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ABSTRACT. Relying on a representation of framed torsion-free sheaves on Hirzebruch
surfaces in terms of monads, we construct ADHM data for the Hilbert scheme of points
of the total space of the line bundle O(—n) on P*. This ADHM description is then used

to realize these Hilbert schemes as quiver varieties.

1. INTRODUCTION

Let X be a smooth quasi-projective irreducible surface over C. The Hilbert scheme of points
Hilb®(X), which parameterizes 0-dimensional subschemes of X of length ¢, is quasi-projective [9]
and smooth of dimension 2¢ [5]. Hilbert schemes of points of surfaces has been extensively studied
from many perspectives over the past two decades (see e.g. [18, 14, 19]). There are nevertheless
few cases where an explicit description has been worked out: significant examples are the spaces
Hilb¢(C?), which can be described by means of linear data, the so-called ADHM (Atiyah-Drinfel’d-
Hitchin-Manin) data [18]. Also the Hilbert schemes of points of multi-blowups of C? admit an
ADHM description, as provided by the work of A.A. Henni [10] specialized to the rank one case.

The ADHM description of Hilb®(C?) is virtually equivalent to the realization of these spaces as
quiver varieties, in the sense defined by Hiraku Nakajima in the groundbreaking papers [16, 17].
Many of the essential features of the varieties Hilb®(C?) — including their symplectic structure —
are captured and reinterpreted in the more general framework of the theory of quiver varieties, as
illustrated in [7].

In the first part of this paper we construct ADHM data for the Hilbert schemes of points of
the total space of the line bundle Op1(—n). To achieve this aim, the space Hilb*(Tot(Opi(—n)))
is identified with the moduli space M"(1,0,c) of framed sheaves on the Hirzebruch surface ¥,
that have rank 1, vanishing first Chern class, and second Chern class co = ¢ (the framing is a
fixed isomorphism with the trivial rank 1 bundle on a divisor linearly equivalent to the section
of ¥,, — P! of positive self-intersection). By exploiting the description of M™(1,0,¢) in terms of
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monads given in [1], we prove (Theorem 3.1) that the moduli space M™(1,0,¢) is isomorphic to
the quotient P™(c)/ GL(¢, C) x GL(¢,C), where P™(c) is a quasi-affine variety contained in the
linear space End(C¢)®"*2 @ Hom(C¢, C). This result relies on the fact that the partial quotient
P"(¢)/ GL(¢,C) can be assembled by glueing ¢ + 1 open sets, each one isomorphic to the space of
ADHM data for Hilb¢(C?) (Propositions 3.2 and 3.6).

In the second part of this paper we show (Theorem 4.1) that these Hilbert schemes are connected
components of quiver varieties, namely, they are naturally embedded as connected components
into varieties of representations of a quiver naturally associated with the ADHM data describing
the Hilbert schemes, for a suitable choice of the stability parameter. Our result includes the
particular case of the Hilbert scheme of points of the total space of the line bundle Op:(—2),
which is isomorphic, as a complex variety, to the ALE space A;. Kuznetsov has provided, from
a different point of view, a description of the Hilbert schemes of the ALE spaces A, as quiver
varieties [12]. We check indeed (Corollary 4.6) that for n = 2 our representation coincides with
that of Kuznetsov.

Finally, Appendix A is devoted to proving the rather technical Proposition 3.2.

Acknowledgments. U.B.’s stay at UFSC is supported by a CNPq grant. He thanks the Algebra
and Geometry group at USFC for the hospitality. Moreover, this work was partially supported by
PRIN “Geometria delle varieta algebriche”, by the University of Genoa’s project “Aspetti matem-
atici della teoria dei campi interagenti e quantizzazione per deformazione” and by GNSAGA-
INDAM. U.B. is a member of the VBAC group.

2. BACKGROUND MATERIAL

The construction of the ADHM data is based on the description of the moduli spaces of framed
sheaves on 3, in terms of monads worked out in [1]. We briefly review the basic ingredients of
that construction. Let ¥,, be the n-th Hirzebruch surface, i.e., the projective closure of the total
space of the line bundle Op1 (—n); we shall assume n > 0. We denote by F the class in Pic(X,,) of
the fibre of the natural ruling 3,, — P!, and by H and E the classes of the sections squaring to n
and —n, respectively. We shall denote Oy, (p,q) = Os., (pH + qF). We fix a curve o, ~ P! in %,
belonging to the class H and call it the “line at infinity”. A framed sheaf on ¥, is a pair (£,0),
where £ is a torsion-free sheaf trivial along /.., and 0: £|,. — (’)2: is an isomorphism, r being
the rank of £. A morphism between framed sheaves (£,0), (£',0") is by definition a morphism
A: & — &' such that 6’ o Al,.. = 6. The moduli space parameterizing isomorphism classes of
framed sheaves (£,0) on X, with ch(€) = (r,aE, —c — 3na?) will be denoted by M"(r,a,c). We
normalize the framed sheaves so that 0 < a <r — 1.

As proved in [1], a framed sheaf (£,60) on %,,, having invariants (r, a,c), is isomorphic to the

cohomology of a monad

(2.1) M(Oz,ﬂ) : 0 UE VE WE 0 5

where k denotes the quadruple (n,r, a,c), and we have set

Up == Og, (0,—1)% V= 0x (1,-1)* @ 02", W, = 0g, (1,0)%%,
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with

1
k1:c+§na(a—1), ko=ki+na, ks=ki+(n—1a, ks=ki+r—a.

The set Ly of pairs in Hom(Uy, Vi) @ Hom(V;, Wy) fitting into the complex (2.1) is a smooth

algebraic variety. One can introduce a principal GL(r, C)-bundle Pj over Lj, whose fibre at a

point (e, ) is identified with the space of framings for the cohomology of (2kl) The algebraic
group G = Aut(Uy) x Aut(Vy) x Aut(W;) of automorphisms of the monads of the form (2.1)
acts freely on Pp, and the moduli space M™(r,a,c) can be described as the quotient P/G;: [1,
Theorem 3.4]. This space is nonempty if and only if ¢ + $na(a — 1) > 0, and when nonempty, it

is a smooth algebraic variety of dimension 2rc + (r — 1)na?.

When r» = 1 we can assume a = 0, so that the double dual £** of £ is isomorphic to the
structure sheaf Oy, . As a consequence, since & is trivial on ¢, the mapping carrying £ to the

schematic support of Ox,, /€ yields an isomorphism
M™(1,0,¢) =~ Hilb*(X, \ ) = Hilb®(Tot(Op1 (—n))) .
In the following, we shall denote the moduli space M" (1,0, ¢) simply by M™(c).

We also fix some notation about quiver representations (see [7] for details). A quiver Q is
a finite oriented graph, given by a set of vertices I and a set of arrows E. The path algebra
CQ is the C-algebra with basis the paths in Q and with product given by composition of paths
whenever possible, zero otherwise. A (complex) representation of a quiver Q is a pair (V, X),
where V =@, ;
maps such that X, € Homc(V;, V;) whenever the arrow a starts at the vertex ¢ and terminates at

V; is an I-graded complex vector space and X = (X, )qck is a collection of linear

the vertex j. We say that a representation (V, X) is supported by V', and denote by Rep(Q, V') the
space of representations of Q supported by V. Morphisms and direct sum of representations are
defined in an obvious way; it can be shown that the abelian category of complex representations of
Q@ is equivalent to the category of left CQ-modules. In particular, a subrepresentation of a given
representation (V, X) is a pair (S,Y), where S is an I-graded subspace of V' which is preserved by
the linear maps X, and Y is the restriction of X to S.

We consider only finite-dimensional representations. If dim¢ V; = v;, a representation (V, X) of
Q is said to be v-dimensional, where v = (v;);er € N’. With an abuse of notation, after fixing a

v-dimensional vector space V', we write Rep(Q, v) instead of Rep(Q, V).

More generally one can define the representations of a quotient algebra B = CQ/.J, for some
ideal J of the path algebra CQ. We denote by Rep(B,v) the space of representations of B
supported by a given v-dimensional vector space V. There is a natural action of [[, GL(v;)
on Rep(B,v) given by change of basis. One would like to consider the space of isomorphism
classes of v-dimensional representations of B, but unfortunately this space is in most cases “badly
behaved”. To overcome this drawback, following A. King’s approach [11], one introduces a notion
of (semi)stability depending on the choice of a parameter ¥, considers the subset Rep§’ (B, v)
of Rep(B,Vv) counsisting of semistable representations, and finally takes the corresponding GIT
quotient Repy*(B,v)//s [ 1, GL(v;).
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3. ADHM DATA

In this section we construct ADHM data for the Hilbert scheme of points of the total spaces of
the line bundles Op1 (—n). To achieve that, first we show that the Hilbert schemes can be covered
by open subsets, each of which is isomorphic to the Hilbert scheme of C?, and therefore admits
Nakajima’s ADHM description; then we prove that these “local data” can be glued together, and
provide ADHM data for the Hilbert schemes of Op1(—n).

We denote by P"(c) the subset of the vector space End(C¢)®"*2 ¢ Hom(C¢, C) whose points
(A1, A2; C4, ..., Cy;e) satisty the following conditions:

(P1)
A101A2 = AgClAl whenn =1

Aqu = A20q+1

for ¢g=1,....n—1 when n > 1;
Cqu - Cq+1A2

(P2) A; + MAjy is a regular pencil of matrices; equivalently, there exists [v1, 5] € P! such that
det(y1A1 + VQAQ) 7£ 0;

(P3) for all values of the parameters ([A1, A2, (11, p2)) € P! x C? such that
ATpr + Agpz =0

there is no nonzero vector v € C¢ such that

ClAQ’U = — U1V
CpAiv = (—1)"pgv and (A4 + M A2)v=0.
v € kere

The action of group GL(¢, C) x GL(¢,C) on P™(c) is given by
(31) (Ala Cjae) = (¢2Ai¢1_17 ¢1Cj¢)2_17 6(;31_1)
fori=1,2,j=1,...,n, (¢1,¢2) € GL(c,C) x GL(c, C).

Theorem 3.1. P"(c) is a principal GL(c,C) x GL(¢, C)-bundle over M™(c).

The remainder of this Section is devoted to proving Theorem 3.1. At first, we provide an
ADHM description for each open set of an open cover of M"(c). If we fix ¢ + 1 distinct fibres
Fy,...,F. € F, for any [(£,0)] € M"(c) there exists at least one m € {0,...,c} such that

E|r,, ~ O, . We choose the fibres F,, as the closed subvarieties cut in
(3.2) Sn = {([y1, v2), [1, 72, 23]) € P! x P? | 21y} = way3 }

by the equations

o = {ly1,92] = [em, sml}, m=0,...,c,

where

(3.3) Cm = COS <7Tc+m1> ) Sm = sin <7rc+m1) :
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We get an open cover {M"(¢)m} . for M™(c) by letting

m=0,...,

M™(C) = {[(5,9)] e M"(c) { &, (’)F}

Each of these spaces is isomorphic to the Hilbert scheme of points of C2, so that it admits Naka-
jima’s ADHM description [18] in terms of two ¢ x ¢ matrices by, by and a row c-vector e, satisfying
the conditions

(T1) [b1,b2] =03

(T2) for all (z,w) € C? there is no nonzero vector v € C¢ such that

by = zv
by = wo
v € kere.

The space of triples (b1,be,e) satisfying the previous two conditions will be denoted by T (c).
Elements ¢ of the group GL(¢, C) act on T (c) according to the rule

(bla b27 6) = (¢ bl ¢71a ¢b2 ¢717 e¢71) .
The ADHM data for the open set M™(c),, will be denoted by (b1, b2m, €m ); the next Proposition

gives the transition functions on the intersections.

Proposition 3.2. The intersection M™(¢)pm; = M™(¢)mNM™(c); is characterized by the condition
det (¢m—11c — Sm—1bim) # 0, where ¢, and s,, are the numbers defined in eq. (3.3). On any of
these intersections, the ADHM data are related by the equations

bu = (Cm—l]-c - Sm—lblm)_l (Sm—l]-c + Cm—lblm)
b2l - (Cmfl]-c - Smflblm)n b?m
€1 = €m -
Proof. The proof of this result is given in the Appendix A. O

We introduce the matrices

Alm = CmAl - SmA2 y AZm = SmAl + CmAZ 5
(34) n n—1 e 1
E,, = Z <q _ 1)cm s °Cq| Ao,
q=1
for m = 0,...,c. Since the polynomial det(v; A; + v2A5) has at most ¢ distinct roots in P!, the

GL(¢, C) x GL(¢, C)-invariant open subsets

P"(¢)m = {(A1,A2;C1,...,Cp;e) € P*(c)|det Agy, #0 7}, m=20,...,c,

cover P"(c). If we also define the matrices B, = A;nllAlm, the linear data (B, Em,e; Aam)

provide local affine coordinates for P"(c).

Proposition 3.3. The morphism

Cm: P™(¢)pm —  [End(C¢)®? @ Hom(C*,C)] x GL(c,C)
(A17A2;Clv~-~acn;e) — (BmyErrue;AQm)
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is an isomorphism onto T (¢) x GL(¢,C). The induced GL(c,C) x GL(¢, C)-action is given by

(Bmv B, e A2m) = (¢1B’77l¢1—17 ¢1Em¢1_17 e¢1_1; ¢2A2m¢1_1) .

We divide the proof of Proposition 3.3 into a few steps. First we define the matrices ¢ =

(0h.pa)o<p.q<n for all h > 0 and m € Z by means of the equations

h
_ h—
(3.5) (Smpt1 + cmpt2)? (Cmp1 — 5m:u2)h b= Zafn;m“gul !
q=0
for any (1, p2) € C? and p = 0,...,h. Notice that o oft = inﬁl and o} = 1j,41. In particular,

ol is invertible for all h > 0 and m € Z.

Lemma 3.4. Assume n > 1. If the matrices A1, A2 € End(C®) satisfy condition (P2), the system
A1Cy = AsCyy1, q=1,...,n— 1, with C, € End(C®), has mazimal rank, namely, (n — 1)c?. In
particular, if det As,, #£ 0, the general solution is

Cl 1C
: By,
(3'6) . = (U:Lnil ® 16) . Dy, s
Cy Byt

where we have chosen as free parameter the matrizc

D,, = i n-1 i1

m q- 1 m m q-

q=1

Proof. A proof can be found in [13]. O
Since E,, = D,, Az, the morphism (,, is injective.
Next we prove that Im ¢, C T (c) x GL(¢,C). This follows from the next Lemma.

Lemma 3.5. 1. For all (B, E,e; Aay) € Im Gy, one has [By,, E,,] = 0.

2. Let (A1, Ag;C4,...,Cpie) € End(C)®+2) @ Hom(C¢,C) be an (n + 3)-tuple such that
condition (P1) is satisfied and det Ay, # 0. Then

o if [A, A2] = [em, Sm], condition (P3) is trivially satisfied;
o if [A\1, A2] # [em, Sm], condition (P3) holds if and only if condition (T2) holds for the triple
(Bm7 Em? e) *
Proof. A proof is given in [13]. O
Finally, we prove that 7 (¢) x GL(¢,C) C Im (. Let (b1, b2,€; A) € T(c) x GL(c, C); if
A = A(Cmbl + Sm]-c) , A= A(_Smbl + Cm]-c) >

Cl ]-c

: by
(3.7) i =nter) | 0 [ eATt,
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then (A1,A2;Ch,...,Chse) € P*(¢)m and (A1, A2;Ch, ..., Chie) = (b1,ba,e; A). It is easy
to verify by substitution that condition (P1) holds. Notice now that by substituting (3.7) into
eq. (3.4) one gets

Alm = Abla A2m = A; E, = b2 .
This shows that As,, is invertible, and in particular, condition (P2) holds. Since B,, = by, by

Lemma 3.5 condition (P3) holds as a consequence of (T2). This concludes the proof of Proposition
3.3.

We now compute the transition functions on the intersections P™(¢)p; = P™(¢)m N P™(c);, for

m,l =0,...,c. First observe that
Cm (P (¢)m1) = T (), x GL(c,C)

as a consequence of the identity

cmle  smle) [Aim
(3.8) Ag = (Sllc Cllc) ( . 1 1 > <A1 ) = Aom(cm—1lc — $m—1Bm)
“om-ilc c 2m

Cm
(the notation 7 (¢)m, in introduced in eq. (A.3) in Appendix A).

Proposition 3.6. One has the commutative triangle

/\

T(¢)m, x GL(¢c, C) (€)i,m x GL(c,C),

where (1 and (., are the restrictions of (,, and (;, respectively, and
Wlm(Bm7 Ema €; A2m) = (@lm(Bma Em7 6)7 A2m(cm7l]-c - Smlem» P

the functions @y, being defined analogously to the transition functions in Proposition 3.2. The

transition functions wy, are GL(c, C) x GL(¢, C)-equivariant.

Proof. We want to express (B, Fj, e; Ag;) in terms of (B, Em, €; Aoy, ). We already have eq. (3.8);
analogously, one can prove Ay = Aom(Sm—ile + ¢m—i1Bm). It follows that B; = (¢—i1le —
Sm—1Bm) Y (8m_11c + ¢m_1By). As for Ej, one has

Zalo»pl ZamlOp m

where we have used eq. (3.6), the relation o)) ll =o"] 1671 and Lemma 3.5.

A2l = E A27rLA2l = (Cl m]-c - sl—mBm)nEm7

The equivariance of wy,, is straightforward, and this completes the proof. O

From Proposition 3.3 we have

P™(¢)m/ GL(c,C) x GL(c¢,C) = T (c)/ GL(c,C) = M™(¢)m ;

moreover, there is an equivariant isomorphism P"(c),, ~ T (c¢) x GL(¢,C). As T (c) is a principal
GL(¢, C)-bundle over T (c)/ GL(¢,C), the space P"(c),, turns out to be a principal GL(c, C) x
GL(¢, C)-bundle over M™(¢)y,,. Propositions 3.2 and 3.6 now imply that P"(c) is a principal
GL(e, C) x GL(¢, C)-bundle, and this completes the proof of Theorem 3.1.
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4. HILBERT SCHEMES AS QUIVER VARIETIES

In this last section we shall prove that Hilbert schemes of points of the total space of Op: (—n)

are isomorphic to suitable moduli spaces of quiver representations.

For n > 1, let Q,, be the quiver

(4.1)

kn—l

thus obtaining a new quiver Q. Let I,, be the ideal of the path algebra CQ generated by the

relations

aibiaz = azbiay when n =1

(4.2)
al bq = agbq+1

) for ¢g=1,...,n—1 when n > 2
bqal + k‘q] = bq+1a2
and let Bf = CQ/I,,. For every v = (v1,v9,05) € N?, a v-dimensional representation of BT is
given by the choice of three C-vector spaces, Vi, Vs and V,, with dimV; = v;, together with an

element (Ay, A2;Cy,...,Ch;e; f1,. .y fno1) of

Home (V3, V2)®? @ Home (Va, V1) @ Home (V1 Vao) @ Home (Vao, V1) ® 1
compatible with the relations in (4.2). We will refer to the totality of the equations induced by
(4.2) at the representation level as “condition (Q1)”. The vertex oo is interpreted as a framing

vertex because we regard Rep (Bf{, v) as a GL(v1,C) x GL(vg, C)-variety, avoiding the change of
basis action of GL(vs, C).

Fix 9 € Z%. According to the general theory, a v-dimensional representation is said to be

J-semistable if, for any subrepresentation S = (S, S2), one has:
(4.3) if S1 C kere, then ¢ - (dim S7,dim S3) < 0;
(4.4) ifS;DImf;fori=1,...,n—1, then ¥ - (dim S7,dim S3) < ¢ - (v1,v3).

A 9¥-semistable representation is ¥-stable if strict inequality holds in (4.3), or in (4.4)), whenever
S # 0, or, respectively, S # (V1,V2). We denote by //y the GIT quotient associated with the

parameter 9.
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We shall prove the following result:

Theorem 4.1. For every n,c > 1, the variety Hilb®(Tot Op1(—n)) is isomorphic to a connected

component of the quotient
Repy’ (Bff7vc) /9. GL(¢,C) x GL(¢,C),

where v, = (¢,¢,1) and 9. = (2¢, —2c + 1).

More precisely, the connected component is given by the equations f1 =---= f,_1 =0.

As it is clear from (4.2), the case n = 1 is special. For simplicity’s sake, we shall give the proof of
Theorem 4.1 assuming n > 1, but the result holds true for Hilb®(Tot Op:(—1)) as well [13, Chapter
4].

From now on we fix V; = V3 = C¢. For brevity we denote by R, (c) the space Repy® (B, v.).

The following Lemma is a direct consequence of the semistability conditions (4.3) and (4.4).

Lemma 4.2. An element (A1, A2;C1,...,Cns€; f1,.. ., fa—1) € Run(c) is 9.-semistable if and only
if
(Q2) for all subrepresentations S = (S1,52) such that Sy 2 Im f;, fori=1,...,n—1, one has
dim S; < dim Ss;
(Q3) for all subrepresentations S = (S1,S2) such that S; C kere, one has dim S; < dim .Ss,
and, if dim S7 = dim Ss, then S = 0.

Furthermore, 9.-semistability and 9.-stability are equivalent.

Corollary 4.3. If (A1, A2;Ch,...,Crie; f1,.. .y fno1) € Ru(c), the map e is not zero.

Proof. If e were the zero map, the subrepresentation S = (C¢, C¢) would violate condition (Q3).
O

We observe that the action of GL(¢,C) x GL(¢,C) on Ry (c) is compatible with the action of
the same group on the space of ADHM data P™(c) we have defined in eq. (3.1). Thus, to prove
Theorem 4.1 we can work directly on P"(¢) and R, (c) without taking into consideration such
actions.

We denote by Z,,(c) the closed subvariety of R,,(c) cut by the equations f; = --- = f,,_1 = 0. We
start by proving that P™(c) = Z,(c). First, observe that in Z, (c) condition (P1) expresses exactly
the constraints in (4.2), and (Q2) amounts to say that dim .S} < dim Sy for all subrepresentations
S = (51,52). We begin by showing that P"(c) C Z,(c), i.e., that any element of P"(c) satisfies
conditions (Q2) and (Q3).

Lemma 4.4. The matrices Ay, Az satisfy condition (P2) if and only if they satisfy the requirement
(Q2*) for any subspace S; C C¢, dim(A1(S1) + A2(S1)) > dim S;.
Proof. Suppose that condition (P2) is satisfied by A, As. Let S; be any subspace, and let

{v1,...,v;} be a basis for it. Then, for suitable [v1,v5] € P, {(11A; + VQAQ)’U]‘}?:l is a set
of linearly indipendent vectors in A;(S1) + A2(S1). So (Q2*) is also satisfied.
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Now, for the converse, suppose that condition (P2) is not satisfied, so that the pencil A; + A4,

is singular. Let we consider a polynomial solution of minimal degree ¢ for that pencil,?
(4.5) v(\) = vo — My + Ny + -+ (= 1)\, with v #£0.

Introduce the subspace Sy := (vg, ...,v:). The vectors vy, ..., v, are linearly indipendent (see [6,
XII, Proof of Theorem 4]), so dim S; = ¢ + 1. Now,

(46) Al(Sl) —+ AQ(Sl) = <A1'Uo, ey Al’UE, AQ’U(), ey AQUE> .

By substituting (4.5) in the equation (A; + AA2)v(A) = 0 and by equating to zero the coefficients
of the powers of A, we get the € + 2 relations

(4.7) Awg =0, Asvg—Aiv1 =0, ..., Asw._1—Av.=0, Aw.=0.
Hence the maximum number of linearly indipendent vectors in (4.6) is
26+2—(e+2)=e<e+1.
O

Since condition (Q2*) is clearly stronger than (Q2), Lemma 4.4 entails that condition (Q2)
holds in P™(c). Let S = (S1,S52) be a subrepresentation which makes condition (Q3) false. In
particular, dim S} = dim Sy > 0, and S; C kere. By exploiting [13, Remark 2.3.5], which works
for the restrictions Ails,, Az2|s,, Cilsy, ---, Cnls, as well, we can produce a vector 0 # v € S}
and parameters A1, g, i1, po that fail to satisfy condition (P3). As a consequence, also condition
(Q3) holds in P"(c).

As for the opposite inclusion, Z,(c) € P™(c¢), we have to show that any element of Z,, (¢) satisfies
conditions (P2) and (P3).

Lemma 4.5. If (A1, A2;C1,...,Cni€; f1,- -y fa—1) € Rul(c), ker A; Nker Ay = {0}.

Proof. Suppose that there exists a nonzero vector v € C¢ such that A;(v) = 0 for i = 1,2.
If v € kere, the subrepresentation ((v),{0}) violates condition (Q2); if v ¢ kere, one has
Im f, = (fge(v)), for ¢ = 1,....,n — 1, but fee(v) = (fye + CyA1 — Cy4142)(v) = 0, so that
the subrepresentation ((v),{0}) violates (Q3). O

Suppose that the pencil A; + AAs is singular. Let v(\) be a polynomial solution of minimal
degree for the pencil defined in eq.(4.5). Lemma 4.5 implies that € > 1. Set

Vo := (vo,. .., ve),

Vi=A1 (Vo) + A2 (Vo) ,

Vo= Co(Vh).
q=1
We know that dimVy = € + 1 and dimV; = ¢ [6, XII, Proof of Theorem 4]. It is not difficult
to show that V5 = 0. The basic idea is that, if Vo # 0, by using repeatedly condition (P1) and
the relations in (4.7), one can produce a polynomial solution of degree smaller than ¢ (for more
details, see [13, Proof of Theorem 4.2.1]). Thus, the subrepresentation S = (V;, V1) fails to satisfy
(Q2). As a consequence, condition (P2) holds in Z,(c).

2By polynomial solution we mean a solution v(\) of the equation (A1 + AA2)v(A) = 0 which is polynomial in A.
Such a solution always exists (see [6, p.29]).
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Finally, let v € C¢ be a vector violating condition (P3). Set
Sl = <U>, Sg = <A1’U,A27}> .

In particular, v # 0, so dim S; = 1. The conditions Ay A1v + A1 Asv = 0 and (P2) together imply
that dim S5 = 1. We claim that

Sy = f:(;q(sg) C (v).

q=1

Suppose that Ss = (A;v). Then Ayv = AAjv for some A € C. This implies that
S3 = (C1Av,...,ChLAY) .
Now, by hypothesis C,, A1v € (v); we get
CqAiv = Cyp14v = ACyy1 Arv forg=1,....,n—1,

so that by induction one gets CyA1v = A" 9C, A1v C (v), for ¢ =1,...,n—1. The case Sy = (Av)
is completely analogous. Thus, the claim is proved, and because S; C ker e by hypothesis, (51, S2)
is a subrepresentation violating condition (Q3). So P"(c) = Z,(c). Notice that condition (P3)
holds on the whole of R, (¢).

To conclude the proof of Theorem 4.1 we have just to show that Z,(c) is a connected component
of R,(c). This goal is reached by proving that Z,(c) is closed and open at the same time as a
subset of R, (c), and that it is connected. This last statement follows easily from the fact that
Zn(c) = P™(c) and from the connectedness of Hilb®(Tot Op:(—n)) [5, Prop. 2.3].

We claim that the closed subvariety Z,(c) coincides with the open subset of R, (c) where
condition (P2) is satisfied, that is, we assume condition (P2) and prove that f; =---= f,_1 =0.

Given an element (A1, A2;C1,...,Cnse; f1,. .., fn—1) € Rn(c), we introduce the matrices A1, Aom
and E,,, as in eq. (3.4); by virtue of condition (P2), we can choose m such that det Az, # 0.
After introducing the matrix B, = AgnllAlm, we define

n—1
n—2\ . _1_4 o—
m= X (0],

q:1q
and we set
by="Bn, b='E,, i='e, j="un.

The data by, bo, 4, j satisfy:

(i) (b1, bo] +1ij = 0;
(ii) there exists no proper subspace S C C° such that b,(S) C S (o =1,2) and Imi C S.

Indeed, relation (i) follows by direct computation, suitably manipulating condition (Q1) and the
expressions for the Cy’s given in eq. (3.6). As for condition (ii), it suffices to observe that the
second statement of Lemma 3.5, which works here as well, is equivalent to the maximality of the
rank of

(=2 —wie) (b —210) i),
so that we can apply [18, Lemma 2.7 (2)]. By [18, Proposition 2.8 (1)], one has u,, = 0, which

implies that B, and E,, commute; by using this fact in combination with condition (Q1), one
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shows that f,e =0, for g =1,...,n—1. Corollary 4.3 allows to conclude that f; =--- = f,_; =0,
and this completes the proof of Theorem 4.1.

We can recover a result due to Kuznetsov [12] as an easy consequence of Theorem 4.1. We
recall that, according to Nakajima [16], any quiver Q, having vertex set I, is associated with a
quiver variety My »(Q, v, w), where v,w € N/, X € C! and 9 € Z' (see [7] for details). Let us
consider the quiver KC:

[ ]
o N

Corollary 4.6. For every ¢ > 1, the variety Hilb®(Tot Op1 (—2)) is isomorphic to the Nakajima
quiver variety Mo 9. (IC, ve, W), where 9. = (2¢,—2c + 1), v. = (¢,¢) and w = (1,0).

Proof. The construction of the Nakajima variety M 4(KC, v, w) relies on the definition of a new

quiver K’:

(48) 1 /Z\ 2

[ ] [ ]

1 o
The choice w = (1,0) implies that the linear morphisms associated with i3 and i} are zero mor-
phisms, and this enables one to construct My »(K, v, w) using OF (see (4.1)). By a general result
proved by Crawley-Boevey [4], the variety My g, (K, v, W) is connected (see also [7, Thm. 5.2.2]
for some comments). The thesis then follows from Theorem 4.1. g

Remark 4.7. For any quiver Q, the corresponding Nakajima variety My »¢(Q,v,w) carries a
symplectic structure. This is essentially due to the fact that M 4(Q, v, w) is concocted from a

new quiver @', associated with Q, with the property of being a “double”, that is, for any of its

arrows i ——> j there is an opposite arrow j LA (cf. diagram (4.8)). It follows that every
Hilb®(Tot Op:(—2)) is a symplectic variety (consistently with [18, Thm. 1.17]). On the contrary, no
quiver Qf is a double for n # 2. A result of Bottacin [2] implies, however, that Hilb®(Tot Op1 (—n))

carries, for all n > 1, a Poisson structure whose rank is generically maximal.

APPENDIX A. PROOF OF PROPOSITION 3.2

We observe that GL(c,C) can be embedded as a closed subgroup of G by
(A.1) i (Yo7t diag(Pet, fom ! 1), fpT!)
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Let {P;, } be the open cover of P; given by the inverse image of the open cover of M"(c).
We want as a first step to prove the following claim: for each m = 0,...,c there is a GL(¢, C)-

equivariant closed immersion jp,: T(c) — Pr. which induces an isomorphism
(A.2) M T(c)/ GL(¢,C) — Py, /Gy = M"(¢)m, -

Let us prove this claim. We have r = 1 so that a = 0. We begin by constructing the immersion
Jm for any fixed m € {0,...,c}. To this aim, after fixing homogeneous coordinates [y, y2] for P!

(cfr. eq. (3.2)), we introduce additional ¢ pairs of coordinates

[ylm, yZm] - [C’myl + SmY2, —SmUY1 + CmyQ] m = Oa e Cy

where ¢, and s,, are the real numbers defined in eq. (3.3). We call sg and s, respectively, the
(unique up to homotheties) global section of Oy (E), and the global section of Og, (1,0) that
vanishes on {oo. We put Vi := H°(Vz,.). These notations enable us to define the morphism
Jm: End(C%)®? @ Hom(C*, C) — Hom(Uy, Vi) © Hom(Vy, W) @ Hom(C", V)
(bla b27 6) — (Ol, Ba 5) ’

where
1C(ygmsE) + 'ba50o
@ = 1cy1m + tblyZm s
0

B = (]—cylm + tb1y2m, - (]—c(ygmsE) + tb2300) y te Soo) )

and j,, is the restriction of j,, to 7 (c).

Lemma A.1. The morphism ju is a GL(c, C)-equivariant closed immersion of T (c) into Py .

Proof. Since it is clear that j,, is a closed immersion, it is enough to prove that
Im j, N P, = 1Im g, -

Let (v, 3,€) = Jjm(b1,b2,€) be a point in the intersection Im j,, N Pj; ; the equation 3o a =0

implies that the triple (b1, ba, €) satisfies condition (T1), while the fact that 8 ® k(z) has maximal
rank for all € ¥, entails condition (T2). It follows that

Im j,, N P, © Im gy, -
To get the opposite inclusion, note that for all (o, 8,€) € Im J,,:

(i) the morphism a ® k(z) fails to have maximal rank at most at a finite number of points
x € Xp; hence, a is injective;
(#) the morphisms a ® k(z) and 8 ® k(z) have maximal rank for all points « € £y U Fp;
(i@) the natural morphism ®: H°((coker ), (—1)) = H°(Wgle (—1)) is invertible;
(iv) Bilr, = 1., where B1: Ox, (1,—-1)%%2 — Ox, (1,0)%*s is the first component of 3;
)

(v) the morphism & has maximal rank.
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If (o, 8,€) € Im jyy, condition (T2) implies that S®k(z) has maximal rank for all x € ,,\ (oo UF}, );
by (é¢) this is enough to ensure that f is surjective. Condition (T1) implies that 5o« = 0, so that
we can define £ = ker 8/ Im «. By () & is torsion free, by (i) and (4ii) it is trivial at infinity, and
by () &|p,, is trivial as well. The GL(¢, C)-equivariance of j,, is readily checked. O

Weare now in a position to prove that j,, induces an isomorphism between the quotients of
T(c) and P = under the actions of GL(c,C) and GL(c,C) x GL(c,C), respectively. Indeed, it
suffices to shé)w that for any G-orbit Og,. in PE,mv the intersection O¢, NIm jp, is not empty and
its stabilizer in G} coincides with Im¢ (the latter morphism was defined in eq. (A.1)). A detailed
proof of this fact is provided in [13].

As a next step in the proof, we introduce the open subsets
(A.3) T ()i = jmt (Imjm N PE’Z) for m,l=0,...,c.
It is not difficult to see that
T()m,i = {(b1,b2,€) € T(c)|det (cr—ile — Sm—ib1) #0} .
The second claim we need to prove is the following: the map

@lm . T(C)m,l — T(C)l,m

(A4) by (Cm—l]-c - Sm—lbl)_1 (Sm—l]-c + Cm—lbl)
b2 — (Cmfllc - Smflbl)n b2
e (&

is GL(¢, C)-equivariant, and induces an isomorphism
Oim: T()m,1/ GL(c,C) — T (¢)1,m/ GL(c,C),

such that N1 = Mi.m © Pim, where Ny, 1 15 the restriction of Ny, to T (¢)m,1/ GL(c, C) (see eq. (A.2)).

To conclude our reasoning we need one more Lemma.

Lemma A.2. For any l,m = 0,...,c and for any point by = (D1m, b2ams€m) € T(C)m,i, there
exists a unique element ql)l(gm) = (¢,9,x) € Gy such that x = 1., and the point (o, ', &) =
wl(gm) -jm(gm) lies in the image of j;. If we set
(b, bar,e1) = j; M/, B, €,
we have
bll = (cm—llc - S7n—lb17n)_1 (Sm—l]-c + cm—lblm)
(A5> by = (Cm—l]-c - Sm—lblm)n bam

€] = €Em -

Proof. If weset (a, 8,€) = jm (gm), by expressing the coordinates [y1,,, Y2m ] as functions of [y1;, yai]
we get
ZZ:O (0q1e)(y3,yy) ") + bamseo

a = dim¥Y1im + d2mYom )
0

B = (dlmylm + d2my2m, - ZZ:Q(Uqlc)(ygly?liqu) - tb2msooa temsoo) 5
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where

dim = Cm—1le = Sm—1"bim dom = Sm—11+ Cm—i"bim
and we have put oy = o7, for ¢ = 0,...,n (see eq. (3.5)). The explicit form of Wy (b) is
obtained by imposing the equality

(A6) (¢71/1710) . (aaﬁag) :jl(bll7b2l7el)
for some (by;, boy, e;) € T(c);. One gets
6=di "
dim Y121 0
=10 m 0
0 0 1,
n—1 q
where Y1o1 = — Z Z Tq—p (—dgmdl_r}l)p y‘fly;l_l_q .
q=0 p=0
Eq. (A.5) follows from eq. (A.6). O

Since j,,, and j; are injective, the map by — z/;l(l;m) by, induces the morphism @y, in eq. (A.4).
This completes the proof of Proposition 3.2.
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