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Abstract

In this paper we will review a recently introduced method for solving the
Hamilton-Jacobi equations by the method of Separation of Variables. This
method is based on the notion of pencil of Poisson brackets and on the bi-
hamiltonian approach to integrable systems. We will discuss how separability
conditions can be intrinsically characterized within such a geometrical set-up,
the definition of the separation coordinates being encompassed in the bihamil-
tonian structure itself. We finally discuss these constructions studying in details
a particular example, based on a generalization of the classical Toda Lattice.
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1 Introduction

The study of the separability of the Hamilton—Jacobi (HJ) equations associated with a
given Hamiltonian function H is a very classical issue in Mechanics, dating back to the
foundational works of Jacobi, Stackel, Levi-Civita and others. It has recently received
a strong renewed interests thanks to its applications to the theory of integrable PDEs
of KdV type (namely, the theory of finite gap integration) and to the theory of
quantum integrable systems (see, e.g., [111, B4]).

As it is well known, the problem can be formulated as follows. Let (M,w) be a 2n
dimensional symplectic manifold, and let (py,...,pn, q1,---,qn) = (P, q) be canonical
coordinates (in U C M), i.e., w, = Y i, dp; A dg;.

The (stationary) HJ equation reads

oS oS

a0ty o =FE. 1.1
op1 3pn) (L)

H(qla"'aQTL;

Definition 1.1 A complete integral S(q; o, ..., an) of HJ is a solution of (L),
depending on n parameters (aq, ..., a,) such that Detajzi} #£0

100
H is said to be separable in the coordinates (p, q) if HJ admits an additively separated

complete integral, that is, a complete integral of the form

S(qon, .. on) =Y Sigiion,..., ). (1.2)
i=1

In this paper we will focus on an equivalent ‘Definition—Theorem’ of separability,
originally due to Jacobi and recently widely used by Sklyanin and his collaborators.
Let us consider an integrable Hamiltonian H, that is, let us suppose that, along with
H = H, we have further n—1 mutually commuting integrals of the motion Hs, ... H,,
with dH; A ... NdH, # 0.

Definition 1.2 An integrable system (Hy,..., H,) is separable in the coordinates
(P, q) if there exist n non-trivial relations

@Z(qz,p“Hl,,Hn):O, z:l,n, (13)

connecting single pairs (g;, p;) of canonical coordinates with the n Hamiltonians H;.
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We called this a Definition-Theorem due to the fact that it is a constructive approach
to separability, since the knowledge of the separation relations (L3]) allows one to
reduce the problem of finding a separated solution of HJ to quadratures. Indeed,
one can solve the relations ®;(q;, pi; Hy,..., H,) =0, i =1,...n for the p; to get
pi = pi(qi; Hy, ..., H,) and then define:

n qi
i=1

This is by construction a separated solution of HJ; the fact that it is a complete
integral is equivalent to the fact that the integrals of the motion depend non trivially
on the momenta.

In intrinsic terms, one notices that, the equations H; = «;, i« = 1,...,n define
a foliation F of M. The leaves of F are nothing but the (generalized) tori of the
Arnol’d-Liouville theorem. The foliation is Lagrangian, that is, the restriction of
the two-form w to JF vanishes. Hence the restriction to F of the Liouville form
6 = > "  pidg to F is (locally) exact. Indeed, the function S defined by (L) is
a (local) potential for the restriction of # to F. What is non intrinsic, and singles
out the separation coordinates (p, q) is that the separation relations (L3), which are
another set of defining equations for the foliation JF, have the very special property of
containing a single pair of canonical coordinates at a time. The problem to find such
a system of coordinates and relations is the core of the theory of SoV. In particular,
a natural question arises:

Is it possible to formulate intrinsic condition(s) on the Hamiltonians (Hy, ..., Hy,)
to a priori ensure separability in a set of canonical coordinates?

Actually, this is the main issue studied by both the ‘classical’ Eisenhart-Benenti
theory of separability of natural systems defined on cotangent bundles to Riemannian
manifolds (M, g), as well as the ‘modern’ theory, due to the St. Petersburg and
Montreal schools, of SoV for systems admitting a Lax representation. We notice
that both such general approaches require the presence of an additional structure
to solve the problem. Indeed, the Eisenhart-Benenti theory requires the existence
of a conformal Killing tensor for the metric g, while the Lax theory requires — in
addition to the knowledge of a Lax representation with spectral parameter for the
Hamiltonian system under study — the existence of an r—matrix structure for such a
Lax representation.

The method we will present /review in this paper, which has recently been exposed
in the literature (see, e.g., [7, B0, Bl M4}, 6, 20, 13, BT, 32, 16l 4]). can be seen as a kind

dq. . (1.4)

H;=a;
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of bridge between the classical and the modern points of view, putting an emphasis
on the geometrical structures of the Hamiltonian theory. Its ‘additional” structure
is simply the requirement of the existence, on the symplectic manifold (M,w) of a
second Hamiltonian structure, compatible with the one defined by w. Namely, the
bihamiltonian structure on M will allow us:

1. To encompass the definition of a special set of coordinates, to be called Darboux—
Nijenhuis (DN) coordinates, within a well defined geometrical object.

2. To formulate intrinsic (i.e., tensorial) conditions for the separability of a Hamil-
tonian integrable system, in the DN coordinates associated with the bihamil-
tonian structure.

3. To give recipes to characterize, find and handle sets of DN coordinates.

The paper is organized as follows. In Section Pl we will briefly introduce the notions
of bihamiltonian geometry relevant for the paper. In particular, we will discuss the
notion of DN coordinates, as well as methods to find them In Section Bl we will
discuss the main theorems of the bihamiltonian set—up for SoV, namely, the tensorial
conditions ensuring Separability of the HJ equations in DN coordinates.

Then we will discuss our constructions in a specific example, whose separability,
to the best of our knowledge, has not yet been considered in the literature. It is a
generalization of the periodic Toda lattice with four sites. In Section Hl we will recall
its definition, and show how the “bihamiltonian recipe” for SoV can be applied to it.
Although our constructions can be generalized to the generic N-site system, for the
sake of concreteness and brevity we choose to consider the four-site system only, and
sometimes rely on direct computations to prove some of its properties.

In the last subsection we will apply our geometrical scheme to study a specific
reduction of this generalized Toda system, and find integrals of the motion which are
not encompassed in the Lax representation. This result can be possibly as first step
towards an alternative approach to the so—called chopping method of [§] for the full
(non-periodic) Toda Lattice.



2 Some issues in the geometry of (bi)hamiltonian
manifolds

We start this Section recalling some well known facts in the theory of Poisson mani-
folds.

Definition 2.1 A Poisson manifold (M, {-,-}) is a manifold endowed with a Poisson
bracket, that is a bilinear antisymmetric composition laws defined on the space C*°(M)
satisfying:

1. The Leibnitz rule: {fg,h} = f{g,h} + g{f, h};
2. The Jacobi identity {f,{g,h}}+ {9, {h, f}}+{h,{f,9}} =0.

We recall that a Poisson bracket (or Poisson structure) can be equivalently described
with a Poisson tensor, that is, with an application P : T*M — T'M, smoothly varying
with m € M defined by:

{f, 9} = (df, Pdg)

where (-,-) denotes the canonical pairing between T*M and TM. In a given coor-
dinate system (z!,...,2") on M, the Poisson tensor P associated with the Poisson
bracket {-,-} is represented as
0 0 g o
P = PY—A —, with PY = {2', 2/ }.

The Jacobi identity is translated into a quadratic differential condition on the matrix
P known as vanishing Schouten bracket (see, for further details, e.g., [23, B5]), which
in local coordinates reads
~ 0P QP op
P 4 pis—___ 4Pk —0 Vi>j>k 2.1

; 0x, 0x, A J (2.1)
We notice that the existence of a Poisson structure does not give any restriction on
the dimension of M. As an example, the reader should consider the dual g* of a

finite dimensional Lie algebra g, with Poisson brackets defined, thanks to the natural
identification g** ~ g, by

{f,93(X) = (X, [df (X),dg(X)]), X € ¢, f,9 € C(g").
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The most familiar instances of Poisson manifolds come from classical mechanics and
are the cotangent bundles to smooth manifolds. As it is well known (see, e.g., [3]),
they are equipped a canonical Poisson structure associated with a symplectic, that is,
closed (indeed exact) and non degenerate, two-form w. A Poisson manifold (M, {-,-}),
is called symplectic if the Poisson tensor P associated with {-, -} is everywhere invert-
ible. In such a case, the connection between the Poisson tensor P, the Poisson brackets
{f, g} and the symplectic two—form w can be described in the following equivalent
ways:

a) In local coordinates (z1,...,z,) one has w =},  wi;dx; A drj, where the matrix
wij; is the inverse matrix to P".

b) It holds the equality
{f7 g} = w(Xf> Xg)
where, e.g., Xy = PdF is the Hamiltonian vector field associated with f.

c) For every vector field Y and every function f, one has:
Ly (f) =(df.Y) = w(Y, Xy)

The local structure of a Poisson manifold can be described as follows (see, e.g., [B6,
11]). Under suitable assumptions on the regularity of the Poisson brackets, one sees
that an open dense set of M the Poisson tensor has rank r = 2n. There, M is
foliated in regular Poisson submanifolds, called generic symplectic leaves, that are
the (generic) common level sets of k functions C1, . .., Cf, called Casimir functions of
P. The distinguished property of the Casimirs of P is that their Poisson bracket with
any other function on M vanishes, or, equivalently, their differential lies in the kernel
of P. The dimension of M is related with the integers n and k by dimM = k + 2n
As an example, we notice that, in the case of M = sl(n)*, which we can identify
with sl(n) itself by means, say, of the trace form, the Casimir functions are C; =
Tr(X1),i=1,...,n—1, and the generic symplectic leaves consist of diagonalizable
matrices with distinct eigenvalues that can be identified with the direct sum of the
lower and upper nilpotent subalgebras.
Let us now come to the definition of bihamiltonian manifold.

Definition 2.2 A manifold M is called a bihamiltonian manifold if it is endowed
with two Poisson brackets {f, g}, {f, g}, such that, for any A € R (or A € C if M is
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complex), the linear combination

{f.9Y =M/, 9} = (df, (P — AP')dg) (2.2)

defines a Poisson bracket. This property is known as the compatibility condition
between the two brackets.

The expression (Z2) will be referred to as pencil of Poisson brackets, and the sum
Py, = P'— AP pencil of Poisson tensors. The most ‘popular’ property of bihamiltonian
manifolds is contained in the following

Proposition 2.3 Let [ and ' two functions on a bihamiltonian manifold M, which
satisfy the characteristic condition Pdf = P'df'. Then the Poisson brackets {f, f'}
and {f, f'} wanish.

Proof. It consists of a one-line computation. Let us consider, e. g., {f, f'}:
{f, 'y = (df, Pdf') = —(df', Pdf) = —(df' P'df") = 0.
L]

Definition 2.4 A wvector field X that can be written as X = Pdf = P'df’ is called a
bihamiltonian vector field.

Corollary 2.5 Let fr,k € Z be a sequence of (non-constant) functions satisfying
Then {fi, fe} ={fi, fx}' =0, VikeZ.

Proof. Using twice equation (3) and the antisymmetry of the Poisson brackets we
have, e.g.,

{fis i} = (dfi, Pdfy) = (dfiP'dfy—1) = —(df—1, P'dfi) =
- <dfk—lapdfi+l> = <dfi+lapdfk—1> = {fi—l—l’fk—l}-

Supposing k > i and iterating this procedure k — i times we get {f;, fx} = {f%, fi}-
U



Following [I8], we can state the following

Amplification 2.6 Let f,,n =0,1,... and g,,n = 0,1,... two sequences of (non-
constant) functions satisfying

Then, along with {fm fm} = {fm fm}/ = {gmgm} = {gnagm}/ =0, 1t holds
{fnvgm}:{fnugm}lzov vnamEN’

The family of vector fields associated with a sequence of functions satisfying the recur-
sion relations (Z3)) are customarily said to form a Lenard-Magri sequence. Lenard-
Magri sequences that start from the null vector field, as in Amplification L8 are
pictorially called anchored Lenard-Magri sequences. Notice that anchored Lenard se-
quences can occur in bihamiltonian manifold where at east one of the Poisson brackets
is non-symplectic (indeed, e.g., dfy is a non-trivial element of the kernel of P). We
can compactly express equations (24]) relative, say, to the sequence f; by considering
the formal Laurent series f(A) =Y 7/ fi/A" via the equation

(P' — \P)df()\) = 0. (2.5)

In analogy with the definition of Casimir of a Poisson bracket, Laurent series satisfying
@3) are called Casimirs of the Poisson pencil. The reader should, however, bear
in mind that while Casimir functions for a single Poisson bracket are, in a sense,
uninteresting functions, Casimirs of a pencil of Poisson bracket compactly encode
non-trivial dynamics and constants of the motion.

If, as it often happens in the applications, inside the family f; we have an element
fn satisfying P'df,, = 0, we can form a polynomial Casimir of the pencil as

FO) =X fo+ X"+ 4 (2.6)

Anchored Lenard sequences may give rise to families of integrable systems. Let us see
how this happens in the case of a 2n + 1-dimensional manifold endowed with a rank
2n pencil of Poisson tensors. Let us suppose that we have found a polynomial Casimir
of the form (Z6), with the n+1 functions fo, ..., f, independent. Let S, be a generic
symplectic leaf of P corresponding to fy = c. The vector fields Xy,,i = 1,...,n are
tangent to S., are Hamiltonian on S, (w.r.t. P) and the restriction of the functions
fi,- .., fn provide n commuting integrals for each of them. In general it holds [17, [I8]:



Proposition 2.7 Let (M, P, P') a bihamiltonian manifold of dimension d = 2n +
k, and let dim(Ker(P" — AP)) = k, for generic values of \. Let us suppose that
HWON), ..., H®(X\) are k polynomial Casimirs of the pencil Py of the form

HON) = X% HY + X HE - B

such that the collection of differentials {alH](Z)}Z:fT,L€ defines a k + n dimensional
distribution in T*M. Then the vector fields defined by the anchored sequences asso-
ciated with the H®’s are integrable (in the Arnol’d-Liouville sense) on the generic

symplectic leaves of P.

2.1 Geometry of regular bihamiltonian manifolds and Dar-
boux - Nijenhuis coordinates

An important class of bihamiltonian manifold occurs when one element of the Pois-
son pencil (which without loss of generality we will assume to be P) is everywhere
invertible, i.e., the Poisson bracket {-,-} associated with P is symplectic. The pos-
sibility of defining the inverse to one of the Poisson tensors lead us to introduce a
fundamental object in the bihamiltonian theory of SoV: the Nijenhuis (or Hereditary,
or Recursion) operator

N=P P (2.7)

(together with its dual N* = P~ P’). By definition, N (resp., N*) is an endomor-
phism of the tangent bundle to M (resp., of the cotangent bundle). As a remarkable
consequence of the compatibility of P and P’ the Nijenhuis torsion of N, defined by
its action on a pair of vector fields X,Y as

T(N)(X,Y) = [NX,NY] — N([NX,Y] + [X, NY] - N[X,Y]) (2.8)

identically vanishes [23]. So, from the classical Frolicher—Nijenhuis theory, we know
that its eigenspaces are integrable distributions. Such distributions will be the building
blocks of the bihamiltonian set-up for SoV.

To explain this, we have to make some remarks and a genericity assumption. It
can be shown that, owing to the antisymmetry of the Poisson tensors defining N,
pointwise the eigenspaces of N are even dimensional. Througout the paper, we will
assume that for generic points m € M, N has the maximal number n = %dim(M )
of different eigenvalues Ay,...,\, , so that the dimension of the eigenspace relative
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to any eigenvalue is 2. Otherwise stated, the characteristic polynomial of N is the
square of the degree n = fdim(M) minimal polynomial Ay()), whose roots are
pairwise distinct. We will call bihamiltonian manifolds endowed with a Poisson pencil
with at least one of the elements of the Poisson pencil invertible, and such that the
eigenvalues of the associated Nijenhuis tensor are maximally distinct, reqular biham-
iltonian manifolds.

Theorem 2.8 On a reqular bihamiltonian manifold there exist a class of coordinates
(yi, z;), to be called Darboux—Nijenhuis (DN) coordinates, satisfying the two proper-
ties:

(Darboux) They are canonical, that is, {x;,y;} = 0i;, {xi, x5} = {yi, y;}=0.

(Nijenhuis) They diagonalize N, that is, N =", )\Z(% ® dy; + % ® dx;).

Th proof of this Theorem can be found in [24}, 17]. Here we will sketch it and discuss
its meaning. In words, the assertion states that DN coordinates are defined by the
spectral properties of N, as follows. For all m in the open set U where the eigenvalues
A; of N (which are the same as the eigenvalues of N*) satisfy \; # \;, ¢ # j, the
cotangent space 1)* M admits the decomposition

T;;M = EB?:I,Dme dim ,Dm,)\i =2 (29)

into eigenspaces of N*. Thanks to the vanishing of the torsion of N, each eigenspace
D,y is locally generated by differentials of pairs of independent functions (f;, g;).
This means that the pointwise decomposition () holds (in U’ C U) as

T*M‘/U = @?:12))\2‘ ’

where D), is spanned by df; and dg;, with N*df; = \;df; and N*dg; = \;dg;.

Functions whose differential belong to different summands D,, are in involution
with respect to the Poisson brackets defined both by P and P’. Indeed, suppose that
f1 and f2 satisfy N*dfl = )\1df1, N*de = )\2df2’ )\1 §£ )\2. The relation N* = P_IP,
implies that P/dfl = )\1Pdf1, P/dfg = )\defg SO,

(fi, hY = { (dfr, P'dfz) = Xodfy, Pdfs) = Xof 1, fo}
b —(dfy, P'df1) = =i (df2, Pdfi) = M{f1, f2}

10



whence the assertion. It is equally straightforward to realize that the only non van-
ishing Poisson brackets have the form

{fi,0:} = Fi(fir 93), {fwgi}/:Fi,(fz’,gz'), t=1,...,n.

This means that, by quadratures, from the n pairs of functions { fi, g;}i=1,.., we can
construct a set of canonical coordinates satisfying the Nijenhuis property of The-
orem Thus the class of coordinates where to frame the bihamiltonian set-up
for SoV admits a clearcut and simple geometrical description. Admittedly, in the
general case the computation of DN coordinates requires the integration of the two—
dimensional distributions D,, associated with the eigenvalues \; of N*. Fortunately
enough there are instances (that frequently occur in the applications) in which DN
coordinates can be found in an easier way.

2.2  On Darboux-Nijenhuis coordinates

In this subsection we will briefly discuss conditions and ‘recipes’ to algebraically find
and/or characterize sets of Darboux-Nijenhuis coordinates on regular bihamiltonian
manifolds. A very simplifying instance occurs whenever the eigenvalues A; of N (that
are, in general, functions of the point m € M) are functionally independent. It holds
(see, e.g., [29]):

Proposition 2.9 Let us define I; :== %TT’Ni, t=1,...,n. In the open set U where
dly N---N---dl, # 0 the eigenvalues \; ;i = 1,...,n are functionally independent,
satisfy N*d\; = M\idN;, and so may be used to construct a set of Darboux-Nijenhuis
coordinates.

Proof. We express the normalized traces I; of the Nijenhuis tensor N in terms of its
eigenvalues as kI, = >0, Af. Hence dI, = Y., \F1d)\,;, that is, in matrix terms:

dI, 11 1 d
dI VD VRS d
I I e I (2.10)
dI,, UV BRI A,

So we have
dL A AdLy = [T = A)dh A - Ad,,
i#j
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i.e., on the open set where the traces of the powers of the Nijenhuis tensor are func-
tionally independent, we have that the eigenvalues \; are different and functionally
independent.

To proceed further we need to recall that [23] that the normalized traces I; of the
powers of Nijenhuis operator satisfy the recursion relation:

N*dl, = dly1. (2.11)

This can be proved as follows. At first one notices that (ZI1) is equivalent to the
relation
LNX([k> = LX(Ik+1)7 ¥ vector field X,

as it can be easily seen evaluating the equality of one-forms on a generic vector field
X. Thanks to the Leibnitz property of the Lie derivative and the ciclicity of the trace,
we see that

Lyx(I;) = Tr(Lyx(N) - N1 and Lx(Ij1) = Tr(Lx(N) - N*). (2.12)

Since the vanishing of the Nijenhuis torsion of N implies that Lyx(N) = N -
Lx(N), VX the validity of (2I1]) is proved..
We now express the relations (ZI1) in terms of the eigenvalues \;

11 1 N*dAr — MdAs 0

VD VSR N*dAs — Agd 0

R SR I (2.13)
AmLoanel e N*dAy — Andn 0

Since the Vandermond matrix in the LHS of this equation is, by assumption,
invertible, we conclude that, for i = 1,...,n, it holds N*d\; = \;d\;.

O

This proposition can be rephrazed saying that “half of” the DN coordinates are alge-
braically provided by the Nijenhuis tensor itself. The remaining “half” v, ..., y, can
always be found by quadratures. Actually, there is a condition leading to the alge-
braic solution of this problem too. To elucidate this, the following two considerations
are crucial.

12



First of all one remarks that, thanks to the fact that, for DN coordinates, if i # j
one has {\;,y;} = 0 one can replace the n(n —1)/2 equations {\;, y;} = J;; with the
n equations

M+ + Nyt =15=1...n,

that do not involve the individual coordinates A; but only their sum » ", \; = Iy,
and the Hamiltonian vector field

Y =-Pdl; =) 8?/-'

The second argument goes as follows. Let us consider the distinguished functions Iy
introduced in propositionZZ9, and trade them for the coefficients p; of the minimal
polynomial

AN(A) =)\" —p1>\n_1 —p2)\n_2 — =y
of N. The functions p, and I are related by triangular Newton formulas

1 1
L = py; 12:p2+§p%; Is = ps +P2P1+§p§f;
(2.14)
2 1o, 14
I4=p4+p1p3+p1pz+§p2+1p1; Is=ps+....

As a consequence of the recursion relations (ZI]), it can be easily shown that the
p;’s satisfy the ‘Frobenius’ recursion relations

We can compactly write these relations as a single relation for the polynomial Ay (\);
indeed, a straightforward computation shows that they are equivalent to

Actually relations of this kind are very important for our purposes. Indeed, in [16]
we proved the following proposition:

Proposition 2.10 Let ®(\) a smooth function defined on the manifold M, depending
on an additional parameter A. Suppose that there exists a one-form ag such that

N*d®(\) = AdD(N) + Ax(Nag . (2.17)

Then, the n functions ®; obtained evaluating the “generating” function ®(X) for \ =
Ai,t=1,...,n are Nijenhuis functions, that is, they satisfy N*d®; = \;d®;.

13



Definition 2.11 We will call a generating function ®(\) satisfying equation (2.17)
a Nijenhuis functions generator.

The relevance of the notion of Nijenhuis functions generator in the search for DN
coordinates stems from the fact that Nijenhuis functions generators form an algebra
N (M), which is closed under the action of the vector field Y = —PdI;. In this way,
knowing a set of Nijenhuis functions generators, we can obtain further elements of
the algebra N (M) by repeated applications of the vector field Y. Clearly, in such an
extended algebra, the characteristic equation

Ly (¥(N) =14+ An(N)ay

may be easier to be solved, thus yielding the missing Darboux-Nijenhuis coordinates
coordinates y; as y; = W()\;). We will see an instance of this situation in the Example
of Section Hl

For an analysis of Darboux-Nijenhuis coordinates within the theory of multi-
hamilronian structure on loop algebras, see [14, 9, [T9]

3 The Separability Conditions

As we have briefly recalled in Section B}, on a bihamiltonian manifold one is usually
lead to consider bihamiltonian vector fields, that is vector fields X admitting the
twofold Hamiltonian representation X = Pdf = P'dg. Let us now suppose that
(M, P, P") be a regular bihamiltonian manifold of dimension 2n, and that we were
able to construct, by means of the Lenard—Magri iteration procedure a sequence of
functions Hy, Hs, . .. satisfying P'dH; = PdH; .. Let us also suppose that the first n
of them be functionally independent. Then one easily shows that the all the further
Hamiltonians H,, 1, ... are functionally dependent from the first n. Indeed this follows
from the fact that a regular Poisson manifold of dimension 2n cannot have more than
n mutually commuting independent functions.

This means that, if we consider the Hamiltonian H, ., there must be a relation
of the form

. 0
Y(Hy,...,Hy; Hyyr) =0, with ¢y, = X # 0. (3.1)
a[—[n-i-l
relating it with the independent Hamiltonians H;,i =1,...,n.

14



Actually, the case of H; = I; = %Tr]\f ’ is an instance of this situation. In fact,
since by the Cayley—Hamilton theorem N annihilates its minimal polynomial, we have
N™ =350 piN™t =0, yielding the relation

Lis1/2(n+1) = > 2(n— i+ 1)pil,_isy = 0.
=1

Differentiating equation (Bl) we see that, along with P'"dH; = PdH;,1,i=1,...,n—1
it holds:

-1 &9
( (0

P'dH, = PdH, ., =
i an+1 i—1 aHz

PdHi), (3.2)
that is, the vector field X, ,; = PdH,.; = P'dH, is a linear combination of the
vector fields Xy = PdH,,...X, = PdH,.

This innocent looking observation is the clue for the bihamiltonian theory of SoV.
Let {H1, Hs, ... H,} any integrable system on M, that is that is, the H;s are mutually
commuting (w.r.t.P) independent functions. We can construct a n-dimensional dis-
tribution, namely the distribution Dy spanned by the n mutually commuting vector
fields X; = PdH;. This is nothing but the very classical tangent distribution to the
invariant tori of the Liouville Arnol’d theory of integrable systems. Since M comes
equipped with a second Poisson tensor P’ we can as well consider the distribution
D), generated by the Hamiltonians H; under the action of P, that is, generated by
the vector fields X! = P'dH;. It holds:

Theorem 3.1 Let{H,..., H} define, as explained above, an integrable system on a
reqular bihamiltonian manifold (M, P, P'). The Hamilton-Jacobi equations associated
with any of the Hamiltonians H; are separable in the DN coordinates x y; defined by
N = P'P~1 if and only if the distribution D'y is contained in Dy, or, equivalently, if
the distribution Dy is invariant along N.

Proof. We will first prove the equivalence of the invariance of Dy under N and the
inclusion Dy, C Dy. To say that D}, is contained in Dy is tantamount to saying that
there exists a matrix Fj;, whose entries are, in general, functions defined on M such
that, for ¢ = 1,...,n it holds:

X|=PdH; =Y F;PdH; =Y F;X;. (3.3)
j J

J
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Writing P/ = NP we can translate these equalities into NX; = Zj F;; X; for all
i1=1,...,n.

The full proof of the fact that the invariance of Dy insures separability in DN
coordinates can be found in [I6]. It goes as follows.

At first we notice that the translation in terms of the codistribution Dj; generated
by the differentials of the Hamiltonians H; of the invariance condition for Dy is the
invariance condition N*Dj, C Dj;. This can be easily seen applying to (B3) the
operator P~', to get N*dH; = Y. F;;dHj.

Since all the Poisson brackets {H;, H;} vanish and M is a regular bihamiltonian
manifold, the matrix F' defined by (B3)) can be show to have simple eigenvalues, that
coincide with eigenvalues \; of N. So there exists a matrix S satisfying

SF = AS, where A = diag(\y, ..., \,).
If we define the n one forms 6, = Zj Si;dH;, we get:

J J.k 7k
This means that 6; is an eigenvector of N* relative to \;; hence there must be functions
F;, G; such that
> 8ydH; = Fydx; + Gidy; (3.5)
J
whence the existence of a separation relation ®;(z;, y;; Hy, ..., Hy) foralli =1,... n.
The converse statement can be trivially proved.

O

We would like to stress thatthe separability condition of Theorem Bl is a tensorial
one. That is, given a regular bihamiltonian manifold (M, P, P") this separability
criterion can be checked in any system of coordinates, without the a—priori calculation
of the DN coordinates themselves. Notice, also, that the validity of the statement
does not (as it should be!) depend on the choice of mutually commuting integrals
{Hy,...,H,}. That is, if we consider a “change of coordinates in the space of the
actions”, that is we trade the H;’s for another complete set of integrals of the motion
K; = K;(Hy,...,H,), then the separability of the new Hamiltonians K; will hold if
and only if the separability of the original ones holds. Indeed, the dual distributions
generated by the H;’s and the K;’s coincide.
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A second remark is important and deserves to be explicitly spelled out. Although
we have started our discussion considering the case of a family of bihamiltonian
vector fields, that is the case of Lenard-Magri sequences, the hypotheses of Theorem
Bl concern only the relations of the distributions generated respectively under the
action of P and P’ by the Hamiltonians H;, without any mention of the fact that
the generators of the distribution be bihamiltonian vector fields. Thus, although it
might seem a somewhat odd statement, the vector fields that are separable by means
of the bihamiltonian approach are not necessarily bihamiltonian vector fields!. 1t is
also important to notice that it is not only a matter of choice of generators. Indeed, in
[27] it has been shown that the only bihamiltonian vector fields on a regular bihamil-
tonian manifold turn out to be associated with separated functions of the eigenvalues
of N, that is functions of the form H = >_" | f;(\;). This means that, in such a case,
the distribution Dy coincides with that generated by the distinguished functions I;.
However, this is by far a very special example, that is, the range of applicability of
the method is much wider than that, as it as already been quite widely shown in the
literature.

The separation condition of Theorem Bl is based on the analysis of the behaviour
of the characteristic distribution associated with an integrable system under the Nijen-
huis tensor N. An equivalent criterion, based on the analysis of the Poisson brackets
associated with the tensor P’ can be formulated as follows.

Theorem 3.2 Let {H = Hy, Hs,...H,} an integrable system defined on regular
bihamiltonian manifold (M, P, P"). The Hamiltonians H; are separable in the DN

coordinates defined by N = P'P~' if and only if, along with the commutation rela-
tions {H;, H;} = 0 there hold also

{HZ’,H]'}, = <dHZ, P/dH]> = 0, fO'f’ Z,] = 1, .o, n. (36)

Proof. The key formula is the relation between P, P’ and N*. Indeed, suppose that
Dj; be invariant along N*. Then:

(N*dH;, PdH;) = Fy(dHy, PdH;) = Fy{Hy, H;} =0,
k k
which, in view of Theorem Bl proves the statement in one direction. Now, let us
suppose that (B:0) holds. Then, for every ij = 1,...,n we have:
0= {HZ',H]‘}/ - <dHZ,P/dH]> - <dHZ,NPdH]> == <N*dHZ,PdHJ>,
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meaning that, for all ¢ = 1,...,n, the one-form N*dH; belongs to the annihilator
(w.r.t. P) of the distribution Dy. Since such an annihilator coincides with Dj;, this
means that, for allt =1,...,n, N*dH,; € Dj,.

O

This results leads to the following, somewhat daring, comparison. The Liouville-
Arnol’d theorem on finite dimensional integrable Hamiltonian systems says that the
geometrical structure underlying integrability of a Hamiltonian vector field defined
on a symplectic manifold M,w is a Lagrangian foliation of M. We can rephrase
the content of Theorem saying that the geometrical structure underlying the
separability of a system defined on a regular bihamiltonian manifold(M, P, P’) is a
bilagrangian foliation of M.

We end our presentation of the bihamiltonian set-up for SoV with the following
remark. Theorem Bl concerns only the existence of the separation relations. In
principle, one could try to find these relations in concrete examples by actually di-
agonalizing the matrix I, and explicitly finding and integrating the relations (B:3).
However, there is a very simple tensorial criterion which can be used to determine
the functional form of the separation relations ®;(z;, y;; H, . .., Hp), whose proof can
be found in [T6].

Proposition 3.3 Let{Hi,..., H,} be an integrable system defined on a reqular biham-
iltonian manifold, which is separable in the Darbouz-Nijenhuis coordinates associated
with N = P~'P'. Consider the matriz F;; fulfilling the relations [Z3). Then the
separation relations are be affine in the Hamiltonians H, that is of the form

(i, yi; H, ..., Hy) = Z Sij(@i, yi) Hj + Ui(wi, yi), (3.7)

J
if and only if the matriz F' satisfies the relation N*dF;; =), FipdFy;.

The matrix S on (B) can be shown to be a suitably normalized matrix of eigenvectors
of the matrix F'. Its characteristic property is that, as expressed in the equation, the
entries S;; of the i-th row depend only on the pair (z;,v;) of Darboux-Nijenhuis
coordinates. For this reason it can be called a Stackel matrix.
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4 Example: a generalized Toda Lattice

In this final Section we will apply the general scheme outlined in the previous Sections
to a specific model, with the aim of showing how the recipes discussed so far from
a theoretical standpoint can be concretely applied. We will study a generalization
of the four site Toda lattice, to be termed Toda3 model. This system is a member
of a family introduced in [21] as reductions of the discrete KP hierarchy. It can be
described as follows. We consider on M = C!2, endowed with global coordinates
{b;, a;, ¢;}i=1.4 the Hamiltonian
1

[-[GT:5(bf+b§+bg+bi)—(a1+a2+a3+a4), (41)

and the linear Poisson tensor given by the matrix

—Qa 0 0 ay
0 Al Cl aq —as 0 0
P=|-AT C, 0 with A, = , (4.2)
—Cf 0 0 0 a; —asz O
0 0 as —ay
—C1 0 C3 0 0 —C 0 Cy
Cl _ 0 —Co 0 Cy ’ Cz _ C1 0 —C2 0
C1 0 —C3 0 0 Co 0 —C3
0 Co 0 —Cy —Cy 0 C3 0

where we denoted by 0 the 4 x 4 matrix with vanishing entries..
Using (here and in the sequel) the cyclic identifications a; 14 = a;, biyq = b;, ¢iq = ¢,
the Hamiltonian vector field Xy, = PdHgr can be written as follows

Bi Ai—1 — Q4
él,i = a,-(biﬂ — bl) + Ci—1 — C; s = 1, . ,4, (43)
Ci Ci(bi—2 — b

The expert reader will notice that Hgp coincides with the Hamiltonian of the periodic
four-site Toda lattice, written in Flaschka coordinates b, = p;, a; = exp(¢; — Giz1)-
Indeed, on the hyperplane My ~ C? defined by ¢; = 0,7 = 1,...4 the vector field
Xp,r defines the periodic Toda flow.
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Proposition 4.1 The Hamiltonian vector field Xu,, admits the Lax representation
L(p) = [L(p), @], where

RS R
T I PR R Pt
T s o | G000 |

| —no S b L0 0

The bihamiltonian aspects of this system have been discussed in [2§]. In particular,
it has been noticed that on M there exists a second Hamiltonian structure for the
vector field Xp,,. Namely one considers the bivector P’ having the following form:

— bl C1 0 bl C3 0

, A2T Bl C3 0 —bgCQ 0 b204
P = _Bl A2 C4 > where C3 = b b > (45)
T T & 0 —bsc 0
_C3 _C4 A4 193 3C3
0 Cgb4 0 —b4C4
0 aq 0 —Aay —blal C1 —C3 61&4
—ay 0 (45} 0 bga,l —bgag (&) —Cq
A2 = ) Bl = )
0 —ag 0 as —C b3CL2 —b3a3 C3
Qg 0 —as 0 Cy —Co b4CL3 —b4a4
0 —bgCl — a1a9 0 b1C4 + ai1a4
A bgCl + aras 0 —bgCg — Q203 0
3 = )
0 bng + aqas 0 —b403 — azay
—b104 — 104 0 b403 + asay 0
—Qa1C1 —a1Cy ai1Cs a1Cy 0 —C1C2 0 C1Cq
Cc1a9 —Q9Cy —Q2C3 a2Cy C1C2 0 —CoC3 0
C4 = ) A-4 =
ci1as CoQ3 —AagzCz —AazCy4 0 CaC3 0 —C3Cy
—C10Qy CoQy C3Q4 —QyCy —C1C4 0 C3Cq 0
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It can be easily noticed that Xp,, = P'd(— Y ;_, b;). More in general, we have the
following

Proposition 4.2 The pencil P’ — AP is a pencil of Poisson brackets. The rank of
the generic element of the pencil is eight. The characteristic polynomial R(\, ) =
Det(A1 — L(p)), written in terms of p = p* can be expanded as:

R\, p) =X —p+HN) + (K\) =N /p+ Jofp*. (4.6)

The functions J; and Jo are common Casimirs of P and P'. The polynomials
H(XN), K(\) are polynomial Casimirs of the pencil Py = P’ — AP. They have the
form

H(\) = XNHy — N H, + AHy — Hy, K(\) = Ko\ + K. (4.7)

Explicitly, J; = ¢1¢3 4 cacq, Jo = ¢1ca¢3¢4, while the coefficients of H(A) and K () are
given by:

Z b,, H1 Z b b + Zal, Hg Z (Ci + bi(aHl + CL1+2) + bibi+1bi+2)

i>j5=1
4
H; = Z bicii 1 + ajas + asay + cubic and quartic terms;
i=1
4 4
= Z bici—lci—l—l — Ci; 10419, K1 = Z A;C14+1C142 + quartic terms
i=1 =1
One can show that the eight functions Hy, Hq, Hy, Hs, Ky, K1, J1, Jo are functionally
independent and, thanks to the fact that they fill in Lenard sequences, are mutually in
involution. The kernel of P is generated (at generic points m € M) by the differentials
of the four functions Hy, Ky, J1, Jo. Hence, on the 8 dimensional manifold S, defined
by the equations Hy = k1, Ko = ko, J1 = K3, Jo = k4, that is, the generic symplectic
leaf of P, the vector field Xy, is completely integrable. To realize this we simply
have to notice that Hgr can be expressed as %Hg — Hy, and apply the properties of
anchored Lenard Magri sequences collected in Proposition E271

4.1 Separation of Variables

We will now show how to apply the ideas and recipes if the bihamiltonian set-up for
SoV to the Toda3 model introduced above. The first problem to deal with is that the
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Poisson tensor P’ does not restrict to S,, but must be projected. This can be done
as follows (see [0, 15, 16, 29] for details and the geometric background), by means of
a kind of Dirac reduction process.

0
We consider the vector fields Z; = ——— and Z; = —, notice that the matrix

0b4 0&4

G _ ( LZ1 (H()) LZ1 (Kl) ) _ 1 —C1C3
LZ2 (H()) LZ2 (K1> 0 —clas —ajco
is invertible, and form the bivector

2
A= "[G;'1Z: AX], where X| = P'dHy, X} = P'dK,. (4.8)
ij=1

Lemma 1 The modified bivector Q = P’ — A defines a Poisson bracket, compatible
with P; Q) restricts to S.

Proof. The proof of the fact that @, = @ — AP is a Poisson pencil follows (see, e.g.,
[T5]), from the equalities:

0
LZIPZO, Llelzwll/\Zl—Cg—/\Zg

o 0 0" ) (4.9)
L, P=(— — — A L, P = —+ — A Zs.
Zs (Obl 0&1) N Za, Zs (by Bas + Obl) NZy+ Wy NZy
0 0 0
1 _ e
with W' = (a3 s ay 94, + ¢ 6 4 004> and
0 0 0 0 0 0 0 0
°o_ 4 ¢ L, 0 - 0 0 o o g
Wo = (g =gy = Gsg - — g —ag s+ ago+ag - = ag ),
as well as from the fact that

To show that () holds true is a matter of an explicit computation, while (EI0)
follows from the definition of ). In fact, the last two equations hold since J; and Js
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are Casimirs of P’ invariant under Z; and Z,. For, e.g., Hy one computes

2
QdHy = P'dHy — AdHy = X} = > ((Gi}]Lz,(Hy)) - X;

ij=1
=X - Z ([Gi_,jl]Gjl) - X} =X{ - Z(Si,l - X1 =0,

where the second equality follows from the fact that all the functions H;, K,, J, are
in involution w.r.t. P.

O

Thanks to the above lemma, the generic symplectic leaf S,is endowed with the struc-
ture of a regular bihamiltonian manifold. It is easy to show that the non trivial
Hamiltonians Hy, Hs, Hz, K7 (more precisely, the restriction to S,of these Hamiltoni-
ans) satisfy the hypothesis of Theorem Bl w.r.t the (restriction to S) of the pencil
Q) — A\P. Indeed we have:

2 2
QdH; = P'dH; — Y "[G;}1Z; AN X{(dH;) = PdHpq — Y (G /]Lz,(H)X]

i,j=1 1,j=1

(where we understand Hy = 0) and

2 2
QdEKy = P'dK, — Y [Gi11Z; A X{(dKy) = Y [Gi 1Lz, (K1) X
i,j=1 i,j=1
So we proved that, for generic values of the Casimirs x;,7 = 1,...,4, the system

obtained by restriction of the Todaj flows on S,is separable in the DN coordinates
associated with the restriction to Scof pencil ) — AP. To finish our job we finally
have to:
a) explicitly define the DN coordinates;
b) find the separation relations.

To solve the first problem, we will use the tools briefly described in Section 221
We rely on a result of [16], as well as on explicit computations, to state the following
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Proposition 4.3 Let G(\) be the matrix

LZ1H()‘) LZzH()‘) .
G= ( LaK(\) LuK() ) 7 (4.11)

The roots of the degree 4 polynomial Del(G) are the roots of the minimal polynomial
AN = M = S8 p A of the Nijenhuis tensor N = P~'Q associated with the
reqular Poisson pencil QQx. The coefficients p; are well defined functions on the generic
symplectic leaf Sy, and are functionally independent. Furthermore, the ratios p(\) =
—G22/G12,0(N) = —Ga1/G11 are Nijenhuis function generators.

Thus, one half of the Darboux-Nijenhuis coordinates will be given by the roots
of Det(G). To find the remaining half we consider vector field Y = —Pdp; whose
role has been discussed in Section Since an explicit computations shows that
Ly log(p(\)) = 1, hence we can state the following

Proposition 4.4 A set of Darboux-Nijenhuis coordinates for the restriction to the
generic symplectic leaf S, of the Today flows are given by the four roots \; of Det(G)(\)
and by the values p; of the function log(p(X\)) for A = \;, where

(—Cla3 — CLng) A+ 02a163 — a1a903 + Clb2a3 + ci1Co
ClC3>\ + a1a92C3 — 016203

p(A) =

To find the separation relations we reconsider the Lax matrix (F4]), and notice that
the pairs, e.g., \;, p(\;) are common solutions to the system

pGi1+ Gar =0

4.12
pG12 + Gaa = 0. ( )

Since the Lie derivative of the matrix L(\, ) = A1 — L(u) along the vector fields Z;
are given by:

0000 000 —u!
0000 000 0
LallOm)=1 0 o o | LatGm)=14 0
0001 000 0
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we see that the solutions of the system (EEIZ) are nothing but the solutions of the
equations

(LA, 1) ]aa = 0, [L(A, )] = 0,

L(A, )Y being the classical adjoint to L(A, u) = A\1—L(p). Using standard arguments
of linear algebra, and the results collected in Proposition EE4l, we can state

Proposition 4.5 The separation relations connecting pairs of Darboux-Nijenhuis co-
ordinates \;, p;, the Hamiltonians Hy, Hy, Hs, K5 and the Casimirs Hy, K, Ko, Jy are,
on the generic symplectic leaf Sy, given by the evaluation of the characteristic poly-
nomial Det(L(\, p)) in A= A, = pi = log(p(\;)).

We notice that, a posteriori, the separation coordinates for the Todaj system fall in
the class described in, e.g.,[33, [, M0, B4, 2, 22]. Namely, the DN coordinates that
separate the Todaj system are Algebro-geometrical Darboux coordinates associated
with the spectral curve (EQ), and fulfill the so-called Sklyanin’s ‘magical recipe’.

As a final remark, in connection with the discussion on the relation between
the bihamiltonian property of an integrable vector field and the separability of the
associated HJ equations of Section Bl, we notice that the Hamiltonians H,, Hy, H3, K5
are functionally independent from the coefficients of the minimal polynomial of the
Nijenhuis tensor obtained from ¢ — AP. So, this is a further instance of a system
which is not bihamiltonian on a regular manifold, but turns out to be separable via
the bihamiltonian method of SoV.

4.2 A remarkable subsystem: the open Toda} system

In this last subsection we will discuss a remarkable reduction of the periodic Toda3
system, leading to the corresponding generalization of the open (or non-periodic) one.
In the manifold M ~ C' we consider the nine-dimensional submanifold M, defined
by the equations:

ay — C3 = C4 — 0. (413)

One can easily verify that the restriction Xp__ to My of the vector field Xp,,. is
tangent to Mj. Also, the tensor P can be restricted to My; indeed, the expression of
its restriction Py w.r.t. the natural coordinates {by, ..., by, a1,...,as,c1,co} of My is
obtained from (2) simply by removing the 9th, 11th, 12th rows and columns.
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One can easily check that X} = PydHgro with
1
Horo = 507 + b3 + by + b) — (a1 + a2 + ag), (4.14)

and recognize that this function is the Hamiltonian of the open Toda lattice. Also, a
Lax pair for X7, is

b —u 0 0 0 0 0 0
“©obyo—p 0 Zo0 0 0

Lo=| ! L ®= | (4.15)
A R 2 % 00
|~ @ b | 0 3 2 0

It should be clear from the form of the Lax pair that the vector field Xp _ on
My is an extension of the standard open Toda lattice towards the so-called full open
Toda lattice, which is a system describing a flow on the lower Borel subgroup of
sl(N). The integrability of the full open Toda lattice was established in [8] (see, also,
[T2]). The idea was to complement the integrals of the motion coming from the Lax
representation with additional integrals obtained by means of the ‘chopping method’,
whithin the group—theoretical point of view.

The need to supply the standard results of the Lax theory with further methods
should be clear from the following considerations. The only Casimir function of F
is hg = 3.+, b;. Hence, its symplectic leaves S¢ C (M) are the eight dimensional
manifolds defined by hy = &, and X% o Can be seen as a Hamiltonian system with
four degrees of freedom.

The characteristic polynomial of the matrix Lg is

Det()\l — LQ(,U)) = —,u4 + )\4 — h())\3 + hl)\2 — hg)\ + hg, (416)
that is, it provides us with only three non trivial Hamiltonians

4 3 4 3
hl = Z blbj + Z a;, hg = Z blb]bk + Z CLi(bH_g + bi+3) + 1+
=1

i>j=1 i>j>k=1 i=1

(4.17)
hg = b1a2b4 + CL1b3b4 + b1b2a3 + blcg + aja3 + Clb4 + b1b2b3b4.

We will now show how the the tools we previously introduced can be used to
geometrically prove the complete integrability of such a system and, moreover, yield
the existence of an additional integral of the motion .
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The main property is that, along with P, the tensor () resticts to M,. This can
be proven as follows: one checks by direct inspection that this is true for P’; the
assertion follows from the fact that the vector field X? (defined in (BX)) vanishes on
My, while Z; and X7, which coincides with X7, are tangent to M at the points of
MQ.

Furthermore, we add two observations. The first one concerns the restriction G
to My of the matrix G. It has the form

gy A2 — (by + b3) A+ bobs +a
G- | 7 (b2 B AT bl s (1.18)
0 — (Clag + alcg) A — a1a90a3 + C1C2 + Clb2a3 + a102b3

with G, = A\ —m \2—my\—73 a degree three polynomial. Hence its determinant (that
is, the minimal polynomial of the Nijenhuis tensor Ny induced by the pair Qg — AP
on &) factors as G¥,G%.

The second observation consists in the fact that the three surviving Hamiltonians
hi, ha, hs given by (BI1) satisfy the conditions:

3 m 1 0
Qodhi =Y Fj}Podh;, with Fy = | 7 0 1 (4.19)
j=1 m 0 0
We notice that the functions m;,7 = 1,...,3 and the root
)\4 _ —@1090a3 + C1C2 + a102b3 + Clbgag (420>

c1a3 + a1C2
of GJ, are still functionally independent and hence (generically) different on Se.

Lemma 2 Let o any function satisfying Qodo = \yPydo. Under the above hypotheses,
the brackets {o,h;}p, and {0, h;}q, vanish.

Proof. Evaluating both sides of Qodo = \yPydo on the differentials (dhy, dhs, dhs),
and switching the action of the Poisson tensors on the dh;’s, we get

<d0’, Qodh2> = )\4<d0', Podh2>,l = 1, ceey 3

Inserting (EI9) we get the equation Z?:l (F2 — M\4bij) (do, Pydhj) = 0. Since Ay is
not an eigenvalue of FZ-(;-, the Lemma is proved.
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O

So a fourth integral of the motion, that commutes with the Hamiltonian HQ. for the
open Todaj lattice is given indeed by the distinguished root A, of equation (FE20);
this constructively proves the integrability of the system.

Finally, we notice that this method proves the existence of a fifth integral of the
motion. Indeed, we know that, along with A4, there must exist another independent
function gy, satisfying the hypotheses of Lemma ] and functionally independent of
A4 and of the h;’s. In such a comparatively low dimensional case, such a function can
be explicitly found to be

2 2
Co (a1b201 — Q201" — C1~ — Clbgal)

Ha = .
C1 (Clag + CLlcg) ()\43 — 7T1>\42 — 7T2>\4 — 7T3)
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