(u) —o(e)) =0  in RI\T,
which reduces to
(4.16) dive(u) =0 in RZ\T,

since o (€) is a constant matrix. Equation (4.16) says that u satisfies the usual balance of
forces.

Moreover, integrating by parts in (4.12), we deduce that wu fulfills also the condition
o(u)12 = 0 on X, that is, the shear stress applied on the boundary of the elastic body is
Z€ro.

Remark 4.5 (Strain field). Since a solution u to (4.1) is also a weak solution of the sys-
tem (4.15), applying Proposition 2.3 and the standard regularity theory for systems with
constant coefficients (see, for instance, [10, Chapter 2]), we have that for every R > 0 there
exists a constant C' = C(R) satisfying the following condition: for every xy € Ri \T such
that BR(JC()) CcC R%'_ \F

[Eu — €ll|oo B o (20) < ClIEU — €l|l2 5 (x0) -

This implies that

li Eu — €|y, o =0,
o B = el a0

which means that at infinity Eu tends to coincide with the strain el. Therefore, the choice
of the function space LD?(R3 \T) is fully justified.

Remark 4.6. From (4.12) we deduce that for every v,w € LD?*(R2 \T) such that [v]-vp =
[w]-vr on T and ve = wy on X the following equality holds:

(4.17) /C(Eu—d)~Evdx:/ C(Eu — €l) - Ewdz.
RZ\T RZ\T

This property will be extensively used in the sequel.

Proof of Proposition 4.3. When V = 0 we have, up to a horizontal translation, v = €id,
thus we can take ¢(I',0,¢) = 0.

Assume now V > 0. Let v € LD?*(R%\T') be such that [v]-vpr =0 on ' and vy = 0
on Y. Then, for every § € R the function u 4 dv belongs to A(T, V,€). Therefore,

E(u,T,e) < E(u+ov,Te),

which implies

2
ENu,T,€) < Eu+ov,T,€) = E%u,T,e) + 6 | C(Eu — €l)-Evda + e CEv-Evdz,
R2Z\T RZ\T

where £¢ is defined in (3.8). By the arbitrariness of §, from the previous inequality we
get (4.12).
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Let us now prove (4.13). We define two linear operators L and M on C!(R?):

L(y) == /]RQC(EU —€l)-E(pu) dzx,

\l
M(p) = /;go[u] cvpdH?!.

For every ¢ € C}(R?) with M(¢) = 0, we consider the function (1 + d¢)u. For |§| small
enough, we have (1 + dp)u € A(T,V,¢e). Arguing as in the previous step, we get that

(4.18) C(Eu —€l)-E(pu)dx =0.
RZ\T

Let us denote by A (L) and N (M) the kernels of the linear operators L and M , respectively.
Equality (4.18), which is satisfied for every ¢ € N(M), implies that N(M) C N(L).
Therefore, there exists ¢ = ¢(I", V,¢€) € R such that L = ¢M.

It is clear that for every ¢ € C}(R?) we have
(4.19) [o(u—€id)]-vr =[pu]-vpr  onT.

Recalling (4.12) and Remark 4.6, equality (4.19) implies that
(4.20) / C(Eu —€l) - (Ep(u — eid)) da = / C(Eu — €l) - E(pu) dz = q/ olu] - vr dH!,
R\ R2\T r

which is (4.13). Taking in (4.20) a function ¢ € C}(R?) such that ¢ =1 on I' and using
again Remark 4.6, we get that

(4.21) C(Eu —€l) - (Eu — el)dz = ¢V,
RZ\D
which implies that ¢ > 0. This concludes the proof of the proposition. O

Remark 4.7. In the case V > 0, from (4.21) we get immediately an explicit formula
for ¢(I", V,€) in terms of the elastic energy and of the volume V':

1
(4.22) qT,Ve)= = | C(Eu—¢l)- (Eu—€l)dx.
V Jra\r

Remark 4.8 (Fluid pressure). Let us consider the constant
(423) p(Fv v, 6) = Q(Pa ‘/a 6) - 0(6) )

where ¢(T",V,€) and o(e) are defined in Proposition 4.3 and in formula (3.6), respectively.
We want now to explain why p(I',V,e€) can be interpreted as a fluid pressure. It is clear
that, if u is a solution of (4.1) without the non-interpenetration condition, then ¢(I",V,e€)
is a Lagrange multiplier due to the volume constraint, and hence we have

(4.24) C(Eu —€l) - Evdz = ¢(T, V}e) / [v] - vp dH!
RI\D r

for every v € LD?*(R% \T') such that vo = 0 on X. Thus, with the notation introduced

in (4.14), u satisfies the condition

(4.25)  o(uwvr =o(e)vr — q(T, V. e)vr = (o(e) — q(T', V,€))vr = —p(I, V,e)ur on T'.

Formula (4.25) means that the total force that the elastic body exerts on the crack T' has
modulus —p(T", V,€) and is directed along vr. On the contrary, the fluid inside the crack ex-
erts a force p(I", V, €)vr on the fracture lips. Therefore, we are allowed to interpret p(T', V,¢)
as the fluid pressure. According to (4.25), the pressure p(I', V,¢) is acting on I' along its
normal vp in the reference configuration rather than in the deformed one. This does not
affect our interpretation, since we are dealing with a linearized model.
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To justify the same interpretation of p(T',V,€) when the non-interpenetration condition
is considered, we have to show that (4.24) holds for a sufficiently large class of functions
in LD*(R3\T'). To do this, we adapt the argument used in [2, Proposition 3.6].

Proposition 4.9. Let u be the solution of (4.1) with T € C,), V € [0,+00), and € € R.
Then (4.24) holds for every v € LD*(R%Z\T) such that supp(v) CC R% and |[v] - vp| <
Clu]-vr for some C > 0.

Proof. When V =0 we have u = eid and the statement is true with ¢(T",0,¢) = 0.
Let us assume that V > 0. Let v be as in the statement of the proposition, and let us
fix g € C2(R%) such that =1 on supp(v) and

(4.26) /@2 [u] -vp dH! > 0.
I

If we set W := pu, thanks to Proposition 2.3 we have that w € H'(R2 \T). In view of (4.17),
we now modify the functions @ and v, keeping the same values of [u]-vr and [v]-vr on T.
Let us fix © a bounded open subset of Ri with smooth boundary such that I'\T'y CC Q,
supp(u) CcC Q, and supp(v) CC Q. We may assume that there exists an extension r
of I' in C, such that v = vp on T, Q\f‘ is the disjoint union of two open subsets QF
with Lipschitz boundaries and with vy pointing towards Q. We consider a scalar function
@ € H'(R3L\T) such that supp(a) CCQ, @>0onR3, a=0o0n Q,and (a)* = [@ v
on I'. Similarly, we can find a scalar function & € H'(R? \ I') such that supp(?) CC Q,
9=0o0n Q, (0)t =[v]-vr on I', and

~ ~ 2
(4.27) |o] < Cla| a.e. on RY .

Besides 7 and @, we also fix a C%!-extension Pp of the unit normal vp to . We
further assume that 7 has compact support in R2. In what follows, we will consider
the functions @, v, avs, and OUn. By construction, they belong to H*(R3 \T') and have
compact support in Ri.

We now need to approximate @ and v by truncation. Let Tx: R — R be the truncation
function defined by Ty (s) := s if —k < s <k, Ti(s) := —k if s < —k, and Ti(s) := k if
s > k. We shall also need the function Sj: R — R defined by Sk(s) := s — Ti(s).

From (4.27) it follows that for every k € N

(4.28) 1S1/1(Tk(9))| < CTy(@) ae. on RZ .

In particular, Sy, (Tx(0)) = 0 where @ < 1/(kC).
By the properties of % and of Dy, for every k we have

[Tk(ﬂ)ﬂf] -Ur = [Tk(ﬁ)]l/p -Ur = Tk([ﬂ] 'l/p) on I'.
The previous equality implies that
(429) 0< [Tk(ﬂ) ~f] cvr < [ﬂ] cvr < [u] -vp on I'.

Taking into account (4.29), with the same technique used to prove Proposition 4.3 we deduce
that there exists gx € R such that for every ¢ € CL(R?)

(4.30) C(Eu — el) - E(¢Ty () 73) dz = qi, / [Ty (@)og) - vr dH .
RI\T r
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We now show that g, — ¢(T',V,€). Since Tj(a)rp — avp in H'(RZ\T), passing to the
limit in (4.30) as k — +o0o0 and recalling (4.17), we obtain

C(Eu —€l)-E(pu)dz = | C(Eu— €l)-E(pur;) dz
RI\T RZ\T
(4.31) =lim [ C(Eu — el)-E(¢Ty(a)vp) doe = lilgn qx / olT(W) 7] - vr dH!
RI\T r

= lim g / plave] - vr dH' = lim g / o[a] - vr dH' = lim qk/ ©Plu] -vp dH.
k r k r k r
Taking ¢ =% in (4.31), by (4.13) of Proposition 4.3 we get

(4.32) q(I,V,e) / P2[u] - vr dH = / C(Eu — eI) - E(7%u) dz = lim gy / ?2[u) - vp dH.
r R2\T k r
Since (4.26) holds, from (4.32) we deduce that g — q(T, V,¢).
We now define the scalar function

if @(z) £ 0,
0 if a(z) =0.

Then, by (4.28), wy, € H(RZ\I')NL>*(R?%) and supp(wi) C supp(v) CC Q. In particular,
wy = 0 in Q™. Hence, for every k there exists a sequence (¢7); in C}(R?) such that
||<,0§;||OQ7]R2+ < l[willco g2 and @l — wy, strongly in H'(Q1) as j — 4oc.

We consider the sequence gaiTk(ﬂ)ﬂf in H'(R2\T). By the dominated convergence
theorem, we have ¢} Ty (@)op — Sy (T3 ()73 strongly in H*(R3 \T') as j — +oco. Since
St/ (Ti(0)) 0 — 007 strongly in H'(RZ\T') as k — 400, by a diagonal argument we find
a sequence ¢y in C°(R2) such that ¢ T, (@) — 00 strongly in H*(R% \T'). Therefore,
we get

C(Eu—e€l)-Evde = [ C(Eu — €l)-E(v7;) de
RI\D R\l

=lim | C(Eu— el)-E(piTy(@)73) dz = lim gy, / o[ T (@) D7) - vp dH!
ko Jr2\T F r

— a0V, [ o] vk = g0V, [ o] v ant,
r r
and this concludes the proof. O

Remark 4.10. Integrating by parts, thanks to Proposition 4.9 we get that a solution u
of (4.1) satisfies the condition o (u)vr = (o(e) — q(I', V,€))vr on {[u]-vr # 0}, which is
the part of the crack I" occupied by the fluid. Therefore, we can repeat the argument of
Remark 4.8 on the set {[u]-vr # 0} and we conclude that p(T',V,e) = q(T',V,€) — o(e) can
be interpreted as the fluid pressure.

We conclude this section considering another static problem. In view of Proposition 4.3
and of Remarks 4.8 and 4.10, we know that to every triple (I',V.€) € C, x [0,+00) xR
corresponds a pressure p(I', V,e) = ¢(T', V,€) — o(e), with ¢(T,V,€) € [0, +00).

What we want to do now is to briefly discuss the relationship between I', V', ¢, and p
studying the equilibrium problem of an elastic body filling Ri subject to a uniform strain el
e € R, and with a force pvr acting on the crack I' € C,,. According to the result presented
in Proposition 3.3, in this case the total energy of the system is of the form

(4.33) &(u,T,p,e) :=F(u,T,e) —p/

] -vp dH! = E(u,T, ) — (p + o(€)) /[u] ordH!
T

T
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where F is defined in (3.17). The class of admissible displacements is the set AD(T, €) given
by formula (3.4).
As in (4.1), the equilibrium condition is expressed by the minimum problem

4.34 in  &u,T .
(4.34) ol (u,T,p,€)

The existence of a solution of (4.34) follows by the arguments used to prove Proposition 4.1
and Corollary 4.2. The solution is unique up to a translation along the x;-axis.
Given u a solution of (4.34), we set

(4.35) V(T,p,e) = /[u] cvpdH!,
r
the volume between the crack lips. Then, the following proposition holds.

Proposition 4.11. For every I € C,,, every V € [0,+00), and every € € R, we have
(4.36) V(D,p(T,V,6),6) = V.

Proof. During this proof, we denote by wuy a solution of (4.1) associated to (I',V,¢), and by
up, a solution of (4.34) corresponding to (I',p(T', V,e€),¢€).
First of all, we notice that, by (4.23), the energy defined in (4.33) reduces to

(4.37) Eu,T,p(I",V,e),e) = E(u, T, €) — q(T, V,¢) /F[u] vp dH!

for every uw € AD(T,¢).

If V =0, we have, by Remarks 4.8 and 4.10, that p(I",V,¢) = —o(¢). Hence, it is clear
by (3.19) and (4.33) that we can take uy = u, = eid, and (4.36) is satisfied.

Assume now V > 0. Let us first show that V(I',p(I',V,e),e) > 0. By contradic-
tion, if V(I,p(T',V,€),e) = 0, then, up to a horizontal translation, u, = eid. Thus,
by (3.19), (4.22), (4.33), (4.37), and by the minimality of w,, we get that

& (up, T, p(T, V,e),€) = kHN(T)

1
< E(uy,T,p(T,Vie),e) = 3 C(Buy — €l) - (Buy — el)dx — ¢(T', V, )V + kH*(T)
R\

1

=—— [ C(Euy — €l) - (Buy — el)da + vH (),
2 Jrzar

which, in view of (3.3), leads to a contradiction. Hence, V (T, p(T", V,€),€) > 0.
Arguing as in Proposition 4.3 and Remark 4.7, we can prove that

1
C(Eu, —€l) - (Eu, — el)dx.
VP V6 e) Jugo ~ D Bw =)

Therefore, by the minimality of w, and by formula (4.37) we have
E(up, T, p(T,V,€),€) = E(up, ' €) —q(I', V, e)V(L, p(T, V,€), €)

< E(uy,D,p(T,V,e),e) = E(uy,ye) — q(T,V,e) V.
Combining (4.22), (4.38), and (4.39), we get

(4.38) ¢(T,Ve) =

(4.39)

C(Euy — ) (Buy —e)dz < [ C(Eu, —€l) - (Eup, — el) dz,

RI\T R2Z\T
which implies, together with (4.39), that
(4.40) V(,p(T,Vye),e) > V.
Finally, let us set
v = 4 (up —e€id) +eid.

V(F7P(F’ ‘/’ 6)7 6)
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Then v € A(T,V,¢€) and, by (3.8), (3.19), (4.22), (4.38), (4.40) and by definition of wuy,

1%
V(T,p(T, V, e

E(uy,Tye) <E(w,Te) = ( ),e)> E% (up, T, €) + kHY(T)

V2, Ve 1y Vv
= wa v 0= vr T

Therefore, the only possibility is V(I', p(T, V) €),e) = V', and this concludes the proof. O

ENuy, T, e) + kHY(T) < E(uy,T,e).

Remark 4.12. With the notation used in Proposition 4.11, we also get that uy and w,
coincide up to a horizontal translation.

Remark 4.13. Let us comment on the meaning of the result obtained in Proposition 4.11.
When considering the equilibrium problem for the elastic body Ri subject to a far strain
field eI, € € R, with a crack I' containing an incompressible fluid, we can, in principle, decide
to work in two different settings: assume to know either the volume V or the pressure p
of the fluid inside I'. In the first case, we are led to study the minimum problem (4.1),
finding, according to Proposition 4.3 and Remark 4.8, the fluid pressure p(T',V,e). If,
viceversa, we know the pressure p acting on I', we can solve the minimum problem (4.34)
and deduce from formula (4.35) the volume V(T',p,e) of the fluid between the crack lips.
The equality (4.36) proved in Proposition 4.11 means that the solutions obtained considering
either (4.1) or (4.33) coincide (same volumes, pressures, and displacements). Hence, we are
considering the same problem from two different viewpoints. As it will be clear in Section 5
(see Remark 5.4), working with fixed fluid volume (4.1) is better for our purposes.

5. QUASI-STATIC EVOLUTION PROBLEM

We now describe the quasi-static evolution for our model of hydraulic fracture growth.
Given T > 0, for every t € [0,7T] the elastic body is subject to a uniform strain field e(¢)I,
€(t) € R, while a pressure po(t) € R acts on the fluid far from the crack inlet. For technical
reasons, we assume €,po, € C([0,T]), the space of continuous functions from [0,7] to R.
We denote by V(¢) the volume of fluid injected into the crack at time ¢.

It is convenient to introduce the reduced energy &, (t,T',V) defined for every ¢ € [0,T7,
every I' € C,), and every V € [0, +00) by
(5.1) En(t,T,V) = i E(u,Te(t)) =

min
u€ A(T,V,e(t))

min Elu, T, e(t)) + kHY(T).
u€ A(T,V,e(t)) ( ()) ( )
Following [17] and [9], we state the problem in the general framework of rate independent
processes. The evolution is described by a crack set function ¢ — T'(¢) and a volume
function ¢ — V(¢). The Griffith’s stability condition is here expressed in a “derivative free”
setting in the following way: for every ¢ € [0, T

En(t,T(t),V(t) <&, T,V(¢)) for every I € C, with I' D I'(¢).

Since the process is irreversible, we require ¢ — I'(¢f) to be an increasing set function.
Moreover, we impose an energy-dissipation balance: the rate of change of the reduced en-
ergy (5.1) of the system along a solution equals the power of the pressure forces exerted by
the fluid plus the power expended by the far stress field o(e(t)) generated by the strain e(t)
(see (3.6)).

Finally, we have to give an evolution law for the volume function ¢ — V'(t). As we have
seen in Proposition 4.3 and Remark 4.8, the presence of a strain €(¢)I and of a volume V (¢)
of fluid inside the crack I'(¢) produces a pressure p(t) := p(I'(t), V(t),€(t)) acting on the
fracture lips, which is also interpreted as the fluid pressure inside the crack (see Remarks 4.8
and 4.10). As a consequence, a pressure difference po(t) — p(t) is created into the fluid,
which drives the evolution of V(-) according to an approximation of the Darcy’s law: V (t) =
Poc(t) — ().

This leads to the following definition.
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Definition 5.1. Let T > 0, and let €, po € C([0,T]). We say that a pair (I',V): [0,T] —
C, x [0,400) is an drreversible quasi-static evolution for the hydraulic crack problem if it
satisfies the following conditions:
(a) irreversibility: T is increasing, i.e., I'(s) C T'(¢) for every 0 < s <t < T
(b) global stability: for every ¢ € [0,T],
En(t,T(t), V(1) <En(,T, V() for every I' € C,) with T' D I'(¢) ;
(¢) Darcy’s law: the function V' is absolutely continuous on the interval [0,7] and

V(1) = (poo(t) = (1)) L{v 03 (t)
for almost every ¢ € [0,T], where p(t) := ¢(I'(t), V(t),€(t)) — o(e(t)) is the pressure
introduced in Remark 4.8;
(d) energy-dissipation balance: the function ¢ — &,,(¢t,T'(t), V(t)) is absolutely continu-
ous on the interval [0,7] and

d

(5.2) ZEm BT,V (1) = (p(t) + a(e(t)))V(¢)

for almost every t € [0,T].
We are now in a position to state the main theorem of this paper.

Theorem 5.2. Let €,ps € C([0,T]) and let Ty € C, and Vy € [0,+00). Assume that
(stability at time t =0)

(53) g’m(O;FO;VO> S gm(07F7Vb)

forevery I' € C, withT' D T'y. Then, there exists an irreversible quasi-static evolution (I', V')
of the hydraulic crack problem, with T'(0) =Ty and V(0) =V,.

Let us comment on the initial condition of Theorem 5.2.

Remark 5.3. If the pair (I'y, Vj) € C,, x [0, 400) does not satisfy the stability condition (5.3),
we define a new initial condition (I'f,Vp), with T'§ solution of (5.3). In particular, I'j
minimizes &,(0,I',Vp) among all T' € C, with I' O I'j. Therefore, we can solve the
evolution problem in Theorem 5.2 starting from (', V).

A solution of (5.3) can be found by the direct method of the calculus of variations. Indeed,
a minimizing sequence I'y € C, has bounded H'-measure, and thus is bounded in C,. By
Proposition 3.2, we may assume that I';, — I' in the Hausdorff metric, for a suitable I' € C,,..
For every k € N, there exists a unique (up to a horizontal translation) uy € A(T'x, Vp, €(0))
solution of (4.1). Since Eujy — €(0)I is bounded in L?*(R?%), by Proposition 4.1 we have
Eui, — €(0)I — Ev — €(0)I weakly in L?*(R?) for some v € A(T, V;,€(0)), and

En(0,T, V) <E(v,T,e(0)) < lirriinfgm(O,I‘k, o) .
Thus I is a minimizer.

The following remark explains why it is convenient to state the evolution problem in terms
of the energy functional & defined in (3.19) rather than working with & of formula (4.33).

Remark 5.4. Let us assume for a moment to know a priori the pressure p of the fluid inside
the crack I' € C,,. Given t € [0,T], we may define the reduced energy

5.4 En(t,T,p) = in  &(u,T,p,e)),
(54) (tT.p)= _min  6(u.Tp.c(t)

where & and AD(T, e(t)) are defined in (4.33) and (3.4), respectively. The non-interpenetra-
tion condition in (3.4) and the presence of the linear term

(p + o(e(t))) / ] - vr dH!

T
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in (4.33) imply that the reduced energy &, is not bounded from below with respect to the
crack set variable. Indeed, when we try to repeat the argument of Remark 5.3, it is possible
(when p + o(e(t)) > 0) to construct a sequence I'y in C, such that &,,(¢,I'x,p) - —o0
and H!'(Tx) — +oo. This means that it would be energetically convenient to have a
catastrophic rupture of the elastic body, which is in contrast with the quasi-static nature of
the phenomenon we are studying.

On the contrary, the energy &, defined in (5.1) is always positive, and this simplifies our
analysis.

To prove Theorem 5.2, and in particular to obtain the global stability condition of Def-
inition 5.1, we need the following two technical lemmas. The first one corresponds, in our
setting, to the Jump Transfer Theorem [8, Theorem 2.1].

Lemma 5.5. Let F,Fk,Foo,f‘DQ € Cy, be such that I' C T'y,, I'y = I's in the Hausdorff
metric, and oo C Dao. Let Vi, Voo > 0 and tg, teo € [0,T] with Vi, = Voo and ti — teo,
and let v € A(Tos,V,€(ts)). Then there exist a sequence Ty in C, and a sequence uy, €
A(f‘k,Vk,e(tk)) such that T}, — Ts in the Hausdorff metric, T}, C I, Euy — e(ti)l —
Eu — €(too)1 strongly in L*(R%), and E(up, T, e(tr)) = E(u, T oo, €tos)) -

Proof. The proof is carried out following the steps of [18, Lemma 3.7]. The letter C will
denote a positive constant, which can possibly change from line to line.

First, we construct the sets I'y. Let ay,doo > 0, oo > Goo, Vi € CH1([0,a1]), Yoo €
CH1([0,a00]), and 4o € C11(]0,a50]) be as in Definition 3.1. In particular, I'y = graph(vx),
Lo = graph(Yes), and T'og = graph(4ss). It is also convenient to define a W2 -extension
of 4 to the interval [0, + 2d], for some § > 0. For instance, this can be done in the
following way:

5 Yoo (22) if 25 € [0, doo],
Yoo ($2) = 2 ~ ~ / A~ . ~ A
Hoo(lioo) + (T2 = oo ) Yoo (Goo) I T2 € (Goo, Goo + 20].

The idea of the construction of I'y is to glue graph(yg) and graph(9..) with a suitable
arc of circumference. In view of the Hausdorff convergence of I'y, to I', we have that

(5.5)  ar = aco, Yr(ar) = Yoo (o) = Foo (o) , Velan) = (o) = Yo (a00) -
Without loss of generality, we may assume that 7 (ar) > 9. (aso) > 0 (the other cases can
be dealt in similar ways). Let r > (1 +7?)%/2/n and

r

zi = (ve(ar), ax) — W(lv —(ar)) € Ri'
k

Let us consider the ball B,.(zx), which is tangent to T'y in (yx(ax),ax). In a neighborhood
of (vk(ak),ar), the circle 9B, (z;) can be seen as the graph of the function

To) = a—; r2_x_a_w2
Cr(m2) = Y (ag) EaEATE +\/ ( 2 — ag 1+%;(ak)2> .

We deduce that there exists by > ax such that 9. (as) = ¢, (br) and F.(as) < (1 (22) <
vi.(ag) for every xo € (ak,by). Moreover, by (5.5), by — aoo and, by the choice of r, we
have, at least for k large, |(}/(z2)] < n for x4 € (ak,by).

We define

Vi (22) if 22€[0, agl,
(5.6) Ar(w2):=1q Ck(x2) if o€ (ag, b,
Aoo (T2 + oo — i) + Cie(bk) — Yoo (Goo)  if T2E€(bg, oo + 20 + b — o)
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For k large enough, we have that 4 is well-defined on the interval [0,d00 + 6], A% €
CH1([0, Goo + 8]) and, by construction of ¢,

||f~l/

(5.7) 1% oo, (0,600 +6] <m and ll00,0,600 +8] < 71 -

Moreover, (5.6) and (5.7) imply that 9% — Joo weakly™ in W2 °°([0, oo + 6]). Therefore,
if we set Ty, := graph(Yx|j0,a..])» we deduce that I € Cy, I', C I, and T, — I'so in the
Hausdorff metric.

Let us fix p > 0 and let di := [|[% — Yoollw1.([0,a00+4)) - By the weak* convergence
in W2 of 44 to Yo, we have that d, — 0. For k large enough (so that Iy C Ip(foo)),
we want to construct a CL!-function Ay, such that Ay ,(Ts) = Tk and Ay ,(z) = z
for x € R2 \I,(I'ss). Let us first fix a function 7, € C°(R?) such that 0 <, <1,9,=1
on Z,, »(T OO\I‘), and supp(9,) CC I,(T's \T). For every x = (z1,22) € Z,(T OO\F),
define

(5.8) Aoy (2) = o+ ( 9,(a) (Mw()) ) ) |

By the properties of 9,, we have that Ay ,(z) = = for every z ¢ Z,(T's, \T), so that it
makes sense to extend Ay , with the identity out of Ip(FOO \T'). Moreover, we notice that,
Ay, € CVH(R%:R?) and Ay ,(Too) =T

From (5.8) and the definition of dj, we deduce that

(59) 11]?1 ||Ak7p - ’id||W1,oo(R2) = 0,

(5.10) limsup ||Ag,, — id||w200 w2y < C,
k

where C' > 0 in (5.10) is independent of p. In particular, in view of (5.9), we can apply
Hadamard Theorem (see [15, Theorem 6.2.3]), to deduce that Ay, is globally invertible
with A;’; € Cl,l(RQ;RQ) and HA];; — idHWLoo(RQ) — 0 as k— +o0.

We are now in a position to define the approximating functions. Let u € A(f‘oo, Vioos €(too)) -
We set

(5.11) kp = ((cof VAk,) ™" (u— €(too) id)) 0 AL,

%
(5.12) Uk,p := —kv;@’p + E(tk) id .

Voo

Thanks to [4, Section 1.7], uy,, satisfies the non-interpenetration condition and the volume
constraint on 'y, hence uy,, € A(T'k, Vi, e(tr)). Moreover, (5.9)-(5.12) and Proposition 2.3
imply that

(5.13) hmksup [Evk,plly 7 Py S Cllu—e(t )zd||H1(I (P )\Fas) 7

Vi
Voo

In view of (5.12) and (5.14), we have that

‘g(uhw fk) e(tk)) - 5(”7 fom e(too))|

(5.14) Eug,, — e(ti)l = - (Bu — e(too)])  in RE\Z,(Ts).

V2 1
<k CEvy, ,-Eug,dz + = C(Bu — €(ts)]) - (Bu — €(to)]) dz
(5.15) —2VZ Jp o e TR ST Ty Zp(foo)( (too)D) - ( (too)T)
Vv, .
+= (’; - ) C(Bu — €(too)]) - (Bu — e(too)I) da + [H (D) — H (T'wo)| -
£ E2\Z, (o)
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Recalling that #!(I'y) = H'(T's), Vi = Vie, and that (3.3) and (5.13) hold, we pass to
the limsup in (5.15) as k — 400 obtaining
(5.16) lim sup [€ (ux.p, Doy e(th)) = E(u, Tog, €(too))| < Cllu — eltoc) id 13 7 5y -
Passing to the limit as p — 0 in (5.16), we deduce that
(5.17) lim limsup [ . Dy () — (1 Do ltoc)] = 0.
P k
Therefore, in view of (5.13) and (5.17), we can construct a sequence of functions uy €

A(Tk, Vi, €(tr)) such that &(ug, Tx, e(tr)) = E(u, Too, €(too)) and Bug—e(t)] — Bu—e(too)l
strongly in L?(R?). This concludes the proof of the lemma. O

The following lemma will be useful in the proof of the global stability condition (b) of
Definition 5.1.

Lemma 5.6. Let I''T'y,I'c € C be such that I' C I'y, and I'y — I'c in the Hausdorff
metric. Let Vi, Vo >0 and t,te € [0,T] with Vi, = Vo and ty — t . Assume that

(5.18) Em (e, T, Vi) < Em(ti, I, Vi)  for every I'e C, with I DTy.
Then
(5.19) Em(too, Doos Vo) < Em(too,f, Voo) for every I'e C, with I'Dly.

Moreover, let uy,us be solutions of (4.1) corresponding to the triples (T'y, Vi, e€(tr))
and (Too, Voo, €(teo)), and let p(Tk, Vi, €k), P(Too, Voo, €co) be the corresponding pressures
according to Remark 4.8. Then Euy — €(tx)] = Euoo — €(to) in LQ(Ri) , P(Try Vi, €x) —
P(Too, Voo, €c0) 5 and Em(t; Ti, Vie) = Emn(too, Loos Vo) -

Proof. Let us fix wy € A(T,1,0). Then,
wy = Viywo + €(tx) id € ATk, Vi, e(tr))
and, by definition of uy,
(5.20) EMNup, Tgy e(ty)) < E%(wp, Tk, e(ty)) = VEE (wo, T, 0) .

In view of (3.3), inequality (5.20) implies that the sequence Euj — €(tx)I is bounded in
L?*(R?), hence, applying Proposition 4.1, we deduce that there exists us € A(Too, Voo, €(ts0))
such that, up to a subsequence,

(5.21) Euy, — €(ty)] = Bu — €(too)]  weakly in L?(R?).

Let us prove (5.19). Let I' € C,,, I' D T', be fixed. Let us denote by us € A(T, Voo, €(too))
a solution to (4.1) associated to (I, Vao, €(tos)). Applying Lemma 5.5 to 'y, T'so, I, we can
find a sequence Iy € C, such that [, DT and I'y, — ' in the Hausdorff metric, as well as
a sequence of functions vy, € A(T', Vi, €(t)) such that &(vg, Tr, e(tr)) — E(up, T, eton)).
By (5.1), (5.18) and (5.21), we have that

Em(toos Toos Vo) < E(thoos Too, €(tao)) < hmkinf E(ug, Tk, e(tr))
(5.22) = hmkinf Em(te, T, Vi) < limksup Em(te, Tk, Vi) < limksup Em(tr, fk, Vi)
< 1iin E(vg, Iy, e(ty)) = S(ufj’, €(teo)) = Sm(too,f, Voo) s
from which we deduce (5.19). Moreover, taking I' = Ty, in (5.22), we get that us €
AT, Voo, €(tso)) is a solution of (4.1), Euy — €(tg)l = Eus — €(too)I strongly in L*(R?),

and & (te, Tk, Vi) = Em(too, [oo, Vo) - In view of these convergences, of Remark 4.7, and of
formula (4.23), we deduce that p(T'x, Vi, €x) = P(Too, Voo, €x0) » at least in the case Vo > 0.
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It remains to prove that p(T'g, Vi,er) = —0(€(tx)) = P(Too, Voo, €(too)) if Voo = 0.
Without loss of generality, we may assume Vi > 0 for every k € N. In view of (5.20), we
have that

C(BEuy, — e(t)]) - (Buy, — e(t)I) dz < V2 CEwy - Ewg dz,
R2\T R2\Dy

which implies, together with Remark 4.7 and formula (4.23), that

0 < p(Tk, Vi, ex) + o(e(tr)) < Vk/ CEwg - Ewp dz .
RZ\T,

Since Vi = Voo =0 and €(t;) — €(to), we get p(Tk, Vi, ) = —0(e(tso)) - O
We are now ready to prove Theorem 5.2

Proof of Theorem 5.2. Let €, ps, Lo, and Vj be as in the statement of the theorem and
let vr, be the unit normal vector to I'g.

The proof is based on a time discretization process, see [9, 17]. For every k € N, we
introduce the time step 7, := T'/k and a subdivision of the interval [0,7] of the form
tF:=im, for i =0,..., k. Let us describe the discrete problems. For every k we define V¥
and Ff recursively with respect to i. For ¢+ = 0, we set Vb’“ =V, 1"5 = I'p, and
pk := p(To, Vo,€(0)) the pressure introduced in Remark 4.8. For i > 0, assume that we
already know V/* | TF | and pF | :=p(TF |, VE  e(tF |)). We define

(5.23) Vik = max{Vik,l + (poo(tf,l) —pf,l)Tk,O}.

We notice that (5.23) is the discrete approximation of the Darcy’s law of Definition 5.1.
Then, we set T'¥ to be a solution of

(5.24) min {&,,,(t5,T,V*): T €C,, T DTF ,},

which can be found arguing as in Remark 5.3. In particular, (5.24) is the discrete form of
the global stability condition in Definition 5.1.

Finally, we denote by u¥ a solution of (4.1) with I =T%, V =V and e = ¢(t}), and
we set pf = p(Ff, Vik, e(tf)) to be the corresponding pressure, according to Proposition 4.3
and Remark 4.8. Arguing as in the proof of Lemma 5.6, it is possible to prove that

[But — c(th)5pe < CVE,
~o(e(th)) < pk < OV — ole(th)).

for some constant C > 0 independent of k and 7.
We introduce the following piecewise constant interpolation functions: for t € [tF, ¢¥, )

uk(t) = uf ) Fk(t) = Ff ) Vk(t) = ‘/zk ) ek(t) = 6(ti’c) >
pk(t) = p? ’ p];o(t) = poo(tf) ) Uk(t) = U(e(tf)) )

and, for t € (tF,tF 4], Vi(t) := VE,. Furthermore, we will also use the piecewise affine
function

(5.25)

(5.26)

VE_yk
(5.27) VE) =V + ZTH(t —th )y for te (th ,,th].
Since p¥ > —o(e(tF)) for every k and every i, from (5.23) we easily deduce that
(5.28) VI S VEL oo (ty) + o (e(ti_y)) i -

Iterating inequality (5.28), we get

(5.29) VE < Vot 1S Ipo(t_y) + ole(t_))]

j=1
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Taking into account the regularity of ¢t — p.o(t) and of t — o (e(t)), inequality (5.29) implies
that

(5.30) sup 1Vl oo, 0,77 < +00.

Therefore, from (5.25), (5.30), we obtain that

(5.31) Sup [Euf — e(t?)llapz <oco  and SUP [P loc 0.7y < +o0-
Moreover, thanks to (5.23) we have that

(5.32) VE L = VE < poo(851) |7 + D1 |7 -

Combining (5.28), (5.31), and (5.32), we get that

(5.33) s%p ||Vk||W1,oo(oyT) < +00.

We now prove a discrete energy inequality. By (5.24) we have that
(534) Em(ti'cvrfv ‘/;k) S g (tk Ff 1 Vk)

In order to estimate the right-hand side of (5.34), we fix wg € A(T,1,0) and we define the

functions
uk — e(tF)id

e vk
’Uf — ‘/ik if V; 7é O7
Wo if VI = 0.
Notice that v¥ € A(T'¥,1,0) and, by (5.25),
(5.35) [l ps < M,

where M > ||Ew0||27Rz+.
Since uf_| + (e(tF) —e(tF_)))id + (V¥ — VE ok | € ATk |, VEF e(tF)), by (5.34) we get

Em (15, VF) < E(uiy + (e(t]) — e(tiy))id + (V¥ = ViE ol TE e(t]))

— (b T eth )+ (V- VE) [ CBul, - b D Eet do
(5.36) R
+ 7(‘/7k _2‘/;k_1>2 / CEvF | -Euvf | dx
RINTY
Recalling (3.3), (5.35), and formula (4.22) which relates p¥ to o(e(t¥)) and to the quan-
tity q(T%, VF e(tF)) introduced in Proposition 4.3, we can continue in (5.36) obtaining

t

En(t5.TEVE) <E(# 1. T5 | VE ) + (0 +ole(tE 1) / V4 (s) ds
t

k

(5.37) " o
+ ﬁvkw/ Vi(s)|ds,
2
where we have set

-~ 1
Vi == vEk_vk |
i 2j:83.?,k| 7= Vit

Iterating inequality (5.37) we obtain, for ¢ € [t¥,tF ),

Em(tF Ti(t), Vi(t)) <Em(0,T0, Vo) +/ i (Pi(s) + on(s))VF(s) ds
(5.38) 0

T
+ BT M? / V5 ()] ds.
0
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In particular, (5.38) implies that H!(T'x(¢)) is bounded uniformly with respect to t € [0, T]
and k € N.

By Theorem 2.2 and Proposition 3.2, we have that, up to a subsequence, T'x(t) — I'(t)
in the Hausdorff metric for every ¢ € [0,7], H*(T'x(t)) — H'(I'(t)), and the set function
I': [0,7] — C, is bounded and increasing. Moreover, in view of (5.30) and (5.33), there
exists a nonnegative function V€ W1>°([0,T]) such that, up to a further subsequence,
VE —~ V weakly* in W1*°([0,7]) and V¥ V4,V — V strongly in L*°([0,7]). Let us
also denote by u(t) a solution (unique up to a horizontal translation) to (4.1) associated to
the triple (T'(¢),V(¢),€e(t)), and let p(t) := p(T'(¢), V(t), e(t)) be the corresponding pressure,
according to Proposition 4.3 and Remark 4.8.

Thanks to the previous convergences, from Lemma 5.6 we deduce that for every t €
[0,T] the pair (I'(t), V(t)) satisfies the global stability condition (b) of Definition 5.1, that
Euk(t) — ex(t)I — Eu(t) — e(t)I in L*(R%), and that px(t) — p(t).

In order to prove the energy-dissipation balance, we first pass to the limit in (5.38)
as k — +00. The third term in the right-hand side of (5.38) tends to zero because of (5.33).
In view of (5.31), of the pointwise convergence of pi to p, of the continuity of o(e(+)), and
of the weak* convergence in L>°([0,T]) of V* to V', we get that

(5.39) En(t,D(t), V(1)) < En(0.To, Vo) + / (p(s) + o (e(s))) V (5) ds.

For the opposite inequality, for every ¢ € [0,T] we consider a subdivision of the inter-
val [0,¢] of the form sf := % for k,h e N, k#0,and h < k. For every h =0,...,k we
set

Therefore, [Evfllopz < M and u(sf,,) + (e(s) — e(shy))id + (V(sh) = V(sk )k,
belongs to A(L(sf, 1),V (sF),e(sf)). Since I'(+) is increasing and satisfies the global stability
condition, we have

gm(SZv F(Sﬁ)v V(Sﬁ)) < gm(slii’ r(si—l-l)? V(Sﬁ)) .
Hence,
Em(sh, T (1), V(sh))
< E(u(shyr) + (e(sh) — e(shp1))id + (V(sh) = V(s 1))vh 11, T(sh i), €(sh))

= Em(shi1,D(shin), Vshia)) + (V(sh) - V(S'ZH))/ C(Eu(sh 1) — e(siy)]) - Evjyyy da

RZ\L(sE )
74 kY _ V4 k 2
+ (Vsh) 5 (Sh+1)) (CEUZ_H -Evﬁ_H dz
Ri\F(5ﬁ+1)

k k

Shit ) . Sh+1.

< (ol L5k Vski) = [ (blskin) + olelsl )V (o)ds + BT [ [V (s)lds,
sh sh

where § is the constant defined in (3.3) and

~

Vii= 5 sup [V(sp) = V(sh_y)|.

h=1,....k

)

N |
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Iterating the previous inequality for h = 0,...,k and setting p*(s) := p(s’,?b_irl)7 ok (s) =
ole(sk ) for s € (shy k], we get

(5.40) £,(0,T, Vo) ggm(t,r(t),V(t))—/O (p"(s) + 0 (s))V(s) ds+m7kM2/O [V (s)|ds.

Since I': [0,7] — C,, is an increasing set function, according to Theorem 2.1 there exists a
set © C [0, 7] such that [0,7]\© is at most countable and T'(-) is continuous at every point
in ©. By Lemma 5.6, we have that s — Eu(s) — €(s)I is strongly continuous in L?(R%) at
every point of © and s ~— p(s) is continuous at the same points. Thus p*(s) — p(s) for
every s € ©. By the dominated convergence theorem (p*+c*)V — (p+a(€))V in L*([0,1])
and, passing to the limit in (5.40) as k — 400, we obtain

En(0,To, Vo) < &L, T(), V() — /0 (p(s) + a(e(s)))V(s) ds.

Recalling (5.39), this concludes the proof of the energy-dissipation balance (d) of Defini-
tion 5.1.

It remains to prove the Darcy’s law (c) of Definition 5.1. Let us fix j € N, j # 0, and
let us set E; :={t €[0,T]: V(¢) > 1/j}. By the uniform convergences, for k large enough
we may assume that Vi (t), V*(t), Vi(t) > 0 for every t € E;. Therefore, in view of (5.23)
and of (5.27), for such ¢ we get, using the notation introduced in (5.26),

(5.41) VE(t) = plo(t) — pi(t) -
In view of (5.41), for every ¢ € [0,T] we have

t
(5.42) VEt) = Vo + / VF(s)ds = Vo + [ VF(s)ds+ / (p*. () — pr(s))ds.

0 0,6\ E; E;
Passing to the limit as k — +oo in (5.42), by the continuity of p,, and by L!-convergence
of pr to p we obtain that

VO =Vot [ Viodst [ (puls) ~p(s)) ds.
(0,t\E; E;

from which we deduce, passing to the limit as j — 400 and recalling that V = 0 a.e.

in {V =0}, that

V@=%+AQ&@—Mthm®®~

This concludes the proof of condition (c¢) of Definition 5.1. O

6. DERIVATIVES OF THE ENERGY AND GRIFFITH’S PRINCIPLE

In this section we discuss some properties of a quasi-static evolution (I',V): [0,T] —
C, x [0,400) given by Definition 5.1. In Theorem 6.4 we show that, under suitable regularity
assumptions on the crack set, the reduced energy (5.1) is differentiable with respect to time,
to the crack length, and to the fluid volume. The main result of this section is Theorem 6.8,
where we prove that the evolution (I, V') satisfies the Griffith’s criterion (see [12]).

Let us start with the computation of the derivatives of the reduced energy (5.1). We will
do it in a quite general setting, assuming that the crack path is known a priori: the crack set
can only evolve along a curve A € C, . For technical reasons, we need A to be of class C%1!.

Remark 6.1. Since we are interested in the (a posteriori) properties of a quasi-static evolu-
tion (I", V'), we notice that it is not so strange to assume that the crack can only move along
a prescribed path. Indeed, once the crack set function I': [0,7] — C, is given, it is clear
that the fracture grows following T'(T"). Hence, the true assumption is that T'(T) (or A) is
a C%!-curve.
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Let L := H(A) > 0, and let \: [0,L] — R? be an arc-length parametrization of A of
class C?! such that A(0) = (0,0). In what follows, we denote by A; and A2 the components
of X. Moreover, for every s € [0, L], we define

(6.1) Ag :={\o): 0< o <s}.

In order to do our computations, we will need to slightly move the crack tip along the
prescribed curve A. Thus, for s € (0,L) and ¢ such that s+ 6 € [0, L], we construct
a C?*!-diffeomorphism F ;5 such that F,5(R3) = R, F,s|s = id|s, and F,5(A) =
Ag1s. Indeed, by definition of the class C,, and by our regularity assumption, there exists
Ag: [0,A2(L)] — R of class C?! such that A = graph(\,) = {(A\g(z2),22) : 2 € [0, A2(L)]}.

Choose ¢ > 0 and a cut-off function ¥ € C°(B¢/2(0)) with ¥ = 1 on B¢/3(0). We define
Fs,gi R2 — R? by

Ag(a + (Aa(s +0) — Aa(s))I(A(s) — ) — Ag(22) )
(A2(s +0) = Aa(s))I(A(s) — @)

if 2 € Bej2(A(s)), while Fy5(z) := x if © € R\ B¢/a(A(s)).
In the following lemma, we give some properties of Fy ;5 (see, e.g., [14]).

(6.2) Fss(x) =x+ (

Lemma 6.2. For every s € (0,L), there exists 09 > 0 such that:

(a) Fs. € C*Y((=60,00) x R%;R?) and, for every |§| < &y, the map Fss5 is a C*'-
diffeomorphism. Moreover, Fy5(R3) = R, F,5(\(s)) = A(s +9), Fss(As) =
Asis, and Fy5(x) =z for every x € R?\ B¢ /a(A(s))

(b) the norms ||Fssllc21 and ||F3_,51HC2J are uniformly bounded with respect to 0 and
there exist c1, ca > 0 such that, for every |5| < 8o and every x € R?, we have
1 <det VFs5(z) <ca;

(¢) |lid — Fssllc2 =0 as 6 — 0;

(d) some derivatives:

ps(x) := 05(Fs,5(x))|s=0 = A3(s)I(A(s) — ) ( )\g(lm) ) ’

0s(det VFy 5)|5=0 = divp,,
95(VFs5)|s=0 = —05(VFs5) s=0 = Vps,
65(cof VFS,(;)TLS:O = —65(00f VFS,5)_T|5:O = diVPs I- Vﬂs .

Proof. See [11] for the proof of (a), (b), and (d) in the case of C*° maps. The same
arguments are applicable with the %! regularity of Fs 5. Property (c) follows immediately
from the definition (6.2) of F 5. O

As we have seen in Corollary 4.2, a solution to the minimum problem (4.1) which defines
the reduced energy &,, exists and is unique up to a horizontal translation. In order to
compute the derivatives of &,, with respect to the crack length s and to the volume V', it
is convenient to slightly modify the set of admissible displacements A defined in (3.18) in
such a way that the minimizer of (4.1) is unique. To do this, it is enough, for instance, to
fix the mean value of the first component of the displacement in an open set £ CC Ri \A
with E # . Thus, for every s € [0, L], every V € [0,+00), and every € € R we define

(6.3) A(Ag, V€)= {u € A(As, Vye) : /

Euldxzo}.

For simplicity of notation, when € = 0 we set A(A,, V) := A(A,, V,0). We notice that

AN, V) = {u € LDL(R2\A,) : [u] -va, >0 on A,, /[u} vp dH! = v},
As

where LD%(R% \ A,) is defined in (2.5).
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In view of Corollary 4.2, for every s € [0, L] and every V € [0,400) there exists a unique
ui, € A(As, V) solution of (4.1) for the triple (Ag, V,0). In particular, for every € € R we
have that

Eu3r, As,0) = E(uy + eid, Ag,€) .
This implies that, for every ¢t € [0,7],

(6.4)  Em(t, A, V) = Eu, Mg, e(t)) = min  E(u, Ay, 0) =: En(As, V).

min
u€A(As,Vie(t)) u€A(A,,V)

Definition 6.3. For every s € (0,L) and every V € [0, +00), we set

G(s,V) = [ CEuy, -V((divpsI— Vps)uj) dx
R3\A.

1
+ | CEuj - (Vuy Vps)dz — = | CEuj, - Euj divp, do
R2\A, 2 Jr2\a,

We will refer to G(s,V) as the energy release rate.

In the following theorem we give explicit formulas of the derivatives of the reduced en-
ergy (5.1) with respect to ¢, s, and V.

Theorem 6.4. Let t € [0,T], s € (0,L), and V € [0,+00). Then

OEnm, 9, B
(6.5) i (B ALY) = (AL V) =0,
(6.6) ag—;”(t,As, V)= (%—:L(As, V)=r-G(s,V),

where k is defined in (3.19).

If, in addition, V > 0, then
OEm 9
ov ov

To prove Theorem 6.4 we need to introduce, for every s € (0,L) and § € (—dg,d0) (see
Lemma 6.2), the Piola transformation P; s associated to F s:

(6.7) (t, A, V) = S5 (AL, V) = p(As, Vie(t)) + ole(t)) .

(6.8) P, s u:= (cof VFS,(;)Tuo Fss for every u € .Z(AH(;, V).

We refer to [4, Section 1.7] for the main properties of Ps 5. We notice that, at least for |J|
small, P, s is an isomorphism between A(As4s,V) and A(A,, V) whose inverse is given by

(6.9) P_’(S1 u:= ((cof VFy5) Tu)o FS_’; for every u € A(A,, V).

Lemma 6.5. Let s € (0,L) and let us € LDE(RE \ A). Assume that there exists ug €
LD%(R2\ A) such that us — ug in LD%L(R%\A) as § — 0. Then the sequences us o Fy s,
Ug oFS_’(;1 , Pssus, and P;; us converge to ug strongly in LD%(Ri \A) as 6 — 0.

Proof. Thanks to Proposition 2.4 and to the properties stated in Lemma 6.2, the lemma
can be easily proved by using the changes of coordinates x = FS_’;(y) and z = Fy5(y). O

Before proving Theorem 6.4, we show the continuity of uj, with respect to the parame-
ters s and V.

Lemma 6.6. Let si,s € (0,L) and Vi,V € [0,+00) be such that s — s and Vi, — V.
Let uy} € A(A(sg), Vi) be the sequence of solutions of (4.1) corresponding to s, and Vj.
Then uyf — uj in LDE(RE\A).
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Proof. Arguing as in the proof of Lemma 5.6, we can show that

(6.10) [Euy) [lozz < MVi

for some M € R. Hence, by Propositions 2.4 and 4.1, there exists u € /T(As, V') such that,
up to a subsequence, Euf}; — Eu weakly in L? (Ri) If V=0 we have that u{, = 0 and,
by (6.10), uy¥ — 0 in LD%(RZ\A).

Assume now that V' > 0. Let us prove that u = uj,. By Lemma 6.2 and by the properties
of the Piola transformation (6.8), for k large enough we have

Vi _ s ~
v 1= VkPS’Slkfs uy € A(A(sk), Vi) -

Thanks to Lemma 6.5, vy, — uj, in LD%(R3 \A) as k — +oo. Thus, by the minimality
of uy} we obtain

Em(As, V) < E(u,Ag,0) < lkiminf E(uyt , A(sk), 0)
—+00
(611) S limsup g(uiq/iaA(Sk)a O) S kgr-&r-loo g(vkvA(sk:)7 0)

k—-+o0

= E(ui, As,0) = En(Ag, V).
From (6.11) we deduce that u = u§, and that ui* — uj, in LDE(RY\A). O
We are now ready to prove Theorem 6.4.

Proof of Theorem 6.4. In view of (6.4), it is clear that &, and En do not depend on ¢,
hence (6.5) holds.

In order to prove (6.6) and (6.7), we use the ideas of [1, 13]. Let us start with (6.6). Let
s€(0,L) and V € [0,+00). Recalling the notation introduced in (6.8) and (6.9), we set

(6.12) u“g/’5 = (cof VFs5) Tuf = (P uj)oFys.

S’

By (6.9), we have that staluf/ € A(Agys,V). Hence, by definition of &,, and by the
change of variables z = stzsl(y), for § > 0 small enough we have
gm(As+5a V) - Em(As, V) g(nglu‘\g/v As+5a 0) - 5(“4%/7 As7 0)

< :
0 - 0

1
= (/ C(Vuy’ (VF5)™Y) - Vuy’ (VFs )t det VF, 5 da
25 Ri\As

7/2 CEu€/~Eu€/dx) + K.
R2\A,

Thanks to the properties of F s stated in Lemma 6.2, applying the dominated convergence
theorem we easily get that

(6.13) lim sup Em(Ast5,V) = Em(As, V)
50 o

<k-—G(s,V).

On the other hand, if we set U‘S/"S = u§,+5 o Fy s, for § > 0 small we have, in view of (6.8),

gm(As+67 V) - gm (AS7 V) > E(u€/+67 AS+(§7 O) - g(R€,5u€/+67 A87 0)
) - )

1 3,0 — s,0 —
(6.14) = QC;(/RQ &(VUV (VFes)™") - VU (VFs5) " det VFy s da
+ s

— CV(Ps s u‘{’}”) -V (Ps s u?f‘s) dx) + kK.
R \As
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By Lemmas 6.5 and 6.6 we have that Ug® and P, sult® converge to uj, in LD%(R2 \ A).
Thus, by the dominated convergence theorem, passing to the limit in (6.14) as § \, 0 and
recalling (6.13), we obtain

gm (AS+57 V) - gm (Asu V)

(6.15) gl\r"% 5 =rk—G(s, V).
With the same argument we can prove that
gm As ) V) — gm A57 |4
(6.16) lip Em(As+5: V) A V) _ G(s,V),

5,70 1)

which, together with (6.15), implies (6.6).
Equality (6.7) can be proved with the same technique. For every V' > 0, let us show that

(6.17) lim Em(As, V +6) — En(As, V)
5N\0 1)

<p(As, Vie(t)) +a(e(t)) -

Since YiFus, € A(As,V +6), from (6.4) we deduce that

EnlAs,V +0) = En(As, V) _ 1 KM>2_1]

(6.18) 5 <ol

CEuy, - Euy, dz .
Ri\AS
Passing to the limsup in (6.18) as ¢ N\, 0 and taking into account Remarks 4.7 and 4.8, we
get (6.17). The rest of the proof can be carried out in a similar way. O

Before stating a Griffith’s criterion for our model, we make a comment on formula (6.6)
of Theorem 6.4.

Remark 6.7. As we have seen in Proposition 4.3 and Remark 4.8, to every ¢t € [0,7],
s€[0,L], and V € [0,400), is associated a pressure p(A, V,e(t)) € [0,400) which acts on
the fracture lips along the normal v, . In order to determine the energy release rate, what
is usually done in fracture mechanics (see, e.g., [20]) when a force p is applied to the crack
is to compute the derivative of the reduced energy &, of (5.4) with respect to the crack
length s, keeping p fixed. On the contrary, in (6.6) we have computed the derivative of the
reduced energy &, of (5.1) with respect to s, keeping the fluid (or crack) volume V' fixed.
Let us show that, at least formally, the two derivatives coincide. Indeed, by defini-
tion (4.33) of &,,, we notice that, for every ¢ € [0,T], every s € [0, L], and every p € R,

(6.19) Em(t, As,p) = Em(t, A, V(As, pye(t))) — (p+ 0(€))V(As, p, €(1)) -

Since p(As, V(As,p,€(t)), €(t)) = p, computing the derivative of formula (6.19) with respect
to s and using (6.6) and (6.7) we obtain

%(t,m,p) = £ =G5, V(s p,e(t) = 576 As, V(s pr€(t))

We are now ready to state a Griffith’s criterion for a quasi-static evolution (I, V): [0,T] —
C, x [0,400) of the hydraulic crack growth problem given by Definition 5.1. In view of
the regularity assumption of Theorem 6.4, we have to suppose that the curve I'(T) is of
class C*'. Let Ly := H'(I'(T)) and let ~: [0, Lr] — R2 be an arc-length parametrization
of T(T) of class C*!. Asin (6.1), we set (I'(T))s := ([0, s]) for every s € [0, Ly]. With
this notation, we have the following theorem.

0Em

Theorem 6.8. Let (I, V): [0,T] — C,, x [0,400) be a quasi-static evolution of the hydraulic
crack growth problem with the properties stated above. Let s: [0,T] — [0, Lr] be the function
defined by s(t) := H'(T'(t)) for every t € [0,T], and let Ty :=sup{t € [0,T]: s(t) < Lr}.
Then the following conditions hold:

(1) $(t) >0 for a.e. t €[0,T];

(2) G(s(t),V(t) —k <0 for every t € [0,T7);
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(3) (G(s(t),V(t)) —K)$(t) =0 for a.e. t €0,T).

The first condition reflects the irreversibility condition of Definition 5.1. The second
condition says that the energy release rate has to be less than or equal to x during the
evolution. Finally, the last condition means that the energy release rate has to be equal to
when the crack tip moves with a positive velocity. This is the so-called Griffith’s criterion
in our model.

Proof. Since t — s(t) is a monotone nondecreasing function, property (1) is clearly satisfied.
Property (2) follows by the global stability condition of Definition 5.1: indeed, for every
t € [0, 7y) we have that, for s(t) < o < Lr,

(6.20) Em(t, (1), V(1)) < Em(t, (T(T))o, V(1)) -
Since (6.6) holds, dividing (6.20) by o — s(t) and passing to the limit as o \, s(t) we
deduce (2).

In order to prove (3), we make more explicit the energy-dissipation balance (5.2): for
a.e. t € [0,7;) we have

(p(t) + (D) V(1) = L& (6, T(1), V() = L0 (1, (P(T)) 0, V(1))

dt dt
= (k= G(s(t), V() 3(t) + (p(t) + o () V (1),
where, in the last equality, we have used the results of Theorem 6.4. (]
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