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ABSTRACT. In the framework of a model for the quasistatic crack growth in pressure-
sensitive elasto-plastic materials in the planar case, we study the properties of the length
£(t) of the crack as a function of time. We prove that, under suitable technical assump-
tions on the crack path, the monotone function £ is a pure jump function.
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1. INTRODUCTION

After the results obtained in our previous paper [6] in a simplified situation, our aim in
this paper is to give a further contribution to the mathematical derivation of the properties
of the quasistatic crack growth in elastoplastic materials under more general hypotheses.

The investigation on this topic has a long history (see, e.g., [14, 15, 11]). In the qua-
sistatic regime it can be studied within the framework of the variational approach to rate-
independent systems, for which we refer to [12] and [13]. Using this approach, a model in
the case of pressure-sensitive plastic materials in the small strain regime with no hardening
(perfect plasticity) was developed in [5] in the two-dimensional case.

In this paper we consider the same problem with an additional constraint on the crack
path and prove the pure jump nature of the crack growth in this case. More precisely, if T'(¢)
denotes the crack at time ¢ in the reference configuration, we assume that I'(¢) is connected
and contained in a prescribed compact set K, composed of the union of a finite number of
C! curves. We prove that, if £(¢) is the one-dimensional measure of I'(¢), then t ~ £(t) is
a pure jump function, with a possibly infinite number of jumps.

This kind of behaviour has been noticed in several experiments, mainly in a dynamical
regime, see, e.g., [7]. Its main consequence is the zig-zag shape of the crack lips at a
microscopic scale. Moreover, recent numerical simulations (see [2]) for similar quasistatic
problems show the intermittent character of crack growth also in this case.

In [6] we studied a simplified version of the crack growth problem in linearly elastic-
perfectly plastic materials, assuming that both the crack and the plastic slips are concen-
trated on a prescribed straight line. Our analysis was limited to the antiplane case and the
results were obtained using the maximum principle in the complement of this straight line.
In this simplified situation we were also able to prove that the number of jumps of ¢ +— £(t)
is finite. We refer to [4] for a numerical simulation based on this model which highlights the
dependence of the number of jumps on the parameters of the model.

For the problem considered in the present paper it is not possible to use the maximum
principle, since the displacement function is vector valued and the plastic strain is not
confined to a prescribed lower dimensional set. Instead we use completely different tools.
An important one is an estimate of the jump of the displacement across a sufficiently regular
curve in terms of the linearised strain on the complement of this curve, see Theorem 3.3.
Another one is a suitable time rescaling of the plastic part of the strain obtained in Section 4.
This produces a time dependent matrix valued Radon measure which is Lipschitz continuous
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in time and this property is crucial to prove the smallness of some terms depending on the
plastic strains on small balls around the time dependent crack tips (see (5.15) and (5.17) in
a special case, and (7.37) and (7.41) in the general case).

All these new difficulties are already present when the crack I'(t) can grow only on a
prescribed segment, while the plastic part has no constraint. The proof of this special case
is given in Section 5. The general case introduces additional difficulties, due to the fact that
K has several branches and I'(¢) can grow simultaneously on each of them.

2. THE MODEL AND THE MAIN RESULT

Let Q be a bounded open set in R? with Lipschitz boundary and let T > 0. The reference
configuration of our problem in the time interval [0,7] is the closure Q of Q.

At time ¢ € [0,T] the crack (in the reference configuration) is a compact connected set
I(t) C Q. Since the crack is irreversible we assume that the function ¢ — T'(¢) is increasing,
ie.,

F(tl) C F(tQ) for every ty,to € [07T} with t1 < tg. (21)

According to Griffith’s theory, the energy dissipated by the process of crack growth in the
time interval [t1,¢2] is given by

BH(D(t2) \ T(t1)), (2:2)

where 3 > 0 is the toughness of the material and H' is the 1-dimensional Hausdorff
measure.
The elasto-plastic part of the body is given by

O :=Q\I(t), (2.3)
whose interior is
Q:=Q\T(t). (2.4)
We shall prescribe a Dirichlet boundary condition on
Op& := 00\ T(t). (2.5)

The displacement u(t) is a function defined on €; with values in R?, the elastic part
e(t) of the strain is a function defined in €, with values in the space R2X? of symmetric
2 x 2 matrices, while the plastic part p(t) of the strain is a measure on Q, with values in
the space Rf;,% The possible singular part of the measure p(t) accounts for concentrated
strains, which may occur in §; and also on 9p€;.

To describe the functional setting of our problem we recall that for every open set U C R?
the space BD(U) of functions of bounded deformation is defined as the space of functions
u € L'(U;R?) such that the symmetric part of the gradient Fu := $(Du + (Du)?) is a
matrix-valued bounded Radon measure (see [17]). For every locally compact subset X of
R? and for every finite-dimensional Hilbert space =, the space of Z-valued bounded Radon
measures on X is denoted by M, (X;Z).

For every t € [0,7] we assume that the displacement u(t), the elastic strain e(¢), and the
plastic strain p(t) satisfy u(t) € BD(Qy), e(t) € L*(Qy;R2x2), and p(t) € Mb(Qt;Rg?j,%).
We also assume that the strain Fu(t) satisfies the additive decomposition in €y :

Eu(t) =e(t) + p(t) as measures in ;. (2.6)

To prescribe the Dirichlet boundary condition, for every ¢ € [0,7] we fix a function
w(t) € HY(Qy;R?). We would like to impose the equality u(t) = w(t) in the sense of traces
on Op€l;, but in general this cannot be achieved because of the presence of possible plastic
slips at the boundary. For this reason the Dirichlet condition has to be relaxed requiring
only that

p(t) = (w(t) — u(t)) ©veH' as measures in IpQy , (2.7)
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where vq is the outer unit normal to 92 and a®b is the symmetrized tensor product
between two vectors a,b € R?, i.e., the symmetric matrix with entries (a;b; + a;b;)/2.
We now introduce a constraint on the possible cracks I'(t). We fix two (possibly empty)
compact sets Ko and K, with Ky C K C € and we impose that
Koy CcTI'(t)c K foreveryte[0,T]. (2.8)
We assume that K can be written as
K=KUK,U---UKj}, (2.9)

where K, K1, ..., K} are compact sets, Hl(K) =0, and, for h =1,...,k, K}, is a simple
C'-curve with endpoints z,2? € K. We set

k
K = Ky \{z}, 27} and K, :=KU | ) Ku, (2.10)
h'=1
h'#h
and we assume that for every h =1,...,k we have
K'NK,=0, (2.11)
either K) C Q or K? C 9Q. (2.12)

Moreover, we assume that
O\ K is the union of a finite number of open sets with Lipschitz boundary. (2.13)

The collection of all compact connected subsets of K containing K, is denoted by K.
We recall that (2.8) and the topological properties of I'(t) imply that I'(t) € K for every
te[0,7T].

The stress o(t) at time ¢ € [0,T] belongs to L?*(9;R%x2) and depends on the elastic
strain e(t) through the linear relation

o(t) := Ce(t),

where C is the elasticity tensor. As usual we assume that C: R?y2 — R2x2 is a symmetric
linear operator satisfying

Ac|AP < CA: A< Ac|A]*  for every A € R2X2 (2.14)

sym
for some constants 0 < A¢ < Ac. Here and henceforth |A| denotes the Euclidean norm of
A, while the colon denotes the corresponding scalar product between matrices, i.e., A: B :=
tr(ABT) = Zij A;jB;; . These inequalities imply that
|CA| < Ac|A| for every A € R2:%. (2.15)
The stored elastic energy at time ¢ depends only on the elastic strain e(t) and is given
by
1

3 /Qt o(t) :e(t)de = o Q(e(t)) dzx,

where

Q(A):= JCA:A for every A € R2}?

sym *
Since for every t € [0,T] the behaviour of the material in €2, is linearly elastic - perfectly
plastic, we have a constraint on the stress of the form

o(t,z) e K for ae. z € Q, (2.16)

where K is a prescribed closed and convex set in ngxn%” depending on the material, whose

boundary plays the role of the yield surface. We assume that there exist two constants cg
and Ck, with 0 < cg < Cg < 400, such that

{AeRY?2 A <cx} CKRC{AeR22 A < Ck}. (2.17)

sYym sym
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Note that the second inclusion in (2.17) excludes the standard case where the constraint
is imposed only on the deviatoric (i.e., stress free) part of the stress. Indeed, in our model
the yield surface depends also the pressure component of the stress. For the study of the
quasistatic evolution in the linearized theory of pressure-sensitive plastic materials without
cracks we refer to [3] and the references therein.

The support function H:R%x2 — [0,4o00[ of K is defined by

H(A):=sup B: A (2.18)
Bek
and it turns out to be convex and positively homogeneous of degree one. By the previous
bounds on K it follows that

cx|A| < H(A) < Cg|A| for every A € R2X2 . (2.19)

sym

To obtain a convenient expression for the plastic dissipation, for every locally compact set
X CR? and every p € My(X;R2x2) we introduce the measure H(u) € My(X;R) defined
by

H(p)(B) := / H(d‘m)d|u| for every Borel set B C X, (2.20)
B

where |u| is the variation of p and % is the Radon-Nikodym derivative of u with respect
to |u|. Clearly for every Borel set B C X the function p — H(u)(B) is convex and
positively homogeneous of degree one, therefore it satisfies the triangle inequality. Moreover,
the map p +— H(u) is continuous for the strong topologies. Finally, by [9], for every open
set U C R? the function p +— H(u)(U N X) is lower semicontinuous with respect to the
weak *-convergence in M (X;R2<2), which is defined by identifying M;(X;R2x2) with
the dual of the Banach space

COUX;R2X2) = {p € CUX;R22) . {x € X : |p(x)| > €} is compact for every e > 0},

sym sym

endowed with the supremum norm. By (2.19) we obtain
ex|p|(B) < H(p)(B) < Ck|u|(B)  for every Borel set B C X . (2.21)

In our model the energy dissipated in a time interval depends on the evolution of the
pair (p(t),T'(t)) composed of the plastic strain and the crack. According to the terminology
used in the theory of rate-independent systems (see [12, Section 7]), the dissipation distance
between two pairs (ps,I'2) and (p1,T';), with T'; compact connected subsets of Q and
pi € Mp(Q\T;RZx2), is given by

sym

H(ps —p1)(Q\T2) + SH (T2 \ 1) if [y C Ty,

) (2.22)
400 otherwise,

d((p2,T2), (p1,T1)) := {

where H (pa—p1)(Q2\T'2) accounts for the plastic dissipation distance (see [13]) and SH!(T'z\
I'y) is the energy dissipated to produce the crack increment I's \ T'; (see (2.2)).

Given a pair of functions (p,I'), with I': [0,7] — K increasing and p(t) € My (3 R2)2)
for every ¢ € [0, T, the corresponding total dissipation on the time interval [ry,72] C [0, T

is given by

m
D(p> F7 T1, 7—2) ‘= sup Z d((p(t2)7 F<tl))7 (p(tifl)a F(tl*].)) ) (223)
i=1
where the supremum is taken over all finite partitions 7 = tg <t; < --- <typ_1 <ty = T2.
It is clear that, if 7 < 75, then nothing changes if the supremum is taken over all finite
partitions 71 =tp <11 < <tpo1 <ty = To.
It is convenient to write

D(p,T;71,72) = Dr(p; 11, 72) + BH (T(12) \T'(11)) , (2.24)
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where Dr(p;71,72) is the plastic dissipation (for a given T') on the time interval [r1, 7],
whose definition must take into account the dependence on ¢ of the domain 2y where p(t) is
defined, which, in turn, depends on I'(t). Clearly (2.23) and (2.24) imply that Dr(p; 11, 72)

is given by
m

Dr(p; 71, T2) := sup Z H(p(t;) — p(ti—1)) (), (2.25)

i=1
where the supremum is taken over all finite partitions 7 =tg <t < -+ <t <ty = To.
For a concise presentation of the global stability condition of rate-independent systems
it is convenient to introduce the following definition of admissible triples: given a compact
connected set I' € Q and a function @ € H'(Q\ I';R?), the set A(u? ') of admissible
triples is composed of all (@,é,p), with & € BD(Q\T), é € L2(Q\ T;R22), and p €

sym
My(Q\ T ;R2x2), which satisfy the weak kinematic admissibility conditions

Eao=é+p as measuresin Q\ T, (2.26)

p=(—1a) ®vgH' as measures in O\ T'. (2.27)

As for the function w used to prescribe the relaxed Dirichlet boundary condition (2.7),
we assume that
w e AC([0,T]; H'(Q\ Ko; R?)), (2.28)
so that the time derivative ¢ — w(¢) belongs to L'([0,T]; H*(2\ Ko;R?)) and its spatial
symmetric gradient ¢ — E1i(t) belongs to L' ([0, T]; L*(€2\ Ko; R22)). ) d According to the
energetic formulation of rate-independent processes the function t — (u(t), e(t), p(t),T'(t)),
satisfies the following properties

(a) crack irreversibility: the function I': [0,7] — K is increasing, i.e., (2.1) holds;
(b) global stability condition: for every t € [0,T] we have (u(t), e(t), p(t )) € A(w(t
and

[ aewydss [ Q@de+ He-pe)@\D)+SHENTE)  (220)
Q\I'(t) o\l

,p) € Aw(t),T);
belongs to L>([0, T; L2(2; R2x2))

sym

).T(1)

for every I' € K, with I' D I'(¢), and every (@,
(¢c) energy-dissipation balance: the function ¢ — e(t
and for every ¢ € [0,T] we have

A Q(e(t)) dz + Dr(p; 0,t) + FH' (I (t) \ I(0))

)

QOQ(e(O))dz+/O (/Q U(T):Eu')(T)dz) dr . (2.30)

The last term in (2.30) represents the energy put into the system by the prescribed boundary
displacement in the time interval [0,¢]. Note that by Lemma 3.1 condition (b) implies (2.16).

Therefore conditions (a), (b), and (c¢) include all properties of our model. This leads to
the following definition.

Definition 2.1. Let w € AC([0,7]; H'(Q\ Ko; R?)). A quasistatic evolution for the crack
growth problem in elasto-plastic materials (briefly quasistatic evolution) with boundary value
w is a function ¢ — (u(t),e(t),p(t),(t)), with u(t) € BD(Q), e(t) € L*(Q;R3)Z),

p(t) € My(Q; R2X2) and T(t) € K for every t € [0,T], such that (a), (b), and (c) hold.

sym

We are interested in the study of quasistatic evolutions with prescribed initial data
(up, €0, p0,T0), with Ty € K. By condition (b) (global stability) we must assume that
(uo, €0, po) € A(w(0),To) and

Qleo)dz < [ Q(é)dz + H(p— po)(Q\T) + H (F'\ o), (2.31)
O\ o\l
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for every T' € K, with T' > Ty, and for every (2, é,p) € A(w(0),T). B

The following existence theorem can be proved as in [5, Theorem 2.5], with M, (Q; R2?)

replaced by Mb(Q;REyX?%). Under our hypotheses there are obvious simplifications due to
the constraint (2.8). In particular the approximation result [5, Lemma 4.4] can be obtained

in a straightforward way, without using the crack transfer result [5, Theorem 4.2].

Theorem 2.2. Let w € AC([0,T); HX(Q \ Ko;R?)) and (ug,eq,p0) € A(w(0),Tg), with
Iy € K. Assume that (2.31) holds. Then there exists a quasistatic evolution with boundary
value w and initial conditions (u(0),e(0),p(0),T(0)) = (uo, €0, po, Lo)-

For every nondecreasing function «: [0,7] — R we set

a(t—) = llgl_ a(r) for every t € (0,17, (2.32)
alt+) = Tlggr a(t) forevery t €[0,7). (2.33)

We also set «(0—) := «(0) and a(T+) := «(T). Let J, be the (at most countable) set of
jump points of ae. We can write o = a°™ + /%™ where o™ is continuous and o/%™P
is the pure jump component of «, defined by

ajump(t) =a(t) —a(t—) + Z [a](T), foreveryt e [0,T].
TES o, 7<t

The following theorem is the main result of the paper.

Theorem 2.3. Let w € AC([0,T]; HY(Q\ Ky)), let t — (u(t),e(t),p(t),[(t)) be a qua-
sistatic evolution with boundary value w, according to Definition 2.1, and let

ot) ==H'T(@1)).
Then £°™ s constant on the interval [0,T].

The complete proof of this theorem will be given in Section 7. A simplified proof, which
illustrates the main ideas, is presented in Section 5 when K is a segment and K contains
one of the endpoints of K.

3. THE EULER CONDITION AND SOME USEFUL ESTIMATES

In this section we establish some properties of quasistatic evolutions which follow from
the global stability property (2.29). Moreover, we prove some estimates that will be crucial
in the proof of our main result in Sections 5 and 7.

By the structural assumption on K there exists a continuous function v: K \ K — R?
such that for every z € K \ K the vector v(z) is normal to K and has norm 1. It is not
restrictive to assume that v(z) = vo(z) for every x € (K \ K)NdQ. Moreover, if t € [0,T]
and u € BD(;), then the trace of u on 90\ K, still denoted by u, is well-defined and
belongs to L'(99Q\ K;R?), while the traces ™ and u~ of u from both sides of I'(t)NQ\ K,
given at each point by the limits on half-balls determined by v, are also well-defined and
belong to LY(I'(t) N Q;R?). The jump [u] of u is defined by [u] := ut —u~ H'-a.e. on
L) nQ.

The Euler condition associated to the global stability property (2.29) is stated in the
following lemma. Given a sufficiently regular function ¢ defined on a subset of R?, with
values in R?*2, the divergence divy of ¢ is the vector whose components are the divergence
of the rows of ¢. Moreover, for 0 < t; <to <T we set T'(t1,t2) :=T(t2) \T'(¢1).

Lemma 3.1. Let T': [0,T] — K be an increasing function, let t1 € [0,T], let w; €
HY(Qy,;R?), let (u1,e1,p1) € A(wy,T(t1)), and let o1 := Cey. Assume that

A~

Qe1)dx < (e)dx + H(p — p1)(§,) (3.1)
Q0 Q,
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for every (u,e,p) € A(w1,T'(t1)). Then o1(z) € K for a.e. x € Qy, and dive; =0 in Q.
Moreover, for every ts € [t1,T] we have

—/ o1 :ndr < H(q)(Qu,) + H([v]®v)dH* + H(—v ®vg)dH! (3.2)
Qtl F(tl,tz)ﬁﬂ F(tl,tz)ﬁaﬂ

for every (v,n,q) € A(0,I'(t2)).
Proof. Let us fix ty € [t1,T] and (v,7m,q) € A(0,[(t2)). For every ¢ € C(Qy,; R2X2),

sym
integrating by parts on 2, (see, for instance, [1, formula (3.4)]), and taking into account

the traces on I'(t1,t2) we obtain

—/ vdivpdr = / <pdEv—|—/ () ov): pdH! —/ (vOvg): edH'.
Qi iy T (t1,E2)NQ T (t1,t2)NON

This implies that v, regarded as a function defined a.e. in €, , belongs to BD(€),) and
that its symmetrised gradient coincides with [v] ® vHILT(¢1,t2) on T(t1,t2) N Q. Let
G € My(Q,;R2%2) be the measure defined by

sym

4(B) := q(BﬂQt2)+/ [v] ® vdH! 7/ v O g dH!
BAT(t1,t2)NQ BN (t1,t2)NON
for every Borel set B C Qt1~ By the previous remark we have Ev = n+ ¢ on €, and
g = —v©®uvqH' as measures on dp, , hence (v,7,4) € A(0,I'(t1)), according to (2.26)
and (2.27).
Given ¢ > 0 we set u = u; +¢ev, e = e; +¢en, and p = p; + 4. Since (u,e,p) €
A(wy,T(t1)), by (3.1) we obtain

Qer)dr — [ Q(er +en)de < eH(G)(2,).
Qi Qi
Dividing by ¢ and taking the limit as ¢ — 0+ we obtain
7/ or:inde < H@) Q) = H(q) Q) + | H(v]ov)dH' + H(—v®uvg)dH',
Qtl F(tl,t2)mQ F(tl,tz)ﬂaﬂ

which concludes the proof of (3.2).
In particular, if v € H}(,;R?), n = Ev, and ¢ = 0, we obtain

/ o1: FBvdx >0,

Q¢

and since the same inequality holds for —v we deduce that dive; = 0 in €, . Moreover,
taking to =t1, v =0, n=—¢lp, and ¢ = €1, with ¢ € R?;ﬁl and B a Borel subset of
Q, , we obtain

/Balzgdxg/BH(f)dx,

which, by the arbitrariness of ¢ and B, gives o1(x) € OH(0) for a.e. © € 4, , where 0H
denotes the subdifferential of H. Since dH(0) = K (see, e.g., [16, Corollary 23.5.3]), we
obtain that o1(z) € K for a.e. € 4, . The proof is thus concluded. O

We now prove an estimate for quasistatic evolutions which is a consequence of the Euler
condition and of the energy-dissipation balance. It will be the starting point in the proof of
our main result.

Proposition 3.2. Under the hypotheses of Theorem 2.3 we have

2 [ et —etunae 4 stete) — ey < [ ([

2 Ja, t o,

tl,t2)ﬂQ tl,t2)ﬂ89

(0(r) = o(t1)) : Bui(r)) da ) dr
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for every t1,ta € [0,T], with t; < ty.
Proof. Let us fix t; and ¢ as required. By the energy-dissipation balance (2.30) we have

A Q(e(t2)) dx + Dr(p; t1,t2) + B(L(t2) — £(t1))

= o Q(e(tl))der/t (/QT o(7) : Bw(r) dz)dT,

1

hence, using the definition of ¢ and the symmetry of C, we get

%/ﬂ (o(ta) + U(tl)) :(e(te) —e(ty)) dx + H(p(tg) — p(tl))(QtQ) + ﬁ(f(tz) —(t1))

< /:2 (/Q () : Eui(r) dx)dT. (3.4)

1
We now apply Lemma 3.1 with wy; = w(t1), w1 = u(t1), e1r = e(t1), p1 = p(t1), v =

u(te) —u(ty) —w(te) + w(ty), n =e(te) — e(t1) — Bw(te) + Ew(t1), and g = p(t2) — p(t1),
and we obtain

< H(p(t2) — p(t1))(4,) + Cx / [ulta) — u(ty)]| dH!

F(tl,tQ)ﬂQ

+CK/ lu(ta) —u(ty) — w(ta) +w(ty)| dH .
T(t1,t2)NOQ

o(t1) : (e(ta) —e(ty)) dz + / o(ty) : (Ew(ts) — Ew(ty)) dx

Qi

Summing this inequality and (3.4) and using (2.14) we obtain (3.3). O

In the following theorem we obtain an estimate of the jump of u across a sufficiently
regular curve G in terms of |Fu| on the complement of G. This will play a crucial role in
the proof of our main result.

Theorem 3.3. There exists a constant co > 0 with the following property: for every R >0
and every C' function g: [-R,0] — R , with g(0) = ¢'(0) = 0 and |¢'| < % on [—R,0],
the estimate

[ it < clulBr0)\Gy) (3.5)
G4NBR(0)
holds for every w € BD(Bgr(0) \ Gg), where G, is the graph of g.

Proof. Let us fix R > 0 and a function g satisfying the hypotheses of the theorem. We set

B := Bg(0) and

BF :={(z1,20) € B:2z; <0and 4+ x5 > g(z1)} U {(x1,22) € B: 21 >0and +xp > 0}.

Finally, let A:=(0,1R) x (—2R,3R) and A* := {(z1,22) € A: £x5 > 0} (see Fig. 1).
The first step in the proof is to show that for every u € BD(B™) we have the estimate

/ | dH! < %/ (| dz + | Eu|(BY), (3.6)
G,NB A+t

for suitable constants ¢; and cg independent of R and g. By standard approximation
properties of BD functions (see [17, Theorems 3.1 and 3.2]), it is enough to prove the result
when v € C*(B*;R?). For every z; € [—R,0] such that (z1,g(z1)) € B we consider the
line Ly, : {(y1,92) € R? : yo = g(@1) + 5(y1 — 21)}. Note that for every (y1,y2) € Ly, we
have

1<y <0 = —(R2 yi)'? < glyr) < w2 < (R® —yi)'/2, (3.7)

3
ogylsiR = 0<p< R (3.8)
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FIGURE 1. The geometry used in the proof of (3.6).

Let us fix u € C°°(B*;R?) and consider v(y1) := u(y1, g(x1) + 5 (y1 —21)) - (1, 3), where
the dot denotes the scalar product. Then

V'(y1) = Bu(y, g(z1) + 3 —21))(1 3) - (1, 3).-

We now fix z € (0, %R) and integrating v/ between x; and z; we obtain
lu(z1,g(x1)) - (1, )] < u(z1, g(x1) + 5(z1 — 1)) - (1, 3)]

+/mumwhmmy+am—woxL@-uén@h

1
hence

u(z1, g(x1)) - (1, 3)] < Y u(21, g(a1) + 3 (21 — 21))

21

+3 |Bu(y, g(z1) + 3 (y1 — 21))| dys -

T1
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Integrating between 0 and %R with respect to z; we obtain
R/2
u(@r,g(@) (LIS BR[| Jula,gl@) + 3(a — 1))l dzy
0

R/2
+3 |Bu(yy, g(x1) + 5 (1 — 21))| dys -

x1
Let a < 0 be such that (a,g(a)) € 9B, so that
GyNB={(z1,9(z1)) :a < z1 <0}.

We now integrate the previous inequality with respect to x; between a and 0 and obtain

0 0 R/2
/ |u(z1, g(x1)) - (1, )|d < Q\ﬁ (/ |U(y179($1)+%(2}1 —$1))|dy1)d$1
a 0

0 ,R/2
+%(/ / |Bu(yr, g(z1) + 3 (1 — x1))| dyy ) ds (3.9)

N———

Since |¢’| < 1 we have
0
/G Ll < ﬂ/ (s, g(e1) - (1, 1)) dery
N a

To evaluate the other terms in (3.9) we consider the function ® defined by <I>(y17x1) =
)+ %(y1 — 1)), for which we have the estimate |[detV®(y1, z1)| = |¢' (1) — 3| > 15,

(y1,9(z1
where we used the inequality |¢'| < 1. Therefore

/ao </OR/2 lu(y, g(x1) + %(yl —x1))| dy1>dz1

0 R/2
<12 / ( / (@ (1. 0))|[det V(1. 1)| dyy )y < 12 / uldr, @10
a 0 A

where in the last inequality we used (3.8). Similarly, using also (3.7), we obtain that

0 R/2
/ (/ |Eu(ys, g(z1) + %(yl —11))] dyl)dajl < 12/ |EBu| dz .
a T Bt

1

(3.9)-(3.12) it follows that there exist two constants é1,é > 0 such that

/G (L)l < %}/ﬁ lu| dz + & Bu|(B*).
n

Repeating the same arguments with v(y1) := u(y1, g(x1) + 55 (y1 —21)) - (1, 55 ) we obtain

two constants ¢q, ¢y > 0 such that

/ ut (1, L) dH < C}%/ lu| dz + &|Eu|(B™).
G,NB A+

(3.10)

(3.12)

From the last two inequalities it follows that

1
oi [ttt < [ i buflat s [ g flan
G,NB G,NB G,NB
<O [ de + (@0 + &) Bul(BT). (3.13)
R )
Similarly we obtain that
1 8
2 wtlat s [ s daglant 43 [ b+ fug|an
GyNB Gy4NB GyNB
(3.14)

é + 8¢ 8
< y/ lul da + (¢ + &) Eul(BT).
R 7
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These chains of inequalities imply (3.6).
In the same way we prove that

/ lu~|dH' < %/ |u| dz + co| Eul(B™),
G,NB A-

which, together with (3.6) gives
/ )| i < ‘il/ lul da + 3| Eul(B\ G,) (3.15)
G,NB R Ja

By the Poincaré-Wirtinger inequality in BD (see [17, Proposition 2.2 and Remark 1.1 of
Chapter II]) there exists a constant ¢3 > 0 independent of R such that for every u € BD(A)
there exist a constant w € R and a vector b € R? such that

/ |u —wJ — bl dx < csR|Eu|(A),
A
where J(x1,x2) = (22, —x1). By applying (3.15) to the function u(x) —wJx —b we obtain

/G . [u]l dH" < cies|Bul(A) + ca Bul (B \ Gy) < (c1e5 + c2)|Eul(B\ Gy)

where in the last inequality we used the inclusion A C B\ G4. This concludes the proof
of (3.5). O

To apply Theorem 3.3 we need a purely geometric lemma. For every h = 1,...,k and
2t 2% € Kj, let Kjy(z!,2?) be the arc of Kj; between x! and z?, including its endpoints
2! and z2. Recall that x}b and xi are the endpoints of Kj, .

Lemma 3.4. There exists g > 0 such that for every h = 1,...,k the following property
holds: if § € (0,00) and z*,2% € Ky, with |2t — 22| = 4, then either Kj(zt,2%) =
Kp(z},2?)N Bs(22) or Kp(a',2?) = K (2%, 2%) N Bs(x2). Moreover, there exists a suitable
orthonormal coordinate system with origin at x?, such that Ky (zt,z?) can be represented as

the intersection between the closed ball Bs(0) and the graph of a C function g : [-§,0] = R
such that g(0) = ¢'(0) =0 and |¢/| < 1.

Proof. All properties considered in the lemma are elementary consequences of the fact that
K, is a simple C! curve for every h=1,...,k. O

Corollary 3.5. Let 69 > 0 be the constant introduced in Lemma 3.4 and let h=1,... k.
If § €(0,00), zt,22 € Ky, with |v! — 22| =6, then

/ ]| dHY < co| Bul(Bs(a?) \ Kn(a?,22)) (3.16)
Ky (z1,22)

for every u € BD(Bs(x?) \ Ky (z!,2?)), where co is the constant in Theorem 3.3.

Proof. By Lemma 3.4 we can introduce an orthonormal coordinate system in which we can
apply Theorem 3.3 to the ball Bs(x?), which becomes Bs(0) in the new coordinate system.
This gives (3.16). O

Corollary 3.6. Let 69 > 0 be the constant introduced in Lemma 3.4 and let h =1,...,k be
such that K) C 0. If § € (0,00), z*, 2 € K}, with |2' —2?| =6, and Bs(z*)NIQ C K}
then
/ lu — w| dH" SCQ|E(U*U/)‘(B5(ZE2)QQ)+C()/ lu —w|dH', (3.17)
Kp(z1,22) Bs(z2)N(OQ\Kp (z1,22))

for every uw € BD(Bs(x?)N Q) and every w € H*(Bs(z?)NQ;R?), where ¢y is the constant
in Theorem 3.3.
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Proof. Let us fix §, z!, 22 as in the statement of the corollary. Let u € BD(Bs(x?)N{) and
let v : Bs(x?) — R? be defined by v :=u—w in Bs(2?)NQ and v := 0 in Bs(x?)\ Q. It is
easy to see that v € BD(Bs(2?)) and [v] = w—wu on Bs(2?)NdQ. Hence Ev = Eu— Fw in
Bs(z?)NQ , Ev =0 in Bs(2?)\Q, and Ev = (w —u) ®voH! on Bs(2?)NoN. By Lemma
3.4 we can introduce an orthonormal coordinate system in which we can apply Theorem 3.3
to the function v on the ball Bs(x?), which becomes Bs(0) in the new coordinate system.
This gives
[l < alBul(Bsa)\ Kot ).
Ky (z1,22)

which implies (3.17). 0

4. FUNCTIONS WITH BOUNDED DISSIPATION

For every nondecreasing function I': [0,7] — K we set

D(t—):=c(|JT(r)) for0<t<T, (4.1)
D(t+) = [T(r) for0<t<T, (4.2)

where cl denotes the closure. We also set I'(0—) := I'(0) and I'(T+) := I'(T"). For every
t € [0,T] we consider Qy_ := Q\T(t—) and Q4 := Q\ [(t4).
Proposition 4.1. Let T': [0,7] — K be a nondecreasing function and for every t € [0,T)
let p(t) € Mb(Qt;ngX%). Assume that Dr(p;0,T) < 400, where Dr(p;0,T) is defined
in (2.25). Then

(a) for every to € (0,T] there exist p(to—) € My(Qyy—; R2X2) such that

sym
Jim [p(t) ~ plto )| () = Tim_[p(t) ~ plto-)|(, ) =0, (43)
(b) for every tg € [0,T) there exist p(to+) € Mb(Qt0+;R§;n%) such that

Jim [p(t) — plto)] (€)= 0. (1.4)

Proof. Let V :[0,7] — R be the nondecreasing function defined by
V(t) := Dr(p;0,t) for every t € [0,T]. (4.5)

Using the triangle inequality for H it is easy to prove that

Dr(p;ti,te) = V(te) = V(t1) forevery 0 <ty <ty <T. (4.6)

Let us fix ¢p € (0,7]. To prove (4.3) we begin by observing that for 0 < t; < t5 <ty we
have

ck[p(t2) = p(£2) (21, -) < exlp(t2) — p(t)[(2r,) < H(p(ta) — p(t1)) () < V(E2) = V(t),
where in the last inequality we used (4.6). Since V (¢) has a finite limit as ¢t — t;—, the pre-
vious inequality implies that ¢ — p(t) satisfies the Cauchy condition in My (2, _; R2x%) as
t — to—. Since this space is complete we obtain the existence of p(tg—) € Mp(y—; R2x2)
such that the second equality in (4.3) holds. The first equality in (4.3) follows from the
inclusion Qy, C Q,_, which is a consequence of the fact that T'(to—) C I'(to).

Let us fix now to € [0,T"). The proof of the existence of p(to+) such that (4.4) holds is

more delicate. Let us fix 7 € (t9,T). For tg < t1 < t2 <7 we have

cxlp(ta) =p(t1)|(Qr) < exlp(ta) =p(t1)|(Qs) < H(p(tz) =p(t1)) () < V(t2) =V (t1), (4.7)

where in the last inequality we used (4.6) again. Since V(t) has a finite limit as ¢t — to+,
the previous inequality implies that the function ¢ — p(t) satisfies the Cauchy condition in
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My($0::R2%2Y as t — tg4. Therefore, for every 7 € (to,T) there exists ¢, € My(Qy; R2X2)

sym sym
such that p(t) — ¢, strongly in M, (€2, ;R2%%) as t — to+. By (4.7) we have
A 1
Ip(t2) — ¢-|(27) < &(V(h) = V(tot))- (4.8)
It is easy to see that
gr, = G-, as measures in QTz for every tg <1 < 79 (4.9)

We now want to prove that for every Borel set B C Qtﬁ the limit

lim ¢-(BNQ,) (4.10)

T—to+

exists in R2X2 . We first show that the limit

sym *

L= lim |p(t)|(%) (4.11)

t—to+

exists and is finite. To prove this fact we observe that for to < t; < t, we have |p(t)|({,)
< [p(82)] () + [p(t2) = p(82)] (1z) < [p(82)](0,) + 2 (V (£2) = V(1)) , which shows that the
function t — [p(t)](Q;) — iV(t) is nonincreasing. Since V' has a finite limit as t — o+ we
obtain the existence of a finite limit in (4.11).

For to <t <7 <72, using the triangle inequality Aand the deﬁnjtion of V, we get
PR\ Q) = [P () = [P(O](2r,) < (1) = p(T2)|(Q2r,) + ()| Q) = [p(72) [(2r,) +
Ip(t) = p(72)|(©2r,) < CL(V(H) V($) + [p(1)](2r,) = [p(72)|(2r,) + 2 (V(72) = V(2)), where
in the last inequality we used (4.6). Let us fix ¢ > 0. By (4.11) and by the finiteness of
V(to+) there exists § > 0 such that if tg <t <7 <79 <to+d we have V(1) — V(t) <
cxe, V() — V() < cxe, and ||p(11)|(Qr,) — [p(72)|(Qr,)] < €. Therefore the estimate of

p(0)(Qr, \ Qr,) gives
()|, \ Q) <36 fortg<t<m <15 <ty+96.
Passing to the limit as t — tp+ in the previous inequality we obtain
-1 (0, \ Q) <36 fortog <7 <71 <7 <to+3. (4.12)

We are now ready to prove the existence of the limit in (4.10). Let us fix a Borel set
B Q. Fortg <7 <7 <75 <ty+0d, by (4.9), we have |¢,,(BNQy,) — ¢z, (BNQ,,)| =
lg-(BN Qyy) — ¢ (BN Q)| < a-(©r, \ Qr,) < 3¢, where in the last inequality we used
(4.12). This shows that 7 — ¢,(B N ;) satisfies the Cauchy condition as 7 — to+ and
concludes the proof of the existence of the limit (4.10).

For every Borel set B C €, we define p(to+)(B) as the limit in (4.10). By the Vitali-
Hahn-Saks Theorem (see [8, IT1.7.2-4]) the set function p(to+) belongs to My (1 R2x2).
It remains to prove (4.4). To this aim we fix ¢ > ¢y and show that

p(to+)(B) = q(B) for every Borel set B C Q. (4.13)

Indeed, p(to+)(B) is the limit of ¢,(B N QT) as T — to+. If B C Q; we have BN (), =

for to < 7 < t, hence ¢, (BN, ) = ¢, (B) = ¢(B), where in the last equality we used (4.9).
This proves (4.13), which implies that |p(t) — p(to+)|(%) = |p( ) —q|(Q). By (4.8) applied
with ¢, = 7 = ¢, the previous equality gives |p(t) — p(to+)|(Q¢) < é(V(t) —V(to+)), which
yields (4.4), taking into account the definition of V (t9+). O

The following Lemma shows the relation between p(t) — p(t£) and V(t) — V(t£).
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Lemma 4.2. Let T': [0,T7] — K be an increasing function and for every t € [0,T] let
p(t) € Myp(Q; R2X2) . Assume that Dr(p;0,T) < +oo. Let V(t+) be defined as in (2.32)

and (2.33), withsxy/nZt) given by (4.5), and let p(t+) be defined as in Proposition 4.1. Then
V(t) =V (t—=) = H(p(t) — p(t=)) () for every t € (0,T], (4.14)
V(t+) = V(t) = H(p(t+) — p(t))(Quy)  for every t € [0,T). (4.15)

Proof. We begin by proving (4.14). Let us fix ¢ty € (0,7]. For every £ > 0 there exist
t1 < to such that for every t; <t <ty we have V(tp—) —e < V() < V(to), hence

V(to) = V(to=) +e > V(to) = V(t) = H(p(to) — p(1))(S,) »

where in the last inequality we used (4.6). By (4.3), passing to the limit as ¢t — to— we
obtain V(to) — V(to—) + ¢ > H(p(to) — p(to—))(,), and by the arbitrariness of & we
conclude that

A

V(to) — V(to—) = H(p(to) — p(to—))(2,) - (4.16)
We now want to prove that
V(to) — V(to—) < H(p(to) — p(to—))(Q,) - (4.17)

Let us fix € > 0. By (4.3) and by the definition of V(tp—) there exists t; < to such that, if

t1 <t <tp, then
~ 1
V(to—) —e < V(t) <V(to—) and |p(t) — p(to—)|(,) < C—Ka. (4.18)

Hence V(tg) — V(to—) < V(tg) — V(t) = Dr(p;t,to) for every t; < t < tg, where in the
equality we used (4.6). From the definition of Dr(p;t,to) it follows that there exists a
partition t =719 < 11 < -+ < Ty, = to such that

V(to) ~ Vi(to—) — & < Dr(pit.to) —& < 3 H(p(ri) — plric1))($2r,)

=1
= 3 Hplr) — plri 1)) + Ho(to) — plrn 1))

< V(Tm-1) = V(t2) + H(p(to) — p(to—)) (o) + H(p(to—) = p(Tim—1)) (o)

PN

Since by (2.21) and (4.18) we have V(7,,—1) =V (t1) < € and H(p(7m—1) —p(to—))(%,) < €,
the previous inequalities imply that
V(to) — V(to—) < H(p(to) — p(to—))(Q,) + 3¢

By the arbitrariness of ¢ we obtain (4.17), which together with (4.16) gives (4.14).

To prove (4.15) we proceed analogously. Let us fix tg € [0,7). First of all for every € > 0
there exist to > to such that for every ¢ty < t < to we have V(to+) +¢ > V(t) > V(to),
hence

A

Vito+) = V(to) +¢ > V(t) = V(to) = H(p(t) — p(to))(
> —H(p(to+) — p(1)) () + H(p(to+) — p(to)) ().
By (4.4), passing to the limit as ¢ — to+ we obtain V(to+) — V(to) + & = H(p(to+) —
p(to))(€4,+), and by the arbitrariness of € we conclude that
V(to+) = V(to) = H(p(to+) — p(to)) (o) - (4.19)
It remains to prove that

V(to+) — V(to) < H(p(to+) — p(to)) Qo) - (4.20)

)
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Let us fix € > 0. By (4.4) and by the definition of V(tg+) there exists ta > to such that, if
to <t < 1o, then

A 1
V(to+) < V(t) < V(to+)+e and |p(t) — p(to+)|(Q) < oo (4.21)
K
Hence V(tg+) — V(tg) < V(t) — V(to) = Dr(p;to,t) for every tog < t < to, where in the
equality we used (4.6). From the definition of Dr(p;to,t) it follows that there exists a
partition tg = 79 < 71 < -+ < Ty, = t such that

V(to+) — V(to) —e < Dr(p;to,t) —e < Z H(p(m;) — p(Tifl))(Qﬂ)
i=1

m

= H(p(r1) — p(to))(Qr,) + > H(p(7:) — p(7i-1))(2r,)

< H(p(to+) = plto))(2r,) + H(p(1) = p(to+)) () + V(t2) = V(7).

By (2.21) and (4.21) we have V(t2) — V(7) < e and H(p(m) fp(toJr))(AQTl) < €. Since by

monotonicity we have also H (p(to+) — p(t0))(Qr,) < H(p(to+) — p(to))(2¢,+ ), the previous
chain of inequalities implies that

V(to+) = V(to) < H(p(to+) — plto)) (Qug+) + 3¢
By the arbitrariness of € we obtain (4.20), which together with (4.19) gives (4.15). O

In the remaining part of this section we construct a time-rescaled version of the plastic
strain p(t) and of the crack I'(¢). We shall prove a Lipschitz property for the rescaled plastic
strain which will provide some estimates involving time derivatives. As mentioned in the
Introduction, these estimates will be crucial in the proof of the main result.

Under the assumptions of Lemma 4.2 let V' : [0,T] — [0,+00) be the nondecreasing
function defined by (4.5) and let p: [0,7] — [0,400) be the increasing function defined by

p(t) :==V(t)+t. (4.22)

Since p(t+) = V(t£) + ¢, from Lemma 4.2 we obtain
p(t) = p(t=) = V() = V(t=) = H(p(t) — p(t=))(), (4.23)
p(t+) = p(t) = V(t+) = V(1) = H(p(t+) — p(t)) (), (4.24)

for every t € [0,T]. Let Jy C [0,T] be the finite or countable set of discontinuity points
of t — V(t), hence of ¢t — p(t). Since p is increasing we can write [0, p(T")] as the disjoint
union

[0.p(T)] = p([0. TN U | [p(t=), o)) U | (p(t), p(t+)]- (4.25)
tedy tedv
For every r € p([0,T]) there exists a unique ¢ € [0,7T] such that p(t) = r. We define
o) =T, Q0:=0\I°(r)=Q, and p°(r) :=p(t). (4.26)
It is clear that we have p°(r) € My(QS; R2x2).
For every r € [p(t—), p(t)), with ¢t € Jy, we set
() :=T) and Q°:=Q\T°(r) =Q,, (4.27)
and we define p°(r) € M“Q?;Rg;ﬁ) by
r— p(t—
p(r) = () + o) g (1.29)
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For every r € (p(t), p(t+)], with ¢t € Jy , we set
() :=0(t+) and Q°:=Q\I°() = Qs (4.29)
and we define p°(r) € M,(Q2; R2x2) by

_r—p) _
p(t+) — p(t) (p(t+) = p(1)) - (4.30)

The following lemma proves the Lipschitz continuity of p°®, which will be used in the
proof of our main result.

p°(r) == p(t) +

Lemma 4.3. Let T': [0,7] — K be an increasing function and for every t € [0,T] let
p(t) € Myp(Q; R2X2) . Assume that Dr(p;0,T) < +oo and let p,T°,p° be defined by (4.22)

and (4.26)—(4.30§?./mThen for every t € [0, T] we have
P() = T°(p(t)) and p(t) = p°(p(t) (431)
Moreover
cxlp®(r2) = p°(r)l(Q,) < H(p®(r2) = p°(r))(Q5,) <72 =71, (4.32)

for every r1,7r9 € [0, p(T)] with r < ra.

Proof. Formula (4.31) follows from (4.26).
To prove (4.32) let us fix r1, 72 € [0, p(T')], with r; < ro. We consider the following cases:
(a) T1,T2 € p([O,T]),
(b) r1,T2 € [p(t*),p(th)], with ¢ € Jy,
(¢) r1 € p([0,T]) and rq € [p(t—), p(t+)], with ¢ € Jy,
(d) r1 € [p(t—), p(t+)], with t € Jy, and re € p([0,T]),
(e) r € [p(tl—),p(tl—i—)] and 79 € [p(tg—),p(lfg—f—)], with t1,t2 € Jy and t1 < ts.

Case (a). Let t1,t2 € [0,T] be such that p(t1) =71 and p(t2) = r2. Since p is increasing
we have t; < t. By (4.26) we have H(p°(r2) — p°(r1))(25,) = H(p(t2) — p(t1))(Q24,) <
Dr(p;t1,t2) = V(ta) — V(t1) < p(ta) — p(t1) = 12 — r1. This concludes the proof of (4.32)
in this case.

Case (b). Assume first that ry,73 € [p(t—), p(t)]. We claim that in this case

H(p°(r2) = p°(r))(7,) = o — 71 (4.33)
First of all we observe that, since r; < 79, it has to be p(t—) < p(t). Therefore (4.27) and
(4.28) give

p°(ra) — p°(r1) = (p(t) — p(t—)) as measures in Q.

where we used also (4.26) for the case ro = p(t). Since H is positively homogeneous of
degree one, we have

H(p®(r2) —p°(m1))(82,) = WH(IDU) —p(t=)) (%)
= W(V(t) =V(t=)) =12 —11,

where we used also (4.23).
Assume now that 71,72 € [p(t), p(t+)]. We claim that (4.33) holds also in this case.
Arguing as in the previous step, by (4.29) and (4.30) we obtain

A T —T1 PN

H(p®(r2) = p°(r))(27,) = mﬂ(zﬂ(tﬂ = p(1))(2e4)
= m(v(tﬂ —V(t) =ra—r1,
where we used also (4.24).
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Assume finally that p(t—) <71 < p(t) < r2 < p(t+) and let r := p(¢). Then (4.33) holds
for 71, r and for r, ro. Therefore, using the triangle inequality, we obtain H(p°(re) —
p°(r))(€07,) < H(p°(r2) —p°(r))(§27,) + H(p® (r) —p°(r1))(27,) < H(p®(r2) —p°(r)) (€27,) +
H(p°(r) — p°(r1))(Q2) = 79 —r + 7 — 71 = ro — r1. This concludes the proof of (4.32) in
case (b).

Case (c). Since r1 € p([0,T]) there exists t1 < t such that 1 = p(t1) < ro. If t1 =1t
we have r1 = p(t) < r2 < p(t+) and we are in case (b), for which (4.32) is already proved.
Therefore it is enough to consider the case t; < t.

Assume first that o = p(t—). If p(t—) = p(t), then we are in case (a) for which (4.32)
is already proved. If, instead, p(t—) < p(t), by (4.27) and (4.28) we have Qﬁz =, and
p°(ra) = p(t—). Therefore

H(p®(r2) = p°(r)(€7,) = H(p(t—) — p(t2))(). (4.34)
Using (4.3) we obtain

H(p(t=) = p(t)(Q)=lim H(p(r) — p(t1))(Q) SV (t=) = V(t2) S p(t=) = p(t2) =12 — 11,

and by (4.34) we conclude that (4.32) holds in the special case ro = p(t—).

Assume now that ro € (p(t—), p(t+)]. Weset r := p(t—) and observe that (4.32) holds for
r1, r by the previous step and for r, ro by case (b). Therefore, using the triangle inequality,
we obtain H(p®(rz) — p°(r1))(2;,) < H(p°(r2) — p°(r))(27,) + H(p°(r) — p°(r1))(£27,) <
H(p°(re) —po(r))(flﬁg) -+ H(p°(r) —po(rl))(flﬁ) <ry—r+7r—1r1 =1r9—r, which concludes
the proof of (4.32) in case (c).

The proof in case (d) is similar to the proof in case (c), replacing p(t—) by p(t+). Finally,
case (e) can be treated by interposing r € p(][0,7]) and using the triangle inequality and
the estimates obtained in cases (c) and (d). O

We now show that p° has a time derivative a.e. in [0, p(T")] in the sense of weak* con-
vergence and that the increment of p° can be controlled using the integral of this time
derivative.

Lemma 4.4. Under the assumptions of Lemma 4.3 for a.e. v € [0, p(T')] there exists p°(r) €
My(Q0;R2X2) with

sym
.0 Ao 1
P° (M) < —, (4.35)
K
such that
o _ m© 7h N
p(r) Z (r=h) —p°(r)  weakly" in /\/lb(Qi;]ngX,i) as h — 0+. (4.36)
Moreover for every open set U C R2, the function r— |p°(r)|(QS N U) is measurable and
ro
p°(r2) = p*(r) (27, NU) < / (M2 NU)dr. (4.37)
T1

for every r1,7r9 € [0, p(T)], with m < 7ra.
Proof. The existence of p°(r) € My(Q2; R2X2) which satisfies (4.36) is proved in [5, Theorem

sym
7.1]. Inequality (4.35) follows from (4.32).

Let us fix an open set U C R?. To prove the measurability of the function r
p°(M|(Q7 N U), for every r € [0,p(T)], ¢ € C2Q;RE)T), and p € My(Q2;RZ5E) we
define

(0 ) o ::/ p:du.
QO

r

For every ¢ € CO(Q;R2X2) we set

sym

rp = sup{r € [0, p(T)] : supp(¢) NT°(r) = O},
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and we observe that supp(¢) NT°(r) = @, and hence ¢ € CO(Q°;R2X2), whenever r €

sym

[0,7,). Since Dr(p;0,T) < +o0, for every € CO(Q;R2x2) the functions r — (0:p°(1)) o

and r — (p,p°(r — h))g. have bounded variation on [h,r, — h] for every h € (0,7,/2).
Therefore, using (4.36) we obtain that the function

r = (0,p°(r))a. is measurable on [0,7,). (4.38)
It is well-known that for every r € [0, p(T')] we have

[5°(r)[(Q2 N U) = sup (2, 0°(r))ge
PECO (LR2X2)

sym

lelloo<1, ry>7, suppeCU

and that there exists a countable set D C {p € CO(Q;R2X2) : ||p|loo < 1, suppp C U} with

sym
22 with llolleo < 1, there exists a sequence

the following property: for every ¢ € CO(; R

of functions ¢,, € D such that ¢,, — ¢ uniformly on Q and suppey,, C suppy, which gives
Ty, > Ty . Therefore

B°IQENU) = sup {p,5°(r)g. -
p€ED, r,>T

The measurability of 7 — |p°(r)|(Q22 N U) follows from this equality and from (4.38).
To prove (4.37) we fix ry,72 € [0,p(T)], with r; < ro, and p € CO(Q2 ;R2X2) with

ro) Nsym

lolloo <1 and suppy C U. Since the function r — (p,p°(r))g. is Lipschitz continuous on
T2
[0,72] by (4.32) and its derivative equals (p,p°(r))¢g. for a.e. r € [0,r;] by (4.36), using
)
the Fundamental Theorem of Calculus for absolutely continuous functions we obtain

(65" g, — o™i, = [ (050,

r
2 r1

hence

o) =g | < [ 10I@2 00 ar < [Tl 0 ar.

T1 T1

Taking the supremum over all ¢ € C%(Q° ;R2%2) with [|¢|lec < 1 and suppy C U we

T TNSYymMm
obtain (4.37). O
5. THE CASE OF RECTILINEAR CRACKS

This section is devoted to the proof of Theorem 2.3 in the special case in which the sets
Ky and K in (2.8) are segments. More precisely, we assume that

K is a closed segment of endpoints z!,z% € 99, (5.1)

Ky is a closed segment containing z' and contained in K.
Moreover, we assume that

the interior points of K are contained in {2, (5.3)

2\ K is the union of two open sets with Lipschitz boundary. (5.4)
By (2.8) and (5.2) we have
xt € T(t) for every t € [0,7]. (5.5)

Since T'(t) is connected and contained in K, this implies that for every ¢ there exists a
unique point z(t) € K such that

I'(t) is the segment of endpoints ' and x(t). (5.6)
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Let

a:=sup{t € [0,T]: z(t) = 2'} =sup{t € [0,T] : T'(¢) = {x'}},
b:=inf{t € [0,T]: x(t) = 2%} =inf{t € [0,T] : T'(t) = K},

with the usual convention sup® = 0 and inf @ = T. It follows from the definition that
a < b and that ¢(¢t) = 0 for ¢ € [0,a), 0 < £(t) < L for t € (a,b), and £(t) = L for
te(bT].

To prove Theorem 2.3 it is enough to show that ¢£°°™ is constant on (a,b), assuming
a < b. To this aim we want to estimate the length increment for all pairs of consecutive
points of a sufficiently fine subdivision of (a,b). By Proposition 3.2 for every t,ts € [0, 7],
with t; < to, we have

e lelt) = )P+ 0182 (1) < /t (/Q (0(r) — o(12)) : Bui(r)) d ) dr

Q¢

+Cxk /F(t t )|[u(t2) — u(ty)]| dH?, (5.7)

where now I'(t1, t2) is the segment with endpoints x(¢1) (not included) and x(t2) (included).

In the next proposition we will improve now this estimate by replacing its last term with
terms depending on the increment of the plastic strain p. To this aim it is convenient to
introduce B(t1,t2), the set obtained by removing I'(t1,t2) from the open ball centred at
x(t2) and whose boundary contains z(¢1). In other words, setting ¢(t1,t2) := £(t2) — £(t1),
we have that

B(t1,t2) := Bty 1) (@(t2)) \ T'(t1, t2) ,
if g(tl,tz) >0, and B(tl,tz) =0 if E(tl,tg) =0.
Proposition 5.1. Let w € AC([0,T]; HY(Q\ Ko;R?)), let t — (u(t),e(t),p(t),T(t)) be a

quasistatic evolution with boundary value w, according to Definition 2.1, and let n > 0 be
such that

2012
mcgCgn B
= 5.8
o <3 (5:8)
where ¢g > 0 is the constant in Theorem 3.3. Assume (5.1)-(5.4). Then
A
f le(t2) — e(t1)]* + g(atz) —{(t1))
Qi

< /t (/Q (o(7) = o(t1)) : Bi(r) do)dr + coCilp(ta) = p(t)|(B(t1,2))  (5.9)

for every t1,ty € [0,T] such that t1 < ta, L(ta) —L(t1) < n, and B(ty,t2) C Qy, .

Proof. Let t1,ty € [0,T] be as in the statement of the proposition. Since K is a segment,
by Theorem 3.3, which is much easier in this case, we obtain

/ [u(tz) — u(tr)]| dH' < col Bu(tz) — Bult)|(B(t,t2)).
F(tl,tg)
Therefore (2.6) and Young’s inequality give

/ [u(ta) — u(t)]] dH* < co / le(t2) — e(ty)] dz + colp(tz) — p(t)|(B(t1, 1))
T'(t1,t2)

B(tl,tg)
2
WCOCK >\(C

< k) - ((t1))* + 1Cn B(thmle(tz) = e(t)Pdz + colp(t2) — p(t1)[(B(t1, 1)) -
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Hence (5.7) can be written as

2 [ etta) — eltn)P + BE(t2) — £(0))
Q,
" — cFw(r)dx)dr chcﬁ — 2
< [ ([ totr) = ot B de i + T )~ )
F2 [ eltn) — eftn) P+ coCiclp(ta) — (1) [(B(tr, 1)
B(t1,t2)
and taking (5.8) into account we obtain (5.9). O

Proof of Theorem 2.3 under hypotheses (5.1)-(5.5). Let n > 0 be such that (5.8) holds. Es-
timate (5.9) implies that

g(é(tQ)é(tl))g/tz (/Q (J(T)—a(tl)):Ew(T)dx>dT

t1

+coClp(tz) — p(t1)|(B(t1, t2)) (5.10)

whenever {(to) — €(t1) < n and B(t1,t2) C 4, . Since the inclusion B(t1,t2) C £ does not
necessarily hold for any pair ¢1,ty € (a,b) with £(t2) — £(¢t1) < n, in order to apply (5.10)
we replace a and b by sequences a’ and b defined by

a® := inf{t € [a,b] : 2(t) & Bs(z")},
b = sup{t € [a,b] : x(t) ¢ Bs(z?)},

with the convention that inf @ = b and sup @ = a. Since

o —>a and b —b asd— 0+,

in order to prove the theorem it is enough to show that ¢°°"* is constant on (a’,b°) for
0 > 0 small enough. Since the interior points of the segment K belong to 0, for every
0 > 0 there exists ps > 0 such that

dist(z(t), 0Q) > ps for every t € [a®,b°].

Let us fix § > 0 such that a < a’ < < b, and 5 € (0,4) such that (5.8) is satisfied.
Then (5.10) holds for every ty,ty € [a®, 0] with t; <ty and £(ta) — £(t1) < 7.
Given ¢ € (0,n), let a® = 79 < 71 < .-+ < 7, = b° be such that [{](t) < e for every
t € [a®, b°]\ {70, T1,- -, T} Let us fix 6 > 0 such that 50 < 7; —7;_1 for j=1,...,n. By
[6, Lemma 4.8], applied to the intervals [r;_1 + 6, 7; — 0], there exists ¢ € (0,6) such that if
t1, ta € [Tj—1+0,7;—0] forsome j=1,...,n and 0 < to—t; < (, then £(ta)—L(t1) <e <7
and therefore
B(tl,tz) - Bg(a?(tg)) N Qt2 . (5.11)

Since a Lebesgue integral can be approximated by suitable Riemann sums (see, for in-
stance, [6, Proposition 4.10]) there exists a subdivision a’ =ty < t; < - < t,,, = b°, with
ti —t;—1 < ( for every i =1,...,m, such that

i/ﬁt (/Q (0(r) = o(ti-1)) : Buv(r) da)dr < e (5.12)

For j =0,...,n—1 there exists m; € {1,...,m} such that 7; +20 < t,,, < 7; 4360, and
for j =1,...,n there exists n; € {1,...,m} such that 7; —20 <t,, < 7; —6. Note that,
since 50 < 7; — ;1 for j=1,...,n, we have mp <n1 <my < - < Np_1 < Myp—1 < Ny
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By (5.10) it follows that
0 (15— 20) — £ (751 4 30) < L (b)) — £ (b, _y) < U(tn,) — Ltm,_,)

"

< Y0 () - Z / / fo(ti_l)):Eu')(T)d:z:)dT
QC;CK_E (8 — p(ts ) I(Blti1,1)). (513

The last term in (5.13) can be estimated using the change of variables introduced in
(4.26)-(4.30). By (4.26) and (5.6) for every r € [0,p(T)] there exists z°(r) € K such
that T'°(r) is the segment of endpoints x' and x°(r). Moreover z(t) = 2°(p(t)) for every
t € [0,7]. For every r € [0, p(T)] let €°(r) := H1(I'°(r)), so that £(t) = £°(p(t)) for every

€ [0,7]. By Lemma 4.4, taking into account (4.31) and (5.11), we obtain
p(t:) — p(ti-1)|(B(tio1,t:)) < [p(t:) — p(ti-1)[(Be(x(t:)) N Q)
p(ti)

= p°(p(t:)) — p°(p(ti1))|(Be(x(t ))ﬁﬂp(t))_/(_ )|P°(T)I(Bs(ﬂ?(ti))ﬂ@?)d7’- (5.14)

If mj_1 <i<n; and p(ti—1) <7 < p(t;) then we have £(t;_1) = £°(p(ti—1)) < €°(r) <
°(p(t;)) = €(t;). Since £(t;) — L(t;— ) < & we obtain |z(t;) — z°(r)] = £(t;) — £°(r) < e,
which implies that B.(z(t;)) C B2:(z°(r)). Hence (5.14) gives

i p(75) .
_ > Ipt) = p(ti)[(B(tioa, 1)) < /( | )\l'?o(T)l(B%(xo(?")) Ny dr, (5.15)
which, toéether with (5.13), implies

713

090 (15 — 20) — £°°™ (11 + 30) <— Z /ttl / ) —o(tiz1)): Ew()dm)dT

QCOOK p(75)
p p(Tj-1)

We note that By (2°(r)) N Q2 — @ as € — 0+, since x°(r) € T°(r). Therefore by
Lemma 4.4 we can apply the Dominated Convergence Theorem and we obtain

+ [5° ()| (Bae (2° (r)) N 27 dr . (5.16)

p(b%) X
/ [p°(M)|(Be(z°(r)) NQ)dr -0 ase— 0+ .
p(a®)

Therefore there exists a continuous function w: [0, +00) — [0, +00) with w(0) = 0 such
that

p(b%) .
/( ; [B°(r)[(Be(2°(r)) N427) dr < w(e). (5.17)
pla

Summing (5.16) over j we get

D (@t 7y — 20) — " (751 + 30))

séi/ ([ (o) ot Butr) o)
2¢0Cx [P 2 2¢Ck
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where in the last inequality we used (5.12) and (5.17). Taking the limit as § — 0+,
from the continuity of £°°™ we obtain £°"(b°) — (<" (a?) < %5 + %W(Zs), and as
e — 0+ we obtain £°"t(b%) < (°o"(a%). Since £°°™ is nondecreasing, this inequality
implies £ () = £°°"*(a?) for every t € [a®,b°]. This concludes the proof of Theorem 2.3
under assumption (5.1)-(5.5). O

6. PREPARATION OF THE PROOF IN THE GENERAL CASE

In this section we prepare the proof of Theorem 2.3 in the general case where the set K
has several branches. To this aim we introduce some technical tools that will allow us to deal
with this more complex structure. In particular, for every h € {1,...,k} we have to consider
separately the time intervals in which HY(T'(¢)NKp) =0, 0 < HY (T (t)NKp) < HY(K}), or
HYT(t)NKy) = HY(K}). The main result obtained at the end of this section is an estimate
which adapts Proposition 5.1 to the case of a general K.

Let T': [0,7] — K be an increasing function. To simplify the exposition we may assume
that for every t € [0,T], with I'(t) # O,

there exists no h € {1,...,k} such that T'(t) C K2, (6.1)

where K} is defined in (2.10). Indeed, if there exists hg € {1,...,k} such that @ # I'(tg) C
K,?O for some t, € [0,T], we consider the intersection I' of all nonempty sets I'(t) with
t € [0,T], we select a point Z € I', and we replace K by K U{z} and K}, by the two
connected components of Kp, \ {#}. In this way we obtain a new decomposition (2.9) that
satisfies (6.1) and we can prove Theorem 2.3 using this decomposition.

For every t € [0,T] and every h =1,...,k we define

Oy (t) == HNT(t) N Ky). (6.2)

Moreover, we set Ly, := H'(K}) and
ap, :=sup{t € [0,T] : {n(t) =0}, (6.3)
by = inf{t S [O,T] : fh(t) = Lh}, (64)

with the usual convention sup® = 0 and inf @ = T. It follows from the definition that
ap, < by, and that £, (t) =0 for t € [0,ap), 0 < () < Ly, for t € (ap,by), and £,(t) = Ly,
for t € (by,T). This justifies the following terminology: the branch K at time ¢ is void if
t €10,ap), active if t € [ap, by], and full if ¢t € (by, T).

Let yp,: [0, L] — R? be the arc-length parametrization of the curve Kj,, with v,(0) = x}
and v,(Lp) = z7. Since I'(t) is connected and satisfies (6.1), if a < by there exist two

functions s, s2: [ap,bp] — [0, Ly], with s} nondecreasing and s? nonincreasing, such that

(1) N Ky = (0, 54 (]) Un([s7(1), Ln)) (6.5)

for every t € [ap,by]. Then 0 < €5,(t) = s} (t) + Ly, — s3(t) < Ly, for every t € (an,by).

To prove Theorem 2.3 we need a proposition similar to Proposition 5.1 to estimate the
jump term and the boundary term in (3.3). Since now the set K has many branches, we
introduce a notation to indicate which branches are void, active, or full at time ¢. For every
t € [0,T] we consider the sets of indices I(t), I(t), and I(t) defined by

It)y:={he{l,....k}:te[0,an)}, (6.6)
It):={he{l,... .k} : t € [an,by]}, (6.7)
It):={he{1,... .k} : t € (b, T} (6.8)

To estimate the integrals on I'(t1,¢2) in (3.3) we fix t1,t2 € [0,T], with ¢; < t2, and we
prove the estimate assuming in addition that

(1) = I(t2), I(t) = I(t2), and I(t1) = I(t2). (6.9)
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In particular, this implies that I'(¢1,¢2) NKY = @ unless h € I(t1) = I(t2). We also observe
that the assumption h € I(t1) = I(t2) implies the inequalities a, < t; <t < by, hence 8,11
and s7 are well-defined.

Moreover, we assume that there exists

n € (0,d), (6.10)
where dg is the constant introduced in Lemma 3.4, with the following properties:
if h € I(t1) = I(t2) and s} (t2) > 0, then
sh(ta) = sp(t) <, (
Bay(yn (s (t2))) N (0Q\ K}) = O, (
Baoy(n(sh(t2))) N Kp = @, (6.13
Bay(yn(s3(t2))) NT(t2) = Bay(yn(si(t2)) N a0, s5(t2)]) 5 (

if h € I(t1) = I(t2) and s?(t2) < Ly, then

sh(ty) = sp(t2) <1, (6.15)
Bay(y(s7(t2))) N (9 Q\Kh) 0, (6.16)
Bay (v (87 (t2))) N K, = (6.17)
Bay (v (s7(t2))) NT(t2) = B2n(7h(8h(t2))) N ya([s(t2), Ln)) - (6.18)

Note that, if s}(t1) = 0, we would have 4 (sh(t1)) = 2} € K C K}, hence the inequality
st (t2) > 0, together with (6.11) and (6.13), implies that

s1(t1) > 0. (6.19)
Similarly the inequality s?(t2) < Ly, together with(6.15) and (6.17), implies that
s2(t1) < Ly, . (6.20)

For future use we observe that, if (6.12)-(6.14) and (6.16)-(6.18) hold for some 1 > 0,
then they also hold for all smaller values of 7.
For every h € I(t1) = I(t2) we define

K (t1,t2) = 7 ([sh h
Kji(t1,t2) = ([sh (t2), 55 (t1)]) - (6.22)
By (6.9), we have

k
tl,tQ ~ UFtl,tQ ﬁth U F(tl,tg)mKh

h=1 hel(t2)
U Kj(t1,t2) U U K7 (t,t2), (6.23)
hel(ts) hel(ts)

where ~ means equality up to an H'-negligible set.
Therefore, if u(t1) € BD(€,) and u(tz) € BD(§,) we have

/ u(ta) — u(t)]| dH" = / [ultz) — u(ty)]] dH?
D(t1,t2)NQ K} (t1,t2)NQ

hel(ts)
s, (t2)>0
he[(tz) Kh(tl,tz)m

s, (t2)<Lp
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If in addition w(t;),w(tz) € HY(Q\ Ko;R?) we also have

/ lulta) — u(ty) — w(ts) + w(ts)] dH!
T'(t1,t2)NON

- Z /K (t1,t2)NOQ [ultz) = u(t) = w(tz) +w(tr)| dH! (6.25)

hel(t2)
57, (t2)>0

+ Z / |u(t2) - U(tl) — 'LU(tQ) + U/(tl)| dHl .
hel(s) 7ER ()00
s7 (t2)<Lp
If h € I(t;) = I(t2), let B™'(t1,t2) be the intersection with 0 of the set obtained by
removing Kj (t1,13) from the open ball centred at v, (s}, (t2)) and whose boundary contains
Yr(sh(t1)). In symbols, setting 77 (t1,t2) == |yn(sh(t2)) — yu(sh(t1))] < sh(t2) — s} (t1), we
have that

B (t1,t2) i= Byt (1y,10) (0 (sh(t2))) N QN Kjy (81, 12) , (6.26)
and BM1(t1,t5) := O if r}(t1,t2) = 0. Similarly, we define
BM2(ty,tp) := Bri(tl,tz)(Vh(Si(t2))) NQ\ Kj(t1,t2), (6.27)

where 72 (t1,t2) = |yn(s72(t2)) — Yu(s2(t1))] < s2(t1) — s2(t2), and BM2(t1,t5) == O if
T%(h,tg) =0.

The following proposition improves the estimate obtained in Proposition 3.2. More pre-
cisely, it replaces the last two terms in (3.3) by terms depending on the increment of the
plastic strain p.

Proposition 6.1. Let w € AC([0,T]; HY(Q\ Ko; R?)) and let t — (u(t),e(t),p(t),T(t)) be a
quasistatic evolution with boundary value w, according to Definition 2.1. Assume that (6.1)
holds for every t € [0,T], with T'(t) # @. Let t1,t2 € [0,T], with t; < to. Assume that
(6.9)-(6.18) are satisfied and that

ncdCEn - B
Ac 2’
where cg > 0 is the constant in Theorem 3.3. Then

5 et = e+ Sttt e < ([ (otr) = ate) s Bt da)ar

(6.28)

4 Ja,, 6 Mo,
teCe Y / \Buw(ts) — Buw(ty)| de (6.29)
hEI ts ) tl tz)UBh 2 tl tg)
+V260Cx Y Ip(ta) — p(ta)|(B™ (t1,12) U B™2(t1, 1)) .
hel(ta)

Proof. If I(t1) = I(t2) = @, then the remark after (6.9) implies that T'(t1,t2) ~ @ and the
conclusion follows from Proposition 3.2.

If I(t1) = I(t2) # @ we fix h € I(t;) = I(t). We observe that rp(t,t2) < n < &
for A = 1,2, by (6.11), (6.15), and (6.10). If K C Q we can apply Corollary 3.5 with
z1 = Yp(sp(t1)) and x2 = y,(sp(t2)), and we obtain

/K . [u(ts) — u(ty)]| dH < co| Bu(ts) — Bu(ty)|(B" (ty,t5))

< CO/ le(ta) — e(t1)| dx + colp(tz2) — p(t1)|(B"* (t1,t2)),
Bh A(751,152)
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where in the last inequality we used (2.6). Note that we also used the inclusion B™*(ty,t5) C
O, , which follows from Lemma 3.4 and (6.12)-(6.14) and (6.16)-(6.18).

If K C 9Q we can apply Corollary 3.6 with z1 = v,,(s (1)) and 22 = v, (sp(t2)), and,
using again (2.6) we obtain

/ |u(t2) — u(tl) — w(tg) + w(t1)| d?‘[l
K} (x1,32)
< ¢co|Eulta) — Bulty)| (B (t1,t2) N Q) + co / - |[Ew(t2) — Ew(ty)| dx
B A (ty,t2)
—l—co/ luts) — u(t) — w(ts) + w(ty)| dH?
BhA(t1,t2)NON

< Co/ le(t2) — e(t1)| dz + V2eolp(tz) — p(t1)|(B" (t1,t2))
Bh'>>\(t1,t2)

+co / |Ew(te) — Ew(ty)|dx,
Bh‘A(tl,tQ)

where in the last inequality we used (2.7) and the estimate |a||b] < v/2]a ® b|. Therefore
the previous inequalities give

/ u(ts) — u(ty)]| dH? +/ lulta) — ulty) — wlts) + w(ts)] dH"
K;}(tl,tQ)ﬂQ K;"‘(ﬁl,fEQ)ﬂaQ
< ¢ / le(ts) — e(t1)| d + veolp(ts) — p(t)| (B (t1, 1))
BhA(tq,ta)
teo / \Buw(ts) — Buw(ty)| do (6.30)
Bl (tq,t2)
wc2C A
< = (sp(ta) — sh (1) + le(tz) — e(ty)[*dz
)\(C 4C]K Bh»‘(tl,tz)

eoV2lp(ta) — p(t) (B (b, 1)) + co / |Bu(ts) — Bw(ty)|d,

Bh)‘(tl,tz)

for A = 1,2, where in the last step we used Young’s inequality.
By (3.3), (6.24), and (6.25) we have

A t2
[ lette) — e+ Bt~ ) < [ ([ (00 = o(0): B do)ar
Qtz t1 Qr
40 Yo [ lutte) (el dH 4 G Y [ fulte) - e an?
hel(ts)” Kn(trit2) hel(ts) ” Kh(t1t2)
+Cx / |zu(ty) — u(ty) — w(ts) +w(ty)] dH,
(K}IL(ZL’l,ZEQ)UK}zl(CIIl,IQ))QBQ

hel(ts)
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hence, using (6.11), (6.15), and (6.30), we obtain
Ac

2 Q,

e(tg)—e(t1)|2+,6(€(t2)—€(t1))§/tt2 (/Q (0(r) — o(t)) : () ) dr

202
+7T0/\7K77 37 sk (t2) — sh(t)] + |53 (t2) — s3(t1)]]
hel(ts)

S / le(ts) — e(ty)2da

4 hel(ty)” B (t1,t2)UB™ 2 (81 t2)

NS / \Buw(ts) — Buw(ty)| do

he[(tg) Bhvl(tl,tg)UBhvz(tl,tz)
+V2e0Ck Y [p(ta) = p(t)|(B™ (t1,t2) U B"? (b1, t2))
hel(ta)
Since by (6.11)-(6.18) the sets BM1(¢1,2) and B2 (t1,t,) are pairwise disjoint, using (6.23),
and (6.28), from the previous inequality we obtain
Ac
2 Q,

to . . é _ & . . )
S/ /QT(U(T)—U(U)).Ew(r)dxdr+2(6(152) 0(ty)) + 4/Q le(t2) — e(t1))]

t1 to

le(ta) — e(t1)|? + B(L(t2) — £(t1))

+coCk
hel(ta)

+V200Cx Y [p(ta) = p(ta)|(B™ (t1,t2) U B"2(t1, 1)) .
hel(ta)

This implies (6.29). O

[ Bu(ts) — Bulty)| do
B 1(t1,t2)UBM2(ty,t2)

7. PROOF OF THE MAIN RESULT

This section is devoted to the proof of the pure jump nature of every quasistatic evolution
according to Definition 2.1, under the general hypotheses (2.8)-(2.13) on the crack path.

Proof of Theorem 2.3. As we observed at the beginning of the previous section it is not
restrictive to assume (6.1). For every h =1,...,k let £, be the function defined in (6.2).
Since (0™t = 9ot 4 ... 4 (5" to prove Theorem 2.3 it is enough to show that £°"* is
constant.

Let us fix hg € {1,...,k}, and for every h = 1,...,k let a; and b, be defined by (6.3)
and (6.4), respectively. Since ¢,(t) = 0 for every t € [0,ap,) and £y, (t) = H(K},) for
every t > by, , by the continuity of 62‘;”‘5 to prove the theorem it is enough to show that
50 is constant on (an,, bp, ), assuming also that ap, < bp,. This will not be done directly.
Instead, we shall subdivide the interval (ap,,bn,) using suitable points ap, = ap < a1 <
-+ <y = by, and we shall prove that éff;"t is constant on each subinterval. Since 62‘;’” is
continuous, this is enough to prove the theorem.

To construct these subintervals, for every h =1,...,k we define
aj, == inf{t € [an,by] : 55.(t) > 0}, (7.1)
a; = inf{t € [an,bn] : s32(t) < Lp}, (7.2)

where we adopt now the convention inf @ = b,. It is easy to see that min{a},a?} = aj.
Then we consider the set [apn,, br,] N ngl{a}l, a,bp}, which will be written in the form
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k
[@hg s Dhol N U {a},,a3,bp} = {a, : 0 <1 < K}, (7.3)
h=1
with ap, = 0 < O <"'<Oé,<,:bh0.

We note that the sets of indices I(t), I(t), and I(t) introduced in (6.6)-(6.8), do not
change if ¢ varies in (o, —1, ab) for some 1 < ¢ < k. Indeed, they change only if ¢ crosses one
of the points of the set Uh 1{an, by}, which is contained in Uh 1{ah,ah,bh} Therefore,
for every + = 1,...,k we can define I, := I(t), I, := I(t), and I, := I(t), where ¢ is an
arbitrary element of (o,—1,00,). Tt follows from the definitions that, if h € I,, then

ap <1 <o < by (7.4)

Let us fix ¢ with 1 < < k. To prove the constancy of Z,Cl‘(’)”t in the interval (o,—1,a,),
we want to apply the estimate of Proposition 6.1 to all pairs of consecutive times of a
sufficiently fine subdivision of this interval. Unfortunately, this can not be done directly,
since the hypotheses (6.9)-(6.18) are not satisfied by any pair of times ¢1,t2 € (a,—1,,)

with #; < to. To overcome this problem we shall construct two sequences 4°_; and &° with

& a1 and & —a, asd— 0+, (7.5)
such that for every 5 > 0 small enough there exists n > 0 with the following property: for
every ty,t2 € [ —1s & } with t1 < tg,

L(t2) —L(t1) <n = conditions (6.9)-(6.18) are satisfied. (7.6)

Therefore, if n satisﬁes also (6.28), the estimate of Proposition 6.1 holds for any pair of
times t1,ty € [@0_;,&%] with t; < to and £(t2) — £(t;) < n. As in Section 5, this will be

used to prove that
(50" is constant on (a°_,,a?), (7.7)

at least for § > 0 small enough. By (7.5) it is clear that this is enough to conclude the proof
of the theorem.
Construction of &°_; and &’ . For every 6 > 0 and every h € I,, we first define

] s yn(sh(t) & Bs(x},)} (7.8)

ay’ = inf{t € [an, bn] : (s} (1)) & Bs(z3)}, (7.9)

b‘fL := sup{t € [an,br] : (W ([0, s;,(E)]))s N (va([s3(t), Ln)))s = O}, (7.10)
(

where, for every set E C R?, we define E; := {x € R? : dist(z, A) < d}. As before we use
the convention that inf @ = b, and sup®@ = ay,.
We consider the sets of indices

Al ={he{l,...;k}:a,1=a}}, A%, :={he{l,....k}:a,_1=ai}, (7.11)
B, :={he{l,...,k}:a, =by}, (7.12)

ay’ .= inf{t € [apn, by

and we define
max ai’é it AN | #0,

QM = { heAl, for \=1,2, (7.13)
@ it A =0,

&)y = max{a,”’), &>’ }, (7.14)
min b} if B, # 0,

&9 = heB, " 4 (7.15)
a, itB,=0.

It follows from the definition that
oM

Aalie0)
IA
S

5 .
& > o1, 6> a1, & (7.16)
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Proof of (7.5). It is enough to show that
a}b’é — ap ai’é — a2, b — by, (7.17)

as d = 0+. To prove the first formula in (7.17) we observe that a,ll’é > a} . Therefore, if
aj, = by, we have a,ll’(S = by, and the conclusion is trivial. On the other hand, if a}, < by, we
fix t € (a},br). By (7.1) we have s} (t) > 0, hence v, (s},(t)) # }, . Therefore there exists
6 > 0 such that for every 0 < § < & we have Yh(sh(t)) ¢ Bs(z}), hence, ah < t. This
concludes the proof of the first part in (7.17). In a similar way we prove the second part.

To prove the last part in (7.17) we observe that the inequality bi < by, follows immediately
from the definition. Given t € (ay,by), since by (6.4) we have HY(I'(t) N K},) < Ly, , the sets
([0, s}()]) and 5 ([s%(t), Lh]) are disjoint by (6.5). This implies that there exists 6 > 0
such that for every 0 < § < § we have (y,([0, sk (t)])s N (ya([s2 (t), Ln]))s = @, hence by
the definition of b we have t < bJ. This concludes the proof of (7 17), hence of (7.5).

By (7.5) and (7.16) there exists d; > 0 such that for every § € (0,01) we have

a1 <& <dl <a,. (7.18)

Proof of (7.6). Taking into account (2.11) it is easy to prove that there exists ps > 0
such that for A =1,2 and ¢ € [ah ? b2] we have

dist(va (7 (1)), Kn) > ps - (7.19)
By (2.12) we may reduce the value of ps > 0 so that we have also
dist(, (s3()), 02\ K9) > ps (7.20)

for \=1,2 and t € [ah ,b‘s]

Let dp > 0 be the constant introduced in Lemma 3.4 and let us fix 79 € (0,dp) such
that (6.28) holds for every n € (0,79). For every ¢ € (0,01), with é; > 0 introduced before
(7.18), let 15 € (0,00) be defined by

ns := min{ng, ps/2,6/2}, (7.21)
where ps is the constant used in (7.19) and (7.20). We now prove that for every ¢ € (0, d;)
condition (7.6) holds for every n € (0,ns).

Let us fix § and 7 as required and t1,ty € [&°_1,d°], with t; < to and £(t2) — £(t1) < 7.
We now prove that conditions (6.9)-(6.18) are satisfied. Equalities (6.9) can be deduced
from the remark after (7.3), while (6.10) follows from the inequalities n < ns < 19 < dg. As
for (6.11) and (6.15), they are consequences of the inequality |s}(t2) —sp(t1)| < £(t2) —£(t1),
for A =1,2. Conditions (6.12), (6.13), (6.16), and (6.17) follow from (7.19) and (7.20), since
2n < ps.

To prove (6.14), we fix h € I, = I(t;) = I(t2) with s},(t2) > 0. By (6.19) we have also
s3(t1) > 0. From the definitions of I(t1), I(t2) and a} we have a} <t; <ty <b,. Let us
prove that we have also

aj, <a,_1 <ty <ty <a, <by. (7.22)
The second, third, and fourth inequalities follow from (7.18) and the choice of t; and to,
while the last one follows from (7.4). To prove the first one, assume by contradiction that
aj, > a,—1. Then ap, < a,—1 < a,ll <ty < a, < bp,, which by (7.3) implies that there
exists an index 7 > ¢ — 1 such that «o; = a}lL < to, in contradiction with t5 < o?f <a <aq;.
This shows that aj < a,_.
Estimates (7.22) can be improved to show that

ay’ <ad_ | < t1 <ty <@ < by (7.23)
Let us prove first that a1 b < &, . Since a | < &%, it is enough to check that

ay’ < alfl : (7.24)

L
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By (7.22) we have a,ll < «,—1. We shall consider three cases: a}l =1, Ay < a,ll <1,
and a; < ap,. In the first case h € A!_; and (7.24) follows from (7.13). In the third case
inequality (7.24) is trivial since a,ll < ap, < a1 < d}’_‘sl by (7.16). In the second case
there exists ¢* < ¢ such that a} = a,-_1, hence h belongs to the set AL _; defined as in
(7.11) with ¢ replaced by ¢*. Let d};‘il be defined by (7.13), with ¢ replaced by ¢*. Using

also (7.16) with ¢ and (7.18) with * we obtain ai’g < @345,1 <o <1 < d}’fl. This
concludes the proof of (7.24). In a similar way we can show that &° < b), which together
with (7.24), gives (7.23), taking into account our choice of 1, 5.

Since 21 < p;, using (7.19) and (7.23), we obtain that Ba,(va(s}(t2))) N K, = @. Using

(2.8)-(2.11), this equality implies that

Ban(ym(s3(t2))) N T(t2) = Bay (v (54 (t2))) N (T(t2) N K3)
= Bay((sh(t2))) N (v((0, s4(t2)]) Un (57 (t2), Ln))) ,

where in the last equality we used (6.5). Moreover, since 2n < §, by (7.10) and (7.23) we
have

Bay (1 (s (t2))) N[5 (t2), Lu]) € (v ([0, 35 (¢2)]))s 0 (v ([s7 (t2), La]))s = O -

Together with the previous equality this gives (6.14). Similarly we can show that (6.18)
holds. Summarizing, we have proved that (7.6) holds for § € (0,6;) and 7 € (0,7s), where
91 is the constant introduced before (7.18) and ns is defined by (7.21).

Proof of (7.7). We fix § € (0,61) and we want to prove that (;°"* is constant on
(@2_,,&%). As in the proof for the case of a rectilinear crack given in Section 5 this will
be done in several steps. First of all we fix n € (0,7s5), € € (0,7), and a subdivision
& =T1<T < <7, =a& suchthat [](t) < e forevery t € [&°_1, &°)\{T0, T1,- -+ Tn}-
Moreover we fix 6 € (0,n) such that 50 < 7; — ;¢ for j=1,...,n.

By [6, Lemma 4.8], applied to the intervals [7;_1 + 6, 7; — 6], there exists ¢ € (0,0) such
that for every j =1,...,n we have that

t1,to € [Tj_l +9,Tj—0] and 0<tg—1t <C — f(tz)—g(tl) <e<n. (725)
Using (7.6) we get
ti,to € [Tj_l + Q,Tj — 9} and 0<ity—t; < C — (69)—(618) hold. (726)

Since n < 75, using (7.21) we obtain that 7 satisfies (6.28). Therefore we can apply
Proposition 6.1 which gives the implication

t1,ts € [Tj_l + G,Tj — 0] and 0<ty—t; <( = (629) holds. (727)

To conclude the proof of (7.7) we fix a subdivision dil =to<t1 < <ty = df, with
t; —t;—1 < ( for every i =1,...,m, such that

;/t /Q (o(1) —o(tii1)) : Bw(r)dedr <e. (7.28)

This can be done since a Lebesgue integral can be approximated by suitable Riemann sums
(see, for instance, [6, Proposition 4.10]). By (7.27), if 71 +0 < t;_1 < t; < 7; — 0, we
have that (6.29) holds for the pair t;_1,¢;. In the next steps we estimate the terms involved
in (6.29).

Estimate between 7,_1 and 7;. For j =0,...,n — 1 there exists m; € {1,...,m} such
that 7; +20 < t,,, < 7; +30, and for j = 1,...,n there exists n; € {1,...,m} such that
Tj—20 <t,, <T7;j—0. Since 50 < 7;—7;_1 for j =1,...,n, we have mg <n; <my <--- <

Npo1 < Mp—1 < Ny If myj_1 <@ <y, then 751 +20 < t; <73 — 0, and since t; — ;1 <
¢ <6 wehave 7;,_1+0 < t;_1 <t; <7; —0. By (7.27) we conclude that (6.29) holds for
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the pair t;_1,t;. Therefore, using the obvious inequalities (52" (1; —260) — £57" (71 +36) <
eiznt<tnj) gci})nt(tmjil) < Zho( ’ﬂy) gho( my— 1) < Zz =m,_ 1(£h0( ) fho (tifl))’ we obtain

écont( _ 29) _ gcont(Tj 1+ 30 Z / / )) : E’LU(T) dx dr

2COCK > > Z/ ‘Ew(ti)_Ew(tiflﬂde (7.29)

i=m;_1 hel, A=1 BrA(ti_1,t

MC‘)CK > ¥ Z|p to)| (B (tio, 1)

i=mj;_1 h€l, A=1

The first term in the right-hand side can be estimated by (7.28), and we now have to estimate
the other terms.

Estimate of the second term in the right-hand side of (7.29). By (6.5), (6.26), and
(6.27) we have |B"A(t;_1,t;)| < w|sh(t:) — sp(ti—1)|? < m(€(t;) — £(ti—1))? < we?, where
the last inequality follows from (7.25). Hence by Holder’s inequality, for every h € I,
i=mj_1,...,n5,and A = 1,2 we obtain

t;
/Bh A(t|Ew()ti) — Bw(t;_1)|de < e/7||[Bw(t;) — Bw(ti1)||L <evrm t [|Ew(7)|| pdT,
’ i 17 ) i—1

where L := L?(2\ K¢;R2X2). This gives

sym

QCOOK DY Z/ — Bty 1)|dx<M15/:il |Bw()|ndt,  (7.30)

i=mj;_1 hel, A=1 11” i

where M; := W.

To estimate the last term in (7.29) we can not use the same argument since the function
t — p(t) is not absolutely continuous. However a similar argument can be used for the
rescaled versions p° and I'° of p and I', introduced in Section 4 and for a corresponding
rescaled version of the functions s} and s%

Definition and properties of the rescaled functions S,IL’O and si’o. For hel, and A =1,2
we define s)°: (p(an), p(br)) — [0,+00) by

sp(t)  if r = p(t) with t € (an,bn),
syO(r) = sh(t)  ifr e [p(t—), p(t)) with t € (an,bp) N Jy, (7.31)
sp(t+) ifr € (p(t), p(t+)] with ¢ € (apn,by) N Jy .

Using (6.5) and the definition of T'°(r) given in (4.26), (4.27), and (4.29), for r € (p(an), p(br))
we have
() N KR = (0,8, (1)) Un([s3°(r), Ln)) - (7.32)
Note that
sp(t) = sy (p(t)) for every t € (an,by), (7.33)
and that s,ll’O is nondecreasing, while si’o is nonincreasing.
We claim that
m(sy°(r)) € T°(r) (7.34)
for every A = 1,2, every h € I,, and every 7 € (p(a}), p(br)). We prove the claim only in
the case A = 1, the other one being similar.
Let us fix h and r as required. Suppose that there exists ¢ € (ap, by) such that r = p(¢).
Since p is increasing and r > p(a},), we have ¢t > a}. By definition s,°(r) = s}(t), hence

5p°(r) > 0 by the definition of a}. Then (7.34) is a consequence of (7.32).
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Suppose now that r € [p(t—), p(t)) for some t € (ap,bp) N Jy . Since r > p(ar) and p is
increasing we must have ¢ > aj as we conclude as before.

Finally, suppose that r € (p(t), p(t+)] for some ¢ € (ap,bp) N Jy . Since p is increasing
and r > p(a}), we have t > aj . If S}L’O(r) > 0 we conclude as before. If si’o(r) =0, then
vh(s}l’o(r)) = /(0) and by definition I'°(r) = I'(t+). For every 7 >t we have T > aj,,
hence s (1) > 0. By (6.5) we have v,((0,s;(7)]) C I'(7). Since s} (1) > 0, the closure of
Y1 ((0, s1(7)]) is v ([0, s},(7)]), and since T'(7) is closed we have that v, (0) € v4([0, s}, (7)]) C
['(7). By (4.2) we deduce that 5 (s;°(r)) = 74(0) € T(t+) = T°(r), which concludes the
proof of (7.34).

Estimate of the last term in the right-hand side of (7.29). We first show that, if ¢;_1,¢; €
[Tj—1+0,7; — 0] for some j=1,...,n and 0 < t; —t;—1 < (, then we have

B"ti_q,t;) € Bo(yn(sp(t:)) Ny, for A =1,2 and for every h e I, (7.35)
where B"A(t;_1,t;) are defined in (6.26) and (6.27). Let us fix ti,l, t;, and h as required.
Since |st(t;)—s(ti1)| < (t;)—€(ti—1) < &, we have B"(t;,_1,t;) C B S A (sh(t)))

N\ ([0, 7, (¢)]) © Be(yn (s (t:)) N\ ([0, 53, (£)]) = Bz (vu (s, (£:))) "€, , where the last
equality follows from (6.14) applied with 7 replaced by /2 (see the remark after (6.20)).
Arguing in the same way for B"2(t;_1,t;) we conclude the proof of (7.35).

For every h € 1,, 0 >0, r € (p(ap), p(bn)), and A = 1,2 we set

Byo(r) i= By (yn(sy°(r)) - (7.36)

By (7.34) for every r € (p(a}), p(br)) we have B,’};(r)ﬂflj — @ as 0 — 0+. By Lemma 4.4,
we can apply the Dominated Convergence Theorem and we obtain

p(bn) \ R
/ 1p°(r)|(By o (r) NQ)dr -0 aso — 0+ .
play '

Therefore there exists a continuous function w: [0, +00) — [0, +00), with w(0) = 0, such
that

(bn)
/ L OB N <o) (7.37)
play
for every h € I,, o0 € (0,4+00), and A =1,2.

To estimate the last term in (7.29) we fix h € I, and m;_1 < i <n;. If t; < a},, then
st (t;) = 0. This implies s} (t;—1) = 0, which gives B"!(t;_1,t;) = @, hence

[p(t:) = p(tim1)|(B™ (ti—1,1:)) = 0.
A similar property can be proved if ¢; < ah. Therefore, for every A = 1,2 we have that

ti<ah = |p(t:) = p(ti-)|(B" (ti-1,t:)) = 0. (7.38)
If instead ¢; > aj, then by (4.31), (7.33), (7.35), and Lemma 4.4 we obtain

Ip(t:) = p(tim)|(B"(ti—1,:)) < 1p°(p(t:)) — 0 (p(ti—))| (B2 (p(t:) N 25,

p(ti) R
< [ oI n e dr, (7.39)
p(ti—1)

If p(ti—1) <7 < p(ti), we have s} (ti1) = 5,°(p(ti-1)) < 5,°(r) < 5, (p(t:)) = s} (1)
Since s}, (t;) — sh(t;) < £(t;) — £(t;—1) < &, we obtain 0 < s,°(p(t:)) — s °(r) < e. Similarly
we can prove that 0 < s7°(r) — s7°(p(t;)) < €. This implies that B;}:g(p(tz)) B,)L‘ 0 (1)
Therefore (7.39) gives that

p(ti)

Ip(t:) — p(ti1) (B (ti 1, ) < / (B N0 dr (7.40)

p(ti—1)
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for mj_1 <i<n; and t; > az.

By (7.26) conditions (6.9)-(6.18) are satisfied by tl 1, t; and, using (6.19) and (6.20),
from the inequality ¢; > aﬁ we deduce that t;_; > ah This implies that the intervals used
in (7.40) satisfy (p(ti—1),p(t:)) C (p(a}), p(br)). Therefore, from (7.38) and (7.40) for every
h € I, we deduce that

1) p(75)

> Ip(ti)—p(ti—l)I(Bh’A(tH?ti))é/ 16°(r)|(Byy5.(r) NS2) dr, (T.41)

) A
i=mj_1 p(Tj—1Vay)

where a V b := max{a,b} for every a, b € R.
Conclusion of the proof of (7.7). The last inequality, together with (7.29) and (7.30),
gives

ti
gcont( _ 9) Econt(,rj 1 +39 S / / 1)) : Ew(t) di)dt
t'L 1 Qt
Tj p(‘l’7 Ao ~
+ e [ B Ldt + M, Z 3 / PI(BY5.(r) N O2) dr (7.42)
Ti-1 A=1hel, Y P(Ti- 1V“h)

where M, = M%CK Recalling that, by (7.4), ap, < 7j_1 < 7; < by, for every h € I,, for
every nonnegative measurable function 1 we have

)SD O INIRTETED 90 o IIRTCLED DY '

=1 her, /r(Ti- IV‘IA) hel, j=17p(Ti—1Vaj her, Y r(ay)

ﬂ(bh)

Therefore, summing (7.42) over j and using (7.28) and (7.37) we get

n 2 T
Z gcont _ 20 o Zcont(,rj 1+ 39)) BE —+ Mlg/ HE’LU(t)HLdt
0

2 p(bn) .
+Mp Y ) 19°(r)[(Byys.(r) N Q) dr < Mge + 2kMs w(2e)

where M3 :=2/8 4+ M, fOT |Ew(t)||pdt. Taking the limit as § — 0+, from the continuity
of £5°™ we obtain €Cont(dL) lremt(@d ) < Mse + 2kMa w(2e) . As e — 04, using (7.37)
it follows that fgemt(ad) < semt(a f 1) Since £;°"* is nondecreasing, this inequality implies
£ (t) = E”‘;’”(a 1) for every t € [&0_,,&f]. ThlS proves (7.7) and concludes the proof of
the theorem. 0
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