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Abstract

We develop systematic string techniques to study brane world effective actions for models with
magnetized (or equivalently intersecting) D-branes. In particular, we derive the dependence on
all NS-NS moduli of the kinetic terms of the chiral matter in a generic non-supersymmetric
brane configurations with non-commuting open string fluxes. Near a N' = 1 supersymmetric
point the effective action is consistent with a Fayet-Iliopoulos supersymmetry breaking and the
normalization of the scalar kinetic terms is nothing else than the Kéhler metric. We also discuss,
from a stringy perspective, D and F' term breaking mechanisms, and how, in this generic set

up, the Kéahler metric enters in the physical Yukawa couplings.
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1 Introduction and Summary

In Type IT and Type I string theories, D-branes are the objects providing, in a simple
and natural way, two important features of our world: the presence of non-abelian gauge
groups and that of four dimensional chiral fermions. In particular, when the ten dimen-

sional space-time is simply taken to be the direct product of a six dimensional compact



manifold and of a four dimensional Minkowski part, chiral fermions arise when the D-
branes have some non-trivial properties in the compact space. This can happen when
constant magnetic fields are switched on along the D-brane world-volume [1], or when
the D-branes intersect with some non-trivial angles [2] (actually, these two situations can
be usually connected by means of some T-dualities, see for instance [3]). By exploiting
these basic features, a new class of string models has been studied in these last years,
starting from 6], providing various interesting phenomenological applications. Re-
cent reviews on this subject, often named “Intersecting Brane Worlds” (IBW) [7], are
Refs. [8,19,10,/11,12] and also the detailed derivation of some results can be found in the
PhD-theses [13,/14, 15 16]. One of the nice features of this class of string models is that
they are “calculable”. This means that, by using known string techniques, it is possible to
compute explicitly the Standard-Model-like effective action. Moreover, all the parameters
appearing in such a low-energy action are functions of the microscopic data specifying the
D-brane configuration and the geometry of the compact space. The explicit derivation
of the effective action is certainly possible whenever the string vacuum under considera-
tion is described, from the world-sheet point of view, by some tractable Conformal Field
Theory (CFT). Even if this is a rather particular set of points in the whole moduli space
of the D-brane/string compactifications, it contains already some very interesting situa-
tions, like those involving orbifolds or orientifolds and, as we already said, also the case of
D-branes with constant magnetic fields. Thanks to the simplicity of the underlying string
theory, it has been possible to study various features of the IBW models which go beyond
the analysis of the spectrum and of its quantum numbers. For instance, several authors
studied how the Higgs mechanism [17] and the Yukawa couplings [18] 19,20, 21] are re-
alized in intersecting brane models (or in the T-dual case of magnetized D-branes )
some of their phenomenological implications are discussed in 24]; threshold correc-
tions [25, 26] have been computed; proton decay can be studied quantitatively [27, 28];
it has also been shown that the problem of moduli stabilization can be partly addressed
in the framework of solvable string models, by using D-brane world-volume fluxes [29].
The issue of complete moduli stabilization has been thoroughly studied, see for instance
Refs. [30, 33,134, 135,136, 37, 38, 39, 40,41, 26]; however generically these construc-
tions go beyond the class of “solvable” models we consider in this paper. Various recent
papers discuss phenomenological features of open string models, where the techniques
analyzed in this paper might be useful, see for instance Refs. [42,/43] 44, 45,46, 47, 48].

In this paper we describe in some generality the string theory techniques necessary to

compute the effective actions for this class of string models, where the Standard Model



fields live on intersecting or magnetized D-branes. The technique we use is conceptually
simple and well-known: one can reconstruct the effective action by requiring that it repro-
duces the low energy limit of the string amplitudes. Thus this is a two steps procedure:
first it is necessary to compute a string amplitude contributing to a particular term of
the effective action one is interested in; then one can extract the low-energy amplitude by
sending the string length v/a/ to zero with all four dimensional momenta and masses kept
fixed. We focus on the dynamics of the fields coming from the open strings and try to
determine the dependence of the relevant pieces of the four dimensional effective action
on the closed string moduli, whose dynamics is kept frozen (1.e. we work in a limit where
gravity is non dynamical on the brane). This technique has been explicitly applied in
Heterotic string theory by Dixon, Louis and Kaplunovsky [49] and more recently in the
context of IBW in Ref. [21]. Here we follow the same approach, with the goal to generalize
it in various directions. First we show that this technique is not limited to supersymmet-
ric models. On the contrary, it is most effective in situations where supersymmetry is
spontaneously broken, because in this cases we can use the presence of mass terms to fix
unambiguously the overall normalization of the string amplitudes, which actually plays an
important role in the form of the resulting effective action. Then we show that, by using
the language of magnetized D-branes, it is possible to treat in a simple fashion the case of
six dimensional compactifications that are not factorized in products of two dimensional
torii 72 (the model discussed in Ref. [29] is in fact already of this type even if the com-
pact space is 72 x T2 x T2, since the magnetic fields on the brane world-volume do not
respect the factorization of the geometry). In this more generic situation, contrary to the
completely factorized case, the magnetic fields living on different D-branes do not need
to commute. The presence of non-commuting or oblique fluxes is an important feature in
order to achieve the stabilization of the off-diagonal moduli in 7% (see Refs. 26] for
recent developments in this direction). Here we will take also a non-trivial metric and B
field, and show that computations remain manageable even if the compact space does not
have a factorized structure at all. In a full-fledged model some of the NS-NS moduli are
absent due the presence of orientifolds. However, it is known that these moduli need not
to be trivial, but can be frozen to some non-zero (discrete) values [50]. So they will affect
the form of the effective action, and need to be taken into account in our computations.

As an explicit example of this approach to the derivation of the effective action, we
focus here on the kinetic term for the scalar fields living at the D-brane intersections.
This term is particularly interesting for two reasons. In models where we have N' = 1

supersymmetry (possibly spontaneously broken), this term contains the Kéhler metric.



This function, together with the superpotential and the normalization of the kinetic terms
for the gauge fields, specifies completely any N = 1 gauge theory action . However, in
contrast to the other two building blocks, the Kahler metric enters in a non-holomorphic
piece of the action and so has no protection against string (or quantum) corrections.
There is also a stringy reason that makes the Kahler metric interesting. The open strings
stretched between two different D-branes, like those living at the D-brane intersections,
behave like the twisted sectors of the (Heterotic) orbifold models. This means that the
terms of the effective actions involving this kind of fields cannot be derived by simple
dimensional compactification from the flat ten dimensional string theory or from Born-
Infeld action. Therefore, the computation of scattering amplitudes represents basically
the only possible way to reconstruct these terms of the effective action. Our analysis
shows that the full (NS-NS) moduli dependence of the Kéhler metric is encoded in a disk
amplitude with two open strings and one closed string inserted.

We also consider the scalar fields associated to open strings that start and end on the
same D-brane (corresponding to the string untwisted sector) and compute their metric.
In this case the low-energy dynamics can be readily derived also from the Born-Infeld
action, upon compactification. Then we can check that the full moduli dependence of the
metric for the untwisted fields is correctly extracted from a three point function involving
two scalars and a generic closed string modulus, showing the validity of this diagrammatic

approach.

1.1 Organization of the paper

In Section 2 we review the basics of the open string quantization and this will serve also
to set up our notations. As in the usual case, the open strings stretched between magne-
tized or tilted D-branes are more easily analyzed by using the doubling trick, that is by
rewriting the bosonic and fermionic open string coordinates (o, 7) and x*(o, 7) in terms
of holomorphic CF'T’s. The properties of this holomorphic fields depend on the angles or
magnetic fluxes of the D-branes and on the moduli of the compact space. In particular,
in Section [3, we derive the relation between the twists #; of the holomorphic fields and
the closed string moduli of the NS-NS sector. We also write the vertex operators related
to these moduli and, in doing so, we clarify some details about the off-shell continuation
of string amplitudes. In fact this off-shell continuation is necessary, if one wants to derive
the full effective action and not just the S-matrix elements. In Section |4 we briefly review

how to derive the open string spectrum for the IBW models and how to write the vertex



operators for open string states. We also provide a careful analysis of the field theory limit
in the non-supersymmetric case and give the relation between the string twist parameters
f; and the surviving field theory mass terms. Then, in Section |5, which contains the main
results of this paper, we compute the dependence of the Kéahler metric on the NS-NS
moduli. We follow the procedure used in Ref. [21]: we compute a disk amplitude with
two open strings, representing the fields present in the kinetic terms we are interested in,
and a closed string related to a NS-NS modulus. Clearly this amplitude is related to the
variation of the quadratic part of the effective action when one of the closed string moduli
is modified and the others are kept fixed. Since the string computation is exact in all
NS-NS parameters, the above result translates into a differential equation for the Kéhler
metric. So we can fix its dependence on the NS-NS v.e.v.’s exactly to all orders in o’. As
anticipated, we consider a compactification on a generic non-factorized six dimensional
torus, which is equivalent to resum all possible insertions of soft gravitons in the compact
space. Thus our result truly depends, through the 6;’s, on all NS-NS moduli, without
any constraint coming from particular hypothesis that are usually pre-assumed, like the
requirement of switching off the moduli breaking the 72 x 72 x T2 factorized structure
of the compact space or the supersymmetric constraints on the 6;’s [21]. Our results
hence generalize (and partially correct, as we shall show) previous results in the litera-
ture. We also discuss, from a string theory perspective, how supersymmetry breaking is
implemented in these models. We show via a string computation that the masses the
twisted scalars have for generic 6; originate from a Fayet-Iliopoulos term (a D-term su-
persymmetry breaking). On the contrary, F-term breaking, which might be present for a
generic choice of the open string fluxes, does not affect the value of these tree-level masses.
Clearly both mechanisms break supersymmetry in the bulk, too. Previous works on the
issue of D and F term breaking in IBW are Refs. 55]. Finally, we show that, in
the case of factorized fluxes, our results can be easily translated with three T-dualities in
the Type ITA configuration where the magnetized D9-branes are described as intersecting
D6-branes with generic angles. In Section [6, we discuss Yukawa couplings, focusing on
the quantum (world-sheet) contribution. This part can be perturbatively expanded in o/
and usually does not enter in the superpotential, which receives only non-perturbative
contributions via world-sheet instantons. This non-renormalization property [56, 57, 58]
was proven in the context of Heterotic models and is certainly interesting to check whether
it holds also in the IBW models. In the factorized case this non-renormalization property
has been checked in [21], where the authors showed that the quantum part of the Yukawa

couplings can be expressed solely in terms of the Kéahler metric. Following our approach,



we can prove that the same property holds in a non-factorized case with commuting fluxes.
In a generic case, the explicit check of the non-renormalization of the superpotential is
difficult, since it requires to compute a correlator among non abelian twists. Of course, it
is possible to reverse the logic and assume that the non-renormalization theorem is valid
in a general setup also in open string models. In this case our results provide strong con-
straints on the form of the three-point correlator for non abelian twists which must have a
surprisingly simple form. Appendix|Al contains the derivation of the formula providing, in
a generic situation, the dependence of the open string twists on the closed string moduli.
This enters crucially in getting the results presented in Section/5. In AppendixB we apply
exactly the same technique described in Section |5 to the matter fields arising from the
open strings that start and end on the same D-brane. In this way we are able to derive
the full dependence on the NS-NS moduli of the Born-Infeld action and of the open string
metric from a disk amplitude with two open strings and one closed string. This represents

a nice test of our diagrammatic approach to the computation of the low-energy action.

1.2 Outlook

The main motivation for this work is to provide the techniques to generalize, in the con-
text of brane world models, previous results in the literature to potentially more realistic
models. Once all the ingredients to compute effective actions for such a generic situa-
tion are available, it becomes possible to address many questions in phenomenologically
interesting models that have been recently constructed. In this respect, string theory
techniques prove to be an efficient tool to compute low energy effective actions whenever
this cannot be done otherwise. There are, however, a number of issues we have not ad-
dressed in this work and which we leave to future investigations. The most technically
difficult but interesting thing to do would be to compute directly the Yukawa three-point
function in the generic case, i.e. for non-abelian twists. Moreover, in our string computa-
tions, we neglect the contribution coming from world-sheet instantons; it is of course very
important to include them systematically in our approach. We have not discussed the
dependence on the R-R moduli, but these should be included in a complete low energy
effective description. Similarly, we have not considered open string moduli (i.e. Wilson
lines), whose stabilization, in IBW models, has not been addressed in much detail, so far.
Finally, the Kahler potential is a D term hence is not protected by non-renormalization
theorems and would then be very interesting to compute higher loop corrections in the
string coupling (recent results in this direction can be found in Refs. [59, 60, 61]).



2 Open Strings in Closed String Background

In this section we review the quantization of open strings moving in a 2d-dimensional
Euclidean space with a constant metric G and a constant NS-NS antisymmetric tensor B.
This case is relevant in discussing systems of magnetized D-branes or, after T-dualities,

systems of intersecting D-branes.

2.1 Bosonic sector
We begin our analysis by considering the bosonic sector described by the string coordinates
oM (M =1, ...,2d) whose action (in a Euclidean world-sheet) is

1
4o

Shos = — / d2¢ [aaxMaaxNGMN + ieaﬁaa:cMangBMN} -iY g / drM A%, | (2.1)

(o2 Co
where the index o on C', A and ¢ takes the values ¢ = 0 or ¢ = 7 and labels the string end-
points; ¢, is the charge with respect to a background gauge field A? along the boundary
C,. Our conventions are such that ¢, = —qy = 1 and €°” = 1; the string coordinates 2"
and the gauge fields A” are dimensionless, while the background metric G and the B field
have dimensions of (length)?. In the following we will consider only the case in which G
and B are constant, and the gauge fields A, are linear with constant field strengths F,.
Then, it is easy to realize that the field equations 9%9,2™ = 0 must be supplemented by
the following boundary conditions

~0, (2.2)

o=0,7

(GMNaUxN + i(fU)MNc“?T:z:N>

where
Fo=B+21d F, . (2.3)

T4io

Introducing the complex variable z = e and the reflection matrices

R,=(G-F) " (G+F) , (2.4)

the boundary conditions (2.2) can be rewritten as

oxM = (R,)™, 02N

o=0,7

(2.5)

o=0,7

A convenient way to solve these equations is to define, in the complex z-plane, multi-
valued chiral fields X (z) such that

XM(e™z) = (R, RO)A]{, XN(z)= R, XN(2), where R=R 'Ry . (2.6)

7



Then, putting the branch cut in the z-plane just below the negative real axis, a solution
to the boundary conditions is

oM (2,7) = ¢M + % [XM(Z) + (Ro)™, XN(z)} , (2.7)

where z is restricted to the upper half-complex plane, and ¢* are constant zero-modes.
Let us observe that the reflection matrix R, defined in leaves the metric G
invariant:

'RyGR, =G, (2.8)

and so does, as a consequence, the monodromy matrix K. Then, introducing the vielbein
EAM, such that Gy = EAMEBNéAB, we see that in the new basis Rap is simply a
SO(2d) matrix, so that it is always possible to find an orthonormal frame and a unitary

transformation to put the monodromy matrix in a diagonal form, namely
((:Rgil =R = dlag <e2i7r91 . eZiﬂBd 67217r91 672i7r9d) (29>

for 0 < #; < 1. Let us point out that in the resulting complex basis Z = (Zi, Zi) given

by Z = £X, the metric is
0 1
g=rtelGet = (]1 0) (2.10)

and the monodromy properties become
Zi(e™™z) = B Zi(2)  and zi(e%iz) = o 2Tl ?z(z) (2.11)

for i = 1,...,d. Upon canonical quantization, we obtain the following mode expansions':

0Z'(2) = —iv2a/ ( Z a_y, Ly Z ailiei Z”+9i_1) : (2.12a)
n=1 n=0

0Z'(2) = —iv2a/ ( Y a0 Y Al z”—ei—l) . (2.12D)
n=0 n=1

We remark that the shifts 6; are related to the eigenvalues of the monodromy matrix
R, and not to the two individual reflection matrices Ry and R, which, in general, do
not commute with each other. If one or more 6;’s are zero, particular care must be paid

due to the appearance of extra zero-modes in the corresponding chiral bosons. In the

'We have included appropriate prefactors to recover the standard expansions for 6; = 0 of dimensionful
string fields Z?. This means that the matrix £ of the change of basis has dimensions of (length).



following, however, we will consider the generic case in which all shifts are non-vanishing.
Canonical quantization implies that also the zero-modes ¢™ in (2.7) are operators that
do not commute among them [62]. This fixes the degeneracy of the open string vacuum,
but we will not need this information in what follows.

The modes appearing in (2.12) obey the following commutation relations

[ E:Lf_ej] =(n—0;)6" 6pm Vn,m>1 | (2.13a)
[al 0., ajnjwj] =(n+0;)6"6ym Vn,m >0 . (2.13b)

In particular the oscillators @;,_, and a;,,, are annihilation operators, whereas @, _,

and aLiei are the corresponding creation operators with respect to the twisted vacuum
|©) = [{6;}), i.e. for any i

a,_4|0)=0 Vn>1 and al, ,[0)=0 ¥Yn>0 . (2.14)

The contribution of the bosons Z? to the Virasoro generators can be easily derived
from the action (2.1), and in particular one finds that

d 00 00
) . ) . 1
L® = al,a r,a ~0,(1—6;,)| = N& 4 & 2.15
where in the last step we have distinguished the operator N(€) which measures the number
of a and @ oscillators from the c-number ¢£) due to the normal ordering with respect to the
twisted vacuum introduced above. From this expression, we can see that |©) is related
to the SI(2,R) invariant vacuum |0) through the action of d twist fields [63] oy, (2) of

conformal dimensions

iy, = %92-(1 ) (2.16)
as follows .
)=t T[on()0) 2.17)

On the other hand, the conjugate vacuum (—0)| is obtained by acting at infinity with the

conjugate twist fields o_g,(z) of conformal dimensions h,_, = h,, , namely

d

(—O| = lim (0 H <0_9i(z) z2h”*9z‘> . (2.18)

2—00 !
=1



Normalizing the vacuum states in such a way that (—0|0©) = 1, from (2.17)) and (2.18) it

immediately follows that

o ; — 20 6%
o_g,(2) 09, (W) ~ Gy 0Z'(2) 02" (w) ~ TG W (2.19a)
0Z'(2) 61 79, (w) 0Z'(2) 01 79, (w)

Exploiting the mode expansions (2.12) and the properties of the twisted vacuum, it is
straightforward to show that

: —j =0 20/ §Y w
—0|02i(z) 92’ —-(5) S h-e(-9)] 2.2
(el0z'(:) 92 (w)1e) = (£) " 22 ' (2.20)
Then, by performing a projective SI(2,R) transformation, we can move the position of

the twist fields to arbitrary positions and obtain
_ (00(2) 02 () 02 (23) o0, (24))
(0-0,(22) 00,(22)) (DZ(22) OF (22)
_ w4ﬂ1—@a—wﬂ, (2.21)

A{;OS(zl, weey 24|00,)

where w is the anharmonic ratio

po Bz E o) (2.22)

(21— 23) (22 — 24)

It is interesting to observe that
(0_0,(21) 0Z(22) OZ " (23) 00,(24)) = (0_0,(21) OZ ' (23) OZ(22) 54, (24)) (2.23)

which can be proved with an explicit calculation along the same lines outlined above.

2.2 Fermionic sector

Let us now turn to the fermionic sector described by world-sheet spinors x™, whose
Euclidean world-sheet action is [64]

i
/d2§ XM p*0ax™ (Grw + Bun) — 5 qu/CdTYM,OTXNFJf/[N , (2.24)

i
Serm - -

f 4o/
where p® are the 2-dimensional Dirac matrices. Denoting by x* and x¥, respectively,
the upper and lower components of Y, from the above action one finds that the standard
field equations 0. X% = 0 must be supplemented by the following boundary conditions

M = (Ro)™y x2 . and  xM| = -n(R)"WxY o (2.25)

o= O=T =T

10



where n = 1 for the NS sector and n = —1 for the R sector. The solution to these equations

can be conveniently written in terms of multi-valued chiral fermions ¢*(z) such that
eM(2) = (R Ro) ' 0N (2) (2.26)

Indeed, remembering that the fermionic fields have conformal dimensions 1/2, we have
P (z) =272 (2) =M (2)  and  wM(2) =272 M(2) = (Ro) vV (2) (2.27)

for any z with Im 2z > 0. In the complex basis U = £ x = (\I/Z , @i), where the monodromy
matrix R is diagonal, we can rewrite (2.26) simply as

Ti(e?™z) =ne™ Wi(z) and @i(e%iz) = ne_%ieﬁi(z) (2.28)
and, after canonical quantization, obtain the following mode expansions

Wi(z) = V2 Z ( n—0; 20 +\Pn+9 z +9i_%> (2.29a)

n=04+v

T'(z) =Vl Y (qggwi s g, z”—(’i—%> , (2.29b)

n=0+v
where v = 0 in the R sector, v = 1/2 in NS sector. The modes in (2.29) obey the following
anticommutation relations

(Wi, Wi,V = (T, TV = 696,,,  Ynm>0+v . (2.30)

Let us concentrate on the NS sector (y = 1/2). The oscillators W/, and @; g, are
annihilation operators, while ¥ e, and \Ifn p, are creation operators with respect to the

fermionic twisted NS vacuum |©O)ys, i.e.

>NS = E:hgi‘@h\fs = 0 Vn Z (231)

N | —

Notice that this definition of creation/ destructmn operators is natural only for 0 < 6; < 3

In this range, in fact, the oscillator \111 _p, 18 a true creation operator since it increases

the energy by the positive amount (5 9) If, instead, 1 < 6; < 1, the oscillator \IJ1 o,
decreases the energy of the state it acts on. Thus, in this case the roles of the NS vacuum
|©)ns and of @;91 |©)ns are exchanged and the latter state becomes the true vacuum of
the theory, since it has lower energy. This will be relevant in the discussion of the GSO

projection, see Section 4.
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From the action (2.24), one can easily derive the fermionic contribution to the Virasoro

generators, and in particular one finds

d o)
A A —ti — 1
L7 = 3D [+ )W g+ (=0T, Ly | +5 02 = N e (2.32)

i=1 p=l

where again we have distinguished between the number operator N that counts the

fermionic modes and the c-number ¢(¥)

arising from the normal ordering with respect to
|O)ns. In analogy with our discussion of the bosonic sector, we deduce that this twisted
vacuum can be related to the SI(2,R) invariant vacuum |0)ns through the action of d

fermionic twist fields sg,(z) of conformal dimensions

1
hs, = =07 (2.33)
i 2
as follows
d
s =ty TLo02) 0 (234

To obtain the conjugate vacuum we use instead fermionic twist fields s_p, of conformal

dimensions h,_, = hs, acting at infinity, namely

d
s(=61 = Im s (0] TT (s-0.(2)™) (235)
i=1
From and (2.35) it follows that

1] ) . ! Si]
) Wi(2) T () ~ 2a/9

(z —w)” (z —w)

5792‘(2> S0, (w) ~ ) (236>

which is the fermionic counterpart of (2.19a). Let us now consider some fermionic corre-

lation functions. Using the mode expansions (2.29), it is easy to prove that

w)_ei ! (2.37)

xs(—OIW () T (w)|©)ns = 20"67 (£

z (z —w)

and then deduce for any ¢

<879i(21) \I’i('z2) 51(23) 59i<24)> — b ’ (2.38)

(5-0,(21) 50, (20)) (W¥(22) ' (23))

where w is the anharmonic ratio (2.22). Other useful correlators are those involving the

first excited states

to)ns = Ui, [O)ns  and  [fp)ns = U1,
2 2 2

O)xs (2.39)

12



whose energy is increased, respectively, of (5+46;) and (5 —6;) with respect to the vacuum.
Thus, in the i-th sector we can introduce excited fermionic twist fields ty,(z) and ty,(z),

together with their conjugates t_g,(z) and t_g,(z), of conformal dimensions

1 1
htﬂi = ht—ei = 5(01 + 1)2 and hZQi = hgioi = 5(91 — 1)2 (240)
which satisfy
5 - - 5
t_ei(z) t9i<w) ~ m ’ t_ei(z) 2fej (w) ~ (Z _w)(ei—l)z )
Ti(z) % tg, (w) T'(2) 59 By, (w)
(W) ~ , (W) ~ 2.41
Vaw Y Gmwn 0 e Y 2
Proceeding as before, one finds
t Ui(2) T (23)
< 0.(21) V' (22) (23) 8; (24)> — O+ (2.42a)
<t 0; 2,'1 te 2,'4 ><\I/Z )>
t U'(23)7
(Ll Vo) <23> e<24>> o
<t 0; 2,’1 tg 24 ><\I/Z )>

The fermionic correlation function can be alternatively derived thanks to the bosoniza-

tion equivalence

U=l Sor = O i Hi(z)H;(w) ~ —d;; In(z —w) . (2.43)
In this compact notation all previous correlators can be summarized in
(S _gr (22) W'(22) W' (z3) S (24)
(S_or (21) Spr (24) )(W(22) T (23))
It is interesting to remark that

(S ar(20) W (20) W'(z) Spr(20) = = (S gr(=) W' (20) Wiz Spr(za)) o (245)

A?,

ferm(zh ceey Z4|8957>

=w % (2.44)

which is the fermionic counterpart of (2.23).

This analysis can be generalized to the R sector without any problems. With R
boundary conditions the modes of the fermionic fields are further shifted with an extra
% with respect to the NS case, and essentially all occurrences of #; must be replaced by
0; — l Taking this observation into account we can simply read the final result from the
correlator by replacing 6 with 6; — namely

<3—(9¢—§)(Zl) U (2) v’ (Z3) Sp;—1 (@))
(5_(0i-1)(21) 5,1 (24)) (Wi(22) U'(23))

=w O3 (2.46)
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3 Closed String Moduli for Magnetized D-branes

The results of the previous section show that the conformal properties of open strings
moving in a closed string background with a magnetic field are determined essentially
by the shifts ¢; in the mode expansions of the various chiral fields. In this section we
will analyze in more detail how these shifts are related to the closed string moduli and
to the background magnetic field. To set up the notation, let us take a 2d-dimensional
torus 7%¢, defined in terms of 2d real, dimensionless and periodic coordinates M ~
2™ 4 1, with a constant metric Gj;x and a constant anti-symmetric tensor By, both
with dimension of (length)?. The metric and the B field bring in, respectively, d(2d+1) and
d(2d — 1) real parameters, so that our toroidal compactification depends on a total of 4d>
parameters. In Section[2 we chose to diagonalize the monodromy matrix R so that 4d? —d
parameters are contained by the vielbein? £ and d are encoded in the eigenvalues of R.
Sometimes it is convenient to perform a different choice and introduce the vielbein without
making any request on the form of R in the new basis. This amounts to introducing
dimensionful flat coordinates X by X4 = E4, XM that exhibit no simple periodicity, but
have an orthonormal metric d,5. If we impose no further conditions, the anti-symmetric
background B (dimensionless) remains generic in such a frame, and the choice of frame
is ambiguous up to SO(2d) rotations. Thus the vielbein E contains (2d)* — d(2d — 1)
independent parameters, just as the metric G. We can split the orthonormal coordinate
in two groups: X4 — (X' “,fm). We introduce then complex coordinates Z¢ = (X @+

iY'®)/1/2, i.e. in matrix notation we set

Z X 1 (1 i
() =s(l) () -

The parameters of the metric G are now encoded in the complex vielbein £’ = SE, which
is defined up to the realization of SO(2d) over the complex frame Z = (Z, Z). In presence
of an antisymmetric tensor, we can partially fix this ambiguity by requiring that, in the
complex frame, it is of type (1,1). For instance in the heterotic context, it is natural to
use the B-field and fix the vielbein E’ so that

B =YE)'B(E) "= <_Oib l(l;) . (b =0b) . (3.2)

This form is invariant under the U(d) subgroup of SO(2d) acting block-diagonally on
the complex frame: Z — UZ, Z — UZ and can be imposed by means of SO(2d)/U(d)
2The vielbeins € are indeed defined up to U(1)? rotations which leave both R and G invariant.
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transformations. The residual U(d) invariance can be used, for instance, to put the

complex vielbein E’ in the form

1 [V 0 1 U
E =— _ 3.3
A6 0
with V real.

In Type I theories, it is more natural to ask the property (3.2) for F,. It might be
impossible to choose a complex structure so that all F,’s are (1,1) forms, in which case
supersymmetry is broken [65]. We will return on this point in Section 5, when we compute
the v.e.v. of the auxiliary fields D and F'. Now let us just notice that, if all F,’s are (1, 1)

forms, the reflection matrices R. are block diagonal in the complex basis

0
R =7 . 3.4
(2 o

There are several different ways to organize the compactification moduli which we
denote generically by m. When we are interested in holomorphicity properties, then it is
convenient to use the elements of the matrix U in Eq. (3.3), which are directly related to
the complex structure. In fact, the mixed tensor idz' ® 0.: —idz' ® O depends only on U,
when written in the (original) real basis (in the Type I case, the Kéhler structure arises
from the complexification of V' (3.3) with the R-R 2-form). Alternatively, when one deals
with non-holomorphic terms, it is more natural to associate the moduli m directly to the
G. To write the vertex operator associated to a generic modulus, let us recall that the

closed string coordinates are given by
—= 1 1 o= M —= 1 M M (=
(%) = ; [XL(Z) + XR(Z)] and  2M(z,7) = 5 [XL (2) + X2 (z)] (3.5)

where the index p labels the uncompact directions, and the subscripts L and R denote,

respectively, the left and right moving parts. For example one has, for any z € C,

0 M TM
XM — M_2 / Ml iv2a/ [aLn -n arn n] ] 3.6
1 (2) =g’ —i2d'py logz +iv an§:1 s - (3.6)

The fermionic string coordinates admit a similar left/right decomposition. The mode
expansion for X# and " is formally identical to that of X* and ¥™, the only difference
being that the former are chosen to be dimensionful. The massless closed string excitations
of the NS-NS sector that represent fluctuations of the metric G or of the B field along
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the compact directions® are described by the usual vertex operators VM (z) VA (z), where

(in the 0-superghost picture) we have
VM(2) = [axﬁ” (2) +i(ky - W) TY (z)] eibLXo(®) (3.72)
VY (z) = [5}({.{ (2) + ik - Ug)UY (z)] eibrXr(@) (3.7b)

In these expressions k;, and kr denote the left and right momenta of the emitted state
while the symbol - is a shortcut for the vector product with metric 7,,. In general, when
kr # kg, a more careful definition of the vertex operator is necessary to ensure the bosonic
character of the operators Vy,  [66]

WMN (2, %2) = e’im/(kL*kR)'pLVLM(z) eiml(k”kR)'pRVéV(E) ) (3.8)

Actually we are not interested in Kaluza-Klein modes and we take k; and kr to be
aligned entirely along the uncompact directions. However, we perform a slight off-shell
extension of the closed string vertices, by formally taking, along the uncompact directions,
k? = k% = 0 with kj, # kg. In this way we can have (kz, + kg)* # 0, without spoiling the
conformal properties of the left (or right) part of the vertex.

The insertion of the operator (3.8) inside a string correlation function induces a varia-
tion of G'yyny and of —B),y, associated respectively to the symmetric and anti-symmetric
parts in the indices M and N . Thus, the variation due to a change in a generic modulus

m is produced by the following vertex operator

! i(G—B)MNWMN(Z,z) : (3.9)

Win(2,2) = Aral Om

Since in toroidal compactifications the vertex (3.9) represents a truly marginal deformation

for any value of m, we can schematically write

/dgz<---Wm(z,E)--->:%(---> (3.10)

where - -- stand for any sequence of string vertex operators. The partial derivative with
respect to m is taken by keeping fixed at arbitrary values all other moduli, which are indeed

described by independent vertices. As it is intuitively natural, two different vertices W,

3 As already mentioned, in a complete orientifold compactification the B field is not dynamical; however
we will formally consider it on the same footing as GG, in order to derive the dependence of the effective
action on the possible discrete values B can have [50].

4This can be seen by using (2.1) and taking the 9, derivative of the Euclidean weight e~ present in
the path integral; notice that the normalization of (3.9) depends also on our convention (3.5).
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and W, are independent if the corresponding states are orthogonal, i.e. (m/|m) = 0.
For instance, the four dimensional dilaton ¢, is clearly independent of the moduli
specifying the compact space, since it involves only string coordinates along the Minkowski
directions. This means that the differential equation we derive from (3.10]) are computed
by keeping ¢4 fixed. As it shown in [21], the dependence on the four dimensional dilaton
can be derived in the same way by inserting in (3.10]) the appropriate vertex W,.

Let us now introduce a stack of D-branes wrapped on 72?. On their world-volume we

may introduce a background field F whose components Fj;y are quantized as

Ly = vy (3.11)

2T Il
where pyn is the standard Chern class and [, is the wrapping number of the D-brane
around the cycle dX*. As discussed in Section [2] the open strings connecting two such
D-branes are described in terms of twisted bosonic and fermionic fields, whose monodromy
matrix R = R 'Ry is defined in terms of the boundary reflection matrices R, given in
(2.4). These conformal fields and their correlation functions are described in the orthonor-
mal complex basis introduced in Eqs. (2.9) and (2.10), so that all relevant information
is encoded entirely in the d phases ;. Of course these twists, as well as the complex
vielbein £, depend on the 4d? parameters contained in G and B. In the next sections
we will compute mixed amplitudes with insertions of closed string vertex operators V,,
inside correlators of twisted open strings, which, as indicated in (3.10), account for the
derivatives with respect to a NS-NS modulus m. For the physical interpretation of the
results it will be crucial to know how the twists §; depend on m. In particular it will be

important to know the derivatives of #; with respect to m. As shown in detail in Appendix
these are given by

00, (OR_ .\ 1 (. .,0(G-B) .
i (o) (s MCB ygye)
i i (3.12)

1l (5 (R — Ry ¢ AEEB) 51)“

2 T om

It is worth noticing the appearance in this formula of the same expression that plays
the role of the polarization in the vertex operator (3.9). Eq. (3.12) applies to a generic
toroidal configuration with any value of G and B, and to generic (i.e. non-commuting)
magnetic fluxes F, on the wrapped D-branes. To make contact with the set-up that is
usually considered in the literature, and as an illustration, we now consider the simple
case of D-branes on factorized torii with diagonal fluxes, which are T-dual to a system of
intersecting D-branes at angles.
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3.1 Factorized torus with commuting fluxes

Let us consider a model in which the internal torus 7° is metrically factorized as 78) X
Té) X ’Té) Let us also assume that the background NS-NS field B and the gauge fields F,
respect this factorized structure. In this case we can treat each torus ’]Ef) independently
of the others so that the problem becomes two-dimensional and drastically simplifies. In
each torus the real metric and B-field can be parameterized in terms of two complex
moduli 7' =T, +1715 and U = U; + iU, as follows

T 1 =T
G=d 52 <U |51|2> and B=<d (7? 0 1) : (3.13)
2 1 1

This parameterization with 7" and U is very convenient to discuss the effects of simple
T-duality transformations. Indeed, a T-duality along the = 2! axis amounts just to the
exchange T« U, while a T-duality along y = x? corresponds to T < —1/U. On each

torus the magnetic fluxes are of the form

2rd'F, = o ( v fU) , (3.14)
_fa 0

where f, is real and quantized according to Eq. (3.11). We can use the complex vielbein

O/TQ 1 U _ . % U U
E=/ _ d &'= 3.15
2U, (1 U) o ' 215U, <—1 1 ) ( )

to put the metric in the form (2.10). In the resulting complex basis Z2 = £X it is
straightforward to compute the reflection matrices R, = ER,E~! by specializing their
definition (2.4) to the present case and using Eq. (3.15). The result is

T—f, T—f,
R, = —diag ( J ) = J > (3.16)
T— fU T — fO’
In this basis the monodromy matrix is diagonal R’ = diag (e*™%, e=*") with
o T —f. T—
el — / Jo (3.17)

_T_fﬂ' T_f() '

These formulas will be useful in later sections to make contact with some existing results

in the literature.
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4 Low-Energy Spectrum on D-branes with Fluxes

In this section we recall the main features of the open string low-energy spectrum for
systems of D9-branes with general magnetic fluxes. In a system with two or more stacks
of D9-branes, there are two classes of open strings: those that start and end on the
same set of D9-branes, and those which connect D9-branes with different magnetic fields.
The first type of open strings give rise to “untwisted” states transforming in the adjoint
representation of the gauge group living on the D9’s under consideration. In what follows
we will focus on the second type of open strings related to “twisted” states transforming
in the bi-fundamental representation. In the NS sector, the complete Hamiltonian for this

twisted open string is

1
HY = LY+ L+ L0 - with L§¥ = (ap p +Za*“a“+zrw”¢“) - (41)

= 2

By using Egs. (2.15) and (2.32) for L(()Z) and L(()\IJ) , we can express the mass-shell condition
for the NS sector as follows

1

3
3 0,) p)ns = 0 (4.2)

(L’““rN(Z)JrN ——+
Finally, in order to define the physical spectrum, we should specify the GSO projection.
In the NS sector, the GSO projection on open strings stretched between two D-branes
is defined to remove the vacuum and to select only those states with an odd number
of fermionic oscillators acting on it. The opposite choice would describe an open string
stretched between a D-brane and an anti-D-brane. It follows from the observation made
just after Eq. (2.31) that we can now interpolate continuously between these two situ-
ations. In fact, when one of the angles 6; is blgger than 1/2 the usual GSO projection
with respect to |©)ng selects the vacuum (i.e. \If1 _0,|O)ns) as well as all states with an
even number of fermionic oscillators acting on 1t5 . Thus we have two possibilities: we
can limit the range of the angles to [0,1/2] and specify in each case whether we take the
brane/brane or the brane/anti-brane GSO; otherwise we keep the interval 0 < 6; < 1,

but we stick always to the same GSO. Here we will use this second option. Then the first

5The case 6; = % is special and requires a separate treatment due to the appearance of zero modes.
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low-lying states in the spectrum are:

3
1 vector  1¥|k; ©)xs 20/ M? = Zej : (4.3a)
2 ]71
‘ 3
3 scalars \IJ;OZ_UC; O)ns 20/ M? = Z 6, + 30, , (4.3b)
JFi
3 scalars Wi,k O)ns 20/ M? = Z 6, —0; . (4.3¢)
J#

where |k; O)ns is the twisted vacuum with four dimensional momentum k*. With our
convention, it is clear that the vector (4.3a) and the three scalars (4.3b) never contribute
to the low-energy spectrum except when all #;’s are small. In fact they can survive the
field theory limit o/ — 0, only if all 6; goes to zero as o’ does. On the contrary, some of the
scalars may remain in the effective theory also for non-zero twists: for particular
values of the 0,’s they are massless, but in general they are massive. To appreciate better
this point, let us write the twists as follows®

6, =0 + 2d/¢; (4.4)

where 01(0) and ¢; are quantities which are kept fixed in the limit o/ — 0. In other words,
950) is the “field theory” value of the i-th twist, while ¢;, which has dimensions of a (mass)?,
is its sub-leading string correction. Inserting in the mass formula , we find

3 3
1
M} = (Z 6\ — 9§O)> +> e —e (4.5)

JFi JFi

Therefore, by suitably choosing the ng)’s we can cancel the term in brackets and obtain,
in the limit o/ — 0, a finite mass for some of the states (4.3c)”. Thus, the spectrum is in
general non-supersymmetric, but it is known that the presence of a non-trivial mass (4.5)

breaks supersymmetry spontaneously. In the field theory limit this breaking appears

SWe recall that a behavior like (4.4) is typical in the instanton sector of non-commutative gauge
theories realized with open strings in a non-trivial B background. In fact, some of the instanton moduli
correspond to twisted open strings for which the sub-leading corrections ¢; are related to the dimensionful
non-commutativity parameter [67]. Moreover, a scaling behavior like (4.4) has been considered also in

the field theory analysis of intersecting brane models [22].
"Using in the mass formulas (4.3a) and (4.3b), we may find a finite non-zero mass for the vector
and the scalars only if all 050)’5 are zero.
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simply as a Fayet-Iliopoulos term due to the presence of non-trivial v.e.v.’s of the auxiliary

field D in the U(1) gauge superfields [68, 69, 70]. This observation will be important for

our future calculations and we will give a direct stringy proof of this statement in Section|5.
In view of these considerations, from now on we will focus on the scalars (4.3c), which

we denote by ¢'. Recalling our discussion of Section|2 and adopting the notation presented

there, we can see that the vertex operator for the emission of ¢' with momentum k* is

(in the (—1)-superghost picture)

3

i —p(2) Jik-X(2

V() = ') ] (Sor, (2) 00, (2)) &7 #2) X2 (4.6)

Jj=1

where ¢ is the chiral boson of the superghost bosonization formulae, and oy, and SgF(_)
7@

are the bosonic and fermionic twist fields. The labels of the latter are

oF 0; for j#1 (47)
IO 0, —1 for j=i

which, according to Eq. (2.43), correspond to take

{sej(z) for j#1i

S,r =< _
0 ?) tgj(z) for j=1 .

4.
HO! (4.8)
One can easily check that the vertex has conformal dimension 1 if the mass-shell
condition (4.3c) is satisfied.

The complex conjugate scalars 52 are associated to twisted open strings with the
opposite orientation as compared to those considered so far, and thus their corresponding

vertex operators (again in the (—1)-superghost picture) are

Vo2 =o' (0) ] (S,GF (2) o—_gj(z)) e=P2) B X() (4.9)

J (%)
=1

Finally, we remark that the polarizations ¢ and 52 of the vertices and (4.9) contain
the appropriate Chan-Paton factors for the bi-fundamental representations of the gauge
group, and have dimensions of (length)™! in units of 2«

Let us now consider the twisted R sector. For generic values of the twists 6;’s, only
the four fermionic coordinates 1* along the uncompact directions have zero modes, and
thus the vacuum will carry a spinor representation of the four-dimensional Lorentz group
SO(1,3). Furthermore, in the R sector the GSO projection selects a definite chirality (say
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positive) for such a spinor, which therefore can be denoted by |«, k; ©)g, with « being a
chiral spinor index. The complete Hamiltonian H{t of the R sector is given by the obvious
generalization of in which the ¥*’s have integer moding and the twisted fermions
are as in (2.29) with v = 0. As a consequence, there is a cancellation between the bosonic
and fermionic c-number terms due to normal ordering, so that ¢® = 0, and the mass-shell
condition for any state |¢)g is

Ly [¢)r =0 . (4.10)

Applying this formula to the vacuum |a, k; ©)g, we can deduce that &% = 0 for any non-
zero value of the twists #;. The vertex operator associated to such a massless spinor,

which we will denote by A, is (in the (—1/2)-superghost picture)

Va(2) = Xa(k) 5%(2) T (50,3 (2) 9, (2) ) €250 4402 (411)

j=1

where S¢ is the chiral spin-field of SO(1,3) and the polarization A, has dimensions of
(length)~%/2 in units of 2a/. One can easily check that this vertex operator has conformal
dimension 1 if k% = 0.

When one of the twist parameters is zero, one of the internal complex fermions W*
ceases to be twisted and two extra fermionic real zero-modes appear. In this case the vac-
uum becomes doubly degenerate and one finds two massless fermions in four dimensions.
When all twists are vanishing, all internal fermions have zero-modes and, upon compact-
ification, one finds four massless fermions in the resulting four-dimensional theory.

In summary, the low-energy spectrum of open strings stretched between two stacks of
D9 branes consists of one chiral massless fermion and a number of scalars that are gener-
ically massive (or tachyonic). For specific values of the fluxes and hence of the twists, one
or more scalars may become massless and supersymmetric configurations may be realized.
This situation can be conveniently represented in terms of a tetrahedron in the twist pa-
rameters space [3], as shown in Fig. (Il This represents supersymmetric configurations and
separate an inner region, where the scalars are all massive, from an outer region, where
the scalars become tachyonic. Faces, edges and vertices of the tetrahedron correspond to
N =1, N =2 and N = 4 configurations, respectively. Notice that in our conventions,
where the twists ;’s are taken in the range [0, 1), the vertices A, B and C, and the face
(ABC) are in fact not part of the moduli space. Of course one could change conventions
and choose a different parameterization without changing the physical conclusions. We

will briefly return on this point in Section [5!
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Figure 1: The tetrahedron in #-space.

5 Moduli Dependence of the Kahler Metric

In this section we compute the dependence on the closed string moduli of the Kahler
metric for the chiral matter in the effective action of magnetized D9-branes. Exploiting
T-duality, this system can be used also for brane-worlds involving branes at angles with
arbitrary open string fluxes. Our analysis generalizes previous results in the literature
since we obtain an expression for the Kahler metric that is valid not only for commuting
and supersymmetric fluxes on factorized torii, but also for arbitrary non-commuting and
non-supersymmetric configurations on generic torii.

Let us then consider the chiral fields (4.3c) arising from 6-twisted open strings con-
necting two (stacks of) D9-branes with generic non-commuting open string fluxes. The
moduli dependence of the Kahler metric can be extracted from a 3-point function on a
disk involving two open twisted matter fields ¢* and ¢, and one closed string parameter

m, namely

Ao = 53 Vi W Vi) (5.1

The normalization in this amplitude can be obtained by using the results of Appendix A

of Ref. [71]®, but, as we shall see, it can also be fixed independently by using the value of
the tree-level mass given in (4.3c).

In order to extract the Kahler metric from A5, a few steps must be performed.

First of all, to write the results in terms of (properly normalized) field theory quantities,

the open string vertices should be transformed from the canonically normalized string

8In particular it sufficient to use Eq. (A.16) of that paper with the caveat that the normalization of
the twisted scalar is one-half of the normalization of the gluon vertex operator.
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theory basis to the field theory basis according to
Vi — (Ka)* Ve, Vi — (Ka) ' Vs (5.2)

where Kj; is the Kéhler metric for the i-th matter multiplet. Second, a factor of i must
be introduced to transform the string scattering amplitude into the corresponding term

in the effective action. The string/field theory dictionary then reads

, 4 0

where £ is the quadratic part of Lagrangian of the twisted scalars with the field theory

normalization. In our conventions, with a mostly plus metric, this Lagrangian reads

£0) = — K (96 06+ M25' ') (5.4)
Thus, from and going to momentum space, one finds
. 1 0 P i
A =1 (i) 5= | (k- = M2) K] 8 (k) ¢/ (k) .
5.5
. 6M7,2 ah’lKn —1 i
=i| = S+ (k= M) | G (k) (k)

where in the second line we have explicitly taken into account the dependence of the mass
M? on the open string twists and hence on the closed string moduli.

The correlator is a mixed open/closed string amplitude which can be computed
after writing the closed string vertex operator W,, in terms of the propagating (twisted)
open string. This is done by using the boundary conditions on the disk discussed in

Section [2, which imply in particular
Vi) =VY"() . VR'(E) = (Ro)'N VT (2) (5.6)
along the compact directions?, and
Vi(z)=V*z) . VR(2) =V"(3) (5.7)
along the uncompact ones. Thus, the amplitude , including the cocycle introduced
in Eq. (3.8), can be written as

efiTrOz,kLkR a v N
7 |9,(G = B) R (Vi VMVN V) (5.8)
MN

9Notice that since the vertex operators VM are written in terms of twisted conformal fields, the

Amgigr = 8o

reflection rules (5.6) automatically take into account the presence of different boundary conditions on the
disk.
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In the orthonormal basis (2.9), one finds

Anss = | (G = B)-Ra| (€€ A 5.9

a
om MN

where the indices a,b = (i,i) = 1,...6 span the orthonormal frame, in which the mon-
odromy matrix R is diagonal and the metric G is of the form (2.10), and (€)™ is the

inverse of the vielbein £%, introduced in Eq. (2.9). The matrix A(; is explicitly given by

0 Ay 63k
«4m5< i(0) > (5.10)

_ 5jk
where
efiﬂ'a’k:L-kR 7
Ajoy = —g—m— Va VIVIVe) (5.11)

and Aj;) is given by the same expression (5.11) with V7 and V7 exchanged.

The string correlator A;(;) has to be computed in the orthonormal basis, where one can
use the CFT results summarized in Section[2. It is important to notice that although A;
depends only on the open string twists 6;’s, the full amplitude A, 54 contains additional
dependencies on the various closed string moduli through the reflection matrix Ry and
the inverse vielbein £7!. In summary, the computation of the string amplitude Angigi
elegantly separates into two pieces: the correlator A;;) and a prefactor that carries the
information on the specific closed string modulus inserted and the boundary conditions.

Let us start computing the first piece.

5.1 The string correlator

Here we derive the four point function A;(;) defined in (5.11). For the chiral matter fields
¢ and ¢ we take the vertex operators and for which the mass-shell condition

is

/ / 1 /
ok =o'k =5 — 1> [(05)° +6;(1—6;)] = 5 > el 0= —a/M; (5.12)

i J
where

1 i=j
F )
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For the closed string modulus, we use the vertices (3.7) with the identifications (5.6).
Thus, the amplitude (5.11) can be written as

Ei(kl)W(ké) / dvydos d®z o -1 )2
A, N =— ira'ky,-kgr W o .
i) dmad Vora (@1 =227 (== 2) (5.14)
X [Af;os(xl, 2,2, T]00;) — 20’k - kg Aferm(ml, Z,Z, x2|89jp(i))
where A%OS and Agerm are the correlators given in Eqs. (2.21) and (2.44)) respectively, and

W is defined by

4%

3
<e1k1-X(a:1) elkr-X(2) Gikr-X(2) ele'X(m2)> H |:<0'79j (;L'l)o'gj (33‘2)> <S,9f<i)<l’1)sof<i

| (@2)]

= (Z’l — l’2>71 wa/(t+M’2) (1 — W)als (515>

)

in terms of the anharmonic ratio

po Wz AEZm) (5.16)

(21— 2)(z — 22)

and the Mandelstam variables

S = (kl + k2)2 = (kL + kR)2 s
u = (lfl + k’L>2 = (k‘g + ]{?R)2 s (517)
t= (ki +kp)? = (k2 +kr)*

with
k2 =k% =0, kl=Fki=-M?, s+t+u=—-2M? . (5.18)

7

In the following we keep the open strings on-shell, but we take the closed string off-shell.
If also the closed string were on-shell, we would have u = ¢t and s = 0. In our off-shell
extension, instead, we retain the relation v = ¢ but keep s non-vanishing, i.e. we take
s = —2(t + M?).

Finally, in (5.14) the open string punctures x; and x5 are integrated on the real axis,
while the closed string variable z is integrated on the upper-half complex plane, modulo
the SI(2,R) projective invariance which is fixed by the Conformal Killing Group volume
dVeka. Using this fact, one can show that

dzy dxy d*z

o (r1 —29) 2 (2 —2) 2= (1 —w) dw (5.19)
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and thus the amplitude A;(;) in (5.14) becomes

Ajiy = oot e_mals/Q/ dw w2 (1 = W) 721 = f;(1 — w) — s w0
Ao/ c

(5.20)
Notice that the original integral over z takes into account all possible orderings of the
closed string insertion along the open string boundary. In the w-variable this translates
into a closed integral C along the unit circle |w| = 1 clockwise oriented!®. The integrand
in (5.20) has a branch cut along the positive real axis and thus the contour C must be
deformed in order to circumvent the cut singularity. So we have to perform the integration
just below the cut for w € [0, 1] and then subtract the contribution from above the cut for
w € e 2m[0,1]. Using the definition of the Euler B-function, the amplitude takes
the form

Ajy = — Mei’wi sin |:7T((9j - 0/3/2)} {B(l —0; —a's/2,a's — 1)

e 2ma/
—0; B(1—0; —a's/2,a's) —a's B(1 = 0] ;) —a's/2,a's — 1)}

Ia's+1)I'(1—6; —a's/2)
I'(1—-46,+a's/2)

— _% €5y €™ sin [W(Gj + 0/5/2)]

(5.21)

where ef(i) are the signs introduced in (5.13).
In order to extract information about the low energy effective action, a few further
steps must be performed. First we have to expand our result (5.21) in powers of o’s, then
take the limit o/ — 0 keeping the mass M; fixed: in this way the first two terms in such

expansion yield the mass and the kinetic terms for the scalar fields, if we use the relation
s = 2k; - ky — 2M?. Then, we get

P9 (k)g' (k o, 1y :
Ay = —% ef(z-) ™ sin(76;)(1 — Jus pi)+ O (a's?) (5.22)
with

Here vp is the Euler-Mascheroni constant and ¢ (z) = dInl'(z)/dz. In writing p; as in
(5.23), we have used the identity (1 —0;) = 1(6;) 4+ cos(n6;)/ sin(nd;). Notice that the

10Ty see that the unit circle C is clockwise oriented we can consider the definition of w in Eq. (5.16)

and take the limits 1 — oo and x9 — 0, so that w — Z/z. Since z € H,, we easily see that w — e~ 2y

with 0 < ¢ < 7, and thus C is covered clockwise.
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result (5.22)) holds independently from supersymmetry, ¢.e. it is valid both for M; = 0
and M; # 0, and is ezact in /.
Proceeding as above, one can show that the amplitude Aj;) is given by the same

expression with €™ replaced by e

5.2 Identifying the Kahler metric

In this section we finally extract the Kahler metric Ky from the string amplitude A, 5 4.
In order to achieve this goal, we show that the string amplitude can be written in the
form (5.5) from which the expression of the Kahler metric can be read off. Let us define

for convenience

S (k)d' (k) ¢ (1

hity = —— =€ (1= 50"sp)) (5.24)
and introduce the matrix
By & 0 _
Hipy = | @7k ; with  hagy = him - 5.25
(i) ( 0 —hi &, i) = PG (5.25)

Then, after simple manipulations one sees that Eq. can be rewritten as
1
.A(i) = 5 g_l (R_l — 1) H(i) . (5.26)

Plugging this back into Eq. (5.9)), one finally finds

Amd’,i(bi =1tr |:tg_1 i(G - B) Ro 8_1 tA(i)}

om
1 tol 0 1 -1
=gt | € o —(G = B) (R, — Ry) E'Hu G (5.27)
3
1 1 0(G — B)
5; <5G - om (R = Ro) £ )jj _h.C.] e

At this point the crucial observation is that the term multiplying hj ;) in the above ex-
pression can be written as a total derivative with respect to m. This fact follows from the
non-trivial identity (3.12]), whose proof is presented in Appendix[A. Using this identity
in (5.27)), we find

Apgig = 27 Zh am . (5.28)
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Then, inserting the relation s = 2k; - ks — 2M? in the explicit expression of hj@y given in

(5.24), we get
1 1 i i
2mhj) = Ef(i) {2—0/ ) (kl kg — Mf) P]} ¢ (ki)' (k»)
5.29
I'a-46)) S

I'(0;)

Ef(l) Lk M2 d 1 2vg0;
EUANYA — 4y — - J
2o k2 Z)dejn<e

>6f‘”/2] 3 (k)6 (k)

where in the last step we have used the definition (5.23) for p;. From the analysis of the

spectrum we know the value of the tree-level mass M? = —55 ; ef(i) ¢, which allows

to interpret the first term in the equation above as —9M7?/06;. Notice that this is a

way to fix unambiguously the overall normalization of the string amplitude and thus also
the power of the Kéahler metric below. At this point we can use Eq. to write the
amplitude A, 54 in the form of Eq. (5.5) and read the explicit form of K

o e T (m - ej))fﬂn/z
Ki(0) = e ]Hl SO . (5.30)
Formula (5.30) is the main result of this paper and, as we discuss below, it generalizes
previous results in the literature. It displays the full moduli dependence of the Kahler
metric of the chiral matter coming from the #-twisted open strings and holds for an
arbitrary brane setup in presence of generic non-commuting fluxes. Notice that the result
(5.30) holds independently on whether supersymmetry is preserved or broken, i.e. it is
valid even when M; # 0. Remarkably, the Kéhler metric is always determined by a simple
function of the twists 6;. It is worth stressing that in this derivation it is useful to keep
M; # 0 in order to fix the overall normalization of the string amplitude, including the
sign, and hence to determine in the end the exact power in (5.30).

Notice that Eq. (5.30) is exact in o'. The field-theory result is obtained by taking the
limit o/ — 0 with M? fixed. In this limit the exponential vanishes and the Kahler metric

entering the field-theory Lagrangian finally reads

(5.31)

where QJ(.O) = limy 0 0; as in (4.4), and the signs ef(i) for the scalar ¢’ have been made
explicit.
Some comments are in order at this point. First we notice that if we start from a

non-supersymmetric set of #;’s, the only way to decouple one of the twisted scalars from
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the string scale is to suppose that the 6;0) 's satisfy a supersymmetric constraint, as is
clear from the mass formula (4.5). This means that one is considering a particular point
in Fig. [1/which is at a “stringy” distance from a given supersymmetric configuration, in
such a way that one scalar can survive in the field theory limit o/ — 0 with a finite mass.
As we will discuss in the next section this breaking can be interpreted at the field theory
level as coming from a non-vanishing v.e.v. of a Fayet-Iliopoulos term.

Notice that in our derivation we have chosen a set of conventions for which the N = 4
supersymmetric point included in our f-space is the vertex O of the tetrahedron in Fig. 1.
However, our results hold for any other choice. For instance, we could repeat the above
analysis with different conventions and consider a field theory where the starting point
is another N’ = 4 vertex of the tetrahedron in Fig.[1l In this case, the scalar becoming
massless on the outer wall (ABC) would now enter the low energy effective spectrum and
its Kahler metric would be

r(1— 09\ "
K“)):H(%> . (5.32)

This is the scalar that is usually considered in the literature. However, we point out
that the exponent in Eq. (5.32) has a different sign as compared to previous findings,
but it agrees with the result of Ref. [54]. In the Heterotic computations [49] the Kéahler
metric for the scalar fields is derived from a four point amplitude on the sphere. One may
wonder why in models with open strings it is possible to derive this result from a three
point function and, conversely, what role a four point function would have in this context.
However, at the CF'T level, the insertion of a closed string on a disk is equivalent to the
insertion of two open vertices. Thus the Koba-Nielsen integrals are those also considered
in Ref. [49]. Of course, the space-time interpretation and kinematics are those of a three
point function. Thus, to get a meaningful result, it is important to give a prescription to
continue the string amplitude off-shell, as we do, at least in the field theory limit. It would
be very interesting to check this off-shell prescription by computing disk diagrams with the
insertion of two moduli vertices and see whether the results are consistent with Eq. (5.30).
This is a challenging computation and some preliminary results were presented in [21] for
the factorized and commuting case. The authors of [21] suggested that the differential
equations derived from the three point function should actually be modified to agree with
the results coming from higher point amplitudes. Here we seem to have no room for
modifications of this type. We present a check of this in Appendix there we focus

on the untwisted scalars where it is possible to compare the result with the Born-Infeld
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action and we find complete agreement. So we believe that our off-shell prescription is
able to capture the full NS-NS moduli dependence of the metric for all scalar fields.

5.3 Commuting cases

To make contact with previous results in the literature, here we illustrate our results in the
simplest situation where the flux and the reflection matrices R, commute. Representatives
of this commuting case are the branes with “diagonal fluxes 7 discussed in Section [3.1.
Using the results derived there (but dropping for simplicity the index i labeling the three
torii 7;?), one can explicitly verify that derivatives of the twist parameter satisfy Eq. (3.12).
Indeed, from (3.17) it follows that

90 f= = fo

AT T T fT — fo)

(5.33)

Using Egs. (3.13) — (3.15) it is not difficult to check that the general relation (3.12)
correctly reproduces Eq. (5.33) (see Appendix[A.1 for further details).

As is well-known, a T-duality along the y direction of the torus 72 corresponds to the
exchange T' <+ —1/U, and the magnetized branes of the type IIB theory become branes
of type IIA intersecting at angles. A careful analysis of the boundary conditions (2.5)
reveals that under this T-duality the reflection matrices (3.16) transform into

0 o 1+U fo
Ro=\ 1o, U] (5.34)
140 fs 0
Clearly R, and R, commute with each other. These T-dual reflection matrices depend on
the complex structure U and the quantized magnetic fluxes f,, but are independent of the

Kahler modulus T, in contrast to the original matrices R, of Eq. (3.16). The monodromy
matrix R’ = (R'x) _17% of the T-dual theory is of the form R’ = diag (e’ e~>™%") with

2T _ 1 +gf7r 1+ U fo
1+Uf 1+Ufo
which is the direct T-dual transform of Eq. (3.17). In this case the twist 6’ represents the
intersecting angle between the two D-branes to which the open string is attached. If we
take one of the branes to lie on the z axis, i.e. if we set fo = 0, then Eq. (5.35) can be

simply rewritten as

(5.35)

Usp

tan(mw@) =
(x8) q+Up

(5.36)
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where the quantization condition f, = p/q has been used. This is the usual relation of the
angle between two D-branes with the complex structure moduli of the two-dimensional
torus 75 in which they intersect, a relation that can be easily understood and derived also
in geometrical terms. From Eq. it follows that

o0’ 2p

oL P
U T (qrUp)

(5.37)

which again agrees with the general result (3.12). Notice that indeed Eqs. (5.33) and

5.37) are related by the T-duality map T < —%. More generally, under a T-duality

transformation X = TM y XN it can be shown that the flux matrices transform as [72]
(B (m")]" v = [Ro(m(m)]" p Ty (5.38)

where m and m/ the T-dual moduli and the d x d matrix T™ y satisfies Ty;n = T and
T? = 1. The dependence on this matrix 7" cancels out in the monodromy matrix R and
therefore open string twists in T-dual theories are simply related by replacing m < m/.
The case of the T-duality in the y direction of the two torus 7?2 discussed above is just

an explicit example of this more general statement.

5.4 Supersymmetry breaking by D- and F-terms

In presence of generic fluxes (or angles) supersymmetry may be broken by D- and F-
terms. Here we would like to analyze explicitly from a string theory point of view these
mechanisms starting from the one produced by D-terms.

Let us then compute the v.e.v. of the auxiliary fields D of the gauge vector multiplet
for our system of magnetized branes with generic fluxes. Since the chiral matter arises
from open strings stretched between two (stacks of) D9-branes, we should consider both
the D field of the gauge multiplet for the branes at ¢ = 0 and the D field on the branes
at 0 = 7, and then focus on their respective U(1) parts which are the only ones that can

get a v.e.v. In particular we should compute from string diagrams the difference
(D) — (D)o (5.39)

and show that, as expected, it corresponds to a mass for the twisted chiral matter. Just
like we did for the Kéhler metric, we will actually compute the derivative of the above
quantity with respect to a closed string modulus m, rather than the v.e.v.’s themselves.

More precisely we consider a disk amplitude between a vertex operator Vp for the auxiliary
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field D and a closed string vertex operator W,, for the modulus m, and read from it the

v.e.v. of the D fields according to

A = (W Vo)x — (Wi Vi)o = | a% (¢D)x = (D)) (5.40)

where the subscripts 0 and 7 on the string correlators indicate that the appropriate
boundary conditions for the branes at ¢ = 0 and ¢ = 7 should be enforced. Auxiliary
fields are realized in string theory in terms of non-BRST invariant operators in the 0-
superghost picture (see, for example, Ref. [73] for details and Ref. [74] for some recent

applications in mixed open/closed string amplitudes) given by

1
Vp(z) = 5 Somn M ()TN (2) (5.41)
where &(;) is the imaginary part of the Kéhler form of the internal torus. The label (7)
specifies along which N/ = 1 supersymmetry, out of the starting N' = 4, the auxiliary field
under consideration is aligned!!. In the complex basis (2.9) we have

F .
tet S0) £l = 0 i) 5jk (5.42)

where are the signs introduced in Eq. (5.13). In writing &) in this form we use the fact
that in the orthonormal basis the metric of the torus is of the form (2.10) and rearrange
rows and columns in order to ensure that the twists #;’s are all positive.

Since the vertex Vp is in the 0-superghost picture, we need to take the closed string
vertex W, in the (=1, —1) picture, where it is given by Eq. (3.9) with

1 1 i}
VM(z) = — e etE UM (z)  and VH(z) = 7 e PR yM(z) (5.43)

V2

As already mentioned, the amplitude A,,p receives contributions from insertions in the
disks at 0 = 0 and o = 7 with boundary conditions parameterized by the reflection matrix
R,, so that the identifications of the left and right moving parts of the closed string with

the propagating (untwisted) open string are

VM) =VM™(z) and VH(2) = (R,)"VV(Z) . (5.44)

HHere we use the same notation already adopted to distinguish the three faces of the tetrahedron of

Fig.[1] which correspond to three different A" = 1 supersymmetries. The fourth supersymmetry associated
to the outer face of the tetrahedron is out of the present discussion, but, as we have already seen, it could

be incorporated without any problem by simply changing our conventions.
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Collecting all pieces one finds

1 0
Anp = 151 0pa | (G = B) (e~ T

MN
dx d?z z
—p(2) \gM (@) yN(z) - gPpe . 5.45
: / dVeka <e (2) e ) (az)> (5:45)
1 1 1 0 _ _
= g [G §i) G5 —(G = B) (Ry Ro)]

Notice that the full dependence on world-sheet positions cancels in the integrand in agree-
ment with the SI(2, R) invariance. That only the U(1) part of Vp contributes to A,,p is
clear since this amplitude is proportional to the trace of the Chan-Paton factor carried
by the D-vertex. Finally, using to rewrite the polarization §(;) in the orthonormal
basis and exploiting the non-trivial identity (3.12), one finds

1 : -1 8(G—B) -1 F
Anp=—2— > (SG ————— (R:—Ro) € )jj —h.c.| e,

. om
J=1
3

i & o0 oM
=30 250 g = i am

j=

(5.46)

sy

Comparing with Eq. (5.40), we see that indeed M? = (D), — (D), thus proving that
the twisted scalars ¢ become massive when the D fields acquire a v.e.v. This calculation
shows also in a very explicit way that the subleading terms ¢; in the open string twists,
defined in (4.4), which responsible for the scalar mass, have the interpretation of Fayet-
[liopoulos parameters in the effective low-energy theory.

In a similar way one can compute also the F'-terms, i.e. the v.e.v. of the auxiliary fields
F' and F' of the adjoint chiral multiplets of the untwisted sector. Their corresponding

vertex operators are of the form

Vii(2) = %q‘m UMWV (2) 0 and  Vi(2) = %gfm UMWV (2) 0 (5.47)

where the polarizations ¢* and CE, in the complex orthonormal basis, are
. 0 0 : 09 €500 0
te=lgig=l o and  fETICIET ~ ikt . (5.48)
0 Y €57 0 0

Notice that unlike the polarization (5.42) of the D vertex operator, these polarizations
have non vanishing entries in the diagonal blocks when they are expressed in the orthonor-

mal frame.

34



The v.e.v. of F'" and F’ can be obtained from the string amplitudes A,z and A, 5
which have the same form as (5.45) but with ;) replaced by ¢’ and ¢t. Due to the
structure of these polarizations, we immediately see that in the interesting case where
fluxes are of type (1,1) and 9,,(G — B) is block off-diagonal, there is no F-term since the
trace in (5.45) vanishes. In this way we see that fluxes of type (1,1) do not give rise to
any F-term and hence do not break supersymmetry. On the contrary, fluxes of the type
(2,0), which correspond to a 0,,(G — B) with non-vanishing entries also in the diagonal
blocks, do produce an non-vanishing F-term amplitude and hence induce a non-vanishing
v.e.v. for these auxiliary fields. From the structure of the vertex operators (5.47) it is
easy to realize that in the field theory limit F% and F¥ do not couple to the chiral fields
of the twisted sector, and thus the presence of a non-vanishing F-term does not break
supersymmetry there. However, supersymmetry will be broken by these F-terms in other

sectors, for example in the bulk.

6 Relation with the Yukawa Couplings

The Yukawa couplings among the fields arising from intersecting or magnetized brane
worlds admit a nice stringy description [18], which represents actually one of the strong
points of such constructions. We focus on the couplings between chiral fermions and
scalars all arising from twisted strings. In this stringy description, the couplings appearing

in the Yukawa terms of the effective action have the form
Yiik = Argk Wik (6.1)

where I, J, K are generic indices denoting the various scalars and fermions, which we will
specify better in the cases we are actually concerned with. Here W i we denote classical
contributions, which in the case of intersecting branes [18] 19, 20, 21] are given by world-
sheet instantons bordered by the intersecting branes'?. In this context, since the replica
families of fields arise from multiple intersections of the branes, the different areas of the
minimal world-sheet connecting different intersections provide naturally an exponential
hierarchy of couplings, see Fig. 2a).

The (string) quantum contributions A;;x to the couplings are instead provided by the

correlator of the twisted emission vertices of a scalar Vi (from the NS sector of a twisted

12The world-sheet instanton contributions have obviously a counterpart in the magnetized brane mod-
els, which is discussed for instance in [22].
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Figure 2: a) Classical contributions Wy x to the Yukawa couplings in intersecting D-brane

models. b) Quantum contributions A; i are given by string correlators

string) and of two fermions Vys and Vi, from the R sector of two other twisted strings,
see Fig. 2b)

dridxodrs

dVoka <V¢I (21)Vys (29)Var (23)) . (6.2)

.A[JK = <V¢IV)\JV>\K> XX /

A three-point CF'T correlator is determined from conformal invariance up to a constant;
since the vertices have conformal dimension 1, this structure constant coincides directly

with the string amplitude

-AIJK

3
Ha,b:l (.Z'a - xb)

The world-sheet dependence from the x,, indeed, just cancels in the amplitude Eq.

(Vi (21) Vs (2) Vo (3)) = (6.3)

against the Jacobian to gauge-fix SL(2,R) invariance.

We consider N' = 1 configurations, in which supersymmetry may be broken, as we
have just seen, by the presence of D-terms. In A/ = 1 theories, the Yukawa couplings are
encoded in the superpotential. In truth, our effective action is an N/ = 1 supergravity, and
beside the twisted matter multiplets ® we have matter multiplets originating from the
closed string sector, including the moduli scalars m. As we did for the Kahler potential,
though, we presently consider the moduli m as fixed and expand the superpotential in

the open string multiplets ®!. The cubic level of this expansion
W =Wk (m) d'e7ok (6.4)
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displays the holomorphic couplings W;;x when the moduli are written in the appropriate
complex basis. These couplings govern the Yukawa terms involving one scalar and two
fermions from these multiplets. They, however, do not directly represent the physical
Yukawa couplings Y7 5 because in the A" = 1 Lagrangian the chiral multiplet fields have
non-canonical kinetic terms involving the Kéhler metric K;;(m). To read off the physical

couplings'® we have to rescale the fields: ®/ — (K;;)™Y/2®!  see the discussion before

(5.2), getting
~1/2

Yijk = [KHKJJKKK Wik - (6.5)

For N = 1 effective theories realized in Heterotic string compactifications, a powerful
non-renormalization theorem asserts that the superpotential W gets no perturbative
o/ corrections. It is likely that the same non-renormalization property holds also in the
brane-world context. If this is the case, we should identify the holomorphic couplings

Wik with the classical world-sheet instanton contributions
Wik =Wk (6.6)

since these contributions depend non-perturbatively on a/: Wi i ~ 5. On the other
hand, the string amplitude A;;x with three twisted vertices can be certainly expanded
perturbatively in o/ and so can not contribute to the form of the superpotential. It then
follows from Eqgs. (6.1) and (6.5) that A,k should factorize in term of the Kéhler metrics

for the involved fields, namely
—1/2
Arjg = KHKJJKKK] . (6.7)

This remarkable statement should be checked against the direct computation of the string
correlator A7 k. Let us analyze this problem and, to begin with, let us recall which chiral
multiplets we consider and set up a convenient notation.

As we discussed in Section 4] an open string stretching between two different D-branes
is characterized by the eigenvalues 6; (i = 1,2,3) of its monodromy R(#). It contains in
its NS spectrum three different scalars ¢* which can be retained in the effective theory
also for non-trivial values of the twists. These are the states of Eq. (4.3c); their mass
is given in Eqs. (4.3c¢i4.5), and the corresponding emission vertices in Eq. (4.6). For
> i 6; — 6; = 0, the scalar ¢’ is massless and sits in a chiral A/ = 1 multiplet with the

13We assume here that the Kéhler metric is diagonal in the space of the ®, which is indeed the case

for the twisted matter we consider.
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massless chiral fermion A from the R sector. The latter is present for any value of the 0’s,
and its emission vertex was written in Eq. (4.11).

In a given model of magnetized or intersecting D-branes, there are various types of
branes, and many open strings sectors associated to various pairs of different D-branes.
These sectors are distinguished by the corresponding monodromy R(f) and its eigenvalues,
the twists 6;. We can thus label'* the chiral multiplets as ®}. The corresponding Kéahler
metric is evidently diagonal in the space of different open string sectors, and also with
respect to the type i of scalars under consideration. We choose for it the notation K;;(0).
The string amplitude computing the quantum part of the Yukawa couplings among three

such chiral multiplets ®}, ®J and ®F is
Aijk(g, v, w) = <V¢>é V)\VVAW> (68)

and it is encoded in the conformal correlator of the vertices as indicated in Eq. (6.3). We
restrict ourselves to the coupling between multiplet of the same type ¢ = j = k, say for
instance ¢ = 1. We can then simplify further the notation, writing K () for the Ké&hler
metric K7;(0) and A(60, v,w) for the quantum Yukawa amplitude A, (0, v, w).

6.1 The factorized case

Let us consider first the situation in which the torus is factorized and the fluxes (or the
angles) for all the branes involved in the amplitude respect the factorization so that the
reflection matrices, and hence the monodromy matrices R for the various open strings
commute. In this case there is a single complex basis of bosonic and fermionic world-
sheet fields, Z% and ¥?, in which all the monodromies act diagonally as specified by their
eigenvalues 6;, v; and w;. We can then directly substitute into the amplitude A(6, v, w)
the expressions of the vertices given in Section 4.

Both the NS vertex Vy1 given in Eq. (4.6) and the R vertices V), and V), (given by
Eq. with, obviously, the 6’s replaced by v’s or w’s) contain'® product of bosonic
twist fields oy, and of fermionic ones.

From the fermionic twist fields we get the correlators
(So,-1(21)S,, 1 (22)8,, 1 (w3)) X (Sp,(21)S,, 1 (22)S,, 1(x3))
X (Spy (21)8,, 1 (2)S,, 1 (x3))

1
2

(6.9)

Y That is, the index I is a shortcut for (6,4), in this case: the twist singles out which open string sector

and the index ¢ = 1,2, 3 which scalar component Eq. we refer to.
5They also contain superghost terms and e*'X terms, but it is easy to see that their correlators do

not modify the fusion coefficients, a part from imposing the obvious momentum conservation.
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Using, for instance, the bosonized formalism introduced in Eq. (2.43) it is immediate to

see that the non-vanishing of these correlators requires

91+V1+w1:2 s
92+1/2+w2 =1 s (610)
93+1/3—|—w3:1 .

Subtracting the first of these equations from the sum of the others yields a relation
between the masses of the scalar components ¢y, , of the three multiplets involved in the
interaction: using Eq. (4.3c) we find indeed

M?(0) + M?*(v) + M*(w) =0 . (6.11)

This relation is obviously satisfied in supersymmetric configurations of all the three open
strings, i.e. when 0y + 03 — 1 = 0 and similarly for the v's and the w’s so that all
scalar masses vanishes. If we allow for non-zero masses as explained in (4.4#4.5)), then this
relation implies that at least one of the three multiplets has a scalar component which is
tachyonic. In fact, this might be a desirable feature: following the idea of the Higgs as a
tachyon [17], the Yukawa couplings correctly represent the 3-point functions among the
Higgs field and the SM fermions.

The correlator of our vertices involves also, and this is in fact the most crucial and

non-trivial ingredient, the following correlator of the bosonic twist fields

<091 (xl)o-m(x?)o-m (ZL’3)> X <O’92(l‘1)0'y2(132)0'w2($3)> X <0'93(I1)O'V3(1]2)0'w3($3)> : (6'12)

As for the fermionic twist fields, we get the product of three independent correlators,
pertaining to the CFT’s of the three bosons Z?, because of the factorized situation we are
considering.

For the CFT of a complex boson, the correlator of three twist fields can be obtained
from factorization of the 4-twist correlator and it turns out [63, 75, 76, 77, 78] to be given
by

(r(pe) r(1-v) I(1-w)

(00(@1)0 (22) 0 () = [ [ (w — ) 20to) o A TO T ) 7,
s (F(Fﬁ)e) F(F1(z)y) F(r1(fl)) , 0+v+w=2

(6.13)

where h; = h,,, is the conformal dimension of the twist field given in Eq. (2.16), and

h = )", h;. Inserting this result in the product of bosonic twist correlators (6.12), upon

1
)4, O+rv+w=1
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taking into account the relations (6.10) among the twist angles, we finally can write the

fusion coefficient of the three vertices V¢>é7 Vi, and V),

_(_T(6) I(1—6) T(n) r(1— 1) (- w, i
A0, v,w) = (F(l —6y) 11;1 ') 1-T(n) g I'(;) 1 —w1) H T () >

i#1

(6.14)
where in the last line we used the explicit expression of the Kahler metrics for the chiral
multiplets, given in Eq. (5.30) (see also Eq. (5.31) in the field theory limit). Notice that
the exponential terms in K () K (v) K (w) reduce to 1 using the relation Eq. (6.11) between
the masses. Thus, the explicit computation of the quantum part of the stringy Yukawa
couplings in the case of factorized twisted chiral multiplets agrees with the expectation
Eq. inferred from the non-renormalization property of the superpotential. Of course,
the same property can be derived also by working with the symmetric scalar, following
the reasoning for the Kéhler metric before Eq. (5.32), finding agreement.

6.2 The oblique case and non-abelian twists fields

Let us now suppose that the monodromy matrices pertaining to the three open strings
we are considering do not commute with each other. This is what happens for generic
quantized fluxes on each stack of branes (i.e., for “oblique fluxes”) on a generic torus.
Indeed the set of reflection matrices for strings with their endpoints o = 0, 7 attached to D-
branes with fluxes F,, given by Eq. (2.4), have no reason to commute between themselves,
except in the factorized case considered above. Hence, the various monodromy matrices
R = R 'Ry do not commute either. Each monodromy can still be diagonalized as in
Eq. (2.9), and its eigenvalues depend on a set of angles ;. However, the monodromies
R(0), R(v) and R(w) of the three open strings involved in the Yukawa amplitude cannot
be simultaneously diagonalized!®.

The bosonic and fermionic twist fields occurring in a vertex must be such that their

OPE with the bosonic (resp. fermionic) fields impose the condition
XM (emiz) — [R(O)]Y, X (2) (6.15)

for the six bosonic coordinates X* along the torus (resp., the analogous relation for the
UM fields) as indicated in Eq. . These fields can therefore be defined only within the
6They are not completely independent, though, since R(#)R(v)R(w) = 1, see Figure[3.
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Figure 3: The reflection matrices Ry and R, and the monodromy matrices R = R, ' Ry for the
three twisted open strings. The matrices pertaining to the different strings are labeled by the

angles 6, v, w which determine the eigenvalues of the monodromy according to Eq. (2.9).

CFT describing the six bosonic (resp. fermionic) directions along 7g, and not within its
factorization in the CFT’s of three complex bosons (resp. fermions). We use the notation
0r() for such bosonic twist fields and S r(9) for the fermionic ones.

According to Egs. (6.8) and (6.3), the quantum Yukawa amplitude!” A(f, v, w) coin-
cides with the fusion coefficient in the correlator of the three emission vertices Vi1, Vi,
and V) . It is thus determined by the product of the three-point correlators of the bosonic

and fermionic twist fields appearing in these vertices
(Shio) (1) SRS (22) SE™™ (23)) X (GR(0) (21)0 R (22)0 REw)(23)) (6.16)

Here we denoted as 31’,%(9) the excited!® fermionic twist field which enters the emission
vertex Vg, and by Sg?lfr)lond the fermionic twists in the Ramond sector, which implement
an extra minus sign in the monodromy with respect to the NS ones. If the three mon-
odromy matrices R(f), R(v) and R(w) commute with each other, we can diagonalize

simultaneously the twist operators 6(0), 6r(r) and dg(w), and thus the last correlator

1"The notation here is slightly misleading. The angles ,v,w just label the type of vertices in the
amplitude. There is no reason a priori, from the CFT point of view, that the amplitude actually be a
function of these angles only. We would, in general, expect that it depends of the complete monodromy
matrices R(0), R(v), R(w).

8Of course, we can diagonalize one of the monodromy matrices, say R(f) by choosing its complex
eigenvector basis Z. The corresponding open string sector is then described exactly as in Section[2l The
twist fields are factorized: Ggg) = 09,00,00,, and similarly for the fermionic ones. The vertex Vs has
the expression of Eq. (4.6), and the excited fermionic twist SJ’R(G) it contains is just Sp, —1Sp,Sp;-
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in (6.16) can be factorized into a product of three correlators as in (6.12). Notice that this
may happen also for a non-diagonal background. However, in the most general situation
the three monodromy matrices do not commute and the structure of the bosonic twist
correlator is more involved.

On the other hand, the non-renormalization property of the superpotential W still
suggests that the amplitude A(6, v,w) should be given in terms of the Ké&hler metrics for
the three chiral multiplets, as in Eq. (6.7)

AW, v,0) = | KO KWK W)] . (6.17)

(NI

We have shown in this paper that the expression of the Kéahler metric is always given by
Eq. (5.30), independently of whether we are in an abelian or in a oblique situation, and
depends just on the monodromy eigenvalues. So, in fact, A(6, v,w) should really depend
just on the angles 6#;, v; and w;.

As a consequence, we are lead to conjecture that the non-abelian twist field correlator
in Eq. (6.16), which in principle depends on the entire monodromy matrices R(f), R(v)
and R(w), has in fact the same expression of a correlator of abelian twist fields charac-
terized by the monodromy eigenvalues 6;, v;, w;. Proving (or disproving) this conjecture

is a very interesting challenge in CFT.
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A Dependence of the open string twists from the

closed moduli

Let m be a closed string modulus which is a generic function of the NS-NS fields G' and
B. From Eq. we have

om0 _ <8RR1> = (sa—RRlsl + [8—581,721 721>

om om om om

o OR .,
_(gamR ¢ )zz 7

(A.1)

where in the last step we used the fact that the commutator of an arbitrary matrix with
a diagonal matrix, such as R, has no entries on the diagonal. Since R = R_'Ry, we get

with simple manipulations

.00 OR;! ORy* .
2mic - = (5[ e = R R,r] £ > : (A.2)

We can now take advantage of the following property (which will be needed again in later

stages of the computation):

(ERAETY), = (EARETY),. (A.3)
which holds for any matrix A, since ERE~! = R is diagonal, to get
0; OR;! ORy"
2mi— = TRy — — R A4
mam (5[ om i om RO] ¢ )w A
From the expression (2.4) of the reflection matrices R, (0 = 0,7) it follows that
OR;? 1 i\ 1 OG+B) IJ(G-B)
o R, = 3 (1+R"NG (— o + o Rg> , (A.5)
where we used )
(G+B+F,)"'= 3 (1+RNHG . (A.6)

Substituting the expression (A.5) into Eq. (A.4) we get four contributions. Combining
the two terms proportional to (G + B) we find

—% (5 [R-' — Ry1] Glia(%;; b )el)ii . (A7)
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Again, by using Eq. (A.6)), the two terms proportional to (G — B) can be written as

1 -1 718(G—B) —-1p -1 718(G_B> -1

1 _ ,0(G—=B) ..
:§GUM&_HGL7%_%5vﬁ (A.8)
1 (.., .0(G-B) »
= 2(5@ 5 (R — Rol € )

where we used several times the property (A.3) to move the matrix R~!. The last step
is to write Eq. (A.7) in terms of the transpose matrix. This can be done by using the
properties (2.10) of the vielbeins '6G = GE™! and of the reflection matrix (2.8). In this
way we find that Eq. can be written in terms of the anti-holomorphic elements of
the same matrix appearing in the last step of Eq. (A.8)

00; _ 1 SG_la(G — B)
om 2 om

9(G — B) »
“om e RIET]

(A.9)

If m is a real modulus, then the second term in the equation above is just the complex

2mi (R — Ro) 5—1] — % {56“1

conjugate of the first one.

A.1 The two-dimensional case

Let us check the general expression of the dependence of the open string twists from the

closed string moduli in the simple case of a 2-dimensional torus. From the results of
Section [3 we know that the twists # depend only on T’
o —o e o

ou or (T — f:)(T — fo)

Let us retrieve the same result from Eq. (A.9). Since in the present case the reflection

(A.10)

matrices R, in the complex basis are diagonal, it is convenient to rewrite Eq. by
suitably inserting the identity written as !€ '€71 or E£71, getting

om0 _ 1 (té:lwsl) (R — Ro)1
om 2 om 21 (A1)

_1 tgfla(G_B)gfl (R —R) .

5 ~om e 0)22 -
By using and , we find for m = U

aG+B) ., i (oo

te—1 1_ 1

E U E 0, (0 1) ) (A.12)
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Since this matrix has no (21) component, we get immediately from Eq. (A.11) that
00/0U = 0, in agreement with Eq. (A.10). For m = T, we get instead

oG-B)., i(00
o ¢ T h (1 0) ' (4-13)

This matrix has a non-vanishing (21) component and so contributes to the first term of
Eq. (A.11) and we get

0 i i (T—fﬂ_T—fo)

27“8—T:2T2(R “Row=op 7“7 1
fTr_fO

(T = (T = fo)
in perfect agreement with Eq. .

tgl

(A.14)

B The metric for the untwisted matter

In this Appendix we apply the same technique described in Section |5 to the case of open
strings starting and ending on the same stack of D9-branes. In particular, we show that
it is possible to determine completely the metric of the untwisted scalars from a 3-point
function involving two scalars and one closed string modulus. Of course, this result can

be read directly by compactifying the Born-Infeld action of a D9-brane to four dimensions

det(G F)
4 MN
untw = 5 /d det G)1/4 D AMD AN Gopen (B]‘>

where N = Ty (27a’)*?, with Ty being the D9-brane tension, and the four dimensional
dilaton ¢4 is related to the ten dimensional one by e=#* = e~%10 (det G)/* (2wa/) =3/
(recall that in our conventions the internal metric sy has dimensions of (length)? and
that the fields Ay, are dimensionless). Notice the appearance in (B.1) of the open string
metric [79]

1
GMN Z(RO)MN +

1

(B.2)

o |

. 1 (MN)
t

R —
R =
Usually the action Sypny is written in terms of a rescaled string coupling [79]; here, instead,
we prefer to keep the dependence on the four dimensional dilaton ¢,, because the insertion
of the closed string modulus m gives a differential equation where ¢4 is kept constant, as

seen in Section
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The dimensionless fields Ay, in (B.1) simply represent the internal components of the
gauge field and so the corresponding vertex operator (in the zero picture) can be read
from the boundary terms of the actions and (2.24]), namely

1 1 1 1 .
V¢M = ¢M(k)<§axM + EazM - éklﬂvbﬁ ZZ)—]i\—/[ - §kuwi @Zjﬁ/[) elk.X (B3>

where ¢y = Apr/v/2o/. On the other hand, the vertex for a closed string modulus m is
given by Eq. (3.9), where in the (—1, —1) picture the operator W~ (2 %) is the product
of the left and right vertices of Eq. (5.43]).

Now we can proceed as in Section 5l and compute the amplitude

e—ima'kL kR dr dry d?z B
[ e @) WD) Vi (@) (B4)

Aun w
’ 87’[‘01/2 deKG

where in the normalization we have included also the cocycle factor of the closed string

vertex. The boundary conditions for this diagram are

Vi) =) oM@ =¢M@) M) = (Ro)'y vV (@) (B.5)

for the fermionic open string coordinates, and

VM) =Mz, N (E) = (R) N (2) (B.6)

for the closed string ones. Then by following the same steps as in Section [5, we obtain

Auntw %AM(kl)AN(kQ) (%(G— B) R0>PQ /%ﬁifz N
x (2= 2)7 ({02 (1) 9 (w2)) (W7 () ¥9(2)) (B.7)
I () )k RO+ Bl (0 0) 07(2) 000 ()
where
y= <eik1-X(m> ok X (2) gikr-X(2) eik2-X(zz)> = w2 (1 — W) (B.8)

in terms of the anharmonic ratio w defined in Eq. (5.16). To proceed, we use the following

basic correlators
QO/GMN

(z1 — x2)

<$M($1)$N($2)> = —2d G%é\g In(z1 —22) and <¢M(5€1)1/1N<5U2)> = (B.9)
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and Eq. (5.19]), and, after simple manipulations, find

e—iﬂ'o/s/Q ) , ,
mtw = ———— Ay(k) Ax(k) [ =—(G = B)R dw w21 — W) 2
A = S A Ax(i) (5@ =B m) o -
GMN PQ(q / o's GPM | tRPM (GQN | t pQN l —w
~ “open ( _a8)+T< +R0 )( +R0 )T
/
— G+ RPYGEY RV (1 - w)| (B.10)

In this expression, the last two terms (proportional to a's) are one the transpose of the
other, as one can see with the change of variable w — 1/w; so we can keep just the first

term and symmetrize the result in the indices M and N. In this way we get

i 9)
A A —(G -8B i 's/2
A = oy ) Ant) (GG = B)Ry) - sintrors
—(1—d's)B(1—d's/2,a's — 1) G)YY G (B.11)

/

+ % B(—a's/2,d/s) (GPM + tRéD(M) (GO + thgN))]

Now we expand this result in /s and focus on the (leading) term with two derivatives

which captures the kinetic term for the scalar fields A,;, that is

| 1 10
Aunise = 5 k1 - by Ans (k) AN(@){Z tr| (G = B) Ry G~ |Gl
(B.12)
-2 G- B Ro(G + 77| i
om 0

where we have used 'Ry = GR;'G~! and the identity (A.6) to rewrite the last term. The
term proportional to GMYN vyields the same total derivative found in Section 3 of [21],

open
namely

1 8 1| _ 1 a —1 —1 _

1t 5-(G = B) Ry G ] - Ztr[%(G—f)@(G—}") —G )] — 9, InK
where 1°

_ det(G — F)
K = P4 -/ B.1
N e a7 (B.13)

9Here, we have included also the dependence on the dilaton ¢, which could be fixed by computing a
3-point amplitude with the dilaton vertex, as discussed in detail in Ref. [21]. We have also included the

appropriate dimensional prefactor N = Ty (27a’)3/? to make K dimensionless.
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The second term in (B.12) yields exactly the open string metric (B.2); indeed

0

(MN) 0 1 q(MN) )
— _1_ _B -1 = —— = —— MN . B14
[(G ) 8m(G ) Ro(G+7) } om [G — .7-"} 0mG0pen ( )
Thus, we can write our result as
o1 071 MN
Aumes = 1K™ 2 [5 K GYMN by -y Apg (k) An(kg)] . (B.15)

In complete analogy with what we did in Eq. for the twisted scalars, we identify the
square bracket of Eq. (B.15) with the (momentum space) Lagrangian of the untwisted
fields and thus reconstruct the action (B.1), in perfect agreement with the Born-Infeld

result.
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