Bubbles with prescribed mean curvature:

the variational approach
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Abstract. Let H: R® — R be a C! mapping such that H(p) — H_ > 0 as
|p| — oco. We show that when H satisfies some global conditions then there exists
an H-bubble, namely a sphere S in R? such that the mean curvature of S at any
regular point p € S equals H(p).
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1 Introduction

In this paper we give some contribution to the following problem, raised by S.T. Yau in [25]:
“Let H be a real-valued function on R3. Find (reasonable) conditions on H to ensure that
one can find a closed surface with prescribed genus in R? whose mean curvature is given by
H”. In particular we are interested in the existence of S?-type surfaces in R? with prescribed

mean curvature H.
Spheres in R3 with mean curvature H can be characterized as parametric surfaces, more

precisely as nonconstant solutions of the problem

Au = 2H (u)uy Au, on R

/ |Vul|? < 00.
R2
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If H satisfies suitable smoothness and growth assumptions (see [1], [2], [15], [19]), then
any weak solution to (1.1) is actually a classical solution. Moreover it is conformal and it
parametrizes a closed surface S with area 3 Jg2 [Vu|?. Furthermore the surface S has mean
curvature H(p) at any point p € S, with the exception of a finite number of singular points.
Problem (1.1) has also some relevance with regard to the Plateau problem for disc-type
surfaces with prescribed mean curvature. We quote for instance [9], [21] and [22] for a
discussion of this feature.

Following [7], we will call H-bubble any nonconstant solution of (1.1). We are interested
in finding sufficient global conditions for the existence of H-bubbles when H approaches a

positive constant at infinity, that is,
H(p) — H_ as|p| —» oo, forsome H_ € (0,00).

If H=H_ € (0,00) is constant, then spheres of radius H;l everywhere placed are the only
H-bubbles (i.e., admit parametrizations solving (1.1), see Lemma 0.1 in [4]).

Problem (1.1) is much more involved when H is variable. For example, one can exhibit a
curvature H which is a small perturbation of a positive constant and such that no embedded
H-bubble exists (see [8]). On the other hand, some existence results on H-bubbles are known,
in different settings: we quote, for instance, [5], [7], [8], [13], [18], and [23].

In the present paper we study the H-bubble problem (1.1) by exploiting its variational nature.
Indeed weak solutions to (1.1) correspond to critical points of an energy functional £ suitably
defined on a Sobolev space (see Section 2). As the energy £ is unbounded, we are lead to
look for mountain pass-type or even for higher unstable critical points.

Our main result is stated in the next theorem.

Theorem 1.1 Let H € C'(R3) be a mapping satisfying
(Hl) MH = Supp€R3 ‘VH(p) °p p’ < 17'
(Hg) there exists a constant H_ > 0 such that H(p) = H_ + o(|p|™1) as |p| — .
Then an H-bubble exists, provided that
* 2 8
c* = sup |4ws* —2 H(q)dq | < 575 - (1.2)
s>0 Bs(p) 3Hoo
pER3

Assumption (H;) deeply affects the topological properties of the energy functional associated
to (1.1). It is indeed a condition on the radial derivative of H. In fact (H;) regards just the
difference H — H_, and it provides a restriction on the growth and on the decay at infinity

along radial directions. More precisely, (H;) implies that

M
|H(p)— H_| < ﬁ for all p € R?.
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Assumption (Hs) enters into one of the main ingredients in our proof, namely, in the blow-up
analysis of sequences of approximate solutions to (1.1) (compare with Theorem A.1).

We also exhibit some sufficient conditions for (1.2) that lead to the following existence results.

Theorem 1.2 Let H € C'(R?) be a mapping satisfying (Hy) and (Ha). Then an H-bubble

exists, provided that one of the following conditions holds true:

f i 1.3
pléR?’ H, g V2 (13)
(1+ Mp)® <2 (1.4)

Other sufficient conditions involve the negative part of the difference K (p) := H(p) — H__.

Theorem 1.3 Let H € CY(R3) be a mapping satisfying (Hy) and (Hg). Then an H-bubble

exists, provided that one of the following conditions holds true:

Il < 1 (1= ) (L5)

_ _ 2w
3
K
K- e *®R3) and |1+ w <2. (1.7)
/367

We can also state some existence results for

Au=2(H_ + K(u))uy ANu, on R?
) (1.8)
/ Vuf? < 00,

where H_ > 0 and K : R? — R are given. The following corollary is an immediate conse-

quence of Theorem 1.3.
Corollary 1.4 Let K € C*(R®) be a mapping satisfying

My = sup [VK(p)-ppl <1 and K(p)=o(lp|™") aslp| - oo.
peR:

1. Problem (1.8) has a nonconstant solution for any H_ > 0 large enough.

2. If K= € LY(R3) then problem (1.8) has a nonconstant solution for any H_ > 0 small

enough.

3. If (1.7) is satisfied then problem (1.8) has a nonconstant solution for any H_ > 0.



By using the functional change u(z,y) — u(y,x), one can easily derive similar results in case
H_ < 0. To complete the picture we recall that no H-bubble exists if H € C!(R3) satisfies
(H;1) and H(p) — 0 as |p| — oo (see [9]).

Our approach leads to the existence of a parametric surface .S which is a possibly branched

immersion. By a result in [14], the surface S has at most a finite number of branch points.

The paper is organized as follows.

In Section 2 we first notice that it is not restrictive to assume H_ = 1. Then we recall
some known facts about the volume functional and the variational setting. In Section 3 we
study the topology of the sublevels of the energy functional associated to (1.1) and we prove
Theorems 1.1, 1.2 and 1.3. In Section 4 we prove Proposition 3.4, which constitutes the main
step in the proof of Theorem 1.1. In Theorem A.1 of Appendix A we describe the behavior

of Palais-Smale sequences for (1.1).

Notation

We denote by w: R? — S? the inverse of the stereographic projection from the north pole of
the 2-dimensional sphere S2. More precisely
2

:T’Z‘Q (z:(:):,y)GRQ).

w(2) = (vp,yp, 1 — p)  where pu(z)

By direct computation one can check that

/QVw]2:87r, /2w-wz/\wy:—47r. (1.9)
R R

Let o € (1,00). We denote by Wh*(S2,R3) the Sobolev space of vector-valued maps v €
L*(S?,R3) such that / |Vs2v|® do < oo. It is well known that W1 (S2,R3) is continuously
embedded into L* if aSrjd only if o > 2.

We set Wl = {vow |ve Wh(S2 R} If a = 2 we simply write H'(S?,R?) and H!
instead of W12(S%,R?) and Wm, respectively. We remark that constant maps belong to HY,
that is R3 — H!. We notice also that H! is a Hilbert space, isomorphic to H'(S?,R?). A

Hilbertian norm in H?! is: )

ull? = [Vl + ' fu
SZ

1
Vul|? := Vul?, ][ = — 2,
IValg = [ Vil fum o [

2 Functional setting and Palais-Smale sequences

where

In this preliminary section we recall some known facts about the Steffen volume functional
and we point out some results in connection with the variational nature of problem (1.1). We

start with a simple remark that will be quite useful in the sequel.



Remark 2.1 For every H € C'(R?) and t € R\ {0} let H; € C'(R?) be the map defined by
Hy(p) = tH (tp) for any p € R3. By easy computation one can check that a mapping u € H'is
an H-bubble, i.e., is a nonconstant weak solution of (1.1), if and only if t ‘u is an Hy-bubble.

Notice also that sup,cgs |(VHi(p) - p)p| = supyegrs [(VH(p) - p)pl.

Let H € C*(R?) be a function satisfying (H;) and (Hg). According to the previous remark,
it is not restrictive to assume H_ = 1. Then the map K(p) := H(p) — 1 satisfies

(K1) Mg = My = sup,egs [VK(p) -p p| < 1;
(K2) K(p)p — 0 as [p| — oc.
The H-volume functional can be defined in H! as follows:
Vi (u) :=V(u) + Vi(u), Vg:H -R.

Here

1
Vi (u) = - mi (U)u - ug Aty m (u) ::/0 K(su)s?ds,

and V(u) is the classical Bononcini-Wente volume of u € H'. More precisely, V is the unique

continuous extension on H! of the functional

1
V(u):/ U - Ug N Uy
3 R2

defined in H' N L>. Notice that V' is cubic, namely V(su) = s3V(u) for all u € H' and s € R.
Moreover, since 2u, A uy = div(u A uy, u; A w), the functional V is invariant with respect to

translations in R3, that is,
V(u+p)=V(u) foranyuecH, peR>.

We also recall the classical Bononcini-Wente isoperimetric inequality (see [3], [24]):
1
12V/2m
Remark 2.2 Conditions (K1)—(K2) imply that K (u) = — [ VK(su) - u ds. Thus

V(u)| < IVul|3 VYue H'. (2.1)

M
K (wu| < My, |mr(uu| < TK for allu € R3. (2.2)

This ensures that the K-volume Vi is well defined on H'. Moreover it is continuous by

Lebesgue’s Theorem and

M ~
Vic(w)] < K/ Va2 Vue B (2.3)
4 Jre
Notice also that the vector-field u — my (u)u is of class C* on R? and satisfies
div(mg (u)u) = K(u) = 3mg(u) + Vmg(u) - u (2.4)
M
[Vmg(u) - v u| = |(3mg(u) — K(u))u| < TK for all u € R3. (2.5)



Remark 2.3 Let s > 0, p € R? and let w be the parametrization of S* defined in (1.9). Then

the map sw + p parameterizes the sphere of radius s centered at p. It turns out that
Vi (sw+p) = / K(q)dq and Vg(sw+p)= / H(q
For the proof see [20], or compute directly w, N\ wy = — 1w and
Vi (sw +p) = —5° /R? mi (sw 4 p)(sw + p) - wp?® = —s /S2 mi(sw+ p)(sw+p) - w dw.

The conclusion follows from (2.4), by the divergence Theorem, and from (1.9). More generally
one can see that if u € H' is a smooth conformal parametrization of the boundary of some
region A of R®, and if Vu(z) # 0 for all z € R?, then Vy(u) equals the signed H-volume
enclosed by A.

Let us introduce the energy “at infinity”

Eolu) = 3

s IVul> +2V(u) , Ex:H'—>R,
and the H-energy or just energy of u € H:

E(u) := Enou) + 2Vg(u) , E:H' - R.
Notice that, by Remark 2.3 and by (1.9),

5(5w—|—p)=47r32—2/ H(q) dq, Vs>0, peR3 (2.6)
Bs

The next Lemma is essentially contained in [20] (see also [9]).

Lemma 2.4 (i) The functionals V and Ex are of class C™ in H'.
(ii) The functionals Vk and & are continuous on H'.

(iii) For every u € H' and for every ¢ € C(R3) there exists the directional derivative
0,E(u) = / (Vu-Vo+2H(u)p - uy A uy)
R2
and the mapping u — 0, (u) is continuous on H.

In general the functional £ is not Gateaux-differentiable (see [20]). If £ is Fréchet differentiable
| = 0,€(u).

at some point u € H we will use also the notation &’ (u)[¢

From (iii) in Lemma 2.4 we infer that an H-bubble is a nonconstant mapping u € H! such
that 9,€(u) = 0 for all p € CX(R?%,R3).



Remark 2.5 If (2.2) holds, then every H-bubble is a bounded mapping (see, e.g., [11] or
[19]). Thus, the regularity theory for H-systems applies (see, for instance, [15] or [2]) to
ensure that any H-bubble u is of class C*>® as a map on S®. It also solves the conformality
conditions, hence it describes a parametric surface S = u(R? U {oo}) such that H(p) equals
the mean curvature of S at any regular point p € S (see for instance [7]). In addition S has

finite area  [oo [Vul? and it has at most a finite number of branch points (see [14]).

Remark 2.6 The case H constant. Consider the case K =0, i.e. H =1. As proved in
[4], solutions to (1.1) are explicitly known. In particular, a 1-bubble U € H? parametrizes a
sphere with constant mean curvature 1 and Ex(U) = % for some k € N.

We can provide a variational characterization of 1-bubbles corresponding to embedded spheres.
The functional E has a mice mountain pass geometry. Indeed, constant maps are local
minima of Ex by the isoperimetric inequality (2.1). Moreover the energy Eo is unbounded
from below since the functional V is cubic. Thus we can introduce the mountain-pass level
o 2= Inf max Ex(7(1) where T ={y € C(01).7') | 9(0) = 0. Ex(1(1)) <0}
Due to the invariance of Es with respect to the conformal group on R? and with respect to
translations in R3 the Palais-Smale condition fails. However, nowadays standard rescaling

arguments easily lead to the conclusion that c., is a critical level for €. In fact one can check
that

4
Coo = Inf sup Ex(su) = il
u€H! 5>0 3
V(u)<0

Thus, we can conclude that embedded spheres of radius 1 are the mountain-pass critical points
for & in H'. Their Morse index was computed in [8] and [18].

One of the main steps in the proof of Theorem 1.1 concerns the analysis of the behavior of

approximate solutions to (1.1). Let us recall the following definition.

Definition. A Palais-Smale (shortly, PS) sequence for £ at level ¢ € R is a sequence (u')

in H' such that £ is differentiable at u™ for any n, and
EW") —ec, NE'W)g.—0,
where H=' denotes the dual space of H'.
Condition (K1) has two important consequences, that are pointed out in the next lemma.

Lemma 2.7 (i) If (u) is a PS sequence for € in HY, then sup, ||Vu™||y < co.

(ii) If U € H' is an H-bubble, then E(U) > 0 and V(U) < 0.



Proof. From (2.2) and from Lebesgue’s Theorem it easily follows that for every u € H' there

exists

E(su) —

—im—g(u)— ul? U)U - Uy AU u) =: G(u
0uE(u) = 1 D —/RQV|—|-2/RQK() Ay +6V() = Gu)  (2.7)

(see also Lemma 4.1 in Section 4). In particular, by (2.2),
Gu)=0 = 6V <—(1 —MK)/ V2. (2.8)
R2

Using (2.5) we infer that for any u € H! the following equality holds:
1— Mg

3E(u) —G(u) = ;/RZ |Vu)? —{—2/]]{2(3mK(U) — K(u)u - ug Auy >

/ |Vul?>. (2.9)
R2

Let us prove (i). If (u") is a PS sequence for € in H!, then |G(u™)| < 1€ (u™) || -1 Vu"||2 and
consequently sup,, [[Vu"™||2 < oo by (2.9), since Mg < 1 by assumption. Now we prove (ii).
If U € H' is an H-bubble, then multiplying AU = 2(1+ K (U))U, A Uy by U and integrating
we obtain that G(U) = 0. Thus (ii) follows from (2.8), (2.9) and from Mg < 1. O

We are able to furnish a complete description of a PS sequence. This is discussed in Theorem
A.1 in Appendix A. The next proposition is an important consequence of Theorem A.1 and

contains the essential information we need for our purposes.

Proposition 2.8 Let (u™) C H' be a PS sequence for € at the level ¢ # 0.
(i) If ¢ # 4km /3 for any integer k then there exists at least an H-bubble.

(ii) If ¢ = 47 /3 then there exists an H-bubble U with energy E(U) < 47/3, or (u™) blows
exactly one round sphere placed at infinity, that is, up to a subsequence, there exists a

sequence (gn) of Mdbius transformations such that

V(u"ogn) — Vw in L*(R?).

Proof. The sequence (||Vu"||2) is bounded by Lemma 2.7. Since G(u") = o(1), from (2.9)
and from ¢ # 0 we infer that ¢ > 0. By the isoperimetric inequality (2.1) and by (2.3) we
easily get that

1+ M =
E(u) < +2 K\ Vuli3 +2V(u) for any u e H'. (2.10)

Therefore the sequence (|[Vu™||2) is bounded away from zero. The first statement follows
from Theorem A.1, since E(U) is a multiple of 47/3, for any 1-bubble U (see the appendix
of [4]). To prove (ii) one has to use again Lemma 2.7, Theorem A.1 in the appendix and the
results in [4]. O



3 Proof of Theorems 1.1, 1.2 and 1.3

In this section we take a mapping H = 1+ K, with K € C1(R3?) satisfying (K;)—(K3). Our
aim is to construct a PS sequence at some positive energy level. We start by noticing that

the functional £ has a mountain pass structure, similarly to what observed for the functional
&~ 1n Remark 2.6.

Lemma 3.1 The energy £ admits a mountain pass geometry in H'. More precisely:

i) E(u) > EME | Tull2 + O(||Vul2) as Vu2—>0mﬁll;
2 2 2
(i) there exists u € H' such that £(u) < 0.

Proof. (i) It follows from the estimate (2.3) and from the isoperimetric inequality (2.1).
(i) Take u € H' such that V(u) < 0 and use (2.10) to estimate

2
s
E(su) < (14 MK)EHVqu + 253V (u).
Then (ii) follows by taking s > 0 large enough. O

Accordingly to Lemma 3.1 we can define the mountain pass level as

¢:=inf max £3(1)) . where T:={y € (0.1, H") [1(0) =0, £(3(1) <0}.

In the next Lemma we give an estimate from above on ¢ that will be useful also in Section 4.
Lemma 3.2 For every p € R? one has that sup,o E(s(w + p)) > c. Moreover ¢ < 2T

Proof. From (1.9) we get Exo(w) = %’r. Thanks to Remark 2.3 and to (2.2), for any |p| > 1
one has that

2
SMK/ dq747rsMK’
B

Vi (s(w+p))| = — =
‘ : ))‘ s (sp) ‘Q| 3‘p’

/ﬂ K(q)dq
Bs(sp)

since the map g — |g|~! is harmonic in R\ {0}. Then

Amrs® 2M g
E(s(w+p)) =Ex(s(w+p)) +2Vk(s(w+p)) < 3 (3 + o 28) (3.1)

by (1.9) and since the volume functional V is invariant with respect to translations in R3.
In particular £(s(w + p)) < 0 if s > 0 is large enough. Thus the map s — s(w + p) is a

mountain-pass path, up to a reparametrization. Hence sup,.o&(s(w +p)) > ¢. From (3.1)

we get also
4 oMg\*
5(s(w+p))§7r<1+K> Vs>0, |p| >1,
3 3lp|
which in particular implies
4 _
su;gé’(s(w +p)) < 3 + O(|p| 1) as |p| — oo. (3.2)
s>

Hence ¢ < %’r. O



We are in position to state our first existence result.

Proposition 3.3 Let H =1+ K, with K € C*(R3) satisfying (K1) and (Kg). If

c< Am (3.3)

3
then there exists an H-bubble U € H* with E(U) = c.

Proof. By Lemma 3.1, the class of mountain-pass paths I' is nonempty and ¢ > 0. The
regularity properties of £ given by Lemma 2.4 are sufficient to infer the existence of a PS
sequence (u™) C H* for £ at level ¢ (sce, e.g., Theorem 4.3 in [17]). By Lemma 2.7, it turns
out that sup,, ||[Vu"||2 < co. In view of Proposition 2.8 we have that an H-bubble U € H!
exists and £(U) < ¢. In fact, from the results in [7] it holds that £(U) =¢. O

We point out that at this step the assumption (Ks) can be weakened by asking that K (p) — 0
as |p| — oo. This can be performed by a suitable approximation argument, as in [7]. In
fact the existence of a minimal (1 + K)-bubble with K € C'(R?®) vanishing at infinity and
satisfying (K;) and (3.3) has been already proved in [7]. In the next section we push on the
investigation, considering also the case ¢ > %ﬁ, when it may happen that no (1 4+ K)-bubble
at level ¢ exists.

The core of the proof of Theorem 1.1 is the following result.

Proposition 3.4 Let H = 1 + K, with K € CY(R3) satisfying (K1) and (Kz). Assume in
addition that A
there exists no (1 + K)-bubble with energy < % (3.4)

Then there exzist A, p > 0 such that, setting

Z:=[0,A x By={(s,p)) eRxR* | 0< s <\, [p| <p},
®:={¢ € C(Z,H") | ¢(s,p) = s(w +p) V(s,p) € IZ} ,
one has that A
T < sup E(s(w+p)) <¢:=inf max E(¢(s,p)) . (3.5)

(s,p)€0Z oe® (s,p)eZ

The proof of Proposition 3.4 will be accomplished in Section 4.

Proof of Theorem 1.1. By Remark 2.1 we can assume that H_ = 1. Hence in particular

8
¢ = sup | 4ms® —2 H(q)dq )| = sup E(sw+p) < o (3.6)
5>0 B(p) 5>0 3
peR? pER?

by (1.2) and (2.6). If there exists an (1 + K)-bubble U with energy £(U) < 4m/3 then we
are done. If not, then ¢ > 47/3 by Proposition 3.3, hence ¢ = 47 /3 by Lemma 3.2. Moreover

10



Proposition 3.4 applies. In particular we can define the higher minmax level ¢ as in (3.5). By
(3.6), (3.5) and by the definition of the class ® we have that

47 87
?<C<?. (37)

Thanks to Proposition 3.4 and to Lemma 2.4, there exists a PS sequence (u") C H! for € at
level ¢ (use for example Theorem 4.3 in [17]). Therefore sup,, ||Vu"|2 < oo by Lemma 2.7,

and thus Proposition 2.8 applies. The proof is complete. [

Remark 3.5 Let us compare the existence results stated in Proposition 3.3 and in Theo-
rem 1.1 with H_ = 1. The striking difference concerns the additional conditions (3.3) in
Proposition 3.3 and (1.2) in Theorem 1.1. One has that (3.3) is fulfilled if

4
3p € R? such that sup &(sw + p) < il ,
5>0 3

whereas (1.2) holds when
8
sup E(sw+p) < —.
s>0 3
pER3

In general Theorem 1.1 covers a larger class of curvature functions than Proposition 3.3 does.
For example if K <0 on R3 then (3.8) cannot hold.

Proof of Theorem 1.2. Put Hy = inf,cgs H(p) and observe that

8 4
4rs? — 2/ H(q)dq < 47s® — IHQS?’ < 771'2
Bs(p) 3 3Hg

for any p € R3, s > 0. Therefore (1.2) is fulfilled if (1.3) is satisfied. Now we assume that
(1.4) holds. We compute

47
H(q)dgq = gHoos?’ — Vi (sw + p)
Bs(p)

and we use (2.3) to evaluate
Ars? — 2 H(q)dg <8 (1+M)S2 A (14 My)3 < 7
TSt — T —— — — —
By P = Ky mHe3) =32 " 3

for any p € R3, s > 0. This implies that (1.2) holds. O

11



Proof of Theorem 1.3. Condition (1.5) is trivially equivalent to (1.3). Assume that (1.6)

holds. We use K~ = —min{H — H_,0}, (1.9) and the inequality
4
- H(q)dg < —~ H,s*+ | K™ (g)dg
B, (p) 3 R?
to get
9 4m _
4drs® — 2 H(q)dg < — + K™ (q)dq
Bs(p) 3H? R3

for any p € R3, s > 0. Thus (1.2) is satisfied. Finally, if K~ € L? we use Holder inequality

to estimate

4 3 _ 4m 3 ar\ /3 2
/ H(q)dq < f?Hoos +/ K (¢)dg < ———H_s> + () SENEK ™| -
Bs(p) Bs(p)

3 3
Hence 3
47 2||K—||L3>
Ars? — 2 H(q)dg < — [1+ 77—~ |,
Bs(p) (@) da < 3H? ( V367

for any p € R3, s > 0. Thus (1.7) implies (1.2). O

4 Proof of Proposition 3.4

The proof of Proposition 3.4 needs a deeper understanding of the topology of the energy

sublevels. To this extent we will use some devices, that we introduce hereafter.

Main technical tools

e The open set
Q:={ueH" | V() <0}.

Observe that © contains the mappings w + p for all p € R? and if u € Q then, up to a

reparametrization, the radial path s — su is a mountain pass path.
e The functional
G(u) —/}R2 |Vul* +6V(u) + 2 RQK(u)u‘ux/\uy ., G:H'-R,
already introduced in the proof of Lemma 2.7. Recall that G(u) = 9,&(u) for any
we H' (see (2.7)). In particular, G(u) = 0 for any H-bubble u.

e The Nehari topological manifold

Si={ueH" | Gu)=0, ||[Vulz > 0}.

We remark that in general X is not a differentiable manifold, since the functional G is
not sufficiently regular. Notice also that ¥ C Q by (2.8).

12



e The vector-valued map

1

" 8n

B(u) /R O(w)|Vul?>, B: H' — R, (4.1)

where II is the minimal distance projection of R? onto the closed unit ball:

p if [p| <1

(p) = '
p/lpl if |p| > 1.

Since Il o is bounded for any u € H 1 the mapping B is well defined and continuous
on H'. Moreover B is conformally invariant. The knowledge of B(u) furnishes some

information on the barycenter of the surface parametrized by the map u € H.

In Lemma 4.2 we will also introduce a continuous, conformally invariant map S: Q — (0, ),
such that ¥ = {S(u)u | v € 2} = {u € Q| S(u) = 1}. Hence ¥ turns out to be a retract of
2, with retraction u — S(u)u.

We start by studying the behavior of the energy functional along radial paths.

Lemma 4.1 Let H = 1+ K, with K € CY(R3) satisfying (K1) and (Ky). For every u € H*

the mapping s — E(su) is of class C? in (0,00). Moreover

S%E(SU) = G(su) (4.2)
2 A~
%g(su) < 2G(su) — (1 — MK)/ |Vul> Vs>0, uec H. (4.3)
R2
Proof. Fix u € H! and set
f(s) = m (su)u - ugy A uy .
R2

Since E(su) = % | Vul|[3+2s3V(u)+53 f(s) then the map s — &(su) enjoys the same regularity
as f. Using (2.4), (2.5) and standard techniques one can show that f admits derivative at
any s > 0. More precisely

K(su) — 3mg(su)

f(s) = U Uy AUy =
R2 S

(F()-37(9)) .

[V

where

f(s) = K(su)u-ugy Auy.
RQ

Similarly, using (Kj), one can check that also f admits derivative at any s > 0. Moreover,

by standard arguments, the functions f’ and f’ turn out to be continuous on (0,00). Thus
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one gets that the mapping s — &£(su) is of class C? in (0, 00) and

iS(su) = s/ |Vul|? + 232/ K (su)u - ug Auy + 652V (u)
ds R2 R2

d2

ﬁé‘(su) :/ |Vu|2+4s/ K(su)u - ug A uy
S R2 R2

+ 257 / (VK (su) - u)u - uy A uy + 125V (u) .
R2

Then (4.2) is proved, and (4.3) follows from (K;). O

Lemma 4.2 Let H = 1+ K, with K € CY(R3) satisfying (K1) and (Ks). For every u €
there exists a unique number S(u) > 0 such that

sup E(su) = E(S(u)u) .

>0

Moreover the following facts hold:

(i) the map u — S(u) is conformally invariant and continuous on €);
i) 2={Swu |ueQ}={ueQ|Su) =1} ={ue Q| E(u) =sup,oE(su)};
(ili) of u € Q then G(su) > 0 if and only if 0 < s < S(u).

Proof. Fix u € Q, and notice that &(su) > %82 + 0(s%) as s — 0, by Lemma 3.1. Thus
Sup,~o £ (su) is positive and finite. If £&(5u) = 0 at some 5 > 0, then %S(EU) < 0 by (4.3).
Thus the function s — &£(su) has a unique critical point, which is a global maximum, and
which will be denoted by S(u). In particular the map u +— S(u) is well defined on €. Notice
that for every u € Q the value S(u) is the unique positive solution of

F(u,s) = / [Vul? +2s [ K(su)u-uz Auy +6sV(u) =0. (4.4)

R?2 R?2
The map F is continuous on €2 x (0,00), it admits continuous derivative
OsF(u,s) =2 | K(su)u-uz Auy + 23/ (VK (su) - w)u - ugp A uy + 6V (u)
R2 R2
and if F(u,s) = 0 then, by (Ki),
1— Mg
s

1
0sF(u,s) = ey |Vul? + 25 /R2(VK(SU) CU)U - Uy AUy < —

|Vul> < 0.
R2
Hence the continuity of S follows from the Implicit Function Theorem (see, e.g., Theorem
15.1 in [12]). The conformal invariance of S(u) follows from (4.4), since F(uog,s) = F(u,s)
for every conformal transformation g of R? U {oo}.
To prove (ii) we notice that ¥ C Q by (2.8). If u € ¥ then S(u) = 1 by (4.2), since the
map s — &(su) has a unique critical point in (0,00). The converse again follows from (4.2).

Statement (iii) is immediate. O
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Remark 4.3 The mapping S is implicitly defined by the equation F(u,s) = 0 in Q x (0, 00),
with F defined in (4.4). Since in general F is just continuous with respect to u € .FAII, one
cannot expect more regqularity than continuity for the mapping S. On the other hand, the
functional F turns out to be of class C' in Whe x R, for any a > 2 (see, e.g., [8]). Hence
the mapping S is of class C* in QN Wl’a, for any o > 2.

Next we state a result that will be a key point in the proof of Proposition 3.4.
Proposition 4.4 Let H =1+ K, with K € C*(R3) satisfying (K1) and (Kz). Then

nf 00 =
In addition, if U € ¥ is such that E(U) = ¢ and U € Whe for some a > 2, then U is an
H-bubble.

Proof. By Lemma 4.2 it holds that ¢ < infy; €. To prove the converse, set s, := S(w + p) for
every p € R3. From the definition of S we have that sp(w+p) € ¥ and
inf £(u) < E(sp(w +p)) = igg&&’(w +p)).

Using (3.2) we obtain that infy; & < 47 /3. If ¢ = 47/3 then we are done. If ¢ < 47/3 then
by Proposition 3.3 there exists an H-bubble U at the energy level c. But then U € X, and
therefore ¢ = £(U) > infy, €. Thus the first statement is proved.

Next, let U € ¥ be such that E(U) =cand U € WLle for some a > 2. Fix ¢ € O*(R?,R3).
For t € R close to 0 it results that V(U + typ) < 0, since V(U) < 0 by Lemma 4.2. Hence
S(U + tp) is well defined for |t| small enough. Put £(t) = S(U + ty)(U + ty) € ¥ and notice
that £(0) = U, as U € ¥ (use Lemma 4.2). Since U + tp € WL then by Remark 4.3 the
map t +— £(t) is of class C'. Taking into account that S(U) = 1 we get

£0)=(S'O)e)) U+

The map t +— E(£(t)) is of class C! as well, since £ € Cl(Wl’a,R). In particular one can

compute

GEED)|  =EWIEO] = 0] = 0,£W)

since E'(U)[U] = G(U) = 0. As E(U) = infy &, one has that £(£(t)) > £(£(0)) for |¢| small.
Then 9,E€(U) = 0. This holds for any ¢ € C2°(R% R?), that is, U is an H-bubble. [
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Remark 4.5 Let u € ¥ and s > 0. Then by (2.3) and (2.8) we have that

52 53 9
E(su) < | =1+ Mk) — —(1 — Mkg) / |Vul|*.
2 3 R2
Hence, fizing A > ggi%ﬁg, one has that E(Au) < 0 for any u in X.

From now on we assume that (3.4) holds. In particular from Lemma 3.2, Proposition 3.3 and
Proposition 4.4 we get that
A

inf E(u) =c¢

. 4.5
ueY 3 ( )

In the next result we use the map B : H'! — R3 defined in (4.1) to prove that the images of

maps in X with small energy lie far from the origin.

Proposition 4.6 Let H = 1+ K, with K € CY(R3) satisfying (K1), (K2) and (5.4). Fiz a

large parameter \ as in Remark 4.5, and let
ri € (0,A7%) . (4.6)
Then there exists € € (0,1) such that
47
ued, &)< ?4—5 = |B(u)| > rg.

Proof. We argue by contradiction. Assume that there exists a sequence (v") C ¥ such that
E(v™) — X and |B(v")| < ri for every n. Up to a reparametrization, the map 4" : s — sv™,
Y0, A] — H' is a mountain-pass path by Remark 4.5. Thus maxe(o y E(s0") = E(V") — ¢
by (4.5). According to the Mountain Pass Theorem (see again Theorem 4.3 in [17]), there
exists a PS sequence (u") C H* for € at level ¢ with dist(u", rangey™) — 0. Hence there is
a sequence (s,) C [0,A] such that V(u" — s,0™) — 0 in L?. Up to a subsequence, we can

assume that s, — § € [0, A] and, since sup,, ||[Vv"||2 < co by (2.9), then
V(u"™ —5") — 0 in L*(R?). (4.7)

Notice that § # 0, otherwise ||[Vu"||s — 0 and consequently £(u"™) — 0, which is false. By
(3.4) and (4.5), in view of Proposition 2.8, there exists a sequence (g,) of Mdbius transfor-

mations such that, for a subsequence,
V(u"og,) — Vw in L*(R?). (4.8)

Setting
~n n w
vt =v"ogn, U=—,

by (4.7) and (4.8) we infer that V& — VU strongly in L?. Hence

B") = B(i") = - /R (™) VU + o(1).

81
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Let

q”:][f}”.
S2

If (for a subsequence) |¢"| — oo, then ?" — ¢"* — U strongly in f[l, since [ U = 0. In
gly S

particular |7"| — oo a.e. in R?. If % — @, then TI(?") — G a.e. in R?. As |G| = 1 we obtain
Bl = g [ IVUP +0(1) = 5 +0(1) 2 55 +o(1)
8w R2 52 B )\2 ’

by (1.9), since w = 5U. But |B(v")| < rx < A2 by (4.6). Hence we get a contradiction.
Suppose now that (for a subsequence) ¢" — ¢ € R3. Then #" — U + ¢ strongly in H.
Therefore, by continuity, S(U +¢q) =1 and E(U +¢q) = %’r. Hence U + ¢ € ¥ and, by Lemma
4.4 and by (4.5), £(U + q) = infx €. Since U + ¢ is smooth as a map on S?, then Proposition
4.4 applies and we obtain a contradiction with (3.4). O

Lemma 4.7 Let H = 1+ K, with K € CY(R3) satisfying (K1), (K2) and (3.4). For every
p €R? set s, :=S(w+p). As |p| — oo it holds that

sp=14+0(1) (4.9)
E(sp(w+p)) = 4% +o(1) (4.10)
B(sp(w +p)) = % +o(1). (4.11)

Proof. Since G(s,(w +p)) =0, from (1.9) we obtain

1
sp=1+ = K(sp(w+p))sp(w +p) - wz Awy, (4.12)
™ JR2

as V(w + p) = V(w) = —47/3 for any p € R3. By (2.2) we evaluate

M
/ K(sp(w+p))sp(w +p) - wz Awy SQK/ |Vw|? = 4r M .
R2 R2

Thus s, > 1 — Mg for all p € R3. Consequently |s,(w + p)| — 0o as |p| — oo pointwise on
R?, and hence [p2 K (sp(w + p))sp(w + p) - wy Awy — 0 as [p| — oo, by (2.2), (K2) and by
Lebesgue’s Theorem. Thus (4.9) follows from (4.12). The limit in (4.10) follows from (3.2)
and (4.5). Now we prove (4.11). Thanks to (4.9), it turns out that |s,(w + p)| > 1 on R? for
|p| large enough. This yields B(sy(w + p)) = s2B(w + p). Then

[B(sp(w +p)) = Blw +p)| < [1 = 55| [Blw+p)| <155

because |B(w + p)| < g= [ge [Vw|?> = 1. Thus B(sy(w + p)) = B(w + p) + o(1). To conclude,

notice that )
p w+p p 2
Bw+p—:/< —) Vwl|* =o(1
WHD) = 11 = 8 Joe o~ ol ) 1V =00

by the dominated convergence theorem. [
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Proof of Proposition 3.4 completed. We have to choose suitable parameters p and A.
For every p € R? set
wP = sp(w + p)

with s, = S(w + p), as in Lemma 4.7. Notice that the mapping p — w? is continuous and
that w? € ¥ by Lemma 4.2.

e Choice of A. Fix A > 1 large as in Remark 4.5 and such that

38p<1 + MK)

A 2(1 - Mk)

Vp € R3.

This is possible since the mapping p +— s, is bounded, thanks to (4.9). Since w? € ¥, with
this choice of A one has that

EAMw+p)) <0 and m{g}){\] E(s(w+p)) =EWP) VpeRS (4.13)
se|0,

e Choice of p. Fix rx as in (4.6) and let € € (0,1) be given by Proposition 4.6. According
to Lemma 4.7 there exists p > 0 such that for all p € R? with |p| = p one has that

4
E(WP) < g te (4.14)

BwP)| > 1—¢. (4.15)

Let Z = [0, A\] x B, and let ® be as in the statement of Proposition 3.4. From (4.13) it follows
that

sup E(s(w+p)) = sup E(s(w+p)) = sup EWP).
(s,p)€0Z (s,p)€[0,A]x0B, pEOB,

Then

4 4
< sup 5(5(w+p))<£+5
(s:p)€0Z 3

by Lemma 3.2, (4.5) and (4.14), since wP € X. In order to conclude the proof we will show
that ¢ > 4% + . The argument was inspired by the proof of Theorem 2.1 in [16]. Assume by
contradiction that there exists a map ¢ € ® such that

4
sup E(6(s.p) < 5 +<.
(s,;p)EZ

We set
o(t,p) == d(spt,p) , (t,p) € Z:= {(t,p) ER xR? | (spt,p) € Z } )
Notice that ¢(t,p) = spt(w + p) on dZ and

4
sup E(d(t,p)) < g te. (4.16)
(t,p)EZ
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We split Z into:

Z. ={(t,p) € Z | G(6(t,p)) >0 or t =0}
Z_={(t,p) € Z | G(d(t,p)) < 0}
ZO - {(t7 ) € Z ‘ Q(qz(t,p)) =0, t> 0}

Notice that Zy = ¢~ 1(R® UX). By Proposition 4.6 and by (4.16) we have that
‘B(g{)(t,p))’ >y if (t,p) € Zo and ¢(t, p) is not constant. (4.17)

Consider the map g: Z — R* defined by

g(t.p) = (£ B((E.p)) .

and fix a point py € R? with
0 < |po| < min{rg,1 —e}.

We claim that the topological degree deg(g, Z, (1,po)) is well defined and
deg(9727(17p0)) =1 (418)

Consider the homotopy h: [0, 1] x Z — R* defined as follows:
BT (t:9) = (tmp+ (1= 7)B(G(Ep))

Notice that deg (h(1;-),(1,po)) = 1, since (1,pg) € Z. To prove that h is an admissible
homotopy assume by contradiction that there exist 7 € [0,1] and (¢,p) € dZ such that
h(t;(t,p)) = (1,po). Then t =1 and (sp,p) € Z. On the other hand, s, < A and therefore
Ip| = p. From ¢(1,p) = wP and from (4.15) we infer

pol = [p+ (1 = 7)B(WP)| = 7p+ (1 - 7)(1 - ¢)

which is impossible, since 7 € [0,1], p > 1, € < 1 and |pg| < 1 — e. Therefore h is admissible,
and (4.18) is proved.
Next we notice that by (4.17) and by the excision property one has

deg(g7 27 (1,])0)) = deg(gv Z—i—a (17])0)) + deg(97 Z—v (17p0)) : (419)
We will conclude the proof by showing that

deg(g7 2+7 (LpO))
deg(ga 2—7 (Lp()))

0
0

)

that contradict (4.19), because of (4.18).
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Proof of (4.20). The cylinder 7 is compact and ¢ is continuous. Thus there exists R > 1
large, such that (R,po) ¢ g(Z). Use the path 7 € [0,1] — &(7) = (TR+ (1 —7),po) joining
(R,po) with (1,pp). We claim that the triple (g, Zy, (7)) is admissible, that is, g(t, p) # (1)
for every 7 € [0,1] and (t,p) € 8Z,. Assume by contradiction that there exists 7 € [0, 1]
and (t,p) € 8Z, such that (¢, B(¢(t,p))) = (TR+ (1 —7),po). First of all we infer ¢ > 1.
Next, notice that 0Z, C Zy U dZ. But (t,p) ¢ Zo by (4.17), since 0 < |B(¢(t,p))| = |po| <
ri. Thus (t,p) € 07 and in particular q;(t,p) = twP. Moreover (t,p) € 8Z+ \ Z imply
G(é(t,p)) = G(twP) > 0. But then ¢ < 1 by Lemma 4.2 (iii), a contradiction. Since ¢ is
admissible and (R, pg) ¢ g(Z), we conclude that deg(g, Z+, (1,p0)) = deg(g, Z+, (R,po)) = 0.

Proof of (4.21). Use the path T € [0,1] — ¢(7) = (1 — 27, po) joining (—1, py) ¢ g(Z) with
(1,p0). We prove that the triple (g, Z_,((7)) is admissible, that is, g(t,p) # ¢(7) for every
7 €[0,1] and (¢,p) € Z_. By contradiction, assume that there exists (¢, p) € dZ_ such that
g(t,p) = C(7). Then t =1 —27 <1 and 0 < |B(é(t,p))| = |po| < ri. Thus (t,p) & Zo by
(4.17). On the other hand, dZ_ C ZyUdZ, and thus (t,p) € Z \ Zo. In particular ¢(t,p) =
tw?, and G(p(t, p)) = G(twP) < 0. But then ¢ > 1 by Lemma 4.2 (iii), a contradiction. Since ¢
is an admissible path and (=1, pg) ¢ ¢(Z), then deg(g, Z_, (1,po)) = deg(g, Z_, (—1, pg)) = 0.
Thus the proof is complete. [

A Palais-Smale sequences

In this appendix we prove the following result.

Theorem A.1 Let H =1+ K, with K € CY(R3) satisfying (K1) and (K). Let (u") C H!
be a PS sequence for € with sup,, |Vu™||2 < co. Then either Vu™ — 0 strongly in L?, or there
exist a subsequence (u™), an integer k > 0 and, for every index i € {1,...,k}, a mapping

Uie H and a sequence (gnq) of Mdbius transformations such that, setting

82
one has:
(i) u™ — p™ — U® weakly in H' and strongly in H} (R? R3);

(ii) U? is an H,i-bubble, where H,; = H(- + ) if pt — pt € R3, or Hy =1if |p™¢| — oo,

(iii) lim ]Vu"]z Z/ |VU|? and lim V(U og;ﬂl-) -V(UY og;}) —0ifi#7;

n—00 n—oo Jp2

(iv) lim &(u Zé’ (U + pY) Z Exo(UY) , where I is the set of indices i such that
n—oo
A ‘ i€l i€l .
p™t — p' € R3, and I, is the set of indices i such that [p™| — oc.
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Notice that U? 4 p' is an H-bubble for any i € I.

Proof. Statements (i)—(iii) have already been proved in [6]. It remains only to check part (iv).
To this purpose we first denote by I the set of indexes i € {1,...,k} such that the sequence
(p™*) is bounded. We can assume that for any i € I there exists a point p' € R? such that
p™t — p' as n — oo. We set also I, = {1,....,k} \ I and

k
0" :un—ZUiog;}.
i=1
Notice that
/ VO™ > — 0 (A1)
RQ

by statement (iii). The energy decomposition of £(u™), as stated at point (iv) of Theorem

A.1 will be proved in two steps.

Step 1: V(u") = Zle V(U + o(1).
Denote ™0 = y™ and, for j =1,...,k,
0 =u" = Ulogyt and ™ =0 og,; —p™ + U7
i=1
Notice that for every j =1,...,k
v = I o g, — pd (A2)
0™ — U7 weakly in H'. (A.3)
By the invariance of V with respect to conformality and translations in R3, one has that
V(™) = V(O™ 0 gug) = V(™ — U7)

— V(’Un"]) — /Rz (rvnhj . 'U;LJ /\ Ug + ’Un"y . U% /\ UZ’J _|_ U.] . /U;Ln] /\ Ug?])

An.j

+ /}R2 (W™ UL AU+ U7 - UL Avgd + U7 o7 AUD) =V(UY).

-~

Bn,j

By (A.3) one has that B,; — 3V(U’). Integration by parts and (A.3) lead to A, ; =
3 Jae (v g NUS + 0™ - UL A vg’j) = 3V(UJ) + o(1). Hence, by (A.2) and thanks to the

invariances of V, one obtains

V(™) = V(™) = V(UT) + o(1) = V(O™ 1) = V(U7) + o(1) .
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Applying this equality for j = 1,..., k, one infers that
k .
V(O™F) = V(6™0) =Y V(U) +o(1). (A.4)
i=1
By (A.1) and by the isoperimetric inequality V(6™) — 0. Since ™Y = u™ and §™* = 0", the
conclusion follows from (A.4).
Step 2: Vi (u") — Y,/ Ve (U +p).
For every i,j = 1,...,k define
Ut =Ut og;ﬂl. and U™ =U"o Gn.j -

Setting Qi (p) = mx(p)p, one has that

V(™) = | Qxu® 9”A9“+Z ) (08 AU+ TR A0}
R2
+-§: UM AU
4,J=1

Since Qk is bounded by (2.2), one has that

QK(u”) Oy N0y

IN
%\E
\

<

E

|
S

(1)

(O AU+ U AG) | < S5 VU 2] V0|2 = of1) -

Moreover

if [pi| — oo

Qr™) - UM ANUM = [ Qg(u™)-U, AU, — o . A
R2 R2 VK(UZ +pz) if pn,z N pz c R?’

Cif [p] — oo,

because Qg (p) — 0 as |p| — oo (by (K3)) and |u™*

7,70

whereas u™ — U’ + p® if p™ — p’. In addition, if i # j then
Quew) U2 n U = [ Queta) UL n U = [ (Quear) A ) U =0
R R R

since the sequence (Q K (U™ A U}c) converges strongly in L?(R?), whereas U, 0 weakly

in L?(R?). Hence the conclusion follows. [J
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