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CLASSIFICATION OF FANO FOURFOLDS WITH LARGE
ANTICANONICAL BASE LOCUS

ANDREAS HORING AND SAVERIO ANDREA SECCI

ABsTrRACT. We give a classification of smooth Fano fourfolds such that the base scheme of the
anticanonical system is a smooth surface. As a consequence we show that there are exactly
22 deformation families of such manifolds and they are all obtained by the same geometric
construction. These 22 families are closely related to the list of smooth Fano threefolds that
admit a P!'-bundle structure.

1. INTRODUCTION

1.A. Motivation and main result. A del Pezzo surface in the most classical sense is a smooth
projective surface X such that the anticanonical system | — Kx| defines an embedding of X
into a projective space [dP87], i.e. —Kx is very ample. From the point of view of modern
classification theory it is more natural to assume that a Fano manifold has ample anticanonical
bundle and study the situation where |— K x| does not define an embedding. The most immediate
obstruction is the presence of base points and it turns out that low-dimensional Fano manifolds
with non-empty base locus are rather rare:

1.1. Theorem. [Isk77] Let X be a Fano manifold such that the base locus Bs(| — Kx|) is not
empty.

e [fdim X = 2, the surface X has degree one and can be a realised as a sextic inP(1,1,2,3).
o [fdim X = 3 one of the following holds:

— X ~P' x S where S is del Pezzo surface of degree one;

— X is the blow-up of a smooth sextic in P(1,1,1,2,3) along an elliptic curve.

In our paper [HS25] we started a systematic investigation of smooth Fano fourfolds with large
anticanonical base locus, i.e. Fano fourfolds where Bs(] — Kx|) has dimension two (which is the
maximal dimension). We showed that these manifolds exhibit a behaviour that is completely
opposite to the three-dimensional case: all the anticanonical divisors are singular. In this paper
we build on [HS25, Thm.1.3] to give a complete classification:

1.2. Theorem. Let X be a smooth Fano fourfold such that h°(X,Ox(—Kx)) > 4. Assume that
the scheme-theoretic base locus Bs(| — Kx|) is a smooth irreducible surface B. Let X' := BlpX
be the blow-up and denote by E ~ IP’(/\/’E/X) the exceptional divisor.

Then X' admits a flat Weierstraf§ fibration

¢o: X' =T
with distinguished section E. Moreover B and IP’(NE/X) are Fano, and the manifolds X' and X
can be constructed from the data (B, NE/X) by the construction in Proposition 5.1.

An important feature of our classification is that it is effective, i.e. we are able to realise all
the possibilities appearing in our list. In fact, our construction can be applied to all the Fano
threefolds with a P'-bundle structure. We can summarise this as follows:

1.3. Corollary. There are exactly twenty-two deformation families of smooth Fano fourfolds
such that h°(X,Ox(—Kx)) > 4 and the scheme-theoretic base locus Bs(| — Kx|) is a smooth
irreducible surface B.
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We list the invariants of the Fano fourfolds in Table 1 and describe the birational geometry in
Section 5, we will see that the Mori contractions are much more complicated than in dimension
three. While the number of families is surprisingly high, we would like to stress that they all
arise from the same construction. Moreover they share some striking geometric properties listed
in Theorem 1.5.

1.B. General strategy and structure of the proof. The proof of Iskovskikh’s theorem
1.1 is based on two important results: the existence of a smooth anticanonical divisor by
Shokurov [Sho80] and the classification of ample divisors with base points on K3 surfaces by
Mayer [May72]. With this information at hand one can describe the fibre space structure on
X" := Blgy(—k,)X and deduce the structure of the Fano threefold X. In the situation of
Theorem 1.2 there is never a smooth anticanonical divisor and so far there is no analogue of
Mayer’s theorem for Calabi-Yau threefolds. Our strategy is to inverse the procedure, i.e. we start
with the geometry of the blow-up, then study linear systems on elliptic Calabi-Yau threefolds
and finally describe the geometry of the base scheme. In more detail, we proceed as follows: let

p: X' — X
be the blow-up of the base scheme B and denote by E the exceptional divisor. Let
o: X' =T
be the fibration defined by the anticanonical system | — Kx/|. Using the assumption

h9(X,0x(—Kx)) > 4 we show that 7" is a threefold, so ¢ is an elliptic fibration. Our first goal
is to show that the exceptional divisor E is a rational section of this fibration. This requires a
general result for fixed divisors on Calabi-Yau threefolds with an elliptic fibration which is of
independent interest:

1.4. Theorem. Let Z be a normal Q-factorial projective threefold with terminal singularities
that is Calabi- Yau, i.e. we have
Oz(Kz) EOZ and hl(Z,Oz) =h2(Z,Oz) =0.
Let
Yz Z —=U
be a fibration onto a normal surface U, and let A be a nef and big divisor on Z such that the
following holds:
i. we have a decomposition into fized and mobile part |A| = S+|M| with S a smooth prime
divisor;
i1. the restriction of A to S is big;
i11. we have M ~ @7 My where My is an ample globally generated Cartier divisor on U.

Then S is a rational section of the fibration @z .

It seems likely that the statement also holds for a singular surface S and My a not necessarily
globally generated ample line bundle, but these assumptions allow us to avoid further case
distinctions in a long and technical proof.

We then prove a structure result for the Fano fourfold which is the basis for the rest of our
investigation:

1.5. Theorem. Let X be a smooth Fano fourfold such that h°(X,0x(—Kx)) > 4. Assume
that the scheme-theoretic base locus Bs(| — Kx|) is a smooth irreducible surface B. Let
w: X' — X
be the blow-up of B and denote by E the exceptional divisor. Then the following holds:
i. There exists a flat fibration
T X =V

with integral fibres such that the general fibre F' is a del Pezzo surface of degree one and
B C X is a mw-section.
1. There exists a flat elliptic fibration

¢o: X' =T

with integral fibres such that E C X' is a ¢-ample section.
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111. We have a commutative diagram

x -t ax

||

T—V
BT

where pr is the P*-bundle structure given by

pug =plg: E~T— B~V.

Theorem 1.5 provides an explanation for the existence of the base locus B: since F' = 7~ 1(v) is
a del Pezzo surface of degree one, its anticanonical system | — K| has a unique base point p,.
Yet —Kx|r ~ —Kp, S0 p, is also a basepoint of | — Kx|. Thus the union of these points defines
a rational section of 7 that is contained in Bs(| — Kx|). This section is exactly the surface B.
It is tempting to believe that ¢ coincides with the fibration ¢ = ¢|_k,| but this can only be
checked as a consequence of Theorem 1.2.

If V ~ B admits a birational Mori contraction we can use Theorem 1.5 to construct a very
special birational Mori contraction on X, this allows us to reduce to the case where B is either
the projective plane P2 or a smooth quadric P! x P'. In these cases there are many more options,
for example B can be the exceptional locus of a small contraction or a higher-dimensional
fibre of an elementary contraction onto a threefold, see Examples 5.9, 5.10 and 5.13. At this
point the description of elementary Mori contractions with two-dimensional fibres by Kawamata,
Andreatta-Wisniewski and Takagi [Kaw89, AW98, Tak99| allows us to classify the possibilities
for the conormal bundle N} /X it turns out that they are all Fano bundles in the sense of
[SW90]. Once we have established this list we are able to determine the Weierstrat model of X’
and deduce the structure of X.

Finally let us note that the technical assumption h°(X,Ox(—Kx)) > 4 in Theorem 1.2 is
satisfied by all the known Fano fourfolds where Bs(| — Kx|) is a surface. We use the assumption
in the proof of Lemma 4.3, studying the cases h®(X,Ox(—Kx)) € {2,3} seems possible (cf.
Remark 4.4) but leads to numerous questions about surfaces with small invariants that we
wanted to avoid in this paper.
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K-trivial varieties”, ANR-23-CE40-0026 and DFG Project-ID 530132094. A.H. was also partially
supported by the France 2030 investment plan managed by the ANR, as part of the Initiative
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S.A.S. thanks Universita di Milano and Université Cote d’Azur for supporting his visit to Nice,
while he was a postdoc at Universita di Milano, in order to start this project; moreover, he is a
member of GNSAGA, INdAM.

2. NOTATION AND BASIC RESULTS

We work over C, for general definitions we refer to [Har77]. All the schemes appearing in this
paper are projective, manifolds and normal varieties will always be supposed to be irreducible.
For notions of positivity of divisors and vector bundles we refer to Lazarsfeld’s books [Laz04a,
Laz04b]. We denote by =~ (resp. ~q) the linear equivalence of Weil divisors (resp. Weil Q-
divisors) and by = the numerical equivalence of Q-Cartier divisors. Given a Cartier divisor D
we will denote by Ox (D) both the associated invertible sheaf and the corresponding line bundle.
Somewhat abusively we will say that a Cartier divisor class is effective if it contains an effective
divisor.

We use the terminology of [KM98] for birational geometry and of [Kol96] for rational curves.
We refer to [Kol13] for the definitions and basic facts about singularities of the MMP.

2.A. Technical preliminaries. We recall some preliminary results:

2.1. Lemma. Let ¢: A — B a surjective morphism between normal projective varieties that
does not contract a divisor. Then there exists a well-defined map
¥*: Cl(B) — Cl(A)
3



such that the restriction to the smooth locus of B is the pull-back of Cartier divisors.

Proof. Let By C B be the regular locus and set Ay := 1 ~(By). Since B is normal the
complement of By C B has codimension at least two. Since ¥ does not contract a divisor, the
same holds for the complement of Ag C A. Thus we have isomorphisms

Cl(B) ~ Cl(By) ~ Pic(By) Cl(A) ~ Cl(Ayp).

and ¥* is simply the composition

Cl(B) ~ CI(By) =~ Pic(By) % Pic(Ay) — Cl(Ag) ~ Cl(A).
O

2.2. Lemma. Let u: M’ — M be a birational morphism between normal Q-factorial projective
varieties with kit singularities such that the exceptional locus is a prime divisor E. Assume
that Ky ~q WKy + oF with a > 0 (e.g. p is a divisorial Mori contraction on a projective
manifold). Set B := u(E). Then the following holds

i. For every curve C C M such that C' ¢ B we have
(1) —K]\/[/-O/S—KM'C
where C' C M’ is the strict transform.
it. If —Kpp is nef and —Kyg|p is nef, then —Kyy is nef.
wi. If =Ky is big, then — Ky is big.
w. If =K is ample and —K | is ample, then — Ky is ample.

Proof. The inequality (1) is straightforward from the projection formula. Item ii. then follows
from (1). For item iii. just note that by Hartog’s property one has
HO(M',Opp (—dK ) € HO(M, Oy (—dKyy)).

For iv. note that —K; is nef and big by ii. and iii., thus by the basepoint-free theorem —K; is
ample if and only if it has strictly positive degree on every curve. Yet this is guaranted by the
assumption and (1). O

2.3. Remark. Let us recall that for a nef line bundle L on a projective manifold M the null
locus is defined as

Null(L) = UZCX,cl(L)dimZ,ZZO Z.
If L is semiample and big the null locus is exactly the exceptional locus of the birational
morphism ¢;r|, in this case it is exactly the locus covered by curves C such that ¢;(L) - C' = 0.

2.B. Some surface theory. For the convenience of the reader we collect some basic facts from
the classification theory of projective surfaces.

2.4. Lemma. Let S be a smooth projective surface such that x(S,Og) < 0. Then S is uniruled
and the MRC fibration is a morphism S — C onto a curve of genus g = 1+ x(S, Og).

Proof. The statement is invariant under MMP so we can assume that S is relatively minimal
surface. If Kg is nef we have c3(S) > 0 [BHPVAV04, VI, Tablel10] and therefore x(S,Og) > 0
by Noether’s formula. O

2.5. Lemma.(Hodge index inequality) [BS95, Prop.2.5.1, Cor.2.5.4| Let S be a normal projective
surface and let A and B be Q-Cartier divisors on S. If A is nef and big we have

(A-B)>> A%*.B?
and if equality holds the classes of A and B are colinear in N'(9)g.
2.6. Lemma. Let pg: S — U be a generically finite morphism between normal projective
surfaces with Q-Gorenstein singularities. Then we have
where R is a Q-divisor on S such that (pg)«R is effective. In particular for every nef Q-Cartier
divisor N on U we have R- p§N > 0.
Moreover (ps)«R = 0 if and only if the finite part pg: S — U of the Stein factorisation is
quasi-étale.
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Remark. We will see in the proof that for a finite morphism g the divisor R is effective and
Ks~ 5Ky + R.

Proof. Let v: S — S and pg: S — U be the Stein factorisation of ¢g. Since ¢g is finite, the
pull-back ¢35 Ky is well-defined as a Weil divisor by Lemma 2.1 and Kg ~ 95Ky + R with an
effective divisor R: this is clear on the smooth locus of S, the formula extends since the singular
locus has codimension at least two. The morphism v is birational, so we have

Ks=v'Kg+E

where E is a v-exceptional divisor and v*Kg is the Mumford pull-back of the Weil divisor Kg.
Set R:=v*R+ E, then it is clear that the formula holds. Moreover
(p5)eR = (p3)srs (V' R+ E) = (p3). R

is effective and equal to zero if and only if R = 0, i.e. when ¢g is quasi-étale. O

2.7. Lemma. Let U be a normal projective surface with rational singularities. Let My be a
nef and big Cartier divisor on U. Then we have

1 1
KU, Ou(Ku + My)) = x(U, Oy (Ky + My)) = §M(2] + iKU - My +x(U,Op).

Proof. Let v: U’ — U be a resolution of singularities, then x (U, Oy) = x(U’,Oy-) since the
singularities are rational. Moreover we have v.wy: ~ wy and Rivwwy: = 0 for j > 0 by
Grauert-Riemenschneider vanishing. Since
Riv,(wyr @ v*My) ~ Riv.wy @ My
by [Har77, II[,Ex.8.1, Ex.8.3] we have
H'(U,0y(Ky + My)) = H'(U', Oy Ky + v* My))

for all 7 € N. By Kawamata-Viehweg vanishing on U’ there is no higher cohomology, in particular
h (U, Oy (Ky + My)) = x(U, Oy (Ky + My)). By the Riemann-Roch formula on U’ we have

1 1
x(U', O/ (Kyr +v"My)) = §(V*MU)2 + 5 Ku - v"My +x(U', Ov),
so the statement follows by the projection formula for divisors. (]

The following lemma is a reformulation of results from Fujita’s classification of varieties of low
A-genus [Fujo90, Sect.5], [BS95, Prop.3.1.2].

2.8. Lemma. Let U be a normal projective surface with kit singularities and py(U) = 0, and let
My be an ample and globally generated Cartier divisor. If Mz < 2 one of the following holds:
o (U, My) ~ (P2, H) where H is a hyperplane section;
o (U, My) ~ (Q? H) where Q? is a normal quadric and H is a hyperplane section; or
o (U My)~ (U,—Ky) and U a del Pezzo surface of degree two with canonical singularities.

Proof. Since My is ample and globally generated we have h®(U, Oy (My)) > 3.

If Mg = 1, the global sections of My define an isomorphism to P2 If MZ = 2 and
h° (U, Oy (My)) > 3, the global sections of My define an isomorphism onto a quadric.

If M2 =2 and h°(U,Oy(My)) = 3 the linear system | M| defines a finite morphism g: U — P?
of degree 2. The trace morphism [KM98, Prop.5.7] gives a splitting
9x0uy =~ Op2 & F
and the rank one sheaf F is reflexive since so is ¢,Opy. Thus F is invertible and
9+Op = Opz @ Op2(—d)

where d is half the degree of the branch divisor (cf. [BHPVAV04, V, Sect.22]). Since py(U) =
h2(U, Oy) = 0 we get h?(P?, Op2(—d)) = 0 and therefore d < 2. The ramification formula (2)
yields
Ky~ f*Kp2+ R~ f*Kpz + f*(dH) ~ f*(3 - d)H
If d = 1 we obtain a quadric and if d = 2 we obtain a del Pezzo surface of degree two. Since Ky
is Cartier it is clear that U has canonical singularities. ]
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2.9. Lemma. Let S be a normal projective surface admitting a fibration h: S — C onto a
smooth curve. Assume that Kg = h*M with M a line bundle on C. Then deg M > —2.

Proof. We argue by contradiction and assume that deg M < —3. Then —Kg = bF where F' is
a general h-fibre and b > 3. Let 7: S’ — S be the minimal resolution of S, then we have

~Kg =bF+ FE
where FE is an effective 7-exceptional Q-divisor. Note that 7 is an isomorphism in a
neighbourhood of F', so we identify the general fibres of h and ho 7.
Let ¢p: S — S,, be a MMP over C. Since Kg: is trivial on the general fibre the outcome is a
relative minimal model over C' and

Ks, =9.Kg = —,(bF + E) = —bF — 1), F

is numerically trivial on every fibre of h,,: S, — C. In particular ¢, E is h,,-nef and by Zariski’s
lemma [BHPVAV04, IIT,Lemma 8.2] we obtain ¢, E = AF with A > 0, so

—Ksm = (b + /\)F

Since Kg,, is not nef and S, is a surface with Picard number at least two, there exists an
elementary Mori contraction 7: S,, — T such that dim 7T > 0. By the classification of surfaces
71 contracts a rational curve I' such that —Kg, -I' < 2. Thus we have

2> -Kg T=(b+\F-T>3F-T.

m

and therefore F'-I' = 0. Thus I is contained in a h,,-fibre, a contradiction to Kg, being
hm-nef. O

2.C. Fibrations. We will need the simplest case of a Weierstrafs model of an elliptic fibration:

2.10. Definition. A flat WeierstrafS fibration is a complex manifold M admitting o flat
projective fibration

¢o: M =T
such that the general fibre is an elliptic curve and there is a section E C M that is ¢p-ample. We
say that E s the distinguished section of the Weierstraf§ fibration.

2.11. Proposition. [Nak88, Thm.2.1| Let ¢: M — T be flat Weierstraf3 fibration with
distinguished section E. Consider L := NE/M as a line bundle onT. Set W := Op &L 2@ L3
and denote by Cyw the tautological class on the projectivised bundle

o: P(W) = T.

Then we have an embedding j: M — P(W) such that j*Opwy(1) ~ Op(3E) and M is an
element of the linear system |3Cw + ®*(6L)|.

Proof. Nakayama shows all the properties in [Nak88, Thm.2.1] except that j is only a birational
morphism such that j*Opyy(1) =~ Op(3E). Since we assume that E is ¢-ample the morphism
does not contract any curves and is therefore an isomorphism onto its image. O

2.12. Fact. In the situation of Proposition 2.11 we have ¢.Op(E) ~ Or and
NE/M ~ R1¢*OM >~ QS*(WM/T)*

Proof. This is part of the construction of the Weierstraft model, we recall the argument for the
convenience of the reader: the section E C M is ¢-ample, so R'¢.Op(E) = 0 by the relative
Kodaira vanishing theorem. Pushing forward the exact sequence

we obtain
0—Or— qb*OM(E) — NE/M — Rl(b*OM —0
The last two sheaves are invertible, since the morphism is surjective it is an isomorphism.
Therefore the injection O — ¢.O(E) is also an isomorphism.
For the last isomorphism note that ¢ is a flat Gorenstein morphism, so we have R'¢,Oy; ~

¢« (waryr)* by relative Serre duality [Kle80, Thm.21]. O
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2.13. Lemma. Let M be a normal projective Q-factorial variety with a fibration f: M — X
onto a normal projective surface. Let F be a general fibre and set d := dim F'. Assume that
there exists an f-ample Cartier divisor L such that L¢ - F = 1.

Then there exists an equidimensional fibration g: M — Y’ with integral fibres and a birational
morphism v: ¥ — 3 such that f =vog.

Assume moreover that f admits a section o: X — M. Then f is equidimensional.

Remark. If M and the section (%) are smooth, the equidimensional fibration f is flat [Har77,
IV, Ex.10.9].

Proof. Let us first show how the first statement implies the second one: the composition g o
o: Y — Y/ is an inverse to the birational map v. Thus v is an isomorphism and f = oo g is
equidimensional.

Let us now show the first statement. The general fibres of f determine a unique irreducible
component of the cycle space Chow (M), and we denote by ¥’ its normalisation. Let ¢: M’ — ¥/
be the normalisation of the universal family over the component and denote by u: M’ — M the
birational map given by the evaluation. The composition f o pu contracts every ¢-fibre, so by the
rigidity lemma there exists a birational map v: ¥’ — ¥ such that fou = vo¢. In summary we
obtain a commutative diagram

M M

|l
Y-y

Note that p is finite when restricted to a ¢-fibre so the pull-back p*L is an ¢-ample Cartier

divisor. Since (u*L)?- F = 1 all the cycle theoretic fibres (in the sense of [Kol96, I,Defn.3.10])

of ¢ are irreducible and reduced, i.e. integral.

We will show that g is an isomorphism, then g := ¢ o u~! provides the equidimensional

factorisation. Arguing by contradiction, assume that g is not an isomorphism. Since X is
Q-factorial the exceptional locus has pure codimension one, so there exists a prime divisor
D C M’ that is p-exceptional. Since p is an isomorphism near a general f-fibre, the divisor
D is disjoint from the general ¢-fibre. The fibration ¢ being equidimensional we obtain that
#(D) C ¥’ is an irreducible curve. Since ¢ has irreducible fibres we have D = ¢*¢(D) (cf.
Lemma 2.1 for pull-back of Weil divisors in this case). Since D is p-exceptional, its image
(D) C M has codimension at least two. Yet the evaluation map p is finite when restricted to a
¢-fibre, so p(D) has dimension at least d = n — 2. Thus we obtain that for every t € ¢(D), the
cycle parametrised by ¢ is the same variety u(D). Yet 3’ is the normalisation of an irreducible
component of Chow(M) so there are at most finitely many points parametrising the same cycle,
a contradiction. a

3. ELripTiCc CALABI-YAU THREEFOLDS

Linear systems on K3 surfaces with non-empty base locus are completely understood by Mayer’s
theorem, for linear system on Calabi-Yau threefolds our knowledge is much more limited.
Theorem 1.4 provides a first step for the classification of fixed divisors in the presence of an
elliptic fibration, it will also be the starting point of our investigation of p|_g | in Section 4.

Before starting the proof of Theorem 1.4 let us recall some properties of the total space and
base of an elliptic fibration.

3.1. Remarks. Let Z be a normal Q-factorial projective threefold with terminal singularities
that is Calabi-Yau, i.e. Kz is trivial and h'(Z,0z) = h*(Z,0z) = 0.

e Since Oz(Kz) ~ Oy, the threefold Z is Gorenstein and therefore it is even factorial by
[Kaw88, Lemma 5.1].

e By the canonical bundle formula, there exists a boundary divisor A on U such that (U, A)
isklt and Kz ~g ¢%(Ky + A). Therefore, (U, 0) is klt. Arguing as in [Ogu93, Thm.3.1]
it is not difficult to see that U is rationally connected and h'(U,Opy) = h?(U, Oy) = 0,
in particular we have x(U, Oy) = 1.



Proof of Theorem 1.4. The proof requires a number of case distinctions, we start by establishing
the setup for all cases. Since A is nef and big and |A| = S + |M], the divisor S is generically
finite over U. We set

Y5 = S0Z|S3 S —=U
and denote the degree of this morphism by d € N.
Step 1. We have an isomorphism

(3) H°(S,05(Ks + Ms)) ~ H (U, Oy (Ky + My)).

and an equality
1 1
(4) 5 (Es + Ms) - Ms +x(8,0s) = 5 (Kv + My) - My +1

where Mg = @M.
Since U has klt singularities we have a natural pull-back morphism cpEﬂwU — ws [GKKP11,
Thm.4.3]. The sheaf Oy (My) is locally free, so this induces an injection
oy H(U,0p(Ky + My)) — H°(S,05(Ks + weMy)) ~ HY(S,04(Kg + Mg)).
Thus we are left to construct the other inclusion.
Consider the exact sequence

0— Oz(gO*ZMU) — Oz(A) — Os(A) — 0.

By Kawamata-Viehweg vanishing we have H(Z, Oz (A)) = 0 and therefore a long exact sequence
in cohomology

0— H(Z,0z(pMy)) = H°(Z,04(A)) = H°(S,05(A)) = H' (Z,02(¢3My)) — 0
Since S is in the base locus of |A| the restriction map H%(Z, Oz(A)) — HY(S,0g(A)) is zero,
so we have an isomorphism
(5) H°(S,05(A)) = H'(Z,0z(¢z Mv)).

By the Leray spectral sequence we have an exact sequence
0 — HY(U,Oy(My)) = HY(Z,02(pyMy)) — H°(U,Oy(My) @ R (¢2).02).
Since wyz := Oz(Kz) ~ Oz we have
H'Y(U,0u(My)) = H'(U, (pz)swz ® Oy(My)) =0

by Kollar’s vanishing theorem [Kol86, Thm.2.1] (applied on a resolution of Z). Moreover
RY(02)+0z ~ R (pz).wz is torsion-free and by relative duality

(RY(92):02)" = (pz)wwzyv = wi
where for the last isomorphism we used again wy ~ Oz. In particular we get an injection
RY(¢7)+0Oz — wy. Thus we see that (5) yields an injection

H°(S,05(A)) = H(U, Oy (Ku + My)).
Actually wg ~ Og(S) by adjunction, so we can rewrite this as
H(S,05(Ks + Ms)) — H*(U,Ov(Ku + My)).

Therefore, both inclusions hold and we have (3).

By Remark 3.1 we know that U has rational singularities and x(U, Oy) = 1, so the Lemma 2.7

yields
1 1
hO(UaOU(KU+MU)):§ (2J+§KU'MU4-1-

Since Mg is nef and big we have by Kawamata-Viehweg and Riemann-Roch on the smooth
surface S

1 1
h(S,0s(Ks + Mg)) = x(S, Os(Ks + Mg)) = §M§ + 5 Ks - Ms + x(S, Os).

Therefore (3) implies (4).
We will now argue by contradiction and assume that d > 1. Let
v:8S— S, ps5: S = U
be the Stein factorisation of ¢pg. Set Mg := PsMy ~ v.Ms.
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Step 2. The divisor Ky + My s effective. Moreover we have
d 1
(6) 5 (Eu + My) - My +x(5,0s) < 5 (Kv + My) - My +1

and if equality holds the morphism g is quasi-étale.

Since A|s = Kg+ Mg is nef and Mg is nef and big we know by effective nonvanishing on smooth
surfaces [Kaw00, Thm.3.1] that h°(S, Os(Kgs + Mg)) # 0. By (3) this implies that Ky + My is
also effective.

By the ramification formula (2) we have K¢+ Mg = f*(Ky + My) + R with R a Q-divisor such
that v, R is the ramification divisor of ¢g. Thus we have

1 d
§(Ks + Ms) - Ms + x(S,0s) = §(KU + My) - My + R- Ms + x(S,Os).

Since My is ample and R-Mg = I/*R~<p*5MU we see that the intersection number is non-negative
and equal to zero if and only if v, R = 0, if and only if ¢35 is quasi-étale by Lemma 2.6. Plugging
this into (4) we obtain (6).
Step 3. We exclude the case x(S,Og) > 2. In this case the inequality (6) simplifies to

d 1

E(KU —+ MU) . MU < §(KU + MU) . MU-
Since d > 1 we deduce that (Ky + My)- My < 0, a contradiction to the effectivity of Ky + My .

Step 4. We exclude the case x(S,Og) = 1. In this case the inequality (6) simplifies to

g(KU + My) - My < %(KU + My) - My.

If the inequality is strict, we obtain a contradiction as in Step 3. If equality holds, d > 1 implies
that (Ky + My) - My = 0, so the effective divisor Ky + My is zero. Moreover Kg+ Mg is zero
since pg is quasi-étale by Step 2. Yet Kg + Mg = v.(Ks + Mg) = v.A|s and Alg is nef and
big by item ii. of our assumption. Thus its push-forward is not zero.

Step 5. We exclude the case x(S,0g) < 0.

By Lemma 2.4 the surface S admits an MRC fibration «: S — C onto a smooth curve C of
genus g > 2 such that the general fibre F' ~ P!. We set [ := Mg - F and note that [ > 3 since
—2+4+1=(Kg+ Mg)-F = A|s-F > 0. We claim that

d=2,9=2,1=3 and h°(U,Oy(Ky+ My)) = h’(S,Ks + Ms) = 3.
Proof of the claim. Set m := h°(S, Kg + Ms). By Lemma 2.7, with this notation the equality
(4) is
1
m = §(KU+MU)MU+1

and

1

2
By the ramification formula (2) we have

(Ks + Ms)-Ms=m+g—1.

1
(Ky + My) - My :gf*(KU + My) - f*My <

1 1 1
SEf*<KU + My) - f*My + ER My = &(Ks + Mg) - Mg.
Thus we have

1 1
m:§(KU+MU>'MU+1§ Ks—&-Ms)'Ms-l-l:E(m-l-g—l)—&-l

1
24
An elementary computation shows that
(7) m(d—1)<g-—1+d.

The direct image sheaf «,Og(Kg + Mg) has rank [ — 1, so by Riemann-Roch on the curve C
we have
m = h%(C,0,05(Ks + Mg)) = c1(a.O05(Kg + Mg)) + (1 — 1)(1 — g).
Since a,Og(Ks + Ms) ~ a.Os(Kg/c + Ms) ® we and . Os(Kg/c + Mg) is ample by [Vie0l,
Cor.3.7] we obtain
(8) m = c1(a0s(Ksjc + Ms)) + (1= 1)(g —1) > (I = 1)(g — 1).
9



Combined with (7) we obtain
d

Since g > 2 we obtain (I —1)(d — 1) < 14+ d. Then [ > 3 implies d < 3 and therefore d = 2.
Plugging this into (9) we obtain ¢ = 2 and [ = 3. From (7) we have m < 3 and by (8) we have
m > 2. Thus m = 3 and (3) yields the last claim.

Note that Kg/c + Mg is nef and big, since it is the pull-back of the tautological bundle on
P(a.Os(Kg/c + Ms)). Moreover, o Ko ~ 2F yields
8= (Ks+ Ms) - Ms = (Kg/c+ Ms) - Ms+a*Kc-Ms = (Kgsjc+ Ms)- Ms +6.
Thus, we get (Ks/c + Ms) - Ms = 2 and by the Hodge index inequality (Lemma 2.5)
4> (Kg/c + Mg)® - M3.

The first term is at least one, so we get MZ < 4. Yet M2 = 2M? and therefore M@ < 2. The
polarised varieties (U, My ) with M2 < 2 are classified in Lemma 2.8. It is easy to see that in
none of the cases h°(U, Oy (Ky + My)) = 3.

Step 6. We exclude the case x(S,0g) = 0, thereby finishing the proof.

Set m := h°(S, Ks + Mg). By Lemma 2.7, with this notation the equality (4) is
1 1

(10) 7 (Es+Ms)-Ms=m= 5(Kv+My) My +1.

As in Step 5 we use the ramification formula (2) to obtain

~—

| —

(Ks-l—Ms)'Ms-Fl:@-i-l

1
mzi(KU-i-MU)'MU-i-lS ¥

2

S

An elementary computation shows that

< _—
|

Since d > 2 we obtain m < 2 and even m = 1 if d > 2. We make a case distinction:

1st case: Assume that m = 1. By (10) we obtain (Ky + My) - My = 0, so the effective divisor
Ky + My is zero.

Moreover (10) implies (Kg + Mg) - Mg = 2. Since Kg + Mg is nef and big and Mg is nef and
big we get from Hodge index inequality that M2 < 4. Since MZ = dM} we obtain M7 < 2.
Applying the classification from Lemma 2.8 and using h°(U, Oy (Ky + My)) = 1 we see that U
is a del Pezzo surface of degree two, so M@ = 2

Thus we have MZ = 4 and (Ks + Mgs)? = 1. Even more, since we have equality in the Hodge
index inequality we obtain that Kg+ Mg and Mg are colinear in the Neron-Severi space [BS95,
Cor.2.5.4]. It now follows easily that Kg = f%MS, so S is weak Fano. This contradicts
X(Sv OS) =0.

2nd case: m = 2. This case is somewhat lengthy: we will compute various invariants in order
to obtain a classification of the possibilities for S and U, then derive a contradiction.

As seen above m = 2 implies d = 2 and by (10) we obtain
(Ks 4+ Mg) - Mg =4, (Ky + My) - My = 2.

Moreover equality holds in (6) so the degree two morphism ¢g: S — U is quasi-étale by Step 2.
If M? < 2 we can use the classification in Lemma 2.8 to obtain a contradiction to h°(U, Oy (Ky +
My)) = 2. Thus we can assume from now

Mg >3,  ME=2M{ >6.

From (Ky + My) - My = 2 we deduce that Ky - My < —1, so Ky is not pseudoeffective. Since
g is quasi-étale we obtain that Kg is not pseudoeffective, so Kg is not pseudoeffective. Thus
q(S) = 1 and the classification of surfaces shows that a minimal model 7: § — S,, is a ruled
surface
v: Sy — F
over an elliptic curve F. In particular we have K%m = 0 and therefore Kg <0.
10



We show that M2% = 6 and K2 € {—1,0}. We know that M2 = 2M? is an even integer, so
arguing by contradiction we assume that M§ > 8. Since (Kg + Mg) - Mg = 4, we then have
—Kg - Mg > 4. Moreover, from

1< (Ks+ Ms)* =K%+ (Ks + Ms)- Ms + Ks - Mg

we get K% > 1. Yet we have just seen that Kg < 0, so we have a contradiction. Thus M2 = 6
and therefore Kg - Mg = —2. Now the inequality 1 < (Kg 4+ Mg)? implies K% > —1.

We show that S is a ruled surface. Since S,, is a ruled surface over an elliptic curve and
K2 € {—1,0} we either have S ~ S,,, or S — S,, is the blow-up in one point. Recall now that
S — U is quasi-étale, so S is also kIt [KM98, Prop.5.20]. Thus the birational morphism S — S
only contracts rational curves. Yet all the exceptional rational curves (if any exist) on S are
(—1)-curves, so S — S is an isomorphism or a blow-up of a smooth point. Thus S is smooth
and K% € {-1,0}.

The double cover S — U is Galois, so the surface U is the quotient of the surface S by the
covering involution. Yet S is smooth, so U has at most A;-singularities. In particular U is
Gorenstein and K?] is an integer. Thus K% = 2Kl2] is an even integer. By the preceding
paragraph we finally obtain K % =0, so S is a ruled surface over an elliptic curve.

We show that U is a conic bundle U — P! with at least one double fibre. Recall that the double
cover pg: S — U is quasi-étale. It is not étale since otherwise x(S,Og) = 0 and x(U,Oy) = 1
gives a contradiction. Moreover, p(U) > 1 since otherwise U would be Fano (recall that U is
rationally connected with canonical singularities). Yet then its quasi-étale cover S is also Fano,
again a contradiction to x (S, Og) = 0. Since p(S) = 2 we must have p(U) = 2 and therefore an
isomorphism between N*(U) — N1(S). Thus if F is a fibre of the ruling S — E it is a pull-back
of nef and non-big class on U. Since —Ky is positive on this class we obtain that U is a conic
bundle U — P! and the ruling S — E is obtained by base change. Since p(U) = 2 all the fibres
of U — P! are irreducible, yet there is at least one singular fibre since otherwise U is smooth
and therefore g étale which we excluded.

We compute the degree of Kg + Mg on the fibres of the ruling. Recall that A|s = Kg + Mg is
nef and big, so its push-forward Kg+ Mg = ¢5(Ky + My ) is nef and big. Since U is Gorenstein
we obtain that Ky + My is a Cartier divisor that is relatively ample for the Mori fibre space
U — P'. Since there is at least one singular fibre the divisor has at least degree two on the
general fibre.

The P!-bundle S — FE is obtained by base change from U — P! so we finally obtain
(Kg+ Mg) - F > 2.
We conclude by a computation on the ruled surface S. We write S ~ P(V) where V a rank two
vector bundle that is normalised in the sense of [Har77, V, Prop.2.8]. We write
Mg = uCy + AF

where Cj is a section with C2 = e € Z and pu, A € Z. Note that (Kg+ Mg) - F > 2 is equivalent
to pu > 4. Recall that M2 = MZ = 6, so

6 = (uCo + A\F)? = p%e + 2uX = p(ue + 2X).
Since p > 4 and pe 4 2 is an integer the only possibility is 4 = 6 and pe + 2XA = 1. Yet then
1 = pe + 2\ = 6e + 2 is even, the final contradiction. |
In some special cases we can show a rational section to be regular:
3.2. Proposition. Let Z be a smooth Calabi-Yau threefold admitting a fibration
pz: Z —=U

onto a normal projective surface U. Assume that there exists a smooth prime divisor S C Z
that is a rational section for vz and S is pz-ample. Then ¢z is flat and S is a section for pz.

Remark. While Theorem 1.4 is likely to be true without the assumption that .S is smooth, this
is not the case for Proposition 3.2: elliptic fibrations with rational, non-regular sections provide
immediate counterexamples.
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Proof of Proposition 3.2. Since S is pz-ample and a rational section the fibration pz: Z7 — U
satisfies the conditions of Lemma 2.13. Thus we have an equidimensional fibration ¢5: Z — U’
and a birational map v: U’ — U such that ¢z = v o ¢.

Step 1. We show that U’ is smooth and S is a ¢z-section. Let t € U’ be an arbitrary point.

Since S is relatively ample of degree one the cycle theoretic fibre ¢[Z_1] (t) is reduced, in particular
it has a smooth point y. Thus the fibration ¢ is smooth in the point y by [Kol96, I, Thm.6.5],
in particular it is flat. Yet Z is smooth near y, so U’ is smooth near t = ¢z (y).

Since U’ is smooth the equidimensional map ¢ is flat, in particular all the (scheme-theoretic)
fibres are integral curves of arithmetic genus one. Assume now that the birational morphism
S — U’ is not an isomorphism over a point ¢ € U’, then S contains the fibre gbgl(t), a curve of
arithmetic genus one. Yet S — U’ is a birational map between smooth surfaces so the exceptional
locus is the union of smooth rational curves by Castelnuovo’s theorem, a contradiction.

Step 2. We show that v is an isomorphism. Since Z is Calabi-Yau the fibration ¢z is K-trivial
and we know by Ambro’s theorem [Amb05, Thm.0.2] that there exists a boundary divisor A on
U such that (U, A) is klt. In particular U has rational singularities, and the morphism v is a
resolution of singularities. Thus R'v,Op = 0 which implies that every exceptional curve is a
smooth rational curve [Rei97, Cor.4.9].

Arguing by contradiction let C' ~ P! be a v-exceptional curve. We claim that C? < —3, i.e. C
is not a (-1) or (-2)-curve. In fact since S ~ U’ the morphism v identifies to the birational map
(pz‘si S —U.

By assumption S is pz-ample so Kg = (Kz + S)|s = Sl|s is ¢z|s-ample. Thus we have
K - C > 0 and therefore C? < —3 by the adjunction formula.

Set now X := ¢7,C and consider the fibration ¢5: ¥ — C.

1st case. If the general ¢x-fibre is smooth, it is an elliptic curve. Since all the ¢z-fibres are
reduced, the singular locus of ¥ is finite. The surface ¥ C Z is also Gorenstein, so it is normal
and by adjunction

Ky~ (Kz +Y)|s =X|s = (¢5)"Clc ~ (¢5) Op1 (—))
with —b < —3. This contradicts Lemma 2.9.

2nd case. If the general ¢y-fibre is singular, it is a nodal or cuspidal cubic. Thus ¢x has a
section €’ C ¥ determined by the unique singular point of the fibre. Since S is a ¢ z-section
and Cartier divisor in Z, it meets every ¢z-fibre in a smooth point. Thus we have S -C’ = 0.
Now recall that ¢z(X) = v(¢z(X)) = v(C) is a point. By assumption the restriction of S to the
fibre component Y is ample, so S - C' = 0 gives the final contradiction. O

4. A STRUCTURE RESULT

The goal of this section is to show Theorem 1.5. We fix the notation for the whole section:

4.1. Setup. Let X be a smooth Fano fourfold such that h%(X, Ox(—Kx)) > 4. Assume that
the scheme-theoretic base locus Bs(] — Kx|) is a smooth surface B. Let

p: X' — X

be the blow-up along B, and denote by F the exceptional divisor. We have

—Kx ~p*(-Kx) - E,
SO

HY (X', Ox/(-Kx')) ~ H'(X,ITp ® Ox(~Kx)) ~ H(X,0x(-Kx))

and | — K x| is basepoint-free. We denote by

0= QK| X =T
the Stein factorisation of the morphism defined by | — Kx/|. By construction we have
(11) wW(—Kx)~—-Kx +E~p*"H+ E
where H is an ample and globally generated Cartier divisor on T".

Let Y € | — Kx| be a general element, and let Y’ C X’ be its strict transform. Then

Hy : Y - Y
12



is a resolution of singularities and not an isomorphism by [HS25, Thm.1.3]. In fact, since Y has
isolated singularities [HV11, Thm.1.7] and the fibres of the blow-up p have dimension at most
one, the resolution py is small.

The surface B C Y is a prime Weil divisor, denote by B’ C Y’ its strict transform. Since
B’ = ENY’ and Y’ is general the surface B’ is smooth and the blow-up of the finite set
Ytsing C B.

On the normal threefold Y we have a decomposition
|- Kxly| = |M| + B
where M is the mobile part of the linear system. Note that
RO(Y, Oy (M)) = h*(X,0x(~Kx)) — 1 >3,

so M # 0. Since —K x|y is Cartier and py is small, its strict transform on Y’ coincides with
the pull-back. Thus we have

(12) W (—Kx)lyr ~M' + B ~—Kx/|y' + B ~ (¢"H)|y + B
where |M’| is the strict transform of the mobile part |M]|.
We have an induced fibration
oy Y = U
where U is an general element of |H|. Since H!(X’,Ox/) = H'(X,0Ox) = 0 the restriction

morphism H(X', Ox/(—Kx:)) — H(Y',Oy/(—Kx)) is surjective, so ¢y is defined by the
complete linear system | — Kx-|y/| = |M’].

Remark. Heuberger [Heul5| has shown that the general anticanonical divisor only has
singularities of the form 2% + 23 + 2% + 25 = 0 or 2% + 2% + 23 + 2} = 0, thereby restricting
the geometry of the resolution py. We will not use this finer result, however we will use several
times that puy contracts at least one rational curve.

4.2. Lemma. In the Setup 4.1 the divisor p*(—Kx) is w-ample and therefore by (11) the
effective divisor E is p-ample.

Proof. The divisor u*(—Kx ) is semiample and big and has degree zero exactly on the exceptional
curves of the blow-up p. Thus if FF C X' is a @-fibre such that pu*(—Kx)|r is not ample, then
F contains a p-exceptional curve {. Since —Kx/ ~ ¢*O%(1) we obtain —Kx/ -1 = 0. Yet we
know that —Kx/ -1 =1 since p is a blow-up, a contradiction. O

4.3. Lemma. In the Setup 4.1 the variety T’ has dimension three.

Proof. Since 4 < h%(X,0x(—Kx)) = h%(X’,0x/(—Kx-)) it is clear that dim7” > 0. Note
that dim 7" is equal to the numerical dimension v(—Kx-). We will argue by contradiction and
exclude the cases dim 7’ # 3 one-by-one.

1st case. Assume dimT’ = v(—Kx+) = 1. Then the restriction of —Kx: to Y’ € | — Kx/| is
numerically trivial. Yet —K x|y ~ M’ # 0, a contradiction.

2nd case. Assume dimT’ = v(—Kx) = 4. Then the divisor — K x/ is big and so is its restriction
M' ~ —Kx/|yr. Thus we have H'(Y’,Oy/(M’')) = 0 by Kawamata-Viehweg vanishing and
therefore the restriction morphism

HO<Y/, OY/(—KXI)) — I{O(B/7 OB’(_KX’) ~ I{O(B/7 OB’(KB’ + M’))
is surjective and the zero map. Thus H(B’, Op/(Kp/+M')) = 0 which is impossible by [Kaw00,
M'|p ~ —Kx/|p = (¢"H)|p

is not big, the prime divisor B’ is contracted by the birational map ¢y. In particular B’ is not
oy -nef by the negativity lemma, i.e. there exists a curve C C B’ that is contracted by y: and
B’-C < 0. By (12) we obtain

W(—Kx) C=((¢*H)y +B)-C=B-C<0,

a contradiction to p*(—Kx) being nef.
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3rd case. Assume dimT’' = v(—Kx/) = 2. Since the exceptional divisor is p-ample by Lemma
4.2, the morphism E — T is surjective. Let [ C F be a fibre of the blow-up p. Then we have

Since H is an ample Cartier divisor we see that the curves .l = ¢(l) define an unsplit family
of rational curves that has degree one with respect to H.

Now recall from the Setup 4.1 that the birational map puy: Y’ — Y is not an isomorphism, so
we can choose [ such that it is contained in Y. Since U = ¢(Y) C T” is an irreducible curve we
obtain U = ¢(I). Thus we have

H*~H-U=H-1=1

Since H is globally generated, the morphism ¢z defines an isomorphism 7" ~ P? such that
H ~ (¢11)*Op2(1). In particular we have

h(X,0x(—Kx)) = h° (X', Ox/(—Kx)) = B°(T", O (H)) = h°(P?, Op2(1)) = 3,
contradicting our assumption h%(X,Ox(—Kx)) > 4. O

4.4. Remark. In the proof of Lemma 4.3 the assumption h°(X,Ox(—Kx)) > 4 was only used
in the third case. If h%(X,Ox(—Kx)) > 3 the proof shows that either dim 7’ = 3 or we have a
fibration ¢ := ¢|_g,|: X = P? such that —Kx ~ ¢*Op(1).

An outcome of the proof of Theorem 1.5 will be the following technical statement that we need
for later reference:

4.5. Lemma. In the situation of the Setup 4.1, the morphism
Y= QK X' =T

does not contract a divisor. Moreover there exists a finite set N C T' such that
o H(T'\N) = T'\N

is a flat elliptic fibration with integral fibres.

Proof of Theorem 1.5 and Lemma 4.5. We use the notation from the Setup 4.1. Our main goal
is to construct a nef divisor Ax — X of numerical dimension two. This will be achieved in the
four steps.

Since dimT” = 3, the general fibre of ¢: X’ — T is an elliptic curve and E C X’ surjects onto
T since F is p-ample by Lemma 4.2.

Step 1. We show that ¢og: E — T’ is birational and the image of the exceptional locus is at
most a finite set. The birational morphism py : Y’ — Y is small, so if we set p*(—Kx)|y’ it is
a nef and big divisor such that the restriction to every prime divisor is big. By (12) we have a
decomposition |u*(—Kx)|y/| ~ | — Kx/|y/| + B’ into mobile and fixed part and we have seen in
the Setup 4.1 that the induced elliptic fibration ¢y : Y’ — U is defined by the full linear system
| — Kx/|y'| = ¢3/|H|u|. Since B’ is smooth we can apply Theorem 1.4 to obtain that B’ is a
rational section of py/. Since B’ = E N~ 1(U) this shows that E — T" is birational.

Let now N C T’ be the image of the exceptional locus of ¢, arguing by contradiction we assume
that dim N > 0. Then for a general element U € |H| the intersection U N N is not empty, so if
we set Y/ := o7 }(U) € | — Kx/|, then B’ := Y’ N E is a rational section of ¢y : Y’ — U and
the map U --+ B’ has at least one point of indeterminacy. Yet B’ is pys-ample by Lemma 4.2,
so we know by Proposition 3.2 that B’ is a regular section, so we get a contradiction.

Step 2. We show that p: X' — T' does not contract a divisor. We argue by contradiction and
assume that ¢ contracts a prime divisor D onto a set of dimension at most one. Thus the fibres
of D — ¢(D) have dimension at least two. Since E is @-ample, the intersection D N E is not
empty and contained in the exceptional locus of ¢g: E — T'. By Step 1 this shows that p(D)
is a point.

We choose a general element U € |H| that does not contain the point ¢(D), so the general
anticanonical divisor Y’ := o~ 1(U) C X' is disjoint from D. The morphism D — p(D) is finite
since p*(—Kx) is ample on D by Lemma 4.2. Thus u(D) is a prime divisor in X, it is not
disjoint from B since it contains the non-empty set (DN E) C B. Since Y’ and D are disjoint,
their images Y := p(Y) and p(D) intersect at most along B. Since B C Y and p(D) is not
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disjoint from B the intersection is not empty. Yet both divisors are Cartier, so Y N u(D) has
dimension at least two. In conclusion we have a set-theoretical equivality

Y nu(D)=B.
Since p(D) is Cartier this shows that B C Y is Q-Cartier, a contradiction to [HS25, Thm.1.3].

Step 3. Construction of the divisor Ax. Let N C T’ be the image of the ¢ g-exceptional locus,
so N is finite by Step 1. Since E is p-ample the fibration ¢ is equidimensional over 7"\ N. !

Let now A — B be a general hyperplane section, then pjA is a prime divisor on E, so its
push-forward

A= (pp)(ipA) € CUT)
via the birational map ¢g is a prime Weil divisor on T”. For later use note that Ap: is Cartier
in the complement of N.
By Step 2 the fibration ¢ does not a contract a divisor, so by Lemma 2.1 the pull-back

Axr =" A € CI(X")
is well-defined. Since X’ is smooth the divisor Ay is Cartier, and
Ax = puAx € CI(X)
is also Cartier.
Step 4. We show that Ax is nef of numerical dimension two. We first show that

(13) AX’ :M*AX

Proof of the claim. Let Y/ C X' be a general anticanonical divisor, so Y’ = o*U with U C T"
a divisor that is disjoint from N. In particular B’ = ENY’ is a section of ¢y-. The pull-back
defined in Lemma 2.1 extends the pull-back of Cartier divisors. Since Aps is Cartier in the
complement of N C T” we have

Axrlyr 2= o3 (A |u).
Yet by definition Ar/ |y = (p|p/)«(up)* A and pp/ is an isomorphism, so
(14) Axilyr = oy (pp ) (pp)" A and  Ax/|p = (up)" A

Now recall that Y/ — Y is a small modification that is not an isomorphism, so B’ = ENY’
contains at least one of the exceptional curves [. Thus (14) yields

Axr 1= (Ax)|p 1= () A-1=0.

Thus Ay, has degree zero on the extremal ray contracted by u, so it is a pull-back of some
Cartier divisor on X [Deb01, Thm.7.39 c¢)]. By definition Ax = p.Ax so the Cartier divisor
must be Ax.

In order to show that Ax is nef, note that it is sufficient by Kollar’s theorem [Kol91, Theorem]|
to show that Ax|y is nef for Y C X a general anticanonical divisor. Since Ax, = pu*Ax this is
equivalent to showing that Ax/|y+ is nef. Yet by (14) we know that Ax|y- is the pull-back of
a hyperplane section, so nef.

A nef divisor on a Fano manifold is semiample, so the numerical dimension coincides with the
litaka dimension and the nef dimension (cf. [BCET02| for the notion of nef dimension). Let us
now compute this dimension: by (14) the numerical dimension of Ax/|ys ~ u¥ (Ax|y) is two,
so Ax has numerical dimension at least two.

On the other hand if C' is a general fibre of the elliptic fibration ¢y, we have

Ax - p(C)Y=p*Ax -C=Ax -C=Ax/|ly-C =0
by (14). The family of curves x(C) dominates X, so Ax has nef dimension at most three. Yet
if the nef dimension is exactly three the general fibre of ¢, 4, for m > 0 is exactly the curve
u(C). Since C is elliptic the curve u(C) has positive genus. But X is a Fano manifold, so this
is impossible.
After this technical preparation we can finally come to the statements in our theorem:
Proof of item i. A nef divisor on a Fano manifold is semiample, so by Step 4 some multiple of
Ax defines a fibration

X =V

1Together with Step 1 and 2 this finishes the proof of Lemma 4.5.
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onto a surface V. Thus Ax ~q 7*Hy with Hy an ample Q-divisor on V. Combining (13)
and (14) we see that Ax|p coincides with the hyperplane section A. In particular Ax|p ~q
(7*Hy)|p is ample and therefore the morphism B — V is finite.

Let F be a general w-fibre, so F is a smooth del Pezzo surface. Let F/ C X' be the strict
transform under the blow-up p. Then F’ — F is the blow-up in the finite set BN F and ENF’
is the exceptional locus. We have seen in Step 4 that a general fibre C; = ¢ ~1(t) of the elliptic
fibration satisfies Ax - u(Cy) = 0, so F' is dominated by a one-dimensional family of curves p(Ct).
Since E is a p-section we have E - C; = 1 and therefore —Kp - u(Cy) = —Kx - u(Cy) = 1. Since
the nef divisor Cy C F’ meets the exceptional divisor E N F” its image 1(Cy) is nef and big. By
the Hodge index inequality (Lemma 2.5) we have

1= (=Kp-p(C))? > (=Kp)* u(Ch)? > (=Kp)* > 1.

Thus we have (—Kp)? = u(Cy)°> = 1 and F is a del Pezzo surface of degree one. Moeover
equality holds in the Hodge index inequality, so the divisors are colinear in N'(F) ~ Pic(F).
This shows that p(C}) € |— Kp|. Since the elliptic curve p(C;) C F passes through all the points
in BN F we see that BN F' is exactly one point. Therefore the finite morphism 7 : B — V is
birational, so an isomorphism.

The anticanonical divisor —K x is a m-ample line bundle such that (—Kx)? - F = 1. Moreover
B is a m-section, so we conclude by Lemma 2.13.

Proof of items ii. and iii. By the relative Kodaira vanishing theorem we have Rim,Ox(—Kx) =0
for all j > 1. Since 7 is flat we obtain by cohomology and base change that

hY(F,, O, (-Kx)) = h°(F,0p(-Kx)) =2

for every v € V. Since (~Kx)?-F, = 1 and —Kx|r, is ample, every element in the linear
system | — Kx|p,| has irreducible support. In particular | — Kx|r,| has no fixed part. Now
(—Kx)?- F, = 1 implies that its base scheme is a reduced point p, and this point is contained
in the smooth locus of F,. Since

BS|*KX|F1,| CBS(| 7KX|)QFU =BNF,

and B is a m-section we obtain that p, is exactly B N F,. In conclusion we see that the image
of the natural morphism

' Ox(—Kx) = Ox(—Kx)
is exactly the sheaf 7p ® Ox(—Kx). Pulling-back via the principalisation p we obtain a
surjection

pwn'mOx (—Kx) - p*(Ip ® Ox (-Kx)) = Ox/(—E) @ p*Ox (= Kx) ~ Ox/(=Kx/).
The quotient line bundle p*7* 1, Ox(—Kx) — Ox/(—Kx-) determines a morphism
¢: X' -5 T:=P(r0x(—Kx)) >V

such that for every v € V' the restriction to F, is the blow-up of the basepoint p,. In particular
¢ is equidimensional and its general fibre coincides with the fibration ¢: X’ — T”. The rigidity
lemma gives a birational morphism v: T'— T” such that ¢ = v o ¢.

It is clear that F is a rational ¢-section, so we have a birational morphism ¢g: F — T. Since
both manifolds are P'-bundles over V ~ B, they have the same Picard number. Thus ¢ is an
isomorphism and F is a regular section. Since F is w-ample it is clear that it is also ¢-ample.
By Lemma 2.13 the fibres of ¢ are integral, so we have shown ii.

The existence of the commutative diagram in iii. is clear by construction. Note that
the isomorphism ¢p identifies the P!-bundle structure pg to the structural morphism
P(r.Ox(—Kx)) — V so we denote it by ur. O

5. EXAMPLES

In this section we present a general construction for Fano manifolds with large anticanonical
base locus which is crucial for our classification theorem. We will then apply the construction to
certain Fano bundles over del Pezzo surfaces of degree > 2 to illustrate the non-trivial birational
geometry of most of these varieties. Thanks to our classification in Section 6, all the examples
presented here are precisely the Fano fourfolds appearing in Theorem 1.2; see Table 1 for their
numerical invariants.
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5.1. Proposition. Let F be a globally generated vector bundle of rank r > 2 over a projective
manifold V. Denote by
pr: T:=P(F) -V
the projectivisation and by (r the tautological divisor on T. Set
W =0r&® OT(_2<T) b OT(—?)CT)
and denote by Cw the tautological divisor on
O:P(W) > T.
Let X' C P(W) be a general element of the linear system |3Cw + ®*(6¢r)|. Then the following
holds:

i. The variety X' is smooth and contains E :=P(Op(—3¢r)) ~T.
1. The morphism
¢:=®|x: X' =>T
is a flat elliptic fibration with integral fibres.
iwi. The section E C X' is a ¢-ample divisor and Ng,x ~ Or(—(Cr).
w. The fibration
pp=ur: E~T =V
extends to a bimeromorphic morphism
pr X' — X
onto a compact complex manifold X such that u|lg = pg and X'\ E ~ X\ B, i.e. X' is
the blow-up of X along B := u(E) ~ V.
v. The morphism ur o ¢ factors through the blow-down w1, and we obtain a fibration

T X =V

such that —Kx is w-ample and all the fibres are del Pezzo varieties of degree one.
vi. The manifold X is projective.
vit. We have

(15) _KX’ >~ ¢*((T — 1)CT + /_}/;(—Kv — det ]:))
If —Ky — det F is ample, then X is a Fano manifold.

5.2. Remark. For later use, let us note that the proof will show that
OB(—K)() >~ Ov(—KV — det]:)

and

Proof. In this proof we will frequently identify divisors on 7" and FE via the isomorphism ®|g.
Proof of i. Set L := Ow (3¢w + ®*(6¢r)) and note that

L ~ Op0, (2t1)00r007 (—¢r)) (3)-

Since (r is globally generated, the base locus of the linear system |L| is exactly E. Note also
that

Nipovy @ Le = (Op(3¢r) ® Op((r)) ® Op(=3¢r) ~ Op & Op(—2(r).
Thus a section of this vector bundle is either zero or does not vanish in any point. By [BS95,

Lemma 1.7.4] this means that a divisor X’ € |L| is either smooth along the base locus or has F
as a component of its singular locus. In view of the exact sequence

0— H(P(W), Tz, ® L) = H(P(W),Zg ® L) = H(E, Nj jpow) ® L) ~ C
there exists a smooth element X’ € |L| if and only if the inclusion
(16) H(P(W),I3 ® L) — H*(P(W),Zp ® L)
is strict. Let 7: P — P(W) the blow-up of E, and denote by G the exceptional divisor. Then
we have
H(P,0p(—2G)® 7*L) ~ H*(P(W), Iz ® L), H°(P,0p(—G)®7*L) ~ H'(P(W),Ir ® L).
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Set

TK ]P)(K) = H’D(OT (5) OT(_2CT)) — T,
and denote by (i the tautological divisor on P(K). Then 7 resolves the indeterminacies of
the map P(W) --» P(K) given by fibrewise projection from FE. Therefore ¢: P — P(K) is a
P'-bundle and the exceptional divisor G is a g-section. An elementary computation shows that
(17) 2:(Op(G)) = Op(x) ® Op(x) (—Cx + 7 (=3C7))-

We summarise the construction in a commutative diagram:

P— T P(W) X!

We have 7*(w ~ ¢*(x + G and therefore
Op(—2G)®7*L ~ Op (G+q*(3CK—|—7Tf((6(T))), Op(—G)R7*L ~ Op (2G+q*(3CK+7rf<(6CT))).

Pushing forward via ¢, and using (17) the inclusion (16) becomes

(18)  HO(P(K), Op(x)(3Ck + i (6¢r)) @ Opiy 20k + T (3¢7))) —

H(P(K), Opx) (3¢k + i (6¢1)) © Op(i) 20k + 75 (3¢1)) @ Op(x6) (Ck)).-
Since H(P(K), Op(f)(Cx)) = C the inclusion is strict, so a general element X' € |L| is smooth.
The variety F is contained in the base locus of |L| so it is clear that £ C X’.

Proof of ii. and i4i. The varieties X’ and T being smooth, the flatness of ¢ is clear if we show
that ¢ is equidimensional. The equation of X’ € |3¢w + ©*(6¢{r)| in P(W) corresponds to a
global section of the vector bundle

SW @ Or(6¢r) ~ S3 (OT ® Or(—2¢r) ® OT(—?)CT)) ® Or(6¢r) D Of.
For a general section, the coefficient corresponding to the trivial direct factor does not vanish
in any point ¢ € T, so the cubic equation in P(W;) ~ P2 is not zero.

Note that the restriction of L to the divisor P(Or(—2¢r) & Or(—3¢r)) C P(W) is isomorphic
to Op(0re0r(—¢r))(3), so it has 3E as its unique section. This shows that

Opw)(1) ® Ox: ~ Ox/(3E),
so the section E C X' is ¢-ample. Since ¢ is flat and has a relatively ample line bundle of degree
one, all the fibres are integral.

Since Ng/powy =~ Op(—3¢r) ® Op(—(r) the normal bundle Ny, x can be easily computed from
the exact sequence

0 —)NE/X/ _>NE/IP(W) _>NX’/IP’(W) QRO ~Lg~ OT(_?’CT) — 0.

Proof of . The isomorphism N7, /xr Or({r) implies the existence of the blow-down of E
along pg since we can apply the criterion of Fujiki and Nakano [FN72],[Pet94, Thm.3.1].
Proof of v. and vi. By the rigidity lemma the factorisation 7 exists if every p-fibre is contracted
by pr o ¢ onto a point. But this is clear since by construction p is the extension of ug = ur to
a blow-down.
For any point v € V the fibre X! := (uro¢)~(v) has a flat elliptic fibration with integral fibres
over pp'(v) ~ P"~1 in particular it is integral. The intersection X! N E ~ P! is contained
in the smooth locus of X; and Ng/x:np =~ (’)u;l(v)(—CT) ~ Opr-1(—1), so the restriction of y
to X! is the blow-down to a smooth point. By [Fuj84, 13.7] this shows that X, is a del Pezzo
variety of degree one.
Since all the m-fibres are integral and Fano, the anticanonical bundle —Kx is m-ample. In
particular the morphism 7 is projective over a projective base M, so X is projective.
Proof of vii. The formula (15) is a consequence of the adjunction formula and the formula for
the canonical of a projectivised bundle. Let us now show the last statement: since (r is the
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tautological class of a nef vector bundle, we know that {1 + p4.(—Ky — det F) is ample. Note
that B C X has codimension r, so we have

,[L*(—Kx) ~ —Kx + (r — I)E

Since F is ¢-ample and —K x/ is the pull-back of an ample divisor on 7', we have p*(—Kx)-C > 0
for every curve C' C X' that is not contained in E. Moreover (15) and iii. imply

Op(n"(=Kx)) ~ Op(—=Kx' + E) ~ Op(pr(=Ky — det F)),
so u*(—Kx) is nef and has degree zero exactly on the fibres of . This shows that —Kx is nef
and has strictly positive degree on all curves, it also proves Remark 5.2.
Note now that
u(=Ex)M Y = (=K ) Y E > 0
since — K x is the pull-back of an ample divisor on T" ~ E. Thus — K x is nef and big and strictly
positive on all the curves. By the basepoint-free theorem we obtain that —Kx is ample. ([l

We now focus on the case that is relevant for us:
5.3. Proposition. In the situation of Proposition 5.1 assume that
r=2
and that —Ky — det F is ample and globally generated. Then the following holds:

i. We have B = Bs(| — Kx|).
ii. We have E + ¢*(r ~ p*A ~ p*(=Kx v + det F), with A a semiample divisor on X.
1. Let
P X - X
be the morphism with connected fibres defined by some positive multiple of A. Then we
have A ~ *A with A an ample divisor on X.
iv. The morphism v contracts the base locus B onto a point p and Bs(|A|) = p.
v. Let N C T be a subvariety such that On(¢r) ~ On. Then

pH(N)~NxC
with C' an integral curve of arithmetic genus one and
(19) Op-1(n)(E) ~ pcOc(p).

The morphism v o u contracts ¢~ (N) onto a curve C C X such that A-C = 1.

vi. Let k be the numerical dimension of the nef divisor (r. Then X has dimension k + 1.
In particular 1 is birational if and only if (p is big. In this case let Dp C T be the null
locus (cf. Remark 2.3) of the divisor (. Then the exceptional locus of 1 is

BUu(¢~ ' (Dr)).
5.4. Remarks.

e The morphism 1 contracts an extremal face in the Mori cone of X, but as one can see
from the examples below it is not an elementary contraction unless V ~ P2.

o If V a del Pezzo surface of degree one and F = (992, the divisor —Ky — det F is not
globally generated, so Proposition 5.3 does not apply. Nevertheless our construction
yields the Fano fourfold from [HV11, Ex.2.12] where the base locus Bs(| — Kx|) is a
reducible surface.

e A posteriori, Theorem 1.2 shows that any smooth Fano fourfold with h%(—Kx) > 4 and
such that the scheme-theoretic base locus Bs(] — Kx|) is a smooth irreducible surface B
is uniquely determined by the data (B, N} / ). Therefore we will describe some of the
examples below, which are constructed through Propositions 5.1 and 5.3, by explicitly
producing a smooth Fano fourfold as above with the prescribed data (B, N} / )

Proof. Proof of i. By assumption —Ky — det F is ample and globally generated, so (15) shows
that —K - is the pull-back of an ample and globally generated divisor. Since B C X has
codimension 7 = 2, we have
HY(X',0x:/(—Kx/)) ~ H(X,Ip ® Ox(—Kx)) C H*(X,Ox(-Kx)).
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So it is sufficient to show that H°(X',Ox/(—Kx)) ~ H°(X,Ox(—Kx)). Yet by Fact 2.12 we
have ¢.Ox/(E) ~ Or, so by the projection formula and (15)

Gutt” Ox (=K x) = $.Ox/ (=K x/+E) =~ Or (Crtpp(—Ky —det F))0¢.0x/ (E) =~ ¢..0x/ (= Kx).
In particular the two line bundles have the same space of global sections.

Proof of ii. and iii. The divisor (7 is nef and F is effective, so (E 4+ ¢*(r) - C > 0 for every
curve C ¢ E. Moreover

(20) Or(E + ¢"(r) ~ Op

by item iii. of Proposition 5.1, so E + ¢*(r is nef. The divisor has degree zero on the extremal
ray contracted by the blow-down i, so there exists a divisor A on X such that E+ ¢*(pr ~ pu*A.
Since X is Fano by item vii. of Proposition 5.1, the nef divisor A is semiample. The isomorphism
E+¢*(r ~ p*A ~ p*(=Kx v + det F) follows easily from (15).

Using again X Fano a standard application of the basepoint-free theorem shows that A ~ YA
with A a Cartier divisor.

Proof of . Since B = p(FE) and E + ¢*(r ~ p*A, we see that (20) implies Op(A4) ~ Op.
Therefore, 9 contracts B onto a point p. For the second statement observe that by construction
HO(X’ OX'(A)) = HO(X/’ OX’(E + (/b*CT))
and (7 is globally generated, so the base locus of A is contained in the image of E, i.e. the image

of B.
Proof of v. Let now N C T be a subvariety such that Oy ({r) ~ On. Then, Wy =~ (’)ﬁ3 and
so P(Wy) is a product N x P2, The restriction of 3¢y + ®*(6{r) to P(Wy) is isomorphic to
Pp2Op2(3), s0

dHN) = X' NP(Wy)~ N xC
with C an integral cubic in P2. Moreover ENP(Wy) = P(Oy) ~ N x p with p a point in C, so
we obtain (19).
By (19) we have Og4-1(n)(p*A) ~ p5Oc(p). Thus the variety gets contracted onto a curve
C~Cand A-C=1.
Proof of vi. Since 1 is defined by some multiple of A it is sufficient to determine the numerical
dimension of E + ¢*(r = p*A. From (20) we deduce that for all m € N one has

(21) (B+¢"Cr)™ = E-¢"¢r " + 6"
Therefore (E 4 ¢*(r)*tt = E - ¢*¢k # 0 and (E + ¢*(r)F 2 = 0.

For the second statement, note that the exceptional locus of v is exactly the null locus of A,
equivalently the image of the null locus of u*A. By item v. we have ¢~ (Null(¢7)) C Null(p*A)
and we claim that

Null(z*A) = EU ¢~ (Null(¢r)).
For this we show that if ¢/ C X’ is an irreducible curve such that ¢ o p contracts C’, then
C' C E or {r-¢(C") = 0: indeed if

0=p'A-C'=(E+¢"(r) C',
and C' ¢ E, then E-C’ > 0 and ¢*(r - C’ > 0 since (r is nef. Thus equality holds and
#(C") € Null(Cr). O

5.5. Remark. In the situation of Proposition 5.3 assume that dim V' = 2, so that X is a smooth
Fano fourfold. If + is birational, then

At =3 =) (F)? — o F).

Indeed E + ¢*(r = p*h* A together with (21) implies A* = 3. Since F has rank two, the latter
is equal to the Segre class ¢1(F)? — ca(F).

We will now apply our construction to Fano bundles over del Pezzo surfaces, these examples will
eventually correspond to the families appearing in Theorem 1.2 and Corollary 1.3. We denote
by [#] the corresponding number in Table 1.
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5.6. Example.[#1] Set V := P? and F := Opz @® Op2(2). Then the conditions of the
Propositions 5.1 and 5.3 are satisfied and we obtain a smooth Fano fourfold X such that
Bs(| — Kx|) ~ P2 Let

P X = X
be the morphism constructed in Proposition 5.3. Then 1 is a divisorial Mori contraction with
exceptional divisor

D~P?xC
and for every non-trivial fibre the normal bundle is Opz & Op2(—2).

Proof. Since F is nef and big the morphism % is birational by item vi. of Proposition 5.3,
so we are left to describe its exceptional locus. The null locus of {7 is the negative section
Dy :=P(Or) C T, by item v. of Proposition 5.3 we have

¢ N (Dr)~ Dr x C ~P? x C.

By (19) the intersection with the exceptional divisor E is transversal. Since Dy is a pp-section,
the intersection ¢~ !(D7) N E is a section of up. Therefore p maps ¢~ (Dz) isomorphically
onto its image D C X. By item v. of Proposition 5.3 we know that D is contracted by 1 onto
a curve C' ~ C. Since B C D we obtain by item vi. of the proposition that 1/ is the contraction
of the divisor D.

Since Np,./r =~ Op2(—2), we have Ny-1(p,)/x =~ pp2Op2(—2) and therefore
Npyx = pp2Op2(—2) @ pe:Oc(p).
This determines NV . O

Remark. A short computation shows that Kx ~q ¥*Kx + %D and —K ¢ has degree % on the
curve C C X. By the item iv. in Lemma 2.2 we obtain that X is a singular Fano variety with
singularities of type %(1, 1,1) x C along a curve.

Moreover, p(X) < 4: X has an elementary divisorial contraction sending a divisor onto a
curve, thus it follows from [Cas12, Thm.3.3] that p(X) < 5, while [CRS22, Thm.1.8] yields a
contradiction when p(X) = 5.

5.7. Example.[#2] Set V := P? and F := Op2 & Op2(1). Then the conditions of the
Propositions 5.1 and 5.3 are satisfied and we obtain a smooth Fano fourfold X such that
Bs(| — Kx|) ~P%. Let

v X - X
be the morphism constructed in Proposition 5.3. Then 1 is a divisorial Mori contraction with
exceptional divisor

D~P?xC

and for every non-trivial fibre the normal bundle is Op2 @ Op2(—1).

Proof. The proof is completely analogous to the proof of Example 5.6, the only difference is that
Np,. /T = Opz2(—1), leading to the difference of the normal bundles of the fibres. O

Remark. A short computation shows that Ky ~ ¢*Kg + 2D and —Kx has degree 3 on the
curve C C X. By item iv. in Lemma 2.2 we obtain that X is a Fano manifold. In fact X is the
fourfold constructed in [HS25, Ex.3.4].

5.8. Example.[#3, #10, #15, #17 — 22] Let V be a smooth del Pezzo surface of degree > 2
and set F := (’)92. Then the conditions of the Propositions 5.1 and 5.3 are satisfied and we
obtain a smooth Fano fourfold X such that Bs(| — Kx|) ~ V. Let

v X = X

be the morphism constructed in Proposition 5.3. Then X is a del Pezzo of degree surface one,
X ~V x X and 7, ¥ are the projections.

Proof. In this setting, (7 has numerical dimension one, so X is a surface by item vi. of

Proposition 5.3. Since ¢ maps a general 7-fibre isomorphically onto its image, it is clear that

X is a del Pezzo surface of degree one. We conclude by considering the morphism m X . (|
21



5.9. Example.[#4] Set V := P? and F := Op2(1)®2. Then the conditions of the Propositions
5.1 and 5.3 are satisfied and we obtain a smooth Fano fourfold X such that Bs(| — Kx|) ~ PZ.
Let

P X - X
be the morphism constructed in Proposition 5.3. Then % is a small Mori contraction with
exceptional locus B.

Proof. Since F is ample, the null locus of (7 is empty. By item vi. of Proposition 5.3 that the
exceptional locus of v is exactly the surface B. O

5.10. Example.[#5] Set V :=P? and F := Tp2(—1). Then the conditions of the Propositions
5.1 and 5.3 are satisfied and we obtain a smooth Fano fourfold X such that Bs(] — Kx|) ~ P2
Let

P X - X
be the morphism constructed in Proposition 5.3. Then X is a smooth del Pezzo threefold of
degree one and B is a higher-dimensional fibre of .

Proof. We have T' ~ P(Tp2(—1)) C P? x P? and the tautological divisor (7 defines the projection
Pler| T — Pz

onto the second factor. Thus the numerical dimension of (7 is two and dim X = 3 by item vi.

of Proposition 5.3. In particular the general v-fibre is P! and B is a higher-dimensional fibre.

Let us now show that the ample divisor A on X has degree one: note that
—Kx/ - (WA = —Kx: - (E+ ¢*(r)* = —Kx' - E- ¢*(F,
and the cycle E - ¢*(% is represented by a fibre of the fibration
Pler - T — IP)2.

Therefore (15) implies that —Kx: - E - ¢*¢(2 = 2. Yet the homology class of (u*y*A)3 is A3
times the class of a general fibre of ¢ o u and —Kx+ has degree two on a general fibre. Thus we
have A3 = 1.
By item iv. of Proposition 5.3 the point p = ¥(B) is the unique basepoint of the linear system
|A]. Since A3 =1, we see that p is in the smooth locus of X. It is not difficult to see that ¢ is
a conic bundle over X \ p, so X is smooth.
We also have

hO(XvoX(A)) =~ hO(leoX’(E+ ¢*<T)) =~ ho(]PQ’f'-) =3,
so the A-genus A(X, A) = 3 — h%(X, A) + A3 is one [Fuj90, Defn.2.2]. Moreover if Dy, Dy €
|E + ¢*(r| are two general elements, they are of the form

D; = E+ (p)cp © 0)*li

with [; a line in P?. Thus their intersection is the union of E and (p|¢, 0 ¢) ' (s) with s € P?
a point. By item v. of Proposition 5.3 the surface (¢)¢,| o ¢)~1(s) is mapped onto an elliptic
curve in X. This shows that two general elements D; € |A| intersect along an elliptic curve so
the sectional genus g(X, A) is also one [Fuj90, (2.1)]. Therefore Fujita’s classification [Fuj90,

Cor.6.2] yields that X is a del Pezzo threefold of degree one. O

5.11. Example.[#6] Set V :=P? and F is given by the exact sequence
0— Opz — Tp2(—1) ® Op2(1) —» F — 0.

Then the conditions of the Propositions 5.1 and 5.3 are satisfied and we obtain a smooth Fano
fourfold X such that Bs(| — Kx|) ~ P?. Let

v X = X

be the morphism constructed in Proposition 5.3. Then X is a singular Gorenstein Fano fourfold
with Picard number one and index two. A general element D € |A| is the complete intersection
of a quadric and a sextic in P(14,2, 3).
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Proof. The image of the morphism ¢|¢,|: T — P* is a smooth quadric and T is the blow-up of
the quadric along a line [MM82] [AW9S8, Table 1], so 1 is birational and A* = 2 by Remark 5.5.
Denote by Dy C T' the exceptional divisor of ¢|¢,: a computation shows that Dy ~ (r — upH
where H is the hyperplane class on V ~ P2. The divisor Dy is the null locus of (7, so ¥ o i
contracts exactly EU ¢~1(Dr) and 9 is a divisorial Mori contraction.

Thus we have

and by (15)

—Kx = upn(=Kx7) = Yuptn (9" (G0 + ppH)) = Pupin (97 (200 — D1)) = ¢uptn (2071 ).
Thus X is Fano of index two. Since 1 is a divisorial contraction, the variety X has terminal
singularities. Therefore we can apply Mella’s theorem [Mel99, Thm.1| to obtain that a general
element in D € |A| is a Gorenstein Fano variety with at most terminal singularities. The
restriction map H°(X,0x(A)) — H°(D,0Op(A)) is surjective, so by item iv. in Proposition
5.3 the linear system | — Kp| = |A|p| has a unique base point. By [JR06, Thm.1.1] this yields
the description of D as a complete intersection in a weighted projective space, in particular
p(D) = 1. By [AW98, Thm]| the unique singular point of X, i.e. the point p, is a hypersurface
singularity. Thus we can apply the generalised Lefschetz hyperplane theorem [Laz04a, Thm.
3.1.17, Rem.3.1.34] to obtain that p(X) = 1. O

5.12. Example.[#7] Set V :=P? and F is given by the exact sequence
0— Op2(—1)%% 5 05" - F — 0.
Then the conditions of the Propositions 5.1 and 5.3 are satisfied and we obtain a smooth Fano
fourfold X such that Bs(| — Kx|) ~ P2. Let
v X - X

be the morphism constructed in Proposition 5.3. Then X is a smooth del Pezzo fourfold of
degree one and ¢ is the blow-up along a normal surface S that is a set-theoretical intersection
of a divisor Dy € |2A] and a divisor D3 € |3A].

Proof. The morphism ¢|¢,.|: T — P? is the blow-up along a twisted cubic [MM82] [AW98, Table
1], so v is birational and A* = 1 by Remark 5.5. By item iv. of Proposition 5.3, the point
p = 1(B) is the unique basepoint of the linear system |A|. Since A* = 1, we see that p is in
the smooth locus of X. It is not difficult to see that 1 is a smooth blow-up over X \ p, so X is
smooth. Since h°(X,Ox(A)) = 4 we obtain that A(X,A) = 1.

A general element of | A| is the image of a general element of [¢*(r|. Since three general elements
of |¢r| intersect in exactly one point, we obtain that three general elements of | A| intersect exactly
along a smooth elliptic curve. Thus the sectional genus of (X, A) is one and X is del Pezzo
fourfold of degree one [Fuj90, Cor.6.2].

The null-locus of |(r| is the exceptional divisor over the twisted cubic C' C P? so the exceptional
locus of 9 is u(qﬁ*(gp‘_{;‘(C))). Now recall that C' is the set-theoretic intersection of a quadric

surface Sy and a cubic Sz in P3. Set D; := Y(1(@" (@ 9i))), then D; € liA| and

U(u(¢* (9 (C)))) € D2 N Ds.

Since S5N.S3 has multiplicity two along the twisted cubic, the right hand side has multiplicity two
along a surface. We leave it to the reader to verify that we have a set-theoretical equality. [

5.13. Example.[#8] Set V :=P? and F is given by the exact sequence
0— Op2(—2) = 05> - F — 0.

Then the conditions of the Propositions 5.1 and 5.3 are satisfied and we obtain a smooth Fano
fourfold X such that Bs(| — Kx|) ~ P2. Let

v X - X
be the morphism constructed in Proposition 5.3. Then dim X = 3 and B is a higher-dimensional

fibre of 1.

Proof. This is completely analogous to the proof for the Example 5.10. O
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5.14. Remark. In the situation of Example 5.10 (resp. Example 5.13) the morphism
Ppxm: X = X x P?

defines an embedding of X as an element of the linear system |p}fl + pp2H| (resp. |p}/1 +
2pp. H|) with H the hyperplane divisor on IP2. This provides an alternative construction for these
examples, moreover we can apply the Lefschetz hyperplane theorem to obtain that p(X) = 2.

5.15. Example.[#9] Set V := P! x P! and
F := Opiyp1 ® Op1 X]Pﬂ(l, 1).

Then the conditions of Proposition 5.1 and Proposition 5.3 are satisfied, so we obtain a Fano
fourfold with Bs(| — Kx|) ~ P x P!, Let

P X - X
be the morphism constructed in Proposition 5.3. Then 1 is birational of relative Picard number
two sending a divisor onto an elliptic curve C'. Moreover, X is a Gorenstein Fano fourfold with

Picard number one and index two, and Sing(X) = C. A general element D € |A| is the complete
intersection of a quadric and a sextic in P(1%,2, 3).

Proof. The numerical dimension of (7 is three, so ¢ defines a birational contraction by item vi.
in Proposition 5.3. The null locus of {7 is the surface Dr := P(Opiyp1) C P(F), so by item v.
the divisor
(bil(DT) ~ DT x C

gets contracted onto an elliptic curve C. We show that i factors as a smooth blow-up and a
small contraction. Set D := u(¢~1(Dr)): then D ~ ¢~!(Dr) is smooth and u*D ~ ¢* Dy + E
implies that

ND/X ~ pﬁ;l «p1 Op1 xp1 (-1,-1)+ pé@c(p)
with p € C a point. We have Op,.(—Kx+) >~ pp1 p1 Op1 xp1 (1, 1) and therefore

OD(*K)() ~ p];1><]p101p>1 X]pl(]_, 1) erszc(p)

By item vi. in Proposition 5.3, the divisor D is the exceptional locus of 1) and NE(¢)) = R*[Fy]+
RT[Fy] is generated by the fibres Fy, Fy of the two rulings of B, each corresponding to an
elementary divisorial contraction f;: X — X; sending D to a surface S; C X;. Since D ~
P! x P! x C it is clear that the f; are smooth blow-ups along surfaces S; ~ P! x C. Therefore,
1) has a decomposition

x Iy x

1N

Xo— X
ho

where h; is the small contraction of S; onto C' C X, in particular Sing(X) = C. Notice that
—Kx ~ ff(—Kx,) — D implies that —K, is h;-trivial, so that —Kx, ~ hf(—Kg).
Now, —Kx — D is trivial on the general n-fibre, thus it is the pull-back of some divisor
Op1xp1(a,b); restricting to B we obtain —Kx — D ~ 7 Op1yp1(2,2), thus D ~ —Ky,y. By
item ii. in Proposition 5.3 we have

D + W*O]pl x Pl (1, 1) ~ ¢*A

and so
V' (~Kg)~—Kx + D ~2D + 7*Op1yp1 (2,2) ~ 2¢)* A,

from which we obtain that —K ¢ is a Gorenstein Fano fourfold of even index. From Table 1 we
have that —K% = 22 and it is easy to show that —K% = 32, so that A* = 2 and the index of
X is two.

Finally, note that v is a log-resolution of X, so —Kx ~ 9*(—Kg) — D shows that X has
terminal singularities. In fact from N, /x, ~ (p]}‘,lO]pl (1) ®@pEOc (p))®2 we deduce that X has
ordinary double points along C, so hypersurface singularities. Now the description of a general

D € |A] and the Picard number of X is obtained as in the proof of Example 5.11. O
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5.16. Example.[#11] Set V := P! x P! and
F = O]pl %P1 (&) O]pl X]pl(]_, O)

Then the conditions of Proposition 5.1 and Proposition 5.3 are satisfied, so we obtain a Fano
fourfold with Bs(| — Kx|) ~ P! x P'. Let

P X - X

be the morphism constructed in Proposition 5.3. Then dim X = 3 and % has relative Picard
number two. Moreover X is a smooth sextic in P(1,1,1,2,3) and X ~ P! x Blo X, with C C X
an elliptic curve.

Proof. The numerical dimension of (r is two, so ¢ defines a fibration onto a threefold by item
vi. in Proposition 5.3. Note that the restriction of (7 to the surface N := P(Opiyp1) C P(F) is
trivial, so by item v. the divisor ¢~!(N) gets contracted onto a curve C, and thus % is not an
elementary contraction.

In fact X ~ P! x BlsX, with C C X an elliptic curve in a smooth sextic in P(1,1,1,2,3) is a
smooth Fano fourfold with B := Bs(| — Kx|) ~ P! x P! and NE/X ~ F. O

5.17. Example.[#12] Set V := P! x P! and
]: = O]pl Xpl(l, O) @ O]pl %Pl (0, 1)

Then the conditions of Proposition 5.1 and Proposition 5.3 are satisfied, so we obtain a Fano
fourfold with Bs(| — Kx|) ~ P! x PL. Let

v X = X

be the morphism constructed in Proposition 5.3. Then X is a del Pezzo fourfold of degree one
with —Kg ~ 34, and ¢ is the blow-up along two smooth del Pezzo surfaces of degree one S
and Sy meeting at Bs(|A|) = p.

Proof. The threefold T is item 25 in [MMS82, Table 3], so it can be realized as the blow-up of
P? along two disjoint lines; the exceptional locus is the disjoint union of divisors Dy 1 and Dr o
that correspond to the sections of yp: T — P! x P! given by the projections of F onto its two
factors: one easily checks that the null locus of (7 is Dy 1 U Dy .

By item vi. in Proposition 5.3, 1 is birational with exceptional locus is u(¢~ (D1, ) U¢~ 1 (Dry,)).
Set Dy = ¢~ 1(D7,) and Dy = ¢~(Dr,): then by construction D;N Dy = B and the fibres F, Fy
of the two rulings of B generate the contraction of Dy and Dy, that is NE(+)) = RY[F}]+R¥[Fy],
where RT[F}] yields the contraction of D; and RT[F] yields the contraction of Ds. It follows
that ¢(Exc(¢)) is a union of surfaces Sy U Sy meeting at p := ¢(B).

By construction, 1 factors as
v x Iy ox, My x
where f; is the contraction of D;, i = 1,2, and h; is the contraction of f;(D;), i # j € {1,2}.

In particular X is smooth. Observe now that Dy ~ (r — phOpiypi(1,0) and Dro ~ (r —
1 Op1«p1(0, 1). Therefore one has by (15)

— Ky = thupr(—Kx7) 2= Y pus (0" (Cr + 1 Op1 1 (1, 1))
~ b pin (07 (3¢ — (D1 + Dr12))) = huin (30" Cr).
Since A ~ Yups (E+¢*Cr) == upis(¢*Cr), this shows that X is a del Pezzo fourfold. By Remark
5.5 we have A* = 1, so it has degree one.

In order to see that the surface S; are del Pezzo surfaces of degree one, we choose a line [ C Dr;
such that O;(¢r) ~ Op:(1). Following the computation from the proof of Proposition 5.1 one sees
that ¢~1(I) — [ is minimal rational elliptic surface and ¢—1(1) — 1(¢~1(l)) is the contraction
of one section, i.e. the image is a del Pezzo surface of degree one. O

5.18. Example.[#13] Set V := P! x P! and F is given by the exact sequence

0— Opiypr (—1,—1) = OF 5, — F = 0.
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Then the conditions of the Propositions 5.1 and 5.3 are satisfied and we obtain a smooth Fano
fourfold X such that Bs(| — Kx|) ~ P* x PL. Let

v X = X

be the morphism constructed in Proposition 5.3. Then X is a smooth del Pezzo threefold of
degree one, and 1) factors through the blow-up X — X x P! along a smooth K3 surface S that
is the complete intersection of two general elements in |O g, p1(1,1)].

Proof. Let X be a smooth del Pezzo threefold of degree one, and let
Z’i € |O)_(><IP1(17 1)'
be two general elements. Then S := Z; N Z5 is a smooth K3 surface that is t_he base scheme of
the pencil 0 generated by Z; and Zs; the restriction of the projection pp1: X x P! — P! to S
yields an elliptic fibration n: S — P! with a section £ = Bs(|O g yp1(1,1)|) = p x P! Let
f: X —>XxP!
be the blow-up along S. We show that X is a smooth Fano fourfold with B := Bs(] — Kx|) ~
P! x P! and./\/'g,/x ~ F.
Denote by Z; x ~ Z; the strict transform of Z;, ¢ = 1,2: then,
—Kx ~f"Z; +Z; x,

the divisor f*Z; is nef and big, and Z; x is nef of numerical dimension one. It is easy to see
that —Kx is strictly nef, so that the basepoint-free theorem yields —Kx ample. Consider now
the fibration o := pp1 o f: X — P!: then, the divisor

O'*O]pl(l) —+ Zz',X
is nef (thus semiample) of numerical dimension two, so it yields a morphism 7: X — Y onto a
normal surface.

Let D be the exceptional divisor of f: we have D ~ S x P! and the restriction of 7 to D is
exactly 1 X idp1. In particular Y ~ P! x P!. Note also that a general o-fibre G is isomorphic
to the blow-up of X along the elliptic curve X NS, i.e. G is a smooth Fano threefold with
anticanonical base locus {pt} x P! C B, and m: G — P! is a smooth fibration with fibre a del
Pezzo surface of degree one. This shows that Bs(| — Kx|) = f~1(I) ~ P! x PL.
Finally, observe that X has a natural embedding ¢: X < W := X x P! x P! as the graph of the
rational map

[o|: X x P --» P!
so that X € [p%Ox (1) @ ppa p1 Oprxpr (1,1)] and B ~ {p} x P' x P'. Therefore, the inclusions
B C X C W give the exact sequence

0_>N>*</W\B —>N§/W —>N§/X -0

which is precisely
0= Opiypr (=1, —1) = OF® 1 = N x — 0.

5.19. Example.[#14 — 16] Set V := Fy, with blow-up morphism g: F; — P? and

F:=g"F
with F; as in Examples 5.8, 5.7 and 5.10. Then the conditions of Proposition 5.1 and Proposition
5.3 are satisfied, so we obtain a Fano fourfold with Bs(| — Kx|) ~F;. Let

v X - X

be the morphism constructed in Proposition 5.3. Then X factors through v : X; — X, where
X3 and 1y is the Fano fourfold from Examples 5.8, 5.7 and 5.10 respectively, and f: X — X;
is the blow-up along the fibre of X; — P? over the point g(Exc(g)).

Proof. This will follow from Lemma 6.2 and its proof. O
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6. THE CLASSIFICATION

In this whole section we will use the notation introduced in Theorem 1.5. The next steps of our
classification will be built on an observation of Casagrande’s:

6.1. Lemma. [Cas08, Lemma 2.6| In the situation of Theorem 1.5, let g: V. — Vi be the
contraction of an extremal ray R C NE(V). Then there exists a contraction f: X — X1 of an
extremal ray in NE(X) such that

(i) NE(m) N NE(f) = {0};
(ii) m«(NE(f)) = R.

Moreover, we have a commutative diagramm

x—x

V—n
and we call f a lifting of the contraction g.

6.A. Birational geometry.

6.2. Lemma. In the situation of Theorem 1.5, let e C'V be a smooth rational curve such that
e? < 0 and denote by g: V — V its contraction onto a point. Then the following holds:

i. The rational curve e C'V is a (—1)-curve.

ii. We have 1= 1(e) ~ e x Fy with Iy ~ w1~ (g(e)) a smooth del Pezzo surface of degree
one;

iii. the lifting f: X — Xi is the blow-down of 7= t(e) to Fy C X; and fie—1(e) 15 the
projection onto the second factor;

iv. the restriction of f to B is the contraction of o(e);

v. the fourfold X1 satisfies the assumptions of Theorem 1.2, i.e. Xy is a smooth Fano
fourfold such that hO(Xl7 —Kx,) > 4 and the scheme-theoretical base locus

Bs(| - Kx,|) = f(B) = By

is a smooth surface.
vi. the surface By C X1 is a 7 -section and NE/X ~ fE( g,l/xl).

Proof. Set D := m1(e), then D is a prime divisor since 7 has integral fibres. Let f: X — X be
a lifting of g given by Lemma 6.1, and let C' be any curve contracted by f. Since m.(NE(f)) = R
and R = R*[e] contains a unique irreducible curve, we have 7(C) = e. In particular

D-C=7"¢-C=¢-mm.C<0

since e? < 0. Thus, f is birational with exceptional locus contained in D and the divisor —D is
f-ample. Since —D|p = 7*(—e¢l) has numerical dimension one, we obtain that the fibres of f
have dimension at most one. By [And85, Thm.2.3| this shows that f is a smooth blow-up along
a surface F; C X;. In particular X; is smooth and D = Exc(f) is smooth. It is then clear
that m is equidimensional, thus flat, and that Fj is the m-fibre over g(e). Applying generic
smoothness to the fibration 7 p, we obtain that D contains a smooth fibre F' of 7.
Let C C D be a non-trivial fibre of the smooth blow-up f, then

—Kx-C=1, —Kp-C =2,
so by the adjunction formula —D|p - C'=1. We have O,(e) ~ Op1(—m) with m > 1, so

1=-D|p-C=7"(—¢le)-C=mF-C
implies that m = 1 and that the general fibres of f|p and mp meet transversally in one point.
Therefore, the morphism
7T|D><f|DZD—>€XF1

is birational, and since p(D) = p(S) + 1 = p(e x Fy) it is an isomorphism. This concludes the

proof of the first three items.
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Proof of iv. Observe that Op(—Kx) =~ p;Op: (1) ®p}, Os(—KF,), so if p is the unique basepoint
of | — Kp,| we have
exp=Bs(|Op(—Kx)|) CBs(| - Kx|)ND = o(e).
Since o(e) is an irreducible curve, we see that o(e) = e X p is contracted by f.
Proof of v. We have Op(—Kx) ~ p;Op1 (1) ® pjr Os(—Kp,) and Np,x ~ p5Op1(—1), so

Op(f*(—Kx,)) ~ pi, Os(—Kp, ).
Hence —Kx, is ample on F; and therefore ample by Lemma 2.2. We have

RO(X1,—Kx,) > h(X,-Kx) >4,
so we are left to show that the anticanonical base locus is By. Yet this is clear since the general
fibre of the fibration 71 is a del Pezzo surface of degree one.

Proof of vi. Since B is a m-section, it is clear that Bj is a m-section. Denote by p1: X7 — X3
the blow-up of B; and by FE; its exceptional divisor.

We have f~1(Zp,) = Zp so the composition f oy is a principalisation of the ideal sheaf Zp,. By
the universal property of the blow-up [Har77, II,Prop.7.14], there exists a morphism f': X’ — X/
such that f opu = pj o f/. The exceptional divisor E; does not contain the locus blown-up by
/', so we have E ~ (f")*E;. Since Og(—FE) (resp. Og, (—E1)) is the tautological divisor of
IP’(NE/X) (resp. P(N7, /x,)), this shows the last statement. O

6.3. Corollary. In the situation of Theorem 1.5, the following holds:

i. Let V. — Vi be a MMP, i.e. a sequence of k blow-downs of (—1)-curves. Then there
exists a Fano fourfold X — Vi satisfying the conditions of Theorem 1.5 such that
X~V X Vi Xk

1. The surface B ~V is del Pezzo.

Proof. Applying Lemma 6.2 to every step of the MMP we obtain a commutative diagram

XT>X1 > X
171 %
V2 Vi

Since X; is the blow-up of X;; along a smooth 7;41-fibre, the first statement follows easily.
For ii. we proceed in two steps.

Step 1. We show the statement assuming (—Ky)? > 0. Since (—Ky)? > 0 and V is rationally
connected, it follows from the Riemann-Roch formula that there exists an effective divisor D €
| — Ky|. Arguing by contradiction we assume that —Ky is not nef. Then there exists an
irreducible curve C' C D such that —Ky - C' < 0. Since (—Ky)? > 0, the support of the divisor
D is not equal to C. For every anticanonical divisor we have p,(D) = 1, so p,(C) = 0 and
therefore C' ~ P'. Since —Ky is effective and —Ky - C < 0 the rational curve C is not a nef
divisor, i.e. we have C? < 0. Yet by item i. of Lemma 6.2 this implies that C is a (—1)-curve.
Therefore —Ky - C'=1 > 0, a contradiction.

If —Ky is nef and (—Ky)? = 0, the surface V contains infinitely many (—1)-curves [Dol83,
Sect.5, Cor.3]. Yet NE(V) = 7.NE(X) is polyhedral, so this is not possible. If —Ky is nef and
big, but not ample, the surface V contains a (—2)-curve, again a contradiction to item i. of
Lemma 6.2.

Step 2. Reduction to the first case. We argue by contradiction and assume that (—Ky)? =
—k < 0. Then we run a MMP with & steps to obtain a surface V' — Vj, such that (—Ky;)? = 0.
By item i. there exists a smooth Fano fourfold X — Vj satisfying the conditions of Theorem
1.5. Since (—Ky,)? > 0, we can apply the first step to obtain that Vj is del Pezzo. Yet this
contradicts (—Ky; )2 = 0. O

Corollary 6.3 allows to focus the classification on the case where V ~ P! x P! or V ~ P2, In
these cases we want to show the existence of a lifting that contracts the base locus B, and we
want to use the lifting to determine N} /X" We start by introducing the main technical tool for
the next steps:
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6.4. Lemma. In the situation of Theorem 1.5, denote by (r the divisor on T that identifies to
Op(—FE) ~ J\/E/X/ ™ OP(NE/X)(l) under the isomorphism ¢g. Then the following holds:

1. The divisor (r is pseudoeffective.
1. We have
E+¢"(r=p A
with A Cartier divisor on X such that Op(A) ~ Op.
1. The divisor (1 is nef if and only if A is nef.
iv. If A is not nef, there exists a prime divisor Dy C T such that the restriction Op,.(Cr)
is not pseudoeffective.
v. If for some prime divisor D C X the restriction Op(A) is not pseudoeffective, then
D = u.(¢*Dr) for a prime divisor Dy C T such that the restriction Op,.((r) s not
pseudoeffective.

Proof. By Fact 2.12 we have Op(—FE) ~ ¢.wx,r and the latter is pseudoeffective by Viehweg’s
theorem [Vie82]. This shows that (7 is pseudoeffective.

The restriction of ¢*(r to E is isomorphic to Og(—F), so we have Og(E + ¢*(r) ~ Op. In
particular E + ¢*(r has degree zero on the extremal ray contracted by p. This shows the
existence of A. Moreover, Op(A4) ~ Op since its pull-back to E is trivial.

Proof of iii. If {7 is nef, any curve C' C X’ such that (E+ ¢*(r)-C’ < 0 would be contained in
E. Yet we have just seen that Og(E + ¢*(r) ~ O so this is not possible. Vice versa, assume
that there exists a curve C' C T such that (- C < 0. Denote by W the restriction of the vector
bundle W introduced in Proposition 2.11 to the curve C, and let C" := P(O¢) be the curve
corresponding to the quotient W — O¢. The divisor class of X’ C P(W) is 3¢w + ®*(6¢r),
so we have X' - C’ < 0. Thus the curve C’ is contained in X’ and it is disjoint from from the
section E = P(Or(—3(r)). Therefore

WA-C = (E+¢*Cr)-C'=Cr-C<0.

Proof of iv. Assume that for every divisor D C T the restriction Op({r) is pseudoeffective.
Since dim T = 3, it follows from the divisorial Zariski decomposition that there exist at most
countably many curves C' C T such that (r - C' < 0. The anticanonical system | — Kx/| is the
pull-back of a globally generated linear system on T, so a very general element Y’ € | — Kx/|
fibres over a surface U C T such that Oy ((r) is nef. Now the proof of iii. shows that

Oy/(E + ¢"Cr) =~ Oy (p" A)

is nef. Therefore the restriction Oy (A) is nef and we conclude by [Kol91, Theorem| that A is
nef.

Proof of v. Denote by D’ C X’ the strict transform of D C X. By assumption, the restriction
E+ ¢*(r ~ p*A to D' is not pseudoeffective. Since E # D’ this implies that the restriction of
¢*Cr to D’ is not pseudoeffective. We know by i. that {7 is pseudoeffective, so the morphism
D’ — T can’t be surjective. Since ¢ is flat with integral fibres, we obtain that D’ = ¢* Dy with
D7 a prime divisor on T'. Moreover the restriction of (7 to D is not pseudoeffective. O

Our goal will be to show that A and therefore N} /X is nef. Lemma 6.4 essentially reduces this
to excluding the existence of certain negative divisors Dy C T'. This is surprisingly challenging
and will require further geometric input.

6.B. The case V ~ P2. We start with a technical lemma, then apply it in our situation.

6.5. Lemma. Let F — P? be a vector bundle of rank two that is pseudoeffective but not nef, and
denote by p: P(F) — P? the projectivisation. Assume that there exists a non-constant morphism
ji S ~P? - P(F). Then
FWie W,y
with W; ~ Opz2(a;) with a; > 0 and a2 < 0.
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Proof. It is elementary to see that the composition o := po j: S — P? is a surjective finite
morphism. We will first show the statement for a* F, then descend the properties via a stability
argument. The pull-back
PP F) = S ~P?
has a section, so we obtain an extension
O—>L1—>a*]~'—>L2—>O

where the L; are line bundles on P2. Since H'(P?,L; ® L3) = 0 the extension splits and
a*F ~ L1 & Ly. Now recall that o*F is pseudoeffective but not nef, so up to renumbering
we have L; ~ Opz(b;) with by > 0 and by < 0. Thus o*F is not «o*H-semistable. Yet this
implies that F itself is not H-semistable [Laz04b, Lemma 6.4.12] and we denote by F' C F the
destabilising rank one subsheaf. Since a*F destabilises o* F we have o*F = L; and therefore
F C F is a subbundle. Now we can argue as before to obtain the statement. O

6.6. Lemma. In the situation of Theorem 1.5, assume that B ~ V ~ P2. Assume also that
there exists a non-constant morphism j: S ~P? — T. Then NE/X is nef.

Proof. We argue by contradiction and assume that N} /X is not nef. Since N} /X is
pseudoeffective by Lemma 6.4, we can apply Lemma 6.5 to obtain
NE/X ~ O]p2 (al) D O[Pz (ag)
with a3 > 0 and a2 < 0. We have Op(—Kx) ~ Opz(b) with b > 1, and using the normal
sequence for B C X we see that b =3 — a; — as. Since b > 1, this implies a1 > —as + 2 > 3.
Step 1. We show that a; = 3 and b = —ay. Consider the subvariety B’ := P(Opz(a3)) C E C X'.
Then we have Op/ (—F) ~ OP(NE/X)(U ® Opr ~ Op2(az) and therefore
OB/(—KX/) ~ OB/(—LL*KX — E) ~ O]pz(b + ag).
Since —Kx+ is nef, we obtain that b > —as. Since b = 3 — a1 — ag, this implies a; < 3. Yet
a1 > 3 so all the inequalities are equalities.
Step 2. We obtain a contradiction by showing that X' is not smooth. We have T' ~ E ~ P(Ng/x)
and we denote by N C T the section corresponding to the negative quotient A} /x Opz(—b).
Denote by (7 the tautological class on IP’(J\/’E/X), then we have {r ~ N + p4(3H) with H the
hyperplane class on V ~ P2. Using the notation of Proposition 2.11 we consider the surface
S C P(W) determined by the quotient
Wn =~ Op2 @ Op2 (Qb) @ Ope (3b) —» Ops
Then, we have an exact sequence
0 = New)/eow) @ Os = Noppawy = Noypawy) = 0
which, using On (1) = Op2(—b), can be simplified to
0 — Opz2(b+3) = N§/pay) — Op2(2b) © Op2(3b) — 0.
By Proposition 2.11, the divisor class of X’ C P(W) is 3¢w + ®*(6(r). In particular Og(X") ~

Op2(—6b), so the surface S is contained in X’. Tensoring the exact sequence with Og(X’) we
obtain an extension

0— O]p2(—5b + 3) — Né'k/]p(w) ® OS(XI) — O]pz(—4b) ©® OPZ(—?)I)) — 0.
Since b > 1, this implies H(S, Ngpowy ® Os(X')) = 0. By [BS95, Lemma 1.7.4] this implies
that X’ is singular along S, a contradiction. ]

6.7. Proposition. In the situation of Theorem 1.5, assume that B ~V ~ P2, Then ./\/'E/X 18
nef.

Proof. We argue by contradiction assume that N} /X is not nef. We use the notation of Lemma
6.4 and consider the class
E+ ¢"(r ~p*A.
By item iii. of Lemma 6.4 we know that A is not nef, so there exists a Mori contraction
fZ X = X3
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such that A - C' < 0 for every contracted curve C. Note that B is not contracted by f: by item
ii. of Lemma 6.4 the restriction of A to B is trivial, so B does not contain any A-negative curve.

1st case. Assume that f is small. Let S ~ P? be a surface contracted by f [Kaw89, Thm.1.1].
If SN B =0, the strict transform S’ C X' is isomorphic to P2. Since ¢ is equidimensional of
relative dimension one, the morphism ¢: S’ ~ P2 — T is not constant. By Lemma 6.6 this
implies that N7, /x 1s nef, a contradiction.

Thus we have SN B # (). Note first that the intersection is finite: otherwise f contracts a curve
in SN B C B and therefore every curve in B ~ P2. Yet we know that B is not contracted by f.

If SN B is finite, let dg C S ~ P? be a general line passing through a point p € SN B, and
let d3 C X’ be its strict transform. Then E - dz > 0 and therefore —Kx - dg = 1 implies that
—Kx/-dz =0. Thus, if S’ C X' is the strict transform of S, it is covered by —K x/-trivial curves.
On the other hand a general line d C S is disjoint from SN B, so —Kx:-d = —Kx -d = 1.

Since —Kx/ ~ ¢*A with A an ample divisor on T” (here we use the fibration ¢ from Setup
4.1, not ¢ from Theorem 1.5) we see that ¢ contracts the surface S’ onto a curve in T”. The
smooth rational curves dz C S’ are contained in general fibres of S — ¢|g» C T’. By Lemma
4.5, the fibration ¢ is flat with integral fibres over the complement of finitely many points in 7.
Thus d is a curve of arithmetic genus one. Yet d’z ~ dp is a line in P2, so we have reached a
contradiction.

2nd case. Assume that f is divisorial. Denote by D the exceptional divisor, then by item v. of
Lemma 6.4 we have D = pu(¢~!(Dr) with Dy C T a prime divisor such that the restriction of
(r to Dy is not pseudoeffective. In particular Dy is not nef. Since T — V ~ P? is a P!-bundle,
this implies that Dr is not a pull-back from V', so Dp surjects onto V. Therefore D contains the
base locus B. We have seen that B is not contracted by f, so we have dim f(D) > dim f(B) > 2.
Thus the exceptional divisor D is contracted onto a surface and B ~ P? has a finite surjective
map onto f(D). A general fibre of f is a smooth rational curve d such that —Kx -d = 1 and its
strict transform d’ C X’ satifies E - d’ = length(BNd) > 0. Thus we see that —Kx/-d’ = 0 and
the divisor D’ C X' is covered by — K x/-trivial curves. By Lemma 4.5 the fibration ¢ does not
contract a divisor, so ¢(D’) has dimension at least one and d’ is contained in a general fibre of
D’ — ¢(D’). By the same lemma, the fibration ¢ is flat with integral fibres over the complement
of finitely many points in 7. Thus d’ is a curve of arithmetic genus one. Yet d’ ~ d ~ P!, so
we have reached a contradiction. ]

6.8. Lemma. In the situation of Theorem 1.5, assume that B ~ V ~ P2. Then NE/X 18
isomorphic to a vector bundle F of the following form:

02, Tp2(—1), 0— Op2(-2) > 05> - F -0

or
Op2(1)%2, Op> ® Op2(1), Op> @ Op2(2),
or
0= Op(—1)®? 5 05" - F -0
or

0— Opz — Tp2(—1) ® Op2(1) —» F — 0.
In all the cases the vector bundle F =~ NE/X s globally generated and —Kp — det F is ample
and globally generated.

Proof. Since NE/X is nef by Proposition 6.7, we know by item iii. of Lemma 6.4 that
E+¢"¢r=p A
is nef and therefore semiample since A is a nef divisor on a Fano manifold. We denote by
v X = X
the morphism defined by some multiple of A.

By the canonical bundle formula [Amb05] we can find a boundary divisor A such that (T, A) is
kit and —(Kr 4+ A) = ¢.(—Kx/). Since —Kx/ is the pull-back of a nef and big divisor on T,
this shows that (T, A) is a weak Fano threefold and the nef divisor {7 is semiample. We denote
by
n: T —T
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the morphism defined by some multiple of (. The threefold T has Picard number two, so 7 is
either an isomorphism or a contraction of a (not necessarily Kp-negative) extremal ray.

The classification will be obtained by relating the geometric properties of these two maps. In
fact, since the restriction of E + ¢*(r to F C X' is trivial by Lemma 6.4, we have

(22) pH (AR = (E+¢"(r)* = (B +0"Cr) - ¢7 '
for all k € N. We make a case distinction in terms of the null locus of {r (cf. Remark 2.3).

1st case. Assume that (r is not big, so (3 = 0. In this case 7 is of fibre type. Since (T,A)
is weak Fano, we see that — K has positive degree on the general n-fibre. Yet p(T') = 2 and
— K of positive degree on both extremal rays imply that T is a smooth Fano threefold. By the
Mori-Mukai classification [MMS82] (cf. also [SW90, Thm.| for the case of P!-bundles) we have
three possibilities:
T ~ P! x P?, T ~ P(Tp2)

or T C P2 x P? is a divisor of bidegree (1,2). Since we assume that (7 is not big, we see that
in the first two cases N}, /x 1?22 and N} /x = Tp2 (—1), respectively. In the last case consider
the exact sequence

0 — Opeyp2(—T) = Opzypz — Or — 0.
Twisting the exact sequence by p5Op2(1) and pushing forward via p;, we obtain T' ~ P(F) where
F is given by

0— Op2(—2) - OF — F = 0.

The vector bundle F is nef and not big, while any twist F(d) with d # 0 is either big or not
nef. Thus N} /x F. In conclusion we obtain the first three cases.

2nd case. Assume that (r is big and its null locus contains no divisor. In this case the null
locus Null(¢r) is a finite union of curves C; C T. Therefore Null(E + ¢*{r) is contained in
EUU;¢71(C;), and

Null(A) € B U u(Uio~ 1 (Cy))
is contained in a union of surfaces. Thus ¢ is small and N, ~ Op> (1)®2 by [Kaw89, Thm.1.1].

3rd case. Assume that (p is big and its null locus contains a divisor Dp. Since p(T) = 2 the
exceptional locus of 7 coincides with the divisor Dy and Null(¢(r) = Dr. Therefore Null(E +
¢*(r) is contained in EU ¢~ (Dr), and

Null(4) € BU u(¢~1(Dr)).

Now observe that the exceptional divisor Dy C T is not a pull-back from V ~ P? so ¢~ (D7)
has positive degree on the fibres of the ruling E — B. Thus we have B C u(¢~1(Dr)) =: D,
i.e. the exceptional locus of v is contained in the prime divisor D. If ¢ is small we obtain again
N /x = Op2(1)92. For the rest of the proof we assume that the exceptional locus of 1 is equal
to D.

Subcase a: the image n(Dr) is a point. This is equivalent to the property that the restriction
of {r to Dr is numerically trivial. By the same computation as in item v. of Proposition 5.3
we obtain that ¢~1(Dr) ~ Dr x C with C a curve of arithmetic genus one. Moreover the
restriction of u*A to ¢~1(Dr) identifies to Dy x pt, so the numerical dimension of Op(A) is
one. This shows that ¢ contracts D ~ Dy x C onto the curve C. Since B is contracted by ¥ we
have Dy ~ P? and D ~ P2 x C. In particular ¢ is an elementary Mori contraction of type (3,1)
and by Takagi’s theorem [Tak99, Main Theorem| the curve (D) is smooth and the fibration

D — f(D)

a projective bundle. Now it is straightforward to see that N} /x = Op2 @ Op2(1) or N} /x =
O]p:‘z S OIP2 (2)

Subcase b: the image n(Dr) is a curve. This is equivalent to the property that the restriction
of {7 to D has numerical dimension one. From there we deduce that the restriction of pu*A to
#~1(Dr) has numerical dimension two, so ¢ contracts the divisor D onto a surface in X. Since
B C D is mapped onto a point, it is contained in a higher-dimensional fibre ~*(z). If ¥ ~1(Z)
is irreducible, we obtain from [AW98, Thm.| that the conormal bundle is one of the last two
items of our list. If ¢»y~!(Z) is reducible, we obtain from the same result that it is a reducible
quadric Q ~ BUB’ ~ P?2UP? and the conormal bundle of the irreducible component B is either
T]pa(—l) or OP2 @O]Pa(l) O
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6.9. Corollary. In the situation of Theorem 1.5, assume that B ~ V =~ Ty is the first
Hirzebruch surface and denote by g: V. — P? the blow-down of the (—1)-curve. Then J\/'E,/X
is isomorphic to a vector bundle F of the following form:

9 0%, 9" Tp2(—1), 9" (Opz & Op2(1)).
In all the cases the vector bundle F ~ NE/X 18 globally generated and —Kp — det F is ample
and globally generated.

Proof. We know by Lemma 6.2 that X is a blow-up f: X — X7 with X; a smooth Fano fourfold
satisfying the assumption of Theorem 1.5 such that B; := Bs(| — Kx, |) ~ P2. Moreover by item
vi. of the same lemma we have NE/X o~ nggl/Xl, o it is clear that NE/X is the pull-back of
one of the bundles appearing in Lemma 6.8. By Remark 5.2 we have

OBl(fKXl) ~ OIPQ(*KPZ — detNgl/Xl)
A look at the list in Lemma 6.8 shows that for the bundles different from
O, Tp(=1),  Op ®Op(1)

the restriction of —Kx, to the base locus By is isomorphic to Opz(1). Since X is the blow-up of
X, along a 7-fibre, this implies that the restriction of —Kx to B is isomorphic to O, (1) with !
a line of the ruling. Yet X is Fano, so this is not possible. |

6.C. The case V ~ P! x P!. We start with some technical lemmas.

6.10. Lemma. Let F — V ~ P! x P! be a rank two vector bundle such that for every line
d; C 'V the restriction F ® Oy, is nef. Set

pr: T :=P(F) — P! x P!
and denote by (r the tautological class. Assume that there exists a prime divisor
Dy ~ P! x P! c P(F)

that maps surjectively onto the base V.. Then the restriction of {r to Dt is pseudoeffective.

Proof. We argue by contradiction that the restriction of (r to Dr is not pseudoeffective, so
Op,(Cr) ~ Op1yp1(a,b) with a < 0 or b < 0. Assume that a < 0, the other case is analogous.

Since the morphism ur|p, is surjective and p(Dr) = p(V), the pull-back of divisors induces a
bijection between the nef cones. Dually, the push-forward of curves induces a bijection the Mori
cones, so a line I; := P! x pt. C Dy is mapped surjectively onto a line in one of the rulings of
V', say di. By assumption F ® Oy, is nef, so (7 is nef on the curve ;. Yet

Op,(¢r) ® O, ~ Op1(a)
is antiample, a contradiction. O
6.11. Lemma. Let F be a nef rank two vector bundle on P' x P! such that the restriction to
every fibre of the projections p; is isomorphic to Op1 @ Op1(1). Then F is of the following form:
Op1yp1 @ Op1ypr (1, 1), Op1xp1(1,0) @ Opixp1(0,1)
or

0= Opiypr(—1,—1) = OF ;1 — F — 0.

Proof. Note first that (p1)«(F ® Opiyp1(0,—1)) is a line bundle and the natural morphism
PI(P1)«(F @ Oprp1(0,—1)) = F @ Op1yp1(0,—1)
is injective in every point. Thus we can write F as an extension of line bundles
0 — Op1yp1 (a, 1) - F = O]PIX]PI (b, 0) —0

and a + b =1 since the restriction to the po-fibres has degree one. Since F is nef, we obviously
have b > 0 and we claim that we also have b < 2. Admitting the claim, it is not difficult to
study the extension and deduce the result.

Proof of the claim. We have ¢ (F) = Opip1(1,1) and therefore c¢3(F) = 2. Moreover

c2(F) = c1(Oprypr (1 = b,1)) - c1(Opr xpr (b, 0)) = b.
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Thus if b > 3 we obtain ¢a(F) > ¢2(F), contradicting the Chern class inequalities for nef vector
bundles [Laz04b, Ex.8.3.4]. O

6.12. Lemma. In the situation of Theorem 1.5, let f: X — X3 be a divisorial Mori contraction
of an extremal ray on X with exceptional divisor D. Then f(D) is not a point.

Proof. We argue by contradiction. Let F' be a w-fibre such that the intersection D N F' is not
finite. Then there exists a curve C C D N F, so the ray RY[C] is contracted by w. Since
f is the contraction of RT[C], this shows that D is contracted by m onto a point. Yet 7 is
equidimensional with two-dimensional fibres. O

6.13. Lemma. In the situation of Theorem 1.5, assume that B ~ V ~ P! x P'. Then the
following statements hold:

i. X does not contain a P? or a quadric cone of dimension two.
it. X does not admit a small Mori contraction.
1. Let A be a pseudoeffective divisor on X such that the restriction to every prime divisor
is pseudoeffective. Then A is nef.

Proof. Proof of i. and ii. Note that ii. follows immediately from i. and [Kaw89, Thm.1.1].

For the proof of i. note that first that the morphism 7|g: S — V ~ P! x P! must be constant
since p(S) = 1. Yet we know that all the 7-fibres are integral and satisfy (—Kr)? = 1. Clearly
this does not hold for P? or a quadric.

Proof of #i. If A is not nef, there exists by the cone theorem a K x-negative extremal ray R1[T]
such that A -T' < 0. Since A is pseudoeffective, the contraction is birational. If the contraction
is divisorial, the curves in the extremal ray cover the exceptional divisor, so the restriction of
A to the exceptional divisor is not pseudoeffective. Thus the contraction is small, a possibility
excluded by ii. O

The next step in our study is to understand the structure of the lifting given by Lemma 6.1:

6.14. Lemma. In the situation of Theorem 1.5, assume that B~V ~ P! x P!, Let g: V —
Vi ~ P! be one of the rulings, and let G C X be a general fibre of g o m. Then one of the
following holds:

o G ~P'xS with S a del Pezzo surface of degree one. Denote by fa: G — S the projection
onto the second factor.

o G is the blow-up fg: G — Gg along an elliptic curve, where Gy C P(1,1,1,2,3) is a
smooth sextic.

Moreover there exists a lift f: X — X1 of g such that the restriction of f to G is

e the projection fg, or
e the blow-up fq.

In particular the restriction of f to the base locus B coincides with g. In the first case f defines
a conic bundle structure, in the second case f is the blow-up along a smooth surface.

Proof. The general fibre G is a smooth Fano threefold with a fibration ng := mg: G — P! with
general fibre a del Pezzo surface of degree one. Thus, Bs(] — K¢|) is not empty and we obtain
the description of G by Theorem 1.1. Since

Bs(] — K¢g|) =Bs(| — Kxlg|) € Bs(| - Kx|)NnG=BnNnG

and Bs(] — K¢|) is a curve, we see that equality holds. In particular fg contracts BN G onto a
point. Our goal is to show that the morphism fs extends to a morphism f. Since fg contracts
B NG it is then clear that f is then a lift of g.

Denote by ¢y — V an ample tautological divisor for the ruling g: V — P*.

Ist case. Assume that G ~ P! x S. The restriction of the divisor —Kx — 27*(y to G is nef and

a supporting divisor for the contraction of fg. If we show that —Kx — 27*(y is (g o w)-nef, we

obtain the existence of f by the relative basepoint-free theorem. Arguing by contradiction we

assume that this is not the case. Since —Kx is (gom)-ample, the relative cone theorem yields the

existence of a K x-negative extremal ray I' in NE(X/V7) that is —Kx — 27*(y-negative. Since

—Kx — 27*Cy is nef on the general fibre G, the contraction of I' is contained in some special
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fibre Gy of g o, in particular the contraction is birational. By Lemma 6.13 the contraction
is divisorial and contracts the divisor Gg. Yet Gy =~ 7*g*Op1(1) is a nef divisor, so this is
impossible.

2nd case. G is a blow-up fo: G — Gp. Denote by D¢ the exceptional divisor of the blow-up
fa. From the description of G we know that p(G) = 2 and Dg = —Kg — 2F, where F is a
general fibre of G — P!. Thus the restriction of the divisor —Kx — 27*(y to G coincides with
D¢ . By construction the class is not (go)-nef, so the relative cone theorem yields the existence
of a Kx-negative extremal ray I' in NE(X/V}) that is (—Kx — 27*(y )-negative. It is clear that
contraction of I' is not of fibre type, so by Lemma 6.13 it is divisorial with exceptional divisor
D. The restriction of D to the general fibre G is exactly Dg. Since Dg ~ P! x X with C an
elliptic curve, it is clear that the only way to contract D¢ is the blow-up fq.

For the last statement just note that the fibres of f have dimension at most one since f is a lift
of g. Thus the structure of f is given by Ando’s theorem [And85]. ]

6.15. Lemma. In the situation of Theorem 1.5, assume that B ~ V ~ P! x P! and let
g1: V = Vi ~ P! be one of the rulings. Assume that the lifting f: X — X is a conic bundle.
Then we have

X~ X, x P!
and X1 is a smooth Fano threefold with anticanonical base locus. In this case we have
NE/X ZOI?%QXIP’U or NE/X ~ Op1yp1 @ Op1xp1(1,0).

Remark. Since we choose to order the product X; x P! (and not P! x X7), the case Ng/x ~
Op1 yprt @ Op1«p1(0,1) does not appear in the list, the corresponding varieties are isomorphic.

Proof. By the proof Lemma 6.14 we know that the general f-fibre d is of the form P* x {p} C G,
where G is a fibre of g; owr. In particular . (d) is reduced and meets a fibre of the second ruling
g2: V — P! in exactly one point. In other words the general f-fibre and the general (gs o7)-fibre
meet transversally in one point. Thus the morphism

ni=fx(gom): X = X; xP!

is birational. Since X is the image of a conic bundle, it is smooth. Thus the exceptional locus
of n is divisorial. Yet p(X) = p(X1) + 1 = p(X; x P1), so the exceptional locus is empty and 7
an isomorphism. O

6.16. Proposition. In the situation of Theorem 1.5, assume that B ~ V ~ P! x P1. Then
Ng, x is nef.

Proof of Proposition 6.16. By Lemma 6.15 we can restrict to the case where the two liftings of
the rulings on V are birational contractions. Therefore for every line d; C B ~ P! x P! the
restriction

N];/X ® 04, ~Op1 ® Oﬂml(l)
is nef. We argue by contradiction and assume that N} /X is not nef.

Step 1. Setup. We consider the divisor

E+¢"(r~p A
introduced in Lemma 6.4, by the lemma it is not nef. By item iii. of Lemma 6.13 there exists
a prime divisor D C X such that the restriction of A to D is not pseudoeffective. By item v.
of Lemma 6.4 there exists a prime divisor D C T such that the restriction of {r to Dt is not
pseudoeffective. Moreover D = (¢~ (Dr)).
Note that Dy maps surjectively onto P! x P! since otherwise Dy is the pull-back of a nef divisor
in P! x P!, contradicting the fact that the restriction of the pseudoeffective divisor (7 to Dy is
not pseudoeffective. By Lemma 6.10 we have a contradiction if we show that Dy ~ P! x P!,

Step 2. We prove that Dy ~ P! x P'. Using the notation of Proposition 2.11 we consider the
surface S :=P(Op,.) C P(W). Then

Os(3¢w + @ (6¢r)) ~ Op,(6¢7)
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is not pseudoeffective, so S is contained in X’. Note that S C P(Wp,.) is a locally complete
intersection of codimension two and

Ns/pwp,) = Opr (=2¢r) & Op, (=3¢r),
so every global section of
N,y ® Os(X') = Op,.(4¢r) & Op, (3¢r)

vanishes. By [BS95, Lemma 1.7.4] (applied over the smooth locus of Dy) this shows that
¢~ 1(Dr) is singular in every point of the surface S. Since S is disjoint from the exceptional
divisor E := P(Op,(—3(r)), we can identify S to its image in D C X and obtain that S is
contained in the singular locus of D.

The divisor D is not nef, since the restriction of the pseudoeffective divisor A to D is not
pseudoeffective. By the cone theorem there exists a K x-negative extremal ray R*[['] such that
D -T < 0. By item ii. of Lemma 6.13 the contraction is not small, so we obtain an extremal
contraction n: X — X with exceptional divisor D. By Lemma 6.12 the image of D is not a
point, so we have two cases.

1st case: (D) is a surface. By [AW98, Thm.] the morphism D — n(D) is a P'-bundle over the
complement of finitely many points and the singular locus of D maps onto a finite set. Thus
S C Dying is contained in a higher-dimensional fibre of D — n(D) and therefore isomorphic to
P? or a quadric [AW98, Thm.|. By item i. of Lemma 6.13 this implies S ~ P! x P!,

2nd case: (D) is a curve. By [Tak99, Main Theorem)| the fibration D — n(D) is a P?-bundle or
quadric bundle such that the general fibre is irreducible. An irreducible quadric surface has at
most one singular point, so a two-dimensional component of Dgne does not surject onto (D).
Therefore S C D,y is contained in a fibre of D — n(D) and therefore isomorphic to P2 or a
quadric. As in the first case this shows S ~ P! x P!,

We conclude by noticing that

|

6.17. Lemma. In the situation of Theorem 1.5, assume that B ~V ~ P! x P'. Then J\fg/x
is isomorphic to a vector bundle F of the following form:

OI??EXIP’“ Op1 xp1 @Oplxpl(l,())
or
Op1 ypr @ Op1p1(1,1), Op1 xp1 (1,0) ® Op1 p1(0,1)
or

0— Opiypr(—1,—1) = OF ;i — F — 0.

In all the cases the vector bundle F ~ J\fg/x s globally generated and —Kp — det F s ample
and globally generated.

Proof. Let f; be the liftings of the rulings g; constructed in Lemma 6.14. If one of the f; is of
fibre type we obtain the classification by Lemma 6.15. If both liftings are birational we know
that for every line d; C B ~ P! x P! the restriction is

N5 /x ® Og, =~ Opr @ Op1 (1).

Since Ng/x is nef by Proposition 6.16, we can conclude with Lemma 6.11. O

7. PROOF OF THE MAIN THEOREM

7.1. Corollary. In the situation of Theorem 1.5, assume that V ~ B is a del Pezzo surface
with p(B) = 3. Then N, ~ 0%
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Proof. Applying Lemma 6.2 we obtain a sequence

h

X=Xy X R X,

7
TFJ/ lﬂ'l Jﬂ”k—l J/ﬂ-k
V2 sy Vieoy —— Vi

with Vi isomorphic to P* or P! x P' and N, =~ h*(Nj5 ). By item v. of the Lemma,
the manifold X}, satisfies the conditions of Theorem 1.5. Thus we can use the classification of
Lemma 6.8 and Lemma 6.17 to obtain that NE’/X is nef.

Now note that Lemma 6.2 does not depend on the choice of the exceptional curves in V', so
N /X (and therefore det N / ) is trivial on all the (—1)-curves curves of B. For a del Pezzo
surface B with p(B) > 3 the Mori cone is generated by the (—1)-curves, so det ./\/’E/X is trivial.
Thus the nef vector bundle N} /X is numerically flat. Since B is simply connected, we can use
[DPS94, Thm.1.18] to see that N,y is trivial. O

Proof of Theorem 1.2. We already know by Theorem 1.5 that we have a flat elliptic fibration
o: X' =T

such that the exceptional divisor F is a ¢-ample section. By Proposition 2.11 this shows that

X' is a Weierstraf fibration with distinguished section E.

By Corollary 6.3, the surface B is del Pezzo and from the classification of N} /X in Lemma 6.8,

Corollary 6.9, Lemma 6.17 and Corollary 7.1 we see that the list of possible normal bundles

coincides with the list of rank two Fano bundles in [SW90, Thm.|. In particular £ ~ P(N} / <)
is a Fano threefold.

From our classification, one sees easily that the pairs (B, N} /X) satisfy the conditions of
Proposition 5.1, i.e. E/X is globally generated and —Kp — detNg/X is ample. Thus we

can use the construction to recover X’ and X. If B is not a del Pezzo surface of degree one, we
can also check that —Kp —det N} /X is globally generated, so (B, N}, / ) satisfies the conditions

of Proposition 5.3 and Bs(| — Kx|[) ~ B is a smooth irreducible surface. |

Proof of Corollary 1.3. By [SW90, Thm.] (which is of course contained in the famous list of
[MMS82]) there are exactly 22 families of smooth Fano threefolds with a P!-bundle structure
P(F) — B. If p(B) > 3, we know from Corollary 7.1 that the unique possibility for NE/X is

O%Q, so X ~V x F with F a del Pezzo of degree one. In particular the case where V is a del
Pezzo surface of degree one does not appear, since then Bs(] — Kx|) is reducible.

If p(B) < 2, we see from Lemma 6.8, Corollary 6.9 and Lemma 6.17 that all the other threefolds
in [SW90, Thm.] appear in our list and T~ P! x P? appears twice, as the projectivisation of
(9]?22 and Op2(1)%2. In conclusion we obtain 22 — 1 + 1 = 22 families. O

8. NUMERICAL INVARIANTS AND FINAL TABLE
In the notation of Proposition 5.1, let F ~ N} /X under the isomorphism B ~ V. We have
—Kx ~ ¢*(—Kr — (1) by (15) and — K7 — {7 is a tautological divisor for

P(f ® O(—Ky — det .7-')),
thus
(X, —Kx) =h"(X',—Kx/) = h°(V,F @ O(—Ky — det F)) = h°(V,F* @ O(—Ky)).

Moreover, K%, = 0 and [CR22, Lemma 3.2 yield

K% =6K% +8Kp - ¢1(F) + 3c1(F)* — co( F).

To compute K% - c2(X), recall that the Hirzebruch-Riemann-Roch for a smooth Fano fourfold
X gives
1
RO(X,-Kx) =1+ E(21{3’; + K% - e2(X)).
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It is not clear to us how to determine the relative Picard number of the elliptic fibration ¢: X —
T (equivalently, of 7: X — V), so the Picard number of X is obtained from the description of
morphism ¥: X — X and X in Section 5. For the items #1 and #4, our description does not
allow to determine the Picard number.

In the following table we collect the numerical invariants of the Fano fourfolds from Theorem
1.2, which we list based on the data (B, NE’/X)' We denote by g: F; — P2 the blow-up at a
point, and by Sy the del Pezzo surface of degree d.

[ #] (B, N/ x) [ ox [ K& [ K% 000 [n°(X—Kx) |
1 (P2,0 3 0(2)) <4] 18 108 13
2 (P2, 08 0(1)) 2 | 33 114 16
3 (P2, 0%2) 10 | 54 120 20
4 (P2, 0(1)%2) ? |17 98 12
5 (P2, Ty (—1)) 2 | 32 104 15
(P2, F)
0 050 —Tp(-1)®0(1) - F =0 2|16 88 1
(P2, F)
oo O(-1)%2 5 0% 5 F -0 2|1 78 10
(P%, F)
81 0502 0% 5 F 0 2| 138 9
9 (P! x P',0 & O(1,1)) 3 | 22 100 13
10 (P! x P!, 092) 11 | 48 108 18
11 (P! x PLO® O(1,0)) 3 | 32 104 15
12 (P! x P',0(1,0) ® 0(0, 1)) 3 | 21 90 12
(P! x P1, F)
13 0—0(-1,-1) - 0% = F =0 3|20 80 1
14 (F1, 9" (0 ® O(1)) 3 | 27 102 14
15 (F1, 092) 11 | 48 108 18
16 (Fy1, g*Tpz(—1)) 3 | 26 92 13
17 (S7,0%2) 12 | 42 96 16
18 (Ss, 0%2) 13 | 36 84 14
19 (S5, 092) 14 | 30 72 12
20 (Sy, 0®2) 15 | 24 60 10
21 (S5, 082) 16 | 18 48
22 (S5, 0F2) 17 | 12 36
TABLE 1. Numerical invariants of the Fano fourfolds from Theorem 1.2
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