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NON-LINEAR GROSS-PITAEVSKII DYNAMICS OF A 2D
BINARY CONDENSATE: A NUMERICAL ANALYSIS

ALESSANDRO MICHELANGELI AND GIUSEPPE PITTON

ABSTRACT. We present a numerical study of the two-dimensional Gross-
Pitaevskii systems in a wide range of relevant regimes of population ratios
and intra-species and inter-species interactions. Our numerical method is
based on a Fourier collocation scheme in space combined with a fourth order
integrating factor scheme in time.

1. BACKGROUND AND OUTLINE

We are concerned in this work with the following system of two coupled cubic
non-linear Schrodinger equations

(1.1) i0u = —Au+ Uu+ v |ul?u+ caviz|v)?u
’ 10w = —Av+ Uv + y2|v]?v + c1vyiz|ul?v,

in the complex-valued unknowns u = u(x,t) and v = v(x, t) with t € x and x € R?,
and for given parameters 7y1,7v2,v12 € R (‘interaction couplings’), ¢1,¢o € [0,1]
with ¢; +¢2 = 1 (‘population ratios’), and given U : R? — R (‘trapping potential’):
such a system is customarily referred to as the Gross-Pitaevskii system, and we
present here a systematic numerical analysis of the solutions to (1.1) for typical
initial data (ug,vo) at t = 0 and typical choices of the parameters, in view of the
physical applications.

In fact, (1.1) describes to a good approximation and in suitable units the
effective dynamics of a binary mixture of Bose-Einstein condensates in a mean-
field-type limit of large number of particles and high dilution, in the sense, that can
be made precise, that the actual solution of the many-body Schrodinger dynamics
behaves approximately as the uncorrelated product of identical one-body ‘orbitals’
u (the quantum mechanical wave-function for a particle of the fist type) for one
species of the mixture and one-body orbitals v for the other species.

Let us recall that binary mixtures of condensates [24, 18, 11] are gaseous mix-
tures of two distinguishable species of bosons, which coexist in the same spatial
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region and display Bose-Einstein condensation in each component, and where in-
teractions are present both between particles of the same species and of different
species, however with no inter-species transition. Today such systems can be pre-
pared and manipulated in a wide range of current experiments with cold atoms,
typically involving heteronuclear mixtures such as 'K-87Rb [22], 4! K-8 Rb [23],
39K-85Rb [19], K-3"Rb [26].

The drastic simplification of the effective description (1.1) is clear from the
fact that it consists of two PDE’s for one pair only of orbitals (u,v) instead of a
PDE (the many-body linear Schrédinger equation) in a time-dependent unknown
function of Ny + N> two-dimensional space variables, where N1 and Ny are the
number of particles in each component of the condensate and can be of the order
of 10* through 10''. The effective description retains track of the population
ratios through the coefficients ¢; = N; /(N1 + Na), j € {1,2}, and of the intra-
species and inter-species scattering lengths, proportional respectively to 1, v2 and
to 712, besides the presence of the typical cubic non-linearities that are naturally
interpreted as self-interaction terms.

We remark that for the two-dimensional problem (1.1) we are considering the
structure of the three-dimensional Gross-Pitaevskii system, thus in practice we are
thinking of a Bose mixture confined in a thin planar slice, but before the genuine
2D limit is taken.

An intense activity has been flourishing recently on the mathematical formal-
isation of Bose mixtures and binary condensates, the rigorous derivation of the
effective dynamics, and the study of the ground state properties: we refer to the
works [21, 25, 1, 20] for a thorough discussion.

On the other hand, the local and global well-posedness of the Cauchy problem
for (1.1) and related features of the solutions, has been deeply investigated in the
mathematical literature of the last decade, in particular in the works [16, 10, 17,
8, 15, 13].

From the numerical side, the analysis is less developed and we shall provide
references in a moment. Remarkably, systematic numerics of various types of col-
lisions between the condensate components, including symmetric and asymmetric
collisions followed by ballistic expansion, as well as repeated collisions in a trap,
are missing in the literature. The aim of this work is precisely to close this gap.

2. NUMERICAL ANALYSIS: METHODS

The single-component Gross-Pitaevskii equation has been extensively studied
numerically over the last 20 years, mostly using Fourier [4, 3], Spherical Harmon-
ics [28] and Laguerre-Hermite [5] spectral methods, and operator splitting for the
integration in time. For a review of the most popular numerical approaches to the
single-component Gross-Pitaevskii equation we refer to [2].

The two-component case is less studied, although some relevant works have
appeared in the last 15 years, mostly based on hybrid finite difference-Fourier
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spectral methods coupled with Crank-Nicolson or second order (Strang) splitting
in time [30]. Spherical Harmonic [28] and Laguerre [29] spectral methods have
also been exploited, coupled with a second order operator splitting in time.

The case of a rotating binary condensate is well studied in the literature, and
we do not discuss it here, referring instead to [2, 31].

The standard resolution adopted in the previous works is insufficient for our
goals and, in order to resolve relevant short-scale details of the dynamics, we wrote
an MPI-parallel code.

For the numerical solution of the initial value problem associated with the
system (1.1) we chose a Fourier collocation method [7] in space (sometimes called
Fourier pseudo-spectral method) combined with a fourth-order integrating factor
method in time, first introduced in [6].

2.1. Accuracy check. The accuracy of the numerical solution is controlled in two
ways. The accuracy in space is checked by inspecting the magnitude of the Fourier
coefficients, and making sure that all the Fourier coefficients with magnitude larger
than a given threshold (that we take equal to 10~°) are represented. The accuracy
in time is checked by making sure that the L? norm of both components lies within
a band of 107 times the L? norm of the initial datum.

2.2. Initial data. In all our simulations we choose for each component an initial
profile of Gaussian type, namely the (L?-normalised) wave-function

1 x—qf”
— ip-x —
(2.1) Gg,po(x) : NG e'P™ exp ( 552

centred at position q with momentum p and spread 6.

This is a physically relevant choice, since G4 p ¢ is preparable as the ground
state of a suitable harmonic trap, and besides that it can be thought of as the
outcome of modern wave-function engineering [11, Section 16.2.4]. Furthermore,
this choice is versatile for an amount of numerical simulations: choosing for uy and
vy different q’s and p’s allows one to simulate various kinds of head-on collisions
with zero or non-zero impact parameter, taking instead p = 0 and the same q for
both ug and vy allows one to simulate the relaxation of one component on top of
the other, and so on.

Table 1 lists the pool of the initial parameters (q,p,8) that we considered
for the numerical experiments of head-on scattering (Section 3.1) and of multiple
re-collisions (Section 3.3) between the two components of the condensate. Table
1 lists the initial parameters for the numerical experiments of component-over-
component relaxation (Section 3.2).

We tuned such values so as to guarantee, thanks to a strong enough Gaussian
decay of the initial profiles ug and vg, that the initial data are well localised within
the spatial domain and in Fourier momentum, and to guarantee also that for all
the duration of our numerical experiments the accuracy criteria of Section 2.1 are
matched.
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TABLE 1. Initial data parameters for the simulations of one-shot
scattering (Section 3.1), component-over-component relaxation
(Section 3.2), and harmonically trapped re-collisions (Section 3.3)

scattering and re-collisions | relaxations

0 P2 Py G @ | 0 P2 Py G Gy

up 0.05 —100 O 50 0 up 0.05 0 O 0/2 0
vg 0.05 100 0 =50 0 v 005 0 0 —6/2 0

TABLE 2. Parameters for the head-on scattering simulations

Mm o mz|a | A+1 | N

1 1 102 | 0.50 0.50 | 4.00-10-6 | 212
1 1 10® 1 0.10 0.90 | 1.11-1075 | 212
1 1 102 | 0.01 0.99 | 1.01-10~* | 212
102 103 102 | 0.50 0.50 4 213
1 1 —2001]0.50 050| 1-107* |21
-1 -1 200 [050 0.50| 1-10=* | 2!

DU W |3

3. NUMERICAL ANALYSIS: RESULTS

In this Section we report and discuss the results of three main groups of
numerical experiments.

We test a wide range of possible regimes, which include balanced (¢; = cg),
mildly unbalanced (¢ < ¢2), and strongly unbalanced (¢; < ¢2) population ratios,
as well as intra-species and inter-species interactions (o € {1,2,12}), of both re-
pulsive (7, > 0) and attractive (7, < 0) type. We also explore various magnitudes
of the miscibility parameter
(3.1) A= 2y

C1C272
that discriminates between spatial phase mixing (A > 0) or phase separation
(A < 0) in the ground state associated with our non-linear system (1.1) [27,
Section 21.1], and which determines also the blow-up threshold of the associated
initial value problem.

3.1. One-shot, head-on scattering. The first class of experiments we investi-
gate are one-shot collisions of the two components of a binary condensate initially
prepared with a sharp spatial separation and a relative velocity against each other,
and left free to scatter away after they have come on top of each other.
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FIGURE 1. Density profile |u(x,t)|?> during the head-on scatter-
ing between components: experiments n = 2 (top) and n = 3
(bottom) of Table 2, with the same interaction parameters but
increasing unbalance ¢; = 0.10, 0.01. For visualization purposes,
along each row the magnitude scale changes (see Fig. 3).
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FIGURE 2. Time behaviour of the average positions X, (t) and
X, (t) (along the z-axis of the spatial grid) of each component of a
binary condensate during the head-on scattering process between
components, relative to the numerical experiments n = 1,2 from
Table 2. An effect emerges of the population unbalance.
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Conventionally (see Table 1) we let the scattering process to take place along
the x-axis of our spatial grid and we take the u-component to be initially shot
from right to left, the v-component then shot from left to right. Here U = 0: each
component of the condensate is free to expand ballistically.

In a sequence of numerical experiments (cases n = 1,2,3 of Table 2) we
explore the effects of an increasing unbalance in the population ratios on the head-
on scattering process with repulsive intra-species and inter-species interactions,
where the two components are initially shot against each other with momenta of
equal magnitude and opposite sign. This can be seen to ensure the system (1.1) to
be well posed in H' globally in time [13]. In Figure 1 we show that the lower the
relative population of the u-component, and hence the lighter the u-condensate,
the more its localisation in space is destroyed during the recoil: the density of the
u-condensate gets spread in a remarkable pattern around the density of the much
more populated (heavier) v-condensate, which instead remains well localised in
space. Figure 2 supplements this picture in terms of the average positions of each
components, that is, the vectors

(3.2) X, (t) = /R2x|u(x,t)|2 dx, Xy(t) = ‘/R2x|v(x,t)|2dx.

The plot of the horizontal components (z-components) of X,, and X, shows that
for balanced or almost balanced populations both components recoil, whereas when
the unbalance increases the heavier component preserves its localisation and pro-
ceeds along a only slightly changed direction after the collision.

We further investigate head-on collisions with various degree of unbalance in
the population ratios (cases n = 1,2, 3 of Table 2) by monitoring the behaviour in
time of the norms |ju(+,t)||s and |Jv(,t)||c. In fact, the profiles of |u(x,t)| and
|v(x,t)| develop peaks when a concentration of mass occurs, significantly when the
two components come spatially on top of each other: the L°°-norm captures the
appearance of such peaks. In Figure 3 we show that sufficiently far in time before
or after the actual collision phase the L°°-norm of each component decreases with
a typical dispersive behaviour, and this happens for any population ratio. During
the collision phase, instead, the L°°-norm undergoes a rapid increase, followed
by a somewhat less rapid decrease. Moreover, the lighter a component, the more
pronounced is the jump of its L°°-norm.

We then turn to explore the effects of different magnitudes of the intra- and
inter-species interactions when the collision takes place between component of
equal populations. Two paradigmatic patterns emerge. When an attraction be-
tween the two components is present, of significantly stronger magnitude than
the intra-species coupling (be the latter positive or negative), a characteristic
‘squeezing-and-shooting’ effect occurs in which the two profiles undergo a very
quick and pronounced contraction in the region of spatial overlap, followed by the
ejection of two very much focused and elongated wave packets in opposite direc-
tions (numerical experiment n = 5 in the first two rows of Figure 4). Instead, when
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FIGURE 3. Time behaviour of the norms ||u(-, t) (oo and ||v(-, t)||co
during the head-on scattering process between the two compo-
nents of a binary condensate, relative to the numerical experi-
ments n = 1 (left) and n = 3 (right) from Table 2.

- - - -
t=1.2-10"3 t=15-10"3 t=1.8-10"3 t=21-10"3
t=11-10"3 t=1.5-10"3 t=19-10"3 t=23-10"3

FIGURE 4. Density profile |u(x,t)|? during the head-on scattering
between two equally populated components. Top: ‘Squeezing-
and-shooting’ effect for the experiment n = 5 of Table 2. Bottom:
‘Splash-the-blob’ effect of the experiment and n = 6. The scale
changes in each frame.
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between the two components a repulsion is present of much stronger magnitude
than the inter-species coupling, this results in a ‘splash-the-blob’ effect caused by
the violent expansion of the two profiles under the the strong repulsion occurring
at the moment of their spatial overlap, thus followed by a wide spread of each
cloud and possibly by the production of two distinct upper and lower sub-clouds
with respect of the incident direction (numerical experiment n = 6 in Figure 4).

TABLE 3. Parameters for the relaxation simulations

n | m Y2 vz | ea e | A+1 | Ny
7 1 1 10> | 0.50 0.50 | 4-1076 | 210
8 1 1 10> | 0.01 099 | 107% |2U

9 | —10® —10% —10%]0.50 0.50 4 212
10 | —10% —10% —10%|0.01 0.99 101 212

) ) :) )

t=8.10"% t=1.6-10"3 t=24-10"3 t=232-10"3
t=8-10"% t=1.6-10"3 t=24-10"3 t=232-10"3

FIGURE 5. Light component’s density profile |u(x,t)|? at var-
ious times during the relaxation over the heavy component in a
binary condensates: numerical experiments n = 7,8 of Table 3,
both with interaction couplings 1 = 72 = 1, y12 = 103)7 and
increasing unbalance ¢; = 0.50 (top) and ¢; = 0.10 (bottom). For
visualization purposes, the scale changes in each frame.

3.2. Condensate-over-condensate relaxation. The second class of experiments
we investigate are the relaxations of one component over the other in a binary con-
densate with both populations initially localised in the same region. Also in this
case we take U = 0, that is, the relaxation is not trapped.
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In order to magnify the relevant features of the dynamics, we introduce a
small displacement between the centres of the Gaussian profiles of the initial data,
with the u-component (resp., the v-component) slightly shifted to the right (resp.,
to the left) along the z-axis. Each profile has zero momentum at the beginning.
The precise initial conditions and the simulation parameters are summarised in
Tables 1 and 3.

Several competing effects enter the relaxation process: the dispersive nature
of the kinetic operator in the system (1.1) favours a gradual spread in space of
the solutions, repulsive interactions (de-focusing couplings) enhance further this
effect whereas attractive interactions (focusing couplings) tend to contrast it, and
the relative balance between intra-species and inter-species interactions, encoded in
the parameter A defined in (3.1) further pushes towards reinforcing or suppressing
the expansion of the two clouds.

In a first round of simulations we explore the effects of an increasing unbalance
in the population ratios on the relaxation process, in the presence of repulsive
interactions among particles of any type, and where the inter-species repulsion
has a much stronger magnitude than the intra-species one.

In Figure 5 we show that when the two components are (almost) equally
populated the corresponding profiles separate and disperse gradually in time, with
an asymmetric spatial distribution that reflects the asymmetry of the configuration
at time t = 0: thus, the u-component goes shifted away to the right, and the v-
component to the left. The more the population ratios become unbalanced, the
slower and more symmetrically the profile of the heavy component spreads, pushing
away the light component around it. In this regime, the strong unbalance between
heavy and light component overcomes relatively soon the spatial asymmetry of the
initial configuration: the two clouds expand radially, the heavier one well localised
around the initial position, the lighter one pushed away in an annulus around the
heavier with several circular waves following the main wave, which become more
packed as 12 increases.

All this provides a novel and more structured evidence of the dynamical for-
mation of phase separation in the non-miscibility regime A < 0 for a binary
condensate, an experimental feature [12, 11] that has been partially reproduced
by recent numerical studies [9, 14].

We further analyze the relaxation process through the behaviour of the aver-
age positions X, (¢) and X, (¢), both under a change in the interactions and in the
population ratios (Figure 6). In the repulsive regime, the lighter one component,
the faster it gets pushed away from the heavy one, which remains instead almost
steady, whereas with comparable population ratios the two profiles get far apart
almost symmetrically. Remarkably, when instead intra-species and inter-species
interactions are turned to attractive and with comparable magnitude, this results
in an appreciable competing effect against the dispersion induced by the linear part
of the dynamics and in a much slower speed separation. For example, comparing



10 A. MICHELANGELI AND G. PITTON

S -
\\ 0.01 -
-0. \
0.0¢
o1
0.00000 0.00005 0.00010 0.00015 0.00020 0.00025 0.00030 0.00000 0.00005 0.00010 0.00015 0.00020 0.00025 0.00030
time time
(n=7) ¢1=0.50, ca =0.50 (n=28) ¢1=0.01, ca =0.99
e —_ 103 o _ 104
M=72=1, 712=10 =72=1, 72=10
0. 0.
o — v 0.030H — v P2
0.0: g
0.01 /
0.0: -
% 0.00[ - ‘é 0.01
g H
0.01 A
-0.01 S
d
. _
0.
0.
70.0"3 )00 0.0002 0.0004 0.0006 0.0008 0.0010 0.0012 0.0014 0.0016 -0 0.0000 0.0002 0.0004 0.0006 0.0008 0.0010 0.0012 0.0014 0.0016
time time
(n=9) c¢1 =0.50, ca =0.50 (n=10) ¢1 =0.01, c2 =0.99
e — _ 3 o — _ 3
7 =72 =72 =-10 Y1 =72 =712 =—10

FIGURE 6. Time behaviour of the average positions X, (t) and
X, (t) (along the z-axis of the spatial grid) of each component of
a binary condensate during the component-over-component relax-
ation, experiments n = 7,8,9, 10 of Table 3.

the cases n = 7 and n = 9 in Figure 6, both with equal populations, it takes a 10
times longer period in the second case (competing attraction, slow separation) for
|X..(t) — X, ()| to attain the same value as in the first case (repulsion and hence
fast separation).

3.3. Multiple re-collisions for a harmonically trapped binary condensate.
As a third class of simulations, we consider the component-component multiple
re-collisions occurring in a harmonically trapped binary condensate.

The initial data (Table 1) are the same as those used for the single-collision
simulations, that is, two components shot against each other. The system (1.1) is
now solved with the harmonic potential

(3.3) Ux) = w?x?, w=10?%,
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TABLE 4. Parameters for the harmonically trapped re-collision simulations.

n| v e Y12 c1 Cz‘ A+1 ‘Ng

111 1 10® | 0.50 0.50 | 4-1076 | 213
121 1 105 | 0.10 0.90|1.1-1075 | 213
131 1 10 | 0.01 0.99 106 213
1411 1 5-103|050 0.50]1.6-10"7 | 213
1501 1 =200 [050 0.50| 1-10~* |22
16| —-1 —1 50 [050 0.50]1.6-1073 | 2!

with w chosen by trial and error so that in all the considered experiments the
solution profiles remain well localised within the computational grid and the simu-
lations can be resolved numerically. To this aim, we also enlarge the computational
domain to [—2, 27] X [—27, 27]. The simulation parameters for this series are listed
in Table 4 and are chosen among those relevant cases from the single-collision sce-
nario for which our numerics provides the cleanest evidence.

Owing to the harmonic confinement, the two components undergo a pulsing
behaviour with re-collisions followed by escapes towards opposite directions. In
order to compute several of such events, a considerably longer time integration is
required, to achieve which with acceptable accuracy we reduce the time step to
h =2-1077. With this choice, the relative mass loss exceeds the fidelity threshold
of 107° in approximately 4 - 10° time steps.

Analogously to the single collision case (Section 3.1) in the presence of repul-
sive interactions, we find that the solutions exhibit a repeated recoil pattern when
the two components are equally populated, whereas when a considerably heavier
component hits for the first time the much lighter one, the former drags the latter
in an almost periodic motion within the trap. The rapid mass concentration oc-
curring at each collision results in a jump of the L>°-norms of the solutions. These
phenomena are visualised in Figure 9.

Pushing further the unbalance in the population ratios, what we had found
in the single collision case (last row of Figure 1) was the complete destruction of
the localisation of the light component and its almost radial spread, with a larger
part of its mass scattered in the direction of the incident heavy component. The
confining potential has now the effect to focus the outgoing annular wave of the
light component profile back to the centre of the trap, where the cycle is then
repeated. After multiple re-collisions the annular wave of the light component
deteriorates in several fringes. This phenomenon is visualised in Figure 10.

Last, we analyse the effects of competing interactions on the multiple re-
collisions of two equally populated components (Figures 7 and 8). The two most
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FIGURE 7. Density profile |u(x,t)|? at various times during har-
monically trapped re-collisions between equally populated com-
ponents. Top: experiment n = 15 of Table 4 with the first four
collisions, at the instants of velocity inversion. Bottom: experi-
ment n = 16 with the first, third, fifth, and sixth collision. The
scale changes along each row (for the absolute scale see Figure 8).
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FIGURE 8. Time behaviour of the norm |u(-,t)|lecc during har-
monically trapped re-collisions relative to experiments n = 15
(left) and n = 16 (right) of Table 4. Since the two populations
are the same, by symmetry [[v(:,t)|/co = ||u(:, )] co-
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(bottom). From left to right: experiment n = 11,12, 14 of Table 4.
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FIGURE 10. Density profile |u(x,t)|? (top row) and both profiles
lu(x,t)|? and |v(x, )|? (bottom) after consecutive re-collisions (ex-

periment n = 13 of Table 4). Instants of velocity inversion.
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relevant cases are the ‘squeezing-and-shooting’ scattering realised when the inter-
species attraction has a much stronger magnitude than the intra-species repulsion
(experiment n = 15 of Table 4), and the ‘splash’ effect realised when the inter-
species repulsion has a much stronger magnitude than the intra-species repulsion
(n = 16).

In the former case in each cycle the phenomenon is qualitatively replicated,
with more and more mass concentration arising in the course of the subsequent
collisions, until when a proper blow-up occurs in the density profile of each compo-
nent (its L°-norm diverges in finite time). In the latter case too the phenomenon
is repeated almost periodically, thanks to the re-focusing effect of the trap, and at
each new collision a new ‘splash’ takes place of one component against the other:
the L°°-norm of each components reaches its local maximum at the instants of
largest spatial overlap at the centre of the trap, and its local minimum at the
instants of velocity inversion, with such minima decreasing slightly at each cycle
due to the mild focusing effect of the intra-component attraction.
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