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Abstract

We prove the existence of Cantor families of small amplitude, linearly stable, quasi-periodic solutions
of quasi-linear autonomous Hamiltonian generalized KAV equations. We consider the most general
quasi-linear quadratic nonlinearity. The proof is based on an iterative Nash-Moser algorithm. To
initialize this scheme, we need to perform a bifurcation analysis taking into account the strongly
perturbative effects of the nonlinearity near the origin. In particular, we implement a weak version
of the Birkhoff normal form method. The inversion of the linearized operators at each step of the
iteration is achieved by pseudo-differential techniques, linear Birkhoff normal form algorithms and a
linear KAM reducibility scheme.
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[9.2  Linear stability] . . . . . . . . . ...

1 Introduction

We prove the existence and the stability of Cantor families of quasi-periodic, small amplitude,

of the Hamiltonian quasi-linear generalized KdV equations
Ut + Ugga + NQ(J?, Uy Ugy Ugy, ua::vw) = 0;

under periodic boundary conditions x € T, where

N2($vuaumaummaummz) 1= =0 [(Ouf)(m,u, 1) — Op((Ou, f)(2, 1, uz))]

and f is the most general quasi-linear Hamiltonian density

3 2 3 4 3 2 2 4
flr,u,ug) :=crul, +cauiu—+c3u® 4+ cqauy + csuyu+ cgug u” + cru” + fs5(x,u,uy),

where the coefficients ¢;,7 = 1,2,...,7 are real numbers, and

Ios(x,u,ug) = f5(u,uz) + fe(r, u,uy)

is the sum of the homogeneous component of f of degree five and all the higher order terms.

We assume that the Hamiltonian density f in (L.5)) belongs to C4(T x R x R;R) for some large g.

The equation (I.1)) can be formulated as a Hamiltonian PDE u; = 0, V2 H, where V2 H is the L?(T)

gradient of the Hamiltonian

A = [ %+ S i

on the real phase space
H}(T,) = {u € H'(T,R) : /u(:c) dr = 0}
T

endowed with the non-degenerate symplectic form
Qu,v) = /(8;1u)vd:c, Yu,v € H}(T,),
T
where 0 'u is the periodic primitive of u with zero average defined by
1z _ L ije e -1
0, eV" = —¢eY" if j#0, g, 1=0.
)

The phase space Hg(T,) is invariant under the flow of the equation (1.1]).
The Poisson bracket induced by © between two functions F,G: H}(T) — R is

{F(u),G(u)} := QU Xp, Xg) = /11*VF(U) 0, VG(u) dz,

where X and X are the vector fields associated to the Hamiltonians F' and G, respectively.

(1.5)



By (1.3) the nonlinearity A5 vanishes at order two at uw = 0 and (1.1) may be seen, in a small
neighbourhood of the origin, as a small perturbation of the Airy equation

Ut + Ugpze = 0. (1.9)

The equation is completely resonant, namely its linearized problem at the origin possesses only
the 27-periodic in time solutions
u(t,z) = Z U it elin, (1.10)
jez\{o}

Then the existence of quasi-periodic solutions of is due only to the presence of the nonlinearity.
For this reason, we need to perform a bifurcation analysis which is mainly affected by the quasi-linear
monomials of degree three and four in . Another difficulty is that, since the equation is com-
pletely resonant, the diophantine frequency vector of the expected quasi-periodic solutions, if any, are
O(Ju;|?)-close to integer vectors.

We briefly present some literature related to this paper.
The KAM theory for PDE’s has been developed in the eighties by Kuksin, with the pioneering work [22],
and by Wayne [33], Craig-Wayne [I1], Poeschel [29] for the one dimensional nonlinear wave and Schrédinger
equations, and, at a later time, in higher dimensional cases, by Bourgain [10], Eliasson-Kuksin [13], Berti-
Bolle [7], Geng-Xu-You [16], Procesi-Procesi [30]-[31], Wang [32], Eliasson-Grebert-Kuksin [12].
The first results with unbounded perturbations have been proved by Kuksin in [23] and Kappeler-Péeschel
[21] for KdV (see [I7] for a survey on known results for the KdV equation), by Liu-Yuan [26], Zhang-Gao-
Yuan [34] for derivative NLS, and by Berti-Biasco-Procesi [5]-[6] for derivative NLW.
All the aforementioned papers treat semilinear problems, namely the case in which the nonlinearity de-
pends on derivatives of order m, with m < n—1, where n is the highest order of the derivatives appearing
in the unperturbed system.
For quasi-linear and fully nonlinear PDE’s, i.e. in the case m = n, the progress are more recent.
The first results in this direction are due to Iooss-Plotnikov [I8]-[19], Iooss-Plotnikov-Toland [20], Plotnikov-
Toland [2§] for periodic solutions of water-waves equations. In the spirit of the method implemented in
these papers, Baldi in [I] provides the existence of periodic solutions for the Benjamin-Ono equation.
Baldi, Berti, Montalto prove the first existence results of quasi-periodic solutions for quasi-linear and fully
nonlinear PDE’s, in the forced case for the Airy equation [2], and in the autonoumous case for the KdV
and mKdV equation in [3] and [4]. In particular, they consider in [3] the Hamiltonian

2
HKdV+/fZ5(z,u,ux)dx, where Hpgqv ::/%c—i-u3 dz, (1.11)
T T

namely, the Hamiltonian without the monomials of degree three and four in the variables (u,u;),
see (|1.3)). These works are based on Nash-Moser methods and a reducibility scheme that diagonalize
completely the linearized system at any approximate solution. This procedure permits to prove also the
linear stability of the solutions.

More recently, in [I4] and [I5] Feola-Procesi provide the existence and the stability of quasi-periodic solu-
tions for quasi-linear and fully nonlinear perturbations of the Schrédinger equation in dimension one. We
mention also the recent work by Montalto [27] on quasi-periodic solutions for the forced Kirchoff equation.

The aim of this paper is to generalize the results obtained in [3] and [4] considering the most general
Hamiltonian density . We are interested in understanding the effect, over infinite times, of a quadratic
and quasi-linear Hamiltonian perturbation in a small neighbourhood of the origin, where the polynomial
perturbations of lowest degree are much stronger. This is significant in view of the study of small amplitude
solutions for many fluid dynamics equations, like Degasperis-Procesi and water waves-type equations,
which involve this kind of nonlinearities.



1.1 Main result
The solutions that we find are localized in Fourier space close to finitely many tangential sites
Sti={7,..,7,}, S=8STUu(-ST)={£j:5€8}, 7,eN\{0}, Vi=1,...,v (1.12)
and the linear frequencies of oscillation on the tangential sites are
— . (=3 -3 v
w:=(J1,..-,7,) € N". (1.13)

The set S is required to be even because we look for real valued solutions of (1.1f). Moreover, we also
assume the following hypotesis on S:

(S) B jisJ2s Jas ja € S such that
i+ g2+ gs s # 0, 47+ 3 + 55 + 55— (i +je + s +5a)° = 0.
We decompose the phase space as

H)(T):= Hs® Hg, Hs:=span{e'i®:jc S}, Hg:={u= Z uj el e Hy(T)},
jES*

and we denote by IIg, I the corresponding orthogonal projectors. The subspaces Hg and Hg are
symplectic respect to the 2-form Q (see (1.7])). We write

u=v+z, v:=Igu:= Zuj eI =Tlgu = Z ujeld® (1.14)
jes jese
where v is called the tangent variable and z the normal one. In the following, we will identify v = (v;),es
and z = (2;) ese.
We shall also assume “non-resonant” and “non-degeneracy” conditions for the nonlinearity (|1.3)).

Definition 1.1. We say that the coefficients ¢y, ..., c7; are resonant if the following holds
c3=cr =22 —cy ="Tck—6cg =0 (1.15)
and we say that cq,...,c7 are non-resonant if does not hold.
Moreover, we require the following “non-degeneracy” conditions on the coefficients ¢y, ..., c7

(C1) fixed v € N, the coefficients ¢y, ..., ¢ satisfy
(7T —16v)c3 # 6 (1 — 2v)cs, (1.16)

(C2) fixed v € N, the coefficients ¢y, ..., ¢ satisfy

3ce — 4c3 . . } .
v 202 g (52 k2 4k Gk e Z\ {0}, 5 # k). (1.17)
904 — 1801
Before stating the main result, we introduce a notion of “genericity” according to the one given by
Biasco-Berti-Procesi [6], Procesi-Procesi [30] and Feola [15].

Definition 1.2. Fixed v € N and given a non-trivial, i.e non identically zero, polynomial P(z), with
z € C¥, we say that a vector of integers zg € N¥ is generic if P(zy) # 0.

We shall say that “there is a generic choice of the tangential sites S for which some condition holds” if
this condition is satisfied by every vectors of integers (7;,...7,) that are not zeros of some non trivial
polynomial.



Theorem 1.3. Given v € N, let f € C? (with q := q(v) large enough) satisfy (L3)). If c1,...,c7 in
are non-resonant (see Definition and conditions (C1)-(C2) hold, then for a generic choice of
tangential sites (see Deﬁnitz’on and (1.12))), in particular satisfying (S), the equation (L.1)) possesses
small amplitude quasi-periodic solutions, with diophantine frequency vector w := w(§) = (w;)jes+ € RY,
of the form

u(t,z) = Y 21/j&; cos(wit + jo) +o(\/[€]),  w; =% +0(&) (1.18)

jeST

for a Cantor-like set of small amplitudes § € R with density 1 at & = 0. The term o(~\/|£]) is small in
some H?®-Sobolev norm, s < q. These quasi-periodic solutions are linearly stable.

Let us make some comments on the assumptions of Theorem

e The non-resonance condition stated in Definition [I.1] arises by asking that the frequency-amplitude
map (4.18) is a diffeomorphism. The invertibility of this map is equivalent to require that det Ml # 0,
where the determinant of M is a polynomial in the variables (c1,...,¢7,7;,...,7,). In Theorem

we fix non-resonant coeflicients cy,...,c7 and we prove in Lemma that the condition det M # 0
is satisfied for a generic choice of the tangential sites S. We remark that this explicit condition could
be verified by fixing the integers 7;,...,7, and choosing the real parameters c1,...,c7 outside the

zeros of some polynomial.

e For the measure estimates of Section 9.1, we shall avoid some lower order resonances by imposing
the assumptions (H1) and (H2);; (see (9.33), (9.34)). These ones imply that some polynomials
are non zero at (¢1,...,¢7,71,-.-,7,). If (C1)-(C2) hold and ¢y, ..., c; are non-resonant then these
polynomials are not trivial in the variables (7;,...,7,) (see Lemma and Lemma and, for a
finite number of j,k € S¢, (H1) and (H2),  are verified by fixing non-resonant parameters ci,...,cr
and by choosing a generic set of integers {7,...,7,}

e Asin [3], we assume the Hypotesis (S), because we want to perform three steps of Birkhoff normal
form. Indeed the smallness condition required in Theorem depends on the quadraticity of
the nonlinearity in (L.1)). We remark that he assumption (S) can be reformulate as a condition that
is satisfied for a generic choice of the tangential sites.

The proof of Theorem follows the scheme adopted in [3] and [4]. We now shortly present the
strategy of the proof of Theorem underlying the main differences with these works.

Bifurcation analysis. We cannot consider as a perturbation problem for the linearized equation
at the origin u; 4+ u... = 0, because, as we said above, this equation is completely resonant, hence the
frequency vector of its solutions does not satisfy any diophantine condition. Thus, the main modulation
of the frequency vector of the solutions with respect to its amplitude is due to the nonlinearity N3, defined
in (1.2). In order to control the shift of the linear frequencies under the effect of the nonlinearity near
the origin and to find approximate quasi-periodic solutions for , in Section 3 we perform a weak
version of the Birkhoff normal form algorithm. After two steps of this procedure, we are able to find a
finite dimensional submanifold of the phase space foliated by approximately invariant tori, from which the
expected quasi-periodic solutions of bifurcate. On this subspace we introduce action-angle variables
(see Section 4) and we use the “unperturbed” actions £ of these tori as parameters for our problem. We
require also that the frequency-amplitude map «(¢) in (4.18]), namely the function associating the actions
to the frequencies, is a diffeomorphism (see Lemma that we could consider both as independent
parameters.

The presence of the quasi-linear monomials of degree three and four in the Hamiltonian makes sig-
nificantly harder the computations of the new Hamiltonian after two steps of Birkhoff normal form with
respect to the case examined in [3] for the Hamiltonian Hyqy (recall (1.11))). Because of the integrability
of the KdV system, in [3] the twist condition, namely, the invertibility of the frequency-amplitude map, is
obtained for every choice of the tangential set S (see (1.12])). On the contrary, for the general case
the twist condition depends on the choice of the parameters cy, ..., c7 and the tangential sites 7;,...,7,.



In Lemma [£.2] we provide the invertibility of the frequency-amplitude map for a large choice of the tan-
gential sites and of the coefficients.

Nonlinear functional setting. After the rescaling 7 we look for quasi-periodic solutions with
frequency vector w for the (w,e)-parameter family of Hamiltonians . We assume that w belongs to
the image of the restriction of the frequency-amplitude map () on a small compact subset of R” that
does not contain the origin (see (5.2))).

In Section 5 we formulate this problem as the search of the zeros of the nonlinear functional F(w,i(w))
defined in 7 where w is considered as an external parameter and ¢ — i(p) is a torus embedded in
the phase space. We find a solution i, (wt) for F = 0, which will correspond to a quasi-periodic solution
with frequency vector w of the original equation , by constructing, through a Nash-Moser iteration,
a sequence (i, ),>0 of approximate solutions that converges to it, see Theorem [5.2

The inversion of the linearized operator at an approximate solution. The application of a
Nash-Moser scheme involves, at any step, the inversion of the linearized operator at an approximate
solution and this is, in fact, the main issue of the proof. Thanks to the abstract decoupling procedure
developed by Berti-Bolle in [§], that exploits the Hamiltonian structure, the tangential and the normal
linear dynamics around an approximately invariant torus can be studied separately, see Section 6. In
particular, a suitable change of coordinates around this approximate quasi-periodic solution triangularizes
the linearized problem and its inversion reduces to the study of a quasi-periodically forced PDE restricted
to normal directions. The operator which has to be inverted, say L, is pseudodifferential with variable
coefficients and it is computed in Section 7.

In Section 8 we conjugate L, to a diagonal operator, which describes infinitely many harmonic oscillators

v + p;o v =0, jese, peik (1.19)

The diagonalization of L, is obtained with the same transformations defined in [3] and [4]. The main
perturbative effect to the spectrum of £, is due to the term a;(wt)dpzs (se€ @ ) and the presence of
uz in the cubic part of the Hamiltonian density affects this coefficient. In particular, a; —1 = O(e),
instead of O(¢?®) as in [3]. In general, the corrections of the coefficients of £, are bigger in size and
this fact implies some difficulties in providing the smallness condition required in Theorem
Moreover, the transformation used to conjugate L, to a pseudodifferential operator with a coefficient in
front of Oy, independent of the x-variable (see Section 8.1) has form I+ O(e) and so it generates new
terms of order £2. These terms are not perturbative for the reducibility scheme of Theorem and we
need to compute them in view of a linear Birkhoff normalization.

We also point out that we drop the assumption

J1+J2+7Js 75 0 for all J1, 92,73 € S (1.20)

required in [3] to get “good” estimates on the transformations used to conjugate £, to a diagonal operator.
We better discuss this fact in Remark B8

The Nash-Moser iteration, measure estimates and stability. In Section 9 we perform the nonlinear
Nash-Moser iteration which proves Theorem [5.2] and, therefore, Theorem [I.3]

In the measure estimates for the sets of parameters Ryjy, for which the second Melnikov conditions are
violated (see (9.23))), some technical difficulties arise. Indeed, the corrections to the normal frequencies
are big in size and the indices [, j, k are not tied by the conservation of the momentum, as, for instance, in
[15], since the nonlinearity f in depends on z. From these facts, some cases result to be degenerate
and we shall impose some assumptions on the set S to avoid them (see Remark and , )
In Section 9.2 we prove the stability of the solution produced by the Nash-Moser algorithm exploiting the
action-angle variables introduced in Section 4 and the diagonalization procedure performed in Section 8.
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2 Preliminaries

2.1 Functional setting

Lipschitz norm. For a function u: ¢ — F,w — u(w), where (E,||:||g) is a Banach space and g is a
subset of R”, we define the sup-norm and the lipschitz semi-norm

[ull 5" = [lullzs, = sup [u(w)l e,
w€ENg
. _ (2.1)
Jull? o= g, = sup 1) Zulen)ls
o w1Fwa ‘wl - w2|
and for v > 0, the Lipschitz norm
L L li
lull 57 =l 55, = lull 5+l (2:2)
If E = H* we simply denote [Ju]/570) .= |ju)| L7
Sobolev norms. We denote by
lulls = llull g (resry = [lullmg , (2.3)

the Sobolev norms of functions u = u(p,r) € H*(T” x T). We denote by |[|-[|z:, the Sobolev norm of
functions u(x) in the phase space of class H*. We consider sg := (v+2)/2, hence we have that H% (T**1)
is continuosly embedded in L (T**1) and any space H*(T**!) with s > s¢ is an algebra and satisfies the
interpolation inequalities: for s > sq

luvlls < C(so) lullslvllso + C()lullsollvlls,  Vu,v e H(TH). (2.4)
The above inequalities also hold for the norm ||-||*#(")

We also denote
Hi (T = {ue H*(T""") 1 u(p, ) € Hy, Vo €T},

H(T" ) = {u e H*(T"™) :u(p, ) € Hs Yo € T"}.

We will use the notation a < b to denote a < C'b for some constant C' > 0. In particular, if the constant
C := C(s) depends on the index s, then we will use the notation a <y b.

(2.5)

Matrices with off-diagonal decay. A linear operator can be identified with its matrix representation.
We recall the definition of the s-decay norm (introduced in [7]) of an infinite dimensional matrix. This
norm is used in [2] for the KAM reducibility scheme of the linearized operators.

Definition 2.1. The s-decay norm of an infinite dimensional matrix A := (A“)“ inczb, 0> 11s

AR = S (s |Azi§)2. (2.

i€zb G 1=t
For parameter dependent matrices A := A(w),w € Qg C R”, the definitions (2.1)) and (2.2)) become
; A —A
AR = sup (@), AL = sup A= TC)
wEN w1 Fwa |w1 - w2| (2.7)
L s li
AZPO) = A 4 ] AP




Such a norm is modelled on the behavior of matrices representing the multiplication operator by a
function. Actually, given a function p € H*(T’), the multiplication operator h — ph is represented by
the Toplitz matrix 77 = p;—; and |T|s = ||p||s. If p = p(w) is a Lipschitz family of functions, then

|T\SL”’(7) — ||pHSLiP(’v).

The s-norm satisfies classical algebra and interpolation inequalities proved in [7].

Lemma 2.2. Let A = A(w),B = B(w) be matrices depending in a Lipschitz way on the parameter
w € Qo CRY. Then for all s > sg > b/2 there are C(s) > C(sg) > 1 such that

|A B|5Lip(“/) < C(s)\A|SLiP(”)\B|SLiP(7),
A B|8L¢p('y) < C(s)\A|SLiP(7)\B|SL§p('y) + C(So)lA‘£;P(7)|B|SLiP(’Y).
The s-decay norm controls the Sobolev norm, namely
JARIEPC) < C(s) (JAILPO B0 + AP | P (28)
Let now b := v+ 1. An important sub-algebra is formed by the Téoplitz in time matrices defined by

AGER) = A = 1),

whose decay norm (2.6 is
2
A= 3 (s laz0l) 002 29)

jezlezy N1TI2=]

These matrices are identified with the ¢-dependent family of operators

A(p) = (AZ(Q))ju ez, AL(9) =Y AP (D)€'l

lezv

which act on functions of the z-variables as

Alp) s h(x) =Y hy eI = Alp)h(e) = D7 AR (@)hy, ¢,

JEL J1,J2 €L

All the transformations that we construct in this paper are of this type (with j, j1,j2 # 0 because they
act on the phase space H}(T,)).

Definition 2.3. We say that
(1) a map is symplectic if it preserves the 2-form Q in (1.7));

(2) an operator (Ah)(p,x) := A(p)h(ep,z) is symplectic if each A(p), v € T, is a symplectic map of
the phase space (or of a symplectic subspace like Hg );

(3) the operator w - d, — 0,G(p) is Hamiltonian if each G(¢), ¢ € T¥, is symmetric;
(4) an operator is real if it maps real-valued functions into real-valued functions.

A Hamiltonian operator is transformed, under a symplectic map, into another Hamiltonian operator,
see [2]-Section 2.3.
We conclude this preliminary section recalling the following well known lemmata about composition of
functions (see, e.g., Appendix in [2]).



Lemma 2.4. (Change of variables) Let p € W*>(T4 R),s > 1, with |p|1,00 < 1/2. Then the function
f(z) = x+p(z) is invertible, with inverse f~1(y) = y+q(y) where g € W (T4 R?), and |q|s.00 < C|pls.c0-
If, moreover, p depends in a Lipschitz way on a parameter w € Q C RY, and ||Dyp||r~ < 1/2 for all w,
then \q|L1p(7 < C\p|SLfrplZi The constant C := C(d, s) is independent of ~y.

If u € H*(T?,C) then (uo f)(x) := u(x + p(z)) satisfies

||uo f”s < C( s,OOHu”l)a ||U of— u|| < C(||pHL°° HU||3+1 + |p|s,00||uH2)a
7 Li i L1
luo fIIEPO) < C(Jul| 55D + [p|FEO a5 ).

The function uwo f~1 satisfies the same bounds.

Lemma 2.5. (Tame product) Let s > so > d/2. Then, for all u,v € H*(T%), we have
[uvlls < Clso)llullsel[vlls + C(s)llullslv]ls,- (2.10)

A function f: T¢ x By — C, where B; := {y € R™ : |y| < 1}, induces the composition operator

F)(@) = f(, ul@), Du(e), .., DPu()) (2.11)
where DFu(x) denotes the partial derivatives d%u of order |a| = k.

Lemma 2.6. (Composition of functions) Assume f € C"(T? X Bi). Then for all w € H™*? such that
[ulp.oo < 1, the composition operator (2.11)) is well defined and || f(uw)||» < C||fllcr (|ullr4p + 1), where the
constant C' depends on r,d,p. If f € C™2 then for all |uly 0o, |h].c0 < 1/2,
k ~ .
- FO(u)
Iftuth) =D —,

=0

[l < Cllfllor+2 1Pl Zoe (Nhllrrp + IRl oo ullrsp)- (2.12)

Lemma 2.7. Letd € N, d/2 < so0<s,p>0,v>0. Let F be a C'-map satisfying the tame estimates:
for all ||u|sy1+p < 1,h € H*TP,

[E(w)lls < C(s)(X + [Julls+p),
10uF (w)[Allls < C(s)(Inlls+p + lullstpllAllsorp)-

For Qg C RY, let u(w) be a Lipschitz family of functions parametrized by w € Qo with ||u||SLDZi(: < 1. Then

i Li
IF@) 270 < C(s)(1 + [ful £27).

2.2 Fourier representation

In order to solve the homological equations along the Birkhoff normal form procedures performed in
Sections 3 and 8, it is convenient to use the Fourier representation

> ujeln, (2.13)
JEZ\{0}

where the support of u excludes the zero because the elements of the phase space have zero average.
Moreover, @; = u_j, since the function u is real-valued. The symplectic structure (1.7]) writes

1
d _ Q = —U; V_j 2.14
E , uj A duj, (u,v) E ijujv Ve (2.14)
J#O 7#0

the Hamiltonian vector field Xy and the Poisson bracket (1.8)) are respectively

(X () =1j0u  H(u), {F,G}u)==> 1j(0u_,F)(u)(0u,G)(u). (2.15)
Jj#0



We say that a homogeneous Hamiltonian of degree n

H(u) = Z Hjl,m’jnujl s Ug (216)
J1seeesdn €Z\{0}

preserves the momentum if it is supported on the set {(ji,...,Jn) € Z"\ {0} : 51 + -+ + j, = 0}, where
we denote with {0} the origin of any vector space R™, or, equivalently, if

{H,M} =0, M(u):/vadx.

We note that, by the presence of the z in the arguments of the function f in (1.5)), the momentum is not
preserved along the orbits of the equation (L.1)).

3 Weak Birkhoff Normal form

The Hamiltonian (1.5)) is H = Hy + H3 + Hy + H>5, where

1
Hy(u) := 5/Tufcdx, Hs(u) ::/Trclui+02uiu+03u3dx,

(3.1)
Hy(u) := / caut +esudu+ cguiu® 4+ crutde, Hss(u) = / f>s(x, u, uy) de.
T T
For a finite dimensional space
E :=Ec ::span{eijx:0<\j\§0}, C >0, (3.2)

let I1x denote the corresponding L2-projector on E.
The notation R(v*~72%) indicates a homogeneous polynomial of degree k in (v, z) of the form

R(Ukiqzq):M[ Uy.oo s U ,Z,...,Z}, M = k — linear.
—_——  ——

(k—q) times q times

We denote with Hy, >k, Hy i, Hn <k the terms of type R(v™™° 2°), where, respectively, s > k,s = k,s < k,
that appear in the homogeneous polynomial H,, of degree n in the variables (v, z).
In particular, we have

H3 <1 = / {e1(v3 +3022,) + (Vv + 20, v 2, + 03 2) + e3(v° + 307 2) } da, (3.3)
T
Hj3 5o = /{cl(zi’ +3220,) + o222+ 220+ 22, 20,) + e3(2° + 302 2) )V da, (3.4)
T
Hyo = /{04 v+ esvd v+ cgvo? + cr vt} da. (3.5)
T

Proposition 3.1. (Weak Birkhoff Normal form) Assume Hypotesis (8). Then there exists an analytic
invertible transformation of the phase space ®p: HY(T,) — H}(T,) of the form

Op(u) =u+V(u), Y(u):=UgP(Ilgu), (3.6)
where E is a finite dimensional space as in (3.2), such that the transformed Hamiltonian is

H:HO¢B:H2+H3+H4+H5+H26, (3.7)

10



where Hs is defined in (3.1),

’;'-[3:cl/(zi+3z§vm)dx+02/(zgf,z+z£v+21)96zggz)dx—kcka,/(z?’+31)22)al907
z z T

Hy = Hfo) +Hao+Has+Haa, Hap=R(0*2), Hiz=R(vz’), (3.8)

5
4 4 -
’H4,4=/C4zz+csz§z+0623z2+07z dr, Hs= E R(v5 129y,
T
q=2

Hfg is defined in (3.25) and H>¢ collects all the terms of order at least siz in (v, z).

The rest of this section is devoted to the proof of the Proposition [3.1}
We construct a symplectic map ®p as the composition of analytic and invertible transformations on the
phase space that eliminates the terms linear in z and independent of it from the Hamiltonian . In
this way, the Hamiltonian system tranforms into one that is integrable and non-isocronous on the
subspace {z = 0}.

Remark 3.2. We note that if ji,...,jx5 € Z\ {0},71 +--- + j~ = 0 and at most one of these integers
does not belong to S, then max;—1,._n|ji;| < (N —1)Cs, where Cg := max;cg|j|. Thus, the vector field
Xy, generated by the finitely supported Hamiltonian
N
F(N): Z F( ) ’Lle...’LLjN,

J1---JN
Jit-+in=0

is finite rank, and, in particular, it vanishes outside the finite dimensional subspace E := Ey_1)c, (see
(3.2) ) and it has the form
XF(N) (u) = HEXF(N) (HEU)

Hence its flow ®¥) is analytic and invertible on the phase space H}(T,).

Step one. First we remove the cubic terms independent of z and linear in z from the Hamiltonian Hj
defined in . We look for a symplectic transformation ®®) of the phase space which eliminates the
monomials uj, u;, uj, of Hz with at most one index outside S.

We look for &) := (@), as the time—1 flow map generated by the Hamiltonian vector field X ),
with an auxiliary Hamiltonian of the form

3 — 3)
Ft )(u) = Z Fj(l o js Wi Wiz Ugs-
J1+j2+3j3=0
The transformed Hamiltonian is

H® =Hoo® = Hy + B + HY + HY),

1 (3.9)
HY = Hy + {Hy, F®}, HP = 5 {H, FOY FOY 4 {H3, FO} + Hy,

where H. (235) collects all the terms of order at least five in (v, z). In order to find the exact expression of
F®)_ we have to solve the homological equation
Hy + {Hy, F®} = Hy 5y (3.10)

or, equivalently, {Ho, F®} = —Hj <y, see (3.3). In the Fourier representation, by (T.8) and (3.1)), the
equation ([3.10]) writes

S i@ B+ EY w g, = Y (—ieagijads — cagije + cs) ujuiug,  (3.11)
Jiti2+is3=0 (J1,d2,73)€A3

11



where
Az := {(j1,ja2,j3) € Z*\ {0} : j1 + jo + j3 = 0 and at least 2 indices among ji, ja, j3 belong to S}.
We note that if (j1, ja, j3) € As then j3 + j3 + j3 # 0, because
it tis=0 = Gi+55+55=3120s (3.12)

and ji, j2,j3 € Z \ {0}.
Hence, to solve the equation (3.10)) we choose

—ici J1j2js — c2J1j2 +c3 if (j1,J2,J3) € A
3 = - - 12008 >
Fj(lj)2js = 1(]% + JS + ]g) : o
0 otherwise.

By construction, all the monomials of Hs with at least two indices outside S are not modified by the
transformation ®). Hence we have

Hés) =0 /(zi +3220,)dr + 02/(252 + 220+ 20, 24 2) d:c+C3/(23 +v2?) da. (3.14)
zZ zZ T
Now we compute the fourth order term H. f’) in (3.9). We have, by (3.10)
1 1
H{Y = 5 Ui, FOY F®} 4 {Hy, FO} + Hy = 5 Hs<1, FOY 4+ (B FOY 4 1, (3.15)
and by (F11) and (F13)
FO(y) = — C—l/vgdx—cl/UQde— 0—2/(8;111)112033:— C—z/v2 (0, '2) do—
3 T T 3 T 3 T
(3.16)
2
_fe2 (07 ') 2z dx — & /(8;111)3 dx —c3 /(8;111)2 (07 '2) da.
3 Jr 3 Jr T
Thus B c
9, VF®) (1) = — ¢,8,(v?) — 210, Ig[v 2] + §27r0[v2] — gam[(aglv)ﬂ—
2 2
- %axﬂs[(ﬁglv)z + (0, 2)v] + %Hs[v 2] + esmo[(0; 1v)? ]+ (3.17)
+2¢3105[(0, 10) (9, '2)]
where 7 denotes the projection on the space of functions with zero space average, namely
1
molu] = u(z) — — / u(x) dz.
21 T
By (B3), we get
VH; <i(u)=—3 cl(r“)x(vi) — 610, 1Ig[v, 2] — czam(UQ) — 290, Uglv 2]+ (3.18)

+ como[v2] + 2 callg vy 2] + 3 c3mo[v?] 4+ 6 c3Tlg[v 2].
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Hence, by (T8), B17), (B-15), we have
1 3¢
§{H37§17F(3)}: 201 /690(11320)%(”2)6533_ 61202/ 02 0,(v2) d + 62/8 . 'v)’]dz
T T

_M/az(vﬁ) (a;lv)2+ 5 /(6 (v?))dr + 2 /8M Ol (05 M0)?] da

76263/ax$ ) dx 61202/ d +—/v molv°] dx

)

C2 C3 2 —1.,\2 C2C3 2112
G/TU 0.0 0)?) o + /Tvmuaw 0]+ 2 /Tm[v 1)? da

303
2

/Tv 70[(0;  0)?] dx + R(v® 2) + R(v?* 22%).
(3.19)

By (3.4), we get

VH§3) (u) = —3¢10:(22) — 6.1 0. 10E [0y 2] — 2000 (22) + como[22] — 2 20,115 [V 2]+
+ 2 coTI5 [vg 22] + 3 esmo[2] + 2 e31TE [v 2).

Thus by (L8), (17), (:20), we have

{Hég),F(B)} = 30?/81(233) 0z (v?) dx — ¢, 02/1)2 02 (22) da+
T T

(3.20)

+c1c / 02(22) 04 [(050)?] dxz — 3 ¢; c3 /(8;11))2 0y (22) da+
T T
2
+a 02/(5‘;11})2 O (22) da — %2/112 Oz (2%) da+
T
C2 /8m (0, )] dx — co 03/(6;111)28;”(22) dx—
T

2
- cz/ziax(vg) d$+c—2/z§7r0[v2] dx—
T 3 Jr

2
% / 22 0,40 10)?) d — ez c5 / 22 (07 10)?) d—
3 T T

-3 03/228x(v2)dx+0203/v27r0[22] dx—
T T

—c 03/Tz D05 ) ]dm—i—?)cg/(a;lv)z mo[2?] da+
+ R(v? 2) + R(v 2%).

(3.21)

Step two. We now construct a symplectic map ®® to eliminate the term H. f’l) (which is linear in z) and

to normalize H, f’g (which is independent of z). We need the following elementary lemma (Lemma 13.4 in

21)).
Lemma 3.3. Let j1, o2, j3,Ja € Z such that j1 + jo + j3 + ja = 0. Then
Gi+d3 + 33 + 43 = =301 +j2) (1 + 43) (2 + Js)-

We look for a map ®*) := (‘1)%(4))‘t:1 which is the time—1 flow map of an auxiliary Hamiltonian

@ () = (4) L U s
F (u) T Fj1j2j3j4 Uy Ujo Ujz Usy
J1+j2+js+7a=0,
at least 3 indices belong to S
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which has the same form of the Hamiltonian H f’g +H f’l) . The transformed Hamiltonian is

HY = H® 0@ =y + P + (Y + 5, H{Y = {H,, FV} + 1 (3.22)
and H (245) collects all the terms of order at least five in (v, z). We write

3 3
Hi )(u) = Z Hi,;1j2j3j4uj1j2j3j4' (323)
J1+j2+j3+7ja=0

This makes sense since H3 <1, H é?’) and F® preserve the momentum, hence also H f’) does it. We choose
the coefficients

(3)
4, J1j279374 e re e e .
(4) o v B s 3 if (]17]27]33]4) S A47
F hagegs = 4 107 433 + 73 + i) (3.24)
0 otherwise,

where

Ay = {(j1, 52,3, J4) € Z\{O} 21+ ja + s +ja = 0,57 + 3 + 3 + i #0,
and at most one among j1, jo, js, ja outside S}.

By this definition, the symmetry of S and the Lemma [3.3] we have H, fl) = 0, because there no exist
g1, J2,73 € S and ju € S¢ such that ji + jo + j3 +ja = 0, j7 + 75 + 75 + j3 = 0. By construction, the terms
H{Y) = H{®),i=2,3,4 are not changed by ®(*.
It remains to compute the resonant part of Hfg, i.e. the terms of Hf’) of type R(v*) supported on the
modes (J1, j2,j3,J4) that do not belong to Ay.
If we call

B = {(j1,J2, J3, ja) € S* + j1+jo+is+ja =0, ji + 5 +j5 +ji =0, ji +j2 # 0}
then by (3.5)), (3.19) we have

2 2 2
4 3¢y . . . c5 . . c5 o
Hig - Ty Z(Jl + J2) s da wj g g, + G Z(Js + ja)? g, ug, ug g, — G ijm Ujiy Ujp Ujg Ujiy
B B B
2 1 G § U1 +2)* o
2 . SN2/ . . \2 2 17T J2)" J3]4
- = J1+J2)7 (03 + J4)" T Wi Uy Uja U, + == T Uy, Uy, U U
6 XB:( ) ( ) J1jo J1 92 733 %4 6 XB: j1j2 J1 %32 %73 )4
3, 1 coC3 Ca C3 (J1 + j2)?
+ 503 ; m Uj,y Uy U Uy + T ; Ujy Ujp Ujz Ujy — 9 ; G170 Uy Ujp Ujs Uy
c2C3 (j3 +ja)? c2C3 JaJja L
- Z T U Uy U Uy + Z T Uy Uy U U, + Ca Z J172 33 J4 Uy Ugp UjgUsjy
2 J1Jj2 2 J1J2 —
B B BU{j1+j2=0}

—c Y, Qihupupugugter > wg U,
BU{j1+j2=0} BU{j1+j2=0}
(3.25)
By Lemma 3.3} if ji + jo +js +ja = 0,57 + 73 + 75 +ji = 0 then (ji + j2)(j1 + J3)(j2 + jz) = 0. We
develop all the sums in ([3.25)) with respect to the first index j;. The possible cases are:

(@) {jo # —J1.J3 = —Jj1,Ja = —Jj2} (ii) {j2 # —J1,J3 # —J1,J3 = —Jo, ja = —j1}

(#1) {j1 + j2 = 0}.
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G0 15)) € RY with I := |u|?,j € S, we get

. o 7c3 . 8¢c3 P
Hig(I) =-12¢ > j4 12248 AR NP -=22) P+

) 3
jes+ jg'est, jest Jg' €8T,
i it
) , PP
=3 Y Gl -2ee ) [ -Soe 3 Llp+6e ) jHI+12 3 52 iy
jes+ jes+ jjest, jest J.i' €S,
AT i#y
+20 Y P42 Y, (PHP) LIy +6er Yy 120 Y Ly
jes+ j.3'est, jest 5,3'€S™,
i i

(3.26)
The Hamiltonian system Hs + HP(,S) + H £4), obtained by truncation at order 4 of the transformed Hamil-
tonian H o ®®) o &) possesses the invariant submanifold {z = 0}, and, restricted to this subspace, it is
integrable. Indeed, if we introduce on Hg the action-angle variables u — (6, I) by defining

uji=v; =%, =1, 0_j=-0; jeSs, (3.27)

the restriction of the Hamiltonian Hy + H?(,:s) + Hf) to {z = 0}, namely 1 [v2dz+ Hfg, depends only on
the actions 5 ,...,I; . We will prove later that, for a generic choice of the tangential sites, this system
is also non-isochronous (actually it is formed by v decoupled oscillators).

Due to the presence of a quadratic nonlinearity in the equation , we have to eliminate further mono-
mials of H® in in order to enter in a perturbative regime. Indeed, the minimal requirement for
the convergence of the nonlinear Nash-Moser iteration is to eliminate the monomials R(v®) and R(v* z2).
Here we need the choice of the sites of Hypotesis (S).

Step three. The homogeneous component of degree five of H*) has the form

(4) _ } : (4) b U U Us
H5 (’LL) - Hs,jl,...,js Uy Ujo Uz Uy Usgis
Jji+-+j5=0

indeed, the Hamiltonian H§4) preserves the momentum, because f5(u,u,) does not depend on z (see

(1.4)). We want to remove from H§4) the terms with at most one index among j, ..., j5 outside S. We
consider the auxiliary Hamiltonian
5) (5) (5) Hy' o
5) _ ) ) L 5, J1,--,75
P = Z B s War - Ygss - 5= G3+ - +42) (3.28)
Ji+-+355=0, ! °
at most one index outside S
Hypotesis (S) implies that
(So) there is no choice of 5 integers ji,...,j5 € S such that
it His=0, ji+--+4=0, (3.29)

(S1) there is no choice of 4 integers ji,...,j4 € S and j5 € S° such that (3.29)) holds.

Hence F©®) in (3.28) is well defined. Let ®(® be the time—1 flow generated by X z(s. The new Hamiltonian
is
H® = HY00® = gy + B + H{Y + HP + HE), HY = (Hy, FO} + HY, (3.30)

where H(;g collects all the terms of degree greater or equal than six, and, by the definition of F®),

5
HY =3 R(wOT129). (3.31)
q=2
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Setting @5 := @) 0 @ 0 &) and renaming H = H®) = Ho &y, H, = H"”, by Remark (3-2), we
conclude the proof of Proposition

4 Action-angle variables

Consider the change of variable v — (0,1) in (3.27), where the actions I are defined in the positive half
space {v € R¥ :v; > 0,Vi=1,...,v} and 6 € T”. The symplectic form in (|1.7) restricted to the subspace
Hg transforms into the 2-form

- 1
Qo= do; A= dlj. (4.1)
jes+ J

Hence the Hamiltonian system H<s := Hy + Hég) + Hf) + H5(5) restricted to {z = 0} writes

0
7‘[<5(9 I O) j S S+7

0; =
oI;
. P (4.2)
Ii=—— 0,1,0 e St.
J 89 H<5( ) .7 S
We have that R A
B(ID) = Hes (0,1,0) = > 2 1; + H{Y(D) (43)
jESt
depends only by the actions I, and, if we call w;(I) :=j 81jB(I), we have
0; =w;(I), jest,
. (4.4)
I; =0, jeST.
By (3.26)
3 2 .5 2 .3 2 214 7 162 3
w;i(I) =j° —24¢7 57 I; —48ci j Z kI — ]J,§2] Z Iy,
keSSt k#j keSSt k#j
16 , 1 .
—§02j Z k21k7663 Ij —2cpc3j1; —8caczj Z .Ik+1204]5[j
kEST k#j kEST k#j (4.5)
+24es5® Y K Lit4cs® I+ Acei® Y Iitdesi Y, Kl +12cr51;
kEST k) kEST k#j kESt ktj
+24crj > I

keS+ k#£j

Hence, in a small neighbourhood of the origin of the phase space H}(T,), the submanifold {z = 0} is
foliated by invariant tori of amplitude ¢ and frequency vector w(€) := (w;(€));es+ as in (LF).

We shall select from this set of tori the approximately invariant quasi-periodic solutions to be continued
and we will use their unperturbed actions £ as parameters. Moreover, we shall require that the frequencies
of these tori vary in a one-to-one way with the actions £. Thanks to this fact, we could control the
conditions that we shall impose on the frequencies w through the amplitudes, and viceversa.

If we call 1 the vector in R” with all components equal to 1 and

Dg :=diag,_, {7}, w:=DiI, U=1"1 (4.6)
then we can write, in a compact form, the vector with components w;(I), with j € ST, in ([4.5), as

w(§) =w+ A, (4.7)
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where @ is the vector of the linear frequencies (see (|1.13))) and

14 16
A= (24¢] —12¢4)DI{1 — 2D_»UD%} + (Ecg — 4eg) DY + (4deg — Ecg){DgU + DsUD%} (48)

+ 12(cocs — ¢7)Dg + (24¢7 — 16¢9¢3) DU — 60§D§1.

The function of £ in is the frequency-amplitude map, which describes, at the main order, how the
tangential frequencies are shifted by the amplitudes &.

In order to work in a neighbourhood of the unperturbed torus {I = D&} it is advantageous to introduce
a set of coordinates (0,y,2) € TV x R” x Hz adapted to it, defined by

uj = /Il e, Ii=jl(& +y;),  JES,

(4.9)
uj = zj, jese,

where (recall w; = u_j;)

E—j=¢&, &>0, y_j=vy;, 0_,=—0; 6;,€T, y;€R, Vjelh (4.10)
For the tangential sites ST := {7;,...,7,} we will also denote

05, = 0i, Y5, =y, &, =&, w;=w; i=1,...,v.

The symplectic 2-form €2 in becomes

W= idﬁi Ady; + % > iljdzj Ndz_j = (Z de; A dyl-> ® Qg1 = dA, (4.11)

i=1 jese i=1

where Qg1 denotes the restriction of  to Hg and A is the contact 1-form on T x R” x Hg defined by
A(97y72): RY x R¥ x Hév‘ — R,
A~ 1

Noy)0,9,2] = —y - 0+ 50,12, 2) ). (4.12)

Working in a neighbourhood of the origin of the phase space, it is convenient to rescale the unperturbed
actions £ and the variables 0, y, z as

Em e,y ey, 2 ebz (4.13)

The symplectic form in ([#.11]) transforms into £2* W. Hence the Hamiltonian system generated by H in
(3.7) transforms into the new Hamiltonian system

9 = 8yHE(97ya Z)7
= —0pH.(0,y,2), H.:=e¢2Ho A, (4.14)
’é = 8IVZH€(97ya Z)v

where

Ac(0,y,2) = cv(0.y) + €2, 0e(0,y) =Y V11§ + 2 Dy; e elm (4.15)

JjES
We still denote by
XHa = (ayHav _aeHsaawvzHe)

the Hamiltonian vector field in the variables (0,y,2z) € T x R x Hi. We now write explicitly the
Hamiltonian defined in (4.17)). The quadratic Hamiltonian Hs in (3.1) becomes

1
e 2Hy 0 A, = const + Z Pty + 3 / 22 de, (4.16)
jes+ T
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and by (3.1), (3.21) and (3.25) we have (writing ve := v.(6,y))

1
H(0.5.2) =e(©) +al6) y+ 5 [ dnte [ () +3easdve+ 2ea(un)uznz) da
T T

2b
—|—5b/T(clz§Z—|—cinz+0323dz) d$+€7My-y—|—€2b/1r(C4Zi+C5Z§Z ( :
4.17
+ cg zg 22+ ep 24) dx + szR((vs(O, y))222) + 51+bR(vs(9, Y) 23) + 53R((v5(9, y))szQ)
5
+ 2403 I IOD R(0.(6, )7 127) + e P Hag(eve (6, ) +£°2)
q=3
where the function e(§) is a constant and
al)=w+e’ME, M:=ADg (4.18)

is the frequency amplitude-map after the change of coordinates in (4.9 and the rescaling in (4.13). Usually
M is called the twist matriz and we note that is symmetric.
We write the Hamiltonian in (4.17)), eliminating the constant e(§) which is irrelevant for the dynamics, as

1
He=N+P, N(0,y,2) = () y+ 5(N(0)z2) 2m),
1

SV 2ia0m) 1= 5(O.THIG.0,0)0e] aer = 5 [ 2 s (4.19)

+ s/ 122 (v2)2(0,0) dx + {—:/ co 22 0.(0,0) dx + 2 ¢y / z 2y (Ve)(0,0)dz + . ..
T T T
where N describes the linear dynamics, and P := H. — A collects the nonlinear perturbative effects.

As we said before, we require that the map (4.18)) is a diffeomorphism. This function is affine, thus its
invertibility is equivalent to the nondegenerancy (or twist) condition

2 ~
det M := det(Dg) det ( g h(I)) det(Dg) # 0. (4.20)
81]’ I j.ke{l,...,v}

Remark 4.1. The inequality (4.20) is equivalent to the classical Kolmogorov condition that requires the
invertibility of the Hessian of the Hamiltonian A in (4.3)). The presence of the diagonal matrix Dg in
(4.20)) is due to the symplectic form ([1.7]) and the choice of the action-angle variables (4.9).

In the following lemma we prove that the condition (4.20)) is satisfied for non-resonant coefficients and
a generic choice of the tangential sites (see Definition [L.2]).

Lemma 4.2. If the coefficients cq,...,c7 are non-resonant, for a generic choice of the tangential sites

J1s---+Jy (see Definition[1.9) the condition (4.20) is satisfied.
Proof. We write M = D' B Dg, with
2 6 2 14 5 4
B: = (24ci — 12¢4)De{l — 2D _,UDg} + (ECQ —4cg)Dg
16
+ (46 — 5 3){DSU + DRUDE} — 631 + 12(cacs — er) D (4.21)
+ (24¢y — 16¢oc3) DEU,
where I is the identity v X v matrix. The determinant of B is a polynomial in the variables (7;,...,7,)

and, if c3 # 0, it is not trivial, namely it is not identically zero. Indeed, the monomial of minimal degree
of this polynomial originates from the matrix 6 3 I, that is invertible, and so it cannot be naught.
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Similarly, if c3 = 0 and 2¢? — ¢4 # 0 then the monomial of maximal degree, i.e. six, is not zero, beacuse
(24¢3 —12¢4) DE{1—2 D§2 U D%} is invertible.
If c3 =2¢? — ¢y = 0 and ¢7 # 0 then the monomial of minimal degree, i.e. two, is 12 ¢; D% (2U —1), that

is invertible, indeed
2

-~
2v+1
where 2v + 1 # 0, because v € N. If c3 = 2¢? — ¢4 = ¢ = 0 then

QU-1)"'=1

14 16
B = D% {(Sc‘g‘ — deg)L + (4eg — Ecg){U + D_2UD§}}

The matrix U + D§2UD% has rank 2 and its image is spanned by the vectors I:= (1,...,1) and v_o The
eigenvalues of this matrix, different from zero, are

Mo=v+ (Zﬁ) <Zy{2>, Ay = v — (Zﬁ) (Zﬁ)- (4.22)

Then, if 7c3 —6cg # 0 and o := (8¢c3 — 6¢g)/(7c3 — 6¢g), we require that

{1 —ah 70, (4.23)

1—()[/\2750.

The conditions (4.23]) are satisfied for every choice of the tangential sites if 4¢3 = 3 ¢g; otherwise, it is
satisfied by generic integer vectors (7;)%_;. O

5 The nonliner functional setting

We look for an embedded invariant torus

T = TV xR x Hg, ¢ i(p) = (0(0),4(¢), 2(#)) (5.1)

of the Hamiltonian vector field Xy, filled by quasi-periodic solutions with diophantine frequency w € R”,
that we consider as independent parameters. We require that w belongs to the set

Q. == {a() : € € [1,2]"), (5.2)

where « is the function defined in (4.18)) and, by Lemma it is a diffeomorphism for a generic choice
of the tangential sites.

Remark 5.1. We could consider any compact subset of {v € R : v; > 0,Vi = 1,...,v} instead of the
set [1,2]” in the definition (5.2)).

Since any w € €2, is e2-close to the integer vector @ := (73,...,75) € N¥, we require that the constant
v in the diophantine inequality
Wl =707, Viez\ {0} (5.3)
satisfies
v =¢e*"  for some a > 0. (5.4)

Note that the definition of v in (5.4) is slightly stronger than the minimal condition, namely v < ce?,
with ¢ > 0 small enough. In addition to (5.3)) we shall also require that w satisfies the first and the second
order Melnikov non-resonance conditions. We fix the amplitude £ as a function of w and ¢, as

£:=e M Hw -], (5.5)
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so that a(§) = w (see (4.18))). Consequently, H, in becomes a (w, e)-parameter family of Hamilto-
nians which possess an invariant torus at the origin with frequency vector close to w.

Now we look for an embedded invariant torus of the modified Hamiltonian vector field Xy, = Xpg, +
(0,¢,0),¢ € R¥, which is generated by the Hamiltonian

H.(0,y,2) == H(0,y,2) + (-0, (€R” (5.6)

We introduce ¢ in order to control the average in the y-component of the linearized equations (see
(6.26))). However, the vector ¢ has no dynamical consequences. Indeed it turns out that an invariant torus
for the Hamiltonian vector field Xp, is actually invariant for Xy, itself.

Thus, we look for zeros of the nonlinear operator

F(i, Q) i= F(i, w, €) := Dui(p) = Xy (i(p)) — Xp(i(v)) +(0,¢,0) (5.7)
D,0(p) — 0, H.(i(¢)) D,,0(p) — 0, P(i(¢))
= | Doylp) + 9o H-(i(0)) + C | = Dwy(@H%@e( ( ())2(9))L2(m) + 06 P(i(p)) +¢
Dyz(p) — 0:VHe(i(p)) Dyz(p) = 9 N(6(#)) 2(p) — V- P(i(¢))

where O(y) := 0(p) — ¢ is (2m)"-periodic and we use the short notation
Dy i=w - Oyp. (5.8)
The Sobolev norm of the periodic component of the embedded torus

I(p) =1i(e) = (¢,0,0) := (B(¢), y(¥), 2(#)), (5.9)
is
[131ls == 11Ol 1 + llyllzg + llz[ls (5.10)
where [|z[|s := ||z[[a , is defined in (2.3).
We link the rescaling of the domain of the variables (4.13) with the diophantine constant v = £2+¢ by

choosing
y=e2tr =2 =14 (a/2). (5.11)

Other choices are possible (see Remark 5.2 in [4]).

Theorem 5.2. If ¢1,...,c7 are non-resonant and conditions (C1)-(C2) hold, then for a generic choice of
the tangential sites S, satisfying the assumption (S), for all € € (0,e9), where €y is a positive constant
small enough, there exist a constant C' > 0 and a Cantor-like set C. C Q. (see (5.2))), with asymptotically
full measure as ¢ — 0, namely
ICel
lim =1
6~>0 ‘Q | ’

(5.12)

such that, for all w € C., there exists a solution is(p) = i (w,e)(p) of the equation F(ix,0,w,e) = 0.
Hence the embedded torus ¢ — ioo(p) is invariant for the Hamiltonian vector field Xy_, and it is filled by
quasi-periodic solutions with frequency w. The torus is, satisfies

. L _
lico () — (12,0,0)[| 2D < O e8-2b 51 (5.13)

for some p = p(v) > 0. Moreover the torus i is linearly stable.

Theorem [5.2] is proved in Sections 6 — 9. It implies Theorem [I.3] where the &; in are the com-
ponents of the vector M~ [w — @].

Now we give tame estimates for the composition operator induced by the Hamiltonian vector fields

Xy and Xp in (5.7).
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Since the functions y — /& + 2=y, § — €9 are analytic for € small enough and |y| < C, the com-
position lemma implies that, for all ©,y € H*(T",R”) with |O|ls,,||¥lls, < 1, one has the tame
estimate

[[v=(0(2), y(@D)lls <s 1+ [1O]]s + [lylls- (5.14)
Hence the map A, in (T.15) satisfies, for all [|3]|57") < 1

142 (8(¢), y(), (D[P < e(1 + ]3] 77). (5.15)

In the following lemma we collect tame estimates for the Hamiltonian vector fields Xnr, Xp, Xp_, see
(14.19).

Lemma 5.3. Let J(p) in (5.9) satisfy ||J\|fgf_(37 < 02y~ Then

(| L ~1 L -\ | L - ~ L
18, PG)||IEP) <, et + (|| 20, Y|apP(0)||FPD) < 87201+ (|3 HE0), (5.16)
. i — —b_ — Li . i — ~1 L
IV, P(@)|[EP0) <, €570 4 80y =3 B0 | X p (i) | FPO) < 8720 4 2|3 i), (5.17)
1008, P(i) | LP0) <y et 4 Sy~ 1T Lm0,V PE)|[EPD) <, b3 4 B3| (5.18)
2
10,y P(6) = 5 M) <, 2420 4 25y~ 3 1) (5.19)

and for all 7 := (0,9, 2),

A i L3 L3 ~
18, di Xp () F]IIEP0) <y 271712 + 131 55 i)l 05, (5.20)
i L1 L1 N
i X gz, (8)[i] + (0,0, g 2) | 70 < (a1 557 4 13N 25 6 4:5), (5.21)
. i Li Li Li A
2 X g, (3)[2, 3] | P00 < (| X NN ERD + 1301 557 (il so43)2)- (5.22)

In the sequel we will use that, by the diophantine condition (5.3), the operator DS (see (5.8)) is
defined for all functions u with zero @-average, and satisfies

i — L1
1D ulls <o v lullssr, D5 ull EPO <oy ullei s (5.23)

6 Approximate inverse

We will apply a Nash-Moser iterative scheme in order to find a zero of the functional F(i,¢) defined in
(5.7). In particular, we shall construct a sequence of approximate solutions of

F(i,()=0 (6.1)

that converges to a solution in some Sobolev norm. In order to define this sequence we need to solve some
linearized equations and this is the main difficulty for implementing the Nash-Moser algorithm.
Zehnder noted in [35] that it is sufficient to invert these equations only approximately to get a scheme
with still quadratic speed of convergence. We refer to [35] for the precise notion of approzimate right
inverse, whose main feature is to be an ezxact right inverse when the equation is linearized at an exact
solution. Hence, our aim is to construct an approximate right inverse of the linearized operator

di,C]:(iO; CO)[L CA] = Dwi - diXHg (10(%’))@} + (Oa éa 0) (62)

at any approximate solution iy of the equation , and to verify that satisfies some tame estimates.
Note that d; ¢ F(io, o) = di ¢ F (i) is independent of {y (see (5.7)).

We will implement the general strategy in [8], [9] which reduces the search of an approximate right inverse
of to the search of an approximate inverse on the normal directions only.
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It is well known that an invariant torus ig with diophantine flow is isotropic (see e.g.[8]), namely the
pull-back 1-form i§A is closed, where A is the Liouville 1-form in . This is tantamount to say that
the 2-form W in vanishes on the torus ig(T"), because ifW = ifdA = difA. For an “approximately
invariant” embedded torus iy the 1-form ijA is only “approximately closed”. In order to make this
statement quantitative we consider

ith = Zak Ydgi,  ak(e) = — (08000 v0())i + 5 (Op20(0), 07 20(@Dieey  (63)

and we quantify how small is

W =digh= > Agl)dpr Adpj,  Agj(p) = 0p,a;(p) — Op,ar(e). (6.4)
1<k<j<v

In order to get estimates for an approximate inverse we need to take in account the size of the “error”
function

Z(p) i= (21, Z2, Z3) () := Fio, Co)(p) = w - Dyio(p) — Xn. ., (i0(¢)), (6.5)
which gives a measure of how i is near to be an exact solution.
Along this section we will always assume the following hypotesis (which will be proved at each step of the
Nash-Moser iteration):

e Assumption. The map w — ig(w) is a Lipschitz function defined on some subset Qg C Q., where
Q. is defined in (5.2)), and, for some p := p(7,v) > 0,

~ nLi Lz a
1Tl 525 < 8727 || Z||ZR) < 572y =P a e (0,1/6), (6.6)

where Jg(¢) :=io(p) — (¢,0,0).

The next lemma proves that if ig is a solution of the equation (6.1), then the parameter ¢ has to be
naught, hence the embedded torus iy supports a quasi-periodic solution of the “original” system with
Hamiltonian H..

Lemma 6.1. (Lemma 6.1 in [J]) We have
|<O|Lip(v) < CHZHSLin(v)
In particular, if F(ig, o) = 0 then (o = 0 and the torus io(p) is invariant for the vector field Xp_ .

Now we estimate the size of ij)V in terms of the error function Z.

By , we get

Li
”Aijsz ’Y) <S ||jo||sJer2

Moreover, we have the following bound.

Lemma 6.2. (Lemma 6.2 in [J]) The coefficients Ay ;(v) in (6.4)) satisfy
; _ Li Li ~ nLi
|4k 1EPD <o 77 21500 + 121105 191557 ). (6.7)

As in [8], the idea is to analyze the operator linearized at an isotropic embedded torus is, because the

isotropy of the torus allows to construct a symplectic set of coordinates around it for which the linear
tangential dynamic and the normal one are decoupled. Thus, the linear system becomes “triangular” and
the hard part is to solve the equation in the normal directions (see Section 7).
Now we see that we can slightly modify ig (indeed, it is sufficient to move the y-component only) to obtain
an isotropic torus s, that is an approximate solution as well as ig. At the end of this section, we will
prove that we are able to construct an approximate right inverse of starting from an approximate
inverse of d; ¢ F(is, Co)[t, é]

In the paper we denote equivalently the differential d; or d;. We use the notation A, := Y, _, 0?
and we denote by o := o(v, ) possibly different (larger) “loss of derivatives” constants.
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Lemma 6.3. (Isotropic torus)(Lemma 6.3 in [3]) The torus is = (6o(¢), ys(¢), z0(p)) defined by
Ys = Yo + [0.00(0)] T o), pi(0) = AN 0y, Arj(e), (6.8)
k=1

is isotropic. If holds, then, for some o := o(v,T),

i _ Li Li Li ~ L

lys — yoll POV < A 1N ZIEEO 30| 2200 4 1| 2| 2200 | 30| Z P, (6.9)
. i Li Li ~ 1 Li

1F (is, o) IFPO < (|Z)| 55 4| Z)| 2200 |30 | 22O, (6.10)

10535 08]lls <s [lills + [1Tollstollls- (6.11

We introduce a set of symplectic coordinates adapted to the isotropic torus is. We consider the map
Gs: (¥,n,w) — (0,9, 2) of the phase space TV x R x Hg defined by

0 0 o (1))
y | =Gs | n| = {vsw)+[0s80(¥)] "1+ [(Bp20) (0o (¥))]" 0 'w (6.12)
z w 20(¥) +w

where Zy := zy(6; () (indeed 6p: TV — TV is a diffeomorphism, because 6y(¢) — ¢ is small). It is
proved in [§] (Lemma 6.3) that G in (6.12) is symplectic, using that the torus is is isotropic. In the new
coordinates, i is at the origin, i.e. (¢,n,w) = (v,0,0). The transformed Hamiltonian K := K (¢, n,w, (o)

is (recall (5.6))

K :=H. ¢ o0Gs=00(1)- o+ Koo(¥) + Kio() - 1+ (Ko1(¥), w)r2(my + %Kzo(w)n “nt 6.13)
6.13

+ (K11 (¥)n, w) L2 (ry + %(KOQ(w)waw)LZ('ﬂ‘) + K>3(¢,m,w)

where K>3 collects the terms at least cubic in the variables (1, w). At any fixed 1, the Taylor coefficient
Koo (y) € R, Ki9(¥) € RV, Ko1(¢) € H, Koo(¢)) is a v x v real matrix, Ko2(1)) is a linear self-adjoint
operator of Hg and K11(¢): RV — Hg.

Note that the above Taylor coefficients do not depend on the parameter (.

The Hamilton equations associated to are

¥ = Kio(¥) + Kao ()0 + KL (¥)w + 9, K>3 (¥, n, w)
i) = — [0400(1)]" Co — Dy Koo(¥) — [0y K10(¥)]"n — [0y Kor ()] w—

— Oy (;K20(¢)U 1+ (Ku(¥)n, w)r2(m) + %(KMW)W’ w)rzmy + K>3(4,m, w)>
W = 0,(Ko1 () + K11(¢)n + Koz()w + Vi K>3(3, 0, w))

(6.14)

where [0y K10(1)]T is the v x v transposed matrix and [0y Ko1(v)]T, KT (1): H& — RY are defined by
the duality relation

(O Kor ()], w) L2 (ry = ¥ - [0 Kor ()] "w, Vi € RV, w € Hy,

and similarly for K. Explicitly, for all w € Hg, and denoting e, the k-th versor of R,

v v

KL (w =Y (K ()w-e) e, = > (w, Ki1(¥)ey)2(myey, € RY. (6.15)

k=1 k=1

In the next lemma we estimate the coefficients Koo, K19, Ko1 in the Taylor expansion (6.13). The term
Ko describes how the tangential frequencies vary with respect to w. Note that on an exact solution
(40, Co) we have Koo(¢)) = const, K19 = w and Ky; = 0.
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Lemma 6.4. (Lemma 6.4 in [3]) Assume (6.6). Then there is o := o(7,v) such that

% %, 7 Li L Li
18y Kool 70 + [ Ko = w270 + [ Kor |0 <, 120557 + 120575 |30l

Remark 6.5. By Lemma [6.1]if F (i, (o) = 0 and, by Lemma [6.4] the Hamiltonian (6.13) simplifies to

1
K = const +w-n+ §K20(1/J)77 0+ (K ()n, w)rzery + 5 (K02(¢)w»w)L2(1r) + K>3. (6.16)

In general, the normal form (6.16)) provides a control of the linearized equations in the normal bundle of
the torus.

We now estimate Ko, K11 in (6.13)). The norm of Ky is the sum of the norms of its matrix entries.
Lemma 6.6. (Lemma 6.6 in [3]) Assume (6.6). Then for some o := o(v,T) we have

K20 — - 5 ML) <, 22 4, R e [ [P R (6.17)
i 5 — i _ L3 _ L L
1K) FPO) < 3y~ FPO) 4 €271 (||30 || 52 4 4|32 2| EEO | | EPO), (6.18)
L _ L 11~ nLi L L

IERwl <s 7wl ZED + 21 ([T [|Z2D 4+ 3o 25N 2| 20w 225 (6.19)
In particular
2

||K20—*M||Llp <eSy7L | Kum| EPO) < 7 gL, | K w|[EPO) < 5y ful|LiPO).

We apply the linear change of variables

) 0y () 0 0 ¥
DG5s(9,0,0) | i | == [ 9pws(p) [0pb0()]™"  —[(DeZ0)(Bo(p)]" 0" | | 7 (6.20)
W Oy z0(p) 0 I w.

In these new coordinates the linearized operator d; ¢F(is, (o) is “approximately” the operator obtained
linearizing (6.14)) at (¢, n,w, () = (¢, 0,0, (y) with D,, instead of J;, namely

 Duth = 9 Kio(9)[W] — Kao(e)i — Ky ()
Doy + [0y00(0)]7C + 3y [0y00 (9)] T [0, Co] + Dy Koo (9) [¥] + [0y K1o(9)] ) + [0 K1 ()] | (6.21)
Dy,tb — 0:{0y Ko1 (@) [1] + K11()7) + Koz ()b}
We give estimate on the composition operator induced by the transformation .

Lemma 6.7. (Lemma 6.7 in [3]) Assume and let i := (1, 7),w). Then, for some o := o(r,v), we
have
~ — Li ~
IDGs5(,0,0)[i]ls + 1DGs(2,0,0) illls < llills + (130ll o+ 13l 12 o0 il

ID*G5(,0,0)[i, ia]lls <s linllsllzzllso + linllsollElls + (Tolls+o + v Tollsoro | Z 1 sa)lillso 12215, -
(6.22)
Moreover the same estimates hold if we replace ||-||s with ||- HLZP .

In order to construct an approximate inverse of (6.21]) it is sufficient to solve the system of equations

N N Duﬂz’ K20( ) Ku( ) g1
D[4, 7, 1, (] : Do) + [0400(0)]7¢ = | 9 (6.23)
'Dw’UA) 8 Kll( )7’] 6 KOQ(QD)’UAJ gs

which is obtained by (6.21) neglecting the terms that are naught at a solution, namely, by Lemmata (6.1)
and " aqulo, awwKoo, aquoo, ame and 8¢ [8¢90(@)]T[-, Co]
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Remark 6.8. We will use the following notations for the averages of a function v(yp, x)

M, [v] = %/Tv(np,x) de, M,[v] := (271r)” /V v(p,x)dp (6.24)

and M, o[v] i= M, [M,[o]] = M, [M,[v].

First, we solve the second equation, namely

Do) = g2 — [0yb0(9)]C. (6.25)
We choose CA so that the p-average of the right hand side of (6.25]) is zero, namely

¢ = My[g). (6.26)

Note that the p-averaged matrix M,[(0y00)7] = M,[I+ (0400)T] = I because 0y(p) = ¢ + Op(p) and
Oo(yp) is periodic. Therefore

=D (g2 — [0p00(0)]" My[ga]) + My[A],  My[i] € RY, (6.27)

where the average M, [7] will be fix when we deal with the first equation.
We now analyze the third equation, namely

EwUD =93+ arKll(w)ﬁa ‘CUJ =we 690 - aTKOQ((p) (628)

If we fix 7}, then solving the equation (6.28)) is tantamount to invert the operator £,. For the moment we
assume the following hypotesis (that will be proved in Section 8)

e Inversion Assumption. There exists a set 2, C ). such that for all w € Q,, for every function
g e Hgf“(’]l"’“) there exists a solution h := L 'g of the linear equation £,h = g which satisfies

_ i _ Li _ Li _ Li Li i
1£52glIEP0) <o 4 (llghEED + ey H{TllZED + 4~ Toll 220 2| ZEOY gl EPD)  (6.29)

for some p := p(r,v).

Remark 6.9. The term 67*1”30”53;7) arises because the remainder R¢ in Section 8 contains the

Li Li Li
term (||©oll " + lluslls ") <s elFollS}", see Lemma
These big constants coming from the tame estimates for the inverse of the linearized operators at

any approximate solution will be dominated by the quadraticity of the Nash-Moser scheme.

By the above assumption, there exists a solution of (6.28)

W = L, g3+ 0 K11 (0)7). (6.30)
Now consider the first equation
D = g1 + Kaof) — K (). (6.31)
Substituting , in the equation , we get
Dot = g1 + Mi(9) My il] + Ma(9)g2 + Ms()gs — M () [000] " Me[g2], (6.32)

where
Mi(p) = Kao(p) + K1 (9)L50: K1 (p),  Ma(p) := Mi(9)D",  Ms(p) = K{y(p)L;". (6.33)
In order to solve the equation (6.32) we have to choose M, [1] such that the right hand side in (6.32)

has zero p-average.
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By Lemma [6.6] and (6.6), the @—averaged matrix M, [M;] = e?*M + O(¢1%973). Therefore, for ¢
small, M [M] is invertible and M, [M;]~! = 0(5’21’) O(y~1). Thus we define

M[i] = —(My[Mi]) ™ { My [g1] + My [Mago] + My [Msgs] — My[Ma(9ybo)"] My[go]}.  (6.34)
With this choice of M,[f)] the equation (6.32) has the solution

=D g1 + Mi(p) My[i] + Ma(9)g2 + M (0)gs — Ma(0)[000])" My[go]}. (6.35)

In conclusion, we have constructed a solution (1[1, 7, W, ¢ ) of the linear system ((6.23). We resume this in
the following proposition, giving also estimates on the inverse of the operator D defined in (6.23)).

Proposition 6.10. (Proposition 6.9 in [J]) Assume ( and (6.29). Then, for all w € Qo for all
g = (91,92,93), the system (6.23)) has a solution D~ g = (¢, ,d), ) where (1, 7,w,C) are defined in
6.35), (6.27), (6.30]), (6.26). Moreover, we have

7 — Li Li — Li . Li Li
D) 2P0 < 4~ (gllEED 4 ey T | 5 A T l1EPD F (o, Co) I EPO Y gl ER). (6.36)

Eventually we prove that the operator
= (DGs)(,0,0) o D~" 0 (DG (1, 0,0)) (6.37)

is an approximate right inverse of d; ¢ F(ig) where G’g((l/), n,w), () is the identity on the {-component. We
denote the norm ||(¢,n, w, §)||sz(7) = max{|| (¥, n, w)]|, |¢|FPD}.

Theorem 6.11. (Theorem 6.10 in [3]) Assume and the inversion assumption (6.29). Then there

exists p := p(r,v) such that, for all w € Qu, for all g :== (¢1,92,93), the operator Ty defined in (6.37)
satisfies

i — L1 — ~ 1Lt — ~ 1Lt . L1 L1
ITogl 270 <, 4 (IglEED 4 ey Tl Z27 + 4= M1 To | 2200 | F (o, Go) I1ZED g 2200). (6.38)

It is an approzimate inverse of d; ¢ F (i), namely
(di ¢ F(io) o To — Tg|| 57 <,

— L . Li — . Li L Li
<o 7™t (I Gos o) 152 N5 4+ {1 o o) 1587 + e IF G, o)l a5 130 152557 Yl 525 -

(6.39)
7 The linearized operator in the normal directions
In this section we give an explicit expression of the linearized operator
£w =Ww- (9@ — amKOQ(QD) (71)

To this aim we compute % (Ko2(1))w, w)2(r), w € Hg, which collects all the terms of (H. o Gs)(¢,0,w)
that are quadratic in w.
First we recall some preliminary lemmata.

Lemma 7.1. (Lemma 7.1 in [3]) Let H be a Hamiltonian function of class C*(Hg(T,),R) and consider
a map ®(u) := u+V(u) satisfying V(u) = gV (lgu), for all u, where E is a finite dimensional subspace

as in (3.2). Then

Ou[V(H o ®)|(u)[h] = (8, VH)(®(u))[h] + R(u)[h], (7.2)
where R(u) has the “finite dimensional” form
R(u)[h] = Y (. gj(w)r2erx;(u) (7.3)
lil<c
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with xj(u) = 9% or g;(u) = €%, The remainder in (7.3) is

R(u) = Ro(u) + Ry (u) + Ra(u)

with
Ro(u) = (0. VH)(®(1))0, ¥ (u), Ri(u) = [0,{¥ (u) [, VH(2(u))], (7.4)
Ra(u) = [0,9(u)]T (8, VH)(®(u))0,®(u). '
Lemma 7.2. (Lemma 7.3 in [3]) Let R be an operator of the form
1
Rhi= Y [ b)) dn (1.5)

ljj<c 0

where the functions g;(7),x; (1) € H*,7 € [0,1] depend in a Lipschitz way on the parameter w. Then its

matriz s-decay norm (see (2.6))-(2.7) ) satisfies

RIFPD < Y sup (g (Mg 157 + G (015795 (1) 127). (7.6)
jl<c Tl
7.1 Composition with the map Gj;
In the sequel we use the fact that Js := Js5(p;w) = is(p; w) — (¢, 0, 0) satisfies

~ nLi _ _
135|220 < ¢ e8-20y L, (7.7)

We now study the Hamiltonian K := H. o Gs = ¢ 2*H o A. 0o G (see ([£.19)). Recalling ([#.15)), A. o G
has the form

A (Gs(¢,m,w)) = eve (0o (), ys(¥) + L1 ()0 + La()w) + °(20(¢) + w) (7.8)

where
Li(9) := [0y00(0))7", La(¥) := [(890) (B0())]" 8, - (7.9)
By Taylor formula, we develop inw at (n,w) = (0,0), and we get

(Ae 0 G5) (¥, 0,w) = T5(¢) + Ty (V)w + To(¥) [w, w] + T>3(¢, w),

where

T5(¢) == A<(G5(1,0,0)) = evs () + e20(¢),  vs(1) == ve(Bo (1), y5(1))) (7.10)

is the approximate isotropic torus in the phase space H{(T) (it corresponds to is),
Ti($)w = U1 (P)w + e"w; - To(¥)[w, w] = ™ 3Us () [w, w] (7.11)

] [La ()]s oty
U- = , 7.12
o Ejezs 2V/151V/& + 2Dy ()] (42
2 2 (i[6o ()],

Ua () [w,w] 1= —¢ > I Ll e : (7.13)

4= 81113 {g + 20 Dlys(v)];} 3

and T>3(¢, w) collects all the terms of order at least cubic in w. In the notation of (4.15)), the function

vs(¥) in (7.10) is vs(1h) = ve(00(1), ys(1)). The terms Uy, Us in (7.12), (7.13) are O(1) in . Moreover,
using that Lo(¢0) in ([7.9) vanishes at zp = 0, they satisfy

1Trwlls <s 1Tsllsllwllso + 1Tslsollwlls,  1T20w, w]lls <s 1TsllsllTslso llwllZ, + 1Tsl13, lewllsollwlls (7.14)
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SLip(v)

and also in the norm ||| . We expand H by Taylor formula

1
Specifying at u = Ts(¢) and h = Th(Y)w + To(¢)[w, w] + T>3(¢), w), we obtain that the sum of all
components of K = e~ 2%(H o A, 0 G5)(¢,0,w) that are quadratic in w is
—2b

%(K{)Qw, U})LZ(T) = E_Qb((VH)(T5)7 T2 [w, ’w])LZ(T) + ET((GUVH)(Tg)[TllUL le)Lz(T). (716)

Inserting the expressions (7.12), (7.13) in the equality (7.16]), we get
Ko2()w =(0,VH)(Ts)[w] + 26> (8, VH) (T5) [Urw]+

7.17
+2=VUT (0, VH)(T5) [Urw] + 22U w, | (VH) (T). (7.17)
Lemma 7.3. The operator Koy reads
(Kogw, w)r2(ry = ((0uVH)(Ts)[w], w)r2(r) + (R(¥)w, w)r2(T) (7.18)
where R(Y) has the “finite dimensional” form
R(p)w =Y (w,g5(4))r2(m) x5 (¥)- (7.19)
liI<C
The functions gj,x; satisfy, for some o :=o(v,7) > 0,
R e A RNl [ A (7.20)
10:g;12lll sl lso + 19:g; (2l s 15 1s + llg51ls10: 512l s 4 llg5 1150 1965 2]l s
<s E1+b||i||s+zr + 52b_1||35||s+0‘|i”s+0 (7.21)

In conclusion, the linearized operator to analyze after the composition with the action-angle variables,
the rescaling and the transformation Gy is

w s (0, VH)(Ts)[w], we Hs
up to finite dimensional operators which have form (7.19) and size (|7.20)).

7.2 The linearized operator in the normal directions

In this section we compute ((9,VH)(Ts)[w], w)r2(my, w € HZ, recalling that H = H o @5 and ®p is the
Birkhoff map of Proposition [3.1} It is convenient to write separately the terms in

H=Ho®p=(Hy+ H3)o®Pp+ Hyo®Pp+ Hs50Pp, (7.22)
where Hy, Hz, Hy, H>5 are defined in (3.1). First we consider H>5 o ®5. By we get
VHzs(u) = wo[(0uf) (@, u, uz)] = 02{(Ou, f) (2, u, uz) }-
Since the Birkhoff transformation ® 5 has the form (3.6), Lemma [7.1] (at v = T) implies that
OuNV (Hx5 0 ®p)(T5)[h] = (0.VH>5)(®p(Ts))[h] + Ru.,(Ts5)[h] =

(7.23)
= 0z (r1(T5) Ozh) + 10(T5)h + Ru., (Ts)[h]
where the multiplicative functions ro(Ty),r1(Ts) are
ro(T5) = 00(Pp(Ts)), oco(u) := (Ouuf)(®,u,ty) — Ou{ (O, ) (2, u,us)}, (7.24)
r1(Ts) = 01(Pp(Ts)), o1(u) = —(Ouyu, f)(@, u,uz), (7.25)
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the remainder Ry, (u) has the form (7.3) with x; = €% or g; = €Y* and it satisfies, for some o :=
o(v,7) >0,

, , ; Li

g 157U 157 + g5 157D <q e+ 135557,

19ig; {01l 10 + 1953 [ 5o 1133 115 + g5l 105 [illlso + N5 llso 10ix5illls <s €*(lill o + [ Tsllsrallillso+2)-
Now consider the contribution of (Hy + Hs + Hy) o ®5. By Lemma and (3.1) we have

OuV((Hy + H3 + Hy) 0 ®5)(T5)[h] = —hee — 6 ¢1 0.[®5(Ts) ha] — 22 0pe (P 5(Ts)A)
+2c2@p(Ts)s hy +6c3Pp(T5) h —12¢4 04 [(Pp(T5))2 he] — 3¢5 0:[(P5(T5))2 h)

+ 3¢5 (Pp(Ts))2 hy — 26 0x[®p(Ts)* ha) — 26 Ope(Pp(T5)?) h+2c6 Pp(Ts5)2 h
+12¢7 @5(T5)* h+ R, (Ts) + Ry (Ts) + R, (Ts)[R],

(7.26)

where ®p(Ts) is a zero space average function, indeed ®p maps H}(T,) in itself by Proposition (3.1]).
The remainder Ry, , Ru,, R, have the form (7.3]) and, by (7.4)), the size (Ru, + Ru, +Ru,)(Ts) = O(e).
We develop this sum as

(Ri, + R, +Ru,)(Ts) = Ry + 2Ry + Rso, (7.27)

where R~ has size o(g%). Thus we get, for all h € H,

50, V((Hz + Hs + Hy) 0 ®5)(Ts)[h] = —hey + g {61 0,[@5(Ts)z he] — 22 00 (P 5(T5)R)
+2c2®p(Ts)p hy +6c3Pp(T5)h —12¢4 0, [(PB(T5))2 he] — 3¢5 02 [(Pp(Ts))2 h] + 3¢5 (Pp(Ts))2 hy
—2¢6 0[5 (T5)? hy| — 26 00 (P (Ts5)*) b+ 26 Pp(Ts)% h +12¢; Dp(T5)? h}
+ I (eR1 4 2 Ro 4+ Rs2)[h).

(7.28)

Now we expand ®p(u) = u + Vs(u) + ¥s3(u), where Ua(u) is a quadratic function of u, Us3 = O(u?)
and both map H}(T,) in itself. At u = Ts = cvs + 2y we get

Op(Ts) = Ts + Vo(Ts) + Us3(Ts) = cvs + 2 Wa(vs) + G, (7.29)
where § = €°zg + W (T5) — Wa(vs) + Us3(Ts) and it satisfies
1G5 < & + T2, 110,05 <s € ills + 151l lls0)- (7.30)
Note that also § has zero space average, indeed § = ®5(Ts) —evs —2Wa(vs) and @ 5(Ts), vs, U2(vs) belong
to Hi(T,).
We observe that the terms O(g) come from the monomials R(v 2?) of Hz and the ones of size O(g?) from

Hy + Hyo (see (3.8)). Thus, we compare (7.28) with I1$(9,V(Hz + Hs + Ha2))(Ts)[h], using (B.8)), and,
by (7.29)), we obtain Ry =0,
C2

Wa(vs) = —e1 0, (v3) = 200 [(9 1 05)%] + Zmo[v3] + camol(9; vs)? (7.31)
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and

R2 [h} = - 66%{’056IZ(HS[(U6)whw]) - 8w((v§)a:8szS[U6h])}
+ 2¢102v5 0x (Mg [(vs) 2 ha]) 4 2¢1¢2 O ((Vs) 2 O g[vs h))

— 2c109 (8*11;5) Orallg[(Vs) 2 ha] + 2¢1¢2 0n{(Vs) s 8ml_[5[(3;1v(;) h]}
2
(07 05) pwolls[vs B + 7‘3 (07 v5) OuILs[(vs) s ho]
2
+ % 0 {(v8)2 O L5 [(9  05) B] + 2eac3 (95 Yvs) Dplls|vg h]

— 2c9C3 Vs 8951_[5[(6;1115)/1] 4+ 2c169 8;1{115 O0rxs[(Vs)z ha]}

262

2 2
4 2e100 0p{(v8) 2 DuuLls[vs (D7 1R} + % 9= {05 Duwells[vsh]}

2c3

-1 23
+ T vs azx:rHS[v5 (aa: h)} T

(81_1 {vs) 0:11s[(vs) s}

2¢2
+ ?2 6m{(v5)z Oz1lg [’U5 (8z_1h)] — 2coc3 8;1{1)5 Oz11g [1)5 h]}

— 2¢9c3v05 0,11 g[vs (ax_lh)] — 2¢1¢9 05 0p s [(V5) 2 Py
4¢3
— 26102 8z{(1}5)x axHS[U(; h]} — ?2 v§ (%HHS [1}5 h]

2c3 263
+ TQ 05 s [(v5)a ha] — 72 0x{(vs)a ILsvs hl}

+ 4eacs vs Hglvs A +60103 (0, vs) 01T [(vs)x ha] }

— 6103 0,{(v8)2 0 115[(0; 1 v5) (0 1R} + 2¢2¢30; {(0; *vs) Opalls[vsh]}

— 2¢9¢3 U5 Ope I [(0; M5) (051 h)] — 2¢2¢3 05 (05 tvs) s [(vs) he]}
= 22¢3 02{(v5)2 s [(0; '05) (07 ' M)]} — 6.¢3 07 ' {(9; 'vs) s [vs A}

2
+ 6C§ v HS[(aglv(;)(é?;lh)] + gcg v 8196961'[5[(6;11)5) h]

In conclusion, we have the following proposition.

(7.32)

Proposition 7.4. Assume (7.7). Then the Hamiltonian operator L, for all h € HgL(']I"’H), has the

form

Lohi=w-dph — 0, Kpah = g (w - Oph + Opz(ar hy) + 0x(agh) — 20, Rah — 8, R.h)

where Ro is defined in (7.32)), .
R.:=Rs2+ Ru.,(T5) + R(v),

with R(y) defined in Lemma the functions

a1 :=1+ 6¢1 ((I)B(T(;))x + 2c¢o (I)B(T(;) + 12¢4 ((I’B(T(S))i + 3¢y 8x[<I>B(T5)2]+
+2¢6 @5 (T5)* — r1(T5),
ag :=2¢2 (P5(T5))aa — 6c3 P(T5) + 3¢5 0. (P (Ts))2] + 2c6 {@5(T5)2+
+205(Ts) (Pp(T5))aa} — 12¢7 (T5)? — 70(T5)
the function ry is defined in (7.25)), ro in (7.24)), Ts and vs in (7.10).

Furthermore, we have, for some o := o(v,7) > 0,

i ~ nLi ~ . ~ .

lay = 1IFPO <, e (1+ |3sll575 ), 1Gsarillls <s e(llillsto + [1Tsllstollillso+o);
i Li = . ~ .

laol[ 270 <, & (141131 57), 1Gsaolillls <s e(llills+o + [1Tsllstollillso+o);
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where Js5(@) := (0o(v) — @, ys(@), z0(p)) corresponds to Ts. The remainder Ro has the form (7.3) with

i % Li ~ ~
lgs 157 + I 157 <o 1413515557, 19igslillls + 119, 1l

s Ss ”i”era + ||~75||s+0Hi||80+0 (7'39)

and also R, has the form (7.3) with

* || L1 * || Li * || L1 * || Li ~ 1L
g IO 2P0 + g7 | ZPO X270 <, & + 40|35 55, (7.40)
10:95 [ills 11X llso + 110i95 [llls0 X s + 195 1[50 10: s + 1195 |5 1055 |1 (7.41)

<s € illsto + €27 Ts st allillso-ro-

The bounds and imply, by Lemma estimates for the s-decay norms of Ry and R,.
The linearized operator L, := L, (w,is(w)) depends on the parameter w both directly and also through
the dependence on the embedded torus i5(w). The estimates on the partial derivative respect to i (see
(5.1)) allow us to control, along the Nash-Moser iteration, the Lipschitz variation of the eigenvalues of L,
with respect to w and the approximate solution is.

8 Reduction of the linearized operator in the normal
directions

The goal of this section is to conjugate the Hamiltonian linear operator L, in to a constant coeffi-
cients linear operator L. For this purpose, we shall apply the same kind of symplectic transformations
used in [3], whose aim is to diagonalize the operator L, up to a bounded remainder Rg (see (8.129)).
This one has to satisfy the smallness condition in order to initialize the KAM reducibility scheme
of Theorem that completes the diagonalization procedure.

The size of all these transformations will be greater than the ones used in [3] (see Section 8 in [3]) and,
as a consequence, some non perturbative terms will be modified by them. Thus, in order to prove (8.133))
we will have to overcome two main difficulties: (a) computing the terms of order ¢ and &2 after each
transformation, since we need to normalize them through the Birkhoff steps of Section 8.5 and 8.6, (b)
providing optimal estimates for the transformations and, consequently, for the remainder Rg (see )

Consider
(g, ) = Z V1716 €L0)e el (8.1)
jes
and 1: S — Z" is the odd injective map
1: SHZV? l(jz) = 84, 1(771) = 71(‘72) =—e; =1,...,1, (82)
denoting by e; = (0,...,1,...,0) the i-th vector of the canonical basis of R”. We observe that

los =l e O <, 13502, 8i(vs =D Alls <s llills + 1T5]s lills, (8.3)

Remark 8.1. The function 7(p,z) in corresponds to the torus (¢, 0,0) after the transformation
A, defined in . In particular, this torus is invariant under the flow of the integrable Hamiltonian
e=2h o A, (recalling ), which preserves the momentum. Hence, the square of the L? norm of ¥ is
independent of the time ¢, as we can deduce by the properties of the map 1 defined in .

We shall expand the coefficients of the linearized operator at y = z = 0 to get the bounds on the
transformations defined along this section, thus we will frequently use the inequalities and the
assumption . Moreover, we will use the fact that T satisfies the equation Lz = 0, where @ is the
vector of the linear frequencies (see ) and L, = w - 0y + Opza-
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Remark 8.2. We recall that w = @ + O(g?), see for instance (4.18). Moreover, note that D,v =
,Dwﬁ + Dw_wﬁ and
Do = Y i(w—)-1(j) \/]jl& €0 # 7,
jeES

Then ||’DW_EEHSMP(7) < Ce? and D,_z7 has zero spatial average.
We expand in powers of ¢ the coefficients ag and ay in and as
ap = €ap1 + 52a0’2 + Rays ap—1=cayq+ agaLg + Ry, (8.4)
where
ap,1 = 2¢2 Vyy — 6c3 7, a1,1 = 6¢c10; + 220,

Qg2 = 2¢o (\PQ(E))II — 6¢3 \112(5) + 30581(6925) + QCﬁ{Ei + QWMC} — 1267@27
ao = 681(\112(5))95 + 282‘1’2(@) + 1204@?j + 365835(52) + 20(5@2

and, by (83), |[Ra, [ < &% +&]|Fs]| 4o, for some o > 0.

8.1 Space reduction at the order 0,,,

First we conjugate L, in to an operator £ whose coefficient in front of 9,,, is independent on
the space variable z. Because of the Hamiltonian structure, the terms O(9,,) will be simultaneously
eliminated.

We look for a ¢-dependent family of symplectic diffeomorphisms ® () of Hg which differ from

Al = HéAH§, (Ah)(@ax) =1 +ﬁz(<p71')) h(p,z + B(p, ), (8.5)

up to a small “finite dimensional” remainder, see .
If || Bl < 3 then A is invertible and its inverse and adjoin map are

(A7'h)(@,y) == (1L+ By, y) M,y + B(e,y),  (ATh)(p,y) = h(e,y + B(e,y)) (8.6)

For each ¢ € T”, A(p) is a symplectic transformation of the phase space, see Remark 3.3 in [2], but the
restricted map A (o) is not.
In order to find a symplectic diffeomorphism near A, first we observe that A, is the time—1 flow map
of the linear Hamiltonian PDE

Blp, )

Oru = 0, (b(p, 7, 2)u), blp,1,z):= T Balp0) (8.7)

The equation (8.7) is a linear transport equation, whose characteristic curves are the solutions of the ODE

dii_m = —b(p, T, ).

As in [3], we define a symplectic map ® of Hg as the time—1 flow of the Hamiltonian PDE
v = M, (b(7, x)u) = 0y (b(7, x)u) — Mgdy (b(7, z)u), u € Hg (8.8)

generated by the quadratic Hamiltonian % fT b(7, z)u? dz restricted to H fq- The flow of is well defined
in the Sobolev spaces H, (T, ) for b(r, x) smooth enough, by standard theory of linear hyperbolic PDE’s.
We obtained a symplectic diffeomorphism ® that differs from A, by a “finite dimensional” remainder of
small size, more precisely, of size O(f5).
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Lemma 8.3. (Lemma 8.2 in [3]) For ||B|lwso+1.0 small, there exists an invertible symplectic transforma-
tion ® = A +Re of HS,, where A is defined in (8.5) and Re is a “finite dimensional” remainder

1
Raoh = Z/ (h, gj(T))Lz('ﬂ‘)Xj (7’) dr + Z(h, wj)Lz(T)eljac (8.9)
jes 0 jes
for some functions x;(7),g;(7),¥;(T) € H® satysfying for all 7 € [0, 1]
[¥ills + 1195 (T)lls <s [1Blwsrze, x5 (T)lls <s 1+ |Bllwresroe. (8.10)

Moreover
[@hls + @ hlls <s [[Blls + 1Blws+2.e|hllsy VA € HS. . (8.11)

We conjugate L, in (7.33]) via the symplectic map ® = A, + Rq of Lemma (8.3). Using the splitting
Hfg =1 - IIg, we compute

L,® = D, + T A(b30yy, + b20yy + b10y, + bo)Ix + Ry, (8.12)

where the coefficients are

ba(p.y) == Allar (1+5.)°]  ba(,y) = AT[2(a1)o(1 + B2)? + 6 a1 Bua (1 + )] (8.13)
2

bl (907 y) = AT [(Dwﬂ) + 3(11 1%% + 4@1 Bazmz + 6 (al)mﬁzx + (al)zz(l + ﬁz) + CL()(]. + 5:r):| (814)

i) = AT [P oy P oo, P o 2 b b 9

and the remainder

Rp=—1150,(*Ro + Ry) AL — & (010000 + 2(01)20e + ((a1) 2z + a0)0s + (a0)2) s Al +

+ [Dw,Ra] + (Lo — Do) Ra. (8.16)

The commutator [D,,, Re| has the form with Dyg; or D,,X;, Dut; instead of x;, gj,1; respectively.
Also the last term (£, —D,,)Re in (8.16) has the form (note that £, —D,, does not contain derivatives
with respect to ¢). By (8.12)), and decomposing I = Ilg + 115, we get
L,® = (D, + b30yyy + baOyy + 010, + bo)ITE + Ryr, (8.17)
R = {Hé(.A — I)HS — R¢}(b38yyy + bgayy + blay + bo)Hé +R;. (818)
In order to solve the equation
bs(,y) = bs(y)

for some function bs(p), so that the coefficient in front of 9,,, depends only on ¢, we choose the function
B = B(p,x) such that

a1(p,2)(1 + Ba(,2))° = bs(p), (8.19)
where we used that AT [b3(¢)] = b3(). The only solution of (8.19)) with zero space average is
1 1 _1 1 _1 -2
Bi=0;"po, po:=bs(p)i(arlp, )75 =1, bs(p) = { 5 /(al(so,x)) sdr) (8.20)
T

Applying the symplectic map ®~! in (8.17) we obtain the Hamiltonian operator

Ly:=0"1L,® =TI5(w- 9y, + b3(0)Dyyy + 010, + bo)TIE + Ry (8.21)
where 9, := ® 'R ;. We used that, by the Hamiltonian nature of £1, the coefficient by = 2 (bs3)y and so,
by the choice (8.20), we have by = 2 (b3), = 0.
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Lemma 8.4. (Lemma 8.3 in [3]) The operator Ry in (8.21)) has the form (7.5).

In the proofs of the estimates for the transformations and the coefficients, we will always use the index
o to denote a certain loss of derivatives, since we do not need to know exactly the total amount of this
loss. This, in fact, involves only the regularity required for the Hamiltonian nonlinearity f(z,w,u,) in

).

Lemma 8.5. There is 0 := o(7,v) > 0 such that, for k =0,1,

; L1 A ~ ~
IBIEPD) <, e (1 + [|Ts) 22) 18815 <s e(fillsto + |Ts]ls4o 17l so+0) (8.22)

i L1 A~ A~ ~
Ibs — L[| < €2 (1 + |35 52 10303 [8)]| <s €2(fillso + |T6 |40 12l so+0) (8.23)

i ~ nLi ~ ~ ~ ~
b | FPO) < (1 + || 35| ZE) 10:bk[als <s e(fillsta + [TsllssollEllsoro)- (8.24)

The transformations ®, &1 satisfy

Li ~ nLi Li
9% R EPO <, R + 19 (8.25)
Hai((b:tlh)[ ]Hb =5 ||h||é+<7|| Héo-&-o + Hh||éo+0|| ”é-&-o + ||J5||5+0'||h||50+o'|| Héo-&-o (826)

Moreover the remainder R has the form (7.5)) where the functions x;(7), g;(T) satisfy the estimates (|7.40))
uniformly in T € [0, 1].

Proof. Estimate (8.23): Consider the functions g(t) = (1+t)~3 and YT(t) = (1 +¢)~?, analytic in a small
neighbourhood of the origin. Then we have

by — 1 = T(M,[g(as — 1) — g(0)]) — 1(0). (8.27)

By the mean value theorem, ||b3 — 1||s <s ||M.[g(a1 — 1) — g(0)]||s. By Taylor expansion, we get

M,[g(a; — 1) — g(0)] = ¢'(0)M,[a1 — 1] + // s(a; — 1)) (a1 — 1)*dsdx (8.28)
and we note that, by Remark
Mw[al — 1] = €2M1[a1,2] + Mw[Ral]-

Moreover, ||M,[Ra,]|ls <s €% + €2||Ts]|s10, because M, [vs — ] = M,[j] = 0 and R,, contains terms like
e2(v? —v?) and cubic in the z-derivatives of vs.
The second addend in the right hand side of (8.28)) can be estimated by (1 + ||Js||s+0). Hence

1b3 = 1ls <5 €2(1 + | Fs]ls-+0)- (8.29)
Now we consider the partial derivative respect to the variable i (see ((5.1)) of b3, namely
9;bs[i] = T (Mz[g(ar — 1) — g(0)]) Me[g' (a1 — 1) d;as [2]].
The derivatives of the functions g and T, for € small enough, are approximately 1. Therefore, the estimate
10:bs illls <s €*(fills+o + [1Tslls+o 1Ellso+0) (8.30)

derived from the estimate on M, [9;a;[i]] and the fact that M,[0;0[t]] = 0. By (8.29) and (8.30) we con-
clude.

Estimate (8.22): Consider the functions ¢(t) := (1 +¢)~! and g(t) := (1 +¢)~3. Recalling that 8, =
(b3'a1) — 1, we have

Be=g 'bz'ar —1) =g 1(0) and bzla; —1=a; (¢p(bs — 1) — $(0)) + (a1 — 1).
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Then, by (Z10),

[Bzlls <s [|6(bs — 1) — @(0)[[sllarlso + [[¢(bs — 1) — #(0) s, llarl[s + llar — 1[5
<s 163 = Uls4o + 163 = U|sorollarlls + llar = 1ls <s (1 + [|Tslls40)-

Estimate (8.24)): By (7.38)), (7.37)), (8.22) we get the estimates (8.24)).
For the estimates (8.25)), (8.26) on ®, ®~! we apply Lemma and the estimate (8.22) for 5. We estimate

the remainder R, using (8.16]), (8.18) and (7.40). O

8.2 Terms of order ¢ and &2

The diffeomorphism of the torus ® = A4, + Rg defined in Lemma is, by and , of the form
I+ O(g), hence, the terms O(g?) of £, are modified by it.

From now on, the transformations we shall apply to reduce the linearized operator £, to a constant coef-
ficient operator will be I + O(e?) with d > 1, hence the terms of order ¢, will not be changed anymore.
In this section, our goal is to identify them in view of the linear Birkhoff steps of Section 8.5 and 8.6.

We have to put in evidence the terms O(g), O(g?) of by, b1, b3 in (8.21) and the ones in the remainder
R defined in (8.51)).

Coefficients by

First, we note that by = ATay, = o, + (AT —D)ag, k = 0,1, where

2
Q= (Dwﬂ) + 3&1 lf—zmﬁ + 40,1 Bzzz + 6 (al)zﬂmz + (al)xm(l + Ba:) + aO(]- + ﬂz)v (831)
=T ta g, TR (@) T 0 7T (a0)a (832

By (7.33), (8.20), we have

B == 20185(Ty) — > 20, (@ (Ty)] — desd; [B(T5)2] — e mo[@(Ty)7] — 2 co; [0 (1)

. . (8.33)
+8c19, [®p(T5)2] + 9 30, @ p(T5)%] + 3 creamo[®(T5)%] + R
where, by ((7.30), ||R||5Lip(w <83+ Eb||35||fﬁ,(7). Then we write 8 = ¢ 81 + €2 B2 + Rg, where
2
B1:=—2c1T — 502836 (v),
2
BQ L= 7261\:[/2(@) — gCQé);l(\IIQ(U)) — 4648;1(63) — C57T0[@2] (834)

2 8 8
207 %) 4 807 2]+ S307 7] 4 sercamoli”)
and Rg is defined by difference and satisfies, by (8.3),

i Li ~ ~ ~ ~
IRallZ7 <, &+ elTsls3n s 10Rs (s <s e(lillsro + 1Ts oo lillso+o)-

Now we can develop «p and « in powers of €. By (|7.35)), (7.36)), (8.33)) and by Remark [8.1| we obtain
Q1 = E0q 1 + 5204172 +Ry and Qp = €Q,1 + 6201072 + Ro, where

a1 = 2 coUzr — 637,

8.35
a12 = Lg[fa] + 2(52%” — ( )

4

2 Oul(B)e (B)ae] + 02 + o (B1)e
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and
@p,1 = 2000 — 6C3Uxa

(8.36)
0[0’2 - a:rLU[B2] - Sam[(ﬂl)z (Bl)mzz] - 38@[(ﬁ1)§m] + aO,l(Bl)zz + (a0,2)z~
The functions Ry and Ry are defined by difference and satisfy the following estimates
[RellfP0 < &+ el 35157, N0Ralills <o e(lillsro +1Tslssolilsgra), k=01 (8.37)

Remark 8.6. We note that the terms O(e) generated by the Hamiltonian [1(3¢1v, +c2v) 22 da (see (3.8))
are cancelled by the diffeomorphism of the torus ®.

Remark 8.7. The averages of a;;,7 = 0,1 for k = 1 are zero and, for k = 2, we have
4
Mx[OzLQ] = Mx[CLO,Q] + Mx[ao,l (,@1)3@] = —2¢c M, [@i] — 1267M$[52] + gC%Mx [fi] + 4cocs M, [52],

Mlap 2] = My[ao1 (B1)zz] = —derca M, [02,] — 12¢1c3 M, [02].

We used the fact that 0,M, [0%] = 0, see Remark Moreover, we note that, for a similar argument,
M, olag2) = My[ag2], for k=0, 1.

The transformation AT — T (see Section 8.1) is of order O(e), hence it generates new terms of order
O(£?) when it is applied to ones of order . In particular, by the regularity of the function v(y,z), that
is at least C?, we have, for k = 0,1, by Taylor expansion

(A" = D1 (#,9) = elar1 (e, y + B(#, 1)) — ar1(,)) = €0y (1) (9, y) Ble,y) + Ry,

where |Rj|[s <s e3(1 + |35 s+0) for some o > 0.
We observe that 3(¢,y) = —(AT 8)(p,y) and by (8.34) we get, for k = 0,1,

(A" —Dani(p.y) = —e 0y (ar1) (@ y) Bi(p.y) + R, (8.38)

where we have renamed R the terms of order o(g?).

Remainder AR,

The remaining terms of order 2 generated by the diffeomorphism of the torus ® have the form (7.5)) and
originate from Ry = ®MR; (see (8.18)). Thus we analyze the expression

Rir:= Hé(A — I)Hs[bgayyy + blay + bo] — R@(bgayyy + blay + bo)
—£0,(?Ro + R.)AL — 115[000(a10,) + 0x(ao )| Tls AllS 4 [Dy, Ra) (8.39)
+ (L, — Dy)Ro.

We start from the first term in . As we said above, the transformation A —1 has size O(g). Hence, we
look for the terms O(g) of b3dyy, +b10, +bo. We have, by (8.23), b3 = 1+0(e?) and by, = a + (AT —T)ay,
for k =0,1. Thus

b30yyy + b1y + bo = Dyyy + €0y (1,1 -) + O(e®).

By Taylor expansion at the point 5 = 0, we get, for a function u(yp, x)

= ug (0, ) B, @) + B, x)ulp, ) + O(B?) = (8.40)
=0, (B1(p, x) u(p, @) + O(?).
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Therefore we have
15 (A — D)ITg[b30yyy + baOyy + 010, + bo] = 2T1& [0, (B1 Oz (11 +))] + o(?) (8.41)

Now we extract the homogeneous terms of order € from Rg (see (8.9)). We recall the exact expressions
of g and xy in refering to the proof of Lemma 8.2 in [3]. We have

gr(1,2) = —(®7) T [b(7)0,e*7], (8.42)
where (®7)7 is the flow of the adjoint PDE

plx)

Orz =g {b(r,2)0:2},  b(r,z) = T4 B(@)

=efy + O(e%). (8.43)
This equation is well defined on Hg, (T;), because the function b is smooth enough. By (8.42) we have
(7, 2) = =b(1)dpe™ + (Lrp — (7)) [b(7)8ze™]

and, for = € Hy. (T,), by €22) and G, (®7)7z — 2ll, <y cC(lzlos1 + [Tsllssollzllss1), where C is
the Lipschitz constant, in time, on the interval [0, 1] of the flow (®7)7. Hence, by (8.42),

gr = —ef1 0,eF* + O(e%). (8.44)
Now consider )
b= 1 exp(iby (o 4 B(a)
where 77 is the flow of the characteristic ODE
d x b(r,x) (8.45)
—x = —b(1,x). .
dr ’

By (8.43)), the vector field of (8.45) has size O(e) and, by similar arguments used above for the flow of
(8.43), we have 4" (z) — z = O(e). By Taylor expansion of the function exp(iky™(z + 5(z))) at 5 =0 we
have

Xk = €% +0(e). (8.46)
Recalling we have
Y = (AT = De* = £0,(81e*%) + O(e?) = £(B1) 2™ + €81 0,67 + O(£?). (8.47)

Eventually, by (8.44)), (8.46) and (8.47)), we have R¢ = eRo + O(g?), where

Ro(h): = — Z(h, Br02€"") 2 (rye™ + Z(fh (B1)w€™) L2 ()€ + Z(f% B10,"7) L2(my €™
kesS kesS keS (8.48)
= Us[(B1)x h].

By (8.48) the range of Re is orthogonal to the subspace Hg, hence the term ® =1 Rg (b30y,, + 10, + bo)
will have size at least O(g?), indeed ® = Ips + O(e).

We ignore the terms e?R4 and R, because are too small. Then, we can consider
(Lo, — Du)Ra = £ [022(a10,) + 04 (ag-)]TIERe = 0.

By we have
Hé[amw<a'law) + aa:(a0>]HS(A - I)Hl = EZHé [89393(@1,18me5[61 ]) + al(a’O,l aIHS[ﬁl ])] + 0(52)' (849)
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It remains to study the commutator [D,,, Re] = [Dz, RS] + O(e®). We have
[Dz, Relh = eDglls[(B1)ah] — ells[(81)2 Dah] = ells[(De (1)« )h]

and so ®~1[D,, Ra] = o(c?).
Finally, by (8.41)), (8.49), we obtained Ry = £?Rga + o(g?), where, for h € Hg,

Ro[h] = g {0 (81 Ts[0: (1 1h)]) — O (a1,10:T05[0:(B1h)]) — D (01 1 1[0 (B1R)]) }
=4dcicy Hfg'{*ax (Ué 3zHS[(UJ)m h]) + (915,3((1)5)9589“1_[3[(8;1115)}1])
+ 61,w (U(S ala,HS[’Uéh]) + 61((1)6)1,17 8IHS [Uéh])}

* % c% H§{—ax((a;11)5) azHS[(Ué)M h]) + 8901(“58301 HS[(az_lW)h])

(8.50)
+ 02 ((v5)za awHS[(az_lvé)hD}
+ 12cyc3 Hé{@z (’05 Oz11g [’1)5 h]) — Oy (U5 8wHS[v5h])}
+ 4 cocs Hé{&z((ﬁgjlv(;) 811_[5[1}5 h]) — 635(’05 8$Hs[(aw_l’l}§)h])}
+ 126305 {0, (v5) 2 O Ils[vsR]) }
Using , we get
Ry =0 'Ry = — 150, Ry + R. (8.51)
where R, defined in ([7.32]), has been renamed as
RQ = RQ - 6;1R2 (852)

and we have renamed R, the term o(e?). Note that Rﬁzl[h] has zero spatial average for every h belonging
to HE. (T¥*!) and the remainder R, has the form (7.5)).

8.3 Time reduction at the order 0,,,

The goal of this section is to make constant the coefficient of the highest order spatial derivative operator
Oyyy by a quasi-periodic reparametrization of time. We consider the change of variable

(Bw)(soﬂ y) = w(go + wo‘(@)a y)7 (Bilh)(ﬂ, y) = h(ﬂ + Wd(ﬁ)v y)? (853)

where ¢ = 9+wa(9) is the inverse diffeomorphism of ¥ = p+wa(yp) in T”. By conjugation, the differential
operators transform into

B 'w. 0,B=p()w 09, B '9,B=0,, p:=DB"'1+w- dyq). (8.54)
By , using also that B and B~! commute with Hg:, we get
B7'LiB=T&[pw - 0y + (B7'b3)0yyy + (B~ '01)0, + (B 'bo)|llg + B~'R, B. (8.55)
We choose a such that the new coefficient at order dy,, is proportional to the function p(«#), namely
(B7'b3)(0) =map(¥), mze€R = by(p) =ma(l +w-dya(p)). (8.56)
The unique solution with zero average of is
o) = el 0,) 7 by = ma)p). o= s [ (o) de (357)
Hence, by we have
B 'LiB=pLy, Lo:=Tg(w:dy+mzdyy, + 10y + co)llg + Ro, (8.58)
c1:=p H(B '), co:=p (B '), Ro:=p 'B'RB. (8.59)
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In order to control the corrections to the normal frequencies also at lower orders of size, we expand
the constant coefficient mg, defined in (8.57)), in powers of €. We have

mz =14 &%d(€) + T, (8.60)

where 3
d(€) : = (12¢4 — 24 ¢3) M, . [02] + €2 (2¢6 — —c3) M, . [07]
6. " (8.61)
= (24¢q — 480%)7)3 €+ (deg — gcg)vl <&

and |1, |¥P(") < &3, The transformed operator £ in (8.58) is still Hamiltonian, since the reparametriza-
tion of time preserves the Hamiltonian structure (see Section 2.2 and Remark 3.7 in [2]).
We note that, by (8.59)), for kK = 0,1, we have

ck=br+ (B ' =D+ (p ' —=1)B b,

and by, = O(e) is the biggest term in the expression above. We define, for k =0, 1,

Gpi=cp—br = (B =Dbp + (p' = 1)B~ by, (8.62)
and we estimate them in Lemma The remainder Ry in (8.59)) has still the form (|7.5) and, by (8.51)),
Ry = —p 'B7IR B = — 149, Ry + R. (8.63)

where Ry is defined in (8.52)) and we have renamed R. the term of order o(g?) in Ra.

Remark 8.8. In the proof of the estimates for the transformations B and T, respectively defined in
and , we have to give a bound to the inverse of the operator D, applied to the difference of
a spatial and total (in space and time) average of some function in Hg, (T*1).

The main problem is that the estimate is too rough to deal with functions h(p, z) of size greater
or equal than €2, indeed, the terms O(g3y~!) are just not perturbative.

In the proofs of Lemma [8.9] and we exploit the fact that if h(p,z) is a function supported on few
harmonics, then we do not need to use the diophantine inequality to give a bound to the divisors
appearing in the Fourier coefficients of D_1h.

In this way, we overcome the problem discussed in Remark 8.11 in [3] and we can drop the hypotesis
on the tangential sites assumed in [3].

Lemma 8.9. There is 0 = o(v,7) > 0 (possibly larger than the one in Lemma[8.5]) such that

8.64
8.65
8.66
8.67

ms — 1P < C 2, |gmsli]] < €lillso+o,
i — Li ~ ~ ~ ~
lafl 27 <, ety + 31257, 13ialillls <o lillsto + 1Tsllsrollillso o
i ~ 1L ~ ~ ~ ~
lo = 11EPO) < &+ 2350557, 10inlillls <o e illsto + 1Tsllsrollillspso),

~ ; _ L1 ~ A ~ ~ ~
13157 < 3720 42|35 520 10, illls <s e(fillsto + [Tsllsto 17l so40)-

Proof. Estimate (8.64): We have m3 —1 = [, (bs — 1) dyp, then, by (8.23),

AA,_\,_\
~_ — N —

ma =11 < [ oo = 1Udp < oo = 1y <O, (Oumsfl] < [ 0ibalildo < 0l < illsa
Tv Tv
Estimate (8.65)): By (8.57) and the fact that ms is a constant near to 1, it is sufficient to give a bound to
b3 — ms.
Consider the functions g(t) = (14¢)7%,T(t) = (1+t)~3, defined in a small neighbourhood of the origin.
We have

by —ma = (b3 —1) = My[b3 — 1] Y[Mlg(ar — 1) = g(0)]] = My [Y[Molg(ar —1) = g(0)]]]. (8:68)
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By the analiticity of T

for |t| small enough. Hence, by (8.68),

by —ms =T (0){Mc[g(ar — 1) — g(0)] = My a[g(ar — 1) — g(0)]}

(8.69)
+ Txo[Mzlg(ar = 1) = g(0)]] = My [T>2[M[g(ar — 1) = g(0)]]]-
The difference of the last two terms in the right hand side of (8.69)) can be estimated by
IT>2[Mz[g(ar = 1) = g(0)]] = My [T >2[Mz[g(ar —1) = g(O)])}[15
N
<s [1Ma[g(ar = 1) = g(0)][lso [ Malg(ar — 1) = g(O)]ls <5 (1 + [|35]]5)-
Now we prove a bound for the difference M, [g(a1 — 1) — g(0)] — M, »[g(a1 — 1) — ¢(0)].
By Taylor expansion
an) "o ar —1 4 1
glar=1)=9(0) = ¢ O)ar =)+ 1 =17+ Lo 0 12+ L [ a8 g st —1)) s
: 0

and the last term of the right hand side can be estimated by e*(1 + ||Js||s40)-

The function a; in is a linear combination of ®g(Ts), 5 (Ts)? (and their derivatives in the z-
variable) and r1(Ts), whose coefficients depend on cy,...,c; and other real constants. Without loss of
generality, to simplify the notations, we can write a1 = 1 + ®5(Ts) + ®5(T5)? + r1(Ts) (recall (7.10),

and ) Thus, we have
Molar = 1) = My [0p(To] + Molra(Ty)), - Mol(ar = 1)7) = Mol@(To)*) + 2] [0(T5)°] + Ga(Th)
My[(ar — 1)°] = 4M,[@5(T5)*] + Q3(T5),

where ||Q;(T5)||s <s *+€24Y||T5]|s10 for i = 2,3. By (7.25) and the fact that ®5(T) has size O(e), 71 (Ts)
is a polynomial of degree three in the variables (®5(T5), ®5(T5).), up to a remainder that is bounded in
H* norm by e*(1 + ||Js/|s10). Thus, we reduced to study the differences

M,[®p(T5)%] = My o [®5(T5)%],  M[®p(T5)°] — My . [®5(T5)%).
We have, up to constants,
p(T5)* = v} + cvsG + 205 Ua(vs) + Qo (T5), Op(Ts)® = 30} + Q3(T5),

where [|Q;(T5)||s <s €* + €2*?||T5]/s40 for i = 2,3. By the definition of ¢ and the fact that vs and zo are

orthogonal in L?(T), we have
eM,[v5G) = >0 M, [} (vs)vs20] + e My [vs U3(Ts)], (8.70)

thus || M [evsq) — My 2 [evsd)||s <s €* 47| T5]|s40- It remains to estimate the differences of the averages
of polynomial of degree two and three in the variables vs and its derivatives. These functions are of order
€2 and &3, respectively, and supported on not many harmonics, because vs is not.
By (7.10) we get
b— .
M, [v3] = My o [v3] = €270 "131((ys); — Mol (s);))-
jes
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We gain an extra smallness factor 2= by the fact that M, [5?] is independent of ¢ (see Remark .
Thus, we obtain &2|| M, [v3] — My .[v2]]ls <s €%°]|Ts]s-

For the cubic terms in vs we use the following equality
M [v5] = My o[v3] = (Ma[0°) = My o[0°]) + Molvg = 7°] = My,a[v; —7°), (8.71)

where [|M;[v —7°] — Mo [v] —7°]||s <, €%[|Fs]ls.
We now analyze the first difference in the right hand side of (8.71)). We cannot roughly bound it by &*
(see Remark [8.8). But we have

D1 (M, [6%] — Mo [o%)) = V&3 &5ntis GGG e (879
COLET - Mas) = ) G 1) 716 € (8.72)
J1,J2,J3€S,
J1+Jj2+73=0
1(j1)+1(j2)+1(43)#0

We recall that w = @ + O(e?), hence the denominator in (8.72) can be written as
w-(L(j1) +1(j2) +1(js)) = @ (1(j1) +1(j2) +1(js)) + (W =) (1(j1) +1(j2) +1(j3)) = 57 +J3 +7j3 +O(e?)

and it is greater or equal than 1, indeed, if j; + jo + j3 = 0, then |53 + j3 + j3| = 3|j1 j2 j3| > 3. Thus,
actually,
1D, (Mo 0] — My o[0%]) |5 < €.

Finally, we get
b3 — mslls <s e +52b”35”s+0 and HDL«_)l(bS —m3)ls <s 54'7_1 + 136|405 (8.73)

so [lafls <s 547_1 + (|35 s+
Now we look to the partial derivative

0; <b3 — m3) [1] = % [m30;(bs — m3)[i] — (b3 — m3)d;msli]] . (8.74)

ms 3

By (8.64) m3—1 and 0;mg3][i] are of order €2, hence the estimate for 0;a[i] comes from D;*(;(bs —ms)[i]).
By (8.69) we have

Di(bs —mg3)[2] = T"(0){M,[0;(g(ar — 1) — g(0))[i] — My [0i(g(ar — 1) — g(0))[]]}
+ 0{T>2[Mz[g(a1 — 1) — g(0)]] = My [T >2[My[g(ar — 1) — g(0)]]]}[i]

As before, the bigger terms are the partial derivatives of M,[g(a; — 1) — g(0)] — My 2[g(ar — 1) — g(0)].
We have

g//l (0)

di(glar — 1) — g(0))[2] = ¢'(0)dsas[i] + ¢" (0) (a1 — 1) Bsaq [2] + (a1 —1)* d;aq (2] + T(is, 1)

where [|T(is, 1)l <s &*([lills+o + 13s]ls+oll2llso+0) and
0;a1[i) = 0; @ 5(T5)[i] + 2@ 5(T5)0; @5 (Ts)[i] + 0;q[i].
We note that M, [0;®5(T5)[i]] = M;[0:4[i]] = 0. Thus, we focus on the terms
Op(T5)0;25(T5), Pp(T5)*0:0p(Ts), @p(Ts)dqll.
Further terms have Sobolev norm bounded by €2+ (||il|s4o + ||Tss40 |2l so+0). We have

<I>B(T5)8z-<I>B (T(s) = 62115 0;vs [i] + 63(\112(1}5) + \I’,Q(U(s)vg)aﬂ}(; m + s@i((j 1}5)[@} + T(ig, i),
Op(T5)%0;®p(Ts)[i] = 302 O;vs[i] + T(is, 1),

41



where ||T(25, )H s 2 (lillsao + |5 /lso llillsoro)- We start from the average of the partial derivative
of vs4. By (8.70) we get &[|0; M. [vsd][i]lls <s €2 (|lills+o + |Tslls10llillsoro)- Then, we reduce to study

M [vs0;vs(1]] — My 5 [vs0vs1]], M, [v30;vs[i]] — M, . [v30;vs[i]].

If we call G(io(¢)) := ys — Yo, then we have

ellfo + (0;G (i 2 iz
- T 31 B )

JES
and
M, [v50;5[i] — Moy o [v50505[i]] = 207> 10, ((ys); — Mool(ys);])
JjES
22(0-1)
> {@iGlio())); — My [(9:G(io())i]),]}-
JES
Therefore, £2||M,[vs0; ’U(s[AH — My . [vs0ivs[illlls <s €®(lills+o + 1Tslls+0llillsg+0). Moreover, we have
||€3M [v 81}5[”” <s¢€ (H ls+o + 1T5lls+ollellso+0)- Hence, we get

10:(bs = m3)[illls <s € (lills4o + [ Tsllstollillsg+o)

and [|0;[]|| < |lills+o + |Ts/ls+o l|2llso+o-By Lemma 2.7 we deduce the inequality (8.65)).

Estimate (8.66): Note that p — 1 = B~! ((bs — m3)/ms3). Thus, by Lemma (18.65)), (8.73) we get

_ i Li Li Li
1B~ ((bs — ma)/m3)[|FPD) < [lbg — ma]| X5 + ol 220 by — mal|5 )

Li
< € +82bHJ Hser;0+a'

Estimate (8.67): Note that |[[p~t —1||s <, ||p—1]|s- By Lemmaand (2.10)), (8.24), we get, for k = 0,1,

I(B7 =D bl 5D < Ty el T, N = Dbl <o et 35

8.4 Translation of the space variable

The goal of this section is to remove the space average from the coefficient in front of d,. This is a
preliminary step for the descent method that we apply at Section 8.7.
Consider the change of variable

(Tw)(W,y) = w(¥,y +p(©), (T~ h)(9,2) = h(9,z - p(¥)). (8.75)
The differential operators in Ly (see (8.58))) transform into
T 'w 09T =w- 0+ {w-0wp(¥)}0,, T '0,T =0..

Since T, 7 ! commute with [T, we get

[:3 = Tﬁl,CQT = Hﬁ(w . 819 + m3 8zzz + Ds az + dO)HJS_ + m37 (876)
di = (T 'er) +w-Ogp, do:=T 'co, Ry3=T 'RT (8.77)

and we choose
M G Jp 10 = (00 (m g f ey o
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so that
1

o dl(ﬁ z)dz=my Y9 eT". (8.79)

We define
dy ==dy — gy — 2 (ane —an1 (B1)s),  k=0,1 (8.80)
and we split B3 = —e20,Ra + 7~€*, where R, is obtained replacing vs with ¥ in R and
R =T "R.T + Mg 0,(Ra — T 'RoT) + 21150, (R2 — Ra), (8.81)

where R, has been defined in (7.34) and modified along this section by adding terms o(c?). We used that
7! commutes with 9, and IIZ.
We define

c(§) = My zlan2 + a1 (Br)al- (8.82)

This quantity is a correction at order €2 to the eigenvalues of the linear operator L, see (7.33). In
particular, we have ‘
my = e2c(&) + rp,, with |z, [FPO) <872

Lemma 8.10. There is 0 := o(1,v) (possibly larger than in Lemma such that

Imy — e2¢(€)[FPD) < T2 183i(ma — 2e(E))E]] < €72 illso o (8.83)
i — L1

I EPO <o ety |36 22D, 0plillls < Nillsto + 1Ts]lstol2llsotos (8.84)
3 a L3 »

Idi | ZPO) < 3720 4 el|T5]| 520, 1|3idilillls <o eillsro + Tsllsro il soro) (8.85)

for k=0,1. Moreover the matriz s-decay norm (see (2.6]))
- i Li 5 A ~ — ~
RlePD <o &+ 135557, 0Rls <o Elillsso + e Tsllatolillsoro.  (886)

The transformations T,T ' satisfy (8.25)), (8.26).
Proof. Estimate (8.84): By (8.59)) and (8.78)) we have

my — My[er] = (M o [b1] — My [b1]) + (Myo[(p™" — 1)b1] — Mu[(p™" — 1)b1])

+ (M [(B™H = Db1] = M [(B™! = )bi]) (8.87)
+ (Mg [(p™! = 1)(]5_1 —Dby] — My[(p~" = 1)(B~" = D)bs]).
By (8.65), (8.66) and Lemma [2.10} we get [|(p~! — 1)(B™* = by ||s <s €972 + %7135l s40. Thus, by

(.23)
IDS M 2 [(p~! = 1)(B™" = Db1] = Mu[(p™" = 1)(B™' = Dbu]}s <o ¥ + %972 T5)lsr0- (8:88)

We note that p~1 — 1 is independent of x, hence M,[(p™ — 1)b1] = (p~! — 1) M, [b1] and we can estimate
the difference between the averages of (p~! — 1)b; with

1(p™! = DMa[br]lls <s€” + EQ(bH)HJéH to (8.89)
and use again (5.23) for ||D5* (Myo[(p™" — )b] — M, [( = Dbi])lls <5 €77 +el|Ts 4o
By Taylor expansmn and the fact that & = —a + (B (see (8:53)), we have
b1 (0 + wa(9),z) = b1 (Y, ) —w - Iybi (Y, ) a(V) + Ra (¥, x)
where ||Ra s <s e8y72 + e*y7Y|T5/s40- Moreover, by a change of variable
/ (B~' —D)by ddda = / w - Opa(p) bi(p, x) dp da. (8.90)
Tv+1 Tv+1

43



From these facts and an integration by parts, we obtain
M [(B™ = Db1] = My o[(B™" = D)b1] = Dua My[by] — My o[(Dwet) bi] + My[Ra] — Mo o[Ra]
and, by the estimate above for R5 and the bound given by (8.73)) for D, «a, we have

”Mw[(B_l - I)bl] - Msa,w[(B_l - I)bl]Hs <s 55 + 62(b+1)‘|36”s+0- (8~91)

As before, we can use (5.23). We remark that

[ e = [(Araends= [arto+bemdy = [ o) +sulp.0) da,
hence, it remains to estimate
Mo 2[b1] = Ma[br] = (M o[an] = Ma[oa]) + (Mo o1 Be] — Mafon Be]). (8.92)
The functions o7 and @13, are linear combinations of powers of ®(7T5) (and its derivatives in the -

variable), 71 (T5), ro(Ts), whose coefficients depend on ¢y, ..., c; and other real constants. Hence, using
the same reasoning adopted in the proof of the estimates (8.65)), we get

IDZ H{ Mo zlon] = Ma[en]}lls <s €™ + [ Tsls40 (8.93)

and the same estimate holds for D' {M,, ,[B,c1] — M, [B,1]}. By following analogous arguments used
in the proof of the estimate (8.65])) we conclude.

Estimate (8.83)): By (8.59) and (8.78)

mi z/ by dxdgo—i—/ ¢1 dx dy.
Tv+1 Tv+1

Moreover,
/ bydrdp = / (e%012 + Ra, ) dz dep + / (AT —T)a; da dep.
’H‘v+1 Tu+1 Tv+1

Thus, the bound (8.83)) comes from taking the maximum between

< IIRay flso + I(AT = T)(a1 = ear 1), < €°

/ by dp dy — €2 / (a12 + 11 (Br)s) dpdx
’]1‘14+1

’]TV+1

and ||&y s, < €7y 72 =372,

Estimate (8.85)): We observe that, by (8.38]),

d() = EQ(AT — I)OZOQ —+ .ATRO —+ RB + (Til — I)bo + Tﬁléo.

By Lemma we have the following bounds

I2(AT — Daoalls <s 1+ |Tsllsso)  IATR|EPD) <, 8+ || 35| 22,
IRFILPO <, & 4 e |T6|| 520, | T2 LP <, €Ty 72 + €| 35| 2P,

(T =Dbolls <s €™+l Ts40-

From these estimates we get (8.85]) for £k = 0. The estimate for K = 1 can be obtained in the same way,
considering that w - dyp = O(e%y~1) in low norm by (8.84)). O
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8.5 Linear Birkhoff Normal Form (Step one)
Let us collect all the terms of order £ and €2 of L3 (see (8.76))) in the operators

%1[}1,} =11 Ozh + Qo1 h = aw{(QCQUg;m — 6(33’()) h},

Bolh] == {a12 — (a11)x 1} Ouh + {02 — (a0,1)x f1} h — 02 Ra[h).
Note that B, and B, are not the linear Hamiltonian vector fields of H é‘ generated, respectively, by the
Hamiltonians R(v%2) and R(v?2?) in (38.1)) at v = v, as expected. Indeed, as we said in Remark some
Hamiltonians of type R(v?z) have been eliminated by the diffeomorphism of the torus @ defined in Section

8.1, and also the Hamiltonians R(v?2?) have been modified by that.
Renaming ¢ = ¢, z = x we have

L3 = Hé_(w . 6 + mM30pee +B1 + 82%2 + 62183; + (Z())Hé_ + 7%,* (895)
where dl, dO,R are defined in and -

The aim of this section is to ehmmate B, from (8.95). In the next section we shall normalize the term
Bo.
We conjugate L3 with a symplectic operator ®1: Hg, (T*™') — Hg . (T¥*!) of the form

(8.94)

AZ R R k 3
@1 = exp(eAl) = IHS% + €A1 + 6271 + ESAl, A1 = Z T Alf, (896)
k>3

where Ai(p)h = Zj,j’eSC(Al)g/(QD) hj €% is a Hamiltonian vector field. The map ®; is symplectic,
because it is the time—1 flow of a Hamiltonian vector field. Therefore
L3®) — &11T& (D + m30pa )5 =

1 B
§(DwA%)} + d10, + R3)IIE

(8.97)

1
= Hé(g{DwAl + m3[O0paz, A1) + B1} + 52{%1141 + By + img[amx, A%] +

where
- ~ ~ ~ ~ 1 ~
Ry i= 10y (1 = 1)+ do®1 + R Py +°Bo (@1 — 1) + eH{ Do Ay + 153000, 1] + 5 B1 AT +6B1A1 ). (8.98)

Remark 8.11. R3 has no longer the form (7.5). However Rz = O(9?) because A; = O(9;!) and therefore

1 — Iy =0(0; 1). Moreover the matrix decay norm of Ry is o(g?).

In order to eliminate the order e from (8.97)), we choose

(B1)] (1) s e
A =3 i TrmaGr =gy T EN T ESIeR

0 otherwise
This definition is well posed. Indeed, by (8.1) and (8.94)

z 2ijeo (j— 32 i— 36— —6iges /11— J'l&—y -5 €S, 1=1([—-7)
(B1)] (1)1={ 7 I

(8.99)

0 otherwise.
(8.100)
In particular (‘Bl)z (1) = 0 unless |I| < 1. Thus, for (1, 7,5") such that @1+ 5" — j3 # 0, the denominators
in (8.99) satisfy
o L my (5 = 57)] = Ima(@ - 14 57 = 57) + (w = ms@) - 1] >

8.101
> |ms| @14 5 — 33| = |w —ms@| I > 1/2, V|| <1 ( )

for £ small enough, since m3 — 1 and w — @ are O(¢?). A; defined in (8.99) is a Hamiltonian vector field
as B.
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Lemma 8.12. (Lemma 8.16 in [3]) If j,j' € S¢,j —j' € S,l =1(j — j'), then
wl+5° =2 =355 (' —j) #0.
Corollary 8.13. (Corollary 817 in [3]) Let j,5' € S¢. If w1+ j® — j3 =0 then (B, );l =0.
By and the previous corollary, the term of order ¢ in is
1% (D, A1 4 m3[0paz, A1] + B1)I5 = 0. (8.102)
We now prove that A; is a bounded transformation.

Lemma 8.14. (Lemma 8.18 in [3)])
(i) For alll € Z¥,4,j € S¢,

(A OI < U3+ 1D 1A @ < e=2(l5]+ 15D~ (8.103)

(i) (Al)gl(l) =0 foralll € Z",j,7 € S¢ such that |j — j'| > Cs, where Cs := max{|j| : j € S}.
The previous lemma means that A = O(9, ). More precisely, we deduce that
Lemma 8.15. (Lemma 8.19 in [3]) \A18x|SLip(7) + |8xA1|SLip(7) < C(s).
It follows that the symplectic map ®; in (8.96) is invertible for ¢ small, with inverse
n—1

S (A", [A10, ) 4 10,4, 5P < C(s).  (8.104)

O =exp(—cd)) = Iys + eAy, A = Z

n>1

n!

Since A; solves the homological equation (8.102]), the e-term in (8.95) is zero, and, with a straightforward
calculation, the 2-term simplifies to By + 5[B1, A1]. We obtain the Hamiltonian operator

Ly =P L3®) = £ (Dyy + M30pae + d10y 4+ 2{ By + = [%1,A1}}+R4)Hs, (8.105)
Ry = (®71 — DIIE[e*(By + = [%1,A1])+dlam} + &7 IS Rs. (8.106)

We split A; defined in (8.99)), (8.100) into A; = A; + A, where, for all j,j €S lez”,

— 5 C2jea J=3V2 i = 71&—- +65cs /17— 5'1&—5
107 (1) - 33’ it 8.107
( 1)]() o - l ]13 j3 ( )

ifw- 1+ 43 —j #£0,j —j €S, 1=1(—j), and (Zl)gl(l) := 0 otherwise.
By Lemma [8:12] for all j,j’ € S¢,1 € Z¥,

2 (j—7 — 1 — o
o —02< - \/IJ—J’Ifj—jI—263m\/lj—9’\§j—j/ if j—j" €8s,

(A= 3 J (8.108)
0 otherwise,
namely
Ah = —§c2n§[@ (07 h)] + 23115 [(8,'0) (0,1 h)),  Vh € HEL (T, (8.109)
The difference is
~ , 2 A 6 \/ﬁ _ l _1 13 _ ;3

(- L ma(7 = ) @1+ 77— 5%)
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for j,5' € 8%, j—3€8S,1=1( —j), and (1211);, (I) = 0 otherwise. Then, by (8.105)),
Ly = TE(Dy + M30paa + di 0y + 2T + RIS, (8.111)
where )
1 — - -
T :=B9 + 5[‘31, A1], Ry = %[%1,/11] + Ry4. (8112)

The operator T is Hamiltonian as B, Bs, A1, because the commutator of two Hamiltonian vector fields
is Hamiltonian.

Lemma 8.16. There is 0 = o(v,7) > 0 (possibly larger than in Lemma such that

i - ~ 1L « X N
|Ra|FPO) <, T2 4 | 35152, 10, Ralills <o e(|illsto + 11 Tsllsolillsoto)- (8.113)

Proof. The proof follows the one of Lemma 8.20 in [3]. The only difference is the estimate on the coefficient
do (see (8.87), that gives the term of size ¢7y~2 in (8.113)), instead of e5y~! in the inequality (8.95) in
[3]. O

8.6 Linear Birkhoff Normal form (Step two)

The goal of this section is to normalize the term €27 from the operator £4 defined in . We cannot
eliminate the terms O(g?) at all, because some harmonics of €27, which correspond to null divisors, are
not naught.

We conjugate the Hamiltonian operator £, via a symplectic map

. A £2(k—2)
®y = exp(e?Ay) = IHé_ +e2A,+ A, Ay = Z i A5 (8.114)
k>2
where As(p) =2, icse (Ag);/(go)hj/eij‘” is a Hamiltonian vector field. We compute
L4y — BoITE (D + M3Oyas )5 = TS (2{ Dy Ay + m3[0pee, A2 + T} + d10, + R5)IIS, (8.115)
Rs := M5 {e* (D, Ay + m3[0pn, As)) + (d10y + €2T) (g — 1) + Ry P T4 (8.116)
We define ,
7y (1)
y - J @143 — 3 40,
() (1) = i Tk maGE ) T (8.117)
0 otherwise.

The definition is well posed. Indeed the matrix entries Tjjl(l) =0 for all |j — j'| > 2Cs,l € Z¥, where

Cs = max{[j| : j € S}. Also T;/(l) = 0 for all j,j° € S|l > 2. Thus, arguing as in (8.101)), if
W-l+35%—353#0, then |w-1+m3(j"® — j2)| > 1/2. The operator A; is a Hamiltonian vector field because
T is Hamiltonian.

Resonant terms

Now we compute the terms of €27 that cannot be removed by the Birkhoff map ®s.

By (8.109), (8.112) we get, for h € Hg
_ 4
B Al[h] = —gcg (%H§ [EM HAé [ﬁx (ax_lh)” + 4020369011% [ﬂané[(a;lﬁ)(aa;lh)]]
+ deoc30, 1% D115 [0, (95 1h)]] — 12¢20, 114 [O115 (0, 17) (0, 1 h)]]
— 4
A8 [h) = _gcg 0% [T, IT& [T h]] + dcacsTI [0, s [T )]
+ deoesTTE (05 10) 0L [T, h]] — 1262115 (0, 10) 05 [T A]]
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whence, for all 5,5’ € S¢,1 € Z",

- 1 4,5, Jitde —gig3J’ —
(B4, A1)} (1) = gcgl > (W \/ 171 521€5, €5

J1,52€8,J1+j2=3i—7’,
J'432€5°,1(41)+1(52)=!

. .3 . . .2 .2 . -/ .3 -/
. =JJ1tJJ133 —JiJ23 —J57 iy
4deoe: L c.
+4coesi g < i )\/J1jz|§j1§g2 (8.118)

j17j2657j1+j2=j—j/7
7' +52€8°,1(j1)+1(j2)=l

. Jir—j'g2 .
+12c3i Z (]’]1]2) 71 J21&51 & -

J1,52€8,J1+7j2=7i—7’,
J'432€5°,1(j1)+1(52)=!

If ([%1,21])57(0 # 0 there are ji,j2 € S such that j; + jo = j — j', j' + ja € S¢,1(j1) + 1(j2) = [. Then
@l = =0 100 + @ 10j) + 57— 5 =5 495+ 50 - (8.119)
Thus, if @-1+ 5" — 53 = 0, Lemma (3.3) implies that (j; +j2)(j1 + ') (j2 +4') = 0. Now j1 +4', o+ # 0

because j1,j2 € S,7’ € S¢ and S is symmetric. Hence j; + jo = 0, which implies j = j' and [ = 0. In
conclusion, if @ -1 4 ;" — 7% = 0, the only nonzero matrix entry ([B1, A1])} (1) is

1 ; 4 5. 3. . L
(B, A]);(0) = 5031 S iR lhlg. +8cesi > aljalé,
J2€8,j2+jE€SC j2€8,j2+j€SC

(8.120)
+12ai Y Gyl
Jj2€S,ja+jES®
Now consider By defined in (8.94)). We split B4, = By + By + Bs + By + Bs, where
Bi[h] := a12hy, Balh]:==ag2h, Bslh]:=—(a1,1)sz b1 e,
(8.121)

Bylh] := —(a0,1)e B1,  Bslh] := —0,Ral[h].

We denote by («);; the (j,1)-th Fourier coefficient of a(yp,z) as function of time and space. The Fourier
representation of B;,i =1,...,4 in (8.121) is

(B () =17 (m2);yag-yy  (B2)] ()= (002);-y a7

(B3)l (1) = dereai ' (Tawa)j—jra(j—gr) + gcgif@m(8515))%]%1(]'73")
— 12c1¢31 5 (DV0)j—jr1(j—jr) — deacsif (V2 (05 10))j—jr 1 (-5

(B! (1) = 4c162(VanaD) j—jr a(j—jr) + gcg(@mz(5515))3'—3",1(1'—1')
—12613(V0za) j—jr 2(j—37) — 4€2€3(Taa (05 'D))j—jr 1)

If (Bk);’(l) #0,k=1,...,4 there are ji, jo € S such that j; +jo = j — j',1 = 1(j1) + 1(j2) and
holds. Thus, if @ -1+ j® — j3 = 0, Lemma implies that (41 + 52)(j1 + ') (j2 + 4') = 0, and, since
j' € S¢ and S is symmetric, the only possibility is j; + jo = 0. Hence j = j/, I = 0. In conclusion, if
w- 1+ 5% — 33 =0, the only nonzero matrix element (Bi)gl(l),i =1,...,4, by , is

j .. 4 .
(Bl)i(O) =1 Z(—206k2 —12¢7 + gC%k‘Q + 40263) |k‘|§k, (Bg)?(O) = Z(—40162 k‘4 — 12¢c1c3 k‘2) |k‘|€k,
kesS kesS
. . 4 .
(B3)’(0) = ij Z(gcg k? + deges) KISk, (Ba)i(0) = (derea k* + 12c105 k°) [Kl&,
kesS kesS

(8.122)
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We note that ¢(€) defined in (8.82)) is equal to —iz;l:lj_l (Bl)g (0) (observe that the term j—! (Bl)g(O)
is independent of j) and we write

16
C(g) = Z (_466 k3 - 24=C7k + 303 k3 + 160263k) é-k

hest (8.123)

16
= (Ecg —4cg)vs - €+ (16c2cs — 24c7)vy - €,

where v3 - § =3, g+ j3& and vy - € = Djes+ &
As before, the only possibility to get a zero at the denominator of (8.117) is j; + jo = 0. Therefore

(Bs);(0) = 3031 > Blialg, +8ccsi Y dalialé,
Jj2€8S,j2+j€S j2€8,j2+j€ES (8124)

+123i Y Gy el
J2€S,j2+j€ES

We note that for every odd function f: S — Z, by the simmetry of S, we have ijzes f(j2) &, = 0. Thus,

by (8.120) and (8.124)), we get

; 1 — 4 5, 3. . L . 1.
(B5);(0) + 5 ([B1, A1])5(0) = gcgl > 53 121&s, + 8cacsi Y | jaldal€s, +12¢31 Y gy lalés, = 0.

Je€S j2€S j2€S

Finally, we have
Ls = 07 LDy = II5(D,, + M30pan + (dy + £%¢(€)) 8, + R5)ILE, (8.125)
Rs = (B — DTS (dy + £2¢(€))d, + By 'TIERs. (8.126)

Lemma 8.17. Rj satisfies the same estimates (8.113)) as Ry (with a possibly larger o).

8.7 Descent method

The goal of this section is to transform L5 in (8.128)) in order to make constant the coefficient in front of
0. We conjugate L5 via a symplectic map of the form

_ _ s 4 1 _
S = exp(Ilg (wd, g =Mg(T+wd, g +8, S:=)_ H[Hg(waz DS, (8.127)
k>2

where w: T**1 — R is a function. Note that I1§ (wd, 1)II% is the Hamiltonian vector field generated by
_% fTw(aglh)Q dz,h € Hg. We calculate

L5S — STIE (D, + M30pae + M1, = & (3maw, + dy 4 £2¢(€) — my)d,11 + Ry, (8.128)
Rg: = l_Ié{(BmgwM + (aNll + 520(5))H§w —miw)mo + (Dow + mywWepe + (cil + 520(5))H§wz)8;1
+ ’Dwg + ms [6mx, S] + ((il + 520(5))815' — mls'(?x + R5S}HJS'

where Rg collects all the bounded terms. By (18.80)), (8.82), we solve

3mawy + dy + e2c(é) —my =0

choosing w := —(3ms)~ 1971 (dy + £2¢(£) — my). For e sufficiently small, the operator S is invertible and,
by (8129, )
ﬁﬁ = 871£4S = qu‘('Dw + ’/TL3ax3;x + mlﬁx)Hé + RG, RG = SilRﬁ. (8129)

Since S is symplectic, Lg is Hamiltonian.
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Lemma 8.18. There is 0 := o(v,7) > 0 (possibly larger than in Lemma[8.16) such that

i Li ~ ~ ~
|Si1 I|L ip(Y) < e ’y +E||J5||s+pa )7 |8i8i1[2]|s <s €|l s+o + 1Tslls+ollillsoto)-

The remainder Rg satisfies the same estimates of Ry (with a possibly larger o).

Proof. By (8:64), B83), (8:83), |[w[l£"" <, e™y=2 4 ¢]|T5 X", and the lemma follows by the defi-

nition of S, see (8.127). Since § = O(;2) the commutator [Dpee, 5] = 0(8°) and |[0 MCE,SHLW(W) <s

L1 L
]| Z2D || 5. O

8.8 KAM reducibility and inversion of L,

The coefficients mg, m; of the operator Lg in (8.129)) are constants, and the remainder Rg is a bounded
operator of order 2 with small matrix decay norm. Then we can diagonalize Lg by applying the iterative
KAM reducibility Theorem 4.2 in [2] along the sequence of scales

Ny :=NYX', n=0,1,2,..., x:=3/2, Ng>0. (8.130)

In Section 9, the initial Ny will (slightly) increase to infinity as e — 0, see (9.4]). The required smallness
condition (see (4.14) in [2]) is
C Lip(v) -1
NE|Ro|X" 1 < 1, (8.131)

where 8 = 77 + 6 (see (4.1) in [2]), 7 is the diophantine exponent in ([5.3)) and (8.136)), and the constant
Cy := Co(7,v) > 0 is fixed in Theorem 4.2 in [2]. By Lemma the remainder Rg satisfies the bound

(8.113]), and using (7.7) we get
L 9 I 3 L
|Re|Z73) < 0™yl = 020, |Rg|LPD 7 < Ol R (8.132)

We use that p in (7.7) is assumed to satisfy u > o + S where 0 := (7, v) is given in Lemma

Theorem 8.19. (Reducibility) Assume that w — is(w) is a Lipschitz function defined on some subset
Qo C Qc (recall (5.2)), satisfying (7.7) with p > o + B where o := o(71,v) is given in Lemma and
B =77 +6. Then there exists 6o € (0,1) such that, if

Noe™2972 = NEoel=3e < 5y, y:i=e2* a e (0,1/6), (8.133)
then

(i) (Eigenvalues). For all w € Q. there exists a sequence
(5% (w) = p5° (w, i (w)) == —irg(w) 7° + iy (w)j + 7% (w), j €5, (8.134)
where Mg, my coincide with the coefficients of Lg of for all w € Qo. Furthermore, for all
e Iis — 1|FP0) < Ce?, |y — e2¢(€)|FP0) < 32, (8.135)

for some C' > 0. All the eigenvalues pu5° are purely imaginary. We define, for convenience, ug® (w) =

0.
(i) (Congugacy). For all w in the set

2717° — K

Q2 = Q2 (i5) := {w € Qo : fiw -1+ p5°(w) — ppt (w)| > G

, VIeZ”, Vi, ke S°U {O}}
(8.136)
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there is a real, bounded, invertible, linear opemtor Poo(w): HEL (TVH) — HE L (T ), with bounded
inverse ® 1 (w), that conjugates Lg in ) to constant coe]fﬁczents namely

Loo(w) =} (w) 0L50P(w) =w- 0y + Do (w),

) o (8.137)
Do (w) 1= diagjege{p;° (w)}-
The transformations @, ®! are close to the identity in matriz decay norm, with
@2 170 <, T ey 3]0 (8.138)

Moreover ®.,,® ! are symplectic, and Lo is a Hamiltonian operator.

Remark 8.20. Theorem 4.2 in [2] also provides the Lipschitz dependence of the (approximate) eigenvalues
) with respect to the unknown ig(¢), which is used for the measure estimate in Lemma

Observe that all the parameters w € Q% satisfy also the first Melnikov condition, namely
liw- 4+ pP W) > 29107, Wez, jes, (8.139)

because, by definition, u5® = 0, and the diagonal operator L, is invertible.
In the following theorem we verify the inversion assumption (6.29) for £,,.

Theorem 8.21. Assume the hypotesis of Theorem- 18.19 and ( m Then there exists o1 := o1(1,v) > 0
such that, for all w € Q% (is) (see (8.136] ), for any function g € Hé""f1 (T**1Y) the equation L, h = g has
a solution h = L;1g € HZ, (Tv+1), satzsfymg

_ ; L1 _ L
||£wlg||£w<7>< T IGNEED 1 ey |35 )| 2O | g Lir)

s+o1 s+o1

(8.140)
Li — Li — Li Li i
<o GIEED 4 ey Tl B + M T IEE 1 21 HEOL Mgl o).

9 The Nash-Moser nonlinear iteration

In this section we prove Theorem [5.2} It will be a consequence of the Nash-Moser theorem [0.1]
Consider the finite-dimensional subspaces

={J(p) = (0,y,2)(p) : © =110,y = Iy, z = 11,2}

where N, := Nén are introduced in (8.130)), and II,, are the projectors (which, with a small abuse of
notation, we denote with the same symbol)

I, @ Z o, ey Hny Z n el ¢ where @ Z o, il ? ((,0) _ Z u eil-gp7

[l|<N» [l|<N,, lenr lezv
I, z(p, z) = E 21 ei(l»s@ﬂ’ac)7 where z(p,z) = § : 2 pllotiz)
[(1,5)|<Nn lezv,jese

(9.1)
We define II- = I — II,,. The classical smoothing properties hold, namely, for all a, s > 0,

I3 < N 3sl1EP0), - vaw) € He, I a) i) < Npep iy, vaw) € BT (9.2)
We define the following constants

1= 3p+9, o:=3u +1, a1 = (a—3u)/2,
1-3a (9.3)
Ci(1+a)

where p := p(r,v) > 0 is the “loss of regularity” given by the Theorem and (1 is fixed below. We
note that the constants in (9.3)) are the same of the ones defined in [3], but with a different (larger) p.

k=3 +p")+1,  Bii=6m+3p'+3,  0<p<
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Theorem 9.1. (Nash-Moser) Assume that f € C? withq > S :=so+ 01+ un+3. Let 7 > v+2. Then
there ezist C1 > max{y1 + «,Co} (where Co := Cy(t,v) is the one in Theorem[8.19), 6o := do(1,v) > 0
such that, if

Neb g2 < 5y, yi=e?tr=e? Ny:=(ey1)?, b.=6—2b, (9.4)

then, for allm > 0:

(P1),, there exists a function (J,,Cn): G C Qe — Ep_1xR”,w — (J,(w), (n(w)), (Jo,¢o) :==0, E_1 := {0},
satisfying |, |*P) < CH]:(Un)”sLOw(v);

L1 _ L1
13,1520 < oyt | FUIERT), < Ouet, (9.5)

where Uy, := (in, Cn) with in(¢) = (p,0,0) + T, (@). The sets G, are defined inductively by:
Go={weQ |w-l|>29)77, Vl e Z" \ {0}},
2'771 |J3 B k3|
07

where v, = (14 27") and p$°(w) := p3°(w, in(w)) are defined in (8.134) (and pg°(w) =0).
The differences ﬁn =7, — Jp—1 (where we set ﬁo :=0) is defined on G,, and satisfy

Gnt1 = {w € Gp t [iw - 1+ p3°(in) — pi (in)| > , Vi, ke Scu{0},l e Z”},

2 L1 — A~ Li — —
357 < Cueby™Y |FalZPD < Cueby INGY, Wn> 1 (9.7)

(P2)y, H]:(Un)ng(w < Cheb N, where we set N_q := 1.

. ~ L1 _ Li *
(P3),, (High Norms). ||Jn||SOi(g1) < Che>yINF_| and H}"(Un)HSOi’(gR < Cheb*NE_|.

(P4),, (Measure). The measure of the “Cantor-like” sets G, satisfies

1.\ Go| < C.® My, G\ Grpa| < CLe® DN (9.8)

All the Lip norms are defined on G, namely H-||3Lip(7) = ||||SLZ§TEV)

Proof. e Proof of (P1)o, (P2)o, (Ps3)o- Recalling (5.7)), we have, by the second estimate in (5.17)),
IFUo)lls = IF((¢,0,0),0)[s = [|Xp(io)[|s <s 2"
Hence the smallness conditions in (P1)o, (P2)o, (P3)o hold taking C, := Ci(so + 81) large enough.

o Assume that (P1)n, (P2)n, (Ps)n hold for some n > 0, and prove (P1)n+1, (P2)n+1, (P3)nt+1. By
(9-3) and (9.4)

NOCIE‘b*Jrl"y72 _ NOClElfSa _ 6173117;) Ci(1+a) < 50

for € small enough. If we take C7 > Cj then (8.133) holds. Moreover (9.5 imply (6.6)), and so (7.7]),
and Theorem applies. Hence the operator £, := L, (w,i,(w)) defined in (7.33) is invertible

for all w € G,,+1 and the last estimate in holds. This means that the assumption of
Theorem is verified with Qo = G,11. By Theorem there exists an approximate inverse
T, (w) := To(w,in(w)) of the linearized operator L,(w) = d; ¢ F(w,in(w)), satisfying (6.38). By
(9-4), (9.5)

ITnglls <s v Ugllstn + v {NTnllstn + 77 HTnllsotw | F Un) s+t 9lls0410) (9.9)
ITngllso <so ¥~ 19lls0+n (9.10)
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and, by , using also , , ,

I(Zn 0 o = Dglls <ev™ UFUnllsorllgllstn + 1F ) ls+sllgllso+
+ &7 Tl sl F Un) s+l 9lls0-+1) (9.11)
I(Ln © Tr = Dgllso <507 NFUn)llso-tallgllso-+1
<507 M F (Un)llso+n + T F(Un)llso ) 19150+
Sso NEY T UIFU)llso + No PHIF (Un)llso+80) 19104 (9-12)

The index 1 in (9.3 is an ultraviolet cut, and it has to be define in order to obtain the convergence
of the iteration scheme.
Now, for all w € G, 11, we can define, for n > 0,

Upi1:=Upn+ Hup1, Hppr:= Fngt, Cogr) = —,T,ILF(U,) € E, x R”, (9.13)
where I1,,(3, ¢) := (I1,,3,¢) with II,, defined in (©3). Since Ly, := d; ¢ F(in), we write
F(Unt1) = F(Un) + LnHry1 + @n,
where
Qn:=QWU,,Hyy1), QU,,H):=FU,+H)—FU, —-L,H, HeE,xR". (9.14)
Then, by the definition of H, 1 in , using [L,, I1,,] and writing II.-(7, ¢) := (I1-3,0) we have
F(Uns1) = F(Un) — LI, TR ILF(Up) + Qp = F(Up) — Ly TpIly F(Uy) + LIy Ty I, F(Uy) + Qn

= F(U,) — 0, L, T, 10, F(U,) + (L,JI}} — IT-L,)T LI, F(U,,) + Qn
=MLFU,) + R, +Q, +Q,

(9.15)
where ~
R, := (LI} —TIFL,)T, I, F(U,), Q. :=-,(L,T, —DIL,F(U,). (9.16)
Lemma 9.2. (Lemma 9.2 in [3]) Define
W = 5’7_2”]:(Un)”507 By, == 5’7_1||jn||50+ﬁ1 + 5’7_2”~F(Un)”80+51' (917)
Then there exists K := K(sq, 81) > 0 such that, for all n > 0, setting p11 :=3u~+9
Wpi1 < KNP 0B 4 KNMw?, By < KNMP B (9.18)
Proof of (P3)n+1- By (9.18)) and (P3),
Bnii < KNMHPT' B <20, Keb- iy 2Nmte ' Nk < 0 gb 12 Nk, (9.19)

provided 2KN;L‘1+P_1”“N5_1 < 1,¥n > 0. Choosing k as in (9.3) and Ny large enough, i.e. for &
small enough. By (9.17) and the bound (9.19)) (P3),+1 holds.

Proof of (P2)n41. Using (9.17), and (P2)n, (P3)n, we get
Wot1 < KNP "B L KNIw? < KNP =010, bty =2NE | L KNI (O, iy 2N )2
and wy, 11 < Cye® 1972 N % provided that

AKNpte™ =bitank <1 9RO, ebHly 2 Nmta N 20 < ] yp >, (9.20)
The inequalities in hold by , taking « as in , C1 > p1 + a and &g in small
enough. By (9.17), the inequality wy41 < Cieb*1y=2 N implies (Pz)n1.

93



e Proof of (P1)n+1- The bound for 3, follows by (9.13)), (for s = so+p) and || F(Uo) | sg+2u =

IF((¢,0,0),0)]| g2 <sot2u €. The bound (9.7) for 3,1 follows by (0.1), (P2), and (93). It
remains to prove that (9.5) holds at the step n + 1. We have

n+1
13nllsorn < DI 3kllsgtn < Cue® ™ DN < Cuely ™! (9:21)
k=1 k>1

taking a; as in (9.3]) and Ny large enough, i.e. € small enough. Moreover, using (9.1)), (P2)n+1, (P3)n+1,
(9-3) we get

IF O 1)llso+uts < NEF2IFUnga)llso + NAH27 I F(Unsa)llso+6:

< C*eb* NﬁJrSfoc + C*Eb* ert+3*61+k < C*€b*,

which is the second inequality in (9.5) at the step n+1. The bound |¢y 41| < C||F(Uyyr) |57
is a consequence of Lemma ((6.1)).

9.1 Measure estimates

In this section we prove (Py), for all n > 0. Fixed n € N, we have

Gn \ Gnt1 = U Ryjk(in) (9.22)

lezv ,j,keS<u{0}

where
Rijiin) i= {w € Gu s [iw - 1+ (i) — i (in)] < 279 5% — K107} (9.23)

Since, by (5.3), Rijk(in) = @ for j = k, in the sequel we assume that j # k.

Lemma 9.3. (Lemma 9.3 in [3]) Forn > 1,|l| < N,_1, one has the inclusion Ryjx(in) C Ryjk(in-1).

By definition, Ryjx(in) C G, (see (9.23)). By Lemma for n > 1 and |I] < N,,_1 we also have
Riji(in) € Rijk(in—1). On the other hand, Ryx(in) NG, = @ (see (9.6)). As a consequence,
Ryji (i) = @ for all || < N,,_1, and

Gn \gn-i-l - U lek(in) Vn > 1. (924)
J,kescu{o}
|{[>Np—1

Lemma 9.4. Let n > 0. If Ryi,(in) # @, then |l| > C1]5% — k3| > St (52 + k2) for some constant
Cy > 0 (independent of 1,4, k,n,in,w).

By Lemma it is sufficient to study the measure of the resonant sets Ry;i(in) defined in (9.23)
for (1,4,k) # (0,4, 7). In particular we will prove the following Lemma.

Lemma 9.5. For alln > 0 and for a generic choice of the tangential sites, the measure |Ry;i(in)| <
CEQ(V—I),7<Z>—T‘

By (9.23), we have to bound the measure of the sublevels of the function w — ¢(w) defined by
H(w) : =iw -1+ p;-’o(w) —uP(w) =iw- 1 — img(w)(j?’ - k3) +imi(j — k) + (7"5’o — 7)) (w)
(9.25)
Note that ¢ also depends on [, 7, k, ¢,,. We recall that

mg = 1+ 2d(€) + T, (W), my = 2¢(€) 4+ rpm, (W) (9.26)
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where ) )
|rm3|sz('y) < Ce? [T, |LZP(‘Y) < (O3 20 (9.27)

and d(§), ¢(§) are defined in (8.61)) and (8.123)) respectively.

It will be useful to consider ¢(w) in (9.25) as a small perturbation of an affine function in w. We
write it as

(15(00) =ajr + bljk cw + ij(w), l e Zu, 7.k € Sc, (9.28)
where, by (4.18)), (8.61)), (8.123),

aji = —i{(7° = k*)[1 —dM™'@)] + (j — k)e(M D)}, (9:29)
bijr =i{l — (5% — k)[(24cq — 48cH)M~Twg + (deg — 1—3603)M_Tv1}, (9.30)

+ (G — k) [(—dcs + gfcg)M*lvg — (24¢r — 16cp05)M~0,]}
k(W) 1= = 1Ty (W) (57 = k%) + iz, (W) (5 — k) +75°(w) =77 (W) (9.31)

and by (8.83)), (9.27)), (9.31)),

|ij(w)|8up < 53|j3 _ k3| + 53—2a|j — k| + 63—2a,

14k ()P < [y (@)1P153 = k2] + |2, (@)|P]5 — k| + [r5° — rgo|liP (9.32)
< 53771|j3 _ k‘3| 4 6372a771|j _ k‘| —|—e’:‘173a.

Remark 9.6. The idea of the proof of Lemma is that generically (see Definition aji, has
to be sufficiently far from zero or the modulus of the “derivative” bj;; has to be big enough.

We shall use the following non-degeneracy assumptions

(HI) d(¢)—-1#0 at &=M'w, (9.33)
(H2);r Fixed j,k € S j#k, det(M+ B(j,k))#0, (9.34)
where )
. 12¢¢ — 16¢
B(j,k) := — (24cy — 48¢3 + ————— 2 )\D3UD}
(.]7 ) ( C4 Cl+3(j2—|—]€2 +]k)) S S
, (9.35)
16¢3 (16¢ocs — 24c7) 3
—4 ~—————— ) DgsUD:g.
T et T ey PsUDs
In the next lemmata we prove that if the coefficients cq,...,c7 are non-resonant and conditions

(C1)-(€2) hold, then there exist a generic choice of the tangential sites for which Lemma and
Lemma [9.13] hold true.

Lemma 9.7. Fiz v € N. If the coefficients c1,...,c7 are non-resonant and
(7T—16v)c3 # 6 (1 — 2v)cg (9.36)

then the polynomial P(3y,...,7,) := dM~'@) — 1 is not identically zero. As a consequence, the
assumption (H1) is verified for a generic choice of the tangential sites.

Proof. Suppose that d(M~'w) = 1, namely

16
P(Fy,...,7,) = {(24cs — 48 vz + (4cg — gcg)vl} MG -1=0. (9.37)
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We evaluate the polynomial P at the point (7;,...,7,) = A(1,...,1) = AI, for some X to be deter-
mined, and we claim that this is not a zero. This implies that the polinomial P in (9.37)) cannot be
identically zero. We have

PO) = [N (24es — 48 3) + N (deg — 02y} (T-MOD) ') - 1

3
and M(AT) = a(A\)I + b(\) U, where
14
a(N) := (24¢? — 12¢4) N6 + (303 —deg) A+ (12c9c3 — 12¢7) A2 — 6 c3, (9.38)
32
b(N) := (—48cF + 24cy)\® + (—§c§ + 8cg) A + (—16cac3 + 24c7) A2 (9.39)

We note that a(A) # 0, because the coefficients are non-resonant. Moreover, by assumption (9.36)
a(A) + vb(A\) # 0 and we have

v

T MOD) T = e

(9.40)
Then P(A1) = 0 is equivalent to p(\) = 0, where

14 16v
p(A) 1 = \6{24¢? — 12¢4} + /\4{(3 - T)cg —4(1 —v)cg}

+ A2{(12 — 16v)cacs — 12(1 — 2v)er} — 6c3.
Suppose that c3 # 0, then p(\) is not trivial. If c3 = 0 and 2¢? # ¢4 then we conclude the same,
because the monomial of degree six is not naught. If c3 = 0,2c? = ¢4 then the monomial of minimum
degree, namely three, it is not zero if ¢; # 0, indeed v € N. Suppose now that ¢z = c7 = 0,2¢? = c4.

Eventually, by assumption (9.36]) the monomial of maximum degree, namely four, is not naught and
we conclude. 0

Lemma 9.8. Fizv € N. If c1,...,c7 are non-resonant and

3ce — 4¢3

o in BT TRk Gk €2\ {0}, ] a1
V964_18c%¢{9 + K+ jk : gk e Z\ {0}, j # K}, (9.41)

then the polynomials Pjr(7y,...,7,) = det(M + B(j,k)) are not identically zero, for all j, k € S°,
JF# k.

Proof. By (9.35) we have

. 14 16 1
1
+ 12(cge3 — ¢7) D% — 631 4 (16¢2¢3 — 24¢7)DsUDg(1 — ——————D3).

3%+ k% + jk

If ¢35 # 0 then the lowest order monomial of det(M + B(j, k)) is not zero and the same holds if ¢c3 = 0
and ¢; # 0. If ¢c3 = ¢; = 0 then the monomial of maximal degree is

12¢ — 16¢2
D3 [ (24c? — 12e)1+ ——>———2 17| D?
S (( €1 C4) + 3(]2 ¥ K2 +]k) S

and this is invertible if (9.41]) holds. O
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Remark 9.9. By Lemma if (C2) holds, then the assumptions (H2),  are satisfied by a generic
choice of the tangential sites when 7, k vary in a finite set of integers.

The rest of the section is devoted to the proof of Lemma [9.5

Lemma 9.10. Assume (H1). Then, for a generic choice of the tangential sites, there exists Co > 0
such that for all j # k, j,k € S¢, with j2 +k* > Cy and | € Z¥, we have |Ryji| < Ce2=D(1)~7.

Proof. Tf j% 4 k? > Cj for some constant Cy, then |j — k|/|5% — k*| < 2C;* and
, 1 2 1
il 2177 = 1 {11 - am)] - & eaw)) |

If d(M~'@) # 1 then, by taking Cy large enough, we get |ajx| > do|j> — k3|, for some §y > 0. This
implies that for ¢ := dy/2 we have |byjx, - w| > 6|52 — k3|. Indeed, by (9.23), (9.32)

, do .
[bijic -l > Jage] = [6(w)] = lgje(@)] 2 (60 = 29 — lazu(@)I**?)15* ~ k2| > 215° = K],

for € small enough (recall that 7, = o(g?)).

If b := by we have |b-w| < 2|b|[@|, because |w| < 2|w|. Hence |b| > 41 |3 — k3| where &1 := §/(2|w]).
Split w = sb+v where b := b/|b| and v-b = 0. Let ¥(s) := ¢(sb+ v). For € small enough, by (9.32)),
we get

. |lip
i q .
|wm—W@n>w—%w%m—@w<&—&THQu%wﬂm—m

o1 .
> S13° = k¥ [s1 = sal.

As a consequence, the set Ay (in) := {5 : sl + v € Ryjx(in)} has Lebesgue measure

e 2 APkl Oy
TalE -k O T D7

| Ak (in)

for some C' > 0. The Lemma follows by Fubini’s theorem. O

Lemma 9.11. There exists M > 0 such that for all j # k, j, k € S¢, with j?+k? < Cy (see Lemma
and |I| > M, we have |Ry;x| < Ce2=D~ ().

Proof. Forl # 0, we decompose w = si+v, where [ := 1/|l|,s € R, and [-v = 0. Let 1(s) := ¢(si+v).
We remark that ¢(£) and d(§) are affine functions of the unperturbed actions £, hence

2le(§)"7, 1d(€)|"? < K

for some constant K depending only on the tangential sites and on the real coefficients ¢y, ..., c7.
Then
[ms(s1) — ma(s2)| < Kls1 — sal,

— 1 (s2)| < (K + 720y 7)1 — 89| < 2K |51 — 8o,

1
737 (51) — 7”]?0(82)| < 63_2“7_1|81 — 8ol

Then, if we take M large enough and e small, we have

WK ey
7% — k3| 72 + k2 + gk |7% = k3|

wmwwwnaf—ﬁ(

0, .-
> 207 — K Js1 = sal.
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where ¢ is a positive constant. Indeed, Cy and K are fixed and it is sufficient to choose |I| such that

. 1] 2K
f K- >8>0
J#k 2R <Ch 73 — k3| Co —

As a consequence, the set Ay (iy) == {s: sl+ve Ryjk(in)} has Lebesgue measure

. o Tn ‘j3_k3| C’)/
Ak (in)] < + < o
Bl < 5w T S

for some C' > 0. The Lemma follows by Fubini’s theorem. O

It remains to investigate Ry for a finite set of indeces (I, j, k). We need the following Lemma.

Lemma 9.12. Suppose thatl € Z¥ and j,k € S° are such that @ - | # 72 — k3 and
<M, [5*+k]<Co (9.42)

for some positive constants M and Cy. Then Ry, is empty.

Proof. We have
w1+ ma(k® — 52| = |ma(@ -1+ k* — §) + (w — maw) - 1| > |ms|[@ - 1 + &* — 57|
— oo — gl = 1 | — @M — |y — 1| M > 172
for ¢ small enough, because |w — @|, |m3 — 1| < Ce?. Thus, by ([9.25) we have

o) > 1/2 = 2|c(€)l] — k| = Im1 — 2e(€)|lj — kI = Irj — 74l
>1/2—¢* sup (|e(€)]) —2Ce¥2 > 1/4.
5 L

)

O

Lemma 9.13. If j2 + k? < Co, j,k € 5S¢, |I| < M (see Lemma and (9.11) and (H2); hold,
then, for a generic choice of the tangential sites, | Ry 1| < Ce2=U{l)~7.

Proof. We can write ((9.25) as an affine function respect to the parameter £ as
$(&) =1w -1 —i(° — k) +ie{ME - 1 — d(€)(5° — k°) + () (G — k)} + gjr(@(€)),
gjr(@(€)) = ~im, (U(€))(J° — k?) + irum, (a(€))(F — k) + 157 (a(€)) — 177 ().

By the relation (4.18), we can estimate the Lipschitz constant of ¢(w) with the derivative respect

to £ of the expression ((9.43).
By Lemma we consider the case @ - [ = 52 — k3. Thus

¢(€) =ie?[ME -1 — d(€)w - 1+ c(§)(j — k)] + gju(a(€))

(9.43)

=ie?[ME -1 —d(6)w -1+ ﬂﬁigljkw 1]+ gjr((€)) (9.44)
=i M+ B(j, k)] € + gjr(a(€)).
where B(j, k) is defined in (9.35)). By assumption (H2), if [ # 0, then
Ok = M+ B(j, k)l # 0. (9.45)

Hence, by (9.32)), (9.44)) and (9.45)), for € small enough, there exist a constant C' > 0 such that

9" > S5 — |gsn|"® > C|5% — k3.

Then we conclude as in Lemma [0.11] O
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We have that Lemmata implies Lemma By (9.22) and Lemma [9.5( we get

; OEQ(V_l)V 1 2(v—1)
|go\g1| < Z |jok(lg)| < Z @T < (e .
lezv, il kI <Clt/2 lezv
For n > 1, by (9.24]),
) 062(1171) . ~
1Gn \ Grt1| < Z | Rk (in)] < Z T—lv <Dy N1
[{|>Nn—1, [1|>Np_1

lil. Ik <Cpupt/2

because 7 > v 4 2. The estimate |, \ Go| < C'e2(*~Vy is elementary.
O

Conclusion of the Proof of Theorem Theorem implies that the sequence (J,, () is well

defined for w € G 1= Ny>0Gn, and J,, is a Cauchy sequence in ||\\SLZ_’;(J)QOQ, see (9.7), and |G, |2 — 0.

Therefore J,, converges to a limit J. in norm ||||SL£(:)QOC and, by (P2),, for all w € Guo,ixs(p) =
(p,0,0) + T (), is a solution of

Fliss,0)=0  with  [[Joo|ZP0), < €21

by (9.5). Therefore ¢ — i () is an invariant torus for the Hamiltonian vector field Xy (recall (4.19).
By (9.8

)

19:\ Gool 192\ Gol + D _1Gn \ Gnp1| < 2C.2 Dy 4 Cu®™ Dy Y N < C27 1y,

n>0 n>1

The set Q. in (5.2) has measure |Q.| = O(¢2V). Hence |Q. \ Goo|/|Q%]| — 0 as € — 0 because v = o(g?),
and therefore the measure of C. := G, satisfies ((5.12)).

9.2 Linear stability

We show that the solution i (wt) is linearly stable, in the sense that the norm of the solutions of the
Hamiltonian system associated to (4.19)) linearized on the quasi-periodic solution i, does not increase in
time.
By Section 6, in particular by the Remark the system related to (4.19) is conjugated to the linear
System
Y = Koo(wt)n + K (wt)w
n=0 (9.46)
w = 81K02(wt)w + 8IK11(OJt)77.

Thus the actions 7(¢) do not evolve in time and the third equation of (9.46|) reduces to the forced PDE
w = 0, Koa (wt)w + axKn(wt)n(O). (947)

In Section 8 we proved the reducibility of the linear system (9.47)), ignoring the quasi-periodic function
0. K11(wt)n(0). More precisely, we conjugated it to the diagonal system

0+ pCu; =0,  jeS, uF iR, (9.48)

where
(150 = i(—msj® + maj) +r3° (9.49)
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with mz = 1+ O(g?),m; = O(e?),75° = O(°>*). The eigenvalues p3° are the Floguet exponents of the

linear, quasi-periodically depending on time, system (9.47). Then equation (9.47)) is reduced to
b+ pgv; = fi(wt),  j €S (9.50)

for some quasi-periodic function f;. The solutions of the scalar non-homogeneous equation (9.50]) are

el ~ ~ f‘l iw-
vi(t) = et (1), B(t) =) me i
lezv H;

We note that 9; is well defined, indeed the first Melnikov conditions hold at a solution. As a consequence,
if v is a solution of the system (9.47)), then there exist a constant C' > 0 such that

o))z < Cllo(0)][mg, VEeR,

hence its Sobolev norm does not increase in time.
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