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Abstract

We study the existence and the asymptotic behavior of solutions of (1), when
V can vanish and decay to zero at infinity.

1 Introduction and main results

This paper deals with Nonlinear Schrédinger Equations (NLS, for short) with po-

tentials like

1) —2Au+V(z)u= K(z)u?, zeR",
uwe WH(RY), u>0.

We are motivated by the recent works [1, 3, 5, 6]. The two former papers deal with
the case that V is positive and have an appropriate decay to zero at infinity. The
+wo latter ones, with the case in which V vanishes at some set Z (referred in [5] as
the case of the critical frequency), but liminf ;o V(2) > 0. The main purpose
of the present Note is to show that, using some ideas of [1, 3] jointly with some
arguments of [5, 6], it is possible to extend the results proved in the aforementioned
papers to potentials V' that can both vanish and decay to zero at infinity.

First of all, we will show that for £ small there exists a ground state solution
of (1) (semiclassical state), so that the fact that V can vanish does not affect the
existence resuts of [1, 3]. By a ground state we mean a solution which is a mountain
pass critical point of the energy functional associated to (1).

Next, we study the concentration of these ground states as ¢ — 0, a phenomenon
which is important for its implications in Quantum Mechanics. Loosely speaking,
we say that a solution v. of (1) concentrates at a point 2* if v, tends to zero
uniformly out of z*. Concerning concentration, we show that the ground states
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concentrate on points of zero set of V. Moreover the behavior of the solutions near
these points is similar to the case studied in [5], of V' being positive away from
zero at infinity. It is not affected by the fact that 1/ decays to zero at inifity, but
depends only on the local behaviors of V' near the points of concentration where
V is zero. However, the decay rates of the solutions at infinity do depend on the
decay property of V.

We assume that V" and K satisfy

(V) Ve C(R™,R), and there exist Ry, k1, « > 0 such that

Viz) > F1

2 TH e || = Ro.

(K) K € C(R™,R), and there exist k2, J = 0 such that
ko

0< K(z) < W, z € R™
Let
n+2 448 .
(2) 5 = ﬁ—m, fo<f<a
1 otherwise.
and set

Z={zeR":V(z) =0}
Let us remark that (V') implies that Z is bounded. We will be interested in the
case that Z # ). Our main existence result is the following one.

Theorem 1 Suppose that (V) and (K) hold and fet 0 < o < 2, 3 > 0 and
o<p< % Moreover, assume that Z # (. Then for  sufficiently small, (1) has
a ground state v. € W1Y2(R"™), concentrating at some point z* € Z, as € — 0.
Moreover, there holds

3) ol

Us||ea =0, and lilirﬂélffﬁ\|ﬂe\|m > 0.
Remarks 2 (i) In [1] it is proved that the growth restriction ¢ < p < % is
necessary in order to get a ground state.

(i4) If Z =0, related existence results can be found in [1, 3]. In the fomer, any
€ > 0is allowed and 0 < p < ;ﬁf—i is assumed. In the latter, it has been proved
that for £ < 1 (1) has a solution (possibly not a ground state) for all 1 < p < 2—1‘%

(iii) If Z # 0 and liminf ;) V' > 0, a result similar to the preceding theorem
is contained in [5, Thm. 2.1].

(1) The fact that v. concentrates at some point x* € Z agrees with the results
of [1], where it is proved that concentration arises at a global minimum of the
auxiliary potential A := oy ar=] Obviously, in the present case each point
in Z is a global minimum of A, because A vanishes on Z. But here, in contrast
with [1], the ground state does not remain bounded away from zero. Actually, the
behavior proved in (3) is just the behavior of solutions found in [5].
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As in [5, 6], one can be more precise about the asymptotic profile of the con-
centrating solutions, provided one makes some further assumption on the behavior
of V near Z. However, here we do not consider all the cases discussed in [5] but
we shall focus on the one (which is referred as finite case in [5]) where V' has a
polynomial decay to zero near a zero point of V. The other cases studied in [5]
could be considered similarly but we will not carry out the details.

Without loss of generality we assume V' (0) = 0. P(z) is said to be of homoge-
nous degree m > 0 if P(Az) = |\|™P(z).

The following theorem shows that also the asymptotic profile of the ground
states is quite similar to the one established in [5]. Actually one can prove:

Theorem 3 Suppose that (V) and (K) hold and let 0 < oo < 2, 8 > 0 and o <
p < 22 let Z = {0} and suppose that for some m >0, V(z) = P.(z) + Q=)
satisfies limjz o |2| "Q(z) = 0, where Py is homogeneous of degree m > 0.
Let v. be a solution of 8, localized near 0, given in Theorem 1. Then for any

n— 1 m-l-.Z ( m-{?
Uen

£, — 0 there is a subsequence (denoted still by e, ) such that En ertia)

converges uniformly to a ground state solution of
(4) —Aw + Py (z)w = K(0)wP,z € RN,

Remark 4 The behavior of the solution v, found above depends on the fact that
the concentration point is a zero of V. If there exists a solution concentrating on
a critical point of A with V' > 0, its behavior would be like a usual spike that one
finds in problems where infgs V' > 0. This has been proved in [4] dealing with the
radial problem

(5) —2Au+ V(zu=v?, weWL3(R™), u>0,

where p > 1 and V' is radlal and satisf‘es (V). If the weighted potential Mr) =
ri=1E (), £ = p+} then it
is proved that (5) has, for e < 1, a radial solution v, which concentrates on the
sphere of radius r*. In such a case, v, ~ U(*=~ "), where U is the positive, radial
solution of —U" + U U? such that U’'(0) = 0. This is related to the fact that

V(rs)>0.m

The proofs of Theorems 1 and 3 are carried out in Section 2 and 3, respectively.

2 Proof of Theorem 1

The proof of Theorem 1 is divided into several steps.

A. The functional setting. Let

||l = / [[Vul® + V(EI)?LQ} dx,
R‘ll



and let . denote the closure of C§°(IR™) with respect to || - ||.. According to the
results of [7], E. is embedded (respectively, compactly embedded) into the weighted
Lebesgue space

LR == {u e LTI (R™) : f K(ex)|u|r da},
Rn

provided 0 < a <2, 8> 0and o < ¢ < 22, resp. o < ¢ < 22, To be more
precise, the results in [7] are proved under the further assumption that V/(z) > 0
on R™. These results have been also proved in [1], see in particular Remark 10, and
it is easy to check that the arguments carried out in [1] rely only on the behavior
of V and K for |z| > 1, namely on the assumptions (V') and (K).

In particular, one has that

K (ez)|u|PTdz < +oo.
IRH,

If A C R* weset A, = {z € R" : ez € A} and denote by A’ the ¢-
neighborhood of A. For simplicity we denote (A%). as A2. Fixed § > 0 small
enough, let us consider the following constrained minimization problem

3(p+1)

me = inf{||u||? : / K (ez)|uPds = 1, / K(ex)|uPHde <751 }.
JRn R\ 27

Since, as pointed out before, the embedding of E. into L’}’(H is compact provided

o< qg< 2"_‘% it follows that m. is achieved at some u. € E.. Hence m. > 0 and

there exist Ag, pe € R such that

(6) —Au, + V(ex)ue = A K(ex)ul + pe Xy zas K(ex)ul, ue > 0.
We want to show that u, € W2(R™) and there holds

3(p+1)

(7) / K(ex)|ulPtide <e7» 1.
Rn\Z§

If this is the case, then T, = m ™ "u. is a solution of

(8) —AY, + Viex)u, = K(ex)ul, ue > 0,

Te(elz) =ms!

and v, (z) = Uel= 1, (e 1) solves (1).

B. Some estimates. We first show

Lemma 5 There holds: m, = o(1) ase — 0.

| .



Since @ can be taken arbitrarily small, the last infimum tends to zero as £ — 0 and
the lemma follows. &

Next, we turn our attention to (6). By similar arguments to [5] one finds that
e <0 < A.. We claim that there is a constant A such that

(9) limsup A. < A

e—0
If not, for £, — 0 one has lim, .. As,, = +00. Take a cut-off function ¢y, such
that .
0 ifzg 2
n €T "
#al ){1 if:cEZg,{Q,
0< o <1, [Vin(z)| < 2:,/6. Set uy = ue, and Ap = Ac,,. Multiplying (6) by

@nly, and integrating by parts, we get

Anj K(gpz)uldx
202

€n

IA

/ [[Vun - V(unpn)| + V(enz)ulpn) dz

IA

ey / [[Vua|® + |V o) un)? + V(enz)ud] de.

Since inf{V (z) 1z € 2%\ Z5/2} > 0 and |Vn(z)| € 2¢,/0, the above inequality
implies, for n > 1,

)\n/ e K(epz)ultds < (:2/ [|V’un|2 + V(E,l_:n)if,i] dx = come,, .
z

- i
en

Since m., — 0 and X, — oo, it follows
(10) j K(eqx)uldz — 0, n — 00,
2

Choose another cut-off function

0 ifze Zg,{g. orw ¢ 25.5/4
Pn(T)

1 ifee 28 \ 22,

such that 0 < ¢, <1, [V ()| < 4e, /6. Taking n >» 1 such that A, > 1, and
using arguments similar to the previous ones, we get

f Ko e = R K (enz)ul o de
= / [Vt - V(unthn) + |untn|’] dz
< /uan UVMﬂIQWJHIQ PV + Iunwnﬂ N
<

82/ [Wunﬂz + V(sna:)ui] dr — 0,

[



where we have used again that inf{V (z) : z € 2%9/4\ Z%/2} > 0. But,

/fL I{(Eﬂm)’lpﬂu‘{"l-‘hld:ﬂ 2 /Zf \235/4 K(&-”m)‘unlp+ldm'

€n

Using (16) it follows that

Hence,
lim inf K(en)|tnun|PT dz > Const. > 0,

n—od i

a contradiction. This proves that (9) holds.

C. Exponential decay.

Lemma 6 There exist Ry >0, C = C(p,n) > 0 and d = d(p, ., 3,n) > 0, such
that for |z| > 2E.EC there holds

(le)*7* - (B*5*)

go/2

(11) e ()] < C|$\dexp f% |1og %|

This is essentially Lemma 22 of [1]. For the reader convenience, let us outline below
the proof, referring to [1] for more details. The main two steps in the proof of [1]
are the following (i) and (zi) below.

(i) For all 8; > 0 there exists R > 0 such that, for all R > R and all u € E.

. /n > & K (ex)|ul" T (z)dz

: (pt+1)/2
<& (/ [[Vu(z)® + V(ez)u®(z)] d:r) _

(i1) let u. satisfy (6) and set Q,, = {|z] > n?/(2=2)}, Then for n > 1,

(13) ] [|[Vue|® + V(ez)ul] dz < 2 / [[Vue|? + V(ez)u?] da,
i Q,

As for (1), this is nothing but the counterpart of [1, Prop. 11] in our setting and it
is easy to check that in the proof carried out in [1] can be repeated here. Actually
the assumption that V > ¢ > 0 does not play any role, because in (12) all the
integrals are evaluated for || = 1, only.

To prove (13) we modify the arguments used in [1, Lemma 17] as follows. Let
b, (r) be a piecewise affine functions such that

Pu(r) =0, Vr< n@®) g (=1, Vr>(n+ TjfiEd,



Using (6), that pe < 0 and that ¢,, <1 we find

/ [Vue - V(uedn) + V(ez)ule,) dz < An] K (enzyultda.
Qr: 25
By calculation similar to that in [1] and using (9), we get

/ [[Vue|® + Viez)u?] dz < / o [|Vue|* + V(ex)u?] dz
Qi1 Qn

< [ Kz s~ [ (Vuc- Vo, )do
9159 .

n

<A K(ex)uPtlde + : / [\Vus\g + \Vﬂbn\zugl dx.
nr! ﬂ"l

Since |Vh| ~ n=%/(27% we infer that |V¢,|? < V(ex) in Q. for n > 1, and
hence
[ [[Vue|® + V(ez)u?] da
S
<A [ Koptde+! / [Vuel? + V(ez)u?] de.
Q, 2

This and (12) yield, for e & 1,

/ [[Vae|? + V(ez)ul] dz
QvH»l
L

< 8A (/ [[Vue|® + V(ez)uf] d:c) +§f [[Vue|® + V(ez)u?] da.
* Qn

n

One also has

(/Q [|Vue|? + V(ez)ul] rh)
- (j [|Vaue|® + V(ex)u?] dl.) T an (Va2 + V(ec)u] da

n

Pl
Fl

Then we find

p—1

] [[Vue|? + V(ez)u?] do < (6]Am52 + %) /n [[Vuel|? + V (ez)u?] du,
oI "

proving (13).
Once that (i) — (4i) hold, one can repeat the arguments in [1] proving Lemma
6.
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D. Proof of Theorem 1 completed. To complete the proof of Theorem 1 it
remains to show that u. € W12(R") and that (7) holds.
Fixed Iy and C as in the Lemma 6, let p > 2Ry + C. Then (11) implies

g e
14 K(ex)urtde ~ ¢ =), e>0.
4 jRT..\B,,/b ey e CGXP( 50/2) ‘

Letting 2. := By, \ Z25, there results infq, K (ex) > const. > 0. This and the
fact that

; 3pt1)
f K(ex)ultdz < / K(ex)uPTldz < e T
a. SR\ 28

imply that [, uf™'dz — 0ase — 0. Then by elliptic estimates, l|uell Loy — 0.
Taking & possibly smaller, we can assume that Z2% C Bs, and hence thereis v >0
such that infq, V(ex) > 2v. Fore small, we have

p—1
Az (sup[K(sw)uJ:r)]) <75, supug(z) <1
Qe y)

e

Then there holds

—Au, + [V(ex) — ~Ju. €0, inQ,
ue(z) <1 on 8228,
ue(z) < cexp(—c 5’”‘/2) in 0Ba, /..

Let W, denote the solution of

AT, 44U, =0, i 1,
U (z)=1 or BE2,
U, (z) = cexp(—ce™®2) in dBgy/e.

Then by the comparison principle,
u(z) < o(z), Vzel.

Since . decays exponentially to zero at infinity, there exists C' > 0 such that
. _C 45
ue(z) < Cexp -~ ) Vo e By \Z:°-

Hence u. € WH2(R™). Moreover, the preceding inequality and (14) yield, for
e 1,

3(pt+1)

/ K (ex)ultldz < Cyexp (‘_ﬁ) <g el
R"\ Z$ &

proving (7).



Then by the comparison principle,
Ue(w) < \Ija(x)s vmege-

Since ¥, decays exponentially to zero at infinity, there exists C' > 0 such that
us(z) < Cexp (—g) . V:EEBME\ZQ‘S.

Hence u. € Wh2(R"). Moreover, the preceding inequality and (14) yield, for
ek 1,

3(p+1)

K(ex)uPTldr < Crex ——C—l < g =T
- z B = ;

proving (7).

1

Now define v, (z) = m& "u.(¢~'x). Then v, solves equation (1). By Lemma

5 we have ||ve||oc — 0 as e — 0.

% % =2 - B
Finally we show liminf, o7 7 ||ve|loe > 0. Set U, = 7 Tv,, and note that
7, satisfies

” 1) =
(15) —AT, + ?V(ﬂﬁ)?}e = K(z)oP.

Choosing a cut-off function ¢ € C§°(R"™) satisfying ¢(x) = 1 for x € Br(0) such
that R > max{Rg,2R;+C} and Z4% < Bg(0), where Ry is from (V)and 2R, +C
is from Lemma 6 so that (11) holds. We have

(16) [ K@t <k [ @@+ (- o).
5 ™ R"l

There holds, for some C' > 0,
an [ wieR <ot [ VP <o

Rn ]Rn ]Rn
Furthermore, choosing & > 0 such that p—1 — & > 0 we use (V') to infer that

[ orta-epe < [ oo - gpe
n [RIL

<K [ 0y @i

R

i L o
IV’UE|2 + ;V’Uﬁ

Using Lemma 6, we find that (14 |z|*)v? < 1, provided |z| > R and ¢ is sufficiently
small. From this and the previcus equation we get

(19 |- epe <kt [ v
R'f!. R'Il

Using (16 - 17 - 18) and the equation (15) we infer that ||7.||sc = €' > 0 and thus
liminf._o 57ﬁ|\vg|im > 0. This completes the proof of Theorem 1

Remark 7 We may also consider localized solutions concentrating near an isolated
subset A of the set of zeros of V', Z. l.e., we require d(A, Z\ A) > 0. This was
done in [6] for the case lim inf|;| ., V is positive. Slightly refined arguments above
give results of this type. We refer [6] for details. m
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3 Proof of Theorem 3

In this section we will give the proof of Theorem 3. By [6], equation has a least
energy solution v, which has an exponential decay at infinity.
By a scaling depending on m, we define

we(z) = e_rf%lﬁ-?uc(s?ng?i:r)
Then w. satisfies
—Aw,(2) + (P(z) + e wtIQ(emira))we = K(Eﬁi xz)wk.

By Lemma 6 and the construction of the solution we have that for each §; > 0
there exist C,¢ > 0 such that for lsm Trg| > 4y,

(19) we(x) < Ce™ 71 w12 exp(—ce™ ™13 [z]).
By using (V), we first claim that for |z| > sfmzﬁRU,

(20) RNV (e~ WH) > ];—fa

By the property of @ there exists 63 > 0 such that for \.sm+21:| < 8y, Pplx) +
e~ mirQ(emiiz) > S Py(z). Thus there is Ry > 0 such that for |z| > Ro

2 2m k
(21) E—ﬁl/(g—ﬁ) S ﬁl_

Since a ground state solution w to (4) is exponentially decay at infinity, we have

£—0 i)

lim supf |V | + (P (z) + 5”%@(57%@)%3 &« f |Vaw|? + P (2)w?

From these and the elliptic estimates we get that the L®°-norm of w, is uniformly
bounded for = small. By the fact P,,(z) — oo as |#] — oo and elliptic estimate
again, w. tends to zero as |z| — oo uniformly for & small. Then by this and (19)
we have Rs > Ry such that for [z| > R,

1
Kl(em +2 ;p—1 < =
(el @) < g

Thus for |z] > Ra, Aw. — 2‘—1%w > (. By Lemma 6 of [3] and comparison
principle, we get for some constant C,c > 0

we(w) < Cexp(—clz )

Next we show liminf._o ||we|oo > 0. If not, using the above estimate and similar
to the end of the last section, we have

5 (2=a)(p+1)
f |Vawe|® +&~ i Ve w7 z)w? < Cexp(—ce e )
T

10
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