On functions having coincident p-norms
Giuliano Klun

Abstract. In a measure space (X, A, ;1) we consider two measurable functions f, g :
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E—R

for some E € A. We characterize the property of having equal p-norms when p varies in an
infinite set P in [1, +00). In a first theorem we consider the case of bounded functions when
P is unbounded with 3 _,(1/p) = +oc0. The second theorem deals with the possibility of

unbounded functions, when P has a finite accumulation point in [1, +00).

1 Introduction

We consider a measure space (X, A, 1) and two measurable functions f,g : £ —

R, for some

E € A. The aim of this paper is to characterize the property of having equal p-norms when p

varies in an infinite set P C [1, +00).

Before stating our main results, let us recall the standard notation for the norms in £?(E):

1
= ([ 15Pan)" i1 <p<soe, Il = esssupl1.
E
Moreover, for a measurable function f : £ — R, we write

(f>al={weB:f@>a}, u(f>a)=n({f>a}.
Here is our first result.

Theorem 1. Let f,g € L1 (E) N L>®(E). If P is an unbounded subset of [1, +00), with

peEP
then the following two conditions are equivalent:
i) Ifllp=Ngll, forallpe P;

it) u(|fl >a)=p(lgl >a) foralla>0.
Theorem 1 applies for example if P = N\ {0},or P = {nlnn:n € N\ {0}}. On

M

the contrary,

the set P = {n? : n € N\ {0}} is not admissible, since in this case the series in (1) converges.
In the case when f and g do not belong to £>°(FE) the result is, in general, no longer true.
We will give a counterexample in Section 4. On the other hand, we have the following second

result.

Theorem 2. Let f,g € LP(E) for all p > 1. If P has an accumulation point in (1,400),
conclusion of Theorem 1 holds.

then the same
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In this case condition (1) is trivially satisfied, and the existence of a finite accumulation point
is necessary, otherwise the same counterexample developed in Section 4 applies. The case when
1 is the only accumulation point of P can be treated, provided that f,g € L>(E). As a direct
consequence of the above two theorems, we have the following.

Corollary 1. Let (X, A, p1) be a measure space, E € A, with u(E) < +oo, and f : E — R such that
f € LP(E) forall p > 1. Let C be a non negative constant. Then, if P has an accumulation point in
(1, +00), the following two conditions are equivalent:

. 1 \7
i (m) Ifl,=C  forall pe P:

it) |f(z)|=C forae z e E.
Else, if P is unbounded and (1) holds, the same two conditions are equivalent.

The paper is organized as follows. In Section 2 we recall some results in measure theory and
a variant of the Miintz - Szdsz theorem. Section 3 is then devoted to the proof of Theorem 1. In
Section 4 we construct a counterexample to the conclusion of Theorem 1 if the boundedness hy-
pothesis on f and g is dropped. Moreover we show that this will remain a valid counterexample
to Theorem 2 if the hypothesis of the existence a finite accumulation point is not fulfilled. In
Section 5 we provide the proof of Theorem 2 by means of elementary complex analysis and the
Mellin transform. In the last section we provide some complementary results and final remarks.

2 Some preliminary results

In this section we recall some results in measure theory that will be useful in the sequel.
Lemma 1. Let (X, A, i) be a measure space and E € A; suppose that 1 < p; < p < ps < 400 and

1 « l1—«

—=—+ for some v € [0,1] . (2)

p N P2

If f € LPL(E) N LP2(E), then f € LP(FE) and
11l < IFI, 1F 11 ®)

Proof. If p = +00, then p; = 400 and either @« = 0 or p; = 400, so that in both cases (3) is
fulfilled. If p < 400, multiplying (2) by p we have that £ and % are conjugate exponents,

and applying the Holder inequality to |f[? = | f|P*| [P}~ the lemma is proved. O

Lemma 2. Let (X, A, p1) be a measure spaceand E € A. If f € L®(E)NL"(E) for somer € [1,+00),
then

I = {1 £ ]l
tim 1l = 1l

Proof. If E has finite measure the proof can be found, for example, in [8]. Otherwise, by
Lemma 1, for all p > r, choosing p; = r, po = +00, o = % < 1, we have that f € L"(FE)
and

r 1—r
[l < AL {1flloe ™ @)
Setting C' = || f||7 and passing to lim sup in (4) gives us

. . 1 1-3
limsup|| f[|, < limsup C#|[flloc * = || flloc . ®)
p——+o0 p——+o0



Let us prove that
o S
Lim inflfllp > | flloc . ©)

Lett < |||l ; then there exists a set B C E of positive finite measure such that |f| > ¢t over B.

e /E P> /B P dp = u(B),

hence )
[fllp = n(B)rt.
Then,
lim inf >t
lim inf]| fll, > ¢,

and being t < ||f|l« arbitrary, we arrive to (6). Putting together (5) and (6), the lemma is
proved. O

Lemma 3. Let P C [1,+00) be such that (1) holds. If ¢ € L£1[0, 1] satisfies

1
/ o(x)a?"tde =0  forallp e P, 7)
0

then (x) = 0 for almost every x € [0, 1].

Proof. By a generalization of Miintz—Szasz theorem given in [1, 3] a necessary and sufficient
condition for the powers z*, with s € S C R, to span a dense subset of £7[0,1] is that s > —1

foralls € S, and
Z s+% n
— = +40.
ses (S+%)2+1
Choosingr =1,s=p—1and S = {p — 1: p € P}, we have that if

p
g = 400
2 9
pEPp +1

then
(P71, p € P) isdensein £'[0,1].

Notice that, if P C [1, +c0), then

P 1
Zp2+1 and Z;

pEP peP

both diverge or both converge, as can be seen from the inequalities

Consequently, (7) holds if and only if ¢ = 0 almost everywhere. O



3 Proof of Theorem 1

If || flloo = 0 or ||g]lcc = O then either i) or ii) imply that f = g = 0 almost everywhere, and
the result is achieved. By hypothesis, we have that f,g € £'(E) N L>(E) so, by Lemma 1,
f.g € LP(E) for every p € [1,+00]. Moreover, by Lemma 2,

I = 1 flloo
i [l = e
Hence, if condition ) holds, then || f|lcc = ||gllcc - Without loss of generality, we can suppose

[fllc = llglloc = 1. Indeed,

11l = llglls < 11115 = llgli3

= [l (”J'g’[oj = 1ot (21) "o
o [ (i) o= L (o)

Being f and ¢ in £P(E) for every p € [1, +o0], the functions

t—>ﬂ(|f|>t%> and t—>u<|g|>t%)

are finite almost everywhere and their difference is defined almost everywhere. Therefore the
function

20 = [ 11117 = ll") d ®
is well defined and finite for every p € [1, +00), and

1

7o) = [ (1517~ o) = / 1P > ) - ulgl? > )]t = / (171> 17 ) e 1l > #7) .

Substituting z = t7, the integral becomes

1 1
2)=p [ (6> 2) = allgl > 2]z =p [ o) s,
0

0

where
p(z) = p(lf] > z) — p(lgl > 2).

Notice that ¢ : [0, 1] — Ris defined almost everywhere and it is measurable, being the difference
of two monotone functions. As a consequence,

171> = llgll, = Z(p) = 0.
By Lemma 3, Z(p) = 0 for all p € P if and only if
w(|f] > a) =pu(lg| >a) forae a>0.
We want to prove now that the level sets must coincide for all a > 0. Let

U={ae[0,400): u|f| > ) = p(lg] > )} -



By contradiction assume that there exists @ > 0 not belonging to U. Being U dense in [0, || f1/c0],
there exists a decreasing sequence («,, ), in U such that o, — &, and

{171 >ay =S > an}.

Passing to measure,

w(fl>a) =p (U{fl > an}> =l p(|f] > an),

and similarly
pllgl > a) = lim u(lgl > an).

Then p (| f| > &) = n(lg| > &), so @ € U, a contradiction. The proof is thus concluded. O

4 Construction of the counterexample

In this section we want to show that, in general, the boundedness hypothesis on f and g in
Theorem 1 cannot be removed. In the first part we give some definitions to set the problem in
a more general frame, then we develop the counterexample. Precisely, we will firstly build a
continuous function ¢ defined on the positive real semiaxis and orthogonal to every monomial
(and for linearity to every polynomial). Then, we will prove that this function is continuous
and it is of bounded variation on [0, +00). So, it can be written as the difference of two strictly
decreasing functions; their inverses are the functions we are looking for. To conclude we show,
as corollaries of independent interest, that modifying a bit this function ¢ firstly we can make it
smooth, and secondly it could be orthogonal to every rational power of z, with fixed denomi-
nator. For an in-depth analysis of this argument see e.g. [5, 6].

Lemma 4. There exists a continuous function ¢ : [0, +00) — R, not identically 0 , such that

“+oo
/ z"o(x)de =0  foralln e N.
0

Proof. Set
+oo )
I, :/ e~ (=07
0

Being |x”e‘“‘”’”| = z"e~ ", we have that the integral I,, is well defined for all n. Moreover,
letting z = 1 — 4, performing the change of variables zz = y we obtain:

+oo ) +oo
I, = / e~ (1T g = / e dy = 27"t / yre Vdy,
0 0 ¥

where 7 is the half-line starting at the origin, containing the point 1 — ¢. Consider the triangular
path T in the complex plane joining the points 0, N, N — iN. Being y"e™¥ analytic over the
interior of Ty the integral along T is 0. Moreover:

N—iN
/ y"e Vdy
N

N N
/ (N —it)"e Nt dt| < / IN? + 2|2 N dt — 0
0 0




and so
N N—iN 0
/ y"e Ydy + / y"e Ydy + / y"e Ydy = 0.
0

N N—iN

Then, passing to the limit for V tending to +oo, the first term tends to I'(n + 1), the second term
tends to 0, and the third tends to —z"*!1,, hence:

I,=2"""T(n+1)=z2""!nl.

Then,
L,=n!-(1—i) " l=nl. Q4. 271 =
N n+1 .
:n||:(1+l):| ~2_"_1-2HT+1:71!.6W. _%
V2

So,

Iypys € R forallp € N,
and then

S (Iyp+3) =0 forallp e N,

so that

+o0 ) +o0
0=S(Iupt3) = / P T3 g (e) do = / P3¢ " sin(z)dax  forall p € N.
0 0
Letting x = ui , We arrive to
+oo 4
/ uwPe” Visin({/u)du =0 forall peN.
0

The function .

p(a) = e V7 sin(Vz)
has the requested properties. O
Lemma 5. The function ¢ defined in Lemma 4 belongs to BV ([0, +00)).

Proof. Observe preliminarily that ¢(0) = 0 and ¢ tends to 0 at infinity; moreover,

() = e™ V7 cos ({/7) B e~ VZsin ({/7) _ V2e= Ve sin(
Q3/4 Q3/4 A3/4

TV,

and so Y s
2e” V¥ T T
! = - si — g = & = —
Pr)=0 & T sm(4 \/E) 0 & Vz 4—|—k7r fork € N.

The second derivative of ¢ is given by

e_%(3sin(\4/§) — (2¥x + 3) cos (V) -

16 27/4

¢ (x) =

Letting



we see that (¢ (z,,)), has alternating signs, since

i1 2561/2¢7((7F1))
(4mn + )8

" (zn) = (-1)

So, the total variation of ¢ is the series of variations between each stationary point. Writing
Rt ={z € R:x >0}, we have

Ve (p) = Z lp(@ns1) — (an)

n>0
=Y le(@ns1) —el@a)l + D le(zar1) = e(@n)]
n€2N n€2N+1
= le(@ant1) — e(@an)| + Y [o(@2n12) — @(w2n11)|
neN neN
67%77(8n+5) 67%7\'(87’%‘1’1) 67%7"(8”4’9) efifr(SnJrS)
D ) R eV, S AP D] v, S
neN neN
_eTi(e"41)
IRCICGED)
We are now ready to construct the counterexample. Define
t) = P(t t) = N(t

where P(t,+00) and N (¢, +00) are, respectively, the positive and the negative variation of ¢
on (t,400). The functions ¢ and v are positive, strictly decreasing, bounded, and achieve their
maximum in 0. Moreover,

lim ¢(t) = lim ¢(t)=0,

t—+4o00 t—+o0
and
o(t) = o(t) = (1)
Restricting the codomain of ¢ to (0, ¢(0)] and that of ¥ to (0,1(0)], we obtain two invertible
functions

¢:10,+00) = (0,¢(0)], 4 :[0,400) = (0,9(0)].
Moreover their inverses are also non negative decreasing functions. Define

f=0¢""1:(0,0(0)] = [0, +00), g=¢"":(0,4(0)] = [0, +00),
and notice that

lim f(z)= lim g(z)=+o0.

z—0t z—0t

Extend f and g to all R by setting them equal to 0 outside their domain, and ca}l them f and §.
These are the functions we are looking for. Indeed, we will now prove that u(|f| > «) does not
coincide with p(|g| > «) for a.e. a > 0. By contradiction suppose that

w(|f] > @) = u(|g] > @) forae. a>0.
Being f and § non-negative and being their level sets coincident with those of f and g, we have

u(f >a)=plg>a) fora.e.a>0.



But f and g are monotonically strictly decreasing, so {f > a} = [0, f~!(«)) and {g > a} =
[0,971(a)), hence
) =g a) fora.e.a«>0.

Being f~! =¢and g~ =7,
d(a) = Y(a) fora.e.«>0.

Recall then the definition of ¢ and v to obtain

1 1
P =N forae.a>0
(oz,+oo)+(a+1) (oz,+oo)+(a+1) ora.e a>0,
SO
P(a,4+00) = N(a, +00) forae.a >0,
and then
o(a) = P(a, +00) — N(a, +00) =0 forae.a >0

finding a contradiction. The proof is then completed. O

In the following corollary, we want to extend Lemma 4 to find a continuous function orthog-
onal to every fractional power of z with fixed denominator.

Corollary 2. Fix g € N\ {0}. There exists a continuous function ¢, : (0,+00) — R, not identically
0, such that

+oo
/ zip,(z)de =0  foralln € N.
0

Proof. Define I,, as before. We have
+oo
/ zP e gin(z)dr =0 forallp € N.

0

Letting x = uie we arrive to
+oo P 4q 1—q
/ use” Vsin(Yu)u s du=0 forallpeN.
0

The function

is the one we were looking for. O

The aim of the subsequent theorem is to show that, if we multiply the functions ¢(x) and
¢q(x) found respectively in Lemma 4 and Corollary 2 by a suitable power of x, we obtain two
new functions that maintain the same property of orthogonality but are arbitrarily regular. We
achieve this result applying Faa di Bruno’s formula.

Lemma 6. Let w € C*°(R) and 0 < o < 1. Then the function g, : [0, +o0) — R,

is of class C™ su [0, +00), with g,gj)(O) =0forall =0,1,2,...,n.



Proof. A central tool of this proof will be Faa di Bruno’s formula that we will recall briefly. Let
w and u be C™ real valued functions such that the composition w o u is defined; then (w o u)(x)
is of class C™ and for = > 0 we have

: I w® (u(z W) () ) (z
(wou)u)(x):jlz M Z ()_“ (z)

| ] !
Pt k! BT hq! hy!
or
, 4! N W (@)\ ()N D ()
(wou)(J)(I) - Z mw(k + +ka)(u(x)). ( 1(! )> ( 2(! )> < j!( )
ki+2ka+--+jkj=j J
For a proof of this formula look at [4]. We have that
. J j
g =3 (h)”(n — 1) (n—h+1)a" " ()] "
h=0
and each term of this sum is of the form
Cz" Muw(z*)] "M, ©)

where C is a real number depending on j, k and n. Now we use the Faa di Bruno’s formula to
express the derivatives of w. In our case u(z) = 2 and so

u™(z) = (@)  where (a)y=ala—1)---(a—h+1).
Consequently
W ) u (@) = (@) (@ - (@2
andif hy +---+ hp = 7,
uP (z) - u) (z) = C(hy, ... hg)zP 7.

So, applying Faa di Bruno’s formula to (9), each term has the form

n—h n—h

" Z Crw® (%) - gha—(n=h) — Z Ckw(k)(xa) -z,
k=1 k=1

To conclude observe that _
J
9 (@) = Crw® (@) a"e,
k=1
and apply the theorem on the limit of the derivative. O

As a consequence of Lemma 6, we have that the function ¢ : [0, +00) — R in the statement
of Lemma 4 can be chosen to be arbitrarily regular (but not C*). For example, taking

o(z) = e V¥sin(Yz)2"  neN,

by Lemma 6 choosing w(z) = e~ “sin(z) and a = 1, we see that () is of class C". The same
reasoning choosing the same w and o = 4—1q allows to conclude that also the function ¢, is of
class C" if multiplied by z"*1.



5 Proof of Theorem 2

The Mellin transform of a function v(t) is defined as

{Muv}(z) = F(z) = /OOO v(t)F"ldt, zeC,
whenever the integral exists for at least one value z of z (cf. [7, 9, 10]).
Lemma 7. Let v : [0, +00) — Ra function such that
v(t)t*~t € £1([0,4+00))  forall z>1.
Then Mwv is analyticin S = {w € C: R(w) > 1}.
Proof. Let : [0,1] — C be a triangle in S and let ®(s, z) = v(s)s*~!. Then,

LF: L (/Om B(s, 2) ds> dz:/ol (/Om @(s,y(t))y’(t)ds) dt,

with +4/(¢) defined for all but three points ¢ € [0, 1]. Observe that

/7 r- [ 1 ( / oAV @) ds) as [ 1 ( / T @1 e |ds)
.
-

Being v a triangle, |y/(¢)| is constant on every side and then there exists C; such that |
for all t € [0, 1] where the tangent vector is defined. Let R > 0 be such that Supp(y)
Then,

") <
B(0, R).

|S'y(t)—1| — S%R[’y(t)—l] < SR+1,

[ wee o) ase [ ([ e as) a

By hypothesis, v(s)s? is Lebesgue integrable for all p > 0, so

1 “+00
o [ ([ s as) ar < i < +ox.
0 0

Then, by Fubini-Tonelli Theorem,

/7F=/7</0+OO (s, 2) ds) dz:/;oo(/7 ®(s, 2) dz) ols:/om(/7 v(s)sz_ldz> ds.

z—1

and so

But now v(s)s*~" is a holomorphic function of z, and then by the Cauchy integral theorem

/U(s)szfl dz =0,
.

/F:O,

v

for every triangular path. Consequently, by Morera’s theorem for triangles (see for example [2]),
F(s) is holomorphic on {w € C: #(w) > 1}. O

and then

10



Now we are ready to prove Theorem 2.

Proof. Suppose that there exists an accumulation point in (1, c0). Define, as in Theorem 1,

o(2) = u(lf1 > 2) — ullgl > 2). (10)

Being ¢ : [0,4+00) — R the difference of two monotone functions, it is differentiable almost
everywhere, and hence continuous almost everywhere. Moreover, it is of bounded variation on
[a,4+00) for all @ > 0 and then of bounded variation in a neighbourhood of each y € (0, +0c0).
Recalling now the definition (8), in the case of unbounded functions f and g we have

I(p) = p/ o(2)2P 1 dz. (11)
0
Notice that the integral in the right-hand side of (11) is the Mellin transform of ¢, hence

I(p) =0 < {Mp}(p) =0.
By [9, Chapter 6.9, Theorem 28], for every ¢ € (1, 4+00),
c+1iT

[P+ 0) + oo 0] = 5= lim [ (Ml dp. 12)

N | =

where
e(z+0)= lim () and ez —0)= lim ¢(t).
t—xt t—x—

By Lemma 7, M¢ is holomorphic on {w € C : ®(w) > 1}. But
{Mp}(p)=0 forall pe P,

and P has an accumulation point in {w € C : ®(w) > 1}. Then, by the identity theorem of
complex analytic functions,

Mp=0 on{w € C: R(w) > 1}.
The inversion formula (12) then becomes

1 c+iT
lim 0-27Pdp=0.

lpla+0) +pla—0)] = g tim [

1
2
Being ¢(z) continuous almost everywhere, we have that ¢(z) = 0 for almost every z. The

conclusion easily follows recalling the definition of ¢ in (10) and the last part of the proof of
Theorem 1. O

6 Final remarks
Theorem 2 remains valid supposing the existence of an accumulation point of P in (0, 1] and
supposing f,g € LP(E) for all p > 0. In this case, || f||, is formally defined as before, although

this is not a norm anymore. To prove this, first notice that, without loss of generality, we can
always assume that f,g > 0. Let 6 € (0, 1] be an accumulation point of P. Forallp € PN (g , 2),

5 5
s 2p 5 22 2p 5 5
Liran= [laran o ([1r0%a) ™= ([1tF0)” o 1ty = 1ol

11



The set P = 22 :pe Pn(3,2)}, is contained in (1, +00) and it has an accumulation point
there. We can now apply Theorem 2 to find that

p(lf3> @) = p(lgt| > o) foralla>0,
and so p(|f| > @) = p(lg| > «) foralla > 0.

If P has 0 as an accumulation point, the argument in the proof of Theorem 1 can be adapted
assuming f, g € LP for every p € (0, +00], provided that

p

g = +00. (13)
2

Pt 1

Indeed the Miintz-Szasz theorem still applies in this case, providing the analogue of Lemma 3
which is needed to get the conclusion of Theorem 1.

It would be interesting to see whether condition (13) is also necessary for the conclusion of
Theorem 1. We acknowledge the anonymous referee for raising this problem, which I have not
been able to settle.

In the last part of this section we propose an application of Theorem 1 to £” spaces. We recall
that, for a sequence A = (ay,),, we can define the ¢” norms as follows:

1

1Al = (Z Ian|p> » |[Allee = sup|an|.

n=0
The result is the following.

Theorem 3. Let A = (a,,),, and B = (by,),, be two sequences of real numbers in £*. If P is a subset of
[1, 4+00) satisfying (1) and
Al = |Bll,  forallpe P,

then the sequences
Al = (lanl)n  and — |B| = ([bn|)n

can be obtained one from the other by permutation, appending or removing some zeroes.
Proof. Choosing X =N, A = P(N) and y the counting measure, by Theorem 1 we have that
# (|A] > o) = # (|B| > ) foralla > 0.

Without loss of generality we can suppose that a,, b, > 0 for all n € N. Being (a,), and (b, )
absolutely convergent we can rearrange them in such a way that A and B are non increasing
without modifying the £, norms, thus obtaining A = (é,,),, and B = (b,,),,, respectively. Clearly

#(A>o¢):#(fl>a> and #(B>oz):#<l§’>a>.

If 4, = b, for all n then the theorem is proved. Assume by contradiction that A # B and let
be the smallest index such that a5 # b5. Suppose for instance that a; > b5 and choose

an + bn

With this choice we have

a contradiction. O

12
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