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An estimate for the entropy of Hamiltonian flows

F. C. Chittaro

Abstract

In the paper we present a generalization to Hamiltonian flows on sym-
plectic manifolds of the estimate proved by Ballmann and Wojtkovski in
[4] for the dynamical entropy of the geodesic flow on a compact Rieman-
nian manifold of nonpositive sectional curvature. Given such a Rieman-
nian manifold M, Ballmann and Wojtkovski proved that the dynamical
entropy hµ of the geodesic flow on M satisfies the following inequality:

hµ ≥

Z

SM

Tr
p

−K(v) dµ(v),

where v is a unit vector in TpM , if p is a point in M , SM is the unit tangent
bundle on M, K(v) is defined as K(v) = R(·, v)v, with R Riemannian
curvature of M , and µ is the normalized Liouville measure on SM .

We consider a symplectic manifold M of dimension 2n, and a compact
submanifold N of M, given by the regular level set of a Hamiltonian
function on M ; moreover we consider a smooth Lagrangian distribution
of rank n− 1 on N, and we assume that the reduced curvature R̂h

z of the
Hamiltonian vector field ~h is nonpositive. Then we prove that under these
assumptions the dynamical entropy hµ of the Hamiltonian flow w.r.t. the
normalized Liouville measure on N satisfies:

hµ ≥

Z

N

Tr

q

−R̂h
z dµ. (1)

1 The curvature

Let M be a 2n dimensional smooth manifold endowed with the symplectic struc-
ture σ. Let h : M → R be a smooth function on the manifold, let ~h denote the
Hamiltonian vector field associated to it, dzh = σ(·,~h(z)), and assume that ~h is

a complete vector field; we will denote by φt(·) := et~h(·)(·) the flow generated by
~h. Let Λ be a Lagrangian distribution on M, and let us define, for any z ∈ M ,
the bilinear mapping gh

z : Λz × Λz → R as gh
z (X,Y ) = σ([~h,X], Y ), X, Y ∈ Λz.

Definition 1 The Hamiltonian vector field ~h is said to be regular at z ∈ M
w.r.t. the Lagrange distribution Λ if the bilinear form gh

z is nondegenerate. A

regular Hamiltonian vector field ~h is said to be monotone at z ∈ M w.r.t. Λ if
the form gh

z is sign-definite.

Example Assume that Λ is an involutive Lagrangian distribution; then, by
Darboux-Weinstein Theorem, there exist local coordinates {(p, q) : p, q ∈ R

n}
such that σ =

∑n
i=1 dpi ∧ dqi and Λz = {(p, 0)}; in these coordinates, the
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previous requirement about the bilinear form gh
z is equivalent to asking the

matrix { ∂2h
∂pi∂pj

} to be nondegenerate and sign-definite.

Let us assume that ~h is regular and monotone. We define a curve in the
Lagrange Grassmannian L(TzM) putting Jz(0) = Λz, Jz(t) = φ−t

∗ Λφtz; this
curve is called Jacobi curve. Using the terminology of [2], the curve is regular,
because the bilinear form gh

z is nondegenerate; we have that, for any t sufficiently
close (but not equal to) 0, Jz(t) is transversal to Jz(0) [1]. Let us denote
by πJz(t)Jz(0) the projector of TzM onto Jz(0) and parallel to Jz(t), and note

that the space {π∆Jz(0) : ∆ ∈ Gn(TzM),∆ ∈ Jz(0)⋔} is an affine subspace
of gl(TzM) [1]; if we compute the Laurent expansion around 0 of the operator-
valued function t 7→ πJz(t)Jz(0), that is πJz(t)Jz(0) = π0+

∑

i6=0 t
iπi, we can prove

that, for i 6= 0, πi ∈ gl(TzM), while π0 is an element of the affine space and
hence there exists a unique ∆ ∈ Jz(0)⋔ such that π0 = π∆Jz(0); this subspace
is called the derivative element to Jz(0) and is denoted by J◦

z (0). Analogously,
we can apply the same procedure to construct the derivative element to Jz(t)
for t 6= 0, and hence we can define the derivative curve of the curve Jz(t):
t 7→ J◦

z (t); moreover, we have that J◦
z (t) = φ−t

∗ J◦
φtz(0).

Since the Jacobi curve is regular, its derivative curve is smooth and lies in the
Lagrange Grassmannian of TzM [1]. These two curves form a splitting (which
is called canonical splitting) of TzM into two Lagrangian subspaces TzM =
Jz(t) ⊕ J◦

z (t).
Let ∆0 and ∆1 be two transversal subspaces in the Grassmannian Gn(TzM),

and ξ0 and ξ1 be two tangent vectors to Gn(TzM) respectively at the points ∆0

and ∆1; let γi(t), for i = 0, 1, be two curves in Gn(TzM) such that γi(0) = ∆i

and d
dt
γi(t)|t=0 = ξi. Let us set the operator in gl(∆1) :

[ξ0, ξ1] :=
∂2

∂t∂τ
πγ0(t)γ1(0)πγ0(0)γ1(τ)|∆1

|t=τ=0;

this operator depends only on ξ0 and ξ1.

Definition 2 The operator RJz
(t) ∈ gl(Jz(t)) defined as

RJz
(t) := [J̇◦

z (t), J̇z(t)]

is called the (generalized) curvature of the curve Jz(t) at the time t.

If we choose local coordinates on the Jacobi curve and its derivative curve
putting Jz(t) ≃ {(x, Stx) : x ∈ R

n} and J◦
z (t) ≃ {(x, S◦

t x) : x ∈ R
n}, where

St and S◦
t are matrices of dimension n, the curvature is then RJz

(t) = (S◦
t −

St)
−1Ṡ◦

t (S◦
t − St)

−1Ṡt.

Definition 3 The operator Rh
z ∈ gl(Jz(0)) defined as

Rh
z := RJz

(0)

is called the curvature of the Hamiltonian vector field ~h at the point z ∈M .

Let us call Σz = ker(dzh)/span{~h(z)}, and let ψz : TzM → TzM/span{~h(z)}
be the canonical projection onto the factor space; the space Σz inherits a
symplectic structure given by the restriction of the form σ. Let us now set
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Jh
z (t) = φ−t

∗ [Λφtz ∩ ker(dφtzh) + span{~h(φtz)}] (it can be shown that actually

Jh
z (t) = Jz(t) ∩ ker(dzh) + span{~h(z)}), and J̄z(t) = Jh

z (t)/span{~h(z)}; J̄z(t)
is actually a curve in the Lagrange Grassmannian L(Σz). If this Jacobi curve is
regular, then its curvature operator RJ̄z

(t) is well defined on J̄z(t).

Definition 4 The operator R̂Jh
z
(t) on Jh

z (t) defined as

R̂Jh
z
(t) := (ψ|Jz(t)∩ker(dzh))

−1 ◦RJ̄z
(t) ◦ ψ

is called the curvature operator of the h−reduction Jh
z at the time t.

As before, we define

Definition 5 The operator R̂h
z on Jh

z (0) defined as

R̂h
z := R̂Jh

z
(0)

is called the reduced curvature of the Hamiltonian vector field ~h at the point
z ∈M.

Examples

• Let M = R
n × R

n, h(p, q) = 1
2 |p|2 + U(q); let us consider the Lagrangian

distribution Λ(p,q) = (Rn, 0), and let us define the Jacobi curve J(p,q)(t) =

φ−t
∗ Λφt(p,q); Then we have that the curvature is given by Rh

(p,q) = ∂2U
∂q2 ,

and R̂h
(p,q) = ∂2U

∂q2 + 3
|p|2 (∇qU, 0) ⊗ (∇qU, 0)T .

• Let M be an n dimensional smooth manifold, and let h : T ∗M → R be
such that the restriction h|T∗

π(z)
M (where π : T ∗M → M is the canonical

projection) is a positive quadratic form, hence it defines a Riemannian
structure on M . Let Jz(0) = Tz(T

∗
π(z)M); then we have that Rh

zX =

R(z̄, X̄)z̄ for any X ∈ Tz(T
∗
π(z)M), z ∈ T ∗M, where R is the Riemann

curvature tensor, z̄ is a vector in TM obtained from z by the action of
the metric tensor, and X is identified with a linear form of T ∗

zM via the
isomorphism between Tz(T

∗
π(z)M) and T ∗

π(z)M. The curvature operator of

the h−reduction Jh
z is the same, R̂h

z = Rh
z .

• Let M as in the previous example, and let the Hamiltonian function h be
the sum of the Hamiltonian function of previous example and the function
U ◦ π, where U is a function on M ; then Rh

zX = R(z̄, X̄)z̄ + DX(∇U),

and R̂h
zX = Rh

zX +
3〈∇π(z)U,X〉h

2(h(z)−U(π(z))) (∇π(z)U, 0)T , where here we denote by

〈·, ·〉h the scalar product defined by the Riemannian structure given by h,
and where DX is the Riemannian covariant derivative along X.

2 Results

Let M be a 2n dimensional smooth manifold endowed with the symplectic struc-
ture σ, and let h : M → R a smooth function on the manifold; we restrict
ourselves on a regular sublevel N of the Hamiltonian function h, which is then a
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codimension one submanifold of M , and we require this submanifold to be com-
pact; moreover, we ask the Hamiltonian function to satisfy a regularity condition
we will specify later. Let us now consider the flow generated by the Hamiltonian
vector field ~h(z), and let us notice that it preserves the level sets of the Hamil-
tonian, i.e. h(φtz) = h(z) ∀ t; we are interested in computing the dynamical
entropy hµ(φ), where µ is the (normalized) Liouville measure restricted to the
submanifold N ; it is defined as dµ = 1

N σ ∧ · · · ∧ σ ∧ ιXσ, where σ is multiplied
by itself n− 1 times, ιXσ = σ(X, ·), X is a vector field on a neighborhood of N
such that 〈dh,X〉 = 1 and N =

∫

N
σ ∧ · · · ∧ σ ∧ ιXσ; it can be proved that this

definition does not depend on the particular choice of such a vector field.
In order to compute the dynamical entropy, we are going to use Pesin The-

orem [5], which states that the entropy is equal to the integral of the sum of
positive Lyapunov exponents, taken with their multiplicities, and hence we shall
compute the exponents of the Hamiltonian flow. Let us recall that the Lyapunov
exponent in the point z ∈ N along the direction X ∈ TzN is defined as

λ±(z,X) = lim
t→±∞

1

|t| log ‖φt
∗X‖, (2)

where ‖ · ‖ is a scalar product defined on TzN and, since N is compact, this
definition does not depend on the choice of the norm.

The symplectic form restricted to N has a one dimensional kernel given by
the span of the Hamiltonian vector associated to h : indeed

∀ v ∈ TzN σ(v,~h) = 〈dzh, v〉 = 0,

since TzN = ker(dzh); hence, ∀ z ∈ N, we can write TzN ≃ Σz ⊕ span{~h(z)},
where Σz = TzN/span{~h(z)} is a 2n − 2 dimensional vector space and the

restriction σ̄ = σ|Σz
induces a symplectic structure on Σz. Since span{~h} is

preserved by the action of its flow, i.e. φt
∗
~h(z) = ~h(φtz), we can take the quotient

and study the exponential divergence of the trajectories along directions given
by vectors lying in Σz, so we will consider the map φ̃t

∗ : Σz → Σφtz, where

φ̃t
∗ = φt

∗|Σz
.

Now we can state the result:

Theorem 1 Let N be a compact regular level set of a smooth Hamiltonian func-
tion defined on a smooth symplectic manifold on dimension 2n; let Λ be a La-
grangian distribution in TN/span{~h} and let the Hamiltonian vector field ~h be
monotone on N w.r.t. Λ. Consider the Jacobi curve J̄z(t) = φ̃−t

∗ Λφtz and let

the curvature R̂h
z of ~h be nonpositive. Then the dynamical entropy hµ of the

Hamiltonian flow on N w.r.t. the normalized Liouville measure on N satisfies

hµ ≥
∫

N

Tr

√

−R̂h
z dµ.

Proof

Due to sign-definiteness of the bilinear form gh
z , we can endow Σz with a scalar

product; indeed, let us define (for gh
z positive-definite) the following scalar prod-

uct on J̄z(0) :

J̄z(0) ∋ X,Y 7→ 〈X,Y 〉′h := σ̄([~h,X], Y ).
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By means of the symplectic form we can establish an isomorphism between
J̄◦

z (0) and the dual of J̄z(0) : J̄◦
z (0) ∋ W 7→ σ̄(W, ·) : J̄z(0) → R; since there

exists a unique XW ∈ J̄z(0) such that σ̄(W, ·) = 〈XW , ·〉h, we can define the
scalar product on J̄◦

z (0) in this way:

J̄◦
z (0) ∋W,V 7→ 〈W,U〉◦h := 〈XW ,XV 〉h.

Now it is possible to define a scalar product on the whole Σz : for anyX,Y ∈ Σz,
we set

〈X,Y 〉h := 〈πJ̄◦

z (0)J̄z(0)X,πJ̄◦

z (0)J̄z(0)Y 〉′h + 〈πJ̄z(0)J̄◦

z (0)X,πJ̄z(0)J̄◦

z (0)Y 〉◦h;

by definition, J̄◦
z (0) is orthogonal to J̄z(0) with respect to the scalar product

just defined.
Since the space Σz has a symplectic structure and for any t the pair (J̄z(t), J̄

◦
z (t))

forms a splitting of Lagrangian subspaces, given a basis {ǫ1, . . . , ǫn−1} of J̄z(0)
there is a unique way to choose a basis {e1z(t), . . . , en−1

z (t)} of Jz(t) such that
ei
z(0) = ǫi ∀i = 1, . . . , n, {ė1z(t), . . . , ėn−1

z (t)} is a basis for J◦
z (t) and {ei

z(t), ė
i
z(t)}n−1

i=1

is a Darboux basis for Σz, and it is called the canonical moving frame [1]. More-
over, as shown in [1], the vectors ëi

z(t) lie in J̄z(t) for any i = 1, . . . , n− 1, and

ëi
z(t) =

n−1
∑

j=1

(−Rz(t))ije
j
z(t),

where Rz(t) is the representation of the curvature R̂h
z w.r.t. the basis {ei

z(t)}n−1
i=1 ,

and it is symmetric.
Let us define, for any z ∈ N, the basis ε1(z), . . . , ε2n−2(z) of Σz by putting

εi(z) = ei
z(0), εi−n+1(z) = ėi

z(0), i = 1, . . . , n−1; this basis is indeed orthonor-
mal for any z. Consider a vector X ∈ Σz :

X =
2n−2
∑

i=1

xi εi(z) =
n−1
∑

i=1

ηi(t) e
i
z(t) + ξi(t) ė

i
z(t), (3)

((ηi(t), ξi(t)) are the components of the vector w.r.t. the canonical moving
frame, and obviously (η(0), ξ(0)) = (x1, . . . , x2n−2)). By computations we can
prove that the pair (η(t), ξ(t)) satisfies the differential first-order system

{

ξ̇(t) = −η(t)
η̇(t) = Rz(t)ξ(t)

(4)

and hence the vector ξ(t) satisfies the second order differential equation

ξ̈(t) +Rz(t)ξ(t) = 0. (5)

Since the canonical moving frame is defined such that ei
φtz(0) = φ̃t

∗e
i
z(t),

ėi
φtz(0) = φ̃t

∗ė
i
z(t), i = 1, . . . , n − 1, it implies that ei

z(t) = φ̃−t
∗ eφtz(0) =

φ̃−t
∗ εi(φ

tz), i = 1, . . . , n − 1, and ėi
z(t) = φ̃−t

∗ ėφtz(0) = φ̃−t
∗ εi(φ

tz), i =
n, . . . , 2n− 2. Hence

5



φ̃t
∗X =

n−1
∑

i=1

ηi(t) φ̃
t
∗e

i
z(t) + ξi(t) φ̃

t
∗ė

i
z(t)

=

n−1
∑

i=1

ηi (t)εi(φ
tz) + ξi(t) ǫi+n−1(φ

tz),

and it means that the components of φ̃t
∗X w.r.t. the basis {εi(φ

t
z)}2n−2

i=1 of Σφtz

are the same as the components ofX w.r.t. the canonical moving frame at time t.
Since the basis {εi(z)}i is orthonormal for any z, we find that ‖πJ̄φtz J̄◦

φtz

φ̃t
∗X‖ =

|ξ(t)| and ‖πJ̄◦

φtz
J̄φtz

φ̃t
∗X‖ = |ξ̇(t)|.

Now we shall compute the Lyapunov exponents on N ; by Multiplicative Ergodic
Theorem [5] we know that the limit (2) exists a.e. (w.r.t. the standard Liouville
measure normalized on N) in N. Hence we can define the following subspaces
of Σz :

Eu
z = {X ∈ Σz : λ−(z,X) < 0},
Es

z = {X ∈ Σz : λ+(z,X) < 0},
E0

z = {X ∈ Σz : λ−(z,X) ≤ 0 and λ+(z,X) ≤ 0};

these subspaces span Σz. For any subspace Ez of Σz such that Eu
z ⊂ Ez ⊂

Eu
z ⊕E0

z , we have that limt→±∞
1
|t| log |det(φ̃t

∗|Ez
)| = ±χ(z), where χ(z) is the

sum of the positive Lyapunov exponents in z, taken with their multiplicities.
Knowing this, we are now looking for such a subspace Ez; we’ll see that a

good candidate will be the graph of a proper linear operator, that we will call
Uz, defined from J̄◦

z (0) to J̄z(0) .
Let us now introduce for any z ∈ N the subset H(z) of Σz such that

H(z) = {X ∈ Σz :
d

dt
‖πJ̄φtz(0)J̄◦

φtz
(0)φ̃

t
∗X‖ ≥ 0 ∀ t};

clearly H(z) is intrinsically defined and it is invariant along the trajectory φtz.
In the following, for simplicity we will denote J̄φtz(0) by v(t) and J̄◦

φtz(0) by
v◦(t).

Lemma 1 H(z) is a subspace of Σz.

Proof From the convexity of ‖πv(t)v◦(t)φ̃
t
∗X‖2 (5) we deduce that a vector

X ∈ Σz belongs to H(z) if and only if ‖πv(t)v◦(t)φ̃
t
∗X‖ is bounded for negative

times. Linear combinations of vectors having this property satisfy this require-
ment. �

Lemma 2 H(z) ∩ v(0) = {0}.

Proof A vector X ∈ H(z) belongs to v(0) if πv(0)v◦(0)X = 0, i.e. if ξ(0) = 0;
suppose by contradiction that such a (nonzero) vector is contained in H(z); then
d2

dt2
|ξ(t)|2|t=0 = 〈ξ̇(0), ξ̇(0)〉−〈Rz(t)ξ(0), ξ(0)〉 > 0, hence 0 is a strong minimum

for |ξ(t)|, which contradicts the definition of H(z). �
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Lemma 3 H(z) is a Lagrangian subspace.

Proof Let us define, for any τ ∈ R, Hτ = {X ∈ Σz : d
dt
‖πv(t)v◦(t)φ̃

t
∗X‖ ≥

0 ∀ t ≥ τ}; we have that Hτ1
⊆ Hτ2

if τ1 ≤ τ2 and that H(z) = ∩τHτ .
Hτ contains a Lagrangian subspace for any τ. Indeed, fix τ and consider

Vτ = {X ∈ Σz : πv(0)v◦(t)φ̃
τ
∗X = 0}; we prove using coordinates that this

subspace is contained in Hτ : if we write X =
∑n−1

i=1 −ξ̇(t)ei
z(t) + ξ(t)ėi

x(t), we

have that ‖πv(t)v◦(t)φ̃
t
∗X‖ = |ξ(t)| and hence, since

d

dt
|ξ(t)|2|t=τ = 0 and

d2

dt2
|ξ(t)|2 ≥ 0 ∀ t,

d
dt
‖πv(t)v◦(t)φ̃

t
∗X‖ ≥ 0 ∀ t ≥ τ, and Vτ ⊂ Hτ .

Now, since φ̃τ
∗Vτ = J̄φτ z(0), and this last subspace is Lagrangian, we proved

our claim. H(z) contains a Lagrangian subspace too; indeed, let us define for
any τ Ĥτ = {V ∈ L(Σz) : V ⊂ Hτ}, which is a compact nonempty subset in
the Lagrange Grassmannian L(Σz). Moreover, since Ĥτ1

⊆ Ĥτ2
for τ1 ≤ τ1, we

have that ∩τ Ĥτ 6= ∅; hence, since Ĥτ ⊂ Hτ for any τ, we can conclude that
H(z) ⊇ ∩τ Ĥτ 6= ∅, that means that H(z) contains a Lagrangian subspace.

From Lemma 2 we know that dimH(z) ≤ n−1, hence we can conclude that
H(z) is a Lagrangian subspace. �

Since the space H(z) is Lagrangian and H(z) ∩ J̄z(0) = 0 ∀ z, there exists
a symmetric linear operator Uz : J̄◦

z (0) → J̄z(0) such that for any element
X ∈ H(z) we have that X = x + Uz(0)x, where x ∈ J̄◦

z (0), i.e. H(z) is the
graph of the operator Uz.

Hence we can find a linear operator Vz : R
n−1 → R

n−1 such that if H(z) ∋
X =

∑n−1
i=1 ηi(0)εi(z) + ξ(0)εi+n−1(z), then η(0) = −Vzξ(0), and, by (4) we get

that ξ̇(0) = Vzξ(0), by (5) that the operator satisfies the equation

V̇φtz + V 2
φtz +Rz(t) = 0. (6)

By definition of H(z), the operator Vz is nonnegative definite for any z.

Lemma 4 Eu
z ⊂ H(z) ⊂ Eu

z ⊕E0
z .

Proof Let X ∈ Eu(z) and Y ∈ Eu
z ⊕ E0

z ; limt→−∞
1
|t| log |σ̄(φ̃t

∗X, φ̃
t
∗Y )| ≤

limt→−∞[ 1
|t| log ‖σ̄‖+ 1

|t| log ‖φ̃t
∗X‖+ 1

|t| log ‖φ̃t
∗Y ‖] = λ−(z,X) + λ−(z, Y ) < 0,

and this implies that σ̄(φ̃t
∗X, φ̃

t
∗Y ) → 0 for t → −∞. Since φ̃t∗σ̄ = σ̄, we

get that σ̄(X,Y ) = 0 and hence Eu
z and Eu

z ⊕ E0
z are skew-orthogonal. By

dimensional computations, we can prove that actually Eu
z and Eu

z ⊕E0
z are the

skew-orthogonal complement to each other.
Let X ∈ Eu

z , i.e. limt→−∞
1
|t| log ‖φ̃t

∗X‖ < 0, and this means that ‖φ̃t
∗X‖ <

1, which implies that φ̃t
∗X is bounded in norm for nonpositive times, and conse-

quentely also πv(t)v◦(t)φ̃
t
∗X is, which implies that φ̃t

∗X ∈ H(φtz) = φ̃t
∗[H(z)] ⇒

Eu
z (z) ⊂ H(z). Since H(z) is Lagrangian, we also find that H(z) ⊂ Eu

z (z)⊕E0
z .

�

Lemma 5 Let X ∈ H(z); then πv(0)v◦(0)X ∈ kerUz if and only if ‖πv◦(t)v(t)φ̃
t
∗X‖ =

0 for any t ≤ 0.
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Proof We are proving it in coordinates. Let X as in (3) such that ξ(0) ∈
kerVz, i.e. η(0) = 0; since by convexity (5) d2

dt2
|ξ(t)|2 ≥ 0, and by hypothesis

d
dt
|ξ(t)|2|t=0 = 0, we get that |ξ(t)|2 shall remain constant ∀t ≤ 0, which implies,

using again convexity, that |ξ̇(t)| = 0 ∀ t ≤ 0. Conversely, if ξ̇(t) = 0 ∀ t ≤ 0,
then obviously we get the thesis. �

Let us denote by H0(z) the graph of Uz restricted to the orthogonal com-
plement in J̄◦

z (0) to kerUz; it follows from the above lemma that φ̃t
∗[H0(z)] ⊆

H0(φ
tz) ∀ t ≥ 0. Indeed, let X ∈ H(z) such that ξ(0) ∈ kerVz; then, by previ-

ous results, ξ̇(t) = 0 for any t ≤ 0, that means that ξ(t) ∈ kerVφtz for negative

times, i.e. πv◦(t)v(t)φ̃
t
∗X ∈ kerUφtz.

Since the dimension of H0(z) is nondecreasing along the orbits of the Hamil-
tonian flow, we get that dimH0(z) is constant on a φt−invariant set of full
measure, and hence on this set φt

∗[H0(z)] = H0(φ
tz).

We will work in the space H0(z) because we need the operator Uz to be
strictly positive definite, and we are calling U0

z the restriction of Uz on the
orthogonal complement to kerUz in J̄◦

z (0), and respectively V 0
z and R0

z(t) the
restrictions of Vz and Rz(t) to the orthogonal complement of kerVz in R

n−1; to
do this, we shall prove that actually it satisfies Lemma 4. First, we need the
following result:

Lemma 6 Rz(t) vanishes on kerVφtz and both Rz(t) and Vφtz preserve the
orthogonal complement in R

n−1 to kerVφtz.

Proof Call ∆z(t) the orthogonal complement in R
n−1 to kerVφtz. Let X ∈

H(z), let (−ξ̇(t), ξ(t)) be its components as in (3), and let ξ(t) ∈ kerVφtz; then,

by previous lemma, ξ̇(τ) = 0 for τ ≤ t, which implies the vanishing of the sec-
ond derivative too, i.e. Rz(t)ξ(t) = 0. Let now x ∈ kerVφtz, x

′ ∈ ∆z(t); since
〈x,Rz(t)x

′〉 = 〈Rz(t)x, x
′〉 = 0, we conclude that Rz(t)[∆z(t)] ⊆ ∆z(t). In the

same way we can show that Vφtz[∆z(t)] ⊆ ∆z(t). �

Let X ∈ H(z) \ H0(z); then, φ̃t
∗X is constant in norm w.r.t. t for any

nonpositive t. Hence λ−(z,X) = 0 ⇒ X /∈ Eu
z , which implies that Eu

z ⊂ H0(z).
Moreover, consider X = X(1) +X(2) ∈ H(z); we call as usual (−ξ̇(i)(t), ξ(i)(t))
the components of φ̃t

∗X
(i) w.r.t. the orthonormal frame {εi(φ

tz)}i, and we
assume that ξ(1)(t) ∈ kerV (z) and ξ(2)(t) lies in ∆z(t) (defined as above). By
previous results, we get that ξ̇(1)(t) = 0 for t ≤ 0, and hence ξ̈(1)(t) = 0 for
t ≤ 0, and also Rz(t)ξ

(1)(t) = 0, which implies that both ξ(1) and ξ(2) satisfy
equation (5).
SinceH0(z) is the graph of the operator U0

z , we can express the scalar product on
H0(z) in term of the scalar product on R

n−1, putting 〈X,Y 〉h = 〈ξX(0), Az(0)ξY (0)〉c,
where Az(t) = I + V 0

φtz

2
(X and Y as above), and 〈·, ·〉c denotes the canonical

scalar product on R
n−1.

We call az(t) = |detφt
∗|H0(z)| the determinant w.r.t. the scalar product

defined by Az(t) of φt
∗; hence we have that

az(t) =
√

detAz(t)|detφt
∗|H0(z)|c =

√

detAz(t)|det e
R

t

0
Vφszds|H0(z)|c.

We define rz(t) := d
dt

log az(t) = 1
2Tr Ȧz(t)A

−1
z (t) + Tr V 0

φtz, and we get by

8



computations that rz(t) = Tr [(V 0
φtz −R0

z(t)V
0
φtz)(I + V 0

φtz

2
)−1]. Since

χ(z) = lim
t→∞

1

t
log |det(φt

∗z|H0(z))| = lim
t→∞

1

t
log az(t) = lim

t→∞

1

t

∫ t

0

rz(s) ds,

by Birkhoff Ergodic Theorem [5] we get that, provide that rz is an integrable
function on N, hµ(φ) =

∫

N
χ(z) dµ(z) =

∫

N
rz(0) dµ.

Now we are going to compute dynamical entropy using a different scalar
product on H0(z), after showing that we will get the same value. Call A′

z(t) =
V 0

φtz, and define the scalar product 〈X,Y 〉′ = 〈ξX(0), A′
z(0)ξY (0)〉; we also get

that r′z(t) = 1
2Tr [V 0

φtz −R0
z(t)V

0
z
−1

].
The volume element on N w.r.t. the scalar product given by A′ is related

to the standard volume element in this way: dµ′ =
√

det A′

det A
dµ. If we call c(t) =

dµ
dµ′

=
√

det A(t)
det A′(t) > 1, we find that 0 < a′(t) < a(t)c(0). We have that:

lim sup
t→∞

1

t

∫ t

0

r′z(s) ds = lim sup
t→∞

1

t
log a′z(t) ≤ lim

t→∞

1

t
log az(t) = χ(z)

lim inf
t→−∞

1

|t|

∫ 0

t

r′z(s) ds = − lim sup
t→−∞

1

|t| log a′z(t) ≥ − lim
t→−∞

1

|t| log az(t) = χ(z),

hence

lim sup
t→∞

1

t

∫ t

0

r′z(s) ds ≤ χ(z) ≤ lim inf
t→−∞

1

|t|

∫ 0

t

r′z(s) ds.

r′z is measurable on N, since continuos. Applying the following Lemma (see [4]),
we can prove it is also integrable on N :

Lemma 7 Let φt be a measure preserving flow on a probability space (X,µ)
and f : X → R a measurable nonnegative function; if for almost every x ∈ X

lim supT→+∞
1
T

∫ T

0
f(φtx)dt ≤ k(x), where k : X → R is a measurable function,

then
∫

X

f(x) dµ(x) ≤
∫

X

k(x) dµ(x).

Hence, we get by Ergodic Theorem and equality of time averages in the
future and in the past that

∫

N
rz(0)′dµ =

∫

N
χ(z) dµ(z) = hµ(φ).

Finally, we use the following result (see [4]):

Lemma 8 Given three symmetric linear operators U,M,N on a Euclidean space
such that M and N are nonnegative definite and U is strictly positive definite, we
get that Tr [MU +NU−1] ≥ 2Tr

√
M

√
N, where equality holds iff

√
MU =

√
N.

Since we have that r′z(t) = 1
2Tr[V 0

φtz−R0
z(t)V

0
φtz

−1
], where V 0

φtz is (strictly) pos-

itive definite and −R0
z(t) is nonnegative definite, we can apply previous lemma

with U = V 0
φtz, M = I and N = −R0

z(t), obtaining 1
2Tr [V 0

φtz − R0
z(t)V

0
φtz

−1
] ≥

Tr
√

−R0
z(t), and hence

hµ(φ) ≥
∫

N

Tr
√

−R0
z(0) dµ =

∫

N

Tr
√

−Rz(0) dµ.

9
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Remark The estimate is sharp (i.e. we have the equality) if and only if
V 0

φtz =
√

−R0
z(t) for almost all z ∈ N, which implies that V 2

φtz = −Rz(t)
almost everywhere on N , and hence, by continuity, for every z ∈ N ; this means
that V̇φtz = 0 on N , i.e. all Jacobi curves are symmetric [1].
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