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We consider the asymptotic behavior of a system of multi-component trapped bosons,
when the total particle number N becomes large. In the dilute regime, when the inter-
action potentials have the length scale of order O(N’l), we show that the leading order
of the ground state energy is captured correctly by the Gross—Pitaevskii energy func-
tional and that the many-body ground state fully condensates on the Gross—Pitaevskii
minimizers. In the mean-field regime, when the interaction length scale is O(1), we are
able to verify Bogoliubov’s approximation and obtain the second order expansion of the
ground state energy. While such asymptotic results have several precursors in the liter-
ature on one-component condensates, the adaptation to the multi-component setting is
non-trivial in various respects and the analysis will be presented in detail.
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1. Introduction

Experimental and theoretical investigations on mixtures of Bose gases displaying
condensation have made important progress in the past years. The physical sys-
tems of interest consist of a gas formed by different species of interacting bosons,
each of which is brought to condensation, thus with a macroscopic occupation of
a one-body orbital for each species. They can be prepared as atomic gases of the
same element, typically 87Rb, which occupy two hyperfine states with no intercon-
version between particles of different hyperfine states [37, [32, 15, [16], or also as
heteronuclear mixtures such as *'K-8"Rb [35], #'K-85Rb [36], 3°K-**Rb [31], and
85K-87Rb [43]. For a comprehensive review of the related physical properties we
refer to [44] Chap. 21].

Mathematically, the natural Hilbert space for two populations, say, of N7 and
N identical bosons of different type in three dimensions is

3‘—[1\/17]\,2:L2 (R3N1,dx1,...,del)®L2 (R3N2,dyl,...,dyN2)7 (1.1)

sym sym
where L2, (R*N7) is the space of square-integrable functions in (R*)"s which are
symmetric under permutations of IN; variables. No overall exchange symmetry is
present among variables of different type.

Most of the physically relevant phenomena are modeled by Hamiltonians acting
on Hn,,~, which include the customary intra-species and inter-species two-body
interaction term, as well as an overall trapping potential for each species — such
confinements can indeed be different for each type of particles. Rigorous statements
can only be proved in suitable limits of infinitely many particles, say, when the
population ratios are asymptotically fixed:

N :=N;+ Ny - 00, lim N =:¢; €(0,1), je{l,2}. (1.2)
N—oo N
It is not restrictive to assume that the ratios N;/N and N3/N are fixed, and so
shall we henceforth.

In the present work, we intend to investigate the limit of infinitely many par-
ticles for two significant scaling regimes: the mean field, for interactions of weak
magnitude and long range, and the dilute scaling, for interactions of strong mag-
nitude and short range. In principle, the former regime is mathematically easier
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because of the natural emergence of the law of large number, while the latter regime
is more relevant to realistic experiments of the Bose-Einstein condensation.
To be precise, we shall consider the following Hamiltonian (in suitable units)

Ny
1
Hy =37 (<0, + Ui + 5 D0 V(=)
j=1 1<j<r<N;
Na )
+ Z (—Ay, + Ut(i)p(yk)) N Z Vi (s, — we)
k=1 1<k<€<N,
1 i & (12)
+NZZ Vi (x5 — yk), (1.3)
J=1 k=1

with self-explanatory kinetic, confining, and interaction terms. Under our assump-
tions, Hy will be bounded from below on the core domain of smooth, compactly
supported functions and it is unambiguously realized as a self-adjoint operator by
Friedrichs’s extension, still denoted by Hy .

Correspondingly, we shall specialize (I.3]) in two forms, the mean field Hamil-
tonian HN'' and the Gross—Pitaevskii Hamiltonian H§Y, in which the interaction

)

potentials V™ are chosen as®

V]S]a),MF(x) — V(a)(x)’

a€{l,2,12} (1.4)
Vi (z) == N3V (@)(Na),

for suitable N-independent potentials V), V() and V12),
We are interested in the large- N behavior of the ground state energies

ENY .= inf o (HNY),
(1.5)
ESP .= info(HSY)

)

and the corresponding ground states. This subject has been deeply investigated for
one-component Bose gases, as we shall address below, but is virtually unexplored
for multi-component gases.

It turns out that by analogy with the one-component case, the leading order
of the ground-state energies are captured by effective energy functionals which
describe the condensation at the one-body level. More precisely, in the mean-field
regime we have the Hartree functional

2
Efu,v] := cl/ |Vu|? dz + cl/ Ut(rla)p|u|2dx + &/ (VO s |u)?) |uf? dz
R3 R3 2 Jgs

2In the physical literature [34] [41] [33] a different convention is preferred for o € {1,2}, namely
V(@) = ¢ 1V(@) for mean-field regime, and V(%) = 2 V(9 (¢c,-) for Gross-Pitaevskii regime.
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2
+02/ |V1}|2dx—|—62/ Ut(i)p|u|2dx—|—2/ (V@ sxjo?)|v|? da
R3 R3 2 Jps

+cieo / (VO s v)?)|u? dz
® (1.6)

where ¢ and ¢2 are the population ratios defined in (C4]). On the other hand, in
the dilute regime, we have the Gross—Pitaevskii functional

EP[u,v] = cl/

R3

+02/ |V1}|2dm—|—02/ Ut(i)p|u|2dm—|—47mgc§/ lo|* dz
R3 R3 R3

|Vu|2d:r—|—cl/ Ut(rlgp|u|2dm—|—47mlc?/ |u|* dz
R3 3

R

+87ra126102/ |v]?|u|? da. (1.7)
R3

Here a,, is the (s-wave) scattering length of the potential V(®), o € {1,2,12}, which
is defined by the variational problem (see [28] for a detailed discussion)

Arag — inf {/R [|Vf(z)|2 + %Vo‘(aj)|f(a:)|2} do: f:RO R, T f(z) = 1}.
(1.8)

We are going to show that under suitable, physically realistic conditions, the
many-body ground state energy per particle ENT /N or EGY /N converges to the
ground state energy of the Hartree/Gross—Pitaevskii functional. Moreover, the cor-
responding many-body ground state ¥y condensates on the unique Hartree/Gross—
Pitaevskii minimizers (ug, vp) in terms of the reduced density matrices:

lim 80 = uf* @ o) Wi @ o, Yk £=0,1,2,. .. (1.9)
Here recall that for every k, £ > 0, the reduced density matrix 715;k
class, positive operator on Hj , with kernel

¢ .
N ) of Y is a trace

YEOX, Y X Y) = / / Az - day,dyess - dy,
R3(N1—k) JR3(N2—£)

XUN(X, Tht 1y TN Y Yok 1, YN
x¢_N(X/’xk+1a'"7IN1;Y/ayf+17"'7yN2) (110)
where X, X’ € (R*)* and Y, Y’ € (R3)".
The convergence ([L9) expresses the asymptotic closeness as N — oo

QN ®N.
¢NNUO 1®,UO 2

in a weak sense. Heuristically, this closeness emerges naturally in the mean-field
regime as the Hartree functional is the energy per particle of the trial state u®™ @
v®N2 In the Gross-Pitaevskii regime, however, the ansazt u§™** @ v is not good

enough to produce the Gross—Pitaevskii energy, and a non-trivial correction due
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to the short-range correlation between particles is needed to recover the actual
scattering lengths a,, instead of their first Born approximations (87)~! [ Ve,

In the mean-field regime, to see the macroscopic effect of the particle correlation
we have to go to the next-to-leading order of the energy contribution. We will show
that there exists a N-independent self-adjoint operator H on a suitable Fock space
such that

ENF = Ney + inf o(H) + 0(1) N 00 (1.11)

In fact, the operator H is the Bogoliubov Hamiltonian (the second quantization of
the Hessian of the Hartree functional at the minimizer) that will be introduced in
Sec. 2l Moreover, we will obtain an approximation for the ground state 1 of HNT
in the norm topology of Hn, n,, which is much more precise than the convergence
of the reduced density matrices ([C3).

Such asymptotic results have several precursors in the literature on one-
component condensates; see [26] 23] [24), B9] [] for the leading order in the Gross—
Pitaevskii regime and [46], [13][21),[8, 40} 142} [45] for the second order in the mean-field
regime.

The novelty here is the adaptation, which in various respects is non-trivial, of
previous analyzes to the multi-component setting. This includes an amount of con-
trols of the emerging ‘mixed’ (i.e. inter-species) terms, among which the convexity
argument for the GP minimizer (which singles out the role of the ‘miscibility’ con-
dition), the inter-species short-scale structure for the energy estimates (which is
crucial for the ground state energy in the Gross—Pitaevskii regime), and the double-
component bounds on the Bogoliubov Hamiltonian (which is the key ingredient for
the second order contribution to the ground state energy in the mean field regime).

2. Main Results
Let us present the explicit set of assumptions for the potentials appeared in (3.
(A1) For o € {1,2}, the confining potentials satisfy Ut(a) e L3? (R3,R) and

rap loc
Ut(g)p(ac) — 400 as |z| = +oo.
(ASP) For a € {1,2,12} the interaction potentials V(®) € C°(R?) are non-
negative, spherically symmetric, and such that the respective scattering
lengths satisfy the ‘miscibility’ condition

ajaz > a%2~ (2.1)

(AYF) For a € {1,2,12} the interaction potentials V(®) : R? — R are measurable,
spherically symmetric, and satisfy the operator inequality

(V) <c@-a), (2.2)
the (point-wise) positivity of the Fourier transform

vih >0, VO® >0 (2.3)
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and the ‘miscibility’ condition

—

VOOV e > (v(2)%, (2.4)
The assumption (4;) ensures that the one-body operator T(®) = —A + Ut(;;)p

is bounded from below, and with compact resolvent. It covers trivially the har-
monic confinement Ut(ro;)p
Our results can be generalized with the Laplacian —A replaced by the magnetic
Laplacian (iV+ A(z))?, and in the mean-field case we can also deal with the pseudo-
relativistic Laplacian v —A + m?2 — m.

Conditions (2.2))-(2.3) of (AMF) are technical assumptions needed to validate
Bogoliubov theory (they were already used in the one-component case in [21]).
These conditions cover a wide range of interaction potentials, including Coulomb
interactions.

Condition @20)) in (AST), as well as its mean field counterpart — namely (2.4)
in (AM), is needed to ensure that the Gross—Pitaevskii or Hartree minimizer is
unique. These conditions explicitly emerged in the physical literature and they were
recognized in the experimental observations as the ‘miscibility’ condition between
the two components of the mixtures (that is, the interspecies repulsion does not

() = cq|x|?, which is often used in realistic experiments.

overcome the repulsion among particles of the same time and the two components
are spatially mixed); see, e.g., [10], [30} Sec. 15.2], [I4] Sec. 16.2.1] and [44, Sec. 21.1].
Here we will rigorously justify a uniqueness that is expected in theoretical physical
arguments. Let us remark that our results below actually hold in a larger generality
where (7)) or ([Z3)) is replaced by the condition that the Gross—Pitaevskii or Hartree
functional has a unique minimizer.

Our first main result is the leading order behavior of the many-body ground
state energy and the complete condensation of the ground state in the dilute regime.

Theorem 2.1 (Leading Order in the Gross—Pitaevskii Limit). Let Assump-
tions (A1) and (AST) be satisfied. Then the following statements hold true.

(i) There exists a unique minimizer (ug,vo) (up to phases) for the wvariational
problem
egp = inf EP u, ).

uw,w € H (R®)
lullpz=llvllL2=1

ii) The ground state energy of HSY satisfies
N
EGP

im = = eap. (25)

(iii) If ¢n is an approzimate ground state of HSY, in the sense that

lim (Un, HJF )

= €GP
N —o0 N ’
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then it exhibits complete double-component Bose—FEinstein condensation:
lim 780 = [u§* @ o) (WS @ 0§, Yk £=0,1,2,... (2.6)
in trace class.

In Theorem 2.I] we actually do not need the local integrability of potentials;
for example, our analysis can be extended to hard sphere potentials. In fact,
using Dyson’s argument [9] we can always replace V]S,a) by a solf potential (see
Lemma [3:2] below) and the detailed profile of the potential plays no role; only its
scattering length matters. We also do not need to assume that the potential is
short-range, because as soon as the potential decays fast enough, we can make a
space cut-off and obtain the same result by a standard density argument. How-
ever, in the following, we will keep the conditions (A;), (AST) to simplify the
presentation.

The analogue of Theorem [Z1]in the one-component case has been first proved
by Lieb, Seiringer and Yngvason [26] for the convergence of the ground state energy,
and by Lieb and Seiringer [23] [24] for the condensation of the ground state. Later,
based on quantum de Finetti methods [6, [T} [19] the ground state energy asymptotics
and the condensation of the ground state were re-obtained by Nam, Rougerie and
Seiringer [39]. Very recently, Boccato et al. [4] obtained the optimal convergence rate
in the homogeneous case (where the particles are confined in a unit torus, without
external potential). In the present paper, we will follow the simplified approach
in [39] when dealing with the multi-component case.

Theorem [27] (as well as its mean-field counterpart in Theorem [£1]) justifies
crucial information of the initial states assumed in various recent works on the
dynamical problem for mixtures of condensates [34] [41}, [2]. There, one proves that
the mixture preserves its double-component condensation in the course of time
evolution, if it is prepared at time ¢ = 0 in a state of condensation and, in the
GP regime, provided that the energy per particle of the initial state is given by
the GP energy functional. In the experiments the preparation of the compound
condensate is precisely made by letting the system relax onto a suitable many-
body ground state (or low-energy state), then the dynamical experiments starts by
perturbing such an initial state, e.g., removing the confinement [14]. Now our result
provides the rigorous ground for such initial conditions assumed in the dynamical
analysis.

In the mean-field regime, we can go beyond the leading order by a detailed
analysis of the fluctuations around the condensate. It is convenient to turn to the
Fock space formalism where the number of particles is not fixed.

Let us introduce the single-component Fock spaces

FO = @@ (69)%", 50 = L2R?), je{1,2} (2.7)

n=0



A. Michelangeli, P. T. Nam & A. Olgiati
and the double-component Fock space

oo

F=FUaFr =@ @ @©M)%" e @H®)%"|. (2.8)

L=0 |\ n,meNg
n+m=L

Let ()5 and (v,)5%, be orthonormal bases of h") and @, respectively,
with (uo, v9) being the Hartree minimizer. We shall choose once and for all these two
bases in such a way that all their elements belong to the domain of self-adjointness,

respectively, of the operator () on h ") and of the operator h(?) on h® that we
are going to define in formula (2:16) below. Let

= a(Um),  ar, = a" (um), bp:=0blv,), b :=0b"(vy,) (2.9)

be the usual creation and annihilation operators on F(1) and F(?), which are linear
operators defined by the actions

(amPn) (@1, xn1) =Vn | dz f(@) Up(z,21,. .., 20 1),
R3

n+1

(a’;kn‘l/n)(xla N 7In+1) = \/n—_|_1 Z f(‘r])‘l/n(xla ey L1, Ljtly e o 7In+1)

(2.10)

for all ¥,, € (h(V)®vm? and for all n > 0, and similar actions for b,,,b*,. They
satisfy the canonical commutation relations (CCR)
[am,an) =0=[a),,a’], [am,a;] = dmnl

m?'n

]:-(%-1)7
(2.11)
by bp] =0=1[b),,07],  [bm,b)] = dmnl

m?Un

(2) -
Fi

With no risk of confusion, we shall keep denoting with a,, a,, bm, b, the operators

am @ Lre, ap, ®@Llre, Llra) ®@bm, Llra ®5}, (2.12)

now acting on F = F(1) @ F?). Obviously, a,,,a’, commute with b,,, b*.
In terms of these operators, we can extend the N-body Hamiltonian HMY on
‘Hn, N, as an operator on the Fock space F as

HNT = 57 (s (—A + UG ) @@+ (Vs (— A + Ul Y05 )b

m,n>0
1 1 (1) * % 1 (2) * % (12) , * 2%
+ N Z §anpqa’manapa’q + §anqumbnbpbq + anpqa’mbnapbq
m,n,p,q

(2.13)
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where
Vrgzl’erq = (Um [V( ) % (Tnug)|up),
Vg = (0m, [V % (Tvg)]vy), (2.14)
V7$Lln2pq (wm, [V(l (qu)]u@ .

Bogoliubov’s approximation [3] suggests to formally replace ag, afy and by, b§ by
the scalar values v/IN; and +/Na, respectively. It turns out that the terms of order
v N are canceled due to the Euler-Lagrange equations for the Hartree minimizer

h(l)uo = 0, h(2)’00 =0 (215)
where
h) —A+ Utrla)p + 1V s ug|? 4+ 2V s uol? — pD,
@ (2.16)
B2 A+Utra)p+c2V 2 s |2 + 1 VO k [ugl? — @

with the chemical potentials

p = (ug, (A + Utra)p)u0> + 1 (o, VI s Juo [ug) + c2(uo, VI x [vo[*uq),

1 = (vg, (—A + Ut(rza)p)m) + ¢2(vo, VP s |uo|?v0) + 1 (uo, VI x ug)?ug) .

(2.17)
All this results in the quadratic Hamiltonian
H:= Z [(u,m A Vu,)ak, an + (g, BP0, )b, by, + ClV(o)on ay,an
m,n>1
+ C2Vr§00nb:zb +5 C2V75LQnOOb* by + 5 C2anoob bn + 5 Clvrilrgooaman
01 V. 0man + /e1e Vil bt + /eie Vil atubn
+VaeV, mnOO amby, + V12V, mnOO n} Vo(olgo C2V0(0230 (2.18)
which acts on the excited Fock space
Fo=FloF? =@ @ 6)"" e @n®)%" (2.19)
L=0 \ n,meN,
n+m=L
where
b = f{ue}t c LA(R?), P = {w}t C LA(RY). (2.20)

Note that H is independent of the choice of (u,)$°_; and (v,)52,, apart from the
technical assumption that these functions belong to the domains D(h(1), D(h(?)
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of the self-adjoint extension of A1), h(?) respectively. We can rigorously interpret
H as an operator with core domain

oo M
U @ @ (hS-l) ﬁD(h(n))@symn@ (hf) ﬁD(h(g)))&ymm @221)

M=0L=0 |\ n,meNy
n+m=L
which turns out to be bounded from below and can be extended to a self-adjoint
operator by Friedrichs’ method.

In fact, the Bogoliubov Hamiltonian H is nothing but the quantized form of
(half) the Hessian of the Hartree functional at the minimizer. This N-independent
Hamiltonian is expected to describe the fluctuations around the condensate.

Our second main result is the next order correction to the ground state energy
in the mean field regime and a norm convergence for the ground state.

Theorem 2.2 (Bogoliubov Correction to the Mean-Field Limit). Let
Assumptions (A1) and (AN be satisfied. Then the following statements hold true.

(i) There exists a unique minimizer (ug,vo) (up to phases) for the variational
problem
eq = inf EWu, v].
H uw,w € H (R®) [ ]
lull2=]lv[2=1
(ii) The Bogoliubov Hamiltonian H in ZIR) is bounded from below on Fi with
the core domain (22I). Moreover, its Friedrichs’ self-adjoint extension, still
denoted by H, has a unique, non-degenerate ground state ®*° = (5 )m n>0 €
Fi.
(iii) The ground state energy of HxT satisfies
li

im
N—o0

(ENF — Ney) = inf o(H). (2.22)

(iv) The ground state % of HNT satisfies, up to a correct choice of phase, the

norm approximation

*)Nl—m (ba)NQ—n

. S (aO S
1 g g — 0.
R (D DI D s gy IV e R ’

0<m<N; 0<n< N

HN, Ny

(2.23)

We remark that the ground state ¢y of HN'T is unique, up to complex phases.
More precisely, in the case of no magnetic fields (as in Theorem 22)), the ground
state of HMF under the partial symmetric conditions (in the first and the second
components) is the same with the absolute ground state (without any symmetry);
see [25], Sec. 3.2.4]. Thus the uniqueness and positivity of ¢ follow from the stan-
dard analysis of Schrodinger operators; see, e.g., [22] Chap. 11].

10
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In the one-component case, Bogoliubov’s second order correction for the ground
state energy and the excitation spectrum in the mean-field regime has been first
obtained by Seiringer [46] for the homogeneous Bose gas (where particles are con-
fined in a unit torus, without external potentials), and by Grech and Seiringer [13]
for the non-homogeneous trapped gas. Then Lewin et al. [2I] showed that, under
the assumption of Bose-Einstein condensation, one can get the next order expan-
sion in the energy by Bogoliubov theory in very general setting, and in particular
also for Coulomb-type interaction potentials. Further extensions include a mixed
mean-field large-volume limit by Dereziriski and Napiorkéwski [8], collective exci-
tations and multiple condensations by Nam and Seiringer [40], a power expansion
by Pizzo [42] of the ground state in terms of a small coupling constant describing
the interaction strength (which is N~! in our mean-field regime), and an infinitely-
splitting double-well model by Rougerie and Spehner [45]. In the present work, we
will follow the general strategy in [21] to justify Bogoliubov’s approximation. Here
we can also deal with the excitation spectrum of HM', but we will focus only on
the ground state to simplify the representation.

In a very recent breakthrough [5], Boccato et al. were able to justify Bogoliubov’s
theory in the Gross—Pitaevskii limit for the homogeneous Bose gas. We expect that
a similar result should hold for the multi-component case as well.

We will prove Theorem ZT]in Sec. Bl and prove Theorem in Sec. @l

3. Proof of Theorem 211
3.1. GP minimizer

Under the assumptions (A7) and (AST), the existence of minimizers for the Gross—
Pitaevskii functional (7)) follows easily from the standard direct method in the
calculus of variations. Here we only focus on the uniqueness part.

Let us define an auxiliary functional, with f,g > 0,

DP[f,g] = €SIV, V3] (3.1)

The first step is to show convexity of DG namely

e L1 44] < DMLl 1D

5 3 > (3.2)
This is easily checked for the summands of PSP that contain the kinetic operator
(by [22, Theorem 7.8]) and for those that contain the trapping potentials. For
the terms containing the interaction potentials, let us consider, in self-explanatory
notation, DFT, DSP DGF as the three summands of DS containing, respectively,
a1, as and ajs. We have the identities

~

k) = 7(k) ||
2

DPP[f, g] + DF*[r, 5] gp |f+T g+s 2
B _Dl B s B —47Ta161/d/€

11
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DEPf, 9] + DS§[r,s]  _ap [f+7 g+s] ) (k) — 3(k)
5 — D5 5 3 —47ra262/dk —

D%P[f,g]+D%P[r7s]_DGP f+r g+s
2 12 2 7 2

= Smaiscica / ax %) ;?(k) ) ;g(k). (3.3)

By the Cauchy—Schwarz inequality together with 21,

dmar / dk + drasc / dk‘w

Z 87‘(0,126102/(1]6 f(k) _?(k) .

~

f) =7 ||
2

and the convexity property (32)) follows.

Next, let us show that any Gross—Pitaevskii minimizers is positive, up to a com-
plex phase. Indeed, let (u1,v1) be a Gross—Pitaevskii minimizer. By the diamagnetic
inequality [22, Theorem 7.8], (Jui],|v1]) is a Gross—Pitaevskii minimizer too, and

/ V2 = / 19 ua |, / Vo = / Vo (3.4)

Moreover, by a standard elliptic regularity from the Gross—Pitaevskii equation for
(lu1], |v1]), it follows that |u1], |v1| > 0 pointwise. Together with the equalities ([3.4)),
we can conclude from [22] Theorem 7.8] that u; = 6|u;| and vy = 6}|vq| for
complex constants 61, 6]. Thus up to complex phases, we can assume that uy,v; > 0

we have

pointwise.

Next, assume that (uq,v1) and (ug,v2) are two Gross—Pitaevskii minimizers,
with w;,v; > 0 for i = 1,2. Denote f; := |u;|?> and g; := |v;|?. Obviously, (f1,91)
and (fa,92) are minimizers for DEF[f, g] with the constraint ||f||;1 = |g]|z2 = 1.
Combining with the convexity of DEF, we have the following chain of inequalities

Dlf1,91l + Dlf2, 92 |:f1 +fe 91+92

>
02 2 2 72

E

This implies

Dlf1, 91l + Dlfa, 92] _ D fitfo g1+92
2 2 2 ’
and in particular

WV —AVE) + (VT ~AVE) < NEESARWIES? > (35)

2 =
By [22, Theorem 7.8], the equality ([3.5) and the fact that f1, fo > 0 imply that f;
and fy are proportional. The normalization condition ||f1]|z1 = || f2||z1 = 1 implies
that f; = f5, and hence u; = us. The same argument shows v; = vs.

12
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3.2. Energy upper bound

We will follow ideas in [26], with some modifications. First, let us recall the following
result [I1, Appendix A.1].

Lemma 3.1. Let 0 < V € CX(R3) be a radial function, with scattering length
a > 0. Then N2V (N.) has scattering length a/N. Moreover, for every constant
>0, if N is large enough so as to have suppV C {|z| < NI}, then there exists a
unique ground state f > 0 of the Neumann problem

—Af+ %N2V(N.)f =Anf

on the ball |x| < £, with f(z) = 1 on |z| = £. We can extend f to R3 by setting
f(z)=114f|z| > ¢, and hence

1
—Af+ §N2V(N.)f = AN flpo. (3.6)
on R3. Moreover,
3a.  O(1) C1(|z| <0) C1(|z| < 0)
=+ <l-f< =7 < =" .
A= e 0SS Nlz| Vi< N|z|? (37)

Trial Function. Let us introduce the notations

(Zla"'aZN) = (I17"'7IN1ay17"'7yN2)7 (38)
. Ul i <,
@, i A,

(N2VO(N.),a1) i, j <N,
(Vij,aij) == (N2VO(N.),a2)  ifi,5 > Ny,
(N2VU2)(N.),a10) ifi< Ny <j or j<N;<i.
Let ¢ > 0 be a small constant which is independent of N. For every i # j, let

(fij, An.i;) be the pair (f,An) in Lemma Bl with N2V (N.) replaced by V;;.
Thus we can write

N N
HYY =Y (—As +Ui(z) + > Vg2 — 7). (3.9)

i=1 i<j

Take two functions u,v € C2°(R?), which are independent of N and ¢, such that

lu|lrz = ||vllz2 = 1. For every i = 1,2,..., N denote
u if g S Nl,
U; 1= (310)
v ifi> Ny.

13
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Consider the trial function

U(z1,...,2N Hul (zi) Hfi’“ i — Zk)- (3.11)

i<k

Note that we are using the full product H;\;k fix(2j— 2x) to capture the short-range
correlation, instead of using only a ‘nearest-neighbor induction’ as in [26] in the
one-component case. We found that this strategy is more transparent and flexible,
as it does not require bosonic symmetry between particles.

The trial state ¥ in (@I]) is not normalized, but nevertheless we have

U, HGP D)
gy < LAV T 12
VT (342
Norm Estimates. For every ¢ = 1,2,..., N, let us denote the z;-independent
function
v
‘1/1' = N .
wi(zi) [T fis (2 — 25)
Since 0 < f;; < 1, we have the pointwise estimate
0] < Jus ()] 4], (3.13)
On the other hand, using (7)) we can estimate
Cl(z; — z;
L2 =) < 0= 2 — 2y < 30 Elzi ),
J# J# J#i
Thus
0 < Juiz) P10 = [0 = | 1= £Z (2 — 2) | walz0) ]| @s]?
j#i
Clluill=1(lzi — 2| < 0)| o, 12
< U, |~
Z Nlz; — z;] il
J#i
Integrating this estimate leads to
1illZ2 > [[9]22 > (1 - CC)|[ ] 2. (3.14)
We will choose £ > 0 small such that 1 — C/? is close to 1.
Similarly, for every ¢ # j, the (z;, z;)-independent function
v
\I/ij = N
wizi)u;(25) fij (zi — 25) iz j fin (2 — 20) fin (25 — 2)
satisfies
1ijll72 > [[9]72 > (1= C)|¥y]7e. (3.15)

14
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Energy Estimates. In order to obtain an upper bound for the energy conver-
gence of Theorem 2.1, we show how to estimate all summands of the energy of
the trial function (3.11) in terms of the GP functional, at the expense of negligible
remainders.

First, we bound the one-body potential energy. For simplicity, let us assume
U; >0 for all i = 1,2,..., N (this technical assumption will be removed at the

end). Using (313)) and (8:14) we can bound

ot < [ouerine = ([ vehsePas) e
< ([ vura:) o - ooy o (3.10

Here the identity follows from the fact that ¥; is independent of z;.
Next, we consider the kinetic energy. For every ¢ = 1,2,..., N, we have

2

/|vzi\p|2:/ (Vi) — +Z V.. fi) fw
U 2
/|vzluz|2| e +Z/|Vzlf”|2||f ||2

+2Re2/ V., ui)— vzlfw)f
J#i g

4
+2Re Y / (V= fij) fw (Veifir) 7 (3.17)

JFIFERF]

Let us show that the cross terms in ([BI7) are small. In fact, for all i # j, using

B, 313) and (3:14)), we can estimate

L
’/ (V2 UZ)U_Z(VZL fw fw

/l\I}| |Uzvzbuz||vz1fzj|

< sVl / WPV fi (i — 2)

~ Vol ([ 192foteias) ([ o)

ce

||‘1’ 172 < Ni—c®)

45 (3.18)

Here the identity follows by integrating with respect to z; first (and using again
that ¥; is independent of z;). The constant C' may depend on w and v, but it is

15
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always independent of N and £. Similarly, for all ¢ # j # k # i, we have

— o

< / 0432 2 PV £33V s it

< Nl sl [ 195519 i = )V oo = 20)

2
~lali sl ([ 19-fms) ([ 1wk)

C’ Ce?

<z 1W5]72 < WH‘I’HQLL (3.19)

The identity follows by integrating with respect to z; first, then integrating with
respect to z;, and using the fact that ¥;; is independent of (z;, z;).
Next we turn to the main terms in (BIZ). The first term can be estimated

similarly to (3.I6):

v 1
1P < [ 9l = 1Vl < Vvl
(3.20)

The second term in B:I7) will be coupled with the interaction energy. We have

|2
J9tote =P+ 5 [Vt =zl

1
< / {Ivzifij(zi —z))*+ 5 Vii(zi — zi)| fij(zi — Zj)lﬂ Jwi(zi) | |ug (25) 11452

_ ( [ e —y>|ui<x>|2|uj<y>|2dxdy) T
R3 xR3

1
< _ o210 (212 o+ 2
< ([ 2t =l Plas)Psdy ) 917

where
@5(2) 1= V- iy () + Vi ()i

Since ®;; is supported on |z| < ¢, we can estimate

/ Oy (x — y)|ui(x)*|u;(y) P dady — || @4 21 / i ()] |uj (2)*dz
R3 xR3 R3

/ Oy (x — y)lus (@) (|uy ()] — |Uj(y)|2)dxdy‘
R3 xR3

16
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< s us@P ~ [P [ @ o) Pdedy
lz—y|<e R3 xR3

< UV (Jug[) [z @i 21

Moreover, using Eq. (B8] for f;;, the fact that 0 < f;; <1, and the estimate (&)
for the eigenvalue Ay = Ay ;; we find that

1
9ulles = [ 96 + 5V ule) P

= [P0 < 0

3a; ; C 4ma C
< ) < < 4
<N£3+N2£4>/R$1(|z|€)dz N +N2£

Thus
[ @t = i)luso) Plug(o) Pady
R3xR3
<+ OOyl | | lusla) Pl @) Pda
dma; ; C

< i N2 (o (2

<(1+CY) ( N + —N2£> /]R3 |ui(x)|*|u;(x)|*dz
and hence

w21
/lvzifij(zi - Zj)F% + —/Vij(zi — 2;)|P[?

1+C€ 47Taij C 2 2 2
<7 ’ oY 3 ] 2. .
_1_062( ¥ +N2€) (/Wm(zn fus(2)Pde ) |03 (3.21)

Conclusion of the Upper Bound. In summary, putting (ZI6)—@21)) together
we obtain, for every i =1,2,..., N,

N
<\If, (—Am +Ui(zi) + ) %Vw‘(zz‘ - Zj)) ‘1’> Rl

J#i
1 ct cr?
<— 112, () s (2)]2
= 1_002 (”vuz”L +/]R3 Us(2)|ui(2)] dz) + 1_C/r2 + 1— 02
N
1+O£ 47T(L¢j C 2 2
: — i i . .22
=) (52 + 5m) ([ Jw@Pluspar).  e22)

17
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Summing over ¢ = 1,2,..., N and using the choice ([B:10), we find that

Eﬁp il HJ%P\IQ il (1) 2
< < )
N C N, T CW'WWL+/(hﬁ)MMdz

C2 (2)
2 (190l + [ 0@ lera:)

1+C¢ C 4
+cll YolE (47Ta1 + N_£> ( . |u(z)] dm)

1+C¢ C 4
+021 o (4ﬂ'a2 + m) ( . |v(z)| da:)

1+C¢ C
+201021—7C'€2 (47ra12 + m) (/}1{3 |u(x)|2|v(x)|2dx>

ct Cr?

. 2
Tiocoe Tiocn (3.23)
Taking N — oo, and then taking ¢ — 0 in (B.23) lead to
EGP
lim sup —2— < 9P [y, v]. (3.24)

N—oc0

So far, we have proved (B:24) under the additional assumption that Ut(f;)p > 0,

a € {1,2}. In general, if Ut(ra)p’s have negative parts, we can use BI6) with U;

replaced by max(U;, —e~1) + &~ ! > 0, where £ > 0 is a small constant. This gives,

instead of (324,

GP

[u, v]
N—o00

where EJ%PE and 5GP [u,v] are, respectively, the many-body ground state energy

and the Gross—Pitaevskii functional with Ut(f;)p replaced by max(Ut(f;)p, — N, a€
{1,2}. We observe that a e~} summand appears on both sides of the inequality,
and hence exactly cancels. Since, by Lebesgue’s monotone convergence theorem,
ESL — ERY and E8F[u,v] — E9F[u,v] as e — 0, we conclude that (B.24) holds
true in general.

Optimizing (24 over all u,v € CX(R3) satisfying ||ulzz = [[v||zz = 1, we
obtain the desired upper bound

GP
<egp. (3.25)

lim sup
N—o0
3.3. Dyson Lemma

Now we turn to the lower bound. We will follow the strategy in [39]. First, as in
[26, 27 241 39], we will replace the short-range potential wy by a longer-range
potential with less singular scaling behavior. This idea goes back to Dyson [9].

18
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For every R > 0, define

X

oo =0(5), thio= 0 (%)

where U € C2°(R?) are radial functions satisfying
0<60<1, O(xz)=0 for|z|<1, O(x)=1 for|z|>2,
U>0, U(x)=0 for|z|¢][1/2,1], / U =4n.
R3
We will always denote by p = —iV the momentum variable.
The following result is taken from [27].

Lemma 3.2 (Generalized Dyson Lemma). Let v be a non-negative smooth
function, supported on |x| < R/2 with scattering length a. Then for all £,s > 0,

CaR?
esd

P ()12] < R, ()p + 50(2) > (1 - )aln(z) -

Proof. The bound follows from [27, Lemma 4] with (U, x, s) replaced by (Ug, 05,
s71) and the first estimate in [27) Eq. (52)]. O

Next, we apply Lemma to derive a lower bound to the many-body Hamil-
tonian HGY. Under the notations (3.8), we have

Lemma 3.3 (Lower Bound for Many-Body Hamiltonian). Let ¢,s > 0 be
independent of N and let N~' < R < N~'/2. Then

N
HEP >3 (=4 +Ui(z) — (1 - 2)p2,02(p,)]
i=1

9 N N
“F%ZCLLJ‘UR(% —Zj) H‘QQR(ZJ‘ —Zk)—‘rO(N). (3.26)
J# k#i,j

The purpose of Lemma is to replace the short-range potentials Vjs,a) by

the longer-range potential Ugr, which essentially places us in the mean-field limit.

This is done by using almost all of the high-momentum part p?6;(p) of the kinetic

operator, and employing a many-body cut-off ch\;i’j 02r(2; — 2x) which rules out

the event of having three particles close to each other. This technical cut-off will be
removed later.

Proof. Note that N‘lVJS,I) = N2V(D(N.) is supported on |z| < CN~! and has
scattering length a; N~'. Therefore, when N=! <« R <« N~Y2 we can apply
Lemmal[3.2 to obtain

1
P20 (p=) (|2 — 25| < R)0s(p2, )p=, + va(zl - zj)
aq,j 2
> (I_E)WUR(Zz —Z])+O(N ) (327)
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For every i = 1,2,..., N, if every point in {z;};»; has a distance > 2R to the
others, then there is at most one of them has a distance < R to z;. In this case,

N

Y 1(zi—zl <R <1

J#i
and hence summing (B.27) over j leads to

N

Qg5 _
sz sz +Z ‘/;] 2 (1 5)2#[]]3(21‘—2]‘)4—0(]\7 2).
J#i 2

The latter estimate can be extended to all {z;}; C R? as

N
1
PO (0=) + 3 5Vl

J#i
i UR(2i — H O2r(zj — 21) + o(N~?),  (3.28)
J#i k#i,j
because the left side is always non-negative. Multiplying both sides by (1 —¢) leads
to the desired estimate. O
We use again the notation (z1,...,2n) = (Z1,...,ZN,, Y1, - -, YN,) and intro-
duce

By — {TZ(E-) = _Azi + Ut(rlap( ) (1 )pz 02( )a if 4 < N17
T2 = AL, + U () — (1= e)p? 02(p=,)  if i > Ny,

N N
:(1—8)220,1')]‘(]1«3( —ZJ HQQR —Z}c

JF#i k#i,j
N N 1
Hy = ; (hi + NWZ).
Lemma B3] can be rewritten as
HS® > Hy + o(N). (3.29)

Thus for the lower bound on E](\;,p it suffices to estimate the ground state energy of
the modified Hamiltonian Hy.

By proceeding exactly as in [39, Lemmas 3.1 and 3.4] (where the symmetries of
h;’s and W;’s are not essential), we have the second moment estimate

N 2
(I_IN)2 2 % <Z hz) - OE,SNQ (330)
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and we can remove the cut-off HkN#J O2r (2 — 21):

(1-¢)?
N

N N
HN > Zhl+ ZawUR(zi —Zj) —|—O(N)(N_1I‘~IN)4, (331)
i=1 i
provided that £, s > 0 are independent of N and N~2/3 « R « N~1/2,
Now let U ~ be a ground state for H ~ (which exists by a standard compactness
argument). Taking the expectation of ([B31I]) against Ty, and using the equation
ﬁNE/N = EN{IVJN with EN = O(.Z\/v)7 we find that

ESP _E
% > WN + 0(1)N—>oo
~ 1 (1—¢)? N ~
> ( Uy, ~ Zl h; + e gai,jUR(zi —2) | ¥n ) +0(1)Nooo,
i= YED)

(3.32)

where the first inequality is due to ([B29). Thus, it remains to be bounded from
below the right-hand side of (3.32)).

3.4. Energy lower bound

A further simplification on the right-hand side of ([B32) is obtained by inserting
a finite dimensional cut-off (similarly to what is done in [39]). We report here the
argument.

We can find a constant Cp > 0 (which might depend on s, €) such that

K = e(—A) +min(U4,, UL ) + Co > 1.

Then K has compact resolvent because min(Ut(rla)p(x), t(i)p(x)) — 400 as |z| —
+o00. Therefore, for every fixed L > 0, we have the finite-rank projection

P:=1(K < L).
Using the operator inequality (see, e.g., [39, Lemma 3.2])
Ur(zi — 2j) < C||Ug||p:(1 — A))' (1= AP0, V1/4>6>0 (3.33)

and the fact that 1 — A is K-bounded, we have the simple Cauchy—Schwarz type
inequality (cf. [39, Eq. before (4.10)])

Ur(zi — 2j) > P., ® P, Ur(z; — 2;)P., ® P, — C- L7V K, K,
Vi<i#j<N.
From the second moment estimate (B30), we find that
(Un, K, K, Un) <Coy, V1<i#j<N. (3.34)
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Thus ([B:32) reduces to

P /o (1 & (1-ep2 & ~
TZ Uy, Nth-i- e Zai,jpzi®szUR(Zi_Zj)Pzi®sz (NS
i=1 i

+o(1)Nosoo + O(Lil/lo)

(1,0)
Ty

] +coTr [f(2)7(~0’1)

=c Ir [T(l)’y T

| + 0(1)Nosoe + O(LTH10)

+ (1 — E)QC%GI Tr [Pwl (9 szUR(.Tl — acg)Pm (4] P"DQ’Y\(;J;O)]

+(1—¢)*c3az Tr[P,, ® P),Ur(y1 — y2) Py, ©® Pyﬂ\(;lf)]

+ (1 - €)*2¢102a12 Tt [Py @ PyUr(z — y) P ® Pﬂg]j)]. (3.35)

Here we simply use the definition of the reduced density matrices (9.
Our next tool is the following abstract result.

Theorem 3.4 (Quantum de Finetti Theorem for 2-Component Bose Gas).
Let IC be a separable Hilbert space. Let Wy be a wave function in /CS%,]I\Q ®ICS§,JI¥E and
let 'y‘(l,k]’f) be the reduced density matrices (defined similarly as in (LI0) with L?(R3)
replaced by KC). Then, up to a subsequence of {¥ n}, there exists a Borel probability

measure [ supported on the set {(u,v) : u,v € K, |lul]| < 1,||lv|| < 1} such that

'y\(pkl’f) - / [u®* @ v (u®* @ v®|dp(u,v), VEk,£=0,1,2,... (3.36)
weakly-* in trace class as N — co. Moreover, if 7‘(1,1];0) and 7‘(1,0];1) converge strongly
in trace class, then u is supported on the set {(u,v) : u,v € K, ||u| = ||v|]| = 1} and

the convergence in (B.36)) is strong in trace class for all k, ¢ > 0.

This is the two-component analogue for the quantum de Finetti theorem, which
was proved in [48, [17] for the case of strong convergence and in [1, 19] for the
case of weak convergence. Theorem [3.4] can be proved by following the strategy in
the one-component case in [19]. We sketch a proof in Appendix A for the reader’s
convenience.

Now let us conclude the desired lower bound using Theorem (34). Since

hiZKZi_QCg757 Vizl,...7N7

we deduce from ([B34) that Tr[K 7\%1 ’0)] and Tr[K 7\%0 ’1)] are bounded uniformly in
N N
N. Since K has compact resolvent, up to a subsequence as N — 0o, we obtain that
(1,0) (0,1) . )
Y and >’ converge strongly in trace class. Thus up to a subsequence again,
N N
Theorem @ensures the existence of a Borel probability measure v supported on

the set
{(u,v) : u,v € L*(R), [Jull g2 = [|v]| > = 1}
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such that

lim %0 /|u®k®u®f>< 2k @ v®|du(u,v), Yk {=0,1,2,.... (3.37)

N—oo '¥n

Now we take the limit N — oo, and then L — oo later on the right side of B35).
Since T, T2 are bounded from below, we can use (3:317) and Fatou’s lemma to
get

1}\1{11 inf Tr [T(l) o 0)] /(u,f(l)wdu(u, v), (3.38)
—00
I}Hélof”[‘rﬁ@)vg:)] > /<U7T(2)v>du(u7z}). (3.39)

The operator inequality (333 and the fact that (1 — A) is K-bounded ensure that
P, ® PyUr(x — y)P, ® P, is uniformly bounded in N as an operator. Therefore,
the trace class convergence (B31) implies that

TP, ® P,Ur(x —y)Po ® Py§ ]

= /(u ®@v, Py ® PyUg(z — y)Pr ® Pyu ® v)dv(u,v) + o(1) Nsoo-
From the choice of Ug, we get

lim (u® v, P, ® PyUr(z — y)Pr ® Pyu®v)

N—00
= lim (|Pul?,Ug * |Pv|?) = 47r/ | Pu(z)|?| Pv(z) > dz.
N— 00 R3

Next we take the limit L — oo to remove the cut-off P = 1(K < L). Since
Tr[KW‘(I}]’VO)] and Tr[Kv(O 1)] are bounded, v is supported on Q(K) x Q(K) where
Q(K) is the quadratic form domain of K. Consequently, for all (u,v) in the support
of v, we have Pu — u and Pv — v strongly in Q(K) as L — co. Moreover, since
(1 — A) is K-bounded, we have the continuous embeddings Q(K) C H'(R?) C
L*(R3). Therefore,

lim / |Pu(@) o) de = / @)@z,

L—oo

and hence

lim lim (u®v, P, ® PyUg(z —y)Pr @ Pyju®v) = 47r/ lu(x)]?|v(z)|*da.
R3

L—oo N—oo

Thus by Fatou’s lemma, we find that
lim inf lim inf Tr[P, ® P,Ur(z — y) P, ® Py’y(l 1)}

L—oco N—oo

= liminfliminf | (v ® v, P, ® P,Ug(x — y)Pr ® Pyu ® v)dv(u,v)

L—oo N—oo

> / [47r /1R3 |u(m)|2|v(ac)|2dm} dv(u,v). (3.40)
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Similarly, we also have

lim inf lim inf Tr [P;,v1 ® Pp,Ug(x1 —x2) Py, ® Pwﬂ(? 0)]

L—oo N—oo

> / :477 |u(x)|4dx} dv(u,v), (3.41)

R3

lim inf lim inf Tr[P,, ® P,,Ur(y1 — y2)P,, ® pr,Y\EI}()I;?)}

L—oo N—oo

2/ 4 |v(y)|4dx} dv(u,v). (3.42)
L Jrs
Inserting (B38)—-([B42)) into the right-hand side of (33Hl), we arrive at
ESP ~
lim mf /5GP u, v]dv(u, v) > inf ESP[u, 0] (3.43)
N—oo lullpz=lvl2=1 =

where

ESE [u, 0] := e (u, TDu) + o (v, T®v) + (1 — 8)247&'&10?/ Ju(z)|[*da
R3
+(1—- 5)247ragc§/ lv(z)|[*dx
R3

+(1- 6)287Ta120162/ lu(z)|?|v(x)|?d. (3.44)
R3
Finally, we take s — 0, and then ¢ — 0. By a standard compactness argument
as in [24], after (103)], we have

lim lim inf £GP u,v| = egp. 3.45
O 0 D oy S0 [0 = (3.45)

Thus ([B43) leads to the desired lower bound

GP

lim inf
N—oo

> egp.- (3.46)

Strictly speaking, we have so far proved [B.46]) for a subsequence as N — oo.

However, since the limit egp is independent of the subsequence, we can obtain the

estimate for the whole sequence by a standard contradiction argument.
Combining with the energy upper bound [B28]), we conclude the proof of (Z3):

EGP

lim = = EGP-
N—ooco N

3.5. Convergence of density matrices
) (. 0)] and

T
Tr[(— A+Utrap)71(¢ )] are bounded uniformly in N, up to a subsequence as N — oo,

Let ¢ be an approximate ground state for HGY . Since Tr[(—A + Ut(rla)p
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vgNo) and Vo | CONVETrge strongly in trace class. Thus, by Theorem B.4] up to a

Subsequence again, there exists a Borel probability measure p supported on the set

{(w,0) s u,v € LXR?), |luf| g2 = [Jv]| 2 = 1}

(0,1)

such that

lim v(k - /|u®k ® v (u®* @ v®¢dp(u,v), Yk, £=0,1,2,. (3.47)
N—o00
strongly in trace class.

Let us show that p is supported on the set {(e®1ug,e%vy) : 61,02 € R}, where
(up, vp) is the unique Gross—Pitaevskii minimizer. This follows from the convergence
of ground state energy and a standard Hellmann-Feynman type argument as in

[24]. To be precise, let us denote
Q = |ug @ vo){uo ® vo

and for every fixed 1 > 0, consider the perturbed Hamiltonian

N1 N2

HE® = HGP NQQZZQ%W

=1 j=1

where @, ,; indicates the projector @ acting on the ith variable of the first sector
of Hn, N,,sym and on the jth variable of the second sector.

Then by the same method as above, we obtain the analogue of ([2.5) (a lower
bound is sufficient for our purpose)

info(HGY)
liminf ——— 27" > inf ECP [u, v] + nl{u, uo)|?[(v, vo) |2
it SO e (£ gl ) P ) )

= eGP717' (348)

Next, we can write

1 N1 N>
QW = Foees <¢N7ZZQM]¢N>

i=1 j=1

- Nin [(ons HSE o) — (0, HSF ).

Using the lower bound (B:48]) and the assumption that ¢y is an approximate ground
state for HGY, we find that

. (1,1); 1
lﬁngr[Qv N 1> E[eGPm — eap).

Next, when n — 0, the minimizer (u,,v,) of egp, becomes a minimizing
sequence for egp, and it converges to the unique minimizer (ug,vp) of egp by a
standard compactness argument. Therefore,

1
B > T . 2 2 -1
lim inf n[er’" cap] 2 iminf|(uy, uo) || {vy, vo) | =1
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Thus in conclusion, we have with Q = |ug ® vg){up ® o,
lim inf Tr[Qy (] > 1.
iminf Tr[Q7,, ] >
Consequently, the convergence ([3:47) implies that
[ 1w )P, v Pt ) = 1
Thus g is supported on the set {(e®®1ug,e®vg) : 61,02 € R}, and hence (B47)
reduces to the desired convergence (Z.0):

lim ygjf) = [u$* @ v (WS @ vS, Yk, £=0,1,2,...

N—o00

in trace class. Again, we have so far proved (Z0]) for a subsequence as N — oo, but
since the limit is unique, the convergence actually holds for the whole sequence.

4. Proof of Theorem [2.2]
4.1. Leading order and Hartree theory
In the mean-field regime, we have the following analogue of Theorem (21)).

Theorem 4.1 (Leading Order in the Mean-Field Limit). Let Assumptions
(A1) and (AMY) be satisfied.
(i) There exists a unique minimizer (ug,vo) (up to phases) for the variational
problem
ey = inf EWu, v].
H uw,w € H (R®) [ ]

llull p2=llv]l2=1

(ii) The ground state energy of HNY satisfies

ME
J\}gllm N e (4.1)

iil) If ¢ is an approzimate ground state of HNY . in the sense that
pp g N

HMF
lim <1/JN7 N ¢N> = em,
N—o0 N
then it exhibits complete double-component Bose—Finstein condensation:

. k£ k /4 k 14
Nl_l)IEOO’yéN)ZW? RvEY W @ v, Vk=0,1,2,... (42

in trace class.

Proof. The proof of Theorem El is similar to (indeed easier than) the proof of
Theorem 1. Let us quickly explain the necessary adaptation.

(i) The existence of minimizers of ey is standard. The uniqueness of miminizer
(up to complex phases) follows a convexity argument as in the Gross—Pitaevskii
regime. More precisely, if we denote DH[f, g] = ER[\/F,/g] for f,g > 0, then DY
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is convex. Indeed, by considering DI, DI and DIL as the summands of the Hartree
functional containing respectively V) V(2 and V12 we obtain the following
analogue

2

DY(f, 6] + DY[r. s )| o,

: 3 Flk) —7(k
5 4){*[2, } l/dk72

~ POSNT
D?[ﬁg]-;???[m] _Dg[ 7 } Cg/dk‘w‘ V@ (k),
DI[f, 9] + Dih[r, s] _p { g+s }

2 2 ' 2

e / ) 7R 5 8K 7 .

Therefore, the convexity follows from the Cauchy—Schwarz inequality and Assump-
tions (Z3)—(Z4). The rest is exactly similar to the Gross—Pitaevskii case.

(ii)—(iii) The convergence of energy and approximate ground states can be
obtained by following the strategy in the one component case [I9]. In fact, the
energy upper bound

MF

<eg

lim sup
N—o00

follows immediately from choosing the trial state u®Nt @ v®N2, Now let U be a
wave function in Hn, n, such that

(Un, HNF W) < EME 4+ o(N). (4.3)
We can write, in terms of reduced density matrices,

(Un, HYF U y)

er +o(1)Nooo > N

2
C
= WO+ G VO e — )

N

+ e Te[T@y )] + 1y [V (g1 — y2)r?]

+ciceTr [V(m)(ac - y)%(l,ll’vl)} (4.4)
where T(®) := —A+ Utrap Using Assumptions (A;)-(AYF), we obtain the operator
inequalities

£V (2 — 2p) < T + C, (4.5)
£V (y, —y2) < TP + C, (4.6)
VI (g —y) <e(TH +TP) + C. (4.7)
for all € > 0.
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Consequently, Tr[T (1)7\(1,11’\,0)] and Tr[T (2)7&?&1)] are bounded uniformly in N.

Since T™M and T have compact resolvents, up to a subsequence as N — 0o, 7\(1,111]0)

and 7&?}1{1) converge strongly in trace class. Thus Theorem [34] ensures that, up to a

subsequence again, there exists a Borel probability measure p supported on the set

{(w,0) s w,w € LR, Jlulle = o2 = 1)

such that
Nlim 'y\(l,kl’f) = / [u®* @ v®) (u®* @ v®|dp(u,v), VEk,£=0,1,2,... (4.8)
bxde el

strongly in trace class.
Next, thanks to the operator inequality (X)),

1), Ly G
ZTml +ZT12 +EV (1’1 —1'2) Z —C

Therefore, from the convergence (4.8]) and Fatou’s lemma, it follows that

2
. L), Clpn) | Gy (2,0)
I}H;fTr [(ZT;) + ZTaEz) + §V( )(I1 - IQ)) Vo }

2
> 0 [ (D0 + D10+ DO o) [0 )

2
- / {%(u,T(l)w + %(|u|2, v« |u|2>} dp(u, v).
Similarly, we have

2
. C1 C2 c 0,2
1}\1[11)1(1)1; Tr [(ZTy(f) + ZTy(f) + ;V(Q)(yl - y2)> ’Y\(I/N )}

2
>/{%<U7T(2)v>+%<|v|2,v(2)*|v|2)} dpu(u,v)
and

lim inf Tr [(%Tygl) n %T;’Z) ereaV 1D (g — y)) 7511&1)}

N —o00
> / {%(u,T(l)m + %<U7T(2)v> + crep(uv, VA « (uv)ﬂ dp(u, v).

Summing these lower bounds, we can bound the right-hand side of () as

lim inf M > /5H[va]dl~b(uav) > eq.
N—oo N

Combining with the upper bound in ([@4), we conclude [{I):

(v, Hy¥n) — /5H[u7v]dﬂ(u,v) = eqy.

The last equality means that p is supported on the set of Hartree minimizers, i.e.
{(e®rug, e21p) : 01,02 € R}, and hence (@) reduces to ([@2). Strictly speaking,

i
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we have proved (€1)) and ([2) for a subsequence as N — oo, but the convergence
must hold for the whole sequence because the limits are unique. This completes the
proof. O

4.2. Bogoliubov Hamiltonian

The aim of this section is to show that the Bogoliubov Hamiltonian H defined in
([2I3) is precisely the same operator that arises from a suitable second quantization
of the Hessian of the Hartree functional £ evaluated at the minimizer (ug,vg). We
refer to [21] for discussions in one-component case.

The main result of this section is Theorem F4] below, which gives useful esti-
mates on H. In order to formulate this result precisely, let us first recall the explicit
(canonical) isomorphism that realizes F, in ([2.19) as a Fock space.

We consider the Fock space with base space h(f) @ h(f)

o0

G =P (v @p?)®mr (4.9)

N=0

For a generic fdBg € h(j) EBh(f), let us denote the canonical creation and annihilation
operators on G4 as Z*(f ®g), Z(f @ g). The Nth sector of G, is interpreted as the
space of states with exactly N total particles, regardless of which type they are. In
fact (see, e.g., [7, Theorems 16 and 19]) G4 is isomorphic to F through a natural
isomorphism that preserves the CCR.

Theorem 4.2. There exists a unitary operator U : Fy — Gy such that

(i) Ur,) = Qg,, where Qx, is the vacuum of Fy and g, is the vacuum of
v (1) ¢ @
(ii) for any f@ge by’ &by

Z(fogU=U(a"(f)®1+1®0b(g)),
Z(feogU=U(a(f) ® 1+ 1®b(g)).
We define the second quantization of an operator A on h(j) &) hf) by

dF(A) = Z <fmaAfn>Z*(fm)Z(fn)7 (4'10)

m,n>1

where (f,)5°_; is an orthonormal basis of h(f) &) bf) belonging entirely to the
domain of A, with an overall operator closure being understood on the right-hand
side. Similarly, for generic self-adjoint operators A on bi” and A on bf), we
denote
dr®(AMy .= Z (U, AV wVa, an,
m,n>1
(4.11)
AT@(A®) = > (v, APv,)b7, b

m,n>1
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with (um,)S°_; an orthonormal basis of hs_l) and (v,,)$2; an orthonormal basis of

hf). In particular,
Ny =drW(1), Ny :=dr®(1) (4.12)
defines the number operators in each species’ sectors, and
N =N+ Ns (4.13)

defines the total number operator on F.

Within this formalism, it is natural to introduce the class of quadratic Hamilto-
nians in the Fock space G, ; through the isomorphism of Theorem [.2] such a class
turns out to correspond to the class of Hamiltonians which are jointly quadratic in
a, a*, b, and b*, as is the case for H. Note that, already the operators defined by
(@I0), which are quadratic in Z and Z*, are in general not separately quadratic
in a, a* or b, b*; this is true only if the operator A is reduced with respect to the
direct sum h(j) &) hf).

Let us consider two densely defined operators

By :DBy) b ap? - b ap?
By: D(B2) € (b)) & (0¥)" =Y @b,
satisfying the properties
D(B1) € J*D(By), Bi =By, JBsJ =B,
where
TP = (00) @ (o) J(Feg) = ey dynae  (@14)

is the operator mapping a vector to the corresponding form. Let us form the

operator
B B
B:= ( ' ’ ) (4.15)
By  JBJ*
acting on the space
h:=p e e (h!) e (6?)" (4.16)
We define
1 -
Hp = dU(B1) + 5 Y ((fms Bod ) Z(fm) Z(Fn) + (Fis BT ) 27 (fon) 27 (f))
m,n>1
(4.17)
on the space
Doy
n=0
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In turns out that many properties of the quadratic Hamiltonian Hpz depend crucially
on their analogues for the corresponding classical operator B. The following lemma,
which is a consequence of [38, Theorem 2], collects some of them.

Lemma 4.3. Assume that By > 0, B > 0 and that Bs is a Hilbert—Schmidt opera-
tor. Assume further that ||Bl_1/232JBl_1/2|| < 1. Then:

(i) (Self-adjointness) Formula (1) defines a self-adjoint operator.
(ii) (Uniqueness of the ground state) Hp has a unique ground state ®F .
(iii) (Spectral gap) If, in addition, B > T > 0 for some T > 0, then

infa(HHq,%S}L) > \(Hg), (4.18)
where N(Hg) is the ground state energy of Hp.

In particular, Hg is bounded from below, namely there exists a constant Cp > 0
such that

Hg > —Cs. (4.19)

Proof. All the claims follow directly from [38, Theorem 2]: by such result there
exists a unitary operator U on G, such that

UHU* = dI'(€) + inf o(Hjp), (4.20)

for a positive operator £ on hsrl) & bf). This proves the self-adjointness and implies
that UQg, is the unique ground state of Hp. If, in addition, B > 7 > 0, then
&> 7 >0, and this implies (ZI3). O

Notice that in Lemma[4.3] we require By to be Hilbert—Schmidt, an assumption
which is fulfilled in the application we are interested in, and which ensures the
weaker hypotheses in [38] to be satisfied.

Our interest in operators of the form Hp is due to the fact that the Bogoliubov
Hamiltonian (2I8)) can be realized as a quadratic Hamiltonian in the sense of (£17).
More precisely,

H = U*Htoss £ uo o] Us (4.21)

where Hess EH[ug, vg] is the Hessian of the Hartree functional evaluated at the
minimizer and U is given by Theorem In the present context the Hessian of
the Hartree functional is defined by the second term of a Taylor expansion around
the minimizer (ug,vo), that is,

[, 0] = EM[ug, vo] + %<\/a(u —uo) @ /G (v — v0),

Hess EMug, vo]v/e1(u — uo) © /2 (v — UO)>
+o([Ju — uol 2, [[v — vo | 2). (4.22)
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In (#22)), we are considering variations that are weighted according to the relative
populations of the two species.

In order to explicitly write the expression of Hess E2[ug, ], let us introduce the
following three integral operators K(®), a € {1,2,12}, together with their kernels:

KW 50 550 KO (2, y) = VO (2 — y)ug(z)uo(y) (4.23)
K®:p? =53 KO (z,y) := VO (2 — y)uo(x)vo(y) (4.24)
K 5@ 590 KO (2 4) = VD (2 — ylug(x)uo(y).  (4.25)

With the quantities introduced in (2T4) we can write

1) _ v 17— — 17D
(U, KW uy,) (U, K\W7y) =V,

mO00n mn00

(2) _v® 2)7—\ _ 1/(2
(U, K\ 0y,) (U, K0,y =V,

mO00n mn00

(um,K(12)vn> — U2 <um,K(12)ﬁ> — 12

m00n mn00-*

Moreover, as a straightforward consequence of Assumption (AMF) each such oper-
ator is Hilbert—Schmidt: indeed,

|02 = / dedy| KO (2, y) 2

< CW 4+ CW | Tug|[2s + OO Vgl < +o0,  (4.26)

and the same holds for K and K2,
In terms of the K’s, and of h") and h(® defined in (2.16)), the Hessian of the
Hartree functional reads

Hess £ [ug, vo]

AV + e KW fere K(12) e KM g+ Ve K2 g
\/@K(lz)* h® 4 e K®? MK(D)*J* cQK§2)J*
| Ik EeIED SO 4 KO e K02
Ve JK(2x ey JK(2) Veca JK2 e Jh2) J* 4 ey JK ) g
(4.27)

as a matrix-valued operator acting on [)Srl) ® hf) ® ([)Srl))* ® (hf))*.
The main result of this section is the following

Theorem 4.4 (Bounds on Bogoliubov Hamiltonian). Under the same
hypotheses of Theorem 22, one has

1
E@WWM+J®W%+M+My@
<H < AWMy +dr® (h®) + Ny 4+ CNy + C, (4.28)
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for some constant C > 0. Consequently, H has a self-adjoint extension by Friedrichs’
method, still denoted by H, with the same form domain of dI'W (R 4+ 1) 4
dF(z)(h(Q) +1). Moreover, H has a unique, non-degenerate ground state ®3:

ian(HHq)gs}L) > (9B HPE). (4.29)

As a preparatory result towards the proof of Theorem [£4] we show that
Hess £ [ug, vo] has strictly positive bottom.

Lemma 4.5. There exists a constant n > 0 such that
Hess % [ug, vo] > 1. (4.30)
This is clearly a non-degeneracy result for the minimizer (ug,vg) of the Hartree
functional.
Proof. We consider the decomposition

Hess X [uo,v9] = Hessp, + Hess g,

where
R 0 0
0 h® 0 0
Hessy, := 0 0 T .
0 0 0 Jh@) j*
GK®  EGKE KOS aEKinr
Hessg = Ve K12 e K® Verca K12 g+ e K@) J*

g JKO erea JK(2) c JKW g Jerea JK(12) g*
Jc1ca J K (12)% o JK®2) Je1ca J K (12)* co JK @) J*
(4.31)

First, we argue that Hess; must be bounded away from zero. Indeed, since
(0, vp) is the unique minimizer of the Hartree functional, one has h(Y) > 0 on r;(j)
and h® > 0 on bf). Since Assumptions (A;) and (A)'F) imply that h(") and A
have compact resolvent, their spectra cannot accumulate to zero, and this implies
the existence of some n > 0 such that

Hessy > 1. (4.32)
Concerning Hessg, we observe that it is a matrix-valued operator with structure
A AJ*
Hessg =
JA JAJ

where

o KM crea K (12)
A ( : vaekty (133)

,/clch(m) CQK(Q)
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Since for any f @ g € hs_l) &) hf) one has

(f@g,Af&g) =c(f,KDf) +clg, KPg) + 2 /eie; Re (f,K!g),

it is straightforward to see that, by Cauchy-Schwarz, Assumption (AX¥) implies
A > 0. Hence, Hessg > 0 follows. This result, together with (E32), implies
Hess EW[ug, vo] > 1 > 0. i

We can finally prove Theorem F4

Proof of Theorem [4.4l We recognize that H = U*HgU with B = Hess E% [ug, vo],
and, comparing (4.27) with ([£15), we deduce that

5 ( el KW g~ ,/—clcQKU?)J*)
2:

4.34
./Clch(m)*J* CQK(2)J* ( ’ )

and

M 0
B = 0 o) + BoJ.

Since By > 0, Hess E8[ug,v9] > 0 by Lemma EH, B is Hilbert-Schmidt, and
||B;1/232J31_1/2|| < 1, we can apply Lemma 3] As a direct consequence we have
that H is bounded from below.

We now show that the argument can be re-done so as to get the more refined
lower bound (E28). Indeed, it is easy to see that, for € > 0 small enough, the
operator

Y 41 0 0 0
. 0 hr®+1 0 0
B := Hess £ [ug, vg] — €
0 JhW 41 0
0 0 0 JhP J* + 1

is positive. Hence, for B. too we can apply Lemma [£.3] and obtain the existence of
a positive constant Cp_ such that

Hpg, > —Cpg..
By (£I7), last inequality is equivalent to
H > e(dlD(AW) + dr® (M) + M + N2) - Cs.,

which is the first inequality we want to prove.
To prove the second part of [2])), we remark that, for any C > 0,

dr®(rM) +dr® (R®@) + CNy + CNo —H = U'Hg, _pros, Us
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with Hessg defined in (&31)). Since all the K)’s are bounded operators, Hessg is
bounded as well. Hence, for C large enough, C1 — Hessg > 0. We can then apply
Lemma[4.3], which ensures the existence of Cx > 0 such that

Hal—HeSSK > _CK
Equivalently,
H < dr® (hM) +dr@ (@) + CN; + CN; + Ck. (4.35)

Thus (Z28) is proven by choosing C' := max{e~*,Cp_,C, Cx}.

From the above proof, we already recognized that H = U*Hegs g1 [ug,00) U and
all the hypotheses of Lemmal[d3 are fulfilled if B = Hess E%[ug, vg]. Hence, a direct
application of Lemma [4:3] shows that H can be extended to a self-adjoint operator
which has a unique ground state ®2° and satisfies (Z229):

inf o (Hjgauys ) > (5, HO®).

Moreover, the bounds (28] implies that H has the same form domain of dI'™")
(R 4+1) +dI'®@ (A2 +1). O

The estimate (£28) will play an important role in Sec. @] in the proof of
Theorem [2.2]

Remark 4.6. After the identification of H as the second quantization of the Hes-
sian in the sense of ([@I7), the key point towards the proof of (28] was Lemma L5l
This is for us a mere consequence of Assumption (AMF) in which we require the
positivity condition (Z3) and the ‘miscibility’ condition (Z4)). One could relax
Assumption (A7) by requiring the Hessian to be bounded away from zero in the
first place; observe that when this is the case one should additionally require the
uniqueness of the minimizer of the Hartree functional, while for us this is another
direct consequence of Assumption (AMF).

Remark 4.7. A direct application of the diagonalization result of [38, Theorem 2]
would allow to bound H from below in terms of an operator that is surely quadratic
in Z, Z*, but not separately in a, a* or b, b*, thus preventing from obtaining the
inequality (Z2])) that is needed in the proof of Theorem 222 We can fix this issue
by further recognising (an observation that has no analogue for the one-component
case) that the operator ¢ arising in the identity (£20) can be actually chosen to be
reduced with respect to bsrl) P bf), an additional feature that allows to estimate H
from below by means of the two number operators. Such arguments are not needed
for our main argument once assumption (AYF) is taken.

4.3. Estimate in the truncated two-component Fock space

The claim of Theorem 22is that the ground state energy of H provides the second
order correction to the ground state energy of HMY. Since H and HMY act on
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two different spaces, respectively, 74 and Hn, n,, we rather compare H with the
operator Uy HNFU% on F, with a suitable unitary transformation Uy. This will
lead to Theorem 9] below, the main result of this section.

The unitary operator Uy is defined using ideas in [2I]. More precisely, for
arbitrary

¢ c (h(l))®symj ® (h(Q))®symk and Y e (h(l))&ymé ® (h(2))®sy[n7“
we define ¢ X x to be the function in (A(1))®symU+0) & (B(2))Baym(E+r) given by

(¢ X X)(mlv e 7mj+€;yla e 7y}€+7‘)

1
= ATy T3 Ymys oo Yy,
VG + /Kl (k +r)! UE;H

TEX ktr

X X(zﬂ'j+1? Lo Ympyan - 7y77k+7~)’ (4.36)
where ¥, is the symmetric group of p elements. A function ¢¥x € Hn, n, decom-
poses uniquely as

N1 Ns

VN = ZZ Xk < (ug@(Nl—j) ® Ug@(f\&—k)) (4.37)
=0 k=0

for some x i, € (hg))&ymj ® (hf))®symk, where for each summand of the right-hand
side of (@3) it is understood that

Xjk = Xjk(T1, -+ Tj5 Y15 -+, Yk)

u?(Nl_j) = uo(j41) - uo(zn,)
,U(;@(N27k) = Uo(yk+l) e UO(yNQ)'

Thanks to the orthogonality relations
<Xjk R (WM @ @My ® (@0 ®U83(N2_T))>

= [Ix;ull 7= dje ke (4.38)
it is easy to check that
Un: Hive = FEN Unton = (Xji)jrh<n (4.39)

defines a unitary operator between Hilbert spaces, where

N
<N Rsym™n Rsymm
PN =@ @ 6T e o
L=0 | n+m=L
nSNl
mSNQ

The following is an analogue of the one-component result in [21], Proposition 4.2],
whose proof is merely algebraic.
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Proposition 4.8. The action of the operator Uy : Hn, N, — ]-"EN defined
in [E39) can be written as

QM) & (Q®)** ag* 7 by

(Unyn)je = | (@ ® (Q _ Un | o (441)
J V(N1 = )Nz — k) i

where QW) = 1 — |ug) (ug|, Q) = 1 — |vg) (vo|, and ¥ € ]—'fN is the vector whose
only one non-zero component coincides with V. For ® € ]—'fN7 the adjoint of Un
acts as

N1 N
1 )
Uy @ = 2 ((ag)]\h*] (bs)szkq)) . (4.42)
j;JkZ:O \/(Nl_J)!(Nz—k)! N1 N2
Moreover, for all non-zero m,n € N, the following identities hold true

UNCLSCL()U;/ = N1 —Nl, UNbSbOU;[ = N2 —N2,
Unajan Uy = VN1 — Niam,  Unbibn Uy =/ Na — Naby,
UNa;‘naoU;[ = a;‘n\/ N1 —Nl, UNb:TboU;[ = bjn\/ N2 —N2,

Una},a Uy = a),an, Unb;, by Unr = b5,by,.

(4.43)

Notice that, as customary, all terms in the left-hand side of ([@Z3)) are tacitly
understood as UnTY, n,a6a0In,, N, U and the like, where T, n, is the lifting map
from Hn, n, to the Fock slice with Ny, Ny particles.

Thanks to (@43]) we can explicitly conjugate the many-body Hamiltonian (ZI3))
with Uy. The main result of this subsection is the following Proposition, which
provides a preliminary estimate valid on the space FEM. The integer M satisfies
the property M < N, and we shall suitably fix it at the end of the proof. Here and
henceforth it is understood that, eventually as M and N tend to infinity, M must
be chosen so as both M < Ny and M < Ns.

Theorem 4.9 (Estimate on Truncated Fock Space). Under the same hypothe-
ses of Theorem 22l given M < N, for any ® € ]—'fM N D[H], one has

M
[(UnHN"UR)e — Nex — (H)o| < Cy/ ~ (H+Co (4.44)
for a positive constant C' (independent of N and M).

We refer to |21}, Proposition 5.1] for the analogue in the one-component case.

Let us remark that the condition ® € ffM N D[H] implies, by Theorem 4]
that ® belongs to ffM N D[ATM (M) + dT?) (h(2)]. Using Assumption (AYT),
one easily sees that this implies Ux® € D[HNY], and hence (E44) is well-defined
for ® € F:" N D[H).

Now we turn to the proof of Theorem EE. We first compute exactly Uy HNY U,
which will be done in Lemma EI0l Then, we isolate from UyHNTUjZ the
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leading contribution Ney and the second order correction H; this will be done in
Lemma ATTl. Finally, we will show that all the remaining non-relevant terms can
be estimated by the right-hand side of (ZZ4]).

Lemma 4.10. Let us define the following five operators on the domain F<M N

DIH].
(1) (2) L o
Mo = Too" (N1 = N1) + Tog (N2 = N2) + 555Voooo (N1 = N1) (N1 = N1 — 1)
1 1
+ 5 Votto (N2 = AN2) (N2 = N = 1) + = Viigi (N = M) (N2 = A)
C C
+ N+ peNe + 51%(0130 + 521/0(530. (4.45)
) Ny A -1 Ny — A

M, = Z [am\/ Ny —Nl (ng + Vn(llo)oolTl + Vé%?o%)

m>1

. No— Ny —1 N -\,
+ b5,/ Nz — N (T,ng + Vg0~ + Vn(f()%)o%>

1 1y Ni—N;—1 12) No — Na
(2 VNI g N

N ) Nl—J\/'lam

Ny —Np—1 N1 -\,
+ (To(frf + %ﬁlo% + %%i%%) VN> —NQbm:|. (4.46)

mn-m

C C
Myi= ) [T,Sf,ia;an + T — Ny = p2Na = 5 Voo = 5 Voo

m,n>1

1
+ —V(l)ooafna;\/Nl —Nl\/Nl —Nl -1

2N mn
1
+ ﬁ‘/()(Ol)nn\/Nl — N1 — 1/ Ny — Mamay,
Lo . 11
+ _VmOnOama’n(Nl - Nl) + _Vmoonaman(Nl — Nl)
N N
1
+ o Ve b b/ Nz — Nay/Na — N — 1

2N 00mn

1
+ ﬁv(” VNo = Na — 13/ Na — Nabunby,

00mn

1

1
+ NVé%)nobfnbn(Nz — N2) + =V, 2 b ba(Ny — Ny)

N mO00n“m

1
+ vailigoafnb:\/Nl — N1V N2 — N
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+ = VOOQ) \/N1 Nl\/NQ—NQClmbn

VA (No — No) + 1 VAD, b bu(V: — AG)

Lya ey NN N = N,

N m00n&m
Nleo%)n\/Nl Niv/Na — Naanby, |- (4.47)
1 1 2 * 7k
My 3 Vit 4 Vbt
m,n,q~

75117?1700' a’pb* v Ny — 1()272pamb:1b \% N _Nl
Vp(()lv)nn Ny _Nla;aman +V pOmn \/ Ny — NQb bmbn

+V(01131n\/ No — Naaganmby, +V(11,,2,20 Ny —/\flamb;bn] (4.48)
. 1 * 2) * 70k 12 *
My = Z>1 {QNVMma Oy 0p0q + 2er$mqu bbby +ergmgqa apbiiby
m,n,p,q=
(4.49)
Then,
4
UvHN UR =Y M. (4.50)
j=0

Proof. The proof is obtained by means of a direct computation that systematically
uses the relations (Z43)). Notice that the term

c ¢

N1 + paNz + 51‘/0(0130 + 52%((?30
has been added in the last line of M, and subtracted in the first of M>. O
We now show that the relevant terms can be isolated from My and Ms and that

there is an exact cancellation in M7, due to the fact that (ug,vg) is the minimizer
of the Hartree functional.

Lemma 4.11. For My, My, My defined in (@45)-(E49), one has the following
rearrangements.

(i) (Isolation of the leading term from Mo)
= Voo Mo,
(4.51)

MO:N€H+2NV00 NN +1) + ‘/()(()200-/\/2(N2+1)+

2N N

39



A. Michelangeli, P. T. Nam & A. Olgiati

(ii) (Cancellation of the linear contribution to M)

1
My = N Z |:_Vn(110)00a:n\/ Ny = N1 (M +1) — Vn%)oobfn\/]\fg —No (N2 +1)

m>1

— ViR o0an /N1 — NT N, = Vi, obi v/ Na — No;

— Voo N1+ D)V Ny = Nt — Vigno (N2 + 1)y/ Ny — Noby,

— %102m0 \/Nl —Nl NQ Ay — VO(Ol()le./\/‘lv N2 —./\[2 bm}.

(iii) (Isolation of the Bogoliubov Hamiltonian from Ms)

1)y +« +VNi—NVNi—Ni—1-N;
My =H+ Z <§V1£Lr?0()a’man N
m,n>1
1V(1) VN1 —NivV/Ni — N1 —1—-N;
- A ln

9 00mn N

+ 57 (Voo + Vi) @intn (1 = A2

12 4,0 VN2 —Noy/No— Ny —1— Ny
+§V1£eroobmbn N

1 Ny — Ny — —1— N.
+§%(()27)an\/ 2 — No/ j\] N 2bmbn

1
+ 57 (Vino + Vinon)Uinbn (1 = N2)

L2 e g VN1 = NiyVNo — Na — /N1 Ny

mn00“m“n N
Ny — Noy — — VN1 N
+%(()12n\/ 1 —NivVNy — Ny — /Ny 2ambn
N
1 a2 . 1 a2 .
- NvaOnOama"'/\/,2 - NVOmOnbmban
Ni — Noy — — VN1 N
+Vn(11020)na:1bn\/ 1 —NivV Ny — Ny — /N1 N,
N
Ny — Noy — — VN1 N
+%(520\/ 1 — NV QNNQ VN1 2ambfl>.

Proof. We recall that the minimum of the Hartree functional is

C2 C2
en = 1Ty + eoTio) + 51%((}30 + 52%(530 + 162 V000-

A direct computation then yields (€51]).
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To prove ([52), we note that, since (ug,vg) minimizes the Hartree functional,
we have the identities

T+ e1V,ioo + caVilom = 0

m/

2 2 12 (4.55)

Since ¢; = N;/N, last two identities yield an exact cancellation in Mj: for example,
the contribution coming from the first line of the right-hand side of (£48)) reduces to

— Z OOOa VN1 — M (J\/‘1+1)—V75120)00b:n\/.7\72—./\/‘2 (./\/‘24-1)}.

m>1
This allows us to bring M; to the form (E5HZ]).

Finally, (£53) is obtained by a mere regrouping of terms. For example, the
contribution from the second line of (@Z7T) can be rewritten as

N N, — —1—-N
Z leszoa’man—"_ Z Vm17300 ma n\/ 1= My }V M 17

m,n>1 mn>1

having isolated the N-independent contribution. The same is done for all the
other summands of (BZT). Recalling the definition (ZIB) of H, the outcome

is (E503). O

The final step in order to prove Theorem [£9] is the following Lemma, that
provides the appropriate estimate for all the remainders My — Ney, My, My — H,
Mg, and M4.

Lemma 4.12. There exists a constant C > 0 such that, for any ® € ffM N D[H]

[(Mobe — Ne| < O ) (456)
amel < 0\ 2w (457)
[(M2)e — (H)a| < C%(Nb (4.58)
|(Ms)e| < C\/¥(<H>¢>+<N><D+C) (4.59)
[(Maal < O3 (H)a + (N)a +O). (4.60)

Let us postpose the proof of Lemma and now conclude.

Proof of Theorem [£8] Let us fix ® € F: ND[H]. By Lemma ZI0 we get
(UNHNUR)e = Nen + (H)s + (Mo — Nen)s + (M1)s
+(My —H)a + (M3)s + (Ms)a,
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and hence, applying Lemma T2, we find

(UNHN U)o — New — (H)g| < C\/¥(2<H>q> +5(N)g +2C), (4.61)

having used M/N < \/M/N. Using positivity of h") and h(®) and Theorem H.4]
one finds

N <N 4+drW (M) 4dr@ (@) < cH + 2.
This yields the bound

(UNHNTU ) — New - (Hya| < Oy - ((H)e + ), (4.62)

for a suitable constant C. O

It remains to prove Lemma T2l We first state a technical Lemma that we will
use through the proof.

Lemma 4.13. Under the same assumptions of Theorem

Ar(TW) < aH + aN +a, forj € {1,2} (4.63)
dr® (VD] [uo[2) < BN (4.64)
A0 (VD] ke fuo|?) < AN (4.65)

for positive constants ., 3,7.

Proof. Let us prove ([63) for the case j = 1. By assumption (AYF) we know that,
for every ¢ > 0, V() > —cCW(1 -~ A) —e P and V12 > —cCOD(1 - A) — L.
Hence, we deduce

VO g2 > —eCW — eCW(—A) — eCWug|| % — et (4.66)
and
V2 o2 > —eC1? — eCOD(—A) — O ||| 3 — 7L (4.67)

By recalling the definition of h(!) from ([@If), the last two estimates imply the
existence of a constant & > 0 large enough such that

T® < ar® + 4. (4.68)

Taking the second quantization dT'™(-) of both sides and using (@28) we obtain
(@83) for a > 0 big enough. The same holds for 7).

To prove (64 it is enough to note that, by Assumption (AX¥), the multiplica-
tion operator V12) x |vg|? is bounded. The desired inequality is hence trivial, since
the second quantization of a bounded positive operator is always estimated by a
multiple of the number operator. An analogous proof holds for (EGh). |
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Proof of Lemma Let us write

(Mo — New)o = MV + M + M§? (4.69)
(My)o = MY + MP + M2 (4.70)

(My — H)g = MM + M$? + p? (4.71)
(Ms)e = MY + M + (4.72)

(My)o = MY + M + M, (4.73)

where, in self-explanatory notation, each summand with label («) contains all the
terms depending on the interaction potential V(®). We will estimate the M ,92) ’s; all
the other terms do not involve interactions between particles of different type, and
hence, they are on the same footing as the terms estimated in [21), Proposition 5.2].

Let us consider Mém). Since ® € ]-"SM we have (V) < (M) < M, and hence

v(12) NN, M
0000 \ "N /.

| M52 = < Kor (N s, (4.74)

¢

12)
for Ko = |V, 0(000
Let us now consider M1(12).

1
> ml()QO)ON a7,V N1 = NiNz)e +h.c.

By a Cauchy—Schwarz inequality we can write

m>1
1/2 1/2
s > Vool > (aham)a (N1 = NN e
m>1 m>1
2| K%
< w(N<N><D<N2>¢)1/2

- N

M
< 2| K| ~ Ne-

In the second and third steps we have used Ny < N, positivity of N, the inequality
(Mo < M, together with the property

2 [Vnool* = D um, KM uo) > < (i, K fuo) (uo| K 2 um)
m21 m>1 m>1
< IK9) | fg < +o0.

There is another summand in M1(12)7 but it differs from the one we just estimated
only by the interchange of the two components; for this reason, we omit the details

of its estimate. Thus,
M
M| < 4K sy 57 (W) (4.75)
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. 12 L
Let us consider MQ( ), whose expression is

1
M2(12): Z [N m1712(30 *b*(\/Nl /\/’1\/N2—J\/'2—\/N1N2)><1>+h-‘3-

m,n>1

- X [ viihtananis]

m,n>1 "
S I RGN
m,n>1 -

1
+ Z N m1020)n *b (\/Nl Nl\/NQ—NQ—\/N1N2)>q>+h.C. y

m,n>1 -

and let us treat the four summands one by one. First let us define the operator

_\/Nl_Nl NQ—NQ
n Ny Ny

By a Cauchy—Schwarz inequality we get

1/2

N1 N-
(@) <24/ 7" | D lfum, KO

m,n>1

1/2

< | S (anbiamba)e | (X —1)%)y

m,n>1

1/2

N1 Ny
<2y | Do (um,

m>1

X <_&_&+N1N2>2 12
N1 Ny NN, q)’

K12 ’2um> <N1N2>(1I,/2

having used the estimate (X — 1)? < (X2 — 1)2. Now, using N1No < N2, (N;)e <
(M) < M, and the fact that K2 is Hilbert-Schmidt, we obtain

M1/2
|@&T0)| < 2/ K" |us 2<N>1/2<(N2N1 + NNz — NiNR) )2,
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Since NMiNs < NoN7 + N1 N5 on ]-"EM, we finally get
12 M2 1/2 2\1/2
|@T8)| < 4K |lus = Vg (N2N7 + NiNo)®) Y
N1N,
< Ke—=WN)a, (4.80)

for some IE; > 0.
To estimate (£77) we note that

@D — - (arO VO s )R )

]

and, by (.64,
@TDI < 53 Whe. (4.81)

Analogously,
M
(@) < v N (4.82)
for v given by (4.63).
To estimate (Z79)) we write
1 .
@I =5 > Jk+ D@ KPP 1) +hc,

J>1, k>0
JHk<M

where ® = (@) € ]—'fM and Kl()lf) is the integral operator K12 defined in
([25) and taken with kernel K1) (x1,%). By using Cauchy-Schwarz we get

2 ,
@D <~ D+ D@ @) + KD 2051, By 1050))

2
= (U K2 o) (@, Ny (N + 1)),

and hence, the inequality N; < N < M valid on ]-"EM yields

M
(BT < Ky (N)e, (4.83)
for some K > 0. Putting together (480), [@]1), (£82)), and (£83)) we conclude
M
M| < Ko (N e, (4.84)

with Ky == Ko + 8+ v + K.
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(12)

Let us consider M, ™/, whose expression is
12 12) /& g
M= 3 [ergn;()( apbi/Na — Na)o + h. c} (4.85)
m,n,p>1
+ > [ Vo (@ biby /Ny — N)o + h. c} (4.86)
m,n,p>1
First, we notice that
N1 Ny
(@,Un Y ) QY @RV (x; —y)QL) ® PPUN ®) +h.c.
j=1k=1

(4.87)

Now, by splitting V(1) into positive and negative part and using Cauchy-Schwarz,
one obtains the inequality

QA @ PV (@ - QY ® PP + QY @ PPV (@ - )P © QY
<e'QP @ QP VI (z — )|QY @ QP
+eQWM @ PPV (2 — )| @ PP, (4.88)

whence, substituting into (£8T7), one gets

1
@) < Y VO bty

m,n,p,q>1
+ %(dl“(l) (V2] [0 [2) (N5 = N2))y (4.89)

for some € > 0 that we are going to specify in a moment. We first focus on the

first summand of the right-hand side of (£89). Using the expression in components
<M .

Q= (Qjr)j € F7 , we can write

1 * *
8_N Z ’ Vrgzl’nqu A Gp bn bq CI)>
m,n,p,q=>1

1
=N D k(@ V(@ —y1)|®5k)

J,k>1,
jHk<M
(12
SN Z jk Jka - A _Ayl)q)j7k>
7,k>1,
J+k<M
0(12) 1 1 2 2
= 7 (@ (NN + DO (TN, + MdTE(TE)) @),
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having used Assumption (AYF) in the second step. Thanks to the inequality N; <
N < M valid on ]-"EM and Lemma [ T3], we obtain

— M N
— Z V.02 (@, a,brapb®) < IC3€_N(<N>(I) + (H)e + K3),

for some K3 > 0. The second summand in the right-hand side of (#X9), in turn, is
estimated using (Z64) as

%(fb,dF(l) (VO[5 Joo[2) (N2 — N3))y < ae((N)a + (H)a).

By finally choosing ¢ = (M/N)/2, the last two inequalities yield

|ESH)| < (K +a)\/¥(</\/>¢ + (H)g + KC3).

The term (@RA) differs from (E8H) only by the exchange of the two components,
and hence, it is treated analogously. This yields

’M?Em)‘ < ’C3\/¥(<N>q> + (H)o + Ks3), (4.90)

for a positive constant K3 big enough.
Let us finally consider Mim). Using @ = (®, 1)k, we can write

1
12
M = = ST k@, V(@ — ) ®)
3k>1
JR<M
c(12)
S N Do k(@i (1= Ay = Ay,) )
7,k>1
J+k<M
(12)
< C

(@, (NN + dTOD(T )N, + N AT (TD)) D),

having used Assumption (A}Y) in the second step. By the inequality N; < N < M,
valid on F£" and [@B3), we get

M < K4%(<N>q> + (H)o + K4), (4.91)

for some constant Iy > 0.

Equations (74), (@10), (=), (E90) and (EIT), together with their analogous
for the terms depending on V(1) and V(2 yield the desired claim, provided that
the overall constant C' is chosen large enough. O

47



A. Michelangeli, P. T. Nam & A. Olgiati

4.4. Localization in Fock space

Theorem provides an estimate for the expectation value the difference
UnHNFU% — New — H in the truncated space F; . In what follows we recall a
result that allows us to localize the energy of a state in the space FEM. As we shall
see, at the end of the proof we will be able to choose M < N in such a way that the
localization produces only negligible remainders. This idea goes back to [29] Theo-
rem A.1] and we will follow the simplified representation in [21l Proposition 6.1].
Consider two smooth, real functions f and g such that 0 < f,g <1, f2+g¢% =1,
f(x) =1for |z| <1/2,and f(x) =0 for |z| > 1. By spectral calculus, we define

S = fN/M)
gum = gN/M).

Let us also define the orthogonal projection Py, onto the sector of F with exactly
L particles, namely the subspace

D () o (47)7 =0 () 02) ),
720, k>0
J+k=L

(4.92)

Here U : F4 — G4 is the unitary operator given by Theorem

Proposition 4.14. Let A be a non-negative operator on Fy such that P, D(A) C
D(A) for any L € N. Suppose moreover that there exists o > 0 such that PL AP =
0 when |L — L'| > 0. Then

Cyo3
M2
where Ag == .y PLAPL and Cy is a positive constant depending only on f.

+(A— fmAfym — gmAgu) <

Ao, (4.93)

This result is a variant of the IMS formula, that can be found in [2I] Proposi-
tion 6.1], which is, in turn, an adaptation of [29, Theorem A.1]. As a direct conse-
quence of Proposition EET4] Lemma BTl provides the precise estimates that enable
us to localize the energy of a state in ffN into the subspace ffM.

Let us define the operator

Hy := UyHNYU% — Ney. (4.94)
If pMF is a ground state of HNT, then, by unitarity,
Oy = Upp\F (4.95)

is a ground state of Hy. We will use the following notations for the ground state
energies of Hy and H
/\(HN) = <<I)N,HNCI)N> = E%[F - NeH
(4.96)
A(H) := (D& HP®®).
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Lemma 4.15. There exist positive constants k1, ke such that, for any M < N,

K
+(H - fpHfar — guHgnr) < MB(H + K1) (4.97)
and
~ ~ ~ H ~
+(Hy — fuHN v — g HNgur) < MZ(HN—&-KQN). (4.98)

Proof. To prove (£97), we apply Proposition 414 with A = H — A(H) > 0 and
o = 2. All is needed is the computation of the corresponding Ag. We notice that

ZPLH A(H)) P, = U*dL(B1)U — A(H),

where
5 U+ KO e K1)
TN aa KW@ @ 4 k@

dI'(+) is defined in @I0) and U is given by Theorem Since the K()’s are
bounded, there exists k1 > 0 (depending on A(H)) such that

Z Pr(H — AH)) Py < PO (WD) +dIr® (h?) + KN,
and hence, by Theorem F.4], there exists k1 > 0 such that
ZPL H >\ )PL<I€1(H+I€1)

The claim is then proven thanks to (£.93).

To prove (I98) we apply Proposition [@I4) with A = Hy — A(Hy) and o = 2.
To compute the Ay corresponding to Hy — A(Hy), we first note that Theorem
implies the existence of k3 > 0 such that HN < k3(H + k3) on .7-'— with M < N.
Hence,

N N
Z 'PLFNIN'PL < K3 Z PL(H + lig)'PL
L=0 L=0

< k5 (drW (M) e +dI @ (R2)) e +r5),  (4.99)
where the second inequality is due to [@28]). Now, as a consequence of Assumptions

(A1) and (A3, there exist constants 1,7 > 0 such that the following stability
inequality holds

N1 No
HNY >0 Zh(l) + Zh@) - 7N
i=1 j=1
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Through a conjugation by Uy, last estimate can be rewritten as

dr® Wy 4 ar® @)y < p~'Hy + 5~ '7N. (4.100)
Combining (£I00) with (£99), we obtain that there exists x5 > 0 such that
N ~ ~
> PLHNPL < ky(Hy + £HN). (4.101)
L=0
Moreover, [I00) also implies the estimate
A(Hy) > —7N. (4.102)

The claim then follows from (£93)), because ([EI01) and ([I02) imply

N
> PL(Hx = MHN))Pr < riz(Hn + k2N)
L=0
for a suitable constant xs. O

4.5. Validity of Bogoliubov correction

Now we are ready to conclude the proof of Theorem The proof of parts (i)—
(ii) has been provided in previous sections (see Theorems EEIIi) and [L4]). Now we
concentrate on parts (iii)—(iv).

Energy Upper Bound. We start by proving an upper bound for the ground
state energy, namely A\(Hy) < A(H) + o(1). Using Lemma 97, Theorem A3, and
the trivial estimate H > A(H), we get the following inequality, valid on the space
DMH)NFEY, for 1 <M < N:

-1
H > fum <1+0\/¥> fNIN—C\/% fM+>\(H)g§/[—%(H+m).

(4.103)

Since, by construction, the function g satisfies ¢g%(z) < 2, we have

2./\[
2

< —
I = v

and, using the estimate AN/ < C(H + C) which follows from Theorem 4], we get

C
(Ghr)oe < 1

for some constant C' depending on A(H). This implies that, eventually for M and N
large enough, (f%)e= > 0. Hence, after taking the expectation value of (ZI03) on
@85, we are allowed to divide both sides of the outcome by (fZ )¢z and rearrange
terms using f2 + ¢2 = 1; what we get is

M B (far®=°, Hy frr ©=) M K1
)\(H) ><].+C\/;> <fz%4><bg§ _C\/;_W(A(H)—'_Hl)

(4.104)
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Now, in the first summand in the right-hand side we can exploit the fact that the
energy of f ®% is certainly bigger than the ground state energy of Hy. For the
third summand in the right, in turn, we can use the estimate 1—C/M < (f3, )@= <1.
What we obtain is

~1

A(H) > (1 +C\/¥> A(Hy) —C\/g— %

for a large enough C' > 0. We can optimize last inequality by choosing M = N1/5,
and this yields the upper bound

AHy) < MH) + CN 2/, (4.105)

Energy Lower Bound. We now prove the lower bound )\(fIN)~2 A(H) — o(1).
Using (4£.98), Theorem [£9] and the trivial estimate Hxy > A(Hy), we get the
inequality

Hy > fu KI—C\/¥>H—C\/¥

We are going to take the expectation value of last inequality on ®p, which is a
ground state of Hy defined in (E3H). Hence, by definition, we will have (Hy)a, =
AHN).

Moreover, by Theorem [T}, since ¥} = Ux®y is a ground state of HN'Y, it
exhibits condensation in the sense of (@2). Such property directly implies that

<N>‘I>N

o~ ’Q o~
far +MHN) G — VZ(HN + K2N).

(4.106)

lim

N—o0
This, together with the fact that the function g satisfies g%(z) < 2z, yields

2
(e, < 20

=0.

— 0,

N —oc0

provided M is chosen such that (V)s, < M < N. Last formula implies in partic-
ular that, for N large enough and for M in the chosen regime,

<f]%4><DN > 0.

Hence, after taking the expectation value of (ZI06]) on @, we are allowed to divide
by (f3;)e, and rearrange terms using f2 + g2 = 1. The result is

i 2 (1 oy O o\ 00 o)

(4.107)

Now, (g3;)ox — 0 implies (f3,)s, — 1, and hence the second summand on the
left-hand-side of (AI07) converges to zero. In the first summand in the right-hand
side we can certainly estimate from below the energy of fj;®y with the ground
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state energy A(H). Finally, thanks to (EI02) and (f%;)e, — 1, the third summand
on the right converges to zero if M is chosen such that
max{VN, Me,} < M < N.
By the last three remarks, (ZI07) produces
MHy) > A(H) — 0y, (4.108)
with limy_o 0y = 0.

Ground State Convergence. As in the proof of the lower bound, let us consider
a ground state ® 5 of Hy. Then, by the estimate g?(z) < 2z and the condensation
result ([@2), we have

lim gy®y =0, (4.109)
N —o0
provided we choose M such that max{v/N, (N)g,} < M < N. The convergence
we want to prove is

lim ®y = &, (4.110)

N—oc0

and, thanks to ([@I09)), it is proven if we show
lim fy @) = O (4.111)
N—oo

with M in the regime we already fixed.
First, due to the upper and lower bounds proven above, we have

(fmu®y Hfn®y)

AH) < 2 < AHN) + 6 < AH) + 0n + CN =2/,
<fM><I>N
which, together with (f3;)e  — 1, implies
Jim (fru®n, Hfp ®y) = A(H). (4.112)
—00

Now, let us decompose fas P, into the component along ®#° and the component
along its orthogonal complement, namely,

fu®y = ay® + oy,

for a coefficient ay € C and a vector &% € F; such that &% L ®#°. Then, since
®8° is an eigenvector of H, we obtain

(fu®@y, Hfp®y) = [an|* (9%, HO®) + (b, HOR)
> A(H)|an|* + inf o (H| (gey 1 )| D12
= | fa®N|PAH) + (inf o (H) (gey ) — AH)) |22
(4.113)
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Due to ([I12) and (#29), we conclude limy_, ®+ = 0, which is equivalent to

lim ||f]\/[<I)N - aN<I>gS|| =0.
N—o0

The latter convergence in Fock space norm is equivalent to the convergence in the
j, kth sector, with j + k < M

1 -1 MF _ H8S -
i HaN (fuUnyN )jk % L2 Pevmig L2 (R Bevmh 0. (4.114)

Here we have used |ay| — 1.

Now, since w}\V/IF is the ground state of a Schriodinger operator, thanks to the
diamagnetic inequality we can fix its phase so as to have w}\V/IF > 0 pointwise almost
everywhere. Hence, the function (faUntyNY);, is non-negative as well, because
it is obtained by integrating ¥ against the positive functions ug and vy (fur
contributes only by a non-negative multiplicative factor). Since the L?-convergence
in ([@IT4) implies pointwise convergence a.e., we deduce that ay must have a limit
el?. If we include this global phase factor inside ®&°, we deduce that

lim fu &y = %, (4.115)
N—oo
which, thanks to (EEI09)), implies
lim Uyt = &5, (4.116)
N—oo

By the definition of Uy, the latter is equivalent to the desired convergence (2:23)).
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Appendix A. Quantum de Finetti Theorem [3.4]

In this Appendix, we sketch a proof of Theorem [3.4] following the strategy in [19]
in the one-component case. First, let us start with a finite dimensional version.

Lemma A.1 (Quantum de Finetti Theorem in Finite Dimensions). Let K
be a Hilbert space with dim KC = d < co. Let ¥y be a wave function in KEN1 @ KONz,

sym sym
Then there exists a Borel probability measure uy supported on the set

{(u,v) s w0 € K, [|ul| = o] = 1}

such that
T = [ ) o [0 0 o) < O 1+ 52
‘PN Ny N2
for all ky € {0,1,2,..., N1}, ko € {0,1,..., Na}.

This is the two-component analogue of the quantitive quantum de Finetti the-
orem in [6] (see also [12, 120] and the references therein for related results).
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Proof. Recall the Schur formula

A - |u®N1><u®N1|dU = CN111K®N1
ull=

sym

where du is the (normalized) Haar measure on the unit sphere {u € K, ||u|]| = 1}
and
Ni+d-1
— di ®N1) _ 1
CN, = dlm(ICsyml) = ( d—1 >

From this and a similar identity for Kg%l, we can write

sym

// [u®N Y (N1 @ |0@N2) (v N2 | dude = enien, Lans ®@ 1 en,.
llull=1,]v]=1 e
The latter representation suggests that a natural candidate for py is the Husimi
measure

i (u,v) = en, en, [(u®N @ v®N2 )2 dudo.

The rest is similar to the proof of the one-component case in [6] or [20]. O
Now we are ready to give

Proof of Theorem Step 1: Finite Dimensional Case. First we consider
the case in which K is finite dimensional. By Lemma [A1] from the wave function
W we can construct a Borel probability measure uy supported on the set

{(u,v) s w0 € K, [Jul| = [Jof = 1}

such that
Nlim Tr 'y‘(l,k]’f) - / [u®F) (u®*| @ [0 (V2 dpn (u,v)| =0, Yk, £=0,1,2,....
—00

On the other hand, since {un} is a sequence of Borel probability measures sup-
ported on a compact set, up to a subsequence, py converges to a Borel probability
measure g on {(u,v) : u,v € K, ||u|]| = ||v|| = 1}. This ensures that

7\(11]91:16) - / |u®k><U®k| ® |U®Z><U®Z|dlu’(u’ U) = 07 Vkag = Oa 17 23 s

lim Tr
N—oo

Step 2: Infinite Dimensional Case. Let {¢,,}22, be an orthonormal basis of K.
Let P, be the projection onto the subspace W,, = span(p1,..., ).

Since the operators vgi’f) is bounded in trace class uniformly in NV, up to a
subsequence, we have

(k,£)

Yoo = ,y(k,f)

weakly-* in trace class for all k, ¢ > 0. Consequently, for every n € N fixed, we have
the strong convergence

Pfkwm(ykf)]g?kw N Psz)k+2,y(k7€)P§>k+Z’ Yk, 0> 0. (A.1)
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Now using the geometric localization method in Fock space of [18], we can find
a state I'y,, in the Fock space F(W,) ® F(W,), located in the sectors of < N
particles, whose reduced density matrices are

Tl = PERHy (PO ekl - w0 < k< Ny, 0 < €< No.

Since W, is finite dimensional, we can argue as in Step 1 for the state I'y ,, to find
a Borel probability measure p,, supported on the set

{(u,v) tu,v € Wh, ”u” = ||U|| = 1}
such that

lim Tr P,?ka\(I,kI’f)Pr?k“ — (Tr[PT?kM%(PkI,VZ)PT?kHD

N —o0

></|“®k><u®k| ® [0) (0®|dpan (u, )| = 0. (A2)
From (AJ]) and (A2)), we deduce that
P§k+e’7(k7€)P§k+e — Ck7€7n / |u®k><u®k| ® |U®e><7}®e|dﬂ,n(u7’0)7 Vl@é > 0
(A3)
where
Ck P Tr [P§k+e’7(k7€)P§k+e] )

Next, note that if m > n, then the measure u, is the cylindrical projection
(tm)|w, @w,, - Therefore, according to A7, Lemma 1], there exists a Borel probability
measure p supported on

{(u,v) 1w, 0 € K, flul <1, vf| <1}

such that for all n = 1,2,..., the measure u, coincides with the cylindrical projec-
tion pw, ew, - Consequently, (A3) can be rewritten as

PO P2 — [ (P (P [(Pa) ) {(Pae) i, )

_ po ( [ @ 10 0 duta v>) PEkL,

Since P, — 1k as n — oo, we deduce that
A (k) — /|u®k><u®k| @ [v®) (v®dp(u, v), Vk,£>0. (A.4)
Step 3: Strong Convergence. If we assume further that 71(\}’0) and ’y](\?’l) converge

strongly in trace class, then Try(:0) = Tr~(%1) = 1. By taking the trace of (A.4)),
we get

[t = [ olautu ) =1
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Thus we can conclude that p is supported on

{(uw,0) w0 € K, [luf] = [Jvf| = 1}-

Moreover, by (A4) again we have Tr 46 =1, and hence %(5,2) converges to y(F1)
strongly in trace class for all k&, ¢ > 0. |
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