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Abstract. The core results of the so-called Krein-Visik-Birman theory of
self-adjoint extensions of semi-bounded symmetric operators are repro-
duced, both in their original and in a more modern formulation, within a
comprehensive discussion that includes missing details, elucidative steps,
and intermediate results of independent interest.
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1. Introduction

This work has a two-fold purpose. On the one hand it aims at reproducing in
their original form the key results of the so-called Krein-Vigik-Birman theory
of self-adjoint extensions of semi-bounded symmetric operators, providing an
expanded discussion, including missing details and supplementary formulas,
of the original works, that up to a large extent are written in a rather com-
pact style and are available in Russian only. On the other hand, the goal is to
give evidence of how the original results can be equivalently re-written into
what is now the more modern formulation of the theory, as it can be found
in the (relatively limited) literature in English language on the subject, for-
mulation which is derived by alternatives means, typically boundary triplets
techniques.

The whole field is nowadays undoubtedly classical, yet the Krein-Vigik-
Birman theory is being the object of a renewed interest as a fundamental tool
in the recent research activity on the rigorous mathematical construction of
self-adjoint Hamiltonians for quantum interactions of zero range (“point inter-
actions”), which is part of the motivation for this work, as we shall comment
later.

Self-adjointness and self-adjoint extension theory constitute a well-esta-
blished branch of functional analysis and operator theory, with deep-rooted
motivations and applications, among others, in the boundary value problems
for partial differential equations and in the mathematical methods for quan-
tum mechanics and quantum field theory. At the highest level of generality, it
is von Neumann’s celebrated theory of self-adjoint extensions that provides,
very elegantly, the complete solution to the problem of finding self-adjoint
operator(s) that extend a given densely defined symmetric operator S on
a given Hilbert space H. As well known, the whole family of such exten-
sions is naturally indexed by all the unitary maps U between the subspaces
ker(S* — z) and ker(S* —Z) of H for a fixed z € C\R, the condition that such
subspaces be isomorphic being necessary and sufficient for the problem to
have a solution; each extension Sy is determined by an explicit constructive
recipe, given U and the above subspaces.

A relevant special case is when S is semi-bounded — one customarily
assumes it to be bounded below, and so shall we henceforth — which is in fact
a typical situation in the quest for quantum mechanical Hamiltonians. In this
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case ker(S* — z) and ker(S* —Z) are necessarily isomorphic, which guarantees
the existence of self-adjoint extensions. Among them, a canonical form con-
struction (independent of von Neumann’s theory) shows that there exists a
distinguished one, the Friedrichs extension S, whose bottom coincides with
the one of S, which is characterised by being the only self-adjoint extension
whose domain is entirely contained in the form domain of S, and which has
the property to be the largest among all self-adjoint extensions of .S, in the
sense of the operator ordering “>” for self-adjoint operators.

The first systematic extension theory for semi-bounded operators is due
to Krein. Krein’s theory shows that all self-adjoint extensions of S, whose
bottom is above a prescribed reference level m € R, are naturally ordered,
in the sense of “>”, between the Friedrichs extension from above (the “rigid”
(xxécrkoe) extension, in Krein’s terminology), and a unique lowest extension
Sn from below, whose bottom is not less than the chosen m, the so-called
Krein-von Neumann extension (the “soft” (msarkoe) extension). In short:
Sp >8> Sy for any such extension S. (Let us refer to Appendix A for a
more detailed summary of von Neumann’s and Krein’s extension theory, or
to modern overviews such as [30, Chapter X] and [32, Chapter 13].)

By the Krein-Visik-Birman (KVB) theory (where the order here reflects
the chronological appearance of the seminal works of Krein [21], Visik [37],
and Birman [5]), one means a development of Krein’s original theory, in the
form of an explicit and extremely convenient classification of all self-adjoint
extensions of a given semi-bounded and densely defined symmetric operator
S, both in the operator sense and in the quadratic form sense.

As the distinction “Krein vs KVB” may appear a somewhat artificial
retrospective, let us emphasize it as follows. In Krein’s original work [21]
each extension of S is proved to be bijectively associated with a self-adjoint
extension, with unit norm, of the Krein transform (S — 1)(S + 1)~! of S.
This way, a difficult self-adjoint extension problem (extension of S) is shown
to be equivalent to an easier one (extension of the Krein transform of S), yet
no general parametrisation of the extensions of S is given. The KVB theory
provides in addition a parametrization of the extensions, labelling each of
them in the form Sp where B runs on all self-adjoint operators acting on
Hilbert subspaces of ker(S* 4+ A1), for some large enough A\ > 0.

The KVB theory has a number of features that make it in many re-
spects more informative as compared to von Neumann’s. First and most
importantly, the KVB parametrization B « Sp identifies special subclasses
of extensions of S, such as those whose bottom is above a prescribed level,
in terms of a corresponding subclass of parameters B. In particular, both
the Friedrichs extension S and the Krein-von Neumann extension Sy of S
relative to a given reference lower bound can be selected a priori, meaning
that the special parameter B that identifies Sp or Sy is explicitly known. In
contrast, the parametrization U < Sy based on unitaries U provided by von
Neumann’s theory does not identify a priori the particular U that gives Sp
or Sy. A amount of further relevant information concerning each extension,



4 Alessandro Michelangeli

including invertibility, semi-boundedness, and special features of its nega-
tive spectrum (finiteness, multiplicity, accumulation points) turn out to be
controlled by the the analogous properties of the extension parameter. Fur-
thermore, the KVB extension theory has a natural and explicit re-formulation
in terms of quadratic forms, an obviously missing feature in von Neumann’s
theory. On this last point, it is worth emphasizing that whereas the KVB
classification of the extensions as operators is completely general, the classi-
fication in terms of the corresponding quadratic forms only applies to to the
family of semi-bounded self-adjoint extensions of S, while unbounded below
extensions (if any) escape this part of the theory.!

For several historical and scientific reasons (a fact that itself would in-
deed deserve a separate study) the mathematical literature in English lan-
guage on the KVB theory is considerably more limited as compared to von
Neumann’s theory. Over the decades the tendency has been in general to
re-derive and discuss the main results through routes and with notation and
“mathematical flavour” that differ from the original formulation.

At the price of an unavoidable oversimplification, we can say that while
in the applications to the quantum mechanical framework it is von Neu-
mann’s theory the only extension theory that has found a dominant (and
nowadays a textbooks standard) role, on a more abstract mathematical level
the original results of Krein, Visik, and Birman, and their applications to
boundary value problems for elliptic PDE, have found a natural evolution
and generalisation within the modern theory of boundary triplets. In modern
terms the deficiency space ker(S* + AL) is thought of as a boundary value
space, this space is then equipped with a boundary triple structure, and the
extensions of S are parametrised by linear relations on the boundary space,
with a distinguished position for the Friedrichs and the Krein-von Neumann
extensions that are intrinsically encoded in the choice of the boundary triplet.
A recent and relatively complete overview on the KVB theory from a modern
perspective, namely its emergence within the boundary triplet theory, may be
found in [32, Chapters 13 and 14].

Yet several applications of the KVB extension theory have appeared
over the decades, along several topical trends. The one that concerns us most
is, as mentioned already, the use of the KVB theory for the construction of
singular perturbations of elliptic operators, the mathematical language for
quantum Hamiltonians with zero-range interactions.

LIf the subspaces ker(S* — z1) and ker(S* — z1) have the same finite dimension, it is
easy to conclude that all self-adjoint extensions of S are bounded below, see, e.g., the
Proposition on page 179 of [30]; if their common dimension is infinite instead, S may
also admit self-adjoint extensions that are unbounded below. The occurrence of these
unbounded below extensions may seem a mere “academic exercise” about operators on an
infinite orthogonal sum of Hilbert spaces (see [30, Chapter 10|, Problem 26) but in fact
examples are known where they arise as quantum Hamiltonians of physical relevance —
see, e.g., the possibility of unbounded below self-adjoint extensions for point interaction
Hamiltonians [28, 27, 23, 24, 9].
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The last considerations constitute our motivations for the present note.
First of all, in Section 2 we devote a careful effort to reproduce the original
results of the KVB theory, in order to make it accessible in its full rigour
(and in English language) with respect to its initial version, that is, by filling
certain gaps of the original proofs, supplementing the material with non-
ambiguous notation and elucidative steps, producing and highlighting inter-
mediate results that have their own independent interest. In a way, the result
is a complete and self-consistent ‘“reading guide” for the original results and
the route to demonstrate them, together with a clean presentation of all the
main statements that are mostly referred to in the applications, significantly
Theorem 2.2 (together with the special cases (2.4) and (2.6)), Theorem 2.12,
Theorem 2.15, Theorem 2.17, and Proposition 2.19.

In Section 3 we consider an alternative version of the main results of
the KVB theory, proving their equivalence to the original one. These alter-
native statements are actually those by which (part of) the KVB theory has
been presented, re-derived, discussed, and applied in the subsequent litera-
ture in English language. Thus, Section 3 has the two-fold feature of proving
the equivalence between “modern” and “original” formulations and of provid-
ing another reference scheme of all main results, significantly Theorem 3.4,
Theorem 3.5, Theorem 3.6, Proposition 3.7, Theorem 3.9, and Proposition
3.10.

In Section 4 we place the KVB theory into a short historical perspective
of motivations, further developments, and applications. In support to the need
of a unified and extended presentation like the present one, we give evidence of
the unbalance in the mathematical literature on self-adjoint extension theory
towards von Neumann’s approach, with fragmentary or partial discussions
on Krein, Visik, and Birman.

In Section 5 we complete the main core of the theory with results that
characterise relevant properties the extensions, such as invertibility, semi-
boundedness, and other special features of the negative discrete spectrum, in
terms of the corresponding properties of the extension parameter.

In Section 6 we discuss, within the KVB formalism, the structure of
resolvents of self-adjoint extensions, in the form of Krein-like resolvent for-
mulas. The results emerging from Sections 5 and 6 corroborates the picture
that the KVB extension parametrisation is in many fundamental aspects
more informative than von Neumann’s parametrisation.

Last, in Section 7 we show how the general formulas of the KBV the-
ory apply to simple examples in which the extension problem by means of
von Neumann’s theory is already well known, so as to make the comparison
between the two approaches evident.

For reference and comparison purposes, in the final Appendix we or-
ganised an exhaustive summary of von Neumann’s and of Krein’s self-adjoint
extension theories, with special emphasis on the two “distinguished” exten-
sions, the Friedrichs and the Krein-von Neumann one.
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Notation. Essentially all the notation adopted here is standard, let us
only emphasize the following. Concerning the various sums of spaces that will
occur, we shall denote by + the direct sum of vector spaces, by @ the direct
orthogonal sum of closed Hilbert subspaces of the same underlying Hilbert
space H (the space where the initial symmetric and densely defined operator
is taken), and by H the direct sum of subspaces of H that are orthogonal to
each other but are not a priori all closed. For any given symmetric operator
S with domain D(S), we shall denote by m(S) the “bottom” of S, i.e., its
greatest lower bound

_ o WSS
ren(s) |IfII?
f#0

(1.1)

m(S)

S semi-bounded means therefore m(S) > —oo. Let us also adopt the custom-
ary convention to distinguish the operator domain and the form domain of
any given densely defined and symmetric operator S by means of the notation
D(S) vs D[S]. To avoid ambiguities, V+ will always denote the orthogonal
complement of a subspace V' of H with respect to 'H itself: when interested
in the orthogonal complement of V' within a closed subspace K of H we shall
keep the extended notation V+ N K. Analogously, the closure V of the con-
sidered subspaces will be always meant with respect to the norm-topology of
the underlying Hilbert space H. As no particular ambiguity arises in our for-
mulas when referring to the identity operator, we shall use the symbol 1 for
it irrespectively of the subspace of H it acts on. As for the spectral measure
of a self-adjoint operator A we shall use the standard notation dE) (see,
e.g., [32, Chapters 4 and 5]).

2. Fundamental results in the KVB theory: original version.

In this Section we reproduce, through an expanded and more detailed dis-
cussion, the pillars of the KVB theory for self-adjoint extensions of bounded
below symmetric operator, in the form they were established in the origi-
nal works Krein [21], Visik [37], and Birman [5]. The main statements are
Lemma 2.1, Theorem 2.2, Remark 2.3, Theorem 2.12, Theorem 2.15, Theo-
rem 2.17, and Proposition 2.19 below. The notation, when applicable, is kept
on purpose the same as that of those works.

2.1. General assumptions. Choice of a reference lower bound.

In the following we assume that S is a semi-bounded (below), not necessar-
ily closed, densely defined symmetric operator acting on a Hilbert space H.
Unlike the early developments of the theory (Krein’s theory), no restriction
is imposed to the magnitude of the deficiency indices dimker(S* £1) of S: in
particular, they can also be infinite.

It is not restrictive to assume further

m(S) >0, (2.1)
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for in the general case one applies the discussion that follows to the strictly
positive operator S + AL, A > —m/(S), and then re-express trivially the fi-
nal results in terms of the original S. The choice m(S) > 0 implies that the
Friedrichs extension Sg of S is invertible with bounded inverse defined ev-
erywhere on H: this will allow Sl?l to enter directly the discussion. In the
general case in which Sp is not necessarily invertible, the role of S;l is natu-
rally replaced by the inverse S—1 of any a priori known self-adjoint extension
S of S, which thus takes the role of given “datum” of the theory.

With the choice m(S) > 0, the level 0 becomes naturally the reference
value with respect to which to express the other distinguished (canonically
given) extension of S, the Krein-von Neumann extension Sy. Let us un-
derline, though, that unlike Krein’s original theory and most of the recent
presentations of the KVB theory, the discussion is not going to be restricted
to the positive self-adjoint extensions of S. On the contrary, we shall present
the full theory that includes also those extensions, if any, with finite negative
bottom, or even unbounded below.

2.2. Adjoint of a semi-bounded symmetric operator. Regular and singular
part.

The first step of the theory is to describe the structure of the domain of the
adjoint S* of S. Recall that a characterisation of D(S*) is already given by
von Neumann’s formula

D(S*) = D(S) + ker(S* — 21) + ker(S* — z1) for € C\R, (2.2)
which is valid, more generally, for any densely defined S. The KVB theory
works with a “real” version of (2.2), with z = 0 and with the space

U = ker §* (2.3)

instead of the two deficiency spaces ker(S* — z1) and ker(S* — z1). With
a self-explanatory nomenclature, U shall henceforth be referred to as the
deficiency space of S, with no restriction on dim U.

The result consists of a decomposition of D(S*) first proved by Krein
(see also Remark A.11) and a further refinement, initially due to Visik, to
which Birman gave later an alternative proof.

Lemma 2.1 (Krein decomposition formula for D(S*)). For a densely defined
symmetric operator S with positive bottom,

D(S*) = D(SF) + ker §*. (2.4)

Proof. D(S*) D D(Sr) + ker S* because each summand is a subspace of
D(S*). As for the opposite inclusion, one can always decompose an arbitrary
g € D(S*) as g = Sp'S*g + (g — Sp'S*g), where S.'S*g € D(SF), and
where g — S;ls*g € ker S*, because S*(g — SI}lS*g) = S*g—5*g = 0. Last,
the sum in the r.h.s. of (2.4) is direct because any g € D(Sp) N ker S* is
necessarily in ker S (Spg = S*g = 0), and from 0 < m(S) = m(SF) one has
ker Sp = {0}. O
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Theorem 2.2 (Visik-Birman decomposition formula for D(S*)). For a densely
defined symmetric operator S with positive bottom,

D(S*) = D(S) + Sp' ker S* + ker S*. (2.5)

Proof. Let U = ker S*. As in the proof of Lemma 2.1, D(S*) D D(S) +
S-'U + U is obvious and conversely any g € D(S*) can be written as g =
S-tS*g + u for some u € U = ker S*. In turn, owing to H = ranS & ker S*,
one writes S*g = hg + u, and hence S;lS*g = S;lho + S;lﬂ, for some
@ € U and hg = lim, . S¢, for some sequence (¢,), in D(S). From ¢, =
SIZngon — S;lho and Sp, — hg as n — oo, and from the closability of S,
one deduces that f := Sglho € D(S). Therefore, g = f + S;lﬂ—l— u, which
proves D(S*) C D(S) + S;'U + U. Last, one concludes that the sum in (2.5)
is direct as follows: if g = f + S;lﬂ +u =0, then 0 = S*g = Sf + @, which
forces Sf = u = 0 because Sf L u; then also f = Sglgf = 0 and, from
g =0, also u =0. (]

Remark 2.3. The argument of the proof above can be repeated to conclude
D(Sr) = D(S) + Syz" ker S*. (2.6)

and hence
D(Sp) Nker S* = {0}. (2.7)

Indeed, while it is obvious that the r.h.s. of (2.6) is contained in the Lh.s.,
conversely one takes a generic ¢ € D(Sr) and decomposes Spg = ho + u

with hg € ranS and u € U as above, whence, by the same argument, g =
Sitho + Sp'u with Sp'hy € D(S).

Remark 2.4. Precisely as in the remark above, one also concludes that
D(S) = D(S) + S ker 5* (2.8)
for any self-adjoint extension S of S that is invertible everywhere on H.

Remark 2.5. Since S is closable and injective (m(S) > 0), then as well known
ranS = ranS. (2.9)

Thus, in the above proof one could claim immediately that ho = Sf for some
f € D(S), whence Sp'ho = Sz'Sf = f € D(95).

Remark 2.6. In view of the applications in which S and Sp are differential
operators on an L2-space and hence D(Sr) indicates an amount of regularity
of its elements, it is convenient to regard D(Sp) = D(S) + S;'U in (2.5)
as the “regular component” and, in contrast, U = ker S* as the “singular
component of the domain of S*.

Remark 2.7. In all the previous formulas the assumption m(S) > 0 only
played a role to guarantee the existence of the everywhere defined and bounded
operator S;l. It is straightforward to adapt the arguments above to prove
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the following: if S is a symmetric and densely defined operator on ‘H and~§
is a self-adjoint extension of S, then for any z € p(S) (the resolvent set of S)

D(5*) = D(S) + (S — 21) ' ker(S* — z1) + ker(S* — z1)  (2.10)
D(5*) = D(S) + ker(S* — 21) (2.11)
D(S) = D(S) + (S — 21) ' ker(S* —z1). (2.12)

2.3. Visik’s B operator.

To a generic self-adjoint extension of S one associates, canonically with re-
spect to the decomposition (2.5), a self-adjoint operator B acting on a Hilbert
subspace of ker S*. This “ Visik’s B operator” defined in (2.22) below (intro-
duced first by Visik in [37]) turns out to be a convenient label to index the
self-adjoint extensions of S: this is going to be done in formula (2.23) proved
in the end of this Subsection.

Let S be a self-adjoint extension of S. Correspondingly, let Uy and Uy be
the two closed subspaces of U = ker S* (and hence of H), and let H be the

closed subspace of H, uniquely associated to S by means of the definitions
Up = kerS, U =Uy®U;, Hy :=ranS®U;. (2.13)
Thus,
H = ranS @ ker S* = ranS O U, ®Uy = Hy GkerS. (2.14)

Let P, : H — H be the orthogonal projection onto H.
The operator S has the following properties.

Lemma 2.8.
(i) ranS@®U; = Hy = rang, i.e., ranS is dense in H.
(i) kerS = (1—P;)D(S)
(i) D(S) = (D(S) N H,) B
P+D(S)
(iv) D(S S)N'Hy is dense in H,
v) S maps D(S S)N'Hy into Hy
(vi) ran§ =ranS @ (71 where (71 is a dense subspace of Uy uniquely identified
by S.

Bker S = P.D(S)Bker S and also D(S)N'Hy =

Proof. (i) follows by (2.14), because ranS is the orthogonal complement to
ker S in M (owing to the self-adjointness of S). In (ii) the “O” inclusion is
obvious and conversely, if uy € ker S C D(S), then up = (1 — Py)ug € (1 —
P.)D(S). To establish (iii), decompose a generic g € D(S) as g = fy +u for
some fy € Hy and ug € Up = ker S (using H = H @ ker S’) since fy =g —
up € D(S), then f, € D(S)N'H, and therefore D(S) (D (S)ﬁH+)EIerr§
The opposite inclusion is obvious, thus D(S) = (D (S’)DH+)BﬂkerS It remains
to prove that D(S) N H, = P.D(S): the inclusion ’D(S) NHy C P+D(S)
Is obvious, as for the converse, if h = P,g € P,D (S) for some g € D(S),
decompose g = f4 + ug in view of D(S) = (D(S) N'Hy) Bker S, then h =
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Prg=fi €D(S )ﬂH+, which completes the proof. To establish (iv), for fixed
arbitrary hy € Hy let (fn)nen be a sequence in D(S’) of approximants of h,
(indeed D(g) is dense in H): then, as n — oo, f,, — hy implies Py f,, — h.
(v) is an immediate consequence of (i), because S maps D(S) N H, into
rans. Last, let us prove (vi). Recall that ranS = ranS, because S is closable
and injective (m(S) > 0). Set Uy := {uy € Uy | Sg = Sf, +u, for g € D(S)},
where f, € D(S) and u, € U; are uniquely determined by the given g € D(S)

through (i) and the decomposition ranS = H, = ranS & U,. The inclusions
ranS C ranS @ U1 and ranS O ranS are obvious, furthermore ranS O U1
because each u; € U1 is by definition the difference of two elements in rans.
Thus, ranS = ranS @ U1 It remains to prove the density of U1 in U7. Given
an arbitrary u; € Uy C H4 and a sequence (Sgn)neN € ranS of approximants
of u; (owing to the density of ranS in Ho), decompose Sgn = Sfp, + Uy, for
some f, € D(S) and u, € U1, in view of ranS = ranS @ 51 denoting by
P, : Hy — H,4 the orthogonal projection onto U, one has w1 = Piu; =
Py lim, (Sf, + y,) = lim,, @, which shows that (%, ),ecy is a sequence in U,
of approximants of u. O

Since S maps D(g) NH, into Hy and trivially Uy into itself, and since
P, maps D(S) into itself (Lemma 2.8(iii)), then M, and Uy are reducing
subspaces for S (see, e.g., [32, Prop. 1.15]). The non-trivial (i.e., non-zero)
part of S in this reduction is the operator

S, == S|D(Sy), DSy) := D(S)NranS = P,D(S), (2.15)

which is therefore a densely defined, injective, and self-adjoint operator on
the Hilbert space H. Explicitly,

ranS = {Sg|g € D(S)} = {SPyg|g € D(S)}
S.Prg = SP,g Vg€ D(S) (2.16)
ranS, = ranS.

The inverse of S (on H) is the self-adjoint operator gJ:l with

D(:Stl) = ranS,

o ~ (2.17)
S;'(SPyg) = Prg  VgeD(S)
and hence
ran(gj_l) = gj_lrang = P,D(S) (2.18
gj_lrang = P.D(9). (2.1

)

9)

2.19) follows from 57! §P+f = P, f in (2.17), letting now f run on D(S
+

only: the r.h.s. gives P+~D(§), in the Lh.s. one uses that §P+f = §f =Sf
Vf € D(S) and hence {SP; f | f € D(S)} = ranS.)
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Furthermore, by setting
D(#7Y) == D(STY) B Uy = ranS B ker S
S ranS = 5_;1ran§ = P+D(§) (2.20)
S kerS = O,
one defines a self-adjoint operator .#~! on the whole H, with reducing sub-
spaces Hy = ranS and Uy = ker S.
Two further useful properties are the following.
Lemma 2.9.
() D) + Uy = P,D(S) B Uy
(i) PLD(S) = P.D(S)+ .7 1U;.
Proof. The inclusion D(S) + Uy C Py D(S) B Uy in (i) follows from the
fact that each summand in the Lh.s. belongs to the sum in the r.h.s., in
particular, D(S) C P.D(S) + (1 — P4)D(S). Conversely, given a generic
h = P.f € P,D(S) for some f € D(S) and ug € Up, then h + up = f +ug
with ug = up — (1 — P1)f € Uy, which proves the inclusion D(S) + Up D
PyD(S) B Up. (ii) follows by applying .#~! to the decomposition ranS =
ranS B U; of Lemma 2.8(vi), for on the Lh.s. one gets .7 'ranS = P, D(S),

owing to (2.20), whereas on the r.h.s. one gets . ~'ranS = P, D(S), owing
0 (2.19). O

Summarising so far, the given operator S and the given self-adjoint
extension S determine canonically (and, in fact, constructively) the closed
subspace U; of ker S*, the dense subspace U; in Uy, the closed subspace

Hy = ranS = ranSeU 1 of H (equivalently, the orthogonal projection P, onto
H, ), and the self-adjoint operator .~ on ‘H, with the properties discussed
above. In terms of these data, one defines

B = S —P+S 1P+
D(#B) = D(S') = ranS B ker S,

a self-adjoint operator on H with the following properties.

(2.21)

Lemma 2.10.
(i) B is self-adjoint on H and it is bounded if and only if the inverse of
S (D(g) N rang) (i.e. 571) is bounded as an operator on H_ .
(ii) With respect to the decomposztwn (2.14) H =ranS ® U; @ Uy, one has
D(AB) =ranS B U, B Uy, BranS = {0}, BU, C Uy, and B U, = {0}.

Proof. (i) is obvious from the definition of % and of . ~!: the former is
bounded if and only if the latter is. As for (i), D(#2) = ranS Bker S = ranS B
Uy, B U follows from (2.21) and Lemma 2.8(vi). Moreover, ZU, = {0} is
obvious from (2 20) and (2.21). To see that PBransS = {0} let f € D(S),
then BSf = S'Sf — PyS.'Sf = S;'Sf — Pyf = Pof — Pof = 0,
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where we used (2.21) and ranS C ‘H, in the first equality, (2.20) in the
second equality, and (2.19) in the third equality. In view of the decomposition
H =ranS & Uy & Uy, D(A) = ranS B Uy B Uy, the self-adjointness of 2 and
the fact that ZranS = {0} and 2 Uy = {0} imply necessarily ZU; C U;. O

_As a direct consequence of Lemma 2.10 above, the restriction of & to
Uy, i.e., the operator

B = (7' = P.S;'P) ID(B), D(B) = U (2.22)
is a self-adjoint operator on the Hilbert space U; (with dense domain [71),

which itself is canonically determined by S. The interest towards this operator
B is due the following fundamental property.

Proposition 2.11 (B-decomposition formula).

D(S) = D(S) + (Sz' + B)U: + Up (2.23)
Proof. One has
D(S) = PyD(S) + Uy (Lemma 2.8(iii))
= P.D(S)+ .70, + Up (Lemma 2.9(ii))
= D(S)+ .U, + Uy (Lemma 2.9(i))

(
= D(S)+ (P S; P+ B)U, + Uy (by (2.22)
D(?) + (P+S;1 + B)fjl + Uy ((71 C H+)

= D)+ Py (Sp' + B)U, +Uy  (BU, C Uy C Hy, Lemma 2.10(ii)).

)

This identity, together with
Py(Si' +B)U, + Uy = (Sp' + B)U; + Uy (*)

yields D(S) = D(S) + (Sz' + B)U, + Uy, and this sum is direct because it
is part of the direct sum (2.5). Thus, in order to prove (2.23) it only remains
to prove (*). For the inclusion P, (Sp' + B)U; + Uy C (Spt + B)U; + Uy
pick ¢ := Py (Sz' + B)t + o for generic Uy € U, and ug € Up. From (2.22),
from the fact that u; = Py, and from P,. !4, = .4, (which follows
from (2.20)), one has

P.(Spt+ B)uy = PLSp Py + Py 'y — PSR Pruy = S
as well as
(St + B)uy = (Spluy — PuSplin) + .ty = uy+ S My,
where ) := S;lﬂl — P+S;1171 € 'H o Hy = Up; therefore,
Y = Po(Sp' +B)uy +ug = L1y +uo
= up+ Sy fug —uy = (Spt 4+ By + (uo — ug)
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which proves that ¢ € (S;l + B)ﬁl + Up. The opposite inclusion to establish
(*), that is, P.(Sz' + B)Uy + Uy D (Sp' + B)U; + Uy, is proved repeating
the same argument in reverse order. O

2.4. Classification of all self-adjoint extensions: operator formulation.

After characterising the structure (2.5) of D(S*) and providing the decom-
position (2.23) of D(S) for a generic self-adjoint extension S in terms of its
B-operator, the next fundamental result in the KVB theory is the fact that
the B-decomposition actually classifies all self-adjoint extensions of S.

Theorem 2.12 (Visik-Birman representation theorem). Let S be a densely
defined symmetric operator on a Hilbert space H with positive bottom (m(S) >
0). There is a one-to-one correspondence between the family of the self-adjoint
extensions of S on H and the family of the self-adjoint operators on Hilbert
subspaces of ker S*, that is, the collection of triples (Uy, [7173), where U; is
a closed subspace of ker S*, U, is a dense subspace of Uy, and B is a self-
adjoint operator on the Hilbert space Uy with domain D(B) = (71. For each
such triple, let Uy be the closed subspace of ker S* defined by ker S* = Uy U, .
Then, in this correspondence Sp <« B, each self-adjoint extension S of S
s given by
Sp = 5" [ D(SB)
D(Sp) = D(S) + (Sg' + B)Uy + Up.

Proof. The fact that each self-adjoint extension of S is precisely of the form
Sp is the content of Proposition 2.11, where B is Visik’s B operator associated
to the considered self-adjoint extension. Conversely, one has to prove that
each operator on H of the form Sg above is a self-adjoint extension of S, and
that the correspondence Sp < B is one-to-one.

Fixed (U, ﬁl, B) as in the statement, let us consider the corresponding
Sp. One sees from (2.24) that Sp is densely defined (D(Sg) D D(S)) and it
is an operator extension of S (Sgf = Sf for all f € D(S)). In fact, Sp is a
symmetric extension: for two generic elements of D(Sg) one has

(f'+(Sg* + BYuy +ug, Sp(f + (Sp' + B)in +u)) =
= (f',5f) + (f'sw) + (Sp'uy, Sf) + (Sp'ay, ) + (Bu), u)
= (Sf, ")+ (Sf, Sptw) + (@, f) + (@), Sp'n) + (@, Buy)
= (Sp(f' + (Sp' + B)u}y +up), f + (Sp* + B)ty + uo)

(where in the first step we used that (B}, Sf) = (S*Bu}, f) = 0, (u), Sf) =
(S*up, f) = 0, (ug,u1) = 0, in the second step we used the symmetry of
S, the self-adjointness of SF and B, and the properties of the adjoint S*,
and in the last step we used that (Sf’, Buy) = (f',S*Bu,) = 0, (Sf',uy) =
(f',S*up) = 0, (0}, up) = 0). Therefore, S C Sp C Sg* C S* and in order to
show that Sp = Sg" it suffices to prove that D(Sg) D D(SE").

Let us then pick h € D(Sg*), generic. Since Sg* C S*, one has h =
© + Sp'T + v by (2.5) for some ¢ € D(S) and v,5 € U = ker S*, and

(2.24)
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Sg'h = Sy + . Actually v € Uy, because U = Up @ U; and (T,up) =
<SB*ha u0> - <S§07u0> = <ha SBUO> - <§Dv S*u0> = <h - ¥, S*u0> =0 Yug € Up.
Thus, representing v = vg + v1, vg € Uy, v1 € Uj, one writes

h=p+Sa'T+v = o+ (Sp'T+v1) +vp.

In order to recognise this vector to belong to D(Sg), let us exploit the identity
(h,Spk) = (Sgh, k), valid Yk € D(Sg), for the k’s of the special form k =
f+ (Sz' + By, f € D(S), iy € D(B). In this case
(h, Spk) = ((p+ Sz'0) +v1 +v0, S*(f + Sz'U1 + Bun))
= ((p+ S5'0), 57 (f + Sp'@)) + (o1 + v, Sf + @)
= (¢ + 5p'0), Sp(f + Sp')) + (v1, i)
(indeed, SpBu; = S*Buy = 0, ¢ + Sz'0 € D(Sr), f + Sp'ur € D(Sk),
(v1 + v, Sf) = (S*(v1 +vo), f) =0, and (vg, u;) = 0) and
(Sph,ky = (Sp+7,(f + Sp'u1) + Biy)
(Sr(e + Sz'0), (f + Sp'un)) + (v, By)

(indeed, (S, Bu1) = ¢, S*Bu;) = 0). Equating these two expressions and
using the self-adjointness of S yields

<’l)17’171> = <5, Bﬂl> Vu, € D(B)

which implies, owing to the self-adjointness of B, 7 € D(B) and Bt = v;.
Thus, the above decomposition for h reads now

h = o+ (Sp' +B)T+v

for some v € D(B) = [71 and vg € Uy, thus proving that h € D(Sg).

Last, one proves that the operator B in the decomposition (2.24) is
unique and therefore the correspondence between self-adjoint extensions of S
and operators of the form Sg is one-to-one. Indeed, if

D(Sp) = D(S) + (Sp' + B)U, + Uy = D(S) + (Sp' + B)U, + U},

where ker S* = Uy®U; = U /@ Uj and where B and B’ are self-adjoint opera-
tors, respectlvely on the Hilbert spaces Uy and U, with domain, respectively,
U, and U}, then the action of Sp on an arbltrary element g € D(S B) gives, in
terms of the decomposition g = f+(Sp' + By +ug = f'+(Sp' + B, +up,
Spg = Sf+u = Sf + uy; each sum belongs to the orthogonal sum
H = ranS @ ker S*, whence 171 = 4} and, by injectivity of S, f = f’ (whence
also ug = wy); thus, U, = U1 and, after taking the closure U; = U] and
Uy = Uj; this also implies Bty = B'ty, whence B = B’. O
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2.5. Characterisation of semi-bounded extensions: operator version.

A further relevant feature of the KVB theory is that the general classification
(2.24) of Theorem 2.12 allows to identify special subclasses of self-adjoint ex-
tensions of S, significantly those that are bounded below, or in particular
positive or also strictly positive, in terms of suitable subclasses of the corre-
sponding B-operators in the representation (2.24).

In this respect, the convenient characterisation is expressed in terms
of the inverse of B, more precisely of the self-adjoint operator B! on the
Hilbert space

Hp = raﬁ@kerSB, ( )
which is a Hilbert subspace of ker S* (recall the notation ker Sp =
ker S* = U, and observe that ranB @& kerSp C Uy @ Uy = U = ker
defined by

25

Vo,

5%),
D(B;') := ranB B ker Sp

B! [ranB := B! (2.26)

B! kerSp = O.

It is fair to refer to B! as “Birman’s operator”, for it is Birman who first
determined and exploited its properties (Lemma 2.14 and Theorem 2.15 be-
low).

For reference purposes, in (2.26) we intentionally kept Birman’s original
notation [5]. A more precise definition of the operator B! is the following

Hp = ranB & (ker S*ND(B)*)
ranB @ (ker S* ©D(B)) = D(B; ')
D(B;') := ranB B (ker S*ND(B)") (2.27)
D(B;')Bz := z  Vze€D(B)\ker B = D(B)NranB
DB Yug == 0 Yuy € ker S* ND(B)*

where we used the decompositions U; = D(B) = ranB @ ker B and U, =
D(B) = (D(B)\ker B)Bker B = (D(B) NranB) Hker B. Thus, the action of
B! on a generic element Bu; € ranB is given, in view of the decomposition
U1 = z + 2o for some 2z € D(B)\ker B and 2 € ker B, by B, !B, = 2.

Remark 2.13. One has
D(Sp) € D(Sr) + D(BY). (2.28)

Indeed, according to (2.24), any g € D(Sp) decomposes for some fy € D(S),
iy € Uy = D(B), ug € Uy = ker S*ND(B)* as g = fo+ (Sp* + B)iy 4+ uo =
f +wv, where f := fo + Sp'u; € D(Sr) and (by (2.27)) v := Buy +ug €
D(B;'). The sum in the r.h.s. of (2.28) is direct because if v € D(Sp) N
D(B 1), then v € ker S* by definition (2.26) and hence ||v||? = (SpSp'v,v) =
(Sptv, Spv) = (Sp'v, S*v) = 0. Observe, conversely, that for a generlc h e
D(Sr)+D(B; ') one writes, according to (2.6) and (2.27), h = (fo+ Sz u1 +
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By +ug)+ Szt (u—1) for some fo € D(S), @1 € D(B), ug € ker S*ND(B)*,
u € ker S* , and this is not enough to use (2.24) and deduce that h € D(Sg).

Lemma 2.14.

(i) If, with respect to the notation of (2.24) and (2.27), Sg is a self-adjoint
extension of a given densely defined symmetric operator S with positive
bottom (m(S) > 0). , then

D(B;') C D[Sp] NkerS*. (2.29)

*

(ii) If in addition Sp is bounded below, then
Splvi,va] = (v1, By 'va) Yo, ve € D(BSY). (2.30)

Proof. The fact that D(B; 1) C ker S* is stated in the definition (2.26). To
prove that D(B; ') C D[Sp], decompose an arbitrary v € D(B; '), according
to (2.27), as v = By + ug for some &y € D(B)\ker B C Uy and ug € Uy =
ker Sg. From v = ((Sl;1 + B)u; + uo) — S;lﬂl one can then regard v as the
difference between an element in D(Spg), according to (2.24), and an element
in D(SF). Since D(Sp) C D[Sp] and D(SFr) C D[SF| C D[Sp] (the Friedrichs
extension has the smallest form domain among all semi-bounded extensions,
Theorem A.2(vii)), then v € D[Sp], which proves D(B;!) C D[Sp] and
completes the proof of (2.29). To prove (2.30), consider again an arbitrary
v = By +ug in D(B;!) as above: for f := Sp'u; € D(Sr) and g := f+v =
S;lﬂl + By +ug € D(SB), one has Spg =y = Spf, By 'v = 41, and
Splg,gl = (9,589) = (f+v,u1) = (f,5pf) + (v,u1)
= S[f. f1+ (v, B v).

All this is still valid irrespectively of the semi-boundedness of Sg. On the other
hand, if Sp is bounded below, then a central result in Krein’s theory of self-
adjoint extensions (see (A.22) quoted in Appendix A) states that Sp[f,v] =0
for any f € D[SF| and any v € D[Sp|Nker S* (which is what holds for f and
v in the present case, owing to (i)), whence

SB[Q?Q] = SF[faf] + SB[U7U]'

Thus, by comparison, Sg[v,v] = (v, By 1v) Vv € D(B;!). (2.30) then follows
by polarisation. O

Theorem 2.15 (Characterisation of semi-bounded extensions). Let S be a
densely defined symmetric operator on a Hilbert space H with positive bottom
(m(S) > 0). If, with respect to the notation of (2.24) and (2.27), Sp is a
self-adjoint extension of S, and if &« < m(S), then

(9.589) = allgl® Vg€ D(Sp)

(; (2.31)
(v, B;'v) > a|jv||®*+ (v, (Sp — al) ') Yo e D(BY).
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As an immediate consequence, m(B; ') > m(Sg) for any semi-bounded Sp.
In particular, positivity or strict positivity of the bottom of Sp is equivalent
to the same property for By L, that is,

m(Sg) > 0 < m(B;') =0

m(Sg) > 0 <« m(B;') > 0. (2.82)
Moreover, if m(B;t) > —m(S), then
m(B) > m(sp) > B (289

m(8) +m(Bit)

Proof. Let us start with the proof of (2.31). Observe that the fact that Sp is
bounded below by « is equivalently expressed as Sg[g] > al|g||* Vg € D[SB].
For generic f € D(Sr) and v € D(B; '), one has that g :== f +v € D[Sg]
and Sp[v] = (v, By 'v) (Lemma 2.14). On the other hand, since v € D[Sg] N
ker S* (Lemma 2.14), then Sg[f, v] = 0 (owing to (A.22)). Therefore, Splg] =
Splf+v] = Sr[f]+Ss[v] = (f, Sk f) + (v, By 'v). Thus, the assumption that
Sp is bounded below by « reads, for all such g¢’s,

(£,Spf) + (v, By o) = a((f, ) + (f,0) + (v, f) + (v, 0)) (i)
whence also, replacing f — Af, v — uv,
((F, S f) = all FI?) IM? = a{f,v)NE — afv, f)An
+ ({0, B o) = allv])?) [u? = 0

Since o < m(S), and hence (f, Srf) — a||f]|> > 0, inequality (ii) holds true
if and only if

[(f,o)l* < ((v, B ) — alloll?) ((f, Sk f) — all £I?) (iif)

for arbitrary f € D(Sr) and v € D(B; 1), which is therefore a necessary
condition for Sp to be bounded below by «a. Condition (iii) is in fact also
sufficient. To see this, decompose an arbitrary g € D(Sg) as g = f + v for
some f € D(Sr) and v € D(B;!) (which is always possible, as observed
in Remark 2.13) and apply (iii) to this case: one then obtains (ii) owing to
a < m(S), which in turns yields (i) when A = p = 1; from (i) one goes back
to Splg] = al|g||? following in reverse order the same steps discussed at the
beginning. Thus, (iii) is equivalent to the fact that Sg is bounded below by
a. By re-writing (iii) as

ii
YA, peC. (i)

[(f,0)
<f7 (SF - a]l)f>
and by the fact that the above inequality is valid for arbitrary f € D(Sr)

and hence holds true also when the supremum over such f’s is taken, one
finds

(v, B ) —alol* > o?

(v, B; o) —allv]|* > a*(v, (Sp — al)"'v)
by means of a standard operator-theoretic argument applied to the bottom-
positive operator Sp —al (Lemma 2.16). This completes the proof of (2.31).
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From (2.31) one deduces immediately both the first equivalence of (2.32),
by taking a = 0, and the implication “m(Sg) > 0 = m(B;') > 07 in
the second equivalence of (2.32), because m(B; ') > m(Sg). Conversely, if
m(B; ') > 0, then it follows from (2.26)-(2.27) that B! has a bounded in-
verse, that Uy = ker Sp = {0}, and that B : D(B) = U; C U; — U, is
bounded; this, in turn, implies by Lemma 2.10(ii) and by (2.22) that the op-
erator % defined in (2.21) is bounded, which by Lemma 2.10(i) means that
Sp has a bounded inverse (densely defined) on the whole H and therefore
(H = H4+ @ Up) on the whole H. This fact excludes that m(Sg) = 0, and
since m(B; 1) > 0= m(Sg) > 0 by the first of (2.32), one finally concludes
m(Sp) > 0, which completes the proof of (2.32).

Last, it only remains to prove m(Sg) = m(S)m(B;1)(m(S)+m(B;1))~?
in (2.33) (assuming m(B; 1) > —m(S)). In this case, for

__m(S)m(B)

— m(S) +m(B: Y
one has a < m(S) = m(Sr) and m(B; ') = am(S)(m(S) — a)~!, whence
(m(S) —a)™t > (Sp —a)~! and

S) a?
B~w) > m(B! 2 _ am( 2 _ 2 2
.87 > m(B ol = Sl = alll® + el
> allv]]? + a*{v, (Sk — o)1) Vv e D(BY).

Owing to (2.31), the latter inequality is equivalent to m(Sp) > «, which
completes the proof of (2.33). O

Lemma 2.16. If A is a self-adjoint operator on a Hilbert space H with positive
bottom (m(A) > 0), then

A

fepiay (f,Af)
Proof. Setting g := A2 f one has
[(f, I [(A=1/2g, n)?

sup —o L = sup 22 = sup |(g, ATV2h) 2
rep(ay ([ AS) geH lgll® lgll=1

= (h,A'h)  VheH.

and since |(g, A='/2h)| attains its maximum for g = A~Y/2h/||A=/2h]|, the
conclusion then follows. O

2.6. Characterisation of semi-bounded extensions: form version.

The operator characterisation of the semi-bounded self-adjoint extensions of
S provided by Theorem 2.15 has the virtue that it can be directly reformu-
lated in terms of the quadratic the form associated with an extension. The
result is a very clean expression of D[Sg] in terms of the intrinsic space D[SF]
and the additional space D[B; '], where B (equivalently, B, ') plays the role
of the “parameter” of the extension also in the form sense. This is a plus as
compared to von Neumann’s characterisation (Theorem A.1), for the latter
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only classifies the self-adjoint extensions of S by indexing each operator ex-
tension Sy in terms of a unitary U acting between defect subspaces, whereas
the quadratic form associated with each Sy has no explicit description in
terms of U.

Theorem 2.17 (Characterisation of semi-bounded extensions — form version).
Let S be a densely defined symmetric operator on a Hilbert space H with posi-
tive bottom (m(S) > 0) and, with respect to the notation of (2.24) and (2.27),
let Sp be a semi-bounded (not necessarily positive) self-adjoint extension of
S. Then

D[B;'] = D[SB] N ker §* (2.34)
and

D[Sp] = D[Sr] + D[B;]

Splf +o, [+ = Sp[f, '] + B o, 0] (2.35)
Vf, f' € D[SF|, Yu,v' € D[B;].

As a consequence,

Sp, > Sp, & Bi;' > By}t (2.36)

and
B! > Sp. (2.37)

Remark 2.18. Identity (2.34) is the form version of the inclusion (2.28) for
operator domains, the latter holding for a generic (not necessarily semi-
bounded) extension Sp. Property (2.35) represents the actual improvement
of the KBV theory, as compared to Krein’s original theory, as far as the
quadratic forms of the extensions are concerned. Recall indeed that Krein’s
original theory (see Section A.3 and (A.21) in the Appendix) establishes, for a
generic semi-bounded self-adjoint extension Sofa densely defined symmetric
operator S with positive bottom, the property

D[S] = D[S¥] + D[S] Nker §*
SIf +u f +u] = Self, ] + Slu, o] (2.38)

Vf, f' € D[Sk], Yu,u’ € D[S] Nker S*.

What the KBV theory does in addition to (2.38), is therefore to characterise

the space D[S] N ker S* in terms of the parameter B (equivalently, B, 1) of
each semi-bounded extension.

Proof of Theorem 2.17. Let us fix a € R such that & < m(Sp) and |of > 1.
To establish the inclusion D[B; '] C D[Sg] Nker S* in (2.34) let us exploit
the fact that D[B;!] is the completion of D(B;!) in the norm associated
with the scalar product

<'U1,UQ>B:1 = <’U1,B;1’U2> 7Oé<'Ul,’U2>
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(indeed, owing to Theorem 2.15), m(B; ') > m(Sg) > «), whereas D[Sp] is
complete in the norm associated with the scalar product

(vi,v2)s5 = Splv1, v2] — afvr, ).
Owing to Lemma 2.14, D(B; ') C D[Sp] and
llf- = (v, B ) —allvl® = Splv] = Bllvl* = [lv]3, ,

thus the || || 5—1-completion of D(B; 1) does not exceed D[Sg]. On the other
hand,

—1 2
[l g = (m(B) = B)|vl

and the r.h.s. above is obviously a norm with respect to which ker S* is

closed: therefore the || || 5-1-completion of D(B; ") does not exceed ker S*

either. This proves D[B; '] C D[Sg] Nker S*. For the opposite inclusion, let

us preliminarily observe that the assumption m(Sg) > « implies

[(f,o)l* < IfIE, 0I5,  Vf€D(Sp), Yo e DB (*)

(where [|v]| g-1 = [lv]ls; Vv € D(B; 1) was used), as seen already in the course
of the proof of Theorem 2.15, when condition (iii) therein was established.
Let us also remark that D[SF] is a || ||s,-closed subspace of D[Sg] (which
follows from D[Sp| C D[Sg], from Sgp[f] = Sr[f] Vf € D[SF|, and from
m(Sr) = m(Sp) > «, see Theorem A.2), and so is D[B;!] (as discussed
previously in this proof). Let now u € D[Sp| N ker S*, arbitrary, and let
(gn)nen be a sequence in D(Sg) of approximants of w in the || ||s,-norm. As
remarked with (2.28), g, = fn + v, for some f,, € D(Sr) and v, € D(B; 1),
which are both vectors in D[Sp]. From this and from (*) above one has

llgn — gmH%B = | fo— fm”%'B =2[(fn = frn,Vn — Vm)sp| + |lvn — 'Um”%B
2
P ||fn - me?S‘B - @lllfn - meSB”Un - Um”SB + an - Um||283
> (1=a?)(lfa — fnlld, + lon = vml30) -

Since 1 — a2 > 0, one deduces that both (f,)nen and (v,)nen are Cauchy
sequences, respectively, in D[Sr] and D[B;!], with respect to the topology
of the || ||s,-norm, with limits, say, f, — f € D[Sr] and v, — v € D[B;!] as
n — oo. Taking n — oo in g, = f,, +v,, thus yields u = f + v. Having proved
above that D[B; 1] C ker S*, one therefore concludes f = u — v € ker S*,
which together with f € D[Sp| implies f = 0 (indeed m(Sr) = m(S) > 0
and hence D[Sr] Nker S* = {0}). Then u = v € D[B;!], which complete
the proof of D[B; ] D D[Sp] Nker S* and establishes finally (2.34). Coming
now to the proof of (2.35), the identity D[Sg] = D[Sr| + D[B; '] is a direct
consequence of (2.34) and of (2.38). Furthermore, owing to the fact that
D[B; '] is closed in D[Sp], identity (2.30) lifts to Sglvi,va] = By vy, vo]
Yoy, vy € D[B; 1], which allows do deduce also the second part of (2.35) from
(2.38). O
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2.7. Parametrisation of distinguished extensions: Sy and Sy.

One recognises in formulas (2.24) and (2.35) the special parameter B (equiv-
alently, By 1) that selects, among all positive self-adjoint extensions Sg, the
Friedrichs extension Sg or the Krein-von Neumann extension Sy. (The char-
acterisation and a survey of the main properties of Sr and Sy can be found,
respectively, in Theorem A.2-A.3 and in Theorems A.6-A.7.) This is another
plus with respect to von Neumann’s theory, where Sr or Sy are not identi-
fiable a priori by a special choice of the unitary that labels each extension.
The result can be summarised as follows

11 . «
Friedrichs (Sp): Q[gil }:_og’)} D(Bé _ lg)}r S (2.39)
—17 *
Krein-von Neumann (Sy): D[Béjl ;lgr s “(B ):7 {0} (2.40)

the details of which are discussed in the following Proposition.

Proposition 2.19. Let S be a densely defined symmetric operator on a Hilbert
space H with positive bottom (m(S) > 0) and let Sp be a positive self-
adjoint extension of S, parametrised by B (equivalently, by B ') according
to Theorems 2.12 and 2.17.

(i) Sp is the Friedrichs extension when D[B; '] = {0}, equivalently, when
D(B) = ker S* and Bu = 0 Yu € ker S*.

(ii) Sp is the Krein-von Neumann extension when D(B;!') = D[B;!] =
ker S* and B'u = 0 Yu € ker S*; equivalently, when D(B) = {0}.

Proof. Concerning part (i), D[B; '] = {0} follows from (2.35) when Sp = Sp.
Hence also D(B; 1) = {0}, which implies ranB = {0} (owing to (2.26)), that
is, B is the zero operator on its domain. Comparing (2.6) and (2.24) one
therefore has Uy = {0}, U; = U; = ker §*, and hence D(B) = ker S*. As
for part (ii), D[B; '] = ker S* follows by comparing (2.35), when Sp = Sy,
with the property (A.14) of Sy. This, together with Sy[u] = 0 Vu € ker S*

(given by (A.13)) and with B, [u } Splu] = Sn[u ] Vu € D[B;!] (glven by
(2.35) when S = Sy), yields By *[u] = 0 Vu € D[B; '], that is, B Hu] is the
zero operator on its domain and hence D(B;!) = D[ 1 = ker S* In turn,

(A.14) now gives D(B; ') = ker S* = ker Sy, and therefore (2.26) (when
Sp = Sr) yields ranB = {0}. Comparing (A.14) and (2.24) one therefore has
Uy = ker $*, Uy = Uy = {0}, and hence D(B) = {0}. O

Remark 2.20. The customary convention, adopted in (2.39)-(2.40), to label
the Friedrichs extension formally with “B! = oo” and the Krein-von Neu-
mann extension formally with “B = o0” (where it is understood that the
considered operator has trivial domain {0}), is to make the labelling consis-
tent with the ordering (2.36).
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3. Equivalent formulations of the KVB theory

Theorems 2.12, 2.15, and 2.17, and Proposition 2.19 above are not in the
form they have customarily appeared in the mathematical literature in Eng-
lish language that followed the original works [21], [37], and [5], nor are their
proofs. While we defer to the next Section a more detailed comparison with
the more recent formulations, let us discuss in this Section a natural alterna-
tive parametrisation of the extensions which is equivalent to the original one
provided by the original KVB theory.

In fact, this alternative arises naturally when the roles of the parameters
B and B! are interchanged. Both B and B! are self-adjoint operators
acting on Hilbert subspaces of ker §*. Although these two parameters are not
exactly the inverse of each other, the definition of B! resembles very much
an operator inversion. Proposition 3.1 and Remarks 3.2 and 3.3 here below
highlight the general properties of such an “inversion” mechanism. This will
provide the ground to establish Theorems 3.4, 3.5, and 3.6 as an equivalent
version, respectively, of Theorems 2.12, 2.15, and 2.17.

Proposition 3.1. Let K be a Hilbert space and let S(K) be the collection of
the self-adjoint operators acting on Hilbert subspaces of K. Given T € S(K),
let V' be the closed subspace of K which T acts on, with domain D(T) = 1%
dense in V, and let W := V* ie, K =V @ W. Let ¢(T) be the densely

defined operator acting on the Hilbert subspace ranT ® W of KC defined by
D(P(T)) := ranT B W
o(T)Tv = v Vv € D(T)\ker T’ (3.1)

d(Tw = 0 Ywe W.
Then:
(i) o(T) € S(K),
(il) the map ¢ : S(K) — S(K) is a bijection on S(K),
(iii) @? =1, the identity map on S(K), that is, ¢~ = ¢.

Remark 3.2. In shorts, ¢ provides a transformation of 7" that is similar to the
inversion. More precisely, although T is in general not invertible, ¢(T") inverts
T on ranT’, while it is the zero operator on the orthogonal complement in
of the Hilbert subspace where T" was acting on. In particular, if 7" is densely
defined in K itself and invertible, then ¢(T') = T !, that is, ¢ is precisely the
inversion transformation.

Remark 3.3. By comparing (2.27) and (3.1) in the special case IC = ker S*,
T =B,V =U, and W = Uy = ker Sg, one concludes that B! = ¢(B),
that is, the Birman operator B! is precisely the ¢-inversion of the Vigik
operator B.

Proof of Proposition 3.1. The self-adjointness of ¢(T") on the Hilbert space
ranT @& W is a standard and straightforward consequence of its definition.
For the rest of the proof, it obviously suffices to show that ¢(¢(T)) = T
for any T' € S(K). By definition the operator ¢(T") acts on the Hilbert space
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V' := ranT®W with domain V' := ranTEW dense in V'. Setting W’ := V',
in view of the decomposition K =V’ @ W’ the operator ¢(¢(T)) is therefore
determined, by definition, as the operator that acts on the Hilbert subspace
ran ¢(T) & W' of K according to

D(¢(¢(T))) = rang(T) B W’
DT)P(TN' = o' V' € D(¢(T))\ker ¢(T)
d(H(T))w' = 0 Yw e W',
Since V =ranT @ ker T, and hence K = ranT @ ker T & W, then W’ =ker T.
Thus,
D(p(o(T))) = rang(T) B W' = (D(T)\kerT) B ker T
= (D(T)NranT) B ker T'
= (D(T)N(VokerT)) BkerT = D(T)
and ¢(H(T))w' =0 =Tw' Vw' € W’ = ker T It remains to show that ¢(¢(T))
and T agree also on D(T) NranT (= D(T)\kerT). In fact, if v is a vector
in such a subspace, then v = ¢(T)Tv and in view of ¢(d(T))H(T)Tv = Tv
one has ¢(¢(T))v = Tv. This completes the proof that ¢(¢(T))v = Tv for

any v € D(T') and since the two operators have also the same domain, the
conclusion is ¢(¢(T)) =T. O

We are now in the condition of re-stating the main results of the KVB
extension theory established in Section 2 in the equivalent form that follows.

Theorem 3.4 (Classification of self-adjoint extensions — operator version). Let
S be a densely defined symmetric operator on a Hilbert space H with positive
bottom (m(S) > 0). There is a one-to-one correspondence between the family
of all self-adjoint extensions of S on H and the family of the self-adjoint
operators on Hilbert subspaces of ker S*. If T is any such operator, in the
correspondence T «— St each self-adjoint extension St of S is given by

St = S* | D(Sr)

B 1 feD(S), veDT) (3.2)

D(Sr) = {f +Sp (Tvt+w) +v w € ker S*ND(T)* [°
Theorem 3.5 (Characterisation of semi-bounded extensions). Let S be a
densely defined symmetric operator on a Hilbert space H with positive bottom
(m(S) > 0). If, with respect to the notation of (3.2), St is a self-adjoint

extension of S, and if « < m(S), then
(9.5rg) > allg]* Vg€ D(Sr)

(; (3.3)

(v, Tv) > a|v|*+ *(v, (Sp — al) ) Yo e D(T).
As an immediate consequence, m(T) = m(St) for any semi-bounded St. In
particular, positivity or strict positivity of the bottom of St is equivalent to
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the same property for T, that is,

m(Sr) 20 < m(T) >0
m(St) >0 & m(T) > (34)
Moreover, if m(T) > —m(S), then
nﬂ»>M&o>J§Tﬁ%. (3.5)

Theorem 3.6 (Characterisation of semi-bounded extensions — form version).
Let S be a densely defined symmetric operator on a Hilbert space H with
positive bottom (m(S) > 0) and, with respect to the notation of (3.2), let
St be a semi-bounded (not necessarily positive) self-adjoint extension of S.
Then
D[T] = D[St] N ker S* (3.6)
and
D[Sz] = D[Sk + DIT]
Srlf +v, f' +0'] = Splf, f'] + Tlv, '] (3.7)
Vf, f' € D[SF], Yv,v" € D[T].
As a consequence,
STl > ST2 = T > T (38)

and
T > Sr. (3.9)

Proposition 3.7 (Parametrisation of Sr and Sy). Let S be a densely defined
symmetric operator on a Hilbert space H with positive bottom (m(S) > 0) and
let ST be a positive self-adjoint extension of S, parametrised by T according
to Theorems 3.4 and 3.6.
(i) St is the Friedrichs extension when D[T] = {0} (“T = c0”).
(ii) St is the Krein-von Neumann extension when D(T') = D[T] = ker S*
and Tu =0Vu € ker S* (T =0).

Proof of Theorem 3.4. Let Sp be a generic self-adjoint extension of S, para-
metrised by B according to Theorem 2.12, formula (2.24). Correspondingly,
let B! be the Birman’s operator introduced in (2.26)-(2.27). First of all, we
claim that Sp is precisely of the form Sr in (3.2) above where T'= B 1. To
prove that, consider a generic element g = f + (Sp' 4+ B)t1 +uo of D(Sp), as
given by the decomposition (2.24) for some f € D(S), @y € U; = D(B), and
ug € Uy = ker S*ND(B)* = ker Sp. We write @i; = z+w for some w € ker B
and some z € D(B)\ker B = D(B) NranB that are uniquely identified by the
decomposition U; = D(B) = ranB @ ker B, D(B) = (D(B) NranB) B ker B.
Owing to (2.27), v := Buy + ug = Bz +uy € D(B;!) and B;lv = 2.
Moreover, from

ker S* = Uy ® U; = kerSg @ ranB @ ker B = ’D(B;l) @ ker B
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one deduces that ker B = ker $* N D(B; ')+, Therefore,
g = f+Sp'u+ By +uy = f+Sp' (z+w)+v
= [+ S (B v +w) +o
veD(BY), weker S*ND(B ),

that is, g is an element of D(St) defined in (3.2) above with T' = B 1. It
is straightforward to go through the same arguments and decompositions in
reverse order to conclude that any vector of the form Si*(B; v + w) + v,
where v € D(B; ') and w € ker S* N D(B; 1)+, can be re-written as (Sp' +
B)uy + ug for up € 171 = D(B), and ug € Uy determined by

—1 ~
B, 'v+w = uy
U:Ba1+UO7

which proves that any g € D(St) is also an element of D(Sg). Thus, (2.24)
and (3.2) define the same domain: D(Sg) = D(St) for T = B !. Since Sp
and St are the restrictions to such a common domain of the same operator S*,
then Sp = S7 for T = B!, and the initial claim is proved. As a consequence
of this and of the one-to-one correspondence Sp < B of Theorem 2.12, the
self-adjoint extensions of S are all of the form St of (3.2) for some self-adjoint
operator T on a Hilbert subspace of ker S*. What remains to be proved is
that when T runs in the family S(ker S*) of the self-adjoint operators on
Hilbert subspaces of ker S*, the corresponding St’s give the whole family of
self-adjoint extensions of S. This follows at once by Proposition 3.1, since by
(2.24) B! = ¢(B) and ¢ is a bijection in S(ker S*). O

Proof of Theorem 3.5, Theorem 3.6, and Proposition 3.7. All statements fol-
low at once from their original versions, respectively Theorem 2.15, Theorem
2.17, and Proposition 2.19, and from the fact that the extension parame-
ter T is precisely the parameter B; ! in Theorem 2.15, Theorem 2.17, and
Proposition 2.19. [l

Remark 3.8 (Equivalence of Theorems 2.12 and 3.4). Our arguments in the
proof of Theorem 3.4 actually show also that the original Vi§ik-Birman repre-
sentation Theorem 2.12 can be deduced from Theorem 3.4 and that therefore
the two Theorems are equivalent. Indeed, assuming the representation (3.2)
for a generic self-adjoint extension St of S, our argument shows that the
¢-inverse B := ¢(T') of the parameter T allows to rewrite D(Sr) in the form
D(Sp) of (2.24) and therefore all self-adjoint extensions of S have the form
Sp = 5* | D(Sp) for some B € S(ker S*); moreover, since by Proposition 3.1
¢ is a bijection on S(ker S*), one concludes that when B runs in S(ker S*)
the corresponding Sp exhausts the whole family of self-adjoint extensions of
S, thus obtaining Theorem 2.12.

Let us discuss in the last part of this Section yet another equivalent
formulation of the general representation theorem for self-adjoint extensions.
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Theorem 3.9 (Classification of self-adjoint extensions — operator version). Let
S be a densely defined symmetric operator on a Hilbert space H with positive
bottom (m(S) > 0). There is a one-to-one correspondence between the family
of all self-adjoint extensions of S on H and the family of the self-adjoint
operators on Hilbert subspaces of ker S*. If T is any such operator, Pr : H —
H is the orthogonal projection onto D(T), and P, : D(S*) — D(S*) is the
(non-orthogonal, in general) projection onto ker S* with respect to Krein’s
decomposition formula D(S*) = D(Sr) + ker S* (Lemma 2.1), then in the
correspondence T «— St each self-adjoint extension St of S is given by

St = 8" | D(Sr)

D(St) = {g € D(S™)

P.g € D(T) and (3.10)
PrS*¢g=TREg |~

Proposition 3.10. The parameter T in (3.10) is precisely the same as in (3.2),
that is, the representation given in Theorem 3.9 is the same as the one given in
Theorem 3.4. In other words, the two theorems are equivalent. In particular,
given a self-adjoint extension S of S, its extension parameter T (i.e., the
operator T' for which S = St) is the operator acting on the Hilbert space

P.D(S) with domain D(T) = P,D(S) and action TP.g = PrStg Vg € D(S).

Proof of Theorem 3.9 and Proposition 3.10. All one needs to prove is the that
the domain D(St) given by (3.2) can be re-written in the form (3.10) with the
same T.If g = f + S;"(Tv +w) + v is a generic element of the space D(St)
defined by (3.2), then P,g = v (by Krein’s decomposition formula), S*g =
Sf+Tv+w, and PrS*g = Tv. Thus, P,g € D(T) and TP,g = Tv = PrS*g,
which proves that g belongs to the domain defined in (3.10). For the converse,
recall that for any g € D(S*) the Visik-Birman decomposition formula (2.5)
gives g = f+ Sz u+ P.g for some f € D(S) and u € ker S*. If now g belongs
to the domain defined in (3.10), then v := P.g € D(T) C ker S* for some
T € S(ker S*), and the decomposition ker S* = D(T) @ (ker S*ND(T)') gives
u = Pru-+w for some w € ker S*ND(T)*: since PpS*g = Pr(Sf+u) = Pru
and (3.10) prescribes also PrS*g = Tv, then Pru = Tv and v = Tv+w: this
proves that g = f + Sz (Tv + w) + v, which belongs to the domain D(Sr)
given by (3.2). Thus, (3.2) and (3.10) define (for the same T') the same space
D(ST). O

4. Comparisons with the subsequent literature in English

Before proceeding on to the further aspects of the theory (Sections 5 and
6), let us present a short retrospective of its original formulation and its
subsequent presentations and applications.

The KVB self-adjoint extension theory was developed (in Russian) in
the course of a decade between the mid 1940’s and the mid 1950’s. This was
not the result of a coherent programme.
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Krein’s focus in [21] was the complete answer to the problem, risen up
by von Neumann [38], of finding and characterising semi-bounded extensions
of a given semi-bounded and densely defined symmetric operator S. von Neu-
mann himself had provided one particular solution (the extension Sy, in the
present notation) and later Stone [35, Theorem 9.21] had proved, for the fi-
nite deficiency indices case, the existence of a self-adjoint extension S with
the much more interesting feature that m(S) = m(S), followed by Friedrichs
[13] who had constructed his eponymous extension (Sp, in the present no-
tation). The framework for Visik’s work [37] was instead the study of the
boundary conditions needed for certain resolvability properties of boundary
value problems associated with an elliptic differential operator L, say, Lu = h
with datum A and unknown u in a region Q@ C R%. Two operators on L?(Q)
are naturally associated to L, a “minimal” operator Ly and a “maximal” L;
(with Ly C Ly), and one considers a suitable family of realisations S of L
between them (Lo C S c L,) that are determined by boundary conditions
at 0Q; the question is to find such conditions for any considered realisation
S , each boundary condition being expressed in terms of boundary operators
D(S) — D'(99) and operators between functional spaces over 0. Visik fo-
cused, among other cases, on the case where Ly = S is densely defined and
symmetric on L?(Q2), L; = S*, and S is a self-adjoint extension of S, and
he provided the one-to-one representation S = Sp < B of Theorem 2.12,
where B is a suitable boundary operator. As for Birman, the motivation in
[5] was to characterise further the correspondence Sp < B along a two-fold
direction: to relate the semi-boundedness and other spectral properties of Sg
with the analogous properties of the parameter B (both in the operator and
in the quadratic form sense), and to include also the case of infinite deficiency
indices, which had not been covered by Krein.

Since the mid 1950’s, as already commented, the self-adjoint extension
theory based in the results of Krein, Visik, and Birman has found a rather
limited space within the mathematical literature in English, presumably for a
multiplicity of reasons that, language and geo-political barriers apart, are re-
lated with the distance between the fields which such results were applied to,
boundary value problems for PDE on the one hand, and quantum-mechanical
Hamiltonians on the other. This refers both to Krein’s characterisation of the
semi-bounded extensions (that is, Theorem A.10), which at least received a
partial discussion in 1954’s Riesz and Nagy’s treatise on Functional Analysis
[31, §125], and to a much larger extent to the Visik-Birman representation
Theorem 2.12 as well as its application to semi-bounded extensions, Theo-
rems 2.15, and 2.17.

Despite the unavoidable oversimplification of the following statement,
the two main comprehensive discussions of the KVB theory of self-adjoint
extensions that were produced within the “western” mathematical literature
are,
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1. from the perspective of boundary value problems for elliptic differential
operators: Grubb’s 1968 theory on the “universal parametrisation of
extensions” [17];

2. from the perspective of general operator theory on Hilbert spaces (with
the point of view of quantum-mechanical and Schrédinger operator ap-
plications): Faris’s 1975 lecture notes on self-adjoint operators [12] and,
above all, Alonso’s and Simon’s 1980 “propaganda” article on the KVB
theory [2].

Grubb’s work [17] (see also its modern survey in [19, Chapter 13]) lies
within the general study of boundary conditions for elliptic partial differen-
tial operators and the associated boundary value problem, therefore a field
that is closely related with Visik’s approach. As a tool, [17] develops an ab-
stract extension theory for closed and densely defined operators on Hilbert
space, with a specific treatment of the symmetric case and the corresponding
self-adjoint extensions. This is done by means of Hilbert space and opera-
tor graph methods that resemble very much those used by Krein, Visik, and
Birman some 20 years earlier, so that it is fair to regard [17, Chapter II] as
an independent route to the general self-adjoint extension characterisation
already provided by the KVB theory, together with a novel generalisation to
a wider class of extensions. The form by which the work [17] classifies the self-
adjoint extensions of a given densely defined (and closed) symmetric operator
S with positive bottom is essentially that of Theorem 3.9 (see [17, Theorem
11.2.1]), that here we have derived directly from (and actually proved to be
equivalent to) Vigik-Birman representation Theorem 2.12.% [17] reproduces
also the bound on m(St) in terms of m(7'), expressed here by (3.5) of Theo-
rem 3.5 (see [19, Theorem 13.17]), as well as Krein’s decomposition formula
for quadratic forms, here expressed by (A.21) of Theorem A.10(iii) (see [19,
Theorem 13.19]).

Faris’s presentation in [12], on the other hand, is explicitly motivated by
general mathematical problems for quantum mechanics (with no reference to
Grubb’s previous work). It includes a concise derivation of formula (3.7) of
Theorem 3.6, limited to the case of positive self-adjoint extensions of a given
densely defined symmetric operator S with positive bottom (see [12, Theo-
rem 15.3]), which is obtained independently in the same spirit as Birman’s
work. Along the same line, in fact ignoring Grubb’s and Faris’s previous dis-
cussions, Alonso and Simon in [2] revisit a large part of the KVB theory
(again, only for positive extensions of S, with m(S) > 0) with some origi-
nality of viewpoint that gives primary emphasis to the notion of quadratic
form. First, they classify the positive extensions in terms of positive forms on
ker S*, thus reproducing both Krein’s extension theorem, with a statement

2The positivity of the bottom, m(S) > 0, is in fact only a special case of a more general
assumption discussed in [17, Section IT §2], that is, the assumption that S has a bounded
and everywhere defined inverse: in this general case S;l is replaced by the inverse of
another self-adjoint extension §0 of S with bounded inverse — the existence of such §0 is
a result originally proved by Calkin [7].
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that is essentially Theorem A.10(ii), and Birman’s characterisation of the
forms of positive extensions, essentially stating it as (3.7) and (3.8) in The-
orem 3.6 (see [2, Section 2]). Then, by means of operator graph techniques,
they derive the operator version of the corresponding classification, with the
same statement as in Theorem here 3.4 (see [2, Section 3]).

It is worth remarking that all the above-mentioned works use the para-
metrisation of the operator domains of the extensions in terms of the operator
T used in Section 3, instead of the original parameter B used by Visik and
Birman for Theorem 2.12.

One further relevant contribution is the work of Ando and Nishio [3]
that appears immediately after Grubb’s and is practically ignored by Faris’s
and by Alonso’s and Simon’s. By means of an ad hoc analysis that in fact does
not use the general tools and formulas of the KVB theory, [3] investigates the
structure of the (quadratic form of the) Krein-von Neumann extension Sy
of a densely defined and positive symmetric operator S, and characterises it
in the form of Theorem A.7 in the Appendix. [3] also provides a necessary
and sufficient condition for S to admit positive self-adjoint extensions (even
when the D(S) is not dense or closed), as reviewed in Theorem A.9.

The positive self-adjoint extensions of a given positive and densely de-
fined symmetric operator are also the object of a recent study by Arlinskii
and Tsekanovskii [4], where several results of the KBV theory are reproduced
in a somewhat alternative form.

Next to these general discussions, the results of the KVB extension the-
ory have been applied or reproduced along several research lines for which it
would be impossible to give a complete survey here. One main trend, that
includes Grubb’s approach (and, before that, Visik’s one), is the study of
boundary conditions for boundary value problems with elliptic differential
operators. This has originated, following an idea that can be traced back to
Calkin [6], the modern theory of boundary triplets, gamma fields, and Weyl
functions, with its applications to extension theory and to boundary value
problems for ODEs and PDEs, concerning which here we can only refer to
more recent general presentations such as [15, 19, 32]. In particular, in [32,
Chapter 14] one may find a detailed derivation of Theorems 3.4 and 3.6 (but
only for positive extensions of S with m(S) > 0) by means of boundary
triplet techniques. Remark 5.6 below collects further references to fundamen-
tal works of the moder theory of boundary triplets that reproduce results
that one can obtain directly withing the original KVB theory.

Another research line where the KVB extension theory has found a pro-
lific application is the study of singular perturbations of elliptic differential
operators that model quantum mechanical Hamiltonians of particle systems
with zero-range interaction. The general problem starts with the free Hamil-
tonian restricted on configurations where particles do not overlap, which turns
out to be a symmetric (non-self-adjoint), densely defined, and semi-bounded
operator S: the first issue is to construct, by means of KVB techniques, those
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self-adjoint extensions of S that display certain properties of physical rele-
vance and can therefore be interpreted physically as the Hamiltonian of an
interaction supported only on the configurations of coincidence among parti-
cles. Depending on the symmetries and on other relevant parameters of the
system (such as the mass of the particles), some of these extensions may be
unbounded below and one is interested in determining such cases, as well as
in studying the stability, spectral, and scattering properties of the self-adjoint
extensions of S. This is a mainstream with a long history that dates back to
the pioneering work of Minlos and Faddeev [28] in the early 1960’s, and it has
been receiving a new impulse owing to the recent advances in the experimen-
tal techniques to prepare and manipulate particle systems with interaction
of almost zero range. As surveying the rich mathematical literature on this
topic would not be feasible here, we refer to the historical reviews contained
in the indroductory sections of [26, 25] and to the references therein.

5. Invertibility, semi-boundedness, and negative spectrum

In this Section we complete the discussion of the main results that can be
proved within the KVB theory, focusing on the link between relevant features
(such as invertibility, semi-boundedness, structure of the negative spectrum)
of a self-adjoint extension of a given densely defined symmetric operator S
with positive bottom, and the corresponding features of the extension pa-
rameter given by the theory. Such a close link allows one to appreciate even
more the effectiveness of the KVB extension parameter, as compared to von
Neumann’s parametrisation. We adopt here the notation T' «» St for the
parametrisation of the extensions — see Section 3.

A first link between St and T', which is straightforward although it is
not explicitly present in Birman’s original work, is the following.

Theorem 5.1 (Invertibility). Let S be a densely defined symmetric operator
on a Hilbert space H with positive bottom (m(S) > 0) and let St be a generic
self-adjoint extension of S according to the parametrisation (3.2) of Theorem
3.4. Then

(i) St is injective < T is injective,

(il) St is surjective < T is surjective,

(iii) St is invertible on the whole H < T is invertible on the whole D(T).

Proof. Assume that S is injective and let v € D(T') be such that Tv = 0.
Then v is an element in D(St), because it is a vector of the form (3.2),
g=f+ S;l(Tv +w) + v, with f = w = 0. Since Srv = 0, by injectivity
of St one concludes that v = 0. Conversely, if T is injective and for some
g=f+ S;l(Tv +w) +v € D(S7) one has Srg = 0, then Sf + Tv +w =
0. Since Sf + Tv + w € ranS B ranT B (ker S* N D(T)*), one must have
Sf =Tv = w = 0. Owing to the injectivity of S and T, f = v = 0 and
hence g = 0. This completes the proof of (i). As for (ii), in the notation
of (3.2) one has that ran Sy = ranS B ranT B (ker S* N D(T)~) and in fact
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ranS = ranS (Remark 2.5). Thus, 7' is surjective < ranTB(ker S*ND(T)*) =
ranT @ (ker S* N D(T)1) = ker S* < ranSy = ranS @ ker S* = H & Sr is
surjective. (iii) is an obvious consequence of (i) and (ii). O

Remark 5.2. Noticeably, Visik-Birman’s original parametrisation Sp < B
for the extensions does not allow to control invertibility, as opposed to the
parametrisation S < T. Indeed, the identity ker Sp = Uy = ker S*ND(B)*
(that follows immediately from (2.13) and (2.24)) shows that the injectivity
of Sp and the injectivity of B are unrelated, and the identity ranSp = ranS@®
D(B) shows that the surjectivity of Sp and the surjectivity of B are unrelated
too.

Semi-boundedness is another relevant feature of the self-adjoint exten-
sions that can be controlled in terms of the KVB extension parameter. The
sub-family of the semi-bounded self-adjoint extensions of S is the object of
Theorem 2.15 (equivalently, of Theorem 3.5). Here below we supplement the
information of that theorem with the answer to the question on whether the
semi-boundedness of ST and of T' are equivalent. This is another result that
is not explicitly present in Birman’s discussion, although it follows from it.
As a consequence, we derive within the KVB theory the fact that when S
has a finite deficiency index all its self-adjoint extensions are bounded below.

Theorem 5.3 (Semi-boundedness). Let S be a densely defined symmetric op-
erator on a Hilbert space H with positive bottom (m(S) > 0), Pk : H — H
be the orthogonal projection onto ker S*, and for each oo < m(S) let

M(a) := Pg(al+ao?*(Sp—al) ™ )Px = Pg(aSp(Sp—al) )Pg. (5.1)
Let St be a generic self-adjoint extension of S according to the parametri-
sation (3.2) of Theorem 3.4. Assume that m(T) € [—0,0), that is, T is
either unbounded below or with finite negative bottom (otherwise it is already
known by (3.4) in Theorem 3.5 that m(T) > 0 <& m(St) > 0). Then the two
conditions

(i) St is bounded below (on H)

(il) T is bounded below (on D(T))

are equivalent if and only if M («) “diverges to —oo uniformly as « — —o0”,
meaning that VR > 0 Jagr < 0 such that M(«a) < —R1 for each a < ap.

Proof. Since (i) = (ii) is always true (owing to (3.3) in Theorem 3.5), what
must be proven is the equivalence between the implication (ii) = (i) and the
condition of uniform divergence to —oo for M(«). Assume (ii) = (i), that
is, assume that for arbitrary R > —m(T) the condition 7' > —R1 implies
St = agrl for some ar < 0 and hence also St > al Va < ag (if the lower
bound ap was non-negative, then m(T") would be non-negative too, against
the assumption). In turn, owing to (3.3) and (5.1), St > al Va < ag is
equivalent to T' > M (a) Yo < ag. Then, for T > —R1 to imply T > M(«)
Vo < ag, necessarily M (a) < —R1 Va < agr. Conversely, assume now that
for arbitrary R > 0 there exists agr such that M(a) < —R1 Va < ag: we
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want to deduce (ii) = (i). To this aim, assume that 7" is bounded below and
apply the assumption for R = —m(T): for the corresponding apr one has
M(ag) < —R1 =m(T)1 < T, which by (3.3) implies St > arl. d

Corollary 5.4 (Finite deficiency index). If S is a semi-bounded and densely
defined symmetric operator on a Hilbert space H with finite deficiency index,
then

(i) the semi-boundedness of St is equivalent to the semi-boundedness of T';
(i1) any self-adjoint extension of S is bounded below.

Proof. Tt is not restrictive to assume m(S) > 0 and hence dim ker S* < co.
Part (ii) follows from (i) because T is now defined on a finite-dimensional
Hilbert space and is therefore bounded. Part (i) follows from Theorem 5.3
once one shows that M («) diverges uniformly to —oo. Irrespectively of whether
dim ker S* is finite or not,

lim (u, M(a)u) = —o0 Yu € ker S*. (5.2)

a——o0

Indeed, for any u € ker S* one has u # D[SF]| (see (A.14)), whence

A d(u, ESP) (\u) = +oo,
[0, +00)

where dE(SF) denotes the spectral measure of Sp; therefore, since )\)‘a — =)
as a — —oo,
)\O[ (S ) a——00
(u, M ()u) = o d(u, BT (Nu) ——— —o0.
-«
[0, +00)

Under the additional assumption dimker S* < oo let us now show that (5.2)
implies a uniform divergence. For arbitrarily fixed R > 0 decompose u =
fr + vgr with

fr = #)([0,2R])u, vg = EYF)((2R, +00))u
Observe that fr € D(SF), because
[ Ratsn ESI0fr) = [ R ESIO fr) < AR f].

[0, +00) [0,2R]

while necessarily vg ¢ D(SF) because u # D(Sr). One has

() = [ 2% dfu B ()

-«
[0, 4+00)
/\Oz (SF) )\Oé (SF) (a)
= [ S Al ESOW ) + [ 5 dlon, B (\on).
[0,2R] (2R, +00)
In the second integral in the r.h.s above A\ > 2R, whence 2R > 2/\213‘1%:

therefore, choosing o < —2R implies —a > 5 ng‘R and the latter condition is
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equivalent to %= < —R, thus

Ao
A—«

(2R, }oo)

d(vgr, ESP)(A\)vg) < —R|vr|? (e < —2R). (b)

Let us now exploit the assumption dimker S* = d for some d € N in order
to estimate the first integral in the r.h.s of (a). Obviously there is dg € N,
dr < d, such that

dim E7)([0,2R]) ker S* = dg (c)
and let {¢R.1,...,¢Rd,} be an orthonormal basis of this d p-dimensional sub-
space of D(SF). Decompose fr = fr1+ - +frdx With fr; := (¢r;, frR)CR;)
j: 1,...7dR. Then

dr

Ao Ao
/Afad<fR7E(S”(A)fR> =2 / 5o AR EOO N frs)
[0, 2R] J=1 [0,2R]
- Z fors Fr) [ 52 dlor s ESD (Vo)
[0,2R]

= Z [or,gs fr) | (ProR.j, M () Prgr,j) -

Owing to (5.2), each (Pxyr j, M(a)Pkyr ;) diverges to —oo as a — —oo:
there is only a finite number of them (and it does not exceed d), so there is
a common threshold ag < 0 such that
sup  (Px¢r,j, M(a)Pxyr;) < —R Va < ag.
j€e{1,....dr}
Therefore
Ao

d(fr, BN fr) < —R|frl*> (< ag) (d)
[0,2R]

(ar only depends on R (and on d), not on fr). Plugging the bounds (b) and
(d) into (a) yields

(u,M(a)u) < —R||frll* — Rlvrl* = —R|u|?
for o < min{—2R, ar}. From the arbitrariness of v € ker S* and of R > 0
one concludes that M («a) — —oo uniformly as o — —o0. O

Corollary 5.5. If S is a semi-bounded and densely defined symmetric oper-
ator on a Hilbert space H, whose bottom is positive (m(S) > 0) and whose
Friedrichs extension has compact inverse S;l, then the semi-boundedness of
St is equivalent to the semi-boundedness of T.

Proof. Since S;l is compact, the spectrum of Sy only consists of a discrete
set of eigenvalues, each of finite multiplicity, whence the bound (c) in the
proof of Corollary 5.4 and the same conclusion as in Corollary 5.4(i). O
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Remark 5.6. The question of Theorem 5.3 and its corollaries deal with is
sometimes referred to as the “semi-boundedness problem”, that is, the problem
of finding conditions under which the semi-boundedness of S and of T are
equivalent (in general or under special circumstances). The fact that the
compactness of S;l is a sufficient condition (that is, Corollary 5.5) was noted
originally by Grubb [18] and by Gorba¢uk and Mihailec [16] in the mid 1970’s.
More than a decade later the same property, and more generally the necessary
and sufficient condition provided by Theorem 5.3, was proved with a boundary
triplets language by Derkach and Malamud [10]. In fact, it is easy to recognise
that the operator-valued function o — M («) defined in (5.1) is the Weyl
function of a standard boundary triplet [32, Example 14.12]. In [10, Section
3] one can also find examples in which such a condition is violated. The
conclusion of Corollary 5.4(ii) is easy to establish also with general Hilbert
space and spectral arguments, with no reference to the KVB theory — see,
e.g., [11, Lemma XIIL.7.22] or [30, Theorem X.1, first corollary]).

Theorem 5.3 and (the proof of) Corollary 5.4 have a further noticeable
consequence.

Corollary 5.7 (“Finite-dimensional” extensions are always semi-bounded).
Given a semi-bounded and densely defined symmetric operator S on a Hilbert
space H, whose bottom is positive (m(S) > 0), all the self-adjoint extensions
of St of S for which the parameter T, in the parametrisation (3.2) of Theo-
rem 3.4, is a self-adjoint operator acting on a finite-dimensional subspace of
ker S* are semi-bounded. For the occurrence of unbounded below self-adjoint
extensions it is necessary (not sufficient) that dim D(T) = oo.

Proof. T is bounded (and hence also semi-bounded) because the Hilbert space
D(T) it acts on has finite dimension. Let Pr : H — H be the orthogonal

projection onto D(T') and set
M(a) = Pr(al +a?(Sp—al)" Py = PrM(a)Pr,  a<m(S).

One can repeat for M () the same arguments used in the proof of Corollary
5.4 to establish the uniform divergence of M(«) to —oo, thus obtaining the

same property for M(a) on the finite-dimensional space D(T)) (the assump-
tion dimD(T) = d < +oo implies dim Er)([0,2R])D(T) = dr < d, which
is the analog of formula (c) in the proof of Corollary 5.4, whence the same
conclusion). Therefore 3o < 0, with |« sufficiently large, such that

allv]|? + (v, (S — al) ') < m(T)|Jv]|* < (v, Tv) Vv e D(T),

which implies m(St) > « owing to (3.3). O

Remark 5.8. It is also worth remarking that unless S is essentially self-
adjoint, in all other cases (i.e., whenever dim ker S* > 1) there is no uniform
lower bound to the bottoms of the semi-bounded self-adjoint extensions of
S. This is an immediate consequence of the bound m(T') > m(Srt) given by
(3.3) in Theorem 3.5, since it is enough to consider extension parameters
T = —~1 for arbitrary v > 0.
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In the remaining part of this Section we turn to the negative spectrum
of an extension S7. It turns out that relevant properties of the negative dis-
crete spectrum of Sp are controlled by the analogous properties for 7. We
cast in Theorem 5.9 and Corollary 5.10 below results that are found in Bir-
man’s original work [5] (formulated therein with the original parametrisation
Sp < B), apart from a number of ambiguities and redundancies that we
have cleaned up.

For convenience let us define

o_(St) = o(Sr)N(—o0,0) 53

o (T) := o(T)N (—0,0). (5:3)
Theorem 5.9 (Negative spectrum). Let S be a densely defined symmetric
operator on a Hilbert space H with positive bottom (m(S) > 0) and let St be
a generic self-adjoint extension of S according to the parametrisation (3.2)
of Theorem 3.4. Then o_(St) consists of a bounded below set of finite-rank
eigenvalues of St whose only possible accumulation point is 0 if and only if
o_(T) has the same property. When this is the case, and Ay < Ao < --- <0
and t1 < to < -+ < 0 are the ordered sequences of negative eigenvalues
(counted with multiplicity) of St and of T respectively, then

e ground state of Sp = A1 < t; = ground state of T,
L] >\k gtk k:1,27...

Corollary 5.10. For some N € N, o_(St) consists of N eigenvalues if and
only if o_(T) consists of N eigenvalues. (Here the eigenvalues are counted
with multiplicity.)

Remark 5.11. We observe that no restriction is assumed on the dimension of
ker S*, that is, the deficiency index of S can be infinite as well. In fact, as long
as dim ker S* < +o00, Corollary 5.10 could be deduced directly by combining
Theorems 19 and 20 of Krein’s original work [21] with the subsequent results
of Visik and Birman that are stated here in Theorems 3.4 and 3.6.

A further consequence is the following.

Corollary 5.12.

(i) If S has finite deficiency index (dimker S* < 4+00), then all self-adjoint
extensions of S have finite negative spectrum, with finite-dimensional
eigenvalues.

(il) If, in the sense of the parametrisation (3.2) of Theorem 3.4, St is
a self-adjoint extension of S where the parameter T acts on a finite-
dimensional subspace of ker S*, then the negative spectrum o_(St) of
St is finite, with finite-dimensional eigenvalues.

In preparation for the proof of Theorem 5.9 and its corollaries, let us
denote by dE57) and by dE™), respectively, the spectral measure of Sy and
of T on R. For generic v € D(T) one also has v € D[Sy] with (v, Tv) = Sr[v],
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owing to (3.7) (see also (2.30)), whence

t (v, dED (t)) = /A(v,dE(ST)()\)v> > [ A, dESTI(\)).  (5.4)
[m(T), +00) [m(ST), +00) [m(ST),0)

Let us also single out two useful facts (the first is straightforward).

Lemma 5.13. If V and W are closed subspaces of H with dimV < +oo and
dim W > dimV, then W NV+ # {0}.

Lemma 5.14. If € > 0 and, for some N € N, ¢1,...,g9n are linearly in-
dependent elements in D(St) N EST)((—oco, —¢|)H, then the corresponding
v1,...,uN given by the decomposition (3.2) g, = fr + Sl;l(Tvk + wg) + Uk,
k=1,...,N, are linearly independent in D(T).

Proof. If Zszl cpvr, = 0 for some ¢1,...,cy € C, then g := Zszl CrgE =

>p ck(fe + Sp' (Tox + wy)) € D(Sk), whence (g, Srg) = (9,Srg) >
m(S9)]|g||* = 0. On the other hand,

(9, Srg) = / Mg, dEGD(N)g) = / Mg, dESD (\)g)

[m(S7), +00) [m(S7), —€]
< - [(9.4E57W)g) < 0
[m(ST), —€]
(where in the second identity we used that g € D(S7) N EET) ((—oc0, —])H),
therefore g = 0 and hence, by assumption, ¢; =--- = ¢y = 0. O

Proof of Theorem 5.9. Assume that o_(St) consists of a bounded below set
of finite-rank eigenvalues of S7 whose only possible accumulation point is 0.
In particular, —oo < m(Sr) < 0 which, by (3.3)-(3.4), implies also m(St) <
m(T) < 0. If, for contradiction, o_(T") does not satisfy the same property
of 0_(Sr), then there exists ¢ > 0 such that dim E™)([m(T), —¢])D(T) =
+00, whereas by assumption dim E(57)([m(S7), —1¢])H < +oc. By Lemma
5.13 3v € ED(Im(T), —€))D(T), v # 0, v L EST)(Im(Sy), —1c])H. As a
consequence of this and of (5.4),

—e||v]® > / t (v, dEM(t)0) = / t (v, dB® (t)v)
[m(T), —e) [m(T), +o0)
z / A (v, dEST (A)o) = / A, dBED () > o2,
[m(ST),0) (-1z0

which is a contradiction because v # 0. For the converse, assume that o_(7T')
consists of a bounded below set of finite-rank eigenvalues of T" whose only
possible accumulation point is 0. In particular, —oo < m(T) < 0. If, for
contradiction, o_(St) does not satisfy the same property of o_(T'), then
dim E(57)((—00, —¢])H = +oo for some & > 0. Therefore also

dim ET) (=00, —e])H N'D(S7) = +0o0 (*)



Krein-Visik-Birman self-adjoint extension theory revisited 37

because E(57)((—oc0, —])H N D(Sr) is dense in E57)((—o0, —¢])H. Based
on the decomposition (3.2) for generic g € D(Sr) (namely, g = f+ Sz (Tv+
w) +v), set

V. = {UED(T)‘ g —v € D(SF) for some }

g € ET)(—00, —¢])H N D(ST)

In fact, owing to Lemma 5.14, any v € V. identifies uniquely the corre-
sponding g € E7)(—c0, —¢])H N D(St). Furthermore, Lemma 5.14 and
(*) yield dimV; = +oo. On the other hand, let h € R with 0 < h <

min{—m(T), Q;Té‘)gla} by assumption

dim ED ([m(T), —h])D(T) < +oc. (*%)
Lemma 5.13 and (*)-(**) then imply the existence of a non-zero v € V. with
v L EM([m(T), —h])D(T). For such v one has

(v, Tvy = t (v, dED (t)) = /t(v,dE(T)(t)v> > —h|v|?
[m(T), +o00) (=h; +00)
em(S) 2
> gtz 0l
which can be re-written equivalently as
€ 12 g2 1 9
e e L

The last inequality implies
2

3 & 1 . _
. To)+ ol > S0, (S + 36)7M0).

If g is the vector in E(ST)(—oc0, —])H N D(Sr) that corresponds to such
v € V., by repeating the very same reasoning as in the proof of Theorem
2.15 one sees that the latter condition is equivalent to (g, Srg) > —5|g/|*.
However, this last finding is not compatible with the fact that

(9.8rg) = / Mg, dEET (N)g) = Mg, dEET (N)g) < —ellgl®,
[m(ST), +00) [m(ST), —¢)
whence the contradiction. This completes the proof of the equivalence of the
considered condition for o_(S7) and o_(T'). When such a condition holds and
the eigenvalues are labelled as in the statement of the theorem, obviously A\ =
m(St) < m(T) = t; (by (3.3)), while the fact that Ay < ¢ for k = 1,2,...
is a consequence of the min-max principle for the self-adjoint operators St
and T, owing to the fact (Theorem 3.6) that Sy < T O

Proof of Corollary 5.10. Owing to Theorem 5.9,
o_(St) = {eigenvalues A\; < --- < Ay < 0} for some N € N
is equivalent to

o0_(T) = {eigenvalues t; < --- <ty < 0} for some M € N
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and when this is the case Ay = m(St) < m(T) = ¢. If M > N, then
Jv € (ED(Im(T), —])D(T)) N (ES)([m(S7),0)H)*, v # 0, for some
e > 0 (in fact, Ve € (0, |ta])), as a consequence of Lemma 5.13. Moreover,
v € D(T) because

/ 120, dED (t)0) = / 120, dED (£)0) < 400,
[m(T), +o0) [m(T), —¢]

whence also v € D[St] with Sr[v] = (v, Tv), owing to (3.7). As a consequence
of this and of (5.4),

0 > / t(v,dED (t)) = / t(v,dED () = [ A(v,dEED (\)v) = 0,
[m(T), —e] [m(T), +o0) [m(ST),0)
a contradiction. If instead M < N, let us use the fact that for some ¢ > 0
(in fact Ve € (0,|An]|)) Lemma 5.14 applied to the space V. introduced in
the proof of Theorem 5.9 yields dim V., > N: then, owing to Lemma 5.13,
Jv € V. n (EM([m(T),0))D(T))*, v # 0. In turn, as already observed
in the proof of Theorem 5.9, this v identifies uniquely a non-zero element
g € EST)([m(St), —¢])H C D(St) for which g — v € D(SF). For such g and
v, (3.7) yields (g, Stg) = (v, Tv). With these findings,

0> [ g dB0g) = [ Mg dBEI(Ng) = (9. 5rg)
[m(Sy), —e] [m(S7), +o0)
> (0, Tv) = /t(v,dE(T)(t)v> > /t (v, dED) (t)s) = 0,
[m(T9, +o0) (79, 0)
another contradiction. Thus, the conclusion is necessarily M = N. O

Proof of Corollary 5.12. In either case (i) and (ii) the extension parameter
T is self-adjoint on a finite-dimensional space, therefore its spectrum only
consists of a finite number of (finite-dimensional) eigenvalues. This is true in
particular for the negative spectrum of 7. Then the conclusion follows from
Corollary 5.10. (]

6. Resolvents of self-adjoint extensions

We turn now to the discussion of the structure of the resolvent of self-adjoint
extensions.

In fact, this is a context in which the theory of boundary triplets (the
modern theory that has “incorporated” the original KVB results, see Section
4) has deepest results, including the appropriate abstract language to repro-
duce in full generality the celebrated Krein-Naimark resolvent formula — see,
e.g., the comprehensive overview in [32, Chapter 14]. Here we content our-
selves to discuss some direct applications of the KVB theory. We thus derive
the formula of the inverse of an invertible extension in terms of its KVB
extension parameter and of the “canonical” Friedrichs extension (Theorem
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6.1), and from it we derive resolvent formulas (Corollary 6.4 and Theorem
6.6) originally established, in implicit form, by Krein [21, Theorem 20].

Theorem 6.1 (Resolvent formula for invertible extensions). Let S be a densely
defined symmetric operator on a Hilbert space H with positive bottom (m(S) >
0). Let, in terms of the decomposition and parametrisation (3.2) of Theorem
3.4, St be a generic self-adjoint extension of S and Pr : H — H be the
orthogonal projection onto D(T). If St is invertible on the whole H, then T
is invertible on the whole D(T) and

Syt = St + PrT 7 Pr. (6.1)

Proof. The invertibility (with everywhere defined inverse) of T is guaranteed
by Theorem 5.1(iii). Thus, (6.1) is an identity between bounded self-adjoint
operators (their boundedness following by the inverse mapping theorem). For
a generic h € H = ran St one has h = Stg for some g = f—&-Sgl(Tv-i-w)—i—v =
F + v, where f € D(S), v € D(T), w = ker S* N D(T) (Theorem 3.4), and
hence F' € D(Sr) (Remark 2.3). Then

(h,S7'h) = (9,5rg) = (F,SpF)+ (v,Tv).
On the other hand
(F,SpF) = (SpF,Sp'SpF) = (Srg,Sp'Srg) = (h,Sp'h)

and
(v,Tv) = (Tv,T~'Tv) = (PpSrg,T~'PrSrg) = (h, Pr'T~'Prh),
whence the conclusion (h, S;:'h) = (h, Sp'h) + (h, PrT~'Prh). O

Remark 6.2. In terms of the equivalent parametrisation S < B of the self-
adjoint extensions of S (Theorem 2.12), and denoting with Pg : H — H the

orthogonal projection onto D(B), Theorem 6.1 takes the following form: if
Sp is invertible on the whole H, then

Sg' = Sp' + PpBPg (6.2)

(and B is not the zero operator on the whole ker S*, unless Sp = Sg).
Indeed, re-doing the proof above, for generic g € D(Sg) the parametrisation
(2.24) yields g = f + (Sz' + B)uy + ug for some f € D(S), @ € D(B), and
uy € ker S* ND(B)*, whence F := f + Sy € D(Sp), h:= Spg = SpF =
Sf+ 1y, and u; = PpSpg. Therefore,
<h75§1h> = <g7SBg> = <Fa SFF> + <a1aBal>
= (h,Sz'h) + (h, PeBPgh).

Remark 6.3. With reference to the historical perspective of Section 4, Theo-
rem 6.1 appears, in a formulation that is virtually the same as the present one,

both in Grubb [17, Theorem 1.4] and, limited to S7’s with positive bottom,
in Faris [12, Theorem 15.1].



40 Alessandro Michelangeli

Corollary 6.4. Let S bea self-adjoint extension of S and let z < m(S) be such
that S—z1 is invertible on the whole H (for example a semi-bounded extension
S and a real number z < m(S)). Let T(z) be the extension parameter, in
the sense of the KVB parametrisation (3.2) of Theorem 3.4, of the operator
S—21 considered as a self-adjoint extension of the densely defined and bottom-
positive symmetric operator S(z) := S — z1. Correspondingly, let P(z) be the
orthogonal projection onto D(T(z)). Then

(S —21)"" = (Sp—21)"" 4+ P(2)T(2)"'P(2). (6.3)

Proof. Since m(S(z)) = m(S) — z > 0, the assumptions of Theorem 6.1 are
matched and (6.1) takes the form (6.3) owing to the fact that the Friedrichs
extension of S(z) is precisely Sp — z1 (Theorem A.2(vii)). O

Remark 6.5. Formula (6.3), in particular, shows that the resolvent difference
(S —21)~! — (S — 2z1)~! has non-zero matrix elements only on a suitable
subspace of ker(S* — z1). (The dependence on z of the term P(2)T'(z)~1P(z)
remains here somewhat implicit, although of course T'(z) and P(z) are un-
ambiguously and constructively well defined in terms of the given S — 21, as
described in Proposition 3.10.)

Let us now make (6.3) more explicit by reproducing a Krein-like resol-
vent formula (see, e.g., [1, Theorems A.2-A.3]).

Theorem 6.6 (Krein’s resolvent formula for deficiency index = 1). Let S be a
densely defined symmetric operator on a Hilbert space H with positive bottom
(m(S) > 0) and with deficiency index dimker S* = 1. Let S be a self-adjoint
extension of S other than the Friedrichs extension Sg. Let v € ker S*\ {0}
and for each z € (—oo, m(S)) N p(S) set

v(2) = v+ 2(Sp —21) v (6.4)

(p(A) = the resolvent set of the operator A). Then there exists an analytic
function B : (—oo,m(S)) N p(S) — R, with B(z) # 0, such that

(S—21)7" = (Sr—21)"" + B(2) [o(2))(v(2)] . (6.5)
B(z), v(2), and (6.5) admit an analytic continuation to p(Sp) N p(S).

Proof. Because of the constance of the deficiency index, dimker(S* — z1) =

dimker §* = 1. S is semi-bounded (Corollary 5.4). Since z < m(S), S — 21 is
a bottom-positive self-adjoint extension of the densely defined and bottom-
positive symmetric operator S(z) := S — z1. Its extension parameter 7'(z),
in the sense of the KVB parametrisation, is the bottom-positive self-adjoint
operator T'(z) on the space ker(S* — z1) which acts as the multiplication by
a positive number ¢(z). (The positivity of the bottom of T'(z) follows from
m(T(z)) = m(S — z1) > 0, Theorem 5.3.) Clearly, v(z) € ker(S* — z1).
Moreover, v(z) # 0 for each admissible z: this is obviously true if z = 0, and
if it was not true for z # 0, then z(Sp — 21)"'v = —v # 0, which would
contradict D(Sp — z1) Nker(S* — z1) = {0} (Remark 2.3, formula (2.7)).
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Thus, v(z) spans ker(S* — z1) and Pr := ||v(2)]|2|v(2))(v(2)| : H — H
is the orthogonal projection onto ker(S* — z1). In this case, the resolvent
formula (6.3) takes precisely the form (6.5) where 5(z) := ||v(2)|~*t(2)~ .
Being a product of positive quantities, 3(z) > 0. Moreover, z +— (§ —z1)7 !
and z — (Sp — z1)~! are analytic operator-valued functions on the whole
p(Sg) N p(S) (because of the analyticity of resolvents) and so is the vector-
valued function z — v(z) (because of the construction (6.4)). Therefore,
taking the expectation of both sides of (6.5) on v(z) shows at once that z —

B(z) is analytic on p(Sr)Np(S), and real analytic on (—oo, m(S))Np(S). O

7. Examples

7.1. “Free quantum particle” on half-line

On the Hilbert space H = L?[0, +c0) one considers the densely defined sym-
metric operator

d? o
S has bottom m(S) = 1. One has
d2
* - ]1
S 12 +

' € AC|0, +00) } (72)

D(S*) = H*(0,+00) = {fELQ[O—Foo)‘f’ " € I2(0, +oo)

thus all the extensions of S act as —% + 1 on suitable restrictions of
H?(0,+0c0). In particular,
D(S) = Hj(0,+00) = {f € H*(0,+00)| f(0) =0, f'(0) =0}  (7.3)
and the Friedrichs extension of S has domain
D(Sp) = H?*(0,+00) N HJ(0,4+00) = {f € H*(0,4+0c0) | f(0) =0}, (7.4)

that is, D(S*) with Dirichlet boundary condition at the origin.

Applying von Neumann’s theory one finds (see, e.g., [14, Chapter 6.2])
that the self-adjoint extensions of S constitute the family {S, |v € (-7, 7]},
where each S, acts as —f—; + 1 on the domain

D(S,) = {g € H*(0,+00)|g(0)sinv = ¢’(0) cos v} . (7.5)
By inspection one sees that the Friedrichs extension of S is Sy /5.
In order to apply the KVB theory, one needs to identify ker S* and S;l.
One easily finds
ker S* = Span{e “}. (7.6)
All self-adjoint extensions of S are therefore semi-bounded (Corollary 5.4).
One also finds that the integral kernel of Sy' is

Sr(z,y) = %(e‘lw_y‘ —e_(”3+y)) (7.7)
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(see, e.g., [14, Chapter 6.2]). In fact, since S;l only enters the formulas as
acting on ker S*, instead of (7.7) one can rather limit oneself to the problem

—n"(x)+n(z) =e*, z€][0,+00)
n(0) =0,

whose only solution in L?[0,+00) is n(x) = 5z e~ *. Thus, for fixed a € C,

Spt(ae™™) = %xeff (7.8)
According to Theorem 3.4, the self-adjoint extensions of S are oper-
ators of the form S where T is a self-adjoint operator on subspaces of
ker S* = Span{e "}, precisely the zero-dimensional subspace {0} or the
whole Span{e~*}. In the former case Sy = Sr (Proposition 3.7). In the
latter, each such T" acts as the multiplication T3 : e™* +— [Be™* by a fixed
B € R, D(Tp) = Span{e~®} = ker S*, and ker S* N D(Ts)*+ = {0}: by (3.2)
and (7.8), the corresponding self-adjoint extension Sz = Sg, of S acts as
—% + 1 on the domain

2
D(Sp) = {g = [+ S Bae™™) +ae® fe Zoe(oéJroo)}

— {g g(z) = f(z) +a(3fz+1)e® }

x€l0,1], fe HZ0,+x), acC
Observing that g(0) = a and ¢’(0) = a(33 — 1) for any g € D(S), (7.9) can
be re-written as

(7.9)

B_ 1)9(0)}. (7.10)

D(Ss) = {g€ H(0.4+00)|4'(0) = (5

Comparing (7.10) with (7.5) above, we see that S is the extension S, of von
Neumann’s parametrisation with

8/2—-1 = tanv (7.11)

which includes the Friedrichs extension (v = %) if one let 3 = +oo0.

The same analysis can be equivalently performed in terms of the qua-
dratic forms of the self-adjoint extensions of S, following Theorem 3.6 (which
applies to this example since all extensions are semi-bounded). The reference
form is the Friedrichs one, that is,

D[Sr] = Hy(0,+00) = {f € H'[0,+0c0) ]| f(0) = 0}
(7.12)

Sp|Fi, Fs] = /o Fl’(x)FQ'(x)dm—i—/o Fi(x) Fy(x) dx,

as one deduces from (7.4). Owing to (3.7), the form domain of any other
extension is obtained by taking the direct sum of D[St] = D[Sr]+D[T] where
T = Tz = the multiplication by areal 8 on D(T) = Span{e~*} = D[T]. Then
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(3.7) and (7.12) yield
D[S5] = H(0,+o00) + Span{e "} = H'(0,+00)
Salg1,92] = SplFi+are ™, Fo+aze "]

/Olezl(x)dx + /01 Fi(x) Fy(x)dx + gaﬁ@ (7.13)

— /Olgﬂ(ilﬁ)glz(x)dx + /01 91(z) g2(x) dz + (g - 1) 91(0) g2(0) .

Going backwards from this (closed and semi-bounded) form to the uniquely
associated self-adjoint operator, a straightforward exercise would yield the
domain D(Sg) already determined by (7.10).

Concerning the bottom and the negative spectrum of a generic extension
S3, one has m(Tg) = 0 and o(T) = {3}, therefore Theorem 3.5 gives

m(Sg) < min{l, g} Vg eR

% < m(Sp) < min{l,8}  if B> -1 (7.14)

and Corollary 5.10 implies that o_ (Sg) consists of one single eigenvalue when-
ever 3 < 0. The explicit spectral analysis of Sz gives o_(Sg) = 0 if 5 > 2
and o_(S3) = {1 — (/2 — 1)?)} if B < 2 with normalised eigenfunction
g5(x) = V2= Be~(1=8/2% whence whence

B 1 52
m(Ss) = {1—(5/2—1)2 B<2.

We thus see that the bounds (7.14) are consistent with the “exact result”
(7.15) (and that there are extensions other than the Friedrichs one whose
bottom coincide with that of S).

As for the resolvents, for z > 0 one sees that e =% € ker(S* + (22 —1)1)
and by means of the formula ([14, Chapter 6.2])

(7.15)

(Sp+ (22 = 1), y) = %(e*zlw\ ) (2> 0) (7.16)
one finds
(Sp+ (-1~ =
= (S + (2 D)7+ e e 2> 0,

for z > 0 and z # —(6/2 — 1) if § < 2. This is precisely a Krein resolvent
formula of the type (6.5). The corresponding integral kernel is

1 2—-1-
(Sa+ (2= D)) = 5 (el - RIS (rag)

This expression can be continued analytically to complex z’s as stated in
general in Theorem 6.6, see (7.23) below.



44 Alessandro Michelangeli

The shift by a unit constant introduced in the definition (7.1) of S
guarantees that .S has positive bottom. After having determined with (7.12)-
(7.13) the quadratic forms of a generic self-adjoint extension of S, one can
remove the shift and deduce that the self-adjoint extensions of the operator
S = —f—;, D(S") = C5°(0, +00), constitute the family {Sj |3 € (oo, +-00]}
where for each 3 € R the element SZ, is the extension with quadratic form

D[Sh] = H'(0,+00)

) 1 . . 3 (7.19)
Sslg1,92] = / g1(z) g3(z)dw + (5 - 1) 91(0) g2(0),
0
and hence with
AN 2 / — g _
D(Sy) = {ge 0. +0) 7O = (5-1)s@} o
Szg = —9",
whereas for § = oo one has the Friedrichs extensions
1
DISE] = Hy(0,4+00),  Shlgr,92] = / g1(x) ga(z)da,
0 (7.21)
D(Sk) = H*(0,+00) N Hy(0,+00),  Spf=—f".
Similarly, one deduces from (7.18)
_ 1/ B/2—1—2z _
U 2 1 - zle—y| _ z(z+y)
(Sg+2°1)" (2, y) 5 (e 32-1+z e ) (7.22)

for z > 0 and z # — (/2 — 1) if B < 2. This expression admits the analytic
continuation
i/ 2-1)+ik |
r k2II. -1 _ L( ik|lz—y| _ (ﬂ/ lk(I'Hl)) 2
for k € C with Jmk > 0 and k # —i(8/2 — 1) if 8 < 2, that is, the operator-
valued map C 3 k? — (5% — k*1)~! is holomorphic.

7.2. “Free quantum particle” on an interval

On the Hilbert space H = L2[0, 1] one considers the densely defined symmet-
ric operator

d2
da?’
The positivity of the bottom of S can be seen by applying twice (to f, f* and
to f’, f) Poincaré’s inequality

S = - D(S) = C£°(0,1). (7.24)

1 1
/ F@)Pde > =2 / f@Pdr Y eCE(0,1),
0 0

thus obtaining
m(S) = n. (7.25)
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One has
- £ 4 € ACT0.1] (7.26)
D(S*) = H*(0,1) = {fELQ[O’ U e 2o }

thus all the extensions of S act as —% on suitable restrictions of H?(0,1).
In particular,

f(0)=0=f(1) }
f(0)=0=f(1)
and the Friedrichs extension of S has domain

D(Sp) = H?*(0,1)NHy(0,1) = {f € H*(0,1)]f(0) =0= f(1)}, (7.28)

that is, Sp is the negative Laplacian with Dirichlet boundary conditions.
Considering its spectrum, o(Sp) = {n?r?|n € N}, one re-obtains (7.25)
without using Poincaré’s inequality.

Applying von Neumann’s theory one finds (see, e.g., [14, Chapter 6.2])
that the self-adjoint extensions of S constitute the family {Sy |U € U(2)}

2 .
where each Sy acts as —dd? on the domain

1) —ig'(1) 9(1) +1ig'(1)
D(Sy) = g€ H*0,1 <9( : =U ) . (7.29
s = faeron | () 56 =v (o St} o
By inspection one sees that in this case the Friedrichs extension of S is the
extension Sy indexed by U = —1.

Let us apply now the KVB theory, identifying first of all ker S* and
S;l. One has

D(S) = HZ(0,1) = {feH2(0,1) (7.27)

ker S* = Span{l,x}. (7.30)
All self-adjoint extensions of S are therefore semi-bounded (Corollary 5.4).
As for S;l, all what we need here is its action on ker S* (the general inversion
formula for the problem Spn = h with datum h can be found, for instance,
in [14, Chapter 6.2]), therefore we consider the problem

{_’7”(%) =a+bx, z€[01]

n(0) =0=mn(1)
for given a,b € C, whose only solution is n(z) = (4 + )z — 2% — 223, Thus,
-1 a b) a 5 b 4
= (42— =22 -2 1]. 31
Sp (a4 bx) (2—|—6x 5% ~ g% x € 10,1] (7.31)

Owing to (7.27), (7.30), and (7.31) above, the decomposition (2.6) reads
H?*(0,1) N Hy(0,1) = HZ(0,1) + Sp'Span{1,z}

i.e., any F' € H%(0,1) N HE(0,1) determines uniquely f € HZ(0,1) and a,b €
C such that F(z) = f(z) + (% + &)z — 2% — 223, Explicitly,

F(z) = f(x)+ F'(0)x — (2F'(0) + F'(1))2® + (F'(0) + F’'(1))z>.
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Analogously, the decomposition (2.4) reads
H?*(0,1) = H?*(0,1) N Hy(0,1) + Span{1,z},
that is, any g € H?(0,1) can be written as

g9(z) = F(x)+9(0) + (9(1) — 9(0))z
for a unique F € H%(0,1) N H(0,1).

According to Theorem 3.4, the self-adjoint extensions of .S are operators
of the form St where T is a self-adjoint operator on subspaces of ker §* =
Span{1,z}, precisely

e the zero-dimensional subspace {0}, in which case S = Sr (Proposition

3.7)

e or the one-dimensional subspaces Span{1} or Span{al + z}, a € C, in
which case T acts as the multiplication by a real number,

e or the whole two-dimensional space Span{1,x} = C?, in which case T
acts as the multiplication by a hermitian matrix.

For concreteness, let us work out in detail the case of the one-dimensional
space Span{1} and of the self-adjoint operator T on it, defined by Ts1 := 51
for fixed 3 € R. In this case D(T3) = Span{1} and ker S* N D(Tp)* =
Span{2z — 1}: therefore, according to (3.2), the corresponding self-adjoint

2 .
— 4" on the domain

extension Sg = St, of S acts as —

D(Sp) = {g=f+5p1(571+5(2x—1 ’fegf%%l)}.

By means of (7.31) (upon renaming the coefficients v, §), this is re-written as

_ [ ]9(@) = f(@) + 2y + (By = 8)z — (By — 36)z” — 262
P = {g ' rel0.1]. feH}(0.1). rdeC (752)
which in turn, observing that g(0) = 2y = ¢(1) and ¢'(0) — ¢'(1) = 20~ for
any g € D(Sg), can be further re-written as

_ 2 g(0) = g(1)
D(Sp) = {g €H (0,1)‘ SO ) :ﬂg(o)}. (7.33)

The special case § = 0 corresponds to the self-adjoint extension with periodic
boundary conditions: in the parametrisation (7.29) of von Neumann’s theory,
0
1 0
extensions of the form Sg, clearly m(Tj3) = 3, thus Theorem 3.5 gives
m(Ss) < min{r?, 5} VB eR

2 (7.34)
ﬁﬂ-:ﬂ < m(Sg) < min{n?, 3} if B> —n?.
This is consistent with the explicit knowledge of o(Sg): for example o(Sg=¢) =
{47*n? |n € Z}, whence indeed m(Ss—¢) = 0. Moreover, since o(Tg) = {5}
(simple eigenvalue), Corollary 5.10 implies that o_(Sg) consists of one single
eigenvalue whenever 5 < 0.

this is the extension Sy with U = . Concerning the bottom of the




Krein-Visik-Birman self-adjoint extension theory revisited 47

All other cases of the above list can be discussed analogously: along the
same line, (3.2) and (7.31) produce each time an expression like (7.32) for
D(St) that can be then cast in the form (7.33). For completeness, we give
here the summary of all possible conditions of self-adjointness. The family of
all self-adjoint extension of S is described by the following four families of
boundary conditions:

9'(0) =b19(0) +cg(1),  g'(1) = —cg(0) — bag(1), (7.35)
9'(0) =b1g(0) +2g'(1),  g(1) = cg(0), (7.36)

g' (1) =-big(1),  9(0)=0, (7.37)

9(0) =0=g(1), (7.38)

where ¢ € C and by,by; € R are arbitrary parameters. For each boundary
condition, the corresponding extension is the operator —% acting on the
H?(0,1)-functions that satisfy that one boundary condition. For instance,
the extension Sg determined by (7.33) correspond to the boundary condition
of type (7.36) with ¢ =1 and b; = 8. In term of the Visik-Birman extension
parameter T, conditions of type (7.35) occur when dim D(T') = 2, conditions
of type (7.36) or (7.37) occur when dimD(T') = 1, and condition (7.38) is
precisely that occurring when dim D(7T") = 0 (Dirichlet boundary conditions,
Friedrichs extension). The well-known conditions (7.35)-(7.38) can be also
found by means of boundary triplet techniques: see, e.g., [32, Example 4.10].

The same analysis can be equivalently performed in terms of the qua-
dratic forms of the self-adjoint extensions of S, according to Theorem 3.6 (in
the present case all extensions are semi-bounded). The reference form is the

Friedrichs one, that is,
! 2
D[SF] = Hy(0,1) = {f € £2[0,1] ' f € AC[,1], f" € L*[0, 1],}

f(0)=0=r(1)

1 (7.39)
SF[Fl,FQ] = / F{((E)Fé(x)d!l? VFl,FQGD[SFL
0

as one deduces from (7.28). The property m(Sr) = w2 reads

1 1
/ F@)Pde > 7 / F@Pde Y€ HY0,1), (7.40)
0 0

that is, Poincaré’s inequality. Owing to (3.7), the form domain of each exten-
sion is obtained by taking the direct sum of D[St] = D[Sr] + D[T]: in the
present case D[T] = D(T), because of the finiteness of the deficiency index
of S. For example, in the concrete case worked out above, that is, T'= T =
multiplication by a real 8 on D(T) = Span{1}, (3.7) and (7.39) yield

D[Sp] = Hy(0,1) +Span{1} = {g€ H'(0,1)[g(0) = (1)}

1
Salon.ge) = SalFi +nLFe+2t) = | FI@ F(o)de + 67002 (49
: .

= /0 g1 (z) gh(z)dx + Bg1(0) g2(0) .
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Then, going from this (closed and semi-bounded) form to the uniquely associ-
ated self-adjoint operator, a straightforward exercise would yield the domain
D(Sp) already determined by (7.33).

As for the Krein-von Neumann extension Sy of S, this is the extension
St with T : ker S* — ker S*, Tv = 0 Vv € ker S* (Proposition 3.7), in which
case (3.7) and (7.39) yield the quadratic form

D[Sy] = H(0,1) + Span{1,z} = H'(0,1)
SN[gl,gg] = SN[F1+a11+b1x,Fg+a21+b2x]

—

Fl(x) Fy(x) dz (7.42)

91(x) gy(x) dz — (g1 (1) — g1(0))(92(1) — 92(0)) -

S— 5—

The corresponding Sy is either found by determining the self-adjoint operator
associated to Sy[] or by applying directly (3.2) to the operator T' under
consideration:

D(Sy) = HZ(0,1) + Span{1,z}

{g € H*(0,1)|¢'(0) = ¢'(1) = g(1) — g(0)}.

(The latter boundary condition is of the form (7.35) with by = by = —c = 1.)
Sy has not to be confused with the self-adjoint extension with Neumann

boundary conditions Sy ¢, that is, the operator Sy 4. = % with domain

(7.43)

D(Snee) = {g€ H*(0,1)]4'(0) =0=g'(1)} (7.44)

and quadratic form

D[Sn.be) = H'(0,1), Snaelgr, g2] = /0 g1 (z) gy () d . (7.45)

Although Sy and Sy have the same form domain and the same (zero)
bottom, Sy is the smallest among all positive self-adjoint extensions of S
(Theorem A.6(i)) — the inequality Sn[g] < Sn.pclg] (which is strict whenever
g(0) # g(1)) can be also checked explicitly by comparing (7.42) with (7.45).
In fact it is easy to compute explicitly (see, e.g., [2, Example 5.1])

(n—1)272 n odd

Koy

o(Sn)

n even

(nlneN} with A, = {
o(Snpe) = {(n—1)>27*|n €N},
where k; is the unique solution to 3k = tan(zk) in (27(j — 1),27(j — 3))

(moreover, k; — 2w(j — %) as j — +00), thus any even eigenvalue of Sy is
strictly smaller then the corresponding eigenvalue of Sy pe.-
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Appendix A. Summary of von Neumann’s vs Krein’s extension
theory

The material of this Appendix is completely classical and stems from the
original works of von Neumann [38], Stone [35], Friedrichs [13], and Krein [21].
We give here a concise summary from a more modern perspective (see, e.g.,
[30, 32]) that includes also the Ando-Nishio characterisation of the Krein-von
Neumann extension (first obtained in the work of Ando and Nishio [3] and
later generalised by Coddington and de Snoo [8], and by Prokaj, Sebestyén,
and Stochel [33, 29, 34]) as well as Kadison’s characterisation of the Friedrichs
extension [20].

Roughly speaking, von Neumann’s theory can be regarded as the “com-
plex version” and Krein’s theory as the “real version” of the same idea, that
consists of checking whether a complex number w is real by seeing whether
;ﬁ: is a phase (complex version), or alternatively checking whether w is real
positive by seeing whether

-1
_ w=d
fact that w — 73 is a bijection of the real axis onto the complex unit circle
without the point 1, and that w — ;"—ﬁ is a bijection of the non-negative
half-line onto the interval [—1,1).

lies in [—1,1) (real version), based on the

A.1. von Neumann’s theory

Fixed z € C\R and a Hilbert space H, the Cayley transform
S = Vg := (S —21)(S—z1)"", D(Vs) =ran(S —z1),  (A.1)

is a bijective map of the set of densely defined symmetric operators on H onto
the set of all isometric (i.e., norm-preserving) operators V on H for which
ran(l — V) is dense in H. One has

ran(1 —Vg) = D(S5). (A.2)

S is closed if and only if Vg is, and if S’ is another symmetric operator on H,
then S C S’ if and only if Vs C Vg . The inverse map is the inverse Cayley
transform
Vs Sy = (21-2V)(1-V)'. (A.3)
As a consequence, a densely defined symmetric operator S is self-adjoint
if and only if its Cayley transform Vg is unitary: indeed, S = S* if and only if
H =ran(S—z1) = ran(S—Zz1), which is equivalent to H = ran(Vs) = D(Vs).
Thus, finding a self-adjoint extension of S, call it §, is equivalent to
finding a unitary extension of Vg, which turns out to be V3, and this is in
turn equivalent to (taking the operator closure and) finding a unitary operator
from D(Vs)t to (ranVs)t, ie., from ker(S* — 21) to ker(S* —z1). This way
the isometric Vg is extended to the unitary Vz on the whole H so that

Vg :ran(S —z1) = Tan(S — 1) (A.4)
Vs [ ker(S™ — 21) : ker(S™ — z1) = ker(S* —Zz1). '

Obviously, this is possible if and only if dim ker(S* — z1) = dim ker(S* —z1).
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For a generic densely defined symmetric operator S each of the two
dimensions above is actually constant in z throughout each of the two complex
half-planes.® This justifies the unambiguous (z-independent) terminology of
“deficiency indices” of S.

When the condition of equal deficiency indices is matched, then from
(A.2) and from (1 —Vg) = (1 —V3) | D(Vs) + (1 — Vg) | D(Vs)™ one has

D(S) = ran(l —Vz) = D(S) + (1 — Vg) ker(S* — 21), (A.5)

and on a generic f+u—Vzu in D(S) (f € D(S), u € ker(S* —z1)) the action
of S, in view of (A.3), gives
S(f+u—Vzu) = Sf+ (21 -2V3)(1-Vg) H1 - Vz)u
= gf—i—zu—EVgu.
Because of (A.4), Vz in the r.h.s. of (A.5) and of (A.6) has to be thought of

as a unitary map ker(S* — 21) — ker(S* — z1). Thus, summarising:

(A.6)

Theorem A.1 (von Neumann’s theorem on self-adjoint extensions). A densely
defined symmetric operator S on a Hilbert space H admits self-adjoint exten-
sions if and only if S has equal deficiency indices. In this case there is a
one-to-one correspondence between the self-adjoint extensions of S and the
isomorphisms between ker(S* — z1) and ker(S* — zZ1), where z € C\R is
fized and arbitrary. Each self-adjoint extension is of the form Sy for some

U : ker(S* — z1) =, ker(S* — z1), where
D(Sy) = D(S) + (1 —U)ker(S* — 21)
Su(f+u—Uu) = Su+z2u—2zU0u = S*(f +u—Uu).

For each Sy, the unitary U is the restriction to ker(S* — z1) of the Cayley
transform of Sy .

(A7)

A.2. Friedrichs extension and Krein-von Neumann extension

If a given densely defined symmetric operator S on a Hilbert space H is
bounded below, then it surely admits self-adjoint extensions (see, e.g., [30],
Corollary to Theorem X.1). In fact, in this case S has two distinguished exten-
sions (possibly coinciding), the Friedrichs extension and Krein-von Neumann
extension.

Theorem A.2 (Friedrichs extension). Let S be a semi-bounded and densely
defined symmetric operator on a Hilbert space H.

(i) The form (f,g) — (f,Sg) with domain D(S) is closable. Its closure is
the form whose domain, denoted by D|S], is given by the completion of
D(S) with respect to the norm f +— (f,Sf) + (1 — m(S))|f||?, where
m(S) is the bottom of S, and whose value S[f, g] on any two f,g € D[S]
is given by S[f, 9] = Uimy oo {fn, Sqn), where (fn)n and (gn)n are two

3In fact, this is a result of Krasnosel’skii and Krein [22].
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sequences in D(S) that converge, respectively, to f and g in the above
norm.
The form (S[], D]S]) is bounded below and closed. Therefore, the opera-
tor associated with (S[-],D[S]) is self-adjoint. It is called the Friedrichs
extension of S and denoted by Sp. By definition
Juy € H such that
D(Sp) = ¢ f€D[S ! }
(5r) = {17181 | 51"y o Yo £ i (A38)
SFf = us.
Sr is a bounded below self-adjoint extension of S with the same greatest
lower bound as S, i.e.,
m(Sp) = m(9), (A.9)
and whose associated quadratic form coincides with the closure if the
form (f,g) — (f,Sg) considered in (i)-(ii), i.e.,
D[S¢] = D[S],  Srlf.g) = S[f.g. (A.10)
D(Sr) = D(S*)ND[S] and Sp = S* | D[S].
S is the only self-adjoint extension of S whose operator domain is
contained in D[S].

Ifg is another bounded below self-adjoint extension of S, then Sp > S.
(S+ A)p =Sp+ Al for A e R.

Theorem A.3 (Friedrichs extension — Kadison’s construction [20]). Let S be
a semi-bounded, closed, and densely defined symmetric operator on a Hilbert
space H.

(i)

(i)

(iii)

The inner product (f,g) — (f,Sg)+(1—m(S)){f,g) on D(S) is positive
definite. The corresponding completion D’ is a subspace of H (in fact,
D' =DIS]) with g < llgllp-
For each g € H, the functional f — (g, f) on D(S) extends to a bounded
linear functional on (D', || ||p/) with norm not exceeding ||g||, and conse-
quently g’ € D(S*)ND’ such that

(9.) = (¢, (S+1-m(S)1)f) = (¢, f)pr  VfeD(S).
The map g — ¢’ is realised by a linear operator K (i.e., ¢ = Kg) such
that K € B(H), |K|| <1, K > O, and K is injective.
The operator Sg := K~ — 1 4+ m(S)1 is a self-adjoint extension of S
with m(Sk) = m(S) and D(Sk) C D'. It is the unique extension of S
satisfying the last two properties.

By comparison with Theorem A.2(v) one has that Sk is precisely the Friedrichs
extension of S: Sk = Sp.

Corollary A.4. Under the assumptions of Theorem A.3, the Friedrichs exten-
sion Sp (= Sk ) of S is characterised by

D(Sp) = {g/eH‘@"(

S+1-m(S)1)f) = (g, f) VfED(S)}
for some g € H (A.11)

(Srg's f) = (d',Sf) VfeD(S), Vg €D(Sk).
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The uniqueness of the Friedrichs extension (in the sense of Theorem
A.2(v) or Theorem A.3(iii)) implies the additional noticeable property that
follows. It is through this property that the Friedrichs extension plays a cru-
cial, albeit somewhat hidden, role in the Tomita-Takesaki duality theory for
von Neumann algebras and positive cones [36, §15].

Proposition A.5 (The Friedrichs extension preserves the affiliation with a
von Neumann algebra).

(i) Let S be a closed, densely defined, and positive symmetric operator on a
Hilbert space H and let Sy its Friedrichs extension. If U is a unitary op-
erator on H that commutes with S, in the sense that UD(S) C D(S) and
USU* = S on D(S), then U commutes with all the spectral projections
Of SF.

(il) More generally, if S is a closed, densely defined, and positive symmetric
operator on a Hilbert space H affiliated * with a von Newmann algebra
M on H, then its Friedrichs extension Sg too is affiliated with IN.

The Friedrichs extension of S is a form construction, obtained canoni-
cally given the datum S. In contrast, the Krein-von Neumann extension of
S is relative to a chosen reference lower bound to the bottom of S. Up to a
trivial shift S — S + A1 for A > 0 sufficiently large, one can always assume
S to be a positive and densely defined symmetric operator and the reference
lower bound to be zero.

Theorem A.6 (Krein-von Neumann extension). Let S be a positive and densely
defined symmetric operator on a Hilbert space H.

(i) Among all positive self-adjoint extensions of S there exists a unique
smallest extension Sy in the sense of the operator ordering, that is, a
unique extension with the property that S > Sy for any positive self-
adjoint extension S of S. It is called the Krein-von Neumann extension.

(ii) One has

D(Sn) = D(S) + ker S*
_ _ (A.12)
Sn(f+u) = Sf Vi € D(S), Yu € ker S*
and (recall that D[S] = D[SF])
D[Sn] = D[Sr| + ker S (A.13)

SN[f +u, f + '] = Self, f'] Vf, f' € D[SF], Yu,u’ € ker S*.

In particular, Syu = 0 Yu € ker S*.
(iii) If, in addition, S has positive bottom (m(S) > 0), then the sums in
(A.12) and (A.13) are direct, that is,

D(Sy) = D(S) + ker S*

. ) (A.14)

D[Sn] = D[Sk] + ker S*,
4By definition a closed and densely defined operator S on a Hilbert space H is affiliated
with a von Neumann algebra 9t on H when for any unitary U € 9V (the commutant of
M) one has UD(S) C D(S) and USU* = S on D(S).
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and Sy is the only positive self-adjoint extension of S satisfying the two
properties ker S* C D(Sy) and Syu = 0 Vu € ker S*.

Theorem A.7 (Krein-von Neumann extension: Ando-Nishio version). Let S
be a positive and densely defined symmetric operator on a Hilbert space H.

(i) The linear space

3 > 0 such that } (A.15)

contains D(S) as well as the domain of any positive symmetric extension
of S, in particular the domain of the Friedrichs extension Sg. £(S) is
therefore dense in H.

(ii) The Krein-von Neumann extension Sy of S satisfies

DISn] = D(SY?) = &(8)
Snlgl = 15¥2al® = v(g)

where v(g) = the smallest number c, satisfying, for g € £(S), the
property [{g, SF)I* < ¢ (f,Sf) Vf € D(S).

Remark A.8. One has v(g) = (g,59) Vg € D(S) and v(g) = 0 Vg € ker S*,
consistently with (A.13) above.

(A.16)

Theorem A.7 above has a counterpart when S is positive and symmet-
ric with no a priori assumption on the density of D(S) in H. In this case
elementary counter-examples (see, e.g., [32, Example 13.2]) show that sym-
metry plus semi-boundedness of S is not enough to claim the existence of the
Friedrichs extension or any other positive self-adjoint extension. On the other
hand, there is a class of positive symmetric operators on H, with possibly
neither dense nor closed domain, for which it is crucial for general theoretical
purposes to have conditions that ensure the existence of positive self-adjoint
extensions: this is the class of shifted Krein transforms of positive and densely
defined symmetric operators on H, see Section A.3. Whence the relevance of
the following result.

Theorem A.9 (Ando-Nishio bound and existence theorem). Let S be a posi-
tive symmetric operator on a Hilbert space H whose domain is not necessarily
a dense or a closed subspace of H.

(i) S admits a positive self-adjoint extension on H if and only if the set
E(S) defined in (A.15) is dense in H.

(ii) For given v > 0, S has a bounded positive self-adjoint extension S on
H such that ||S|| <~ if and only if ||Sf||2 < A(f,Sf) for all f € D(S).

A.3. Krein’s theory

Unlike von Neumann’s theory, Krein’s extension theory only deals with densely
defined symmetric operators that are semi-bounded. In this case the existence
of self-adjoint extension(s) is not an issue, as proved by Stone [35, Theorem
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9.21] and Friedrichs [13]. In fact, in terms of the tools of von Neumann’s the-
ory, semi-boundedness implies the coincidence of the two deficiency indices.?
The Krein transform

S Kg = (S—1)(S+1)"', D(Kg) := ran(S+1), (A.17)

is a bijective map of the set of all positive symmetric operators on a Hilbert
space ‘H onto the set of all bounded symmetric operators K on H for which
IK|| < 1 and ker(1 — K) = {0}, where for the operators of both sets the
domain is possibly neither densely defined nor closed. In particular, if S is
unbounded, then ||Kg|| = 1. The inverse map is the inverse Krein transform

K — Sk = (1+K)(1-K)', D(Sk) = ran(l -K). (A.18)

In terms of the Krein transform, S is self-adjoint if and only if Kg is self-
adjoint. The Krein transform preserves the operator inclusion:

S1CS = Ksl C ng, (Alg)
and on self-adjoint operators it preserves the operator ordering:
Slef, SQZS;, and 51252 = Ksl >KSQ~ (AQO)

Theorem A.10 (Krein’s theorem on self-adjoint extensions). Let S be a densely
defined and positive symmetric operator on a Hilbert space H. Assume fur-
ther that S is unbounded (otherwise the only self-adjoint extension of S is its
operator closure S).

(i) There is a one-to-one correspondence between the positive self-adjoint
extensions of S and the self-adjoint extensions K of the Krein transform
Ks that are bounded with |K|| = 1. For each such K one necessarily
has ker(1 — K) = {0}, which makes the inverse Krein transform of K
well defined. Any such K identifies, via its inverse Krein transform,

a positive self-adjoint extension S of S (that is, K = Kgz), and any
positive self-adjoint extension of S is of this form.

(ii) The family of the self-adjoint extensions K of Kg with |K| = 1 ad-
mits two elements, Kgr and Kg N, such that a self-adjoint operator
K belongs to this family if and only if Kgn < K < Kg r. The corre-
sponding inverse Krein transforms of Ksr and Kg n are two positive
self-adjoint extensions of S, respectively Sp and Sy, such that a self-
adjoint operator Sisa positive self-adjoint extension of S if and only if

5The coincidence of the two deficiency indices of a semi-bounded and densely defined
symmetric operator is a classical result (see, e.g., the first corollary to Theorem X.1 in [30])
which is a direct consequence of the above-mentioned Krasnosel’skii-Krein result [22] on
the constance of the deficiency indices throughout each of the two complex half-planes. In
fact, such an argument is more general and proves as well the coincidence of the deficiency
indices of a symmetric and densely defined operator S such that S has a real point in its
resolvent set (see, e.g., the second corollary to Theorem X.1 in [30]). It is worth highlighting
that the existence of a self-adjoint extension of a symmetric and densely defined S with a
real point in the resolvent set of S is an independent result, proved first by Calkin [7] and
later re-proved by Krein [21].
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Sy <5 < Sp. Sg and Sy are nothing but the Friedrichs and the Krein-
von Neumann extensions of S (where the latter is defined with respect
to the value zero as a reference lower bound), as given by Theorems A.2
and A.6.

(iii) In the special case when S has positive bottom (m(S) > 0), for any
semi-bounded self-adjoint extension S of S one has

DIS] = D[Sk] + D[S] Nker 5*
Slf+u f +u) = Splf, f) + Slu,v] (A.21)

Vf, ' € D[SF], Yu,u’ € D[S] Nker S*.

In particular,

S[f,ul = 0  VfeD[Sp], VYue D[S]NkerS* (A.22)

S>>0 &  Suul =0 VYueD[S]NkerS*. (A.23)

The sum in (A.21) is direct for any positive self-adjoint extension of S:

DIS] = D[Sr] + D[S]NkerS*  (m(S) >0, m(S) >0).  (A.24)
Remark A.11. In part (iii) of Theorem A.10 above one actually first estab-
lishes (A.22), which is an independent result, valid for any semi-bounded ex-
tension of a bottom-positive and densely defined symmetric operator S (see,
e.g., |21, Lemma 8|). This automatically implies S[f+u, f'+u/] = Sg[f, f'] +
S[u, '] in (A.21). The decomposition D[S] = D[Sp] + D[S] Nker S* in (A.21)
requires an additional analysis, but in the special case of positive self-adjoint
extensions it is a straightforward consequence of Sy < S < Sp given by part
(ii) and of the property (A.13) for the domain of Sy. In the general case of
semi-bounded extensions, the route to D[S] = D[Sr] + D[S] N ker §* (see,
e.g., [21, Lemma 7 and Theorem 15]), goes through (A.13) again and the
structural property

D(S*) = D(Sp) + ker S* (m(S) > 0) (A.25)
for the domain of S*. For the relevance of the technique used to establish
(A.25) we have included it, together with its proof, in the main part of this
article (Section 2.2, Lemma 2.1).

Remark A.12. Without the assumption m(S) > 0, the decomposition (A.21)

for D[S] fails to be true for arbitrary semi-bounded extensions of S: the

inclusion D[S] D D[Sr] + D[S] Nker S* remains trivially valid, but can be
proper.

Remark A.13. The Krein transform reduces the (difficult) problem of describ-
ing all positive self-adjoint extensions of S to the (possibly easier) problem
of finding all the self-adjoint extensions of Kg with unit norm. The price,
though, is that Kg is not necessarily densely defined in H, which makes the
search for the “minimal” extension Kg y and the “maximal” extension Kg r
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of Kg on H different from the “ordinary” extension theory of densely defined
symmetric operators. A more explicit identification of K¢y and Kg r is due
to Ando and Nishio [3] (and further developments) and proceeds as follows.

e One considers the positive symmetric operators K+ := 1 + Kg with
common domain D(Kg).

e Although D(Kg) is not necessarily dense (which prevents one from
introducing the Friedrichs extension), from the elementary inequality
| K*z||? < 2(x, K*z) Yo € D(K®) one sees that they satisfy a Ando-
Nishio bound as in Theorem A.9(ii).

e Therefore, both K+ and K~ admit a bounded positive self-adjoint ex-
tension on H with norm below 2, whence also (Theorem A.6(ii)) the
smallest positive self-adjoint extension K3, for which || K| < 2 too.

e One then checks that among all the self-adjoint extensions K of Kg on
H which are bounded with || K| = 1, the extension Kg y := —(1 - K}})
is the smallest and Kg r := 1 — K is the largest.

e The corresponding inverse Krein transforms

Sy = (1+Ksn)(1—Ksn) "
Sp = (1+Ksr)(l—Ksp)*

are self-adjoint extensions of S (Theorem A.10(i)) that, because of
(A.20), are, respectively, the Krein-von Neumann and the Friedrichs
extension of S.

(A.26)
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