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Abstract. Thisia a review/research paper on anomalies applied to a bottom-up approach to standard
model and gravity. It is divided in two parts. The first consists in a review proper of anomalies in
quantum field theories. Anomalies are analyzed according to three different methods: a perturbative
one based on Feynman diagram, a non-perturbative one relying on the Schwinger-DeWitt approach
and, third, the one hinging on the Atiyah-Singer family’s index theorem. The three methods are
applied both to chiral gauge anomalies and trace anomalies. The fundamental distinction that our
presentation leads to is between obstructive (O) and non-obstructive (NO) anomalies. The former are
tied to the non-existence of fermion propagators, which fatally maim the corresponding theory. In the
second part we apply this analysis to the SM and various of its extensions immersed in a gravitational
background, and find that they all are plagued by a residual chiral trace anomaly. To completely
eliminate all kind of dangerous anomalies in SM-like theories we propose a somewhat unconventional
scheme, and exemplify it by means of an explicit model. The latter is a left-right symmetric model. We
embed it in a Weyl geometry to render it conformal-invariant. We then deal with some of its quantum
aspects, in particular its even (NO) trace anomalies and the means to preserve its confomal invariance
at the quantum level. We briefly review renormalization and unitarity in the framework of similar
models discussed in the existing literature. Finally we present a possible (conjectural) application of
the model to describe the junction between cosmology and quantum field theory.
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1 Introduction

The quantum field theory called the standard model (SM) of particle physics describes the 5% of the
energy/matter of the universe made of baryons and light. Its neutrino sector is still under construction,
the dark matter and dark energy sectors are out of its reach, but there is no doubt that the strong, weak
and electromagnetic interactions of standard matter find a satisfactory explanation within it. This is
well as long as gravity is ignored or, at least, recedes to a remote enough distance that is assumed
not to disturb these interactions, and forms a realm of its own described by the so-called standard
model of cosmology (ACDM). This situation is clearly unsatisfactory, and the attempts at bridging
the gap between the two pictures have abounded since the early times: clearly it is at present the
main theoretical physics puzzle, and includes, in particular, the challenge of quantizing gravity. There
are two general attitudes in this regard: the top-down one (superstring theories are the prominent
examples) and the bottom-up. In the approach based on a given superstring theory, for example, one
starts from a ten dimensional geometric configuration possibly including branes, one considers the field
theory (low energy) limit and compactifies to four dimensions; the final field theory includes matter and
gravity; the bet is to be able to carefully choose the compactification in such a way as to reproduce the
SM spectrum in the final theory; the latter turns out to be automatically UV complete. A bttom-up
approach means, instead, starting from the SM and its classical interaction with gravity to build up step
by step a larger effective quantum theory that encompasses all the interactions. Here the key word is
‘effective’. We imagine the ultimate theory as a complete quantum field theory that describes the four
basic interactions being unitary - that is, it conserves probability - and renormalizable (possibly finite),
or more generically, being predictive; but being also able to explain those aspects of the universe which
we are so far able to describe phenomenologically, but whose origin and link with ordinary matter and
gravity remain mysterious: big bang, inflation, dark matter, dark energy, baryon asymmetry, etc.. No
such quantum field theory is yet available. And we have to make do with approximations of it, that
is with quantum field theories larger than the SM, comprehending in some form gravity, and able to
explain one or more of the above mentioned pieces of cosmology.

The bottom-up approach in constructing such an effective field theory starting from the SM, paral-
lels the inverted time evolution of the universe. The SM and classical gravity are probably satisfactory
description of the universe below the TeV energy, or after a time of around 10™'2sec from the begin-
ning. When the quantum regime of gravity began we do not know, but it must have been much earlier
than this. There is a vast stretch in logarithmic time where many phenomena must have taken place,
such as baryogenesis, dark matter generation, inflation. All this part of the history of the universe is
still largely conjectural. Trying to reconstruct it is like driving a car in reverse in a dark night while
relying only on the information gathered from the headlights. Any tiny bit of information is precious.
The purpose of the present paper, which is in part a review of existing literature and in part an
original elaboration, is to direct the headlights on, and scrutinize, the conditions that make a matter
theory like the SM (or an extension thereof) consistent with the (minimal) coupling to gravity. We
will find information that has not been sufficiently considered so far, and will inject it in an attempt
to construct an effective scheme (rather than a specific model) of quantum matter in interaction with
quantum gravity. This extra input comes from the analysis of anomalies that arise when matter like
that of the SM couples to gravity. As the title say, we wish to expose how anomalies can help us in
the bottom-up approach. In quantum field theories there appear two large classes of anomalies, which,



short of imagination, we dub type O (O stands for obstructive) and type NO (non-obstructive). The
type O is the dangerous kind of anomalies, in that, when present, they compromise renormalization
and/or unitarity. In fact, as we shall see, the reason is very down to earth: these anomalies appear
in theories with Weyl fermions (with chiral fermions, in general), they are all odd-parity, and include
the so-called consistent chiral gauge and diffeomorphim anomalies and the consistent odd-parity trace
anomalies. They signal the fact that the corresponding fermion propagators do not exist. Type NO
anomalies are not dangerous, they do not signal any irreparable flaw of the theory and, in general,
need not be canceled, in particular the relevant propagtors do exist (possibly after gauge fixing). They
include the even-parity trace anomalies and the ABJ anomalies in theories of Dirac fermions.

The first main point stressed by this paper is that the minimal standard model (MSM) along with
its extensions (see below) is free of type O anomalies, as long as we can disregard gravity. But this is
not true anymore if the MSM is coupled to gravity in a minimal way. Some type O anomalies, which
seem to have been disregarded so far, do not vanish. They are odd-parity (chiral) trace anomalies,
which belong to the type O group. The second main purpose is to present a possible type O-anomaly-
free scheme, which includes extensions of the SM, and discuss in this setup the role of even-parity trace
anomalies, which instead belong to the set of type NO set. Accordingly the paper is divided into two
parts, I and II.

The distinction between type O and type NO anomalies is a basic one particularly in relation to the
SM and its extensions. For this reason we have felt the necessity to return to the basics with a concise
but (hopefully) thorough presentation of anomalies and their calculations. This covers part 1. We
first review the definitions and calculations of the chiral gauge anomalies with perturbative methods
based on Feynman diagrams, then with non-perturbative methods, of which we present in particular
the SDW (Schwinger-DeWitt) one. But these two methods, although fundamental for reasons that do
not need to be stressed, are unable to unmask the true nature of type O anomalies and why and in
what sense they differ from the type NO ones. A third approach is necessary, the one based on the
family’s index theorem. The latter tells us that type O anomalies are obstructions to the existence
of the relevant Weyl fermion propagators, and this reveals their true nature. In particular, that is
why they are ‘dangerous’: if the fermion propagators do not exist, the concept itself of (perturbative)
quantization does not make sense. Our subsequent analysis of the SM and its extensions is based
primarily on this fact, and on the complementary fact that type NO anomalies do not imply any lack
of propagators. This second fact is sanctioned by the family’s index theorem, for which Euclidean
self-adjoint operators, which are the sources of type NO anomalies, have vanishing family’s index, and
so do not represent obstructions.

This is the basic distinction to be always kept in mind. It is therefore of paramount importance
to recognize type O and type NO anomalies. The well-known consistent gauge anomalies in theories
of chiral fermions are type O and their absence in a theory is the first requisite for its consistency.
But there are other type O anomalies that correspond to non-vanishing obstructions exposed by the
family’s index theorem: they are the chiral trace anomalies in theories of Weyl fermions. We devote a
sizable portion of part I to derive, by means of different methods, this kind of trace anomalies. Once
this is done, we apply the results to the minimal version of the SM and to a set of its extensions,
minimally coupled to gravity. It turns out that in all these models there survive some residual chiral
trace anomalies, more precisely the chiral trace anomalies generated by the SU(2) gauge fields. This
result concludes part I.

In part IT we propose a scheme in order to cancel the above anomalies for SM extensions. The
cancelation of all type O anomalies requires a left-right symmetry of the spectrum of fermions, which
is however quite different from the L-R extension models present in the literature in that the fermionic



L-R symmetry is accompanied by a doubling also of the SU(3) and U(1) gauge fields (but not of the
SU(2) ones), by a doubling of the scalars and also by a doubling of the metric (which, incidentally,
makes it a bimetric theory). The resulting theory is denoted 7. Its formulation becomes remarkably
simple if one uses as a bookkeeping device, the AE (axially extended) formalism, which is based on a
version of the so-called hypercomplex analysis. This is based on a doubling of variables analogous to
the passage from the real to the complex numbers, with the imaginary unit ¢ being replaced by the
matrix vs. The action of 7, without Yukawa couplings, is invariant not only under diffeomorphisms
and gauge transformations, like any ordinary extension of the SM minimally coupled to gravity, but
under doubled AE diffeomorphisms, i.e. diffeomorphisms having two components, the ordinary one and
another represented by the coefficient of 75. The chiral symmetry of 7 splits it into two: T = TrU Ty,
that are formulated in terms of multiplets of right-handed and left-handed fermions, respectively; but
also on sets of ‘right’ and ‘left’ metrics and SU(3) and U(1) gauge fields and scalar fields, respectively,
with the only exception of the SU(2) gauge fields, which are in common to both Tg and 7. It is
important to bear in mind that the pervasive presence of the chiral projectors does not allow the
‘right’ fields to interact directly with the ‘left’ fields , except through the SU(2) gauge fields.

At this stage of the construction of an anomaly free version of the SM coupled to gravity, invariant
under gauge transformations and diffeomorphisms, we face a problem which is common to all analogous
attempts. The SM above the electroweak symmetry breaking energy, is formulated in terms of massless
fermion and gauge fields, which as such are naturally coupled to a metric. It is true that the scalars
are massive, but at high enough energy these masses can be considered irrelevant. In this situation the
absence of dimensionful parameters, the coupling to a metric and the addition of a very simple term,
make the action invariant under local Weyl trasformations. The question therefore is whether Weyl
invariance has to be subsumed under the local symmetry of the theory, by enlarging it beyond gauge
transformations and diffeomorphisms. We believe that this has to be decided in terms of unitarity
and renormalizability (predictivity) of the theory. In that sense we do not have a definite answer to
the question. After formulating 7 as TW, i.e. as a Weyl conformal field theory, which is a rather
simple matter, we observe that Weyl invariance is a rather peculiar gauge symmetry, in that it admit
a minimal realization which does not require the presence of a corresponding vector gauge field; the
function of the latter can be carried out by a scalar field which can be identified with the dilaton. We
perform the quantization without fixing the conformal gauge; there is no obstruction in that for no
propagator is missing without gauge fixing. Then we study the Ward identity of the Weyl symmetry
and connect it with the study of trace anomalies. We determine, at least in principle, all the latter and
show that they can be canceled by means of Wess-Zumino terms. The obstacles however come from
renormalization and unitarity. If we want to oblige the renormalization protocol we must introduce in
the action also terms like the square Weyl tensor one, which carries in the particle spectrum a physical
ghost, i.e. a particle with wrong sign of the kinetic term, thus affecting unitarity. It would seem that
Weyl invariance is an excessive request for our theory TW, at least as it is formulated in this paper.

An alternative possibility, is to consider the Weyl symmetry an accidental symmetry that may
appear in approximate form at some stage of the history of universe, in any case a non-necessary
symmetry in the process of quantization. In this case it seems that the process of renormalization can
go on while preserving unitarity.

But, perhaps, these two alternatives should be thought in sequence, in the sense that they describe
two ranges of energies: at lower energy (anyhow higher than the electroweak symmetry breaking scale)
the second is a satisfactory description, while at higher energy we have to resort to the first, which
requires Weyl invariance. Its lack of unitarity could signal that some degrees of freedom are missing
for the theory to be UV complete.



More research is certainly necessary to find a precise answer. But if we do not have an answer in the
direction of higher energies, we can perhaps speculate further in the opposite direction, that is toward
lower energies and the SM in its familiar form. First of all we fix the conformal gauge in the right
part of the theory, i.e. in TWHg, by fixing the corresponding dilaton to a constant value. At this stage
the theory has the aspect of the SM minimally coupled to gravity except for a couple of additional
(non-minimal) couplings of the Ricci tensor to the scalars. Next we postulate an early breaking of the
chiral symmetry (a primitive chiral symmetry breaking), by means of a Higgs mechanism generated by
the non-zero vev (vacuumm expectation value) of the real scalar field present in 7Wpg. This endows
all the ‘right’ fermions and other ‘right’ fields with a large mass, while the TWp remains with all
the original symmetries. Clearly this determines different evolutions for the ‘left’ and ‘right’ theories,
which are however not completely unrelated. The point is that they keep interacting, although weakly,
via the common SU(2) gauge fields and Higgs. The ‘right’ one becomes a theory of heavy quarks and
leptons, while the ‘left’ evolves toward a theory encompassing classical gravity and the SM, together
with a real scalar field which can realistically play the role of inflaton. Due to the weak interaction
among the two ‘theories it is natural to think of the ‘right’ as a candidate for the dark matter world.

As long as all the above is not supported by concrete calculations, it is nothing more than specu-
lations. But fashinating speculations, and not unreasoable.

1.1 The standard model

In absence of gravity the world of (visible) matter and light is well described, up to around the TeV
energy, by the standard model (SM) of elementary particles. It is a gauge theory with gauge group
SU(3)x SU(2) xU(1). The latter is the symmetry in the unbroken phase, when all the quarks and
leptons are massless. The SU(3) gauge bosons mediate the strong interactions. The SU(2) x U(1)
ones carry the electroweak interactions. In the symmetric phase the spectrum of massless quarks and
leptons is specified by three families like the one below,

G/fields  SU(3)  SU(2) U(Q1)
u

@), =+ =
UR 3 1 2
dr 3 1 -1 (1)
Ve _l

() | ) .
er 1 1 -1

The second column specifies the relevant representations of SU(3), the third the ones of SU(2) and
the last is the list of U(1) representations, which are denoted by the corresponding hypercharge eigen-
values®. We recall that the hypercharge is defined by

Y =Q-T;, %:;@ i), (2)

here @ is the electromagnetic charge and T3 the third generator of SU(2) in the doublet representation.
The SM spectrum is completed by the sector of Higgs scalars.

3A frequent alternative notation is to use the Lorentz covariant conjugates (ur)®, (dr)¢ and (er)® instead of ug,dr
and eg, in order to collect all the fields in a unique left-handed multiplet. In this case one has to reverse the signs of
their U(1) charges and replace the representation 3 of SU(3) of ugr,dr with the 3 of (ugr)®, (dr)°.



The fermion spectrum in (1) is not the only possible one, it refers to the original formulation of the
SM, referred to as the minimal standard model (MSM), which is anyhow the basis of the subsequent
(attempted) modifications. We shall discuss several of the latter in the course of the paper, but, for
the moment, we focus on (1). At suitable low energies the gauge symmetry of the model breaks down
to the local U(1) of electromagnetism, and this is achieved thanks to the presence in the model of
the Higgs doublet of scalars, which is responsible for the breakdown of symmetry and simultaneous
generation of the fermion masses. For the moment we restrict our consideration to the symmetric
phase and to the fermionic spectrum (1).

One of the most important criteria followed in the construction of the SM has been the absence of
chiral gauge anomalies. This is a well-known fact and, if we review here some well-known material, is
because it is necessary for a full appreciation of other less known aspects. Needless to say, the subject
of gauge anomalies, after more than fifty years of analyses, papers and attempts still seems to preserve
a halo of mystery. But, as anticipated in the introduction, the reason why anomalous theories, i.e.
theories infected by type O anomalies, are sick and cannot be taken into serious consideration is not
due to a mysterious spell or curse of some malignant jinn, the reason is instead very clear and simple:
in such theories, which are theories of Weyl fermions*: the corresponding fermion propagators do not
exist. Anomalies are simply an indirect manifestation of this fact. This is the origin of the conundrum,
which explains why the construction of consistent quantum field theories in such cases is impossible.
But let us proceed step by step. Needless to say, the reader familiar with this subject may skip this
part.

Refs.: [1, 12, 23, 26, 40, 48, 62, 87, 89, 120, 135, 136, 137, 156, 157] .

1.2 A summary

The paper is divided in two parts. The first part is a review of anomalies in field theories. Section 2
is devoted first to the simplest calculation of chiral gauge anomalies in 4d with perturbative methods
(Feynman diagrams). In the next subsection we review the method of Bardeen to arrive at the same
result by introducing an auxiliary axial potential. Then we introduce the Wess-Zumino consistency
conditions and the BRST cohomology. In the final subsection we show how the previously computed
chiral anomalies cancel in the SM. In section 3 we obtain the same Bardeen’s anomaly derived before
with a non-perturbative method, the Schwinger-DeWitt (SDW) method. Section 4 is devoted to a third
method of computing the same chiral anomalies based on the Atiyah-Singer family’s index theorem. We
start with a geometrical presentation of anomalies relying on the geometry of principal fiber bundles.
We show that their full comprehension requires the introduction of the relevant universal bundles and
classifying spaces. Then we introduce the Atiyah-Singer theorem and the Atiyah-Singer family’s index
theorem, which is required by the geometry of gauge theories. Next we apply this theorem to the
problem of anomalies: the latter turn out to be obstructions to the existence of fermion propagators in
theories of chiral fermions, as it clearly appears using the Quillen determinant. This section contains
the crucial results for our identification of the meaning of chiral anomalies (both gauge and trace).
Section 5 is an exposé of gravitational anomalies. In section 6 we introduce and compute gauge and
gravity-induced odd-parity trace anomalies in theories of Weyl fermions. This first computation is

4 The same problem exists also for other chiral fermions, for instance for the gravitino, but in this paper we limit
ourselves to spin 1/2 chiral fermions.



carried out with perturbative methods. At this stage, in section 7, we evaluate the odd-parity trace
anomalies in the standard model minimally coupled to gravity and show that the gauge-induced ones
do not cancel completely. In section 8 we recalculate the same trace anomalies by means of the SDW
method. To this end we introduce the MAT (metric-axial-tensor) formalism, wherein we redefine the
usual metric tensor g, by addint to it another symmetric tensor f,,, multiplied by ~5, which makes use
of the axial-complex analysis (a form of hypercomplex analysis), see section 8.1 below. By this method
we compute various types of anomalies which may appear in matter theories coupled to gravity. In
section 9 we return to the meaning of anomalies and explain the difference between O (obstructive)
anomalies and NO (non-obstructive) anomalies. Section 10 is devoted to our critical assessment of the
existing literature on trace anomalies. Part I ends with the application of the previous results to the
SM and its extensions minimally coupled to gravity. In section 11 we compute the (gauge and trace)
anomalies in some of the extensions of the SM and verify that while they are all free of chiral gauge
anomalies they all contain a residue of chiral trace anomalies.

Part 1I begins with a summary of this problem and an enumeration of a few way-outs which are
not, however, our preferred choice. In section 13 we propose a scheme, illustrated with a concrete left-
right (or chirally) symmetric model®, that completely cancels all the O anomalies. We then construct
the full theory, dubbed 7, which includes the SM extension and gravity. It turns out convenient to
use the axial-complex calculus, so that all pieces of the action are in the AE (axially-extended) form,
i.e. left-right symmetric form. Section 14 is devoted to a short review of Weyl geometry and Higgs
mechanisms. In section 15 we embed our model T in Weyl geometry and render it Weyl-invariant. Its
conformal-invariant action is called 7W. In section 16 we start discussing aspects of TW as a quantum
theory. Section 17 is devoted to a discussion of even trace anomalies, an introduction of WZ terms and
how to use the latter in order to eliminate all trace anomalies and restore the conformal symmetry at
a quantum level. Section 18 is a short review based on the existing literature on renormalization and
unitarity in theories similar to 7W. Finally in section 19 we argue about the fate of the two halves,
TWi and T Wg, after a spontaneous L-R symmetry breaking and how we may recover at lower energy
the familiar minimal SM.

A few Appendices concern the notations, our rules for the Wick rotation, gauge fixings, an example
of trace anomaly due to the scalar fields and a discussion concerning the dilaton.

Part 1

2 Review of anomalies (without gravity)

In order to study the chiral anomalies in the massless SM it is not necessary to consider the full
Lagrangian. The fermion kinetic terms are enough. Since anomalies are additive it is enough to

SWe use throughout left-right (L-R) and chirally symmetric as synonyms, with some abuse of language because the
latter should refer only to fermions, while the former refers to all the fields.



consider one type of fermion at a time. Let us consider, for instance, the classical kinetic action for
a right-handed Weyl fermion coupled to an external gauge field V,, = VT, T being Hermitean
generators, [T, T = if®T* (in the Abelian case T = 1, f%¢ = 0) in the fundamental representation
of a compact group G:

SlV] = / d'zi G (§ - i) vn. (3)

Here 1R is a right-handed Weyl spinor, which can be projected out from a Dirac spinor ¥ by means of
the chiral projector Pgr, g = Prt (see Appendix A for the notation). This action is invariant under
the gauge transformation 61p = —Ag and 05V, = DA = 9\ — [V}, A], where A = A*(x)T?, which
implies the classical conservation of the non-Abelian current JI‘%H = @R’YMT %R, i.e.

(D-JR)* = (016 +if**VP).Jf, = 0. (4)

This is in general not true after quantization. Our purpose here is to compute such violations. This
type of calculations have been done in a number of different ways. First we focus on the perturbative
method in which we treat V as a perturbation and adopt the Feynman diagram technique.

2.1 The perturbative approach

The quantum effective action for this theory is given by the generating functional of the connected
Green’s functions of such currents in the presence of the source V@

oo .
Z’ﬂ

WV =wo+>
n=1

n

1 n

! / T Vs (o) (OIT 8 (1) - T8, ()00 (5)
i=1

and the full 1-loop 1-point function of JI%M is

) = s = 3 o | L0V ) O T )3, o)y 000 )
n=0 i=1

We wish to calculate the odd-parity anomaly of the divergence D-((J%)), where D represents the co-
variant derivative defined in (4). The RHS of (6) contains an infinite series of current amplitudes.
The one-point amplitude vanishes because of translational invariance, the two-point amplitude is non-
vanishing, but does not contribute to the odd-parity anomaly. Therefore the first non-trivial contri-
bution comes from the three-point function, which, in terms of Feynman diagrams is represented by
the famous triangle diagram, whereby each side represents a fermion propagator and each vertex an
interaction vertex.

Here comes the complication, because the Weyl fermion propagator, the inverse of the kinetic
operator i@Pg, simply does not exist. For Pp is a projector and it is not invertible, while i@ is, but
contains both a right-handed and a left-handed part®.

We can dodge this obstacle by an escamotage: instead of i@#Pg we invert i@, i.e. we replace the
missing propagator with the Dirac propagator. We remark, however, that this corresponds to adding

5Tt s worth spending a few words to avoid misunderstandings on this issue: this is not the non-invertibility due to the
presence of some zero modes of the kinetic operator, a case which is anyhow relevant only to nonperturbative calculations
and can be handled by subtracting the zero modes; in the present case we have to do with an operator whose domain
and image are different spaces and for which the eigenvalue problem is not even defined.

10



a term i@, to the integrand of (3), which corresponds to adding a free left-handed Weyl fermion.
Whether we have to pay a price or not for this escamotage, it allows us to proceed in the calculation.
In momentum space the propagator of a fermion with momentum p,, is and the vertices have the

1

1€
form iy, PRT®. We associate an entering momentum ¢ to the current jg;:T“ to be differentiated and
exiting momenta k; and ko to j%/\Tb and j% pTC; of course, ¢ = k1 + ky. The three-current amplitude
factorizes into the Tr(TT*T¢) factor times the amplitude for three Abelian currents. We forget for the
moment the trace factor and proceed with the computation of the Abelian amplitude. In momentum
space it is

4
p () _fdp J1 149 1 149 1 1+
R b P e A =

The integral over the momentum p running around the loop is UV divergent. It can be dealt with, for
instance, by transforming it into a Fuclidean integral by means of a Wick rotation, then dimensionally
regularizing it and, finally, rotating it back to a Minkowski expression (see Appendix B for our
conventions concerning Wick rotations). All of this is well-known. Here we limit ourselves to writing
down the result for the odd-parity part.

(7)

~(R,0dd ~(R,0dd 1 y
FA(p D (ky, k) +F,E,\ D (kg k) = W%uxpk‘f/@' (8)
where the second term in the LHS comes from the crossed diagram, which has to be added according
to the Feynman rules.

From (8), and ignoring again the group theoretical factor, we can obtain the final result for the
purely Abelian case. It is enough to Fourier anti-transform it and insert it in (6)

4 . ~
(@) = [ gz (ie) (Tnul)

1 /d4q d*ky d*ky

/d4yd4z ei(qx*kly*kgz)é(q—h —ka)e ok kY V)‘(y)Vp(z)

2472 (2m)12
1 14
= St IV @)V (a). (9)

In the Abelian case the amplitudes (8) are all one needs in order to derive the complete result. The
analogous anomaly in the non-Abelian case would require the calculation of the four-current correlators,
but it can be obtained in a simpler way from the Abelian term multiplied by the group-theoretical
factor, by means of the Wess-Zumino consistency conditions (see below). In the non-Abelian case,
however, it is more expedient to use anti-Hermitean generators, (7)1 = —T% and [T?,T%] = feb°T*,
and from now on we will stick to this convention (although the Hermitean convention is more familiar
in particle physics) unless otherwise specified. As pointed out before, in the non-Abelian case the
three-point correlators are multiplied by

1 1
Te(T°TT) = 5Tlr(T“[Tb, T9) + ETr(Ta{Tﬂ T°}) = fobe 4 qobe (10)

where the normalization used is Tr(7%T?) = §%°. Since the three-point function is the sum of two equal
pieces with A <> p, k1 <> kg, the first term on the RHS of (10) drops out and only the second remains.
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For the right-handed current Ji  we have

(D (J))° € Tt [Taa# <V”8AV’) + ;V”VAV”H . (11)

1
"~ 24n?

Remarks. If the fermion is left-handed, instead of right-handed, the anomalies (9)and (11) simply
change sign. It follows that for a Dirac fermion, which can be written as the sum of a left-handed and
a right-handed Weyl fermion, the consistent gauge anomalies vanish. The same is true for a Majorana
fermion, which can also be expressed as the sum of a left-handed and a right-handed Weyl fermion.

These anomalies affecting Weyl fermions (the consistent chiral gauge anomalies) are dangerous, in
fact deadly, for a theory. A simple example of such a catastrophe is represented by a right-handed
fermion coupled to an Abelian gauge field, thus with the anomaly (9). To see it recall that the
Lorentz invariant quantum theory of a gauge vector field inevitably involves a Fock space of states
with indefinite norm. In order to select a physical Hilbert subspace of the Fock space, a subsidiary
condition is necessary. In the Abelian case, when the fermion current satisfies the continuity equation,
the equation of motion leads to (0 - V') = 0, so that a subspace of states of non-negative norm can
be selected through the auxiliary condition

d- V) (z)|phys) =0 (12)

V) (z) being the annihilation operator, the positive frequency part of the quantum field. On the
contrary, in the above-mentioned chiral model one finds

(- V) ~ £unp OV (2)0 VP () # 0 (13)

This is an obstruction to selecting a physical subspace of states with non-negative norm.

2.2 Bardeen’s method

Egs. (9) and (11) are the general form of the consistent Abelian and non-Abelian chiral gauge anomalies
in 4d. But before discussing the Wess-Zumino consistency conditions, let us return to the question
of the non-existence of the Weyl propagator, which we have bypassed above by adding to the action
of a right-handed Weyl fermion interacting with a gauge potential the action of a left-handed non-
interacting fermion. There is another way to overcome this obstacle, Bardeen’s way. It consists in a
stratagem often resorted to in field theory: when a calculation is too contrived, one had better enlarge
the parameter space of the theory. Bardeen’s way, [14], consists of adding new degrees of freedom by
considering a theory of Dirac fermions coupled to a vector potential as well as to an axial one, making
the calculation in such a larger setup and taking a specific limit to return to the initial configuration.

Thus let us consider a theory of Dirac fermions coupled to non-Abelian vector and axial potential

SelV A = [ d'aigu. (14)

where ¥ = @+ V + v5A. The evident advantage is that now the propagator exists and, perturbatively,
corresponds to the usual Dirac propagator. Moreover, taking the limit V' — V/2, A — V/2 in (14) we
recover the action of a right-handed Weyl fermion coupled to V), plus the action of a free left-handed
Weyl fermion.

The action(14) is invariant under the gauge transformations

o = —(A + pys)v (15)
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and
6VM = au)‘ + [Vuv )‘] + [Auvp]a 5Au = 8#/) + [V,U«’p} + [A/M >‘] (16)

where the local functions A and p are Lie algebra-valued, A = A*(2)T, p = p®(x)T*. This implies the
classical conservation of the vector and axial current, jj; = 19,7, J5u = Wy T

(Dyju+ [A" jsu])* =0, (Dyjsu + [A",ju])" =0 (17)

where Dy denotes the covariant derivative with respect to the vector potential.

To compute the anomalies in this case we can proceed as above, via Feynman diagrams, i.e. compute
the triangle diagrams (j577) and (js7575) (the other distinct three-current amplitudes cannot contribute
to the odd-parity anomaly), determine the lowest order contribution to the anomaly and then use the
consistency conditions to reconstruct its full expression. It can be done, but it certainly is not the
quickest way. Another possibility is to use a non-perturbative method, see below. Here we anticipate
the result. After subtracting trivial terms, if need be, we get vector current conservation

(DY (@) + [A*(2), (Fsu(a))])* = 0 (18)
while the axial conservation equation is anomalous:

1

. . a 1 a 1 v v
(DY su(0) + 40D, G ) = prgemote |10 (JRFY + LriEY
_é Fi AN AP — é AFAVEN — %AHFVAP - ;ANAVA*APH (19)

where F}Y = 0*VY —9"VFE4[VH VY], and Fi" = 0P AY — 9" AF 4 [V#, AY]+[A*, V"] This is Bardeen’s
anomaly.

From this expression we can derive two results in particular. Setting A, = 0 we get the so-called
covariant or ABJ anomaly

N a 1 a 17
(Dol = Tzt (T7VV) (20)
Taking the chiral limit V' — %, A— %, and summing (18) and (19) we get

1 1
= SpsemAntT [T“&“ (V”@AVP + 2V”VAV’)>] (21)

{Dvujzé]a
where j?%u = i@RvuT“@bR with ¢Yp = H%w, which is the same consistent non-Abelian gauge anomaly
as (11).

Remarks. It is worth recalling that both (19) and (21) satisfy the appropriate WZ consistency
conditions (see below), while (20) does not. The latter is called covariant because the RHS trasforms in
the adjoint representation of the gauge Lie algebra. Of course the two anomalies (21) and (20) collapse
to the same expression in the Abelian case, but the coefficients in front of them are always different.

Bardeen’s anomaly , the covariant anomaly (20) and the consistent anomaly (21) are all proportional
to the third order ad-invariant symmetric tensor d®¢ = ftr (T%{T° T¢}). Therefore they all vanish
when the latter vanishes.

13



The covariant anomaly (20) is the anomaly of the chiral current J5, In a theory of a Dirac fermion
coupled to a vector potential, in response to the gauge variation dy = pvyse. This anomaly cannot
show up in the internal lines of Feynman diagrams, therefore it cannot endanger unitarity or renor-
malizability”.

2.3 WZ consistency conditions and BRST cohomology

At this point we owe the reader a few explanations. We have mentioned already several times consistent
and covariant anomalies and their vanishing. It is time to clarify this terminology. Gauge invariance
of the effective action can be expressed by means of the functional operator X%(x) defined by

XU() = gy + IV (22)
as follows
XY z)W[V] =0 (23)

This is the full one-loop Ward identity (WI) for gauge symmetry. It can be obtained by expressing the
invariance of the effective action as follows

= HW[V] = /ddxé,\V/f(x)évf(x)W[V], (24)

integrating by parts and noting that \%(x) are arbitrary functions. Eq.(23) is equivalent to the one-loop
covariant conservation law

[DF ()] =0 (25)
In a number of cases the WI (23) is violated
XU z)W[V] = kA%(x) (26)

where A?(z) is a local expressions of the fields and & is a small dimensionless expansion parameter for
the one-loop calculation. From now on, for simplicity, we shall set it =1.

Applying X°(y) to both sides of (26) and then inverting the order of the two operations, we find a
remarkable relation of group-theoretical nature

X(@)A(y) — X°(y)A%(2) + [P°A(2)d(z — y) =0, (27)

that A%(z) must satisfy. These are the Wess-Zumino (WZ) consistency conditions.
Now it may happen that

A%(z) = X%(z)C (28)

where C is the spacetime integral of a local expression of V?(x), in short, a local counterterm. In this
case we can redefine the effective action as W'[V] = W[V] — C, so that

X z)W'[V]=0 (29)

"We reserve the term ABJ anomaly only to this type. It is rather frequent in the literature (and a source of confusion)
to use the ABJ tag for any kind of chiral anomaly, consistent or covariant.
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and recover invariance. If (28) is not possible for any local counterterm, then A%(z) is a true anomaly.
Saturating A%(x) with A\%(z) and integrating over spacetime, we obtain the integrated anomaly

Ay = / d9z \(x)A%(z) (30)

where the sum over a is understood.

The WZ consistency condition (27) is not very simple to be verified in practice. It can however
be recast into a form which is easier to deal with and at the same time establishes a well-defined
mathematical formulation, by means of the BRST formalism. In QFT the BRST formalism is formu-
lated by promoting the gauge variables to anticommuting fields, the FP ghosts. Here we do the same
by promoting the gauge parameters A\*(x) to anticommuting fields ¢*(z): 6.V, = duc + [V,, ¢, and
endowing them with the transformation properties

1 1
ec = —= fabechee, or 0cc = ——[e, c] (31)
2 2
Then it is easy to see that the functional operator
0 0
b = | dz 6.V e . 2
[ (3217507 + 5 @ ) %
is nilpotent
62=0 (33)

Using this we can rewrite the WZ consistency condition as follows
0cA. =0 (34)

In order to recover (27) one can simply differentiate (34) with respect to ¢?(x) and c’(y). In this
language the anomalous WI (26) can be rewritten

SWV] = A, (35)

from which (34) is obtained by simply applying d. to both sides. Similarly we can rewrite the triviality
condition (28) as

Ao =06.C (36)

What we have defined in this way is a cohomology problem. d. is the coboundary operator of this
problem. The cochain space is the space of local polynomials in V% and ¢* and their derivatives with
the right canonical dimension. A cochain satisfying (35) is a cocycle, and a cocycle satisfying (36)
is a coboundary. In this way we have transformed the anomaly problem into a cohomology problem.
Anomalies are non-trivial (non-exact) cocycles of the operator J.

This formulation has made it possible to solve the problem of finding all the non-trivial solutions
of eq.(34) for all dimensions and all gauge Lie groups.

To construct such solutions we start from an order n symmetric polynomial in some representation
of the Lie algebra, P,(T%,...,T%), invariant under the adjoint transformations:

Po([X,T%], .., T%) + ...+ Boy(T%, .., [X, T%]) = 0 (37)
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for any element X of a Lie algebra g. In many cases these polynomials are symmetric traces of the
generators in the corresponding representation

Py(T™, ..., T%) = Str(T™..T) = - (38)

(Str stands for symmetric trace). For instance
Tr(T°T) = ¢(R)6% (39)
%Tr(T“{Tb, TV = cy(R)d (40)

where c2(R), c3(R) are representation-dependent numerical coefficients. As these two examples show,
the tensors d**%" are universal, they are characteristic of the Lie algebra; changing the representation
only modifies the numerical coefficients in front of them.

Now, it is convenient to use the differential form notation: V = Vjdaz# = VIT%z" and F =
aV4+V AV = %Fwdx“ A dz¥, where d is the exterior differential operator d = %dm“ and FH =
0.V, — 0,V,, + [V, Vi]. Then one can construct the 2n-form

Aop (V)= P,(F,F,... F) (41)
In this expression the product of forms is understood to be the exterior product. It is easy to prove,
[51], that
! 0
Py(F.F,...F)=d (n/ dt Py(V,Fy, ..., Ft)> =AY (V) (42)
0

where we have introduced the symbols V; = tV and its curvature F; = dV; + %[Vt, Vi], where 0 < ¢ < 1.
One can prove Eq.(42) by noting that %Ft =dV + [V}, V] = dy,V and dy, F; = 0, and exploiting the
symmetry of P, and the graded commutativity of the exterior product of forms.

Eq.(42) is the first of a sequence of equations that can be shown to hold

Non (V) —dAY) (V) =0 (43)
5AD (V) —dAll) ,(V,e) =0 (44)
AN L(Ve) —dAY) ,(Vie) =0 (45)
5. APV (e) =0 (46)

These are known as descent equations. All the expressions A,(Cp )(V, ¢) are polynomials of ¢,dec, V,dV

and their commutators, whose explicit forms are known. The lower index k is the form degree and

the upper one p is the ghost number, i.e. the number of ¢ factors. The last polynomial Agn*l)(c) is a

O-form and a function of ¢ alone. What matters here is that the ASLQ(V, ¢) is the general expression
of the consistent gauge anomaly in d = 2n — 2 dimensions, for, integrating (45) over spacetime, one
gets

AlV] = d4z Al(e, V), where
/ 1
AP (e, V) = n(n—l)/ dt(1 — t)Py(dc,V, F,, ... Fy) (48)
0
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A.[V] identifies the anomaly up to an overall numerical coefficient. Choosing n = 3, i.e. d = 4, the
RHS of (48) is proportional to the RHS of (11) or (21) multiplied by ¢* and summed over a. This is
a sleek way to show that the chiral anomaly (21) satisfies the WZ consistency conditions.

Thus the existence of chiral gauge anomalies relies on the existence of the adjoint-invariant sym-
metric polynomials F,,. The latter are completely classified. The space of symmetric ad-invariant
polynomials of the simple group G is usually denoted by I(G). It is a commutative algebra. If G has
rank r, then I(G) has r algebraically independent generators of order my,...,m,. In other words we
have r algebraically independent polynomials P, , or symmetric tensors d*' %", of order my, ..., m,.
The values myq, ..., m, for the simple Lie algebras are as follows

Lie algebra M, ..., My
A, 2,3,...r+1
B, 2,4,...,2r
C: 2,4,...,2r
D, 2,4,...2r—2,r
G 2,6 (49)
Fy 2,6,8,12
FEg 2,5,6,8,9,12
Er 2,6,8,10,12,14,18
Eg 2,8,12,14,18, 20,24, 30

For product groups we have simply to consider all possible products of the corresponding symmetric
polynomials. When the gauge group contains a U(1) factor, the general form (41) can contain as
factors any products of the Abelian curvature two-form F.

The previous table contains a lot of information about anomalies. If a symmetric tensor is absent
in this table, the corresponding cocycle, and thus the corresponding anomaly, does not exist. This is
the case, for instance, for SU(2) in 4d. The corresponding Lie algebra is A;, which has only the second
order symmetric tensor, while in order to construct a consistent chiral anomaly in 4d one needs the
third order tensor. Analogously, the third order symmetric tensor does not exist for D, which is the
Lie algebra of SO(4), the compact version of the Lorentz group in 4d. But the Lorentz Lie algebra
generators are the same as for SO(4), except that a few of them are multiplied by 4. In fact the local
Lorentz symmetry is not anomalous in 4d.

Other examples of vanishing anomalies may come up even when the adjoint-invariant symmetric
tensor in question is non-vanishing, but the fermion representations are real. If a representation is real
Tt = —T% For instance in 4d, taking the hermitean conjugate of dc we find dbc = —d“bc, therefore
debe = 0.

2.4 Gauge anomaly cancelation in the SM

At this point we have enough information to discuss the cancelation of gauge anomalies in the MSM.

As we know, the chiral consistent anomaly is determined by the tensor d*¢ = %tr (T a{Tb,TC}),
where T denotes the total antihermitean generator of the Lie algebra su(3) @ su(2) @ u(1): dropping
labels we can generically write T' = T%4() @ 7942) g 7%(1) The tensor d®° decomposes into various
independent components, which we list hereafter:
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Table MSM gauge

o T5UB) x T5u(3) 5 T54(3): there are two left-handed and two right-handed triplet, whose anomalies
cancel one another.

o 7542 x 7542 % T54(2) which vanishes because the tensor d**¢ vanishes in general for the Lie
algebra su(2).

o T2 5 7u(2) » T%() in which case we have the trace of two su(2) generators in two doublet
representations. These traces are non-vanishing because tr(T¢T?) ~ §%, but they are multiplied
by the corresponding u(1) charges, whose total value is 6 (%) —2(3)=0.

o TG » T4G) 5 T4 in which case we have the trace of two su(3) left triplet generators and
two right triplet generators. These traces are again non-vanishing, but they are multiplied by

the corresponding u(1) charge, whose total value is 3 (2 (3) — 2 + %) = 0.

o T 5 Tu() 5 7)) in this case the tensor is proportional to the overall sum of the charge
113 213 113 1\3 3
products: 6 (5)" —3(3)" —3(—3) +2(—3) —(-1)*=0.

This completes the analysis of gauge anomalies in the standard model. There are no local anomalies
on a flat background theory.

(@)

The results illustrated so far are generally considered completely satisfactory: the SM is anomaly-
free, that is that, and let us move on to other things, notably to its renormalization or to its physics.
But there are aspects of the analysis carried out so far that deserve more attention and, in view of the
coupling of the SM to gravity, would be superficial to ignore. First, as already promised, we need a
non-perturbative method to justify the results shown above beyond the perturbative level. This will
turn out to be indispensable for trace anomalies. Second, we need a deeper understanding of why
consistent chiral gauge anomalies are so deadly. The obstruction to selecting a physical Hilbert space
for a quantum field in the quantization of a Weyl fermion coupled to a gauge potential is a consequence
rather the origin of the problem. More insight is necessary.

Refs.: [2, 5,7, 8,9, 13, 14, 22, 25, 26, 36, 43, 44, 45, 46, 68, 69, 78, 81, 90, 101, 110, 152, 159, 163]

3 Non-perturbative approach: the heat-kernel-like methods

There are several different non-perturbative (a.k.a. functional) methods to calculate anomalies: Schwinger’s
proper-time method, the Seeley-DeWitt and the zeta-function regularization method and Fujikawa’s
method. We comprise them under the term of heat-kernel-like methods. The purpose of all of them
is to represent in a mathematically affordable way the path integral corresponding to the quadratic
part of a theory, and in particular of a fermionic theory, interacting with external potentials: the
central object is therefore the determinant of the full kinetic operator, let us call it D, (or the square
thereof in the case of Dirac-like operators). It is crucial for these methods to work that the operator
in question, after passing from a Minkowski to a Euclidean background metric, be a quadratic elliptic
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self-adjoint operator. Below we give a synthetic presentation of one of them, which we call SDW
(Schwinger-DeWitt).

Our problem is to represent logdetD = TrlogD. We start from a familiar formula in theoretical
physics

i o 4 4
= / ds e"*(O+i) (50)
D + 7:6 0

with infinitesimal € > 0. It certainly holds when D is a real number . We extend it to an operator D
by representing it via its eigenvalues. By formally integrating we write

TrlogD = z/ ﬁTr <eiDs> + const (51)
0 (2]

where the ie prescription is understood, as we will do from now on for the s integrals.

The Dirac operator ) = iv"0,, even after the addition of a vector and an axial potential, in a
Euclidean background is an example of elliptic operator, but the application of the SDW method to it
in the linear form is not known. The best we can do is to apply this method to its square and extract
the square root of the determinant. The choice of the square Dirac operator is not always univocal
and requires some care. The minimal precaution is that it preserve the same symmetries as the linear
operator and become a self-adjoint operator after a Wick rotation, see below. Let us call JF such a
square Dirac operator.

We identify the effective action for Dirac fermions with

W= —éTr (In %) (52)

Tr includes all the traces plus the spacetime integration. Any variation of (52) is given by

SW = %Tr (S5F) (53)
where, in symbols, FG = —1. Thus we can formally write
1 > iFs
W = —iTr dse™ °6F | . (54)
0

and, like in (51), W can be represented as

1 [>d ;
2 Jy s
where
1 *d
L(Q;) = —— lim tr/ .—SK(I‘,.I/,S), (56)
2 2’ —x 0 18
and the kernel K is defined by
K(z,2',s) = (x| 5|2 (57)

Inserted under the symbol Tr, (56) means integrating over x after taking the limit =’ — z.

19



Remark. We recall that in all the above s-integrals the ie prescription, i.e. the substitution
F — F + ie, is understood. It is clear that such integrals converge only if F is a self-adjoint operator.
This is possible in a Euclidean background, i.e after a Wick rotation. In the sequel we make the
substitution ¥ — F, where the tilde represents a Wick rotation, and anti-Wick-rotate the final result.
However for the sake of simplicity, we understand this substitution and continue with the Minkowski
notation.

The SDW method proceeds with the definition of the amplitude
(z,s]2’,0) = (z|e®|2'), (58)

which satisfies the (heat kernel) differential equation

0
Z'7<IE,S’CCI,0> = —?x<$78‘$/,0>, (59)
0s
Js is a quadratic elliptic differential operator, typically, 3, = n*¥0,0, + ..., where ellipses denote
non-leading terms.
The SDW method now introduces an ansatz for the amplitude (58)

' . { i<4(r4.f/)2 _m25) /
(x,s]z’,0) = — lim ~e O(x, 2, 5), (60)
m—0 (471'8)5

O (xz,2’, s) is a function to be determined. The mass parameter m is introduced to guarantee conver-
gence for the s integration. In the limit s — 0 the RHS of (60) becomes the definition of a delta
function multiplied by ®. More precisely, since it must be (z,0|2’,0) = 6(x,2’), and

) 3 7(1—1’)2_7”25
lim — e< . )=5(d)($,$'), (61)

s—0 (471'8)%

we must have

lim ®(x, 2, s) = 1. (62)

s—0

Looking at (60), in dimension d, we can make the identification

K(z,z,s) = m Vae PPz, x, ). (63)

From now on the symbol [H](z,...) will denote the coincidence limit limg,_,, H(z,2’,...).
The heat-kernel equation (59) becomes a quadratic partial differential equation for ® in x, and s.
To find useful solutions one has to expand ® is series of s:

O(x,2',s) =D an(x,2’)(is)" (64)
n=0

so that (59) becomes a series of recursive differential relations for the coefficients a,. Starting with the
position [ap] = 1 they permit us to compute the other coefficients up to the relevant order (which, of
course, depends on the dimension d).
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3.0.1 Bardeen’s anomaly with SDW

Let us apply the just illustrated method to the calculation of Bardeen’s anomaly in d = 4. In this case
the relevant operator is the square of ¥ = @ + V + 54, which has the properties

D' = 16D, (%Q)T = %P 0, (65)
but after a Wick rotation (see Appendix B for conventions) we get
Vg (¥) -7 )
The relevant quadratic Dirac operator is
D = "Dy Dy — S (B + (Cpw + 2(As0, — AuD,))y5) (67)
where ¥, = [y, %], 2, is 9, with the change v5 — —v5, and
B = Fyuw — [Au, Al Cur = WAy, — 0 AL+ {V, A} — {4V} (68)
We use also the notation
E=X"B, +vXM"Cpu, (69)

with similar expressions for the Euclidean version.
Under the transformations (16) we find

O =19\, 6,9 =1D,pl+2vpP (70)

The relevant operator is not invariant under the p transformation. Therefore an anomaly is to be
expected in the divergence of the chiral current. For taking the variation with respect to p of the path
integral Z, we obtain, formally,

SpInZ = 2iTr (y5p) = Alunreg) (71)

where Tr includes all traces plus spacetime integration. A®"7¢9) is the unregulated anomaly. We
regularize it with the Schwinger proper time approach. This means using the procedure outlined
before with F = —@2 with regard in particular eq.(54)%,

1 & . 00 A
A=0,W = §Tr (/ ds 6_1@285p@2> =2Tr <P’75/ dse=i?’s @2>

0 0
o0 0 52 52
= 2Tr <p75/ ds —e~ ¥ s) =2Tr <p’y5 e 7 5) (72)
0 0s s=0
In the last integration convergence at infinity is guaranteed by the factor g—im?s (with the prescription

2 2

m~ — m* — ie€). A remark is in order here: looking at eqs.(70) and (72) these manipulations are

L h2
possible because the operator & in it commute with e?’s.

8The square Dirac operator must respect the properties of the linear one. For instance, in the present case, an
alternative quadratic operator would be #%, with the transformation property &y (@@) =[99,Y], with T = XA+ ysp,

which is also an elliptic operator when turned Euclidean. This would exclude any anomaly. But this would contradict
the linear transformation 6y % = [#, Y] + 2vs5p 9.
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Now we write (72) in coordinate representation

A=-21lim Tr (p’y5 (x\e_i%s\x/» ‘ (73)
' —x s=0
and insert
/ T { i szzjﬁ _m25> /
<IL‘,S|1’ ;0> _77111310 We @(m,x 75)7 (74)

Next we expand ®(z, 2, s) in powers of is, as in (64), and integrate over s. Setting s = 0 suppresses
all higher order terms in the expansion, except the 0-th, first and second order term. The zeroth-order
term is annihilated by the trace over 5. The first order term, involving [a1], diverges for s — 0. [a1]
can be explicitly calculated: its odd-parity part vanishes due to the gamma matrix trace, while the
even-parity part survives the tracing, but is trivial and can be subtracted with a counterterm.

Therefore the finite part of (73) becomes

A= / d'aTr (5 plas)(x)),  [oa(@)] = Jim as(w, ') (75)

1671'2 ' —x

To compute [az] we resort to the above-mentioned recursive relation, obtained from the heat-kernel
equation:

(n+1)ans1 + (z—2" )" (Dyans1 + 295" Apant1) — @“.@#an — 45X AL 0 an — Ean =0 (76)

Starting from [ag] = 1 one can derive [a1] and [az]. The calculation is lengthy, but it is not hard to
extract the odd-parity part of the trace in (75). It coincides with the RHS of (19) saturated with p®
and integrated over spacetime.?

Ref.: [17, 40, 64, 81, 82, 97, 143, 144, 155]

4 Anomalies as obstructions

Non-perturbative methods, like the one just illustrated, are very useful because they yield the full
expressions of consistent anomalies, not just their lowest order approximations. This is extremely
useful in cases where the lowest order terms are not enough to unambiguously determine the anomalies.
However, returning to the discussion on fermion propagators after eq.(6), they do not differ substantially
from the perturbative methods, in that they rely on fermion propagators which are obtained from the
original Weyl theory by adding a free Weyl fermion of opposite chirality (or resorting to Dirac fermions,
like in Bardeen’s approach). The aim of this section is to illustrate a different approach in which there
is no need to introduce additional degrees of freedom. In this new approach anomalies appear as
obstructions to the existence of fermion propagators. The method is based on the family’s index
theorem of Atiyah and Singer. The new approach requires quite a lot of preliminary material. Here we
try to squeeze it into a few pages. In this section the framework is entirely Euclidean. We will assume
that our conclusions can be transferred to the corresponding Minkowski formulation.

9 Alternatively one can arrive directly at the anomaly (21) by applying the SDW method to the operator (94) below,
see [40].
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4.1 A geometrical description of anomalies

The first element we need is a geometrical description of consistent gauge anomalies. The algebraic
formalism of sect.2.3, from this point of view, is unsatisfactory. Looking at eq.(42) we see that in the
case n = 3, i.e. d = 4, both sides of the equation vanish because they are formns of degree 6. One
could suspect that the descent equations that follow from this one are built on sand. It is not so,
but no doubt an appropriate elaboration is required. It is well-known that the fitting framework for
a gauge theory is provided by the geometry of principal and associated fiber bundles. The underlying
geometry of a gauge theory on a spacetime M with gauge group G is grounded on a principal fiber
bundle P(M, G),
G——=P
iﬂ
M

7 denotes the projection 7 : P — M. The inverse image of a point in M is a fiber of P, and is a copy of
G. A gauge potential V), = VIT* where T are the generators of g = Lie(G), represents a connection
form V = V,daz*, with curvature is ' = dV + [V, V]. A connection V splits the vector fields of P
into vertical and horizontal ones'®, and is properly defined on the total space P. Thus the six-form
polynomial P3(F, F, F) is also defined on P, whose dimension is d times the group dimension. This
however does not prevent this form from vanishing, because it is an invariant form that descends on
M (a basic form) and thus cannot but vanish.

The geometry of the total space is not yet enough. We have to enlarge our horizon.

In this setup gauge transformations are represented by vertical automorphisms of P. An automor-
phism is a diffeomorphism of P, ¢ : P — P, such that ¢¥(pg) = ¥ (p)g, for any p € P and any g € G.
Automorphisms form a group which will be denoted Aut(P). For any automorphism 1 the map mwo1) is
a diffeomorphism of the base space, i.e. € Diff(M). Vertical automorphisms are those that do not move
the base point. They form a subgroup of Aut(P) denoted by Aut,(P). The corresponding Lie algebras
will be denoted by aut(P) and aut, (P), respectively; the latter are spaces of vector fields in P generated
by one-parameters subgroups of Aut(P) and Aut,(P), respectively. For the time being we disregard
diffeomorphisms of the base space and focus on Aut,(P). The latter is to be identified with the group G
of gauge transformations, whose Lie algebra Lie G is, in turn, identified with aut,(P), the Lie algebra of
Aut, (P). The reason of this identification is clear from the way a connection transforms under vertical
automorphisms. Let V be a connection with curvature F' and let ¢ be a vertical automorphism: we
can associate to it a map v : P — G defined by ¥(p) = p~(p) satisfying v(pg) = g~ 'v(u)g. Then one
can show that the pull-back by 1 is

YV =TV tyTidy, WP =97 Fy
Thus we set Aut,(P) = G and introduce the evaluation map

ev:PxG— P, ev(p,v) = ¥(p) (77)

P x G is a principal fiber bundle over M x G, with group G. This means in particular that, by pulling
back a connection V in P, we obtain a connection V = ev*V in P x G. This connection splits into a
one-form in P plus a one-form in G and contains all the information about the properties of the FP
ghosts and BRST transformations. First, it can be shown that

V=ev'V=V+ Z()V (78)

107, () comes from the pull-back of of;V = V,dz" by a local section oy : U — P, where mooy (z) =  for Vo € U C M.
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where i is the interior product and i)V denotes the map Z — iV, that associates to every Z € Lie(G)
the map £z = V(Z) : P — Lie(G). £z is in fact an infinitesimal gauge transformation since the action
of Z over the connection V is given by the Lie derivative Lz, which takes the form:

L7V =déz + [V, &) (79)

The symbol i)V has an anticommuting nature and plays the same role as the FP ghost field ¢

introduced in section 2.3. For instance, if ) represents the exterior differential in G, one can show that

. I, . 1.
oV = —dZ(.)V - E[V, Z(.)V] - 5[2(.)‘/, V] (80)
o 1

5i(,)V = §[i(,)V,i(.)V] (81)

Therefore if we identify § = (—1)¥4,, where k is the degree of the form in P it acts on, and . is the
BRST nilpotent operator, we reproduce the BRST transformations introduced in section 2.3.

In other words BRST transformations and coboundary coincide with gauge transformations along
the fibers of P and de Rham differential in G. Next let us apply these new notions to gauge anomalies.
Let P, be an ad-invariant polynomial with n entries, n = % + 1. The expression

1
TP, (V) :n/ dtP,(V,F,, ..., Fy) (82)
0

introduced in section 2.3 is called transgression formula, and
dTP,(V)=P,(F,...,F)=0 (83)

because of dimensional reasons, for P, (F, ..., F) is a d+2 basic form in a d dimensional base spacetime
M. Let us pull back (83) through the evaluation map to P x G. We get

(d+8)ev* TP, (V) = (d+ )T P, (ev*V) =0 (84)
This splits into a set of equations of decreasing degree

ST P, (V) +diyTP(V) =0 (85)
iy TPu(V) + diyiyTPu(V) =0 (86)

These are the descent equations written in geometrical language, and, unlike the algebraic descent
equations of section 2.3, they are all well defined in P. Focusing on izT P, (V), it can be rewritten

1
izTP,(V)=—n(n— 1)/ dt(t —1) (Pn(diZV, V.Fy,...,F) —dP,(V,izV, Fy, ... ,Ft)>
0
The first term on the RHS is precisely, up to global sign, the anomaly (48) for d generic:
1
ALy Vo V) = n(n — 1) / dt(t — 1) Po(di() V. V. Fy, ... Fy). (87)
0
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The second piece is a total differential which drops out upon spacetime integration.

A cocycle ASB?Q(V, c) is trivial when there are local cochains 052)72(‘/7 ¢) and ngjfg(v, ¢) such that

AL(V,¢) = 6.C) (Vo) +dCSY) ,(V, ¢) (88)

where C’,ip )(V, ¢) denotes a polynomial k-form of ghost number p, built with V| ¢, their commutators,
wedge products and exterior differentials. If such local cochains do not exist, the cocycle is said to
be non-trivial and defines a non-trivial class of the BRST cohomology, a true anomaly. The latter
characterizes local quantum field theories: how does it relate to the familiar de Rham cohomology of
M and P 7

Let us return to the descent equations (84) and, in particular, to the consistency conditions (86).
Since d TP, (V') = 0, anomalies are to be found among the representatives of the de Rham cohomology
group of order d + 1 in P. But do they coincide with them? Now, it is known that the de Rham
cohomology group of order d + 1 in P, Hg:éham(P), is spanned by forms T'P;(V') A (;, where (; are
basic and closed forms of order h; = 2(n—i), such that 2i—14+h; = d+1. The §; may be forms of the
type P,—i(F, ..., F) (this is the case of a reducible polynomial P, (F') = P;(F)P,—;(F)), or of the type
P _.(R,...,R), where R is the Riemann (or spin) curvature 2-form on M, and P/ are the corresponding
ad-invariant symmetric polynomials. But the set of 5; may also contain forms that cannot be written
in local form like in the previous examples. Such non-local ; do not give rise to anomalies in local
field theory.

On the other hand let us suppose that x = TP, (V) be cohomologically trivial, i.e. TP, (V) = dn.
Then, decomposing (84), we get, in particular,

iy TPo(V) =i(ydn = —digyn + on (89)

Since on = —d.n, comparing with (88), we see that this is a triviality condition for the anomaly
i(yT'Pn (V). However, this does not correspond automatically to a trivial field theory anomaly. The
condition TP, (V) = dn means that TP, (V) is exact in the de Rham cohomology of P . But this does
not automatically mean that it is trivial with respect to the local BRST cohomology. For this to be
the case it must be that 7 is a local expression of V. If such a local n does not exist, we are in presence
of a true non-trivial anomaly originated from a cocycle dn in P which is trivial (a coboundary) in the
de Rham cohomology. On the same footing if x and x’ are two closed d + 1 forms in P such that
X — X' = dn, we can say the corresponding anomalies are the same only if 7 is a local form.

The previous rather lengthy and somewhat convoluted discussion is to stress the fact that the
BRST cohomology (i.e. the true anomalies of gauge field theories) does not coincide with the ordinary
cohomology of P, and even less with that of M. In fact the topology of M does not play a role in
determining the local anomalies on it. To geometrically characterize the BRST cohomology of local
quantum field theory a further effort is necessary. We need to introduce the the concept of classifying
space and universal bundle.

Given a compact Lie group G, any principal fiber bundle P(M, G) can be obtained as the pull-back
of the so-called universal principal bundle EG(BG, G),

G ——EG

|-

BG
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BG, the basis, is called classifying space. An important property of EG, the total space, is that it is a
contractible space, that is, it is continuously deformable to a point. Therefore its cohomology is that
of a single point.

For any principal bundle P(M, G) there exists a bundle morphisms (f, f) such that the following
diagram is commutative

P 1. EG

M. BG

f is unique up to homotopy!!' and is called classifying map. Both EG and BG are generally infinite
dimensional, but in many practical applications one can use for them finite-dimensional approximants.

A very important fact is the existence of a universal connection v in EG from which any connection
on P can be derived via pull-back: for any V in P there exists a bundle morphisms ( f , f) such that
V = f*n. For convenience, we shall call, with some abuse of language, universal the forms y in P
constructed with the connection form V if they can be derived by pulling back an analogous form in
EG constructed with v:

X(V) = x(f*0) = f*(x(v)), (90)

for a bundle map f. Therefore forms like TP, (V) and P,(F) are universal. But, of course, in P there
may be non-universal forms. In particular, the forms §; that appear in the cohomology of P, see above,
may not be universal. We have already remarked that not all the forms that span the non-trivial
cohomology classes of Hj:éham(P) necessarily correspond to local anomalies.

Let us now connect the anomalies in quantum field theory to their universal origin. We pull-back

v and forms constructed with it to P x G by combining the evaluation map and bundle maps

PxG-%pP-LEG (91)

Now, starting with local expressions of v in EG and pulling them back with ev o f we create universal
expressions in P x G. We focus in particular on the universal forms of order d 4+ 1, and state the result
of the previous discussion: non-trivial local field theory anomalies are identified by the quotient

closed universal (d+1)—forms in P

(92)

dif ferentials of universal d—formsinP

For instance, consider T'P,, (V) P,,(F') and suppose that P,,(F) = dn with n a basic form in some
manifold M of dimension d = 2(n1+n2)2 . Then TP, (V)P,,(F) = d(TP,,(V)n) (because P,,(F)nis
basic and therefore vanishes on M for dimensional reasons). Nevertheless, the anomaly corresponding to
TP,,(V)P,,(F) is universal, because, even though P,,,(F) = dn in M, the form 7 cannot be universal.
To explain the reason for this we need the concept of Weil homomorphism.

Chern-Weil homomorphism. For any group G we have introduced earlier the space of symmetric
ad-invariant polynomials, usually denoted by I(G), which is a commutative algebra. Given a principal

""Two maps f1, fo are homotopic if there exist a continuous map F : M x I — BG such that F(z,0) = fi(x) and
F(z,1) = fo(x), Ve € m.
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fiber bundle P(M, G) there is a homomorphism w : I(G) — H*(M) between the algebra of ad-invariant
symmetric polynomials and the de Rham cohomology of M, which associates to any polynomial P, a
cohomology class w(P,,) = P,(F, ..., F). The homomorphism is constructed by filling in the curvature
F of P(M,G) in all the entries of P,, so as to build the forms P,(F,...,F), which are closed in M.
They may or may not be exact according to the topology of M. But in the case the bundle is the
universal one with compact group G, and the base manifold is the classifying space, then the Weil
homomorphism is an isomorphism, i.e. no form P, (F,..., F) is exact.

Then let us explain why the anomaly corresponding to the above-mentioned form T'P,,, (V) P,, (F)
is universal. This is so because, even if P,,(F) = dn in M, the form 7 cannot be universal. The reason
is that for BG the Weil homomorphism is an isomorphism when the group G is compact. This means
that P,,(F") is not the differential of any universal form and thus T'P,,, (V') P,,(F') cannot be written
itself as a differential of any universal form. From the field theory point of view this means that P,, (F')
cannot be written as the total differential of a local expression in the fields. In other words the anomaly
originated from TP, (V) P,,(F) is a true local field theory anomaly.

A comment is in order to explain this at first sight surprising correspondence. The origin of it
lies in the circumstance that standard perturbative field theory is formulated in a local geometry.
Propagators and vertices are evaluated on plane wave configurations of fields, thus in a unique local
patch isomorphic to a Minkowski (or Euclidean) spacetime. In this way the cohomological properties of
the base space M, reflected also in the topology of P, are irrelevant. Therefore, as far as local anomalies
are concerned, the results of perturbative field theories are independent of the topological features of
the base manifold M. The BRST cohomology of local field theories reflects the de Rham cohomology
of the classifying space, which is the same for all spacetimes of given dimension. Once again, the roots
of local gauge anomalies in QFT are not in the topology of the spacetime M but in the topology of the
classifying space BG, 2.

Now it remains for us one step to close the circle: what is the connection of this geometry with
the bugs of the corresponding theories? It is the lack of a fermion propagator, as is made clear by the
family’s index theorem.

4.2 The Atiyah-Singer index theorems

The family’s index theorem is the index theorem appropriate for consistent local chiral anomalies. In
general an (ordinary) index theorem counts the difference between the graded zero modes of an elliptic
operator. For instance, zero modes of a Dirac operator with a fixed potential and metric'® are labeled
by -+ and —, which denote opposite chiralities, and the index counts the difference between the + and
the — zero modes. The family’s index theorem does the same, except that the operator, in the case of
gauge theories, varies on a Hausdorff space, the moduli space of connections (i.e., the space of orbits
under the action of the gauge group). The index is formally represented by the space of zero mode
eigenvectors (kernel of the operator) of one chirality minus the space of zero mode eigenvectors of the
opposite chirality (cokernel). The difference of two vector spaces varying from point to point of the

12This is not anymore true if we consider global anomalies, in which the topology of M may play a role. Global
anomalies call into play the global aspects of gauge transformations, i.e. the global aspects of G. We will not analyse
global anomalies in this paper. Enough is to say that the gauge transformations involved in the various SM’s considered
here do give rise to global anomalies, [40].

13From now on we introduce in our analysis also the dependence on a non-trivial metric, which we have so far ignored.
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parameter space can be given a mathematical sense in terms of K-theory of vector bundles. What
really matters to us in relation to the anomaly problem is not as much the number of zero modes, but
the existence or non-existence of the inverse of the Dirac operator. It is of paramount importance that
one appreciates the difference between the two situations. The presence of even a finite number of zero
modes for a Dirac operator with (twisted by) a fixed potential or metric prevents its inversion, but
this problem can be easily fixed by excluding the (finite number of) zero modes from the spectrum.
The problem however becomes unwieldy when we face a continuous spectrum of gauge potentials (or,
better, their orbit space). Only K-theory can and does provide a sensible treatment.

We recall that this is the same problem we have already met in the perturbative approach to
anomalies, as well as in the non-perturbative approach & la Schwinger-DeWitt. In those approaches
the inverse of the relevant elliptic operator (or, which is the same, the existence of an effective action
for Weyl fermions) is required, and one is obliged, for instance, to replace the Dirac-Weyl operator

_1i’y5
2

D=i@+V)P., Ps (93)

by
D=i(@+VPy;) (94)

in order to guarantee the invertibility of the kinetic operator, i.e. the existence of the fermion propa-
gator. In those approaches anomalies show up as non-conservation of the chiral gauge currents. The
family’s index theorem, instead, calculates for us the obstructions to the invertibility of the Dirac-Weyl
operator. In other words it tells us what are the topological conditions for the Weyl fermion propagator
to exist.

Although these obstructions manifest themselves in different ways in the two approaches, their
origin is the same and can be traced to the geometry of universal bundles and classifying spaces.
The added value of the family’s index theorem approach is that it provides compact formulas of the
obstructions for all dimensions in terms of ad-invariant polynomials, gauge curvatures and/or Riemann
curvatures; from which one can derive the consistent gauge anomalies by the transgression formulas
and the descent equations - and not only those but also other anomalies, as we shall see. It also provides
the numerical coefficients (depending on the fermion field representations) in front of the anomalies,
based on which one can study in general the conditions for their cancelation.

In this limited presentation it is of course impossible to expound all the mathematics underlying
the family’s index theorem, but we try to provide a summary presentation that is hopefully enough to
capture the essential points of the subject.

The family’s index theorem applies to elliptic operators. Given two vector bundles € and F over
a Riemannian manifold X and the corresponding spaces of sections I'(€) and I'(F), respectively, an
elliptic operator is a partial differential operator that maps sections of I'(§) to sections of I'(F) in a
way which is fiberwise invertible. In practice we are interested in sections representing matter fields
and, in particular, spinors. For instance, an operator with local representative A;;0;,0,; is elliptic
if the matrix A;;(z) is symmetric and positive definite; a Euclidean Dirac operator is elliptic. With
reference to field theory a linear or quadratic elliptic operator locally has an inverse.

An elliptic operator P on a compact space X is endowed with an index (the analytic index)

ind P = dim(ker P) — dim(coker P) (95)

where the kernel of P is the space of its zero eigenvectors and the cokernel is formed by the sections of
the target bundle that do not belong to the image of P. Remarkable properties of an elliptic operator
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are: the index of the operator depends on its leading term; if P is self-adjoint (same source and target
space) it has real discrete eigenvalues with finite eigenspace consisting of smooth sections.

The Dirac operator is the central object for us now. In physics it is usually (but not exclusively)
defined on a Minkowski spacetime (a pseudo-Riemannian manifold), say X. After a Wick rotation, i.e.
in a Kuclidean background, it is an example of linear elliptic operator. Dirac operators act on spinors,
which are used in physics to represent fermions. A spinor is a section of a vector bundle with two
simultaneous properties: it belongs both to a representation space of the appropriate Clifford algebra
and a representation of the appropriate spin group; in addition it may transform also according to
the representation of some compact group (the gauge group), in which case the corresponding Dirac
operator is called twisted.

To be more precise, let TX be the tangent space of X. We call C¢(X) the Clifford algebra, i.e.
the gamma matrix algebra, constructed over TX on the basis of the metric inherited from X. And
let Pso(X) be the orthonormal tangent frame bundle over X, i.e. the principal fiber bundle built with
the orthonormal frames of 7X. We need also the spin bundle Pgp;,(X) which is the double covering
of Pso(X) (a spin structure):

€ : Pspin(X) — Pso(X)

where £(p, g) = £(p)&o(g), for any p € Pgpin(X) and any g € Sping,, n = dim(X), and & : Spin, —
SO(n) is the universal covering map (fermions see a doubly ample world with respect to us). A spinor
bundle S is a bundle associated to Pgpin(X)

In fact we will deal with complex spinor bundles. A complez spinor bundle Sc(X) is an associated
bundle

Sc(X) = Pspin(X) %, Mc (96)

where M is a left module of C¢(X) ® C whose action is represented by f.

In this context the (Euclidean) Dirac operator, denoted by I) (we drop in this section the ID
notation), is

B =0, + ) (97)

where 7 = e,y (e}, are the inverse vielbein, n%ehe! = g"*) and w), = wﬁbEab is the spin connection,

with Y, = %[%,’yb].
If n is even C¥(n)(X) posseses an element we (the chirality operator) such that

wi =1, wee = —ewc (98)

for any element e € C¢(n)(X). As a consequence any Sc splits according to

1
Sc =S¢ @S¢, St = 5 (1% wc)Se (99)

_ (0 D
m(w 0) (100)

Accordingly D splits as



Therefore we have ker I) = ker lﬁ+ ®ker I)~. Now since D is self-adjoint, it follows that (]Dj[)T = DT,
And since for any elliptic operator T, coker T = ker T, it follows that

Ind D" = dim(ker ) — dim(ker Ip™) (101)

In gauge field theory we have to do with spinors that transform according to definite representations
of the gauge group G. In this case we generalize the previous setup and consider the tensor product of
a spinor bundle SjE with a vector bundle E corresponding to a representation p of the structure group
G of P(X,G): SjE ® E. The relevant connection will be the spin connection plus a gauge connection
V =V,dzt valued in the representation p of the Lie algebra of G with antihermiten generators. The
corresponding Dirac operator

D=D+iV (102)

acts on the space of sections of Séc(E) = S(:CIE ® E and maps it to itself. In this case eq.(99) is replaced
by

Sc(E) = SE(E) @ S¢ (E) (103)

_ (0 D
”‘(W 0) (104)

with obvious replacements in the definition of the index.

and eq.(100) by

4.2.1 The Atiyah-Singer index theorem

In this context the Atiyah-Singer index theorem says:
Ind(®) = / ch(E) A(X) (105)
X

The symbol ch(E) indicates the Chern character of the E bundle, i.e. the rational characteristic class
given in terms of the curvature F' of V' by

2 in

hE) = tr F tr F? + —  trF™+ 106
ch(E) Hz g +2(27r) : e (106)

where r is the dimension of the representation p. The symbol A\(X) denotes the A\—genus, which is the
(rational) Pontryagin characteristic class of X. It can be expressed in terms of the Riemann curvature
R as follows

. 1 1
AX) = 1 2 4
(X) T TR * [288 (R + 360“R]
1 1
—tr(R?? tr R? tr R* + tr RS | + ... 107
Ty [10368 HE) R u R ept (107)

This famous theorem holds for a fized background, i.e. for a fixed metric and a fixed gauge potential.
But, although it features in several physical applications, it is not what we need in relation to anomalies.
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As already pointed out we are not interested in the numerical counting of zero modes, but in the
invertibility of the Dirac operator over the whole space of metric and potential backgrounds.

The field theory path integral is a functional of the fields, in particular of the potentials or the
metrics or both. Let us focus simply on a gauge theory defined on a principal fiber bundle P(M, G), with
a space A of connections and a symmetry group G of gauge transformations. We denote by Z[V] the
fermion determinant, i.e. the partial path integral in which we suppose only the quadratic part of the
action is considered, and fermions have been integrated out. Z[V]is a functional of the gauge potential
which can be computed by means of perturbative and non-perturbative methods. But it contains also
the gauge degrees of freedom, of which we have to get rid of since the relevant information for physics
is stored in the orbit space A/G. The full path integral is obtained by integrating over the orbit space

zZ- /A LAz (108)

Here [V] denotes the orbit passing through V', and G = Aut,(P). The issue here is to guarantee that
Z[V] is a well-defined function, integrable over A/G.
The geometry is represented by the following bundle diagrams:

G——A (109)

|

A/G

which is a principal fiber bundle with structure group G. Since the actions of G and G commute,
another relevant principal fiber bundle is

G ¢ PxA (110)

X =—Q

IS

M

g

with structure group G. In turn MTXA is a fiber bundle over é, with fiber M. Given a complex vector

space E, which is a representation space of G, we have also two associated fiber bundles

_PxA
e

From the above we see that what is required in a gauge theory is an index theorem over the entire
orbit space, because we have to deal with an operator that varies from point to point in it. The
dimensions of its kernel and cokernel may jump from point to point in the parameter space provided
by the orbit space. The relevant object in this case is the difference between the kernel and cokernel,
which are two vector spaces, as they vary from point to point, i.e. the difference between two vector
bundles over the parameter space. The appropriate mathematical theory in this situation is K-theory.
K-theory is precisely the theory of formal differences of vector bundles. Denoting by [E] and [F]
the classes of vector bundles isomorphic to E and F', respectively, via the Grothendieck construction,
K-theory assigns a precise meaning to the difference [E] — [F]. Such objects are called virtual bundles.

Let us define first the index for families. The geometrical environment is the one corresponding to
(109,110). We have a Hausdorff space B which is the basis of a principal fiber bundle (like A/G in

E=PxgE, and &

xgE (111)
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(109)). A continuous family V of smooth vector bundles over X, parametrized by B, is a fiber bundle
V — B whose fiber is a smooth vector bundle V over X, associated to a principal fiber bundle P(X, G),
on which the group Aut,(P) acts (V is like €, defined above). Now, let us consider two families V and
W with the respective spaces of sections I'(V) and I'(W), and a differential operator P : I'(V) — I'(W).

P defines a family of elliptic operators which associates at each point of B an elliptic operator
between I'(€) and T'(W). The kernel and cokernel of P are vector spaces that vary from point to point
in B. Therefore their difference defines an element of K(B):

ind P = [ker P| — [coker P] € K(B) (112)

Even though the dimensions of these vector bundles may vary in B, the definition makes sense. Atiyah
and Singer have provided a formula of it in terms of characteristic classes.

4.2.2 The family’s index and the Quillen determinant

In the case outlined above in which P is the Dirac operator 315+ between two families of sections
I'(S¢ ®V) and I'(Sz ® V) the index theorem can be expressed in the form

ch (ind(D*)) = /M ch(V) - A(TQ) (113)

In this case X = M is the spacetime manifold, Q = é is the orbit space of connections, T'Q is its
tangent space and V is the gauge bundle. The Chern character of the index measures the extent to
which ker §D+ differs from coker %Jr = ker P . It is intuitive that, as long as, ind(:DJr) differs from
0, the inverse of §D+ cannot exists (see below for a more cogent argument). Therefore, the only way
to ensure the existence of this inverse (and, so, the existence of the fermion propagator and, in turn,
the existence of the fermion path integral) is that the RHS of (113) correspond to the 0 class. This is
particularly visible with the first Chern class, i.e. the first non-trivial term of the Chern character. Let
us recall that, for a vector bundle V'

ch(V) = rank(V) + 1 (V) + % (1 (V)2 — 2e5(V)) + ... (114)

Therefore

or (ind(")) = /M ch(V) - A(TQ) (115)

d;2

where d = dim(M) and on the RHS we indicate the (d,2) component in M x Q. The RHS is a
two-form in Q, therefore it belongs to a class in H?(Q,Z). Tt represents the first Chern class of the
so-called Quillen determinant bundle. Given the importance of the latter it is worth spending some
time to introduce it in more detail.

Let us focus on the case of a twisted Dirac operator, for instance P considered above. It is an
elliptic operator on a compact space, and so a Fredholm operator, which splits according to eq.(104). If
we wish to define the determinant of either §D+ or P, as the product of its eigenvalues, there may be
obstacles. As pointed out in section 2.1, the first obstacle is the very definition of eigenvalues of a Dirac-
Weyl operator. In perturbative and SDW approaches we have bypassed this problem by modifying the
Dirac-Weyl operator like in (94). Here instead we consider the quadratic operator (C,Vfr)‘LJﬁJr S (7

We use this operator only in order to discuss the eigenvalue splitting, not for a direct calculation for instance by the
SDW method, because for that purpose it is inapplicable for an obvious reason: it is not invertible!
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has the same eigenvalues as (P~ )P, which are the square of the eigenvalues of the Dirac operator
D, but of course the eigenvectors are different. More precisely, the nonzero eigenvalues of (JZ5+)TJZ)+
are paired with the non-zero eigenvalues of (P~ )P, in the sense that to each common eigenvalue
there correspond two distinct eigenvectors of the two operators with the same multiplicity. But this
may not be true anymore for the zero eigenvalues. Of course this is the crucial point in regard to the
index theorem. But it is crucial also for defining the path integral of the two Dirac-Weyl operators.
If we wish to define the relevant path integrals as the square root of the product of their eigenvalues,
the non-zero eigenvalues do not pose a problem because they are gauge invariant, but for the zero
eigenvalues this may not be true. Therefore we have to settle the question of the zero modes in such
a way as to produce a well defined integrable Z[V].

Let us denote by 1,...,9, a basis for the zero modes of Pt. In field theory a familiar object,
due to the Pauli principle, is the Slater determinant, i.e. wedge product ¥1 A ... Ay, It is a complex
number (a determinant) that varies as §D+ varies over X = MEA, but, in general, does not form a
complex line bundle over X. In the same way one can construct an analogous wedge product for
coker QD+ = ker P, which also form a complex line, but in general not a line bundle over Q. However
the formal difference of the two, i.e.

dim ker®¢ dim coker'}f)$

H /\ ker(Dy) @ /\ coker(Dy) (116)

Vliex

where we have made explicit the dependence on the connection V', constitutes an element of K(X),
which is called the Quillen determinant line bundle. This complex line bundle has remarkable topolog-
ical properties. For us it is a fundamental object because it is trivial, i.e. it has a global non-vanishing
section, precisely when 3§+ is invertible!®.

In the case of the Dirac-Weyl operator 15+ the Quillen determinant bundle is a bundle over the
base space X = MTXA It is a non-trivial bundle as long as H2(X,Z) # 0. Upon integrating along the

fiber M, the relevant cohomology group is H?(Q,Z) and coincides with ¢; (’md(’Dﬂ) If the index

vanishes the Quillen bundle is trivial, that is it has a global section, which is a non-vanishing function
over A/G and can be integrated over. Returning now to the definition (108) of the path integral over
the orbit space, we conclude that the existence of this section implies that Z[V] is well defined.

The formal equation

ddetA = detAtr (A715A). (117)

when applied to A = P, implies that, in order for Z[V] to be well defined, the inverse of P, ie.
the fermion propagator, must be well defined. The inverse operator is represented by the inverse
eigenvalues. For the non-zero eigenvalues invertibility is obvious. For the 0 eigenvalue the inverse
is represented by the inverse of the global section of the Quillen determinant bundle. We expect,
therefore, that, if H2(Q,7Z) is trivial, this global section is invertible. On the contrary a nonzero

c1 (ind(jﬁJr)), given by (115), is an obstruction to defining the inverse of P, i.e. the Weyl fermion

propagator. The vanishing of ¢; (md(QDJr)) is therefore a necessary condition for the existence of a
well-defined partition function.

15This is what D. Quillen has proved for a Cauchy-Riemann operator over a Riemann surface. We are not aware of
a general proof of this theorem extending to all the cases considered here. We are therefore assuming its validity in the
present context, validity which is on the other hand rather plausible, [10], and heuristically supported by the results in
quantum field theory.
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4.3 Closing the circle: obstructions and anomalies

We have just seen that, in a Euclidean d-dimensional spacetime M, the obstructions to the existence
of a Weyl fermion propagator (i.e. the existence of the inverse of J§+, for instance), is contained in the
class

ch(V) - A(TX) (118)

where X = MEA. The question is now: where is the connection, if any, between the just outlined
mathematical approach, based on the obstruction concept, and chiral gauge anomalies? The answer
is: the connection is in the topology of the classifying space. It is now time to establish this relation.
The exposition becomes now inevitably more abstract and we will have to assume some results without
(even an attempt of a) proof.

For simplicity we consider the pure gauge case. It corresponds to taking (118) with A(TX ) = 1.
Then recall that G = Aut,(P) in reference to the principal fiber bundle P(M, G), that A — A/G is

a principal fiber bundle with structure group G, (109), that % — MEA is a principal fiber bundle

with group G, (110), and, finally, that 22%4 is a fiber bundle over Q = % with fiber M (in the case

of G = Aut,(P), the bundle % reduces to M x é because the basepoint is not moved by a vertical
automorphism). Let us endow A with a connection w in the fiber bundle A — A/G (see Appendix
12A of |40]| for further details). Then we can define a connection 7 on the G bundle P x A over M x A
as follows:

v (X,Y) =V (X) + V(w(Y))p, XeT,P, YeTIyA (119)

where V' is a connection in P and w a connection in 4 — A/G. To render this construction less abstract
let us notice that, looking at the definition (119), if we restrict 7 to the orbit of G we obtain n = ev*V/,
where ev : P x G — P is the evaluation map introduced in section 4.1.

This connection descends to a connection 7’ on the fiber bundle (110)

G PxA (120)

g
XA

g

M

We can therefore introduce the curvature F,, of ' and express ch(V) in terms of it . Since the Chern
character can be expressed as a polynomial in the curvature, the relevant piece for dimension d will
take the form P, (F,,...,J,), where n = % + 1 and P, is an ad-invariant (reducible or irreducible)
polynomial for the group G. Now let us recall that, in the definition (119) of the connection 7, the
connection V' in P, can be obtained from the universal connection v (with curvature F,) via a map
f :P - EG V = f*n. In the same way also w, the connection in A, can be pulled back from the
same universal connection via a map f: A— EG: w = f*v. Therefore there exist an overall map
fx = (f, 12) : P x A — EG, such that n = f;n (for a more detailed discussion of 7 and 7/, see Appendix
12A of [40]). Therefore

Po(Fy, ..., Fy) = fxPu(Fy, ... Fy) (121)

The LHS then descends to P, (F,y,..., ) on (120). Remember that P,(Fy,...,Fy,) is a closed form
in EG that descends to a closed form in BG, which represents a non-trivial cohomology class of the
classifying space.
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Now, we know that, via the evaluation map and the transgression formula, we can extract from
this class a corresponding chiral anomaly, which is given by iyT'P, (V). This can be seen directly from
the transgression formula ensuing from (121)

1
TP,(n) :n/ dt Po(n, Fy, ..., Fp), (122)
0

which splits in components of order (2n—p—1,p) in P and A. The (2n—1,0) is precisely TP, (V). We
also know that any local chiral anomaly takes this form and originates from a class in BG. Therefore
we see that consistent gauge anomalies and obstructions to the existence of a Weyl fermion propagator
coming from the index theorem, are rigidly connected™® The added bonus of the family’s index theorem
is that it supplies the precise numerical coefficients of the irreducible polynomials and the product
of reducible ones (see (106) for the case of spin 1/2 7). This allows us to cope with the problem of
anomaly cancelation in general.

4.4 Anomaly cancelation: another look

In the light of the previous results it is worth at this point to return to the issue of anomaly cancelation.
In general, absence or cancelation of local anomalies takes place:

e (A) in gauge field theories or sigma models in which the gauge group G has vanishing ad-invariant
tensors in the relevant representations. Consistent anomalies are determined by ad-invariant
polynomials P, or by the corresponding ad-invariant tensors ¢*%» with a specific coefficient
depending on the representation of the matter fields involved. In many simple groups some of
these tensors vanish identically. This is the case, as far as the polynomial Pj is concerned, for all
simple groups except SU(N), for N > 3. This cancelation occurs at the very origin, in the sense
that the form Ps(F(v), F(v), F(v)), where v is the universal connection, identically vanishes in
the classifying space. Even in groups where these tensors are non-trivial it may happen they
vanish depending on the representation of the fundamental fields. A well-known example is the
case of matter in the adjoint representation in 4d.

e (B) in gauge field theories or sigma models with different species of fermion fields, which are
separately anomalous, but, when put together in the same theory, the coefficients of the various
consistent anomalies sum up to 0. The standard model of particle physics is an example (see
above).

The absence of anomalies in the SM is due to a combination of (A) and (B).

e (C) there is also a third case, where chiral anomalies due to elementary fermion fields do not
cancel completely, but cancelation may take place thanks to other fields in the theory. Such fields
are endowed with transformation properties that allow them to cancel the original anomalies of
the theory. This is the case of the anomalies canceled by Wess-Zumino terms, or the case of the
Green-Schwarz mechanism, vastly used in target space field theories derived from superstrings.

16 The reader should not be misled by the fact that the family’s index theorem is formulated for a compact manifold
M while local field theory is formulated in a local patch. As explained above in section 4.1 the link between the two is
natural in the framework of classifying space. The BRST cohomology, that is the cohomology of anomalies, is the same
as the deRham cohomology of the classifying space, whose geometry encompasses all compact manifolds.

For other cases, for instance, for spin 3 /2, we need appropriate modifications..
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4.4.1 Other anomalies?

The family’s index theorem of an elliptic operator (like Dirac-Weyl operator) signals the obstructions
to the existence of an inverse (the propagator). So far we have considered the obstructions related
to the (d,2) component in P x A, see (115). We have seen that this obstruction is linked to the
non-triviality of the Quillen determinant. There are other components on the RHS of (115). In (118)
there are forms of any even degree 2,4.6,8,... In d = 4 it is reasonable to disregard the forms of order
2,8,10,... for dimensional reasons'®. We know that chiral gauge anomalies come from the form of degree
6. But what about the degree 4 forms? These forms may in principle couple to the theory. What is
their meaning? There is no literature on this subject, but this does not mean that we are allowed to
casually shrug off an explanation.

Then let us focus on the (d,0) component, for d = 4. There are components coming from the
A-genus and from ch(V). The first gives a term 192%tr(RQ), the second (in the non-Abelian case)
a term #trF 2. What can be the meaning of these two terms? The geometrical meaning of the
(d,0) component in P x A could be the ‘virtual’ rank of the index bundle, as one can deduce from
the formulas (113) and (114). Let us elaborate a bit on this argument. The index, (112), is a local
mathematical object that represents an asymmetry between the kernel of 315+ and the kernel of P~ . As
long as this asymmetry is non-vanishing it represents a threat to the existence of the propagator (and
the theory). The above-mentioned densities (of the Chern and Pontryagin classes) are an additional
hazard beside the ones contained in the (d,2) component (in P x A) of the index, which give rise to
the consistent chiral anomalies.'® This is the mathematical side of the problem. It is to be expected
that such a problem will show up also on the field theory side. A physical interpretation is needed.

In specific gauge field theories that couple to a metric, beside the gauge potentials, there is a
quantity that naturally couples to the above mentioned odd-parity densities: it is the trace of the
energy-momentum tensor of a theory of chiral fermions. The corresponding trace anomalies are not
obtained via the transgression formula from the universal bundle like the chiral consistent anomalies
(the way we have illustrated above), but are pulled back directly to the spacetime M via the classifying
map. On the basis of our experience with quantum theories, the correspondence of quantum numbers
(form degree, dimension, parity, Lorentz covariance) is perfect and, barring the presence of a symmetry
that forbids it, a non-vanishing coupling has to be expected.

This will be confirmed in the sequel, but before proceedings along this line of analysis we need an
introduction to diffeomorphisms, Weyl transformations and related anomalies.

Ref.:[6, 10, 30, 31, 94, 104, 138]

5 Grayvitational anomalies

When gravity comes into play the main character becomes the metric g,, (2) and a fundamental sym-
metry becomes the symmetry under diffeomorphisms. The latter correspond to the general coordinate
transformations z# — x# + £#(z), where {#(z) are generic infinitesimal smooth functions of the coor-
dinates. They act on the metric as follows

5£9uu = D,& + DyE,, §u= glwgy (123)

'8But a careful investigation of this point is still lacking.
9The integration over M in (113) should not mislead the reader: for some M this integral may vanish, but, we should
never forget that, in the spirit of locality, such formulas as (113) hold for any M (see discussion after (92).
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D, is the covariant derivative: D,§, = 0,§, — F;\WQ, and Ff\w are the Christoffel symbols.
The basic covariant geometrical object in this context is the Riemann tensor

Ry = OuI)y =0Ty + 10,175 = T0,T7, (124)
It is convenient to introduce a compact matrix-form notation for the Christoffel symbols
r={r,>}, T,)=d"T," (125)
and for the Riemann curvature tensor

1
R=dl +TAT, R = {R)}, R = do" Ada" Ry’ (126)

The product between adjacent entries is understood to be the matrix product.

The BRST transformations for the gravitational case are obtained by promoting the parameters
&* to anticommuting fields. The BRST transformations of g,, are the same as above, (123), but now
&P are anticommuting fields, which transform themselves as

N (127)
It is not hard to show that, due to this transformation, d¢ becomes a nilpotent operation:
5 =0 (128)

This is the coboundary operator for diffeomorphisms. It defines the corresponding cohomology problem,
analogous to the one defined above for gauge theories.
In the sequel we will be interested in fermions ¢ interacting with gravity. The relevant action is

Slg, ] = /ddx g iy (D, + %wu)d) (129)

where y# = e, and el are the vielbein (p, v, ... are world indices, a, b, ... are flat indices). w), is the
spin connection:

ab
Wy = w), Yab

where X, = 1[va, ] are the Lorentz generators. In eq.(129) 1 is a generic fermion (Dirac, Weyl or

Majorana). A right-handed Weyl fermion will be more explicitly denoted ¢ = 1+27*w, where v is a
Dirac field and v, denotes the chirality matrix (in 4d it is 7s).
A fermion field transforms, under diffeomorphisms, as

o = EHopp, (130)

and it is easy to prove that (129) is invariant under diffeomorphisms.
Classically the energy-momentum tensor

2 Slg] i— © i 1 1
e %59#1/ = ZZZWMVMZJ +{p e vi— 577;w¢7 (Du + §Wu)¢’ V=D, + me (131)
is both conserved on shell and traceless, i.e.
D'T(x) =0, Tj/(z) =0 (132)
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The first condition follows from diffeomorphism invariance, the second from invariance of (129) under
the Weyl transformation

OwGpn () = 2(2) gy (7) (133)

where w(z) is an arbitrary infinitesimal parameter.

The presence of fermions in a theory carries in the game also another local symmetry, the local
Lorentz symmetry.  Since it will play a marginal role in this review we limit ourselves to a short
mention. Local Lorentz transformations on a spinor ¢ are defined by

1
onp=—;AY, A= YapA® (134)
where A%(z) are arbitrary infinitesimal parameters, antisymmetric in a,b. This implies
1
dawy, = O\ + §[wu,A] (135)

On the vielbein ), the transformation is daej, = A“bez. Like for other symmetries we will promote also
Agp(z) to an anticommuting field, denoted by the same symbol, and endowed with the transformation
property daAqp = —Ag°Agp. With this property 5 becomes a nilpotent operation: §3 = 0. Consistency
requires that d¢Ag, = 40, Ay and 0pEH = 0, which implies that

(6c +64)% = 0. (136)

A pause is necessary at this point to make an important recall. In quantum field theory we have
normally to do with several symmetries of the action simultaneously, and it does not make sense to
to analyse the anomalies of a single symmetry disregarding the others. For the sake of simplicity let
us consider two symmetries, which we shall refer to as R and S (for instance vector and axial gauge
transformations, or diffeomorphisms and local Lorentz or Weyl transformations). Let dr and dg be the
corresponding coboundary operators. They are functional differential operators linear in the relevant
ghost fields, and satisfy

(Or+0s)* =0 (137)
(see for instance (136)), which splits into
6% =0 62=0, Opds+0s0r=0 (138)

A cocycle of g + dg is in general an overall cocycle, i.e. the sum of two integrated local expressions
Apgr and Ag such that

(Or +ds) W = Ap + Ag (139)
Therefore

(6r +0s) (Ar +As) =0 (140)

38



This equation splits into three distinct ones
OrAR =0, 0sARr + 6rAg =0, 0sAg =0 (141)

In all known cases so far one can find a local expression of the fields (excluding ghosts), C, such that,
for instance, Ag = 0rC, and we can redefine W — W’/ = W — C, so that

SrW' = AR =0 (142)
(55W’ = AS — 53C = Afg (143)

That is, in all known cases, the anomaly cocycle can be cast in the form that violates only one symmetry.

After the previous technical introduction, it is perhaps useful to give a glance at the anomalies
related to diffeomorphisms and Weyl transformations that are in store for us.

Consistent diffeomorphisms and local Lorentz anomalies have the same form as the gauge anomalies
introduced in section 2.3, in particular in formula (48), with V replaced by I' or w, F; replaced by R; or
R;, and X\ by Z*, = 0,&* or A, respectively??. It is not worth spending more space for these anomalies
because in 4d they almost all vanish due to the mechanism (A) explained above: the corresponding
irreducible ad-invariant symmetric polynomials vanish identically, as already pointed out after the
table (49)). When the relevant polynomial is reducible, however, we may come across a non-trivial
anomaly. This may happen with mixed gauge-gravity anomalies. We shall deal with them in due time.

There is another type of diffeomorphism anomaly which arises as follows. The transformation of
the Christoffel symbol can be written in the following compact form

(55Fp>\ = (igd + dig)rp)\ +d=\ + [T, 2" (144)

From this and similar formulas it is evident that any diffeomorphism splits into two parts: one looks
like an ordinary gauge transformation, the other corresponds to the Lie derivative L¢ = i¢d + di¢. The
first transformation gives rise to the just mentioned consistent chiral anomalies, formally similar to the
gauge anomalies. The second can also give rise to cocycles of the form

Aqglg, B] = /ddx\/ga-gB (145)

where B is a local expression of the fields that transforms like a scalar: 6¢B = £- dB. This cocycle
is consistent and, usually, has a Weyl anomaly partner, and form with it a non-trivial cocycle of the
coupled cohomology, see below.

Finally we have Weyl anomalies. We have already introduced the Weyl transformation, (133). For
instance, it induces the following transformation for the Christoffel symbols

8T, = 0uwd) + 0w — gug " pw (146)

Promoting w(z) to an anticommuting field the Weyl transformation becomes nilpotent, §2 = 0, and
defines a coboundary operator with relative cohomology. We cannot tire to stress again the utmost
importance of studying the joint cohomology defined by the coboundary operator d¢ + 4.

The possible non-trivial cocycles of §,, with vanishing diffeomorphism partner in 4d are well-known,
they take the form

Alg,w] = /d4x gw T[], dwlAlg,w] =0 (147)

R is defined by R = dw+ } [w, w], it represents the matrix-form R = {R} and it is related to R by R*, = e R% ey,
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where the density T'[g](x) can be the quadratic Weyl density
W? = Ryp, RN — 2R, R™ + %RQ, (148)
the Gauss-Bonnet (or Euler) density,
E = R0, R — AR, R" + R?, (149)

and the Pontryagin density,

P= (‘glw“,V/RuuApRu’u’/\p)- (150)

DN | =

Other possible cocycles have densities
Te[V] = Fu F*, (151)
and
To[V] = " F,, Fy,. (152)

where F),, is an Abelian field strength, and analogous expressions for the non-Abelian case (a gauge
potential is invariant under Weyl transformations in 4d). Other even trace anomalies will be introduced
and discussed in section 17.

A Weyl (or conformal) anomaly is the nonvanishing response of the path integral under a Weyl
variation:

SWlg = —Au, A = / P JGo(@)T() (153)

where T'(z) is the trace of the energy-momentum tensor

5
gt (z)

T(x) = g"" () Wig]. (154)
A, must take the form of a linear combination of the above cocycles.

In a theory like (129) all the above trace anomalies may show up. But in the sequel we are principally
interested only in those that signal the non-existence of the fermion propagator (the dangerous ones).
For instance, the even-parity anomalies show up in many theories (for instance, in a Dirac fermion
theory) in which no doubt the fermion propagator exists. These anomalies are interesting for other
reasons, but they do not signal any breakdown of the well-definiteness of the theory. For the time
being we will focus only on the others, analogous to those that impair gauge theories. On the basis of
the above discussion on the family’s index theorem we expect them to appear in chirally asymmetric
theories (because the family’s index for a self-adjoint operator vanishes identically).

Ref.[11, 4, 15, 30|
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6 Trace anomalies

Historically chiral anomalies were born out of ambiguities. The conservation of a chiral current turned
out to be tied to an ambiguous integral. Finally it was decided that it is not wise to freely shift an
integration variable in a divergent integral. And the ABJ anomaly was born. For trace anomalies
ambiguities are even more abundant and subtle than in the chiral case. It is imperative to have them
in mind and try to resolve them before plunging into calculations.

One first ambiguity is in the classical definition of the e.m. tensor. As an example consider the
action of a Dirac fermion coupled to a metric and an Abelian vector field

_ 1
S = /d4x GipAH <Dﬂ + 5w iVu> Y (155)

with the usual notation. The vector current is j, = ﬂfyuw and for the stress-energy tensor we may
take

71— & 1 .
T;UJ = Zwr}/uv”d} + {M A V}7 VM = DN + 5&]# - ZVIU‘ (156)

They are both conserved on shell and T}, is also traceless on shell. There is in fact another
definition of the e.m. tensor, which corresponds to the general formula

2 48

Tyw(z) = N (157)
and, from the differentiation of the /g, in (155) leads to
~ i— i & \
Ty = in;Lvuw +(p e v)— g,twil/)’y VY =T — g1, (158)

which is also conserved and traceless on shell. This ambiguity in the definition of the e.m. tensor gives
rise to an ambiguity in the definition of the trace anomaly (as well as of the diffeomorphism anomaly).
Such an uncertainty is in fact resolved by the definition (161) below: thanks to it, the second term
of fuu drops out. For this reason, in the sequel, we will proceed with (156). But let us comment on
(161).

The perturbative effective action corresponding to the classical action (129) is expressed in terms
of the metric fluctuation h,,, where g,, = 7 + byt

Wlgl = W[0]+ Z onp /H ddxi Vg(@i) WY (i) 01T Ty, (1) - - T, (20)]0) (159)
n=1 Y=l
from which we can derive the full one-loop expression of the e.m. tensor
SWh] = " LA v
<<Tm,(a:)>> = 25hl‘“’($) = Z ong Hd T/ g(xz)h ' Z(xi)<0|TTuu(m)Tu1u1 (xl) c 'Tunun (‘Tn)|0>c
n=1 Y=l

(160)

To eliminate the above ambiguity as well as others, our definition of trace anomaly in the pertur-
bative case will be the following: if T}, is the stress-energy tensor of a theory, the trace anomaly is
given by the difference, [71, 72],

9" (T (@) = (9" T (2))) = Tlgl(x) (161)
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Thanks to this formula, the second term of T\W drops out. In addition, the field operator T}/ (x)
vanishes on shell, while in the case a theory contains a conformal soft breaking term (a mass term, for
instance) T} (z) # 0 even on shell. The second term of (161) is certainly present in such a case and
the subtraction in (161) is needed in order to exclude this unwanted term from the anomaly.

This is also connected to a notation problem: the difference between the two definitions of the e.m.
tensor can be reproduced in the definition of the corresponding effective action by inserting or not the
factor \/g(x;) in the integral [ d9x; of such formulas as (159), (160) and similar ones. Precisely, when
this factor is inserted one should use T\W, while, if it is not inserted, the definition is valid for T},
Henceforth we shall be using such simpler version of the effective action.

But this is not all concerning the definition (161). As a matter of fact, as we shall see, the just
mentioned term is non-vanishing in many other instances and in subtler ways.

The trace anomaly is a violation of the classical tracelessness condition T}, (z) = 0. It should be
kept in mind that these equations are all valid on shell, while off-shell they do not hold in general.
Off-shell T}/ (x) is a non-vanishing quantum operator. Another important point to be kept in mind is
that, in terms of representations of the Lorentz group, T),,(z) is a reducible tensor of which the trace
T//(z) is an irreducible component. In the expression of the effective action the latter is coupled to the
field h(z) = hi;(x). Likewise, the amplitude (0|77} (x)®(y)¥(2)|0), where ® and ¥ are generic Lorentz
covariant fields, is an irreducible component of (077}, (z)®(y)¥(2)|0). Much as we do in field theory
when we compute quantum form factors, the former amplitude cannot be computed as a particular
case of the latter, but must be computed independently. There are several examples where, when
calculated with Feynman diagrams, the amplitudes (0|77} (z)®(y)¥(z)|0) and n**(0|7,,®(y)¥(z)|0)
are different, see [40].

There are also other reasons that forbid us to merge the two terms of (161), due to the connection
with other amplitudes. For instance, the Feynman amplitude corresponding to the second term is
the same as the amplitude of the Kimura-Delbourgo-Salam anomaly, which appears in the current
divergence of chiral fermions. Therefore we have to live with the trace anomaly (perturbatively)
defined (at the three-point level) by the difference

1" (O T Ty ()@ (y) U (2)[0) — (O] TT} ()@ (y) ¥ (=) 0) (162)

This difference means in particular that the (regularized) effective action has discontinuities: differ-
entiating it with respect to h,, and then saturating the result with 7,, may not be the same as
differentiating it with respect to h(x) = hl,(x), which is the conjugate source of T}, (z).

One may ask what its physical meaning is. The reason for taking the difference in the LHS of (161)
is that two correlators may in general contain extra terms which have nothing to do with the anomaly.
These terms are

e possible soft terms that classically violate conformal invariance;

the term in*1@ in the modified definition of the e.m. tensor;

the semi-local terms in the conformal WI;

possible off-shell contributions to the anomaly: the derivative of the effective action with respect
to hy, contracted with n*”, or the derivative with respect to hli, do not automatically vanish
off-shell. In fact the operator T}, identically vanishes on shell, therefore its contribution can only
be off-shell. This means that in formula (161) the off-shell contributions to the anomaly are
subtracted away. In other words the trace anomaly (161) receives only on shell contributions.
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All these extra terms cancel out in (161).

The definition (161) of the trace anomaly refers to the perturbative approach. In the non-
perturbative approaches of the heat kernel type the trace anomaly is simply the response of the
effective action to a Weyl rescaling of the metric?'. The connection of the two definitions is not
simple, in the non-perturbative cases it is hard if not impossible to separately evaluate the two terms
of this definition. However, at least intuitively, we know that the anomaly, if any, appears precisely
when the kinetic operator is not invertible, that is precisely when the theory is exactly on shell, which
corresponds to our previous interpretation. In all cases considered the two approaches lead to the same
(final) results. We may nevertheless ask: why is it that in the perturbative calculation we need to com-
pute two separate terms? As we have noted before the perturbative approach starts from the lowest
order of the perturbative cohomology, because higher order calculations are more difficult and often
inaccessible. Now the lowest order perturbative cohomology is a much looser mathematical structure
than the full BRST cohomology. The former has plenty of non-trivial cocycles, while in the latter
non-trivial cocycles are very limited in number. The definition (161) is designed to channel the lowest
order perturbative results in the right track so as to coincide with the non-perturbative approaches.
In a more formal language one can say that in the perturbative cohomology each term of (161) is
separately unstable, while their difference is stable.

After this long introduction let us show a few examples of odd-parity trace anomalies.

6.1 Gauge-induced odd-parity trace anomaly of a Weyl fermion

We refer to the action (155) with the fermion 1 being a right-handed Weyl fermion, 1) = ¢, coupled
to an Abelian vector potential. This time we wish to compute the trace of the quantum e.m. tensor
on the basis of the definition (161). To this end the relevant objects are the classically conserved and
traceless (on-shell) energy-momentum tensor

1
Swu+Vy (163)

T<R>—3$ Votr + {1 o v} V,.=D,+
v _4 RPY,LL v¥R 2 ) Mo H 2

and the classically conserved current Jg, = i rRYu¥R- For a quantum evaluation we must refer to the
effective action

0 n+7“ 1 n
WiV = Wi+ Y L / [[ari (o dele () Vi, ()
n,r=1
0T (21).. .fﬁzn (@n)i% (1) - - 5% (y)]0) (164)

The one- and two-point functions do not contribute to the trace anomaly we wish to compute. What
we have to find therefore is the relation between the (odd-parity) trace n*¥ (0|7 Truw(x)jrr(Y)Jr,(2)|0)
and the (odd-parity) correlator <O\TT§M(J:)]'R,\ (¥)irp(2)]0). The Feynman rule for the vector-fermion-
fermion vertex Vs is i, Pgr and the graviton-fermion-fermion vertex Vj s is

—é ((p =1+ (0= 1)) Pr (165)

where p,p’ are the fermion momenta, one entering the other exiting. The fermion propagator is the
usual one??. We have to compute a triangle diagram in which we associate an incoming momentum

2Tn the heat kernel method we differentiate the square kinetic operator and ignore the /g factor in the action, thus
the e.m. tensor we are dealing with is (156).
221t is understood that we have added to the action a free left-handed fermion in order to have a well defined propagator.
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q to Tg#(az) and outgoing momenta ki, ko to the potentials coupled to the two chiral currents, thus
q=Fk1+ ko.
The expression for <0|TT§ ()jrr(v)jRp(2)|0) is

1 d*p 1 1 1
=3 | Gt [WP%—MPP%—%I—W” ~9Px (166)

1 [ d'pd’l P Pk p—d-+/
= 3 t 2p+2f — ¢)P
2 / (277)4+5 r{p2 _gQﬁY)‘(p_ k1)2 —52%)(]9— q>2 —52( Zﬁ‘i‘ t ﬂ) R
The second line is the regularized integral obtained with the adjunction to p of a momentum ¢ along

0 extra dimensions. To it the cross term must be added. Evaluating the integral after a Wick rotation
yields

T (ko)

F(R)p ( )u
Tnp' (R k) + (ke ) odd 2472

This is the result for (O\TTgu(av)jRA(y)jRp(z)]0). In an analogous way we get

1 [ d'pd’t — ¥ —
2 / (2711'))4” " {p2 Zj 27 —pkﬂ)zl— 27" —pq)f— - WDR}
= el (168)

—— ek kS, (167)

+ cross
odd

which gives the odd-parity part of 9" (0|7 Tru(2)jrr(v)ir,(2)]0). Therefore, after returning to a
Lorentzian background, we get

9" (TR ()

The non-Abelian version of this result is

P TR @) = = ey V() VP (2) (169)

odd odd 9672

Alodd ) — 33 4 s Euptr(FI F) (170)

This is the gauge-induced odd-parity trace anomaly for a right-handed Weyl fermion. For a left-handed
Weyl fermion the only difference is the sign in front of 75 in the initial formula (166). Therefore the
only change for the odd-parity part is an overall sign:

Alodd,L) mﬁaﬂmptr(f”ﬂ”w) (171)

In fact we have not justified the cubic and quartic terms in (170) and (171), which would require the
evaluation of higher order amplitudes. They will be derived more confortably with non-perturbative
methods.

6.2 Gravity-induced odd-parity trace anomaly of a Weyl fermion

Let us consider the case of the action (155) for a right-handed Weyl fermion ¢ = 1r coupled only to
a metric (V,, = 0). The effective action is

W(R)[g] — +Z2n '/Hddx hFVi(2) (0| TT, /Wl( 1) .- ;fgn(xn)]0>

(172)
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Our task is to compute multi-point amplitudes of the e.m. tensor. To start with, from the action we
have to extract the Feynman rules. We write it down more explicitly as follows

e e
S = z+/|g| 27#)1%7 0uVR 1 WuabVRYYV5YR (173)

where it is understood that the derivative applies to 1z and g only. We have used the relation

{,ya7 Ebc} — i&ade’Yd’Yg).
Now we expand

€ =0y + X+ el =0+ xh+ ..., and gy = N + b + ... (174)

and make a local Lorentz gauge choice by dropping the antisymmetric part of the vierbein. Inserting
these expansions in the defining relations ezef =0y, Gu = ezegnab, we find

Xh=—xt and Py = 2 X - (175)
Let us expand accordingly the spin connection:
Wyab ghabe _ _ pabe O Xax X{,\ + ... (176)

Therefore, up to second order the action can be written (by incorporating /|g| in a redefinition of
the ¢p field.)

~ 4 i o o 3 2\p \ o5 as 1 pabe AT
S~ [ dx 3 SH— x4 §(X vy oL + 1€ OpXax Xp YL Ye15YL
As a consequence the Feynman rules are as follows (momenta are incoming and the external gravi-
tational field is assumed to be hy,). The fermion propagator is the usual one as before. The two-
fermion-one-graviton vertex (Vyyp) is

—é (2 =P + (0= 0')ov] ! z%’ (177)
There are two two-fermion-two-graviton vertices: Vigpp,
3i . .
6*4[((1“19 )iV Mo + 0+ ") p Yo e + {1 <> v}) (178)
+ (0 + 2wy + @+ 1) i + {1 < V'}) } %
and fohh
etugrak — Ky T (179)
where
buvp'v kh = N Evvieh + Mo €ppieh + N Evprieh + Mo €t (180)

and the graviton momenta k, ¥’ are incoming.
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Let us come next to the explicit calculations. Like in the previous calculations the lowest order con-
tribution to the odd-parity trace anomaly can be proven to come from the three-point e.m. amplitude.
In a careless approach this does not seem to make sense, because a well-known result of CF'T states
that a conformal odd-parity three-point function (0|7 Ty ()T} (y)Tas(2)][0)(°D) vanishes identically
for algebraic reasons. Therefore, at the lowest perturbative order, we can write

0" (L (@) " = 0, (181)

as can be proven also by a direct calculation. However according to the definition (161) we must
compute also the second term with one insertion of a trace of the e.m. tensor.

Here, at variance with the previous examples in this review, the Feynman diagrams to be calculated
do not reduce to a single triangle diagram. Due to the existence of the four-legs vertices (178) and
(179) there are also two bubble diagrams. They are obtained by joining two vertices, Vi, (on the
left) and Vi, or Vigpy (on the right) with two fermion propagators. The incoming graviton in Vi
has momentum ¢ and the two outgoing gravitons in Vi, or Visn, are specified by ki, {¢, v} and
ko, {p', '}, respectively, with ¢ = k1 + k2. The two fermion propagators form a loop. However these
diagrams turn out to give a vanishing contribution to the anomaly. Therefore let us focus on the
triangle diagram

The triangle diagram with three e.m. insertions is constructed by joining three vertices Vs, with
three fermion lines. The external momenta are g (incoming) with labels « and 3, and k1, ks (outgoing),
with labels u, v and p/,v/, respectively. Of course ¢ = ki + ko. The internal momenta are p, p — ky
and p — k1 — ko, respectively.

Employing the above Feynman rules of the chiral fermion coupled to an external gravitational field,
we can write down the Fourier transform of the three-point e.m. tensor amplitude Flodd) (k1, k2).

prp'v'ap
Contracting o and 3 and moving Pg to the rightmost position??, the correlator we are looking for is

- ~(odd)a ( _k)
Trthroe) = T80, k) =~ [ b [ L= b+ oo m)| P20

(p — F1)?
(p— ¥ — k) 1+
bn e h (5}
(182)

1 dp

x [(2p — 2ky — ko) (W < V)]

which is evidently divergent. We dimensionally regularize it in the usual way. The calculation is
lengthy. Finally, after adding the cross term one gets

T (tot) anB 2 2 (21)
Tl (k1 h2) = =2 ek (08 + K3 + k1 k2) tupirtas — ) (183)
where
tfi,llz/l,/,i)\ = k2uk1u’5yu%/\ + kQVklu’eu,u’n)\ + k2uk1y’5y;ﬂﬁ)\ + k2l/k:1u/8;,LV//€A (184)

To simplify the derivation we shall set the external lines on shell, k¥ = k3 = 0. This requires a
comment.

23 This is, in this case, the simplest prescription, but by no means the only one. In [40] it is shown that the position of
s is irrelevant for the final result provided we use the same prescription also in computing the diffeomorphism anomaly.
In other words, its position is in general irrelevant for the joint Weyl-diffeomorphism cohomology.
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Inserted in the formula for the effective action the term kf‘kg (k2 4 k3)tyuvap gives rise to the
cocycle Ay,

Ay ~ / d*z w "8, 0hS Ozhpa (185)

This is a consistent Weyl cocycle (at the lowest significant order), but it is not invariant under dif-
feomorphism transformations, and, of course, there is no covariant extension of it to all orders. In
such kind of situation this usually means that there is a partner cocycle of the diffeomorphisms, of
the type (145), that, together with (185), form a complete cocycle of the overall Weyl-diffeomorphism
cohomology. When this happens usually one can find a local counterterm that cancels one of the two
partner cocycles and modifies the other. There are plenty of such examples. But, in this case, if we
compute the odd-parity part of the divergence of the e.m. tensor, we find zero, as expected because of
the remark around eq.(181). We can view the problem also from another point of view, we can cancel
the cocycle (185) by subtracting from the effective action a counterterm

~ / d*z h e 00, hSO\R o (186)

where h = hf,. But this counterterm is not invariant under diffeomorphisms, therefore it would generate
a diffeomorphism anomaly. This means that at the lowest perturbative order the cross consistency
conditions for diffeomorphisms and Weyl transformations are not satisfied. This is not surprising,
because one can prove that on algebraic grounds the odd part of the three-point conformal amplitude of
the e.m. tensor vanishes identically. In other words, due to algebraic contraints, the usual cohomology
machinery for the two joint symmetries cannot work, at least at the lowest perturbative order (the
three-point function).

A way out is to compute higher order diagrams (the four-, five-,... point function may have a
nonvanishing odd part) or resort to a nonperturbative method. The first alternative is rather imper-
vious, the second more accessible and in fact we will exhibit a nonperturbative derivation of this trace
anomaly later on. But there is also a way to utilize the result (183) relying on the fact that should
we be able to go beyond the lowest order calculation the rupture of the machinery would disappear.
What we have to do is to render the term (185) irrelevant for the derivation of the final result. This
is the rationale of putting the external lines on shell.

6.2.1 On shell conditions

Putting the external lines on shell means that the corresponding fields have to satisfy the eom of
Einstein-Hilbert gravity R,, = 0. In the linearized form this means

DXy — 0u0axs + 0uOrXy — 0uduXx =0 (187)

We also choose the De Donder gauge: T’ f;l, g" = 0, which at the linearized level becomes 29, x\ —O\x} =
0. In this gauge (187) becomes

OXp =0 (188)

In momentum space this implies that ¥ = k3 = 0. But this is not simply an ad hoc trick. We
are in fact defining a restricted cohomology of the diffeomorphisms and the Weyl transformations: a

47



cohomology defined up to terms [h,, and [JE#. This is a well defined cohomology, under which we
have, in particular,

0e (20,xy — Oaxth) =206~ 0 (189)

i.e. in this restricted cohomology the De Donder gauge fixing is irrelevant. Similarly, the term (185)
remains null after a restricted diffeomorphism transformation, so it does not play any role in cohomlogy.
The restricted cohomology has the same odd class (the Pontryagin one) as the unrestricted one, i.e. it
completely determines it (this is not true, for instance, for the even-parity classes).

6.2.2 Overall contribution

The overall one-loop contribution to the trace anomaly in momentum space, as far as the parity-
violating part is concerned, is given by (183). After returning to the Minkowski metric and Fourier-
anti-transforming it, we can extract the local expression of the trace anomaly, by replacing the results
found so far in (160). The result, to lowest order, is

i

<<T/l; ($>>> (0dd) s — 768712

ghvAp (Qﬂghl O\O-hy — 0,05, 8,\8”th) (190)
The factor in front is due to a factor of 8 that comes from the coefficient ﬁ with n = 2 in the
denominator and a factor of 8 in the numerator because the Fourier transform of the three point
function of the e.m. tensor is 8 times T,,,,,708(k1, k2); another factor of 4 in the numerator is due to
the symmetry of the tensors ¢ and ¢! in (183), which yields four times the same term. Comparing
with the expansion

"M Ry Rypor = €™ (0,05X% 030aX5 — OuOo X5 020" Xap) + --- (191)
we obtain
odd) __ i 1 DN oT
<<T5(l‘)>>( ) = 776871'2 5 et pRuV R)xpafr (192)

Now applying the definition (161) and recalling (181), we obtain the covariant expression of the parity-
violating part of the trace anomaly

_ i 1 UUAp oT 1

= g2 3¢ R Rypor- (193)

Tlg)(x)

It goes without saying that a left-handed Weyl fermion has the same anomaly with opposite sign in
front.

Remark 1. On the basis of a not uncommon prejudice in the literature the previous result sounds
unexpected. It is sometimes stated that the theory of gravity is chirally blind, meaning that the
relevant charge, the mass, is positive, and is thus different from the typical case of a U(1) interaction.
However this is based on a misunderstanding. The coupling between gravity and matter is given by
the juxtaposition of the metric and the energy-momentum tensor, and the energy-momentum tensors
of fermions with opposite chiralities are different. Therefore it is to be expected that at some stage
differences might emerge between fermions with opposite chiralities in their interaction with gravity.
An obvious place where such differences may show up are the anomalies, and in particular the trace
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anomaly, because it involves precisely the coupling between the metric and the energy-momentum
tensor.

Remark 2. Contrary to what may seem at first sight the anomalies (271) and (273) violate parity,
but, due to the imaginary coefficient in front, do not violate time reversal. Therefore, assuming CPT
invariance, they do not violate C'P either. The imaginary coefficient means, however, that the quantum
effective Hamiltonian becomes complex, which thus becomes a source of possible violation of unitarity.

6.3 The KDS anomaly

It is not irrelevant to notice at this point a fact that has not been given the right importance in the
literature. Consider a Dirac fermion 9 coupled to a metric and vector potential V), like in (155). It is
invariant under the Abelian local transformation ¢ — €7 and V,, — V,,+~59,n. The corresponding
axial current js, = ﬂfmfygﬂb is classically conserved. Is it conserved in the quantum theory? Or is it
violated due to the gravitational interaction? To answer this question one has to consider the amplitude
(0-j5 T'T). The amplitude in question is the same as (182) with the factor (2p — ¢) replaced by ¢ and
Pr replaced by 5, and an overall coefficient é instead of ﬁ. If we rewrite ¢ = 2p — (2p — ¢), we
see that the second term reproduces the calculation of the previous subsection multiplied by a suitable
coefficient, while the term corresponding to 2p, once regularized, is easily seen to vanish. Therefore we

can conclude that

auj@t = 76872 EMVAPR,MVUTR/\pUT- (194)
This is the Kimura-Delbourgo-Salam anomaly, [96]. It is an anomaly of a Dirac fermion theory, that is,
of the ABJ type?* . This derivation of the KDS anomaly is an example of the rigid link that connects
chiral ABJ type anomalies to odd-parity trace anomalies. The same holds also for the gauge-induced
trace anomaly considered previously, see section 6.1, in a Weyl fermion theory, which is rigidly linked

in the same way to the standard ABJ gauge anomaly.

Ref.:[32, 33, 34, 39, 67, 96|

7 The standard model in a metric background geometry

We can now analyse the overall panorama of the new anomalies in the SM due to its immersion in a non-
trivial metric background. As mentioned before, the dangerous consistent diffeomorphism anomalies,
which might occur in the divergence of the e.m. tensor, vanish identically for group theoretical reasons.
But, as already pointed out, there may appear a mixed gauge-gravitational anomaly.

7.1 Mixed gauge-gravity anomaly

The action (155), with 1) = tp, is invariant under the local U(1) transformation V,, — V,, 4+ 9, A. The
relevant current j, = ¥rv,Yr is classically conserved and to find the corresponding anomaly, if any,

24 ABJ-type anomalies appear in theories involving Dirac fermions. A Dirac fermion can be decomposed into a sum of
one left-handed and one right-handed Weyl fermion. If the two Weyl fermions have consistent anomalies, the latter have
opposite signs. The consistent anomaly of the fermion is the sum of these two, thus it vanishes. The ABJ anomaly is
instead the difference of the two (the right-handed minus the left-handed one).
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we have to evaluate the amplitude (0-jr Tr Tr). The latter can be easily calculated with the usual
Feynman diagram. The final result is

0"jrn = {362 MR Ry por- (195)

Its integrated form is ~ Ag(\,g) = [ diz ) et /\pRW”RAPUT, which is a diffeomorphism-invariant

trivially) consistent Abelian gauge cocycle. This cocycle can take different forms, for instnace Ag(A, g
gaug

is equivalent to

Ag(€.g,V) = / d'x /gt (9,ET,) Fy, (196)

where F,, = 0,V, — 0, V,,, E represents the matrix =;7 = 9;§? and I', represents the matrix I'],.
They can be obtained from each other by subtracting a suitable conterterm.

This anomaly can also take the form of a (gauge-+diffeomorphism-invariant) Lorentz anomaly. The
reason is that all these cocycles descend from the same 6-form tr(RR)F of the classifying space of the
group SO(4) x U(1).

Let us see the effect of these mixed anomalies in the SM. Adopting the style of section 2.4 and
the notation X for the generic Lorentz generator, it is easy to see that the only a priori non-vanishing
possibility is

Table MSM mixed

e Ux Y xT*Y the trace tr (£?x) is non-vanishing, but it is multiplied by the total U(1) charge:
6(5) =3(5) =3 (=) +2(=3) +1=0.

The addition of sterile neutrinos to (1) does not alter this conclusion.

7.2 Do odd-parity trace anomalies cancel?

Next let us analyse the situation for trace anomalies in the SM. First, it is important to clarify that
these anomalies are relevant only when gravity is effectively coupled to the model. For, looking at the
effective action (164) one can see that any quantum contribution to the trace of the e.m. tensor is
multiplied by the metric fluctuation h = hl,. If the latter vanishes no quantum contribution from the
trace anomaly can affect the effective action. Therefore the previous anomaly analysis is completely
satisfactory if gravity can be disregarded. On the other hand, if gravity is assumed to interact with the
standard model via the minimal covariant couplings, odd trace anomalies may have significant fallouts,
as was pointed out before. Therefore it makes sense to study the conditions under which also these
anomalies cancel. Hereafter we broach this subject.

For odd-parity trace anomalies the cancelation takes place in any case if there is a perfect balance
between opposite chiralities, between, say, left-handed and right-handed components. From the above
we see that in the multiplet (1) there is a balance between the left-handed and right-handed components
except for the left-handed v..
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Table MSM trace-gravity

e Therefore the multiplet (1), when weakly coupled to gravity, will produce an overall non-vanishing
(imaginary) coefficient for the Pontryagin density in the trace anomaly.

This breakdown is naturally avoided if we add to the above SM multiplet other Weyl fermions
(for instance a right-handed sterile neutrino) so as to produce a chirally symmetric model without
compromising the cancelation of the chiral gauge and gravity anomalies.

The analysis concerning gauge-induced odd trace anomalies, see (170), is more complex. First
of all we have three types of such anomalies, constructed with SU(3),SU(2) and U(1) gauge fields,
respectively.

Table MSM trace-gauge

e We have six units of the anomaly (170) with curvature F = F**®) and six units with opposite
sign. Therefore the multiplet (1) is free of these anomalies.

e We have instead 4 units of the same anomaly with gauge field F = F*“(2) and positive sign, see
(171), computed in the doublet representation of su(2).

e Finally we have a U(1) gauge-induced trace anomaly with vanishing total coefficient: 6 (%)2 —
2 2 2 2
3(5) =3(=3) +2(=3) —(=1)"=0

The addition of sterile neutrinos does not change these conclusions. The SU(2) gauge-induced odd
trace anomalies do not cancel in the MSM.

Ref.: [157, 40]

8 A metric-axial-tensor background

Before passing to the second part of the paper, we would like to complete our description of the anoma-
lies relevant to the SM, by showing how to compute the previous trace anomalies in a non-perturbative
way, via the SDW method. To this end we enlarge the background geometry by introducing the
metric-axial-tensor (MAT) gravity. It is a generalization of Bardeen’s method for gauge fields to the
gravitational environment. It must be said that this extension is not strictly necessary to derive the
final results, but, in view of the ambiguities scattered in this type of computations, as pointed out
before, this expedient is a good bookkeeping device, certainly less exposed to blunders than the direct
method, and, anyhow, it introduces in gravity theories a richer formalism susceptible of new unexplored
applications, as we shall see in the second part of the paper.

8.1 Axial-complex analysis and geometry
Axial-complex numbers are defined by

a = a1 + ys5a9 (197)
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where a; and ag are real numbers (a; is called axial-real and ag axial-imaginary). Arithmetic is defined
in the obvious way. We have a natural conjugation operation & = a; — y5as.

We shall consider functions f (z) of the axial- complex variable ¥ = x1 + 522, as well as functions
of several axial-complex variables Z# = x| + y525. We can easily define derivatives:

0 (00 0 L(o 0 9s)
oir 2\ 02" " Poal ) 57" a2~ ol
Notice that for axial-analytic functions (that is, functions defined by their Taylor series expansion)
d 0 0
—=—= 199
dz 0 oz’ (199)

whereas %f(:fs) =0.

As for integrals, since we will always deal with fluctuating fields or parameters rapidly decreasing at
infinity, we define [ d# J?(i”) as the rapidly decreasing primitive g(z) of f(i:) Therefore, in particular,
the property

/ di 8A f(@)=0 (200)

follows immediately.

In this axial-spacetime we introduce an axial-Riemannian geometry as follows. We generalize the
metric gy = guv + V5 fuw, by adding to the usual metric an axial symmetric tensor. Their background
values are 77,“, and 0, respectively So, we write as usual g,, = Ny + hy. Likewise for the vierbein we

write €% €y =€), + ¢, and €}, = &l + v5¢4. This implies

Nab (e e, +c cb) = Guv, Nab (e ¢, +enc ) I (201)

The Christoffel symbols are defined by
1 0 0 0
A _ A)\ -~ ~ -~
FMV - 29 P (ngl/ + @gﬂp - (mguu> (202)
They split as T~ = F(l)“ + 75Fl(/2/\)“ , and are such that the metricity condition is satisfied

0 =, - o ~
@gu)\ = Fﬁy 9p + FZ)\ Gup, (203)

Proceeding the same way one can define the MAT Riemann tensor via JTBWAP:

Ry = —0,L0, + 0,10, —T0,T9, + T4, T, = R0\» 4 45RE). P (204)
The MAT spin connection is introduced in analogy
Gt = e (9.8 + ey, ) = QDb 4 g0 (205)

In a MAT background one must introduce also axially-extended (AE) diffeomorphisms. They are
defined by

TH s B ER(EM), B = gt (206)
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Operationally these transformations act in the same way as the usual diffeomorphisms, therefore for
the non-covariant part of the transformation

55”-0-)@” = 9,0, (207)
where the derivatives are understood with respect to z* and z¥. We have also

6{,/9\;;1/ = ﬁugu + ﬁugu (208)

where EM = §W§A” and ﬁu is the covariant derivative with respect to T.
There are two types of Weyl transformations that can be compactly written as

g,uz/ — 62@?;”/, (209)

where @ = w + y57.
The SDW method is based on point-splitting along a geodesic. Therefore it is crucial to define
geodesics in a MAT background. Their defining equations are

2 [p AV A
T ET =0 (210)

where a dot denotes a derivative with respect to t = t1 +y5to. Since §W§ufy is constant for geodesics,
we can write for the arc length parameter s

ds PUNSN 3%
— = rx, 211
di V I (211)
The quantity
N L. 2
o(z,2')==(s—79) (212)
is called the world function. It has remarkable properties, starting with
Gy = 0,0 =t —1)guwd =G (213)

y* are the normal coordinates based at T. One can prove that

1. . ~

ia;ua;“ =0 (214)
Covariantly differentiating (214) we get

Oy = 0.0t (215)

In the coincidence (' — ) limit, [,,] = 0. Therefore (215) is trivial in the coincidence limit. But
differentiating further one can show that

[E;uk] = /g\u)\ (216)

Now the game consists in repeatedly differentiating these relations and computing the coincidence
limit. For instance one can prove

~

. 1 5
[J;VApT] = _g (RVT)\,O + Rup)n') (217)
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and so on.
In the sequel we need the Van Vleck-Morette determinant

~

D(@,7) = det(—5) (218)

and the geodetic parallel displacer for spinors, I(%,7): the object I1(z,#)¢(F') is the spinor ()
obtained by parallel displacing 1)(Z’) along the geodesic from Z’ to Z. Tt is a bispinor quantity satisfying

6iL,=0, [[]=1 (219)
Among its remarkable properties we have the following concidence limit
7w,/ o] = [T, 2)] = 1R (220)
where ﬁuv = ]TEW‘”’Eab.
8.2 Fermions in a MAT background

The action of a fermion interacting with a metric and an axial tensor is

S ~ /= 14 ~
S = / d'z <M/}\/;'7a/e\ff <a“ + 2Qu> w) () (221)
/ 4% (iw\/g\ya(ég + ) (8u + % (QS) + %Qﬁ?))) w) (z)

(222)

It must be noticed that this action takes on axial-real values. The field ¢ (Z) can be understood,
classically, as a series of powers of T applied to constant spinors on their right, and the symmetry
transformations act on it from the left. The analogous definitions for ! are obtained via hermitean
conjugation.

Remark the position of the density \/5 . it must be inserted between v and 1, due to the presence
in it of the v5 matrix. Of course one has to remember that the kinetic operator contains a  matrix
that anticommutes with ~s.

Let us consider AE (axially extended) diffeomorphisms first, (206). It is not hard to prove that
the action (221) is invariant under these transformations, provided 551/1 = éﬂ%. Also for the axial
complex Weyl transformation one can prove that, assuming for the fermion field the transformation

rule
W — e 2ty (223)

(221) is invariant.
Now, define the full MAT e.m. tensor by means of
— ~
T, — =25 (224)
N
This formula needs a comment, since \/5 contains 5. To give a meaning to it we understand that the

i
operator \%@5@\% on the RHS acts on the operatorial expression, say O\/E, which is inside the spinor

scalar product, 1O \/51/1. Moreover the functional derivative acts from the right of the action.
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The explicit e.m. formula (on shell) is

Tap =550 (8, 50 ) U+ (30 0) = ~TT,0+ (1) (225)

where 7y = 74€5. This expression splits into a vector and an axial part, T}, and T, which in the
flat limit are given on shell by

a e
Ty = TS = I (@bwaﬂb + p V> , (226)
and
wy _ i (4 o
Tow ~ Ty = 5 <¢V5'm8y¢ e u) , (227)

Weyl invariance leads to the classical Ward identities:

T(x) = Tuwg" +Tsu ' =0, (228)
75(%‘) = T“l,flw + T5w,guy = 0, (229)

8.3 The Dirac operator and its square

In the action (221) the Dirac operator is
F =7V = i7"V, = iy%e'V, = 1°F, (230)
where V = D + %ﬁ and satisfies ﬁugﬁ = 0.
Under AE diffeomorphisms 1 transforms as: 551/1 = &-0v, while
52 (ﬁ-@p) —£.0 (ﬁ-%}) (231)
Under AE Weyl transformation F transform as
~ 1~
0o F = —57“{Fa,w} (232)
and it has the following hermiticity property
Ft= 70ﬁ70 (233)

where 7 is the non-dynamical (flat) gamma matrix.

In order to be able to apply the SDW method we have to select the square Dirac operator. As
pointed out earlier, see section 3.0.1, there are a priori a few possibilities. However, the request of
respecting the basic (AE diffeomorphism) symmetry of the theory?® and the self-adjointness after the

Z5We recall once more that this invariance is needed for the point-splitting technique, which underlies the SDW method,
to work properly. We stress that invariance under ordinary diffeomorphisms alone is not enough, because in the chiral
limit a violation of the axial diffeomorphisms would precisely affect also the ordinary diffeomorphism conservation.
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Wick rotation, identifies it uniquely. In ordinary gravity, from the diffeomorphism invariance of the
fermion action, we can extract the transformation rule

Og (i"'Vyp) = £-0 (i V) (234)

while d¢1p = £-01). Therefore it makes sense to apply v-V to -V, because the latter transforms as
1. This allows us to define the square of the Dirac operator:

F* = (iy-V)* ¢ (235)

The expression 1 F21) is well defined and invariant and it makes sense to extract the square root of
the path integral constructed by exponentiating it. If we want to preserve general covariance, it is

not possible to repeat the same for MAT because of (231), from which we see that (ﬁ§¢) does not

N\ 2
transform like 1, and an expression like (ﬁV) 1 would break general covariance. Noting that

¢ (ﬁ?w) —£0 (ﬁ-?w) (236)
when 5?[1 = ? 01, we are led to choose, instead, the covariant quadratic operator

F= (ﬁ@) (ﬁﬁ) (237)

This is the first reason that justifies the choice of (237).
Let us come next to the Euclidean version of F. To deal with it it is easier to remark that

=\ ~=
(ﬁV) = —i7V (238)

Therefore
\T =
<3" > =F (239)

This is the second fundamental reason for using 7.

The operator F is the main intermediate result we need. It is natural to assume that its inverse
§ exists. The differential operator F (after a Wick rotation) is an axial-elliptic operator. In fact its
quadratic part can be cast in the form 0;A;;(x)0;, where A;; is an invertible matrix and its leading

term is symmetric and positive definite. Moreover T is self-adjoint. Therefore the conditions for
the application of the SDW method are satisfied. As we have done before, we will always work with
Minkowski quantities, while paying attention, however, that no relation is used that cannot be mapped
from the Minkowski to the Fuclidean by a Wick rotation, and back by an inverse Wick rotation.

8.4 The SDW method for the trace anomaly

There are significant changes with respect to the flat background application of section 3.0.1.
Again we define the amplitude

(z,3]7,0) = (3]e7*|7") (240)
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which satisfies the (heat kernel) differential equation

0 2 n BN
ia—A@,s]m’,O) = -3:(z,38|2',0) = K(2,7',5) (241)
5

where f;"x is the differential operator

~ o 1~

T = 9,5V, - ;R (242)
In formula (240), as usual, we understand the ie prescription. But now, instead of (60), we have the

ansatz
. A/ D(T,7) (s, @) 22)
z,5|7',0) = — lim ! ( )el< O S><I>(A 7',3) (243)

xX,S
< ’ m—0 167T TS\Q

where ﬁ(&:\ 7') is the VVM determinant and & is the world function. @(5:\, Z',3) is to be determined.
Since it must be (Z,0|z’,0) = §(Z,7’) and instead of (61) we have

) ﬁ/\7’\/ 55,5
lim (xm)el<< = ) V(@) §(z,7") (244)

5—=0 (47T )2 52
like before it follows that

lim ®(z,7,3) = 1 (245)

5—0
Eq.(241) becomes an equation for ®(z,7’,3):
8(1) ‘ 1 oo ~
= 4 v%vua + VY, (\/ <I>) ( R— m2) =0 (246)
s 75
Again we expand
O(Z,7,8) = an(T,7)(i5)" (247)
with the boundary condition [ag] = 1. The a,, must satisfy the recursive relations:
e e 1 epe A 1 .
(1 + Vnst + VFG1V 6 — 7v#vu (\/Ean) + <4R - m2> Gn =0 (248)
D

Using these relations it is possible to compute each coefficient a, at the coincidence limit. We are
interested in particular in [a@3], which turns out to be

o TN VAR S 2 1o woy 1 5 DHEVAD
(@] = gm 12mR+288R 120 180R R+ BB
1 ~ -
+ g R R (249)

We recall that ﬁW = ﬁwabzab.
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Next we continue as in section 2.1. In particular eqs.(55,56,57) remain the same and lead to effective
action

P ' x .
/de> = —%(4Wu2) tr/o ds ( 47mu 3) -3 1\[6_”” y 7,5)] (250)

where tr denotes the trace over gamma matrices. Our purpose is to analytically continue in d. But
we can do this only for dimensionless quantities. For this reason Lis multiplied by =9, where p is a
mass parameter.

Now we make the assumption that lim, e‘im%[@(ﬁ:\, z,5)] = 0. As a consequence we can inte-
grate by parts

L(z) 4i 1 X agd = O e
A T T de—da—4d (47w2)2tr/0 ds (2mip?3)? 2\/53@'?9\)3 (e [@(m,x,s)]) (251)

Now we use [B(Z,7,3)] = 1 4 [a1]i8 + [62)(18)2 + . . .
To expand around d = 4 we use m ~ i (d%4 - %) With reference to (251), we differentiate
twice [®(z, z, s)] and integrate by parts the third derivative. The result is

T R 4 _ o 21 ~ =
L(z) =~ 39,2 (d — 4) tr (m* — 2m?[a@,] + 2[az]) NG (252)
i oo 83 g
S In(4rin2s) /o -m*3($(5. 7.5
bt [ 48 i) G (8@ 7.5

The last line depends explicitly on the parameter p and represents a part which cannot contribute to
the anomaly for dimensional reasons. In the first line of (252) one can ignore m? or m* terms (they
can be subtracted away because they are trivial). Therefore we can limit ourselves to

I = 161”2 <di4— z) / a*%tr ( (@2l ln-0V/3) (253)

We now act with 65 = [ d97 2tr (@ f]w,ﬁ). An explicit calculation gives, for example,

Sotr (\/§7€W7€W) = (d—4)tr (a @ﬁwﬁﬂy) + 2t (\/5}?@@) (254)

Finally we get

Satr (Vi B2llno) = (@ — 0t (V3B [@llnmo) — ©

2
130 tr (fRDw) (255)
The second piece can be canceled, e.g. by a counterterm proportional to tr <\/§]§2)

Now the variation of the effective action under the & transformation defines the integrated anomaly.

Therefore, defining %@%L = @W and recalling the definition (153), and using the fact that the

second line of (252) is Weyl-invariant, we get in the d — 4 limit,

i~ D 1 P
/d4xtr (w\/gg“”@uy> = 16n2 /d4xtr (\/gw[agﬂmzo) (256)
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where the d — 4 factor in (255) has canceled the pole = in (253).

Clearly, the odd-parity anomaly can come only from the term 7%,“,7%‘“’ contained in [ag]. For the
odd part we have

(257)

where we denoted T = §‘“’C:)W =g <<f,w>>

8.5 The chiral limit and the chiral trace anomaly

Let us return to the original problem, that is the trace anomaly of a Weyl tensor in a chiral fermion
theory coupled to ordinary gravity. To this end we need to take the chiral limit. But before we rewrite
the anomaly (257) by splitting it in the chiral and anti-chiral parts. Setting Py = %(1 + 5) we can
write

\/g\ = P +/detgy + P_+/detg—, G = G £ frw (258)

and
=P, +Pw., Ru=PR+PR) (259)
where
we=wEn, R =R} R (260)

Then we can rewrite (257) as follows

d'z 261
/ odd ( )
1
= /d4x tr (P+\/detg+ Wy R( B 4 Py Jdetg_ w_ 72( )R )
153672 odd
The chiral limit is defined by making the replacements
h h
G = M + %, f/u/ % (262)
in the previous formulas. With this choice one has
Guw = P—nyw + Py g, Euv = Nuw + hyw (263)

From this we see that the left-handed part couples to the flat metric, while the right-handed part
couples to the (generic) metric g,,. As a consequence we have also

@1 L 69P et Py, @™ §MP_+em Py (264)

as well as \/E — P_ + Py,/g. Similarly for the Christoffel symbols

T — F}W, o — QFQW (265)

59



for the spin connections

1 1
le)ab N §wzb’ Q/(LZ)ab N iwzb7 (266)
and for the curvatures
1 1
RUN = SRun’s  Rph = SR’ (267)

where all the quantities on the RHS of these limits are built with the metric g, .
As a consequence, the action (221) becomes

S - g (268)
S = /d4x i)y  P_Ogt) + /d4a} ﬁz@’yaeg <8M + ;Wu> Py

where 7 are the flat (non-dynamical) gamma matrices while the vierbein e} and the connection w), are
compatible with the metric g,,,. The action S’ is the action of a right-handed Weyl fermion coupled
to ordinary gravity, except for the term that represents a decoupled left-handed fermion in the flat
spacetime.

Moreover, in the chiral limit we have Rff) — 0, Rfj;) — 2R . Therefore (261) becomes

~ 2 1
/ddmtr\/gw7—> ~regn /d4xtr (Py/gwiRuRM™)

1

_ 4 VA afs
= 2><7687T2/d $\/EW+€” prjagR,\p (269)

Now notice that an extended Weyl transformation splits as follows
20~ 2w 2w_
e“g=Pretg, + P e g_ (270)

therefore in the chiral limit, for consistency with (268), we must have that n coincides with w, w —
w/2,m — w/2. We conclude that in the chiral limit the e.m. trace is

7

= 5363 MM R ap Ry, = Tr(x) (271)

I(z)

which coincides with (193). If, instead of (262), we take the following chiral limit

By R
Gar = My + =5 fuwr = ==5 (272)
we obtain the Pontryagin Weyl anomaly for left-handed Weyl fermion
JL (:E) = - gul/)\pleaﬁR)\paﬁ- (273)

153672
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8.5.1 The full MAT trace anomalies

From eq.(261) it is easy to compute the T and T5 anomalies in the general MAT background. They
are the coefficients of w and 7, respectively.:

/[: 14 (63 - -«
T@) = FH <@R£tLﬁR(A? ¥+ VIR RS, 6) (274)
15367
¢ VA ) pHa =) pHa
Ts@) = 1o (VIR LB = VIR R, (275)

We have Wick-rotated back the result: this is the origin of the ¢ in the anomaly coefficient.

At this point we can safely replace 7% with z# everywhere.

8.5.2 Other results

The previous trace anomalies can be obtained with different non-perturbative methods, for instance
with the Seeley-DeWitt method, see [40]. On the wake of these derivations one can easily obtain other
interesting results. For instance the even-parity trace anomalies for Weyl and Dirac fermions, which
we do not report here.

Another interesting result is the analog of the ABJ anonaly, that is the response of the effective
action of a Dirac fermion ¢ coupled to ordinary metric g,, under the transformation

3
6779/11/ = 2’7577 Guv, 57;¢ = —5’7577¢ (276)
This response can be extracted from (261) in the limit g,,, — gy, fur — 0. In this limit F,(},,)/\ — F;/\w
and FE?V)A — 0, RSV)/\’) — RWA"’,REE,)AP — 0. Therefore g+, — gu and wa\p — Ruunp- As a

consequence the odd-parity (ABJ-like) trace anomaly is

Js (LE) 5uy)\pRuVa[3R>\paB- (277)

76872
Contrary to the anomalies (271,273) the anomaly (277) is not a risk for the consistency of a theory of
Dirac fermions coupled to gravity. Rather its absorbitive nature suggests a possible phenomenological
application to a decay of a neutral bound state into two gravitons, similar to the one of the ABJ
anomaly for a double-photon decay of 7°.

Finally with a small supplementary effort we can obtain the gauge-induced trace anomaly, for
instance for a Weyl fermion coupled to a vector potential V},. The kinetic operator in this case is i
with

. R 1~
Dy = Dy + §Qu + Vi (278)
Proceeding exactly as in the gauge-less case we find
i 4
39,2 /d z/guwtr (Pylag](z)) (279)

The odd part of tr (P [as](z)) produces precisely the density —e***9,V,,0\V,. Therefore (279), to-
gether with the definition (153), yields for a right-handed fermion

0L = —

A, =

~ 962 /d4£L' Vgw et o, Vi, 00V, (280)

which coincides with eq.(169).
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9 Recap of anomalies

The main subdivision of local anomalies is in two types:

e type O, comprises all the anomalies that correspond to the non-existence of a (fermion) propa-
gator; these anomalies show up only in theories of chiral fermions; these anomalies are a threat
to the consistency of the theory;

e type NO, includes all the others; they have nothing to do with the lack of any propagator and
do not signal by themselves any inconsistency of a theory.

Type O anomalies are odd-parity, they are present in parity-violating theories of fermions. They
may appear as a violation of the classical conservation of the gauge (example. eq. (21)) or diffeo-
morphisms symmetries, and of the conformal invariance in the non-vanishing trace of the e.m. tensor
(examples: (150,152). From a formal point of view they satisfy WZ consistency conditions. In the
physical approach and mathematical approach they appear in different, complementary ways. In the
former case one faces the problem of the lack of the propagator in a chiral fermion theory and over-
comes it by adding a free fermion of opposite chirality. The trick in general works, but it fails if (in
an originally classical conformal theory) the gauge current or the e.m. tensor are non-conserved or
traceful, in which case inconsistency may manifest itself as a violation of unitarity (through a break-
down of the BRST symmetry in the first case, and a complex effective Hamiltonian in the second).
In the mathematical approach, type O anomalies appear as obstructions to the existence of a chiral
fermion propagator, as represented by a non-trivial family’s index. Between the two approaches there
is a perfect correspondence. A non-trivial family’s index exactly signals anomalies that appear in
the divergence of the chiral gauge current or of the e.m. tensor, and in the trace of the latter, and
vice-versa.

Type NO anomalies are, first, the even-parity anomalies that appear in the trace of the e.m.
tensor (see, eqs.(148, 149,151 and sec. 17 nd 18 below). They satisfy the appropriate WZ consistency
conditions. But type NO include also the odd-parity anomalies of the ABJ type, for instance the
anomalies of a chiral current in a Dirac fermion theory (example: eq.(20)), or, anyhow, in theories
free of type O anomalies. They are usually called covariant anomalies and appear in the conservation
of chiral currents that do not propagate in the internal lines of the Feynman diagrams. Formally
they may be viewed as anomalies of chiral currents coupled to auxiliary axial potentials that are
subsequently made to vanish. All type NO anomalies are generated from a (Euclidean) self-adjoint
kinetic operator and do not signal any absence of propagators (their family’s index vanishes, thus no
obstructions!). Therefore they are no threat to the consistency of the theory, and, usually, play a role
in phenomenological applications.

From the calculation point of view the two type of anomalies in the perturbative approach do
not differ. As we have explained several times the method based on Feynman diagram is the same,
but one may face the difficulties pointed out in ref.(??): the perturbative calculations are rather
accessible at one loop of approximation, but may be quite unwieldy at higher loops, especially when
gravitons are involved; this is a source of trouble if the one loop calculation has problems like the
ones pointed out in section 6. For this reason it is important to have at hand other methods, in
particular non-perturbative ones, like the SDW method. The advantage of these method is that it
allows us to compute in one stroke the full expression of the anomaly, non just the lowest perturbative
orders.There is a disadvantage with the SDW method: since it is based on the point splitting along
a geodesic, it is automatically diffeomorphism-invariant. Therefore it cannot reproduce the consistent
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diffeomorphism anomalies, but it reproduces all the anomalies that preserve diffeomorphisms. This
problem is irrelevant in 4d because such anomalies vanish identically. The SDW method does not
distinguish between O and NO anomalies, what makes a difference between the two is the quadratic
Dirac (or other) operator. When computing NO anomalies it is of tremendous help to enlarge the
space of fields with the adjunction of an axial gauge potential (Bardeen’s method) or an axial metric

The calculation of obstructions, corresponding to O anomalies, from the family’s index theorem
are straightforward. It is enough to consult a textbook such as [104| and copy the formulas of the
index there. As far as the chiral gauge anomalies are concerned one further step is needed. One must
apply the appropriate transgression formulas (82) to the polynomials provided by the family’s index
theorem in order to get the descent equations (85) and companions. Instead, in what concerns the NO
anomalies the family’s index theorem yields an identically vanishing result, meaning that there are no
obstructions to the existence of the relevant propagator.

A difference between the last and the previous two methods has to be mentioned. In the latter we
start from a theory in a Minkowski metric background and carry out all manipulations with this metric,
while we turn to a Euclidean background in order to give a meaning to divergent Feynman integrals
or the s—integrals in the SDW method. The family’s index theorem instead is entirely formulated in
the Euclidean: the Dirac (or other) operator is analysed in a Euclidean spacetime.

The O and NO anomalies are studied in quantum field theories for different purposes. The ob-
structive ones need to be known in order to guarantee that in a well-defined theory they are absent. In
this sense the O anomalies do not have any physical application, but they are crucial in determining
the physical content of a theory. The NO anomalies on the contrary make their appearance (also) in
well-defined theories and may have important physical applications. A typical example is the applica-
tion of the ABJ anomaly of a chiral current, such as (20) in the Abelian case, to the decay 7° into two
+’s. Another application is in the strong U(1) problem, with the same current (20) in the non-Abelian
case, but with 7% = 1.

As for the even trace anomalies, they share the same characteristics as all the NO anomalies.
Therefore they do not endanger any theory free of O anomalies, and they might have phenomeno-
logical applications similar to ABJ gauge anomalies. One has mentioned after eq.(277). But this is
a ground largely still to be explored. On the other hand even trace anomalies have a special status,
because, although they may appear in perfectly well defined theories, they signal the breakdown of
Weyl symmetry, therefore they pose the problem of whether that symmetry have to be restored or not.
We will discuss this issue at length in Part II.
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Anomaly Recap

divergence of current or of e.m. tensor

e Site of local anomalies:
trace of e.m. tensor
prevent existence of propagators,
type O { dangerous : must be canceled
e Local Anomalies are of two types:
no obstruction for propagators
N )
type NO { need not be canceled
type O  only in chiral theories
e Where:
type NO in any theory
gauge : eq.(11,21), cons.
type O
trace : egs.(150, 152,170,192,271),  cons.
e Examples: ABJ : eq.(20), cov.

e Cancelation:

type NO < trace : eqs.(148, 149, 151) and secs.17, 18, eqs.(457,464), cons.

ABJ — like trace : eq.(277), cons.

A : group theoretical (unavailable for trace anomalies)
type O B : coefficient matching (unlikely for trace anomalies)
C : Wess—Zumino terms or Green — Schwarz mechanisms
in general not required

type NO B : coefficient matching unlikely
for even trace anomalies

C : with Wess—Zumino terms

Captions: cons. means they satisfy WZ consistency conditions, cov. means covariant

Ref.: [11, 35, 38, 40,

64, 106, 134]
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10 Comments

The results illustrated above concerning trace anomalies are not universally accepted. Some researchs
have led to the conclusion that the odd-parity trace anomalies do not show up in field theory models.
One must recognize that the calculation of these trace anomalies is in general a subtle task, subtler
than for other anomalies.  This is not totally surprising because field theory is not an axiomatic
theory that allows one to deduce results by means of a unique formalism. It is rather a theory under
construction, which often requires different approaches. In particular for anomalies it is important to
use different methods and compare them in order to get reliable results. Using one single method of
calculation may not be safe. One can in fact envisage procedures that yield zero when searching for the
odd part of the trace anomaly and even for ordinary chiral gauge anomalies - one example is signalled
in the footnote before eq.(72). But they are to be traced back to not infrequent wrong prejudices or
misunderstood statements in the literature. Below are some more examples.

e type O anomalies may occur only in theories of Weyl fermions, not in theories of Majorana
fermions. A quick method to get a vanishing odd-parity trace anomaly is searching for type O
anomalies in the latter case. The wrong use of Majorana fermions in the derivation of anomalies
arises from a misunderstanding: the misplaced credence that massless Majorana fermions are
equivalent to Weyl fermions. A Majorana fermion can be represented as a superposition, satisfy-
ing the Majorana condition, of two Weyl fermions of opposite chirality. We have repeated many
times that Weyl fermions of opposite chirality have opposite type O anomalies, with consequent
null overall result for Majorana fermions (no need to do any calculation)?S.

e There are several ways to get a vanishing odd-parity trace anomaly via a perturbative calculation,
and the calculation in itself may be correct, depending on the regularization procedure. The
reason has been explained above. It does not make sense to study confomal anomalies separately
from diffeomorphism invariance. The calculation of a conformal anomaly is safe when we can
guarantee that diffeomorphisms are conserved. If diffeomorphisms are anomalous their anomaly
(in 4d) is in general trivial and can be eliminated by a counterterm in the effective action, which
in general modifies the trace anomaly. This can be verified in a number of cases, see [40]. But this
mechanism does not work in the case of 4d odd trace anomalies at the lowest perturbative order,
because the odd part of the conformal 3-point function of the e.m. tensor vanishes identically
for algebraic reasons, [162]; therefore also its divergence vanishes identically and no (trivial)
diffeomorphism anomaly can show up. In other words, this problem is undecidable at the lowest
perturbative order; one must go to higher orders or use non-perturbative methods.

e In the heat-kernel-like methods applied to, say, a right-handed Weyl fermion one cannot simply
use the Dirac kinetic operator J) multiplied by the chiral projector Pg, because the overall
operator IDPg is not invertible: using formally this operator invalidates all the manipulations
necessary to derive anomalies. Its square is zero. Then one may be tempted to use in the SDW
method its product with its adjoint, making the (Euclidean) operator ]ﬁzPR, and inserting it, for
instance, in eq. (73). Using mechanically the SDW formulas one gets 0 for the odd-parity trace
anomaly. However the operator ]fPR is not invertible, therefore, in particular, not elliptic, and
cannot be used in the SDW (or in any heat kernel - like) approach.

260n the other hand we are not aware of any attempt to formulate the SM in terms of Majorana fermions alone.
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e An often confusing issue is Wick rotation. In Appendix B we explain our rules for applying
Wick rotation. In perturbative and non-perturbative (SDW) approaches it does not make sense
to start from a Euclidean action. Any attempt to Wick-rotate the Minkowski action for Dirac
fermions leads to a doubling of degrees of freedom, thus changing the nature of the problem (in
the approach with the family’s index theorem this difficulty is avoided because the action is not
needed, one simply studies the inversion of the linear Dirac-Weyl operator). The right attitude
toward Wick rotation is to consider it a way to make sense of perturbative Feynman diagram
integrals or the s-integrals in the SDW case.

e Another confusing issue is that of unitarity. A tenet in physics is that any calculation has
to guarantee unitarity. However this is not the correct attitude when searching for type O
anomalies. The reason is that the latter are not physical quantities. As we know from above
type O anomalies (contrary to type NO ones) not only are not physical but in fact they disrupt
unitarity. Type O anomalies signals a clash between correct mathematics and consistent physics
(unitarity). As a consequence requiring unitarity in this case is a nonsense: searching for type
O anomalies means investigating possible breakdowns of unitarity, and requiring unitarity from
the start prevents the possibility to find out if there is any such breach. On the contrary we have
to proceed in the most rigorous way to discover if any mathematical obstruction exists.

e The previous case may be connected with the choice of the square Dirac operator in the SDW ap-
proach. It has been suggested that the choice should be §"5 = (ﬁ@) (ﬁ%) + (ﬁ@) (ﬁ%),

instead of our choice (237): F = (ﬁ@) (ﬁ@) The choice F is symmetric in the exchange
v5 <> —75, thus it excludes any odd-parity result. But it is a forbidden choice because it breaks
diffeomorphism invariance, which is the basis of the SDW method and thus disrupts mathemati-
cal consistency. The choice of 7 s 18 a perfect example of what one should not do when computing
anomalies.

e However, above all, what is missing in all the ‘vanishing odd trace anomaly’ papers is a plausible
explanation of why these anomalies should be absent. The densities of Pontryagin and Chern
classes have the right quantum numbers (dimensions, form degree, odd-parity, Lorentz covari-
ance) to couple to the trace of the e.m. tensor in a theory of Weyl fermions. Why should this
coupling vanish? Usually this requires a protecting symmetry. For instance, a Dirac fermion
is free of this anomaly (and of the consistent gauge anomaly as well) because the trace of e.m.
tensor (and the divergence of the vector current) is protected by parity conservation. But in the
case of a Weyl fermion theory parity is violated. What other reason is there for such terms not
to couple?

e QOur final consideration may sound paradoxical, but it is the gist of our anomaly analysis: no
doubt eventually an agreement will be reached about odd-parity trace anomalies, but the proof
of their existence is only relatively important. The very important issue is the obstructions they
represent and are only a symptom of. As explained above the obstructions are those defined
by the family’s index theorem. Even not believing in the validity of the derivations we have
presented, one stumbles anyhow against the existence of the obstructions signalled by the family’s
index theorem (not a minor result in modern mathematics). Only when these obstructions are
removed does the Weyl fermion propagator (and the theory) exist. The problem represented by
such obstructions exists independently of the anomaly problem.
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Ref.: [18, 20, 19, 21, 37, 40, 60, 79, 80, 102, 103, 107|

11 Extensions of the MSM

The vanishing of type O anomalies for the MSM (1) immersed in a gravitational background have
been analyzed in Table MSM gauge, mixed, trace-gravity and trace-gauge. When gravity fluctuating
fields become relevant, one gravity-induced trace anomaly and one SU(2) gauge-induced trace anomaly
survive cancelation. This may change if we add to the MSM spectrum a right-handed sterile neutrino:
it cancels the gravity-induced trace anomaly, but leave the gauge-induced one unaltered.

We would like to examine now various generalizations of the MSM, see [61], in relation to the
anomaly cancelation when in presence of a non-trivial background metric. For some of them nothing
changes because they do not involve modifications of the fermion spectrum. This is the case of the
multi-Higgs-doublet models or similar models in which only the spectrum of scalars is modified with
respect to the original SM. They have been introduced mostly to describe explicit and spontaneous
CP violation. The fermion spectrum is the same as in the original SM. But plenty of extensions of
the ordinary SM have been proposed which involve modification of the fermion spectrum. Hereafter
we wish to examine some of them.

11.1 Models with vector-like quarks

Models with vector-like quarks have been proposed in order to produce non-vanishing but naturally
suppressed flavor-changing neutral currents and to simplify the mechanisms of spontaneous C'P viola-
tion. They also represent an attempt to solve the strong C'P problem. The quark spectrum together
with an ordinary lepton spectrum are summarized in the following table

G/ fields SU(3) SU(2) U(1)
Ng <Z> 3 2 %
L _
Ng UR gy 1 %
g D, :j’ 1 _% (281)
Ng + Ny Ur 3 1 %
ng +ng Dp 3 1 —%
Ve 1
Ng (e >L 1 2 5
Ng eRr 1 1 —

where ng is the number of generations (that is, for instance, uy represents a set of field numbered
from 1 to ng: ur;, i = 1,...,n4, and so on). Analogously n, and ng are the numbers of left-handed
singlets Urq, o = 1,...,ny, etc. These models are the old SM to which a bunch of vector-like SU(2)
singlet quarks have been added. By vector-like quarks it is meant that they are quarks whose left- and
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right-handed components appear in a symmetric form. In other words, the kinetic term of the left and
right components of each of them conjure up the kinetic term of a Dirac fermion.

On the basis of our previous conclusions, the addition of chiral symmetric fermions does not add
any type O anomaly, neither gauge nor trace. Therefore the balance of anomalies is the same as in the
original MSM (with or without sterile neutrinos).

Refs.: [3, 48]

11.2 Left-right (parity) symmetric extensions of the SM model

The MSM is CP invariant, but P non-invariant. Some generalizations have been considered with the
aim to realize parity-invariant models. The models are built in such a way that parity is spontaneously
broken in the vacuum, so that in the broken phase the original MSM turns up. A parity-invariant SM
can be realized by introducing a second SU(2) group, realizing in this way a left-right symmetry. The
gauge group is SU(3) x SU(2)r, x SU(2)g x U(1) and the spectrum of fields is

G/fields SU(3) SUQ), SU@Q)gr U(1)

W, 2
(

u 1
3 1 2 5

d) B 5 (282)
<”6) 1 2 1 1

€JL
(%) 1 1 2 1

€/r

The relation (2) in this case is
Y =Q - Ty, — Tyg, (283)

and Y is interpreted as % (B is the baryon, L thelepton number).

Warning: in this model left and right fermions couple to different (left and right) gauge fields, say
Wgy and Wp,,. To make this point more clear we notice that this situation is the same as considered
in connection with Bardeen’s method in section 2.2. For the action term

%Z.’YM (au + WRM) wR + %i'yu (au + WLu) wL (284)

can be easily rewritten in the form
iy (O + Vi +154,) ¥ (285)

where Wgr, =V, £ Ay
The analysis of gauge and diffeomorphism anomalies in this model leads to:

Table LR gauge and mixed
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o T54(3) 5 T5u(3) 5 T5UB): there are two left-handed and two right-handed triplet, whose anomalies
cancel one another.

° TZH(Q) X Tzu@) X Tzu@) and T;u@) X T;u@) X Tgl@) both vanish because the tensor d**¢ vanishes
in general for the Lie algebra su(2).

o TG » T4G) 5 T4 in which case we have the trace of two su(3) left triplet generators and
two right triplet generators. These traces are again non-vanishing, but they are multiplied by
the corresponding u(1) charge, whose total value is 3 (2 (3) —2(3)) = 0.

° Tzu@) X T}Z’u@) x T*(M_in which case we have the trace of two su(2) generators in two doublet
representations. These traces are non-vanishing because tr(T¢T?) ~ §%, but they are multiplied
by the corresponding u(1) charges, whose total value is 6 () +2(—1) = 0.

e Analogously T;Lu(Q) X Tlﬁ;(z) x TV leads to: —6 (%) —-2(-1)=0

o T4 5 UM » Tu(): in this case the tensor is proportional to the overall sum of the charge
products: 6 (3)” +2(~1)° =6 (3)" =2 (-1)" =0

o ¥ x X x T%D: the trace tr (£?x) is non-vanishing, but it is multiplied by the total U(1)
charge: 6 (1) +2(-1)—6(3) —2(-1) =0.

The analysis of gravity and gauge-induced trace anomalies yields

Table LR trace-gravity and trace-gauge

e The multiplet (282), when weakly coupled to gravity, will produce (6+2) units of trace anomaly
with Pontryagin density with + sign and (6-+2) units with - sign, with vanishing total result.

e We have six units of the anomaly (170) with curvature F = F*“(®) and six units with opposite
sign. Therefore the multiplet (1) is free of these anomalies.

e We have instead 4 units of the same anomaly with gauge field F' = qu(z)

(171), computed in the doublet representation of su(2).

and positive sign, see
e We have also 4 units of the same anomaly with gauge field F' = F;"(Q) and negative sign, see
(171), computed in the doublet representation of su(2).

e Finally we have a U(1) gauge-induced trace anomaly with vanishing total coefficient: 6 (%)2 +
2 2 2
2(-1)°=6(3)"—2(-1)°=0

Refs.: [86, 112, 113, 133].
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11.3 Other hypothetical extensions of the MSM

All the extensions of the SM considered so far have a residual trace anomaly. Let us try to realize a
combination of elementary fields which are completely anomaly-free. To this end we start from the
generation (1) and add doublets or singlets of leptons.

G/fields  SU(3) SUE2) U(1)

1 (Z) 3 2 1
L 2
1 dr 3 1 -3
1 <”e> 1 2 1
e 2
L
1 R 1 1 - (286)
14
nr (e)L 1 2 YL
nR <V> 1 2 YR
¢/r
mr, v 1 1 0
MR VR 1 1 0

where nr,ng, mr, mr are integers and yr,yr are rationals to be determined. We notice that the
modifications involves only the leptonic sector, therefore all the data involving SU(3) are unchanged.
Below we report only the differences A;’s with respect to the entries in Tables MSM and the equations
that have to be satisfied in order to cancel all anomalies

Table of differences with MSM

o T5u(2) 5 Tsu(2) 5 TuD). Ay =2 (nL YL — NRYR): A =0

o Tu(M) x ) x v Ay =y (yL)3 —ng (pr)g, Ay =0

e U x Y xT*WM: A3 =npyr —nryr, A3 =0

e Y X Y x number of units: Ay =np —ng +mr — mg, Ayg+1=
o 7542 » T542) x number of units: A5 = ny, — ng, As+4 =
o T80 5 71 x number of units: Ag = nz, (yz)* — ng (yr)?, Ag =0

The simplest solution is n, = 0, ng = 4, yg = 0 and mrp = 0,my = 3. l.e. we should add 4
right-handed U (1)-sterile doublets and 3 left-handed sterile neutrinos. yr = 0 means that the two
components of the doublet have charge 1/2 and —1/2, very exotic animals.

11.4 GUT models

Among the extensions of the SM a particular role is reserved to the grand-unified theories. They
have the major merit of unifying strong, weak and electromagnetic interactions. The most prominent
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among them is probably the SO(10) GUT. In what concerns the problem of the anomaly analysis it
turns out to be particularly simple because all fermions of the MSM of each family plus a right-handed
neutrino are collected in one single multiplet, the 16 irreducible representation of SO(10). Using the
same notation as for the MSM the multiplet is:

(UL, dL, (UR)C, (dR)C, vr,€er, (I/R)c, ((ER)C) (287)

where X¢ represents the conjugate of X (and u and d carry three components each). This left-
handed multiplet is potentially anomalous for a consistent gauge anomaly, but such a gauge anomaly
is proportional to Str (Tﬁo(lO)T“’(w)Tﬁ"(lo)), the symmetric trace of three generators T%°19) of the Lie
algebra of SO(10). As is clear from the table (49) from the entry Ds, this trace vanishes identically.
When we couple this model to gravity the consistent diffeomorphism anomalies are absent for an
analogous and usual reason. It is free of any mixed gauge-gravity anomaly because the latter is
proportional either to tr (Tﬁo(lO)T""’(lO)) trX or to tr (Tw(lo)) tr (XX), where ¥ denotes a generator of
the Lorentz group.

The situation for the odd trace anomalies is different. They do not cancel completely. We may
have two types of trace anomalies, one proportional to the Pontryagin density e“l”\pRW”R)\pUT and

the other to the Chern class density M t116 (F;ﬁ(lo)F;;(lo)). There are 16 units of the former and

one of the latter (corresponding to the 16 representation of SO(10)). The former cancel out, let us
recall why: the symbol such as (¢g)¢ (for instance ug) in a generic metric can be rewritten as

(VR) =105 = A°CPj* = POy = Py = (v°)r. (288)

Inserted into the kinetic term, it gives

VI O+ 5901 = VIR O + 59)(WR)° = VGTRA O+ 5e)in  (289)
where w,, = waEab and X, are anti-hermitean. The last passage requires an overall transposition and
a partial integration. Therefore the kinetic term of the multiplet (287), coupled only to the metric,
splits into 16 independent Weyl fermion kinetic terms, 8 left-handed and 8 right-handed, with opposite
contribution to the trace anomaly.

As for the other anomaly, the Chern class one, this ‘sleight of hand’ is not possible, because the
multiplet (287) couples to a unique potential valued in the Lie algebra of SO(10) and it is not possible
to split the kinetic term in individual components like in the metric case.

Part 11

12 What should we do then?

The conclusion from the previous analysis is that it is possible to cancel all the anomalies in the
extended SMS only at the price of introducing new exotic particles, which make up a rather unlikely
spectrum. Barring these possibilities, which are all comprised in the schemes (A) and (B) of section
4.4, there remains the scheme (C), i.e. introducing in the theory fields with suitable transformation
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properties. The troubling anomalies are those related to the densities of the Chern and Pontryagin
classes:

AZ“@) = i/d4x\/§w tr <F5“(2) * Fsu(z)) = /d4$\/§w et (Fﬁﬁ(Q)F§2(2)> (290)
and
AJrav — @'/d4:1: gwtr (R+R) = /d4x Gw "R, Ry por (291)

The latter can be canceled, for instance, by adding to the MSM a right handed sterile neutrino. The
former anomalies are more ‘resistant’. In any case both can be canceled by a WZ term?, that is a
term proportional to

) _ / dley/gote ()« ) (292)
and
CHy =i / d*z\/gotr (RxR) (293)
respectively. o is a scalar field which transforms as

00 =W (294)

under a Weyl transformation. This scheme looks very much like the Peccei-Quinn solution for the
strong CP problem. But the two schemes refer to different energy scales. The Peccei-Quinn solution
applies at the electroweak scale (~ 200 GeV), corresponding to 10~ sec. in the history of the universe,
when gravity was already classical. The cancelation of trace anomalies by (292) and (293) should take
place at much higher energies and earlier times. But the trouble here is with the ¢ which renders both
counterterms imaginary. It is very likely that this term may backreact and endanger unitarity.

This imaginary unit is important and it is worth spending a comment on it. It comes out explicitly
from the calculation. But there is also an indirect argument that supports its presence. As was
said above the i guarantees the invariance under time reversal. If the ¢ were not there time reversal
symmetry would be violated, together with parity. But while parity violation is expected since the
classical theory is not parity-invariant, 7' symmetry violation is totally unexpected because the classical
theory is T' symmetric and there is no time reversal violation in the process of deriving the anomaly,
for instance by dimensional regularization.

This imaginary unit marks also the difference with the even-parity trace anomalies, where it is
absent. As we have explained above, even trace anomalies do not affect unitarity, and a WZ term, like
above, can be easily implemented in order to restore conformal invariance (but see below for a more
accurate discussion).

It is perhaps not useless to recall once again the difference between type O and type NO anomalies.
The just mentioned odd-parity anomalies are type O, they are a spy of the lack of a Weyl fermion prop-
agator, which hinders the idea itself of quantization. They are unveiled by obstructions that manifest
themselves in the family’s index theorem. However - this is the important point - the corresponding
anomalies are the symptoms of a disease, not the disease itself. The topological obstructions are. We

2TFor a discussion of WZ terms see section 17.2.
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can suppress the symptoms, i.e. these anomalies, with clever WZ terms, but they do not heal the
disease.

Resuming the previous discussion, one possible attitude is to assume that gravity couples to matter
in a non-minimal way, which does not give rise to anomalies. This implies a reformulation of the SM
and its coupling to gravity, which is not covered by this article.

Finally, a more radical possibility is that gravity is entirely classical. As explained above the
coupling of the anomalous e.m. trace in the effective action is via the fluctuating field h = hf,. This
field is ineffective if gravity is classical. As a consequence the anomalies in question can be disregarded.

Summarizing we have the following alternatives for odd trace anomaly cancelation:

minimal coupling matter-gravity: cancelation by exotic SM spectrum;

minimal coupling matter-gravity: cancelation by W% terms, unitarity in danger;

e non-minimal coupling gravity-matter: to be investigated;

classical gravity: trace anomalies irrelevant;

Altogether none of these possibilities is appealing. The present paper is clearly inspired by a
bottom-up attitude. It is an analysis of the consistency conditions that arise as soon as we try to
immerse the SM, in one of its versions, into a background of dynamical gravity. In such context we
meet new anomalies which are not present when gravity is irrelevant. These new anomalies are both
of type O and of type NO. As we have explained the former may endanger unitarity. Therefore one
has to make sure that they are absent. The possibilities we have presented above are unconvincing.
Even freely playing with the still unknown SM sector of neutrinos, it does not seem possible to meet
the requirement of full freedom from type O anomalies by simply enlarging the spectrum of the MSM.
If our anomaly analysis is correct it is clear that we have to change something in the previous pictures
of the SM. In the rest of this paper we would like to present an (unconventional) proposal in this
direction. It certainly does not solve all the problems, but it is a hint of where the anomaly analysis,
if taken seriously, may lead to.

13 A chirally symmetric model

As pointed out above the L-R model is the one that comes closest to the cancelation of all the anomalies.
That would be the case if instead of two SU(2) gauge fields, one left and one right, we had a unique
SU(2) gauge symmetry and a unique gauge field V,, = V#T*. However this would lead to a theory
of Dirac fermions, and at that point we would not have a mechanism to break parity and recover the
MSM in the broken phase.

We would like to construct a L-R symmetric (or chirally symmetric) model which is certainly
anomaly-free. It is based on the same multiplet as the MSM with the addition of a right-handed sterile
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neutrino. In the usual SM notation it is

G/fields SUB3) SU@2)  U(1)

N
IS
S~
h
w
[\
o=

uR)® 3 1 -2
(dR)° 3 1 : (295)
Ve 1
() | S
(er)® 1 1 1
(vR)© 1 1 0

where X ¢ represents the Lorentz conjugate spinor of X, i.e. X¢ = ~oCX™*. This multiplet couples to
a left gravitational metric and connection, and to the SU(3)r x SU(2) x U(1), gauge fields. We have
seen that all the anomalies cancel out except for 4 units of the trace anomaly due to the gauge field
F = F*(?) (171), computed in the doublet representation of su(2).

The multiplet (295) describes left-handed particles and right-handed antiparticles.

There is also a right-handed multiplet

G/fields  SU(3) SU©2) U(1)

/
(Z,) 3 2 1
(v & 3 1 -2
L < 3
(d7)e 3 1 : (296)
/
Ve 1
1 2 -5
<6/ 2
) 1 1 1
(L)
(v))e° 1 1 0

coupled to a right gravitational metric and connection. This multiplet couples to the SU(3)rx SU(2) x
U(1)r gauge fields. The anomaly analysis of this right-handed multiplet is the same as for the left-
handed one except for the sign of the trace anomaly due to the gauge field F' = Fsu2) | gee (171), which
is opposite. Therefore the overall sum of the anomalies of the system vanishes.

The multiplet (296) describes right-handed particles and left-handed antiparticles.

We shall call these two intertwined theories, with field content (295) and (296), 7, and Tg, respec-
tively. The overall theory is free of type O anomalies. We denote it simply by 7 = Ty U Trg.

Important. Both multiplets couple to the same SU(2) gauge fields. Only in this case do all
anomalies cancel! This is the reason why we use the symbol U intead of +.

Let us see explicitly in the sequel the various possible pieces of the relevant actions. The MAT
(hypercomplex) formalism turns out to be a very effective bookkeeping device to write them down and
we will use it as broadly as possible.
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13.1 The quadratic fermion action

The quadratic fermionic action is modeled on the one already introduced above, (221),
a ~ 7 /=_a PN ~
5 = [aw (@yaee (Da+50.) ) @ (297)
= = - 1 ~
/d4gg (mﬁ\/;y (e + ~5cth) ('Dﬂ + 3 (Q;(}) + 75@9))) y;) (7)

where 1 is a 16-component spinor field, which encompasses the two left- and right-handed multlplets
above, as will be explained shortly. In (297) we have introduced the covariant derivative @ =0, +V,,

where 8# here and below has to be understood as 8%“ and 'V, is valued in the Lie algebra SU(3) L x
SUB)r x SU(2) x U(1)r, x U(1)g in the relevant fundamental representations of SU(3) and SU(2)
and in the representations of U(1) specified by their hypercharges. Now let us recall that

G={9wl=9+7f  Guw=09w+vfw=9+wPr +9-wP-,  9tw =g £ fiw  (298)
and
g'={g"}, gl=g+wf, §'g=1  §Gw=45/ (299)
so that?8
G =g st = g P+ g" P, g =g gy, = ol (300)
Moreover

V3 = V/det(g+) Py + /det(g-) P-, (301)

/éz _ 6!(j-)af)_i_ + e/(;)ap_j e&i)a ez + CZ’ egi)aegi)u _ 5;:

et =ebnp, elnp elEI — ol ot egi)“e/(f)b =) (302)
Aab +)ab ab +)ab __ 1)ab 2)ab

Qb = Q(Pebp, 4 oHep Bl = b 1 o) (303)

Using these we can split §f into §f = S}H + S](f) where

~ 1 ~
Sj(ci) = /d4x (,/gi i) Pery® e( e p, (@&i) + 2Q£i)Pi> ¢> (7) (304)
More in detail,
~ — a 1 ~
S](f) =S = / d'z (@m/m elHn <®§j> + 2Q§j>) wg) (@) (305)

where 9, represents the right-handed multiplet (296), and

DD =0, + gk XV + gw W, + g5 B (306)

ZCareful! g"”,f*” are not the inverse of g,.,, f.., respectively, while g'" is the inverse of g4 ..
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while
S =s = / d'z <@izpmaeg># <@L) + ;Qg>> ¢L> (@) (307)
where 17, represents the left-handed multiplet (295), and
D) =8, + X + W, + B (308)

The symbols X;(Li), WM,B,Si) refer to the SU(3)g/r, SU(2) and U(1)g/r, potentials, respectively. ~Of
course each potential has its own distinct coupling to the fermions, which can be made explicit through
a rededinition.

Remark. Here and below, once the hypercomplex variable Z has done its job as a bookkeeping
device, we can safely replace it everywhere with x.

S’](c_) and SJ(CJF) are separately C P-invariant.

13.2 The gauge field action
The action for the gauge fields is

R Vo (1 e
Sg = 8 /d% o <§2 V3g"g FWFN'V/> ’ B = Fy, T (309)

where Tr denotes the trace over all matrices, including -5, and T are the generators of the overall
gauge Lie algebra. The coupling constant can be split into left and right parts. This can be made
explicit in the action as follows: define

g=g+sh=g P +g P_, g+ =g=*h (310)

then the factor g2 inside the round brackets of (310) becomes

1 1 1
2 g2 e (31)
Therefore (309) splits as follows
1 ~ / v
S = i 4% /g5 tr (g*j;‘ P FWFM/,/> (312)
T

The action §g is appropriate for the SU(2) gauge fields, which are the same both for 77, and Tg.
sy

and Sg(y_) are separately C'P-invariant.

13.3 AE gauge field action
We can generalize the previous action by extending it to a field ‘A/H =V, +74,

r 1 ~ 1 S~ DR ~ ~
Saeg = —g /d4$’I‘I' <,g\2\/§guu g F/LZ/F/,L/V/> , FP«V = FSVTG (313)
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where F' = dV + % [Y/} V], and Tr and T are as above. The action (313) splits as
1 vv
S(ng) = —4 5 /d4x VOx tr (g““ gy F(i)F( I)) (314)

where Fig) = dV® 4+ 1VE) v®)] and V&) =V, + A, and g = g+ ysh = g Py + g P_. Asan
example, in the case of SU(2)r x SU(2)L considered in section 11.2 above, Vu(i) has been denoted

Wgr/Lu-
In the case of T = T, + Tg, the action Sgq is appropriate for the groups SU(3)r, x SU(3)r and

U(1)p xU(1)R, each with its own coupling g, since we have distinct left and right potentials. As before,
+)
€

the action splits in the sum S(g g + Ségg) with

1 = "o +
S = i / d'Z \/gx tr (gi“ g4 Fﬁf)Fﬁ,y’/) (315)

where F* denotes the curvatures of the SU(3)g and U(1)g, and SU(3)r and U(1), potentials, respec-
tively. Of course the factors gf can be absorbed, as usual, in a redefinition of the gauge potentials.

Sc(gg) and Ségg) are separately C' P-invariant. If g, =g_, §g and §aeg are parity-invariant.

13.4 AE real scalar field

We will need also the action for an axially-extended (AE) real scalar field o = ¢ + Y57, where ¢ is an
ordinary real and 7w a pseudoreal scalar field. We write the action as

~ 1 R — [ i~ o~ ~
Saes = = / d*Ztr [\/g ( G 9,9,® — m*d? — ¢4>] (316)

>)

2

S

We can decompose P as ® = O, P, +®_P_ where &4 = ¢+ 7, as well as m? = m%’_P_A'_ +m? P_ and
X = A+ Py + A_P_. Then we have the splitting §aes = C(Ljs) + SC(L;»), with

1 . y by
S{E) = 3 /d4$ g+ <9i 010, P4 — mL Y — i<I>4> (317)

13.5 AE scalar doublet action

We will employ later also an AE complex scalar field H=h+ ~sk that couples to a metric g, and is
a doublet under SU(2). The action is

. ~ . P PN
Saed = /d4§tr [\/5 (g“”@uHT‘DVH — M?HYH - 2 (HTH) ) (318)

where @M = 0, —igW,, and W, is an SU(2) gauge field (notice that 1, is not AE). We can decompose
Has H = H+P++H P_ where Hy = h=£k, as well as M2 = ]\L%PJr +M?P_and A=\, P, +)\_P_.
Then Saed splits as Saed — s + S((le(g with

aed
(£) _ 2 o7t AL (ot )2
Sted = [ d'F gz |94 D HLD, Hy - MIHLH, — =5 (HiHi) (319)
S((I:S) and chgs) as well as S(g:d) and S{g;i are separately C P-invariant.
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13.6 The EH-like action

The Einstein-Hilbert-like action in this context takes the form
~ 1 i 1 ==~
Spn =7 [ d'TTh ~\VIR), (320)
3

where R is the Ricci scalar, obtained from (204) by contracting v with p to obtain the Ricci tensor

Ro=R\P +R)P. R =R} +R) (321)
and then
R =g R =7 (B +15R3) = ROP, + ROP (322)
where R(F) = giVR%\). Moreozer % = H1+ Py + I%_P_.
The action (320) splits as Sgpy = SS}} + Sg}} with
& _ L [ s (+) 9
S / ‘5 /iR (323)

Remark. The actions SS;), and Sg}} are separately C P-invariant. The previous formalism works

even if there is only one metric, that is g4 = g_. Here and in the sequel we wish to keep track of the
more general possibility of a bimetric theory.

13.6.1 AE diffeomorphisms
Axially-extended diffeomorphisms, see section 8.1, are defined by
B PR, &=t =P P, =gt (324)

The way the various fields transform under these transformations is formally the same as for the
corresponding ordinary fields, for instance,

o = 0, @ =P, O = Duby + Db, ete. (325)
In particular \/Z\ has the basic property that, under AE diffeomorphisms:
0:\/G = EnVG+ VG (326)

Since the form of the actions (297,309,316,320) above are formally the same as that of the corresponding
ordinary actions, it follows that the former are invariant under the extended diffeomorphisms.
In turn we have

5§iw = 518,@, (5§i by = fi@@b etc. (327)

It follows that the actions S](ci), Séi), ngfg) , S((zfs) and SSZ are invariant under the (ordinary) diffeomor-
phisms spanned by the parameters £/ respectively.
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A gystem invariant under AE diffeomorphisms is automatically chirally symmetric, but need not
be parity-invariant because parity invariance requires also the equality of the left and right couplings.
The systems defined by the actions (297,309,318,316,320) are chirally symmetric.

The actions (309) and (318) deserve a special comment. Since they involve an SU(2) gauge field,
say W,,, valued in the Lie algebra su(2) without any axial counterpart, it would seem inappropriate to
consider the transformations

OW,y = EXW, + B, W) (328)

because ? splits according to eq.(324). But, first, one should recall that W, are functions of Z, and,
second, the operation (328) is akin to a similar very familiar operation in quantum field theory when,
in an ordinary theory of Dirac fermions coupled to an Abelian vector potential V),, we consider a chiral
transformation dV,, = iv50,A. This transformation formally does not make any sense, because V), is
not a 4 X 4 matrix, but it is accepted with the understanding that we can slyly introduce a phantom
axial companion of V), and eventually drop it, as we have explained several times.

13.6.2 AE Weyl transformations

The axially extended Weyl transformations are defined by
G — e%@w, W=w+yn=wiPy+w_P_ (329)

where wy = w £ 7. Under these transformations we have
5Vi = d@Vg (330)
R = —20R-2(d—1)0w (331)
0oRuws" = —00D,Dy& + 80D, D)& + DuDe® GG — DuDo® GGy (332)

The fermions transform as

) — e 2@y, (333)
the scalars as
d — e v, (334)
while the gauge fields are invariant
V, = V. (335)

Under AE Weyl transformations the actions (297,309,313), are invariant, while (318, 316, 320) are not.

S}i), Sgi), S(Sifg) are invariant under the Weyl transformations with parameter w_,respectively.

13.7 Yukawa couplings

The Yukawa coupling between a fermion 1, an AE complex scalar ® and another fermion x is defined
as follows. Set

§y =Sy + gy (336)
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Then
Sy = / 0'7 (wm/ﬁ%) (337)

where ¥ is the Yukawa coupling constant. Recall that P = ¢ — vsm denotes the axial conjugate |,
therefore

N

0]

=~
50 =¢ 0,

: (338)

Moreover

—~ =ph
X" = (§" = 75" 00X =€ Iux” (339)

52 (Nﬁ%) =0, (wﬁé“ <f>x°) (340)

Thus (336) is invariant under AE diffeomorphisms. Its Hermitean conjugate is

Therefore

_ 1 [ =
S, = 2/d4a: (Xc\/g}@w) (341)
Proceeding as above one can prove that
o (V3 8lv) = 9, (€ Vi dly) (342)

which proves that (341) is invariant under AE diffeomorphisms.
Similarly, applying the transformation rules (333) and (334), one can prove that both (336) and
(341) are invariant under AE Weyl transformations.

Remark. Notice that such terms as [ d*z <@ZJ\/§ @x) and the conjugate, are not AE diffeomorphism-

Invariant.

Now we specify the previous results for our case. If ¢1, be the (reducible) left multiplet of 77,. Then
we define

1 ~ [~ =7 c — ~ —— c
Syr = 2/d4l’ <¢Ly 92(vr) ) = y2/d490\/9—¢L‘I’—(1/1L) (343)
Its hermitean conjugate is
Svi=2 / N AR AR (344)

Much in the same way we can introduce the Yukawa couplings for the model Tz, i.e for the multiplet
(296):

svn=2 [@oyaie ). Sya= % [a el wh (345)

In the sequel we shall need these formulas in particular in the case where ® are real fields. We shall
denote them with the symbol

Sy = Syr + Syr+ h.c. (346)
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13.7.1 Symmetry properties of Yukawa couplings
Local Lorentz invariance of Yukawa terms

An infinitesimal local Lorentz transformation of v is defined by

1
o =AaS, B =[] (347)

It follows that

Op° = AgpXyC, 50" = —pALE Y, (348)

therefore (336) is unchanged.

Gauge invariance of Yukawa terms

Suppose ¥ is a (reducible) multiplet that transforms under a local U (1) group with Hermitean generator
Y:

Y=Y, a=atash (349)
Then
W ei§Y¢c’ PN Ee‘ﬁy. (350)
In order for (336) to be invariant under these transformation, ® must be invariant too
d— P (351)

which holds in the case of the AE scalar field case we shall need below. The same holds in the case
of SU(2) or SU(3) gauge transformations. For let the Hermitean generators be 7%. A local gauge
transformation on 1 is

R (352)
which implies

e eiEaT“wc’ D — @6—@,,7’@ (353)
Thus, if ® is invariant, (336) does not change.

Discrete symmetry properties of Yukawa terms

The above Yukawa couplings are symmetric under AE diffeomorphisms, local Lorentz transformations
and also under AE Weyl transformations. We have not examined yet their properties under C, P, and
CP transformations. Using the formulas of Appendix A, we see that they are not invariant under C
and P, but this is in line with all the terms quadratic in the spinors, which have the same lack of
C and P invariance, see (297), but are C'P invariant. On the contrary the above Yukawa’s may not
be C'P invariant. If we disregard the phases of the P and C' transformations the sum S}, + §/YL is
neither parity nor charge conjugation-invariant, and changes sign under C'P. Analogously the sum
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Sy g + SY g 1s neither parity nor charge conJugatlon invariant, and reverses its sign under C'P. Of
course we can arrange the transformation phases Bp, ﬂc of ¥ in such a way as to absorb this minus sign
and restore C'P invariance, for instance setting 3, + 3. = m. This choice does not affect the fermion
kinetic terms or the Yukawa couplings of the next subsection. With this choice the total action (346)
is parity-invariant. However the above Yukawa couplings do not reproduce the SM Yukawa terms. For
this reason we resort to other Yukawa couplings, which are C'P invariant but oblige us to sacrifice in
part the overall symmetry of the theory, see next subsection.

Mass terms

Let us finally add a comment that will be useful later on. Yukawa couplings of scalar and fermions are
in particular designed to produce fermion masses via the Higgs mechanism. Here we consider the one
illustrated in subsection 14.2 below. Let us consider as an example the mass terms produced by the
vev v of the field @ in Sy, +h.c., (345). We take y, real and we limit ourselves to the doublet <ZR>
R
and the singlets (dr)¢, (ur)®. Plugging them in Sy + h.c. the integrand turns out to be proportional

to (disregarding ,/g+)

v — [ _ N
2 (du(de)” + (dr)edy + dr(dr)” + (dr)°dr) (354)
and the same expression for u. It is well-known that the kinetic terms in SJ(QL), eq. (305), constitute
the kinetic terms of a massless Dirac spinor ¢/, = dr, + dgr and ¢, = ur, + ur. The terms (354) form
the Majorana mass term of that spinor, so the complete eom is the Majorana equation, which in the
free case takes the form

13.8 SM Yukawa couplings

To reproduce the SM couplings (at least in the left part of our theory) we must use

UYp N _
Syar = I;d/d4$ V9= (Yar Ha—Xsr) + h.c. (356)

where 147, is a left-handed SU(2) doublet, H,_ is also an SU(2) doublet, conjugate to the 94, one in

the inner product of the SU(2) doublet representation space, while ysg is a right-handed singlet, all
of them belonging to 7. Similarly, for Tg,

+
Yy ~ —
SYdR = ;Id/d4x \/g (XiiR Hd+¢;L> + h.c. (357)

Eqs.(357) and (356) are (separately) invariant under diffeomorphisms parametrized by ¢/ and confor-
mal transformations parametrized by wy, respectively. They are invariant under SU(2) gauge trans-
formations and the other SM gauge transformations, and are C'P invariant. Again it is not possible to
write them in compact form in terms of H and guv as in the previous actions, that is by means of the
full-fledged hypercomplex formalism. We stress that this does not spoil the L-R symmetry.
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We shall denote the set of Yukawa couplings introduced in this subsection by
Sya = Syar + Syar (358)
and its hermitean conjugate by Sy4. An example of Yukawa coupling of Sy, is

o

Mo [ 1% o (@ Haxer) (359

where Qp = <Z§>, H; = <ii> and xsg = ur or dr. Due to the breakdown of the electroweak

symmetry the term (359) gives rise to a mass term proportional to the vev of Hy and to y%, see

subsection 14.3. Together with the kinetic terms in Sj(f), eq. (305), it forms a Dirac fermion action,
for instance for ¥3 = dr, + dg, whose free eom is the ordinary massive Dirac equation:

Pba +mapg =0 (360)

13.9 The overall 7 model

The action of the chirally symmetric model is
§ch_5ym = §f + §g + §aeg + (Sy + Syq + h.C.) + §aes + gaed + §EH (361)

where §g has gauge group SU(2), while §aeg has gauge group SU(3)r x SU(3)r x U(1)r, x U(1)pg.
Concerning the discrete symmetries, with the choice made in subsection 13.7.1, 7 is CP and T in-
variant. This theory is chirally symmetric and non-anomalous. It is in particular a bimetric theory®®
Since the fermion spectrum is L-R symmetric by construction, it is completely free of type O anomalies.
Excluding the term Syg + h.c., the action (361) is invariant under AE diffeomorphisms. Sy, + h.c.
and SYdR + h.c. are separately invariant under £ and &Y. Concerning the Weyl transfomations:
Sf + S + Saeg + (Sy + h.c) are invariant under AE transformations. Sygqr, + h.c. and Sygg + h.c. are
invariant under Weyl transformations _with papameters w_ and w.y, respectively.

But the scalar plus gravity action, SaeS+Saed+S EH 1snot 1nvar1ant under AE Weyl transformations,
only the remaining part is. We should add that, in addition, Spi is not renormalizable. We need an
enhancement of symmetry in this part of the action, a formulation that preserves AE Weyl symmetry
and, hopefully, achieves renormalizability. This is indeed possible by embedding the model in the
so-called Weyl geometry, [160]. All this constitutes a very well-known subject. We are moving in a
considerably explored ground and we do not have anything new to say about it. We limit ourselves
to a short summary of a rather vast literature, see [83, 85, 111, 140, 141, 142], and to apply it to our
context. The resulting model will be called TWW.

Ref.: [28, 140, 142, 160, 161]

29For a review see|28]. In general a bimetric theory is introduced in order to realize a ghost-free massive spin 2 particle,
see [93], a motivation different from the present one.
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14 The Weyl geometry and gravity embedding
In an ordinary gravitational background geometry the Weyl transformation is given by
G = € G (362)
The Christoffel symbols transform as
P;/\w — F:\W + 62‘ A + 5 Opw — G g™ Opw (363)
We can construct Weyl-invariant Christoffel symbols as follows
TN =10, = (6200 + 0 O — g™ 050 (364)
where the field ¢ (a dilaton) under Weyl transforms as
Y= ptw (365)

The field ¢ is dimensionless.
Alternatively, other Weyl-invariant Christoffel symbols are

ff?zz))\ = F;/\w - dq (5;} C, + 51)/\ C,u - guugApCp) (366)

where the vector field C, transforms as
1

Cy—Cu+ 6(9Mw, (367)

and ¢ is a dimensionless parameter. Still another set of equivalent Christoffel symbols is
M, = Il —a (53 By + 62 Bp — guyg)‘pﬁpgc?) — (1 — @) (53 O+ 02 Cp — gWg’\pCp)
— ), -a (53 Dy + 6} Dy — gw,gAprgo) —q (5,3 C,+ 00 Cp — gw,gApCp) (368)

where « is a dimensionless parameter and we have introduced the Weyl-invariant derivative

Duy = Oup — qC (369)

We can use these Christoffel symbols to build the Riemann and Ricci tensors. For instance,

R,, = Ry, +3D,S, — D,S, + guD - S+ 25,5, —2g,,S - S (370)
and
R=R+6(D-S—5-5), (371)
where
S = adup+ (1 —a)qC, (372)
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The conformal Weyl formalism allows also another decomposition of EW. Summing R with a = 1
multiplied by € to R with a = 0 multiplied by 1 — € one can write

R=R+6e (D-dp—dp-8p) +6(1—¢)(¢D-C—q*C-0), (373)

where € is a new dimensionless parameter (not to be confused with «).
Notice that, from (370),

~ 1 ~
Ry = 5 (RW - R,,M) = 2(Dy,S, — DuSy) = 2(8,S, — 0,8,) = 2¢(8,C — 0, C,) (374)
By construction, Euv is conformal-invariant, but
R= g‘”’ﬁw —~ e 2R (375)

Thus we can construct a Weyl-invariant gravitational action as follows. The first piece is the confor-
mally enhanced EH action

s = i / die /g (R+ce??) (376)
To it we can add
SL) = —i / dz\/gCoC",  Chy = 0,C, — 8,C, (377)
Finally there is also
Sl = —717 / A4 /g Clup, CH (378)

where C\,,», is the Weyl tensor, which also is Weyl-invariant, and 7 is a dimensionless constant. If we
can disregard total derivatives in the action, (378) can be replaced by

¢ 2 1
Sl(/V) = —5 /d4$\/§ <_RMUR“V ‘|‘ 3R2> (379)

These have to be understood as interacting terms, while the kinetic terms are contained in (376) and
(377).

We can easily embed also matter in Weyl geometry. For instance consider a real scalar field ®: the
action

1
50 = 2/d4x NZ [QHVDMQDVQ —m2e 2°p? — i@‘l} (380)

is Weyl-invariant provided ® transform as
b —e YO (381)
In general D, is the Weyl-covariant derivative of the scalar ®

Du® = (Op+adup+q(l—a)C,) P (382)
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Putting together (376) and (380) we can write down the conformal-invariant scalar-gravity action
(c) I 2 2 (B o2
SpHtstc = %/d w9 (777 + (27 (R+ce g0)

1
+§ /d4x V9 [gWDMQJDV@ — mPe P2 — 261)4]

—% / d*z\/g C,, C* —717 / d /g, CH7, (383)

where ( is a constant that measures the non-minimal coupling of the scalars to gravity, and R is given
by (373), that is

R = R+ 6eg" (Dpvp — 0updup) + 6(1—€)g™ (¢D,C — ¢*C,C,) (384)

with € a constant to be determined.
It should be clear that ¢,x~! and ¢ all have the dimension of a mass square, while X\ and 7 are
dimensionless.

14.1 Weyl geometry: other field theory formulations

Another formulation of Weyl geometry in field theory is possible in terms of a scalar field x of physical
dimension 1. Instead of (376) the basic action is

1 ~
Sisy = % / d*r /g x> (R+ cx2> (385)
where ¢ is a dimensionless constant, while ¢ is as before??. y transforms as
X — ey (386)
The relation between x and ¢ can be written

¢ = log(€x) (387)

where ¢ has the dimension of a length. Using this one can translate all the above formulas in terms
of x (€} does not undergo any change). In the sequel we will use the formulation in terms of ¢. It
should be noticed that we need a dimensional scale to relate x to the Weyl geometry.

Returning to the main subject of the embedding in a Weyl geometry, the embedding of fermions is
automatic because the corresponding kinetic term is Weyl-invariant. The corresponding action term
does not need the introduction of either ¢ or C,,. As a consequence the anomalies remain the same as
before the Weyl geometry embedding. No new anomalies are generated due to fermions.

The embedding of the gauge kinetic terms and of the Yukawa couplings does not require any
modifications, because they are Weyl-invariant.

Remark Concerning the (local) Weyl symmetry there are two possible attitudes. The first is to
consider it as an ordinary gauge symmetry, characterized not only by a local parameter w(z) but also

300f course x cannot be identified with e?” because they have different physical dimension, 1 and 0, respectively.
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by an associated (independent) gauge field C), with relevant curvature and covariant derivatives, as
we have done above (in this case we understand o = e = 0 in all the previous formulas). Another
attitude is to drop C), and consider the resulting theory as an unusual gauge theory symmetric under
a local parameter but without corresponding gauge field. This means we set C, = 0, = € = 131,
Both attitudes are legitimate. But it is worth remarking that, contrary to what occurs in ordinary
gauge theories, it is not necessary to introduce a vector gauge potential C), in order to guarantee the
gauge invariance of the action, d,¢ can do the same job. But, in such a case, we do not introduce
new degrees of fredom (say C}), the field ¢ has the same number of degrees of freedom as the gauge
parameter.

The most frequent approach in the literature consists in introducing C, and treating it in the usual
way as in gauge theories with a Higgs mechanism, which makes it a massive vector field by absorbing a
scalar. We deem worth recalling the latter mechanism, although it is extremely well-known, because it
plays a prominent role in the sequel. We consider the two cases that will appear below: a real singlet
and a doublet Higgs mechanism with complex scalars.

Refs. [42, 49, 65, 91, 128, 154], for early applications of Weyl geometry to the SM, see [16, 50, 66, 73,
74,127, 118, 119, 139, 149]
14.2 The real singlet Higgs mechanism

In a theory like (383) the Higgs mechanism is realized as follows. We single out the action
1 4o v 252 Agd
55:5 dz\/g ( ¢"D,®D,® + m-P _Z(D (388)
where
Du® = (0p+qCL) ® (389)

and the term m? is produced, for instance, by the gauge choice v = 0, i.e. m? = %

Setting ® = v + p, where p is a real field and v = %, a real number, denotes the minimum of

the potential, we have
D.®Du® = (9u+qCy) (v+p) (0" +qC") (v +p) (390)

The quadratic terms in $D,®D,® — V (V is the potential) are

% PO p + %qQC'#C“v2 — %)\U2p2 (391)
The result is a massive scalar p as well as a massive vector field C),.

Including this case among the Higgs mechanisms is somewhat of an abuse of language, because
there is no gauge field eating a scalar, but we can consider it as a sort of limiting case. A massive C},
produced by a Higgs mechanism, is often considered in the literature, see [83, 85, 111].

Finally, the Yukawa coupling (345), for ® real, when (®) = v, produce mass terms proportional to
v such as those in eq. (354).

311t is actually not necessary to set C,, = 0, it suffices to require C,, ~ 9,,¢, which defines an integrable Weyl structure.
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Remark. If ¢ denotes a singlet or a multiplet, that transforms under a gauge transformation
ey, (T =17, (392)
then
P — T, o e T (393)
Therefore a mass term like (354) remains gauge invariant after the breaking.

14.3 The doublet Higgs mechanism

Suppose ® is a complex doublet field, transforming as
P — e Pl pleivaT” (394)
under a local SU(2) transformation, a = 1,2,3. The relevant terms of the action are
sl = /d‘lx\f [ D, 1D, ® + M3 — 2 (<1>T<1>)2} (395)
d g 19 m v 1
where

D,® = (8, — igVy, + qC,) ® (396)

The symmetry breaking is determined by the decomposition

o — <U +ﬁ$x> (@) = (2) (307)

where ¢ is a complex scalar field, A and x are real scalar fields. ¢ and x are Goldstone bosons destined
to become components of the three SU(2) gauge fields, while & is bound to become the massive Higgs
field. The three Goldstone degrees of freedom represented by ¢ and x can be absorbed by an SU(2)
gauge transformation, so that, with a suitable choice of the parameters a,, ® can be represented as

. o 0

o =T, @), = h (398)
v+ ﬁ

We recall that if M? is the mass of ® and A the strength of the quartic coupling in the action, v is

given by

2:2M2

399
== (399)
Under this SU(2) gauge transformation the covariant derivative of ®,
Du® = (O — igWy +qCu) @, W, =WiT* (400)
becomes
D.® — e D ¥, (401)
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where, in the covariant derivative, igWW,, is replaced by
igX, = e T (~9, +igW,) e'T" (402)

In this way x and the two components of ¢ are absorbed into X,. Disregarding for simplicity C},, we
have

1 g2 h\?
T aya
D@D ® — J0,hdh + & XX (v + \/i) (403)

summed over a. Since the kinetic term in the action is gauge invariant, this assigns a mass square v2g?
to the three gauge bosons X ;.
On the other hand

h 2
e - ol p, = (v—l—) 404
h h \/5 ( )

The scalar potential V becomes
1
V= —§M2v2 + M?h? 4+ O(h%) (405)

This gives the mass of the Higgs field h. Via the Yukawa term Sy4 also the fermions coupled to @
acquire a mass proportional to v.

In the sequel we shall indeed consider two types of scalar field actions. In one, ® is a real scalar
field in 7" denoted ®. In the second case, ® is a complex SU(2) multiplet, which in the AE case will
be denoted H. The first action will be denoted Saes and the second Saed

The next step consists in embedding 7 in the AE Weyl geometry, see [83, 111, 140, 142].

15 Embedding in AE Weyl geometry

The embedding in axially extended (AE) Weyl geometry is straightforward. The embedding of the
fermion kinetic terms and of Yukawa couplings does not require modifications. We can write

~

§§’C) = §f7 S(C) = Sga S\(C) = Saeg7 SY(C) = SY? Sé?c)l = SYd (406)

aeg

For the gravitational part we can write

. 1 R

S\ = 1 / d*F tr { Ve 2 (R +7e 2@)} (407)
where = p + 5w, K = k4 Py + k- P_, and

E:ma(ﬁ.g_g.g) (408)
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where32

~ ~

S,=8,5, or 8,=qC,, Co,=Cu+7sE, (409)

We can of course easily write down the splitting in + and - part of the actions. To start with

St = Sk’ + Spa (410)
where
(c£) _ L 4 201 [ p(E) 4 o,—20%
Spn Sms /d x\/g+e (R +ce ) (411)

which is invariant both under diffeomorphisms with parameters £+ and under Weyl transformations
with parameters w4. Here

R® — R 1 ( D . gE) _ g . 5&)) (412)
where
SH =qCH  or  SH =09,0H (413)
and
pr=p+tw, CH=C,+E, (414)
Similarly
oy C ]. —~ e~ ! VAsnn ~ c c—
S(C) = —8/d4w tr [\/gg““ 3" CuCpupy | = S(C+) + S(C ) (415)
where AW = gu Al, — 5,, AM, and
1 Vo
S(Ci) = —4/d4$1/g:|: g gt Cl(flf)qs,iy),, (416)

For a real AE scalar ®:

§((1?8 = ;/d‘lftr {\/ﬁ

e A~
—_ Zpt
4

aes aes

} = Slet) 4 5l (417)

where [A)u =0, + q@M or [A)M =0y + 04, d = ¢+ vysm and m? = miP+ +m?2 P_ . Finally

1 , A
i) = 5 [ e vz |o2 (OF 02) (DF0s) + mietea? — 2ot (415)

with D¥ = 9, + ¢C™ or D* = O+ Oup™) and by = ¢ £ 7.
Finally, for an SU(2) doublet H:

32Here and below we treat the two §u as separate cases. One could just as well consider a combination of the two with
coefficients a and 1 — «, respectively, as was done before.
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~

0, [ tr{ [A (6,)' (B, + 2t - 2 (7tA) ] } 5D 15 (qg)

where 5“ =0, + q@ —igW,, or /Ij“ = 0y + 0,0 —igW, , W, being a gauge field valued in the SU(2)
Lie algebra representation to which H belongs (beware, W), is not split).

v A
) = / dz /9% [gi (D H2) (D, Hy) + MEHLH: — =% (HlHi)] (420)

with fo =0y + qC,Si) —igW, or fo =0u+ 3Mcp(i) —igW,.
Putting everything together we can write down the most general AE scalar plus gravity action

Ale ]. = o9 NS L A A = —~ 95
S(El)'{—}—aes—l—aed—‘rC = /d4l’t1‘ |:I€\/§ (6 2¢+ChHTH+C(I)2> (R+C6 24p>:|

where

and

G G0 — G4 G G B

W etc.

We have also added the non-minimal coupling strenths Eh and Z, with 6;1 = (e Py + (- P, Z:
4Py + (P, etc.

It is also possible to replace ® with a complex field. The action has the same terms as the field H ,
by replacing it with ® and W, with a U(1) gauge field V,.

In conclusion, the overall conformal-invariant model 7W is defined by the action

S\éfcz)fsym = gf + gg + §aeg + (Sy + Sya+ hc) + S(E(':}-I+aes+aed+c (423)
It splits into
S =S\ 480 L)+ (Syr + Syar + hee) + St vessacdic (424)
and
ST =S5+ 8 + S + (Syr + Svar + hec.) + Sk aessacdsc (425)
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The label (-/+) stands for left/right.

To summarize, 7 W is a theory of massless fields, which is not only classically symmetric under the
already mentioned symmetries, i.e. under diffeomorphisms, local Lorentz and Weyl transformations as
well as the SU(3)p x SU(3)gr x SU(2) x U(1)r, x U(1)r gauge transformations, but has also the right
interaction terms to be classified as renormalizable. However we have no guarantee about its unitarity.
This is due, in the perturbative approach, to the possible appearance in the gravity propagators of
ghosts (wrong sign of the quadratic kinetic operator).

Therefore let us proceed to illustrate some consequences of the quantization of TW.

16 TV as a quantum theory

The TW theory has several local symmetries: diffeomorphism symmetries, local Lorentz invariance,
Weyl invariance, beside the symmetries under SU(3);, x SU(3)r x SU(2) x U(1)r x U(1)r gauge
transformations. Quantization requires gauge fixing. The reason is that the gauge degrees of freedom
are unphysical and have to be eliminated. But there is also another reason: if the gauge is not fixed the
propagators of the gauge fields and of the metric are not defined (the corresponding kinetic operators
are not invertible) and, therefore, quantization is impossible. The two things are connected: gauge
invariance means that, in the space of field configurations, beside the physical degrees of freedom we
have a set of unphysical configurations of infinite volume (in the path integral sense). This infinity is
the origin of the non-invertibility of the relevant kinetic operator, being related to the (infinite volume)
space of its zero modes. An educated guess for gauge fixing, accompanied by the introduction of FP
ghosts in order to fix the mismatch between the unphysical degrees of freedom and the dofs eliminated
by the gauge fixing, can lead to the solution of both problems. If we now look at the Weyl invariance
we see a difference: in section 14 we have already noticed that the introduction of a vector gauge field
C}, is not required in order to implement a Weyl symmetry, the scalar field ¢ alone can do the job.
In TW we would like to exploit this possibility and explore the formulation where the vector gauge
potential C), is absent. In such a case the propagator of ¢ exists even when the gauge has not been fixed
and there is a perfect matching between the unphysical dofs and those eliminated for instance by the
gauge choice @ = 0 (thus no FP ghosts are necessary). This seems to suggest that the nature of Weyl
symmetry is different from that of ordinary gauge symmetries. In the sequel, therefore, we would like to
explore an unusual possibility: we will not fix this gauge, but keep it unfixed (in particular, therefore,
there will be neither a ghost nor a BRST symmetry corresponding to it), but much like we do for rigid
symmetries we wish to preserve this local symmetry throughout the process of quantization. In the
literature the attitude is generally different and the Weyl symmetry is treated as an ordinary gauge
symmetry and quantized with gauge fixing, ghost and corresponding BRST symmetry, see notably
[121, 122, 124]. In the last reference the authors signal the difficulty of producing compatible BRST
Weyl, diffeomorphism and Stiickelberg gauge symmetry fixings, see sec. 18 for a further comment. In
our approach this problem is avoided, and it should be recalled that we are not violating orthodoxy:
solving a gauge theory without fixing the gauge is not in itself so heretical, it is simply extremely
complicated and perhaps even impossible when gauge invariance implies the lack of a propagator; but,
we repeat, in our case the relevant ¢ propagator exists and, so, it makes sense to preserve Weyl gauge
invariance through (the perturbative) quantization.

Our choice to ignore the field @ Is tantamount to setting @ = 0,9, which, in the literature,
defines an integrable Weyl structure. This structure, among other things, has the virtue to avoid the
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SCE (the second clock effect), which revives an objection raised by Einstein against non-metricity,
[161]: the parallel transport of a unit vector along curves with the same initial and final point would
lead to different results, involving both space and time intervals. In particular the time difference (SCE)
would be given by the integral of C,, over the surface comprised between the two curves, which, of
course, in the integrable Weyl structure vanishes. For more details and references, see 84, 85, 88, 131].

Summarizing, the quantum 7 W theory is dealt with by fixing the gauge for diffeomorphism and
gauge invariance, introducing the corresponding FP ghosts and recovering the appropriate BRST
symmetries, while trying to preserve Weyl symmetry. But quantization gives rise to a new problem
involving precisely the preservation of Weyl symmetry due to even trace anomalies.

17 The problem of even trace anomalies

The subject of this section is the problem of even trace anomalies in 7W in its symmetric phase (i.e.
before the primitive chiral symmetry breaking, see below).

Trace anomalies have been discussed above at various stages, and especially in section 6. The
analysis was limited there to theories of free fermions coupled to background potentials (metric or
gauge fields), and mostly to odd-parity anomalies. Now we have to do with a fully interacting theory,
not only for matter fields but also for the gauge potentials, the metrics and the dilatons.

In general, trace anomalies for matter fields interacting with background potentials arise as a
response of the effective action to a Weyl variation of the metric: g,,, — e*?g,, for a local parameter
w. The classical definition of the e.m. tensor for matter fields interacting with a background metric is

2 48
T = —
I \/‘aéguy

S being the classical action. If the latter is Weyl-invariant the e.m. tensor is traceless. This follows
from the classical WI

(426)

0,8 = /dd <5,w‘5w“”+zaf ) 0 (427)

where f; denotes generic matter fields, and, for infinitesimal w, d,9"" = —2wg"”,d,fi = —2ywf;
(where y; is 0 for gauge fields, d;Q for scalars and d;l for fermions, etc.). If the matter fields are on
shell, i.e. 6f = 0, it follows that TWgW = 0 due to the arbitrariness of w.

When the metric is dynamical the interpretation of (426) changes for 59;?,, does not represent the
e.m. tensor of the metric field, but the LHS of its equation of motion. It is well-known that in the EH
gravity this leads to the Einstein equation

1
R, — §Q,WR +Agu = —kT (428)
where A is the cosmological constant and 7}, is the e.m. tensor of the matter fields.

Therefore in an interacting theory like 7W?33 the WI for Weyl transformations has the same form
s (427), but the interpretation of e.m. tensor of eq.(426), while it still holds for matter fields, is not

33In this section we refer to a general abstract theory with the same general features as 7W. For this reason we use
a generic notation for the fields and couplings, dropping in particular the + labels, but the following discussion applies
as well to TW, and to TWp or TWpg separately or in conjunction, in the symmetric phase.
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valid for the metric itself. If we refer, for instance, to (376) we recall that, since we have dropped C,,,
the tilded Ricci scalar is

E:R+6Dcp—6890~&p (429)

Therefore the equation of motion for the metric is
1 _
Ry, — 9w (R+ce ) = —2re*T (430)

where T;ST) denotes the e.m. tensor of all the matter fields (including the dilaton) coupled to the
metric. Let us recall that this equation is Weyl-covariant.
Taking the trace of (430) we get that, when all the other fields are on shell, the equation

R+2ce % =2ke2?T(M), T = grrim) (431)

should hold as a consequence of (427) (since w is arbitrary).
It must be remarked that, as required by (427), we obtain a dynamical equation for g,, that does

not imply automatically the vanishing of the trace of T, ﬁT) That is, in order to preserve Weyl invariance
it is, in general, not necessary for the matter e.m. tensor to be traceless. There may exist situations
of this type, but, in view of the discussion that follows, they fall in the realm of non-perturbative
solutions. For simplicity we exclude them from our analysis.

)

contains the contributions from the e.m. tensors of all the fields,

including ¢, except the metric. However, in general, T,ET) is not simply the direct sum of the e.m.
tensors of the various fields coupled only to the metrics (like, for instance, in (158)), because there are
also interaction terms that mix different fields beside the metrics. This means that the problem we
face with the trace of the RHS of (430) is not simply the sum of the distinct problems of computing
the trace of each field species separately®*. When dealing with a free field interacting with external
potentials we have the possibility to use either a perturbative or a non-perturbative approach. The
latter consists in resorting to a one-loop quantum energy-momentum tensor ((7},,)), which, for matter
fields, is defined by

Now, the matter e.m. tensor TL(LZL

2 oW

T.) =— 432

(i) = = 5 (432)
where W is the effective action, and then using the WI

0,W = —/ddx gw{{(Tw)g"” (433)

in order to identify a possible trace anomaly.

But this approach is not available when dealing with a fully interacting theory like 7W. We must
turn to the perturbative method, which consists in general in fixing the gauges and introducing the
corresponding ghosts, in determining the Feynman rules and, in particular, writing down propagators
and vertices, and, finally, after introducing an appropriate external source for each elementary field,
writing the appropriate Slavnov-Taylor identity for each BRST symmetry (this will be commented

31For the same reason we cannot factor the overall path integral of the theory as a product of separate path integrals,
each of them involving the quadratic action of each field species interacting with other fields treated as external sources.
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further on in section 18). However rewriting (427) as a Slavnov-Taylor identity would obscure the
role of the e.m. tensors, which are composite operators (not elementary fields). In order to highlight
this role we will proceed in another way. Concerning Weyl anomalies, the available quantum results
at present are (perturbative and/or non-perturbative) local expressions of trace anomalies obtained
by integrating out in each separate path integral various matter fields, for instance fermions, scalars,
etc., which feature quadratically in expressions where they interact with other fields considered as
background. The question is whether these results are of any use when we consider a fully interacting
theory such as 7W. In the sequel we would like to discuss how they can in fact be brought to bear in
a perturbative approach.

The TW action contains terms coming from the quadratic kinetic terms of the various dynamical
fields coupled to the metric, the dilaton and the gauge potentials, but also several interaction terms:
non-Abelian gauge fields interacting among themselves, scalar fields interacting with fermions, gauge
fields and the dilaton, gravitons interacting with the other fields and among themselves. The pertur-
bative approach singles out kinetic terms, each being quadratic in one species of fields, from which the
propagators are extracted, and deals with all the other terms as interaction terms from which the ver-
tices are derived. It is important to recall that in the perturbative approach the fields we consider are
fluctuations around a background; for most fields (fermions, vectors and also scalars in the symmetric
phase) the fluctuating fields are usually identified with the fields themselves, while for the metric the
fluctuating field is h,, with g, = 1, + hW?’E’. In the following discussion we set, for the moment,
¢c=0.

Next we proceed as follows. We expand both sides of (431) in series of h,,, and forget the interaction
terms of all the other fields. The zeroth-order term on the LHS vanishes?¢. Therefore at the lowest
order the RHS, which is the sum of the traces of the e.m. tensors of the various species of fields, must
vanish too. But since the e.m. tensors of the various species are non connected by interaction terms,
this implies that they must be separately traceless. This is all classical.

To quantize (430) and (431) the perturbative approach allows us to start from the classical zeroth-
order expression of the matter e.m. tensor or its trace, which is the sum of the free e.m. tensors for
each distinct field species and treat all the other terms as interactions. To extract explicit formulas
we expand the full action in terms of the fluctuating fields and forget their interactions, the action
becomes a free field action (and the equations of motion are the free ones). From it we can extract the
lowest order (on shell conserved and traceless) e.m. tensor for each species via the canonical formulas.
Alternatively we can use (426) by coupling every single species with the metric g, in such a way as
to realize Weyl invariance, using (426) and eventually setting the metric equal to the flat one. Said
another way, we expand the full action in series of h,,: the zeroth-order term is made of the free
actions while the coefficient of h#*” in the first-order term identifies the on-shell conserved and traceless
e.m. tensors.

The zero-th order e.m. tensors obtained in this way are

1— & i e
T = Lm0 + (1 ) = M 507 00, (434)

for fermions (which, in particular, may be chiral), and

1 1
T = 2 <8MAA8VAA + O6A,0M A, — 277WEAA[,8AA”> (435)

35The dilaton could be expanded around a non-vanishing value oo, but in the present discussion we set @o = 0.
36Because its lowest order is linear in h,,, for, at the lowest order, R = 9,0, h*" — Oht,.
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for Abelian gauge fields. This is obtained after fixing the Lorenz gauge. The non-Abelian formula
differs from it only for the trace symbol in front of the RHS, the trace being applied to the gauge Lie
algebra generators.

The above e.m. tensors are (on the shell of the free equations of motion) conserved and traceless.
At variance with these examples the derivation of the e.m. tensors for scalar fields via formula (426)
applied to the scalar fields in (421) does not automatically lead to conservation and tracelessness.
However if we now return to formula (431) in the spirit of perturbation theory, we have seen that to
the lowest order the LHS vanishes. Therefore, as already pointed out, the matter e.m. tensor must
indeed be traceless at this order. It follows that also each e.m. tensor for scalars must be separately
traceless.

Therefore for the complex scalar field & we expect

1
T) = 0,01 0,® + 0,01 0,® — 1, 0\®T O D + 5 (w0 = 0,0,) o' (436)

and an analogous formula for H. In analogy we expect a similar expression for the dilaton

6 1 1
T;Ef) = ; <8u908V§0 - 5 TIMV8§0‘8(P + 6 (nuulj - auau) 902> (437)

These expressions are known as improved e.m. tensors. But what do they have to do with the action
of TW and in particular with (421)7

Consider a free scalar field ¢ in dimension d. Its improved (on-shell conserved and traceless) e.m.
tensor is

1
TS) = 0u 00 — 51w 03006 + 4 N0 — 8,0,) ¢, (438)

@1
assuming the free equation of motion is ¢ = 0. It can be derived with the improved canonical formula.
But it can also be derived from the action

d—
Sy = % / A%z \/g <au¢aﬂ¢> i+ 4((121)3 ¢2> (439)

where R is the Ricci scalar. This action is conformal-invariant. Applying (426) to it, integrating by
parts and setting g, = 7)., one obtains (438). Now what we do is the following: to the free action of
¢ we add and subtract a term [ d'z VIR ¢? (with the appropriate coefficient). The expansion in Py
gives

2 / dha 1 (0 = 9,0,) ¢ + O(h2) (440)

from which one can derive (438). Adding and subtracting the same term of course does not change
anything, but while the lowest order approximant (440) allows us to write (438), the term with opposite
sign will remain and contribute an interaction term that was not present in the original action, and
must be taken into account when computing the trace anomaly. All the terms of higher order in (440)
cancel one another. Said another way, we expand the metric on the RHS of (439): the zeroth-order
term is the free action of ¢ and is left unchanged by the addition of [ d*x VIR ¢?, the coefficient of
h* in the first order term identifies the on-shell conserved and traceless e.m. tensor (438); the first
order term of — [diz VIR #? is accounted for as an interaction term. All the higher order terms
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of [ dx VIR ¢? disappear. On the other hand if in the original action there are mass terms like in
(388,395) and (420,419), these terms are to be accounted for among the interaction terms.

This procedure can be adopted for the scalar fields ¢, ® and H.

Finally we have to consider also the contribution to the total trace anomaly due to the Faddeev-
Popov ghosts. There are two types of these ghosts, those coming from the gauge fixing of non-Abelian
gauge symmetries, denoted ¢* and ¢® and those derived from fixing the diffeomorphism symmetry,
denoted by & and €.

A gauge fixed and FP ghost action for the former can be found in Appendix C, below. The ghost
action to the 0-th and first order in h,,, excluding all the other interaction terms, can be extracted

from
S = / d*z \/g 9" 0,0, c” (441)
summed over a. But the e.m. we obtain in this way
Ty = 8c 8™ + 8,8 Dyc® — 1, 0N (442)

is neither conserved nor traceless, in other words we face the same problem as with the scalar field
when trying to extract a conserved and traceless e.m. tensor ((441) is not Weyl-invariant). Therefore
we proceed as in the scalar field case and add to the Lagrangian term in (441) the term %\/ERE%“.
In this way the corresponding lowest order e.m. tensor is

_ 1
T = 0,2 0™ + 0,2 Opc” — My, O30 + o (D) — 9,0,) 2c” (443)

which is conserved and traceless.
For diffeomorphisms we use the DeDonder gauge, whose lowest order form is: 28,hf — d\hj; = 0.
Proceeding as in the gauge case we find a ghost action (see Appendix C, below),

SE8 — _ / d*z /g g" €, 0,0,& (444)

Eq.(444) is not Weyl-invariant. Adding, as in the scalar field case, a term [ d%z \/ERE/\@ to this
action, at the lowest order we find the traceless e.m. tensor

_ _ _ _ 1 _
Ti5®) = 0uEa0uE™ + 0,630uE" = MuOrEDE + 5 (M0 = 9u0,) €36 (445)

Comment. Other backgrounds

In the perturbative approach described so far we have started from the background g,, = 7u,,¢ =0
and ¢ = 0. This is the simplest background. Other more general backgrounds are possible, g, =
gopw F M€ # 0 and ¢ = g # 0 and even V,, = Vp, # 0,W, = Wy, # 0. They are supposed to
satisfy the background equation (430)

~ 1 ~
RO}U/ - 590/11/ (RO + 5672@0) =—2K 62('00T(§Z?/) (4:46)
whose trace is
Ro + 2ce 290 = 2 ¢~ 200(™) (447)
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The new fluctuating fields are h,, = g, — gouwr and ¢ — o, V,, — Vo, and W, — Wy,,. Now we expand
(430) in terms of the fluctuating fields around the classical solution of (446), in the same way we have
done before around the trivial flat solution. As before the zeroth-order term of the expansion of the full
action in h,, provides the free field equations of motion and the first order one the free e.m. tensors.
The quantization is carried out as before, except that e.m. tensors and vertices will contain insertions
of the background fields. We will not pursue this here. We only notice that since the calculation of
the trace anomalies must be carried out according to the formula (161), the two sides of eq.(447), will
drop out of the final result.

Refs.: [29, 132].

17.1 Even trace anomalies: further examples

The previous argument allows us to conclude that the first perturbative level of the RHS of eq.(431)
can be computed for each species separately. To this end we have to single out the propagators and
vertices. The propagators are well-known, some have been already written down. We summarize them

for the reader’s convenience, they are: ; for fermions, —1%77#,,5‘16 for gluons (in the Lorenz gauge), p%

for real or complex scalars, p%éab for FP gauge ghost. The propagator between h,, and h,g has a
complicated form depending on the classical action we start from and on the gauge fixing conditions.
For the present purposes enough is to know that the generic form of this propagator in the UV limit
is ﬁtwa[g, where the constant tensor ¢ is constructed out of the flat Lorentz metric 7,,. This
simplified form is sufficient to recognize at a glance the order of divergence of a Feynman diagram.
The propagator for the dilaton ¢ is %’?]%.

The relevant vertices for fermions have been introduced earlier, for instance the vertex Vi, of
two fermions and one h,, gravity fluctuation field in eq.(165). The fermion—fermion-gluon vertex is
Vitg 1497, T A fermion—fermion-scalar vertex generated by a Yukawa term with coupling y takes

the simple form
Vige iy (448)
Similarly the scalar—scalar—h,,,-graviton vertex is given by

7

V:@sh 2

(Muwp-p = (pupl, + 201y,)) (449)

where p’ is an entering scalar particle momentum and p an exiting one. The subtraction of the term
(440) entails the addition of another scalar—scalar—graviton vertex

i
wn g (pp’ = (pupy, + popy)) (450)
The complex scalar-complex scalar-gluon vertex Vi, is

Visg + 1T (pu — p),) (451)

where the gluon leg is represented by V/T“ and g is the relevant gauge coupling. The gluon—gluon-
graviton vertex is

1 1
‘/ggh : i(sab (pap/ﬁ + p,@pix) Ny — p'p/ <77a,u776y + Nav"Bu + 277a,877pu>:| (452)
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referring to the legs hag, V' T, VOT? with p entering, p’ exiting for the last two. Here we have assumed
the normalization Tr(7%T?) = §%. The triple-gluon coupling, V4, can be found in any gauge field
theory textbook.

The ghost-ghost—V),-gluon vertex is

Vg —&1"Dy (453)
The ghost-ghost—h,,-graviton vertex is
Veen —%(pupl + Pub), — N D) (454)
The vertex Vg, is
Veen —%(pupl + PPy — M PP ) (455)

where the legs are hW,EA, &P with momenta ¢, p, p’ respectively (¢ + p+p' = 0).
As for the dilaton ¢, Vi up, is the same as Vg, multiplied by % Then

Vitge + ipp (456)

where p is the momentum of H' and p’ is the momentum of ¢. The vertex Vaia, is the same. The
mass terms of scalar fields such as those in (388,420,419) originate interaction terms proportional to
the square mass.

There are also vertices due to terms like (440) and higher order vertices. But the ones shown above
are sufficient to illustrate the main point.

Thus, at least at the lowest loop order, we can compute the overall anomaly of TW using the
results and methods presented in the first part of this article. As for the odd-parity (i.e. type O) trace
anomalies in TW this confirms what has already been said above: they cancel out by construction.
But in 7 there are even (type NO) trace anomalies. It is worth recalling the difference between the
two types of anomalies we are talking about here.

0dd trace anomalies are produced in models of chiral fermions coupled to a background metric or
gauge field. They are a consequence of the lack of the corresponding fermion propagators. With this
kind of anomalies a theory simply does not make sense. Even trace anomalies, on the contrary, do not
correspond to a lack of propagator and the corresponding theory is well-defined. It is true that, for
instance, in the calculation of the even trace anomaly in a theory of a Maxwell field coupled to a metric
the propagator is ill-defined, because the kinetic operator is not invertible due to gauge invariance,
but this fact is remedied by suitably fixing a gauge (and taking into account the contribution of the
appropriate FP ghosts). Once the relevant propagator is defined the calculation is not unlike the
odd-parity case we have seen above. The results are anomalies taking the form of eq.(147). The most

well-known have density T'[g] given by (148,149). In perturbation theory their lowest order terms
are found from the triangle diagram contribution of the one-loop e.m. tensor <<Tl5£)>>, according to
the prescription (161). But there are others, perhaps less well-known or plainly ignored, anomalies.
They are characterized by the fact that their density are covariant pieces of actions. An example is
represented by eq.(151). Its explicit computation can be found in [40]. Here we summarize the main
facts. It shows up, for instance, in a theory of Dirac fermions coupled both to an external metric and

to an external Maxwell potential. At the lowest level it is again born out of ((T,S,Jj) ), but from a triangle
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diagram amplitude formed by joining a lowest level chiral e.m. tensor to two V}s, vertices and joining
each other by means of three fermion propagators, with the addition of the crossed amplitude. These
amplitudes are divergent and extracting the finite part one finds

PO — / dizw (—ama”vA + 8,,V)\8’\V”> - / Az w F (457)

© T 1272 T 24n2
This is the lowest order result. The all-order expression invariant under both diffeomorphisms and
gauge transformations is

AL(UQ) = By d*z gw F,,/\FV)\, (458)
Its non-Abelian extension is
Al = Y d*z \/gwtr (FMF”)‘> : (459)

From this example it is clear what has to be done in order to identify the trace anomalies of this
type. We must construct all possible divergent triangle diagrams formed by joining a zeroth-order e.m.
tensor with two vertices and the latter with each other, by means of three suitable propagators; the
e.m. tensor carries an incoming momentum and the other two outgoing lines represent particles created
by the same field (two fermions, two scalars, etc.). Then we must regularize the associated integral and
extract its finite part. It is easy to see that the triangle diagrams with two outgoing fermions always
vanish®”. Therefore we cannot have an even trace anomaly of the above type whose density T[g] is
the Lagrangian density of the fermion kinetic term. Analogous considerations hold for anomalies with
density T[g] corresponding to the Lagrangian density of ghosts, although the vanishing mechanism is
different: it is easy to see that there are potentially divergent triangle diagrams with two outgoing ¢*
and ¢” legs, but the corresponding amplitude vanishes when summed with the crossed amplitude due
to anticommutativity and the lack of an appropriate tensor antisymmetric in a <+ b. The same holds
for diffeomorphism ghosts. However, this is not the case for scalars.

Consider, for instance, the triangle diagram very similar to the one that gives rise to the familiar
ABJ anomaly, except that the two outgoing legs represent real scalars, say ®. It is formed by joining
the zeroth-order fermion e.m. tensor 7, ;(L,Jj) to two fermion-fermion-scalar vertices Vf(;)s, and these to
each other, by means of three fermion propagators. The only difference with the ABJ calculation is
the absence of a 5 matrix and the trace of four v matrices instead of six. The integral is divergent, it
must be regularized and the trace anomaly calculated according to (161). The result is

1
4872

This is the triangle diagram result. It does not satisfy the WZ consistency conditions. The all-order
expression is either?®

AL

/ d'rw (800 — 9,9 0"D) (460)

Al®) ~/d4x gwg"'D,®D,d (461)

3"This is true at any loop order, therefore is an exact result. It is due to the fact that all vertices involve either two
fermions or none. Therefore in order to form a triangle diagram with one bosonic and two fermionic external legs we
need either an even number of fermion vertices and an odd number of fermion propagators or viceversa. In both cases
the number of v matrices involved in the diagram is odd, thus the gamma matrix trace vanishes.

38In the perturbative context of this analysis, the expressions of trace anomalies we need involve only the orders of
approximation relevant for the perturbative order we are considering. However the identification of all-order expressions
are both a simple way to check the WZ consistency conditions and a practical way to find all the orders of approximation.
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or

A2 / d'z\Jgw (au@ D + éR <1>2> (462)
or
ABY ~ / d'z \/gw <q> O® — éR @2) (463)

They all satisfy the WZ consistency conditions. What combination of the three is the appropriate one
in any specific case can come only from the explicit calculation. In the case of trace anomaly due to
the scalar @, interacting with a Dirac fermion, the final result is

AP d*z/gw (80P — 9,P 9"® — IR ?) (464)

4872
The difference between this last expression and equations (462,462) is due to higher order diagram
contributions, see Appendix D.

In the round brackets of eqs.(461,462) we can add also a term ®*, which form a consistent cocycle
by itself and can appear at higher orders of the calculation, but for our present discussion the above
formulas are sufficient.

Similar expressions hold with the obvious replacements also for a complex doublet H, instead of
the real scalar . As for the dilaton we can have

1 1
B e R I e

Both terms satisfy the WZ consistency conditions. Other consistent expressions are possible.

A similar result is obtained from the triangle diagram constructed by joining T,Si), by means of
two gluon propagators, to two vertices Vi,y and the latter by means of a scalar propagator, the two
outgoing legs being scalars.

There are many other similar examples. The anomalies (148,149) may come not only from the
triangle diagrams of <<TA(L,J;) ) but also from those of <<TA(L,%) ) and <<TA(L,S,) )) both for ® and H, and ((T,Sf) Vs
as well as in ((TAEZC,’E) ) and <<T;£,€j£) ), provided we construct the triangle with the right vertices. Each of
the corresponding anomalies will have its own coefficient.

The anomalies of the type (458) can be produced not only in the triangle diagram of ((T‘S,]j)», but
also in (T, (T57) and (T.S)), both for ® and H.

Anomalies of the type (461,462,463) can be produced in triangle diagrams of ((Tﬂ)», <<T,E,s,)>> and
(T9Y. And so on.

It is out of the scope of this article to explicitly calculate these potential anomalies. They are
not really challenging but rather lengthy calculations, where for completeness one should consider also
other diagrams besides the ones mentioned before. For instance, in the case of (T, ;(L{:)» one should
consider also bubble diagrams involving two fermion propagators and a 2-fermion—2-graviton vertex.
Although there are no known explicit examples of non-trivial contributions to anomalies of this type,
it is still necessary to examine them.

The examples already shown should, however, be enough to illustrate the problem. We have
plenty of trace anomalies that break Weyl invariance. Considering the wide randomness of their
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rational coefficients a mutual cancelation, like in the case of the odd trace anomalies (mode (B)), looks
impossible in any reasonable theory. There is however another method for that, and we would like
now to focus on it: the breaking of conformal invariance by even trace anomalies can be repaired by
adding to the effective action suitable WZ terms. Let us briefly discuss them.

Refs. [70, 53, 54, 47, 55, 56, 57, 129, 63, 71, 26, 17, 72, 40]

17.2 WZ terms

Any trace anomaly can be written in the form

Adlg )= [ ¢ 5ol (466)

where g = {g,.} is the metric, w is the Weyl transformation parameter 6,9, = 2w g, f denotes any
other field and F' is a local function of g and f. Assuming w to be an anticommuting Abelian field,
the anomaly must satisfy the consistency condition

- (467)

which expresses simply the fact that two subsequent Weyl transformations made in reverse order yield
the same result. This is in fact an integrability condition. It means that, with the help of an auxiliary
field o, which transform as d,0 = —w, we can construct a local functional Wy z[o, g, f], such that

5wWWZ[U7 9, f] =—-Au [97 f] (468)

The construction parallels the analogous one for chiral anomalies, [40]. Introduce the parameter t,
0 <t <1 and the interpolating metric

Gu(t) = € g (469)
such that
S (t) = 2(1 — t) w g (t), (470)
as well as an interpolating field
f@y=eV7f  Suf(t) = —y(l - thwf(t) (471)

where y = 0 for a gauge field, y = d%Q for a scalar field.
We have also

Sou0) =209 (0), () =~y f() (472

For the field ¢ we put f(t) = ¢(t) = ¢ + ot, thus

dup(t) =w(l—t),  —p(t)=0 (473)
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Then we construct the functional
1
Wivrlog ] = 5 [ at [ e Ja@Flato). 50l () 5000
1
- /O dt / /gD Flo(t), F(B)] 0 (474)

Now we notice that the t derivatives of the interpolating fields coincides with their Weyl variation
except for the replacement of o with (1 —¢) w.
A simple evaluation yields

1
swwelng ) = [ aug ([ e/ Fia. £00) 00w

1
- /0 dt [ da/g0) Flg(t), f(t)w = —Aulg, f) (475)

The WZ terms has the same formal expression as the anomaly with w replaced by o, g, replaced
by guv(t) and f with f(t). For instance the WZ term for the anomaly with density ~ Fj,, F'* takes
the extremely simple form

Wi zlo, 9. V] ~ / d427/G 0 FF™ (476)

This is the case also for the anomaly (461) and for the square Weyl tensor anomaly (148).
Refs.[159, 15, 40|

17.2.1 Application of WZ terms to 7W

From the previous subsection we can see all the even trace anomalies present in 7W can be canceled
by adding to the effective action the corresponding WZ term constructed by replacing ¢ in the above
formulas with ¢ or ¢_ according to whether we refer to TW.y or TW_. For instance, the WZ term
(476) takes the form

+ v/ /
Wiyl g2, V] ~ / d'2/Gx ¢ tr (Fus Fyr) 91 92 (477)
to cancel the even trace anomaly induced by the (common to both sides) SU(2) gauge field. These are
new interaction terms in the quantum action.

A remark is in order should one use, instead of ¢4, the field x4, see eq.(385). The WZ term would
be

Wiy 94, V] ~ /d4$\/gi log (¢x+) tr (FpwFyuur) g g% (478)

To write it down one must introduce a scale of length £, which may create problems for renormalization
(see a discussion in Appendix E).
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17.3 Conformal symmetry restoration

As stressed before, our way to deal with conformal symmetry is not the traditional way of treating gauge
symmetries. As pointed out several times, in 7W there are several other local symmetries, notably the
two diffeomorphism symmetries and the SM gauge symmetries. Our approach to quantization consists
in gauge fixing the latter symmetries, while leaving free the conformal symmetry during quantization.
This allows us to apply the perturbative approach as outlined above. In turn this requires introducing
the FP ghosts for the former symmetries in order to vindicate the existence of relevant metric and gauge
boson propagators and recover the corresponding BRST symmetries, an indispensable implement for
unitarity and renormalization. It is important to highlight the different standing of local conformal
symmetry on one side and diffeomorphism and/or gauge symmetry on the other. The latter are
absolutely needed for renormalization, they are the fundamental symmetries that one has to restore in
the form of (mutually compatible) BRST symmetries at every step of the perturbative renormalization
of the relevant theory. The former does not have the same status — it is not strictly required to fix the
gauge (the relevant propagator exists anyhow). It may however be violated by even trace anomalies
without compromising the consistency of the theory. It is nevertheless possible to restore conformal
invariance by adding suitable WZ terms.

The way to proceed with (one loop) renormalization of TW is therefore the following. In TW
at one-loop we meet divergent integrals (in diagrams with low enough number of legs) and one has
to regularize them and carefully define their infinite parts. Let us suppose that this has been done
without meeting obstacles. The next step consists in absorbing such infinities by means of field and
coupling constant renormalizations. The one-loop trace calculations of the various matter e.m. tensors
are not affected by this procedure, but, as we have seen, they also give rise to infinities whose finite
parts generate trace anomalies. To recover conformal invariance of the one-loop action we have to add
the relevant WZ terms. The price is the addition to the quantum action of new interaction terms that
involve the dilaton, such as (476) and in general (475).

At this stage we would like to stress an important point. As has been noted, see for instance [58],
any classical local field theory is implicitly conformal-invariant. To make the invariance explicit it is
enough to use a dilaton field and introduce suitable expressions of it in the local terms of the action
which are not already conformal-invariant. This is the procedure we have adopted above to immerse
T in the Weyl geometry. To this end we have introduced dilaton fields, represented by the symbols
©, P, ¢+, p—. What we are considering now is different, we are checking if Weyl symmetry can survive
quantization. Once the effective action has been one-loop renormalized, the Weyl invariance turns
out to be broken by several trace anomalies. However, as we have seen, such trace anomalies can be
canceled by suitable WZ terms, which restore in this way Weyl invariance. It should not be forgotten
that this cancelation cannot be carried out for arbitrary local field expressions. It can be done for
trace anomalies because the latter satisfy the WZ consistency conditions. Now, introducing WZ terms
entails introducing new interaction terms in the action. Considering 7W, and TW-_, this operation
can be carried out by identifying —o with ¢4 and @_, respectively, in the WZ terms of the previous
section. In this way we end up with two one-loop conformal invariant theories, TW(+1) and TWY.

The previous one may hardly be considered a grand result — WZ terms are more than fifthy years
old — although it is remarkable that the overall cost is the use of a unique AE field @, which is already
there in the classical theory. However things become more interesting if we can proceed with the two-
loop quantization. At two loops there are many more interaction terms and diagrams to be considered,
than at one loop. Due to the number of fields and interactions, and so of diagrams, involved, a direct
computational approach is simply daunting. What saves our day are the WZ consistency conditions.
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For we know that the trace of the matter e.m. tensor must satisfy these conditions at every perturbative
order. Now given the fields at hand, the quantum numbers and the dimensions, there exist only certain
local expressions of the fields that satisfy the WZ conditions. In our specific case they are the same
cocycles that appear at one loop, i.e. the Gauss-Bonnet and square Weyl tensor anomalies and those
in eqs.(458, 459,461,462) and (465). None else; in particular there are no anomalies whose density T'[g]
is the fermion or ghost part of the action. The only change at two loops can lie in the renormalization
of their coefficients. But, altogether, the result will be again conformal-invariant. And this argument
can be repeated at higher orders. So we expect the quantum action to be Weyl-invariant. Of course it
remains to examine unitarity and for this see next section and Appendix E.

Finally, let us return to eq.(431). Its validity guarantees conformal invariance. We have seen that
expanding in hy,, the zeroth-order term vanishes on the LHS and implies that also the RHS must
vanish. On the other hand quantizing the RHS we have argued that, by using WZ terms, it is possible
to preserve Weyl invariance, which implies a vanishing quantum RHS. We expect therefore that also
the quantum version of the LIS should be vanishing. Proceeding as on the RIS, the result should
be obvious because the starting operator to be quantized is simply zero. This seems to be confirmed
by the formula (161), because the LHS corresponds to g"”(R,.)) — (R)). However we interpret this
expression it does not seem to give rise to ambiguities such as those that generate known anomalies.
But no doubt a direct check is necessary in terms of explicit calculations.

See refs.[73, 74, 76, 77, 58, 75, 142, 140], for other examples of conformal symmetry restoration.

18 Renormalization and unitarity. A lightning review

Like in any theory involving gravity also in 7 one cannot avoid the problem of renormalizability and
unitarity. In this paper we do not intend to tackle these huge problems. We do not have anything
original to add to what can be found in the literature. But we would like to present anyhow a quick
summary to put our proposed theory in perspective against the backdrop of the current and past
research.

In 7 we have two basic ingredients, the SM and gravity. As for the first, an Abelian and non-Abelian
gauge theory coupled to matter, the problem of renormalzability and unitarity has been solved long
ago in various stages and by various people, [44, 45, 46, 153]. A detailed proof of renormalization for
the GWS model of electroweak interactions can be found in [99], where one can also find the relevant
literature. For gravity instead the problem is still open. As compared with an enormous amount
of literature on the classical aspects of gravity, the one concerning its quantum aspects is, perhaps
understandably, rather limited and lacking undisputed conclusions. In fact it became clear from the
very beginning that gravity in the form of the EH action is not renormalizable due to the presence of a
dimensionful coupling constant. However it was realized that this initial obstacle can be circumvented
by introducing in the action other terms quadratic in the curvature [151, 92]. This renders the theory
formally renormalizable, but raises another problem: the gravitational propagator contains a massive
component with wrong overall sign (corresponding to a negative norm state) that renders it a physical
ghost.

Such physical ghosts are the thorn in the side of any gravitational theory as long as one cannot
exclude that they do not contribute to the internal lines of a Feynman diagram, thus possibly compro-
mising unitarity. We cannot illustrate here all the proposals presented to overcome this difficulty. We
choose to illustrate two of them, which are particularly fitting to our case. The first, [145, 146], studies
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the renormalization of a gravitational model where two more square curvature terms have been added
to the EH action, each with its own coupling constant. The authors choose as variable the metric
fluctuation hy,, fix the DeDonder gauge, introduce the FP ghosts and determine the BRST symmetry
of the model. Then they write down the corresponding ST (Slavnov-Taylor) identities and apply the
BPHZL (Bogoliubov-Parasiuk-Hepp-Zimmermann-Lowenstein) renormalization scheme. They analyse
the double pole in the propagator of h,,, which splits into a massless simple pole and a massive un-
physical one, as usual. This is the situation at the tree level. However the authors’ claim is that in
higher loops the massive component of h,, does not develop poles, therefore it does not correspond to
particles. In this way the S-matrix unitarity turns out to be violated only at the tree level. One of the
authors, [147], has pushed the analysis further by coupling the previous model to a scalar field with
quartic interaction, arriving at the same conclusion: the negative norm state shows up only at the tree
level.

The second proposal is due to Oda and collaborators, [121, 122, 123, 124, 125, 126]. In [122] the
author focuses on a theory defined by the classical action (439) in d = 4, which, as we noted, is Weyl-
invariant and is called Weyl-invariant scalar-tensor gravity. They fix both the diffeomorphsm and the
Weyl gauge and work out the corresponding BRST symmetries. Unlike the previous example the quan-
tization is carried out in the canonical way. The author determines the equal time (anti)commutation
relations among all the fields and their conjugates. On this basis, applying a formalism originally
developed by Nakanishi [116, 117], he proves the existence of a global symmetry the ‘choral’ symmetry,
which is spontaneously broken at the quantum level. Its Nambu-Goldstone bosons are the graviton and
the dilaton, which are consequently massless. The author is also able to analyse the physical S-matrix
using the method introduced by Kugo and Ojima, [98] and prove that it is unitary.

The authors of ref.[123] consider a somewhat related conformal-invariant model (the third proposal).
They deal with the Weyl symmetry as a gauge symmetry and introduce the corresponding gauge field
(which above we called C},). Simultaneously they add to the action (439) the kinetic term for C),, and
three more terms, each with its own independent coupling: a Weyl-covariant kinetic term, a quartic
coupling for ¢ and a term <;52R2 where R is the same as in (373) with € = 0. They fix both gauges in
a mutually compatible way and develop a parallel analysis to [122]. They show that the S-matrix in
this model is unitary and its physical spectrum consists of the two components of a massless graviton
and the three components of a massive Proca field, which comes from C), having absorbed ¢ via the
Higgs mechanism.

The other side of these positive results is that they do not seem to be unitary. Once we declare
that they are Weyl-invariant, renormalization demands to introduce in the action all terms with the
right dimensions that are Weyl-invariant, so also the term (378). It is known that this term is likely
to carry in the spectrum a massive ghost. This is precisely what is analyzed in ref.[124], where the
term (378) is added to the action(439). In order to apply the canonical quantization the presence
of four derivatives requires the introduction of an auxiliary (Stiickelberg) vector field, which entails
an additional (Stiickelberg) symmetry. There are therefore three symmetries and it turns out to be
impossible to find mutually compatible (i.e. mutually anticommuting) BRST transformations for all
three. Therefore the authors choose two BRST operators, correspinding to diffeomorphisms and to
a mixture of the other two. Then they proceed to the canonical quantization, to extract the equal
time commutators and to analyse the asymptotic states. The particle spectrum is made of a massless
graviton and a massive ghost with negative norm, together with zero norm states which form a quartet.
Since all these states satisfy the Kugo-Ojima criterion for physicality, this means that unitarity is
explicitly violated.

Let us return now to the TW theory. We can see that several of its features are contained in the

106



previous examples. Therefore we can try to apply some of the previous results to it, well conscious,
however, that an ad hoc careful analysis is still missing. Nevertheless we believe it sensible to expect
that this theory is, at least formally, renormalizable, but with the presence in its particle spectrum
of negative norm states, unless we exclude by hand a term like (378), which renders the theory non-
unitary (see also the discussion in Appendix E). Squeezed between the almost unreasonable perfection
of the SM, which is renormalizble and unitary, and the promised land of superstring theories that lure
us with the ultimate goal of UV finiteness, we can only recognize that 7W is far away from both, it
looks a simple effective field theory, defective from the point of view of UV completeness and unitarity.

To be more precise, looking at the second option above one would be induced to give up Weyl
invariance in favor of renormalizability and unitarity. In this perspective Weyl invariance would be
an accidental symmetry that manifest itself in approximate form only at the classical level. If instead
we consider the first and third options, we would be led to conclude that Weyl symmetry imposes too
strong conditions for them to be compatible with unitarity in 7W. From this point of view, therefore,
there are no happy news. On the other hand the contrary would be quite surprising. It is a rather
common belief, and there are arguments in support, that a consistent quantum field theory including
quantum gravity cannot be constructed with a finite number of fields [100, 108, 150].

On the other hand the right attitude is perhaps to consider these two alternatives not as excluding
each other, but in physical sequence: they would refer to different ranges of energy, the first to lower
and the second to higher energy, the lack of unitarity of the second denoting a UV incompleteness,
that is signaling missing degrees of freedom in the spectrum of 7W. In this regard a reference to
[58] is not out of context. In that paper the authors argue that in the space of field configurations
encircling a conformal field theory there exists a trajectory of the renormalization group which is
entirely made of conformal theories from the UV to the IR. At first sight this seems to contradict
our previous conclusions. But this may not be the case. The theories along a renormalization group
trajectory do not necessarily have always the same form (same fields, same couplings, ...), but may
undergo transitions to different forms with different elementary degrees of freedom.

Leaving this issue unprejudiced, we believe it makes sense to explore the physical implications of
TW. After all it is constructed on the basis of coherence between the SM and gravity, and it is perhaps
not unreasonable to hope that the incompleteness that affects it can be disregarded at least in a limited
region of energy. Although very conjectural, the following does not seem to us totally unreasonable.

See also |41, 95, 105]

19 Reduction and gauge fixing

The action (423) is a rather general (even though not the most general) chirally symmetric and Weyl-
invariant action for 7W. In the sequel we somewhat simplify it in order to limit ourselves to a
contained, though hopefully still meaningful, discussion. The first simplification is to set Hy = H_ =
H. That is, not only the SU(2) gauge bosons are common to the left and right sectors, but also the
Higgs field. All the formulas introduced above for Hy are still valid with the simple substitution of
symbols. Next we remark that (423) brings in new fields, beside the ones of gravity and SM, i.e. @
and @. As we have already remarked, there is no compelling reason to introduce 6“, thus, as before, in
order to somewhat simplify the discussion, we will drop it, i.e. we set @ =0, CA’W =0anda=1,e=1.
The field @ is sufficient to implement AE Weyl invariance. The degrees of freedom contained in it are
the same as the dofs in @. There is no mismatch, unlike with gauge fixing in the SM, for instance.
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Consequently fixing the gauge @ = 0 does not require any FP ghosts. Choosing the gauge ¢ = 0
produces a mass term for H = Hy and &4 given by

Ok nd ME = md o EE (479)

K+ R+

M} = Mp, = M3 +

We will perform this operation in two steps. First we consider a partial breaking of the AE Weyl
symmetry, by setting

o =0 (480)

but leaving ¢_ free. This will leave TW}, unchanged and symmetric under the Weyl transformations
parametrized by w_, while the Weyl symmetry of TWpg is broken. This operation produces masses
only for H and ®,,

O and M%+ = mi + C+C+, (481)

Mj = M
h I+ s oy

respectively.

From now on the two theories 7TWy and TWg, split. After the partial Weyl gauge fixing they are
not anymore AE conformal-invariant, so that we call them 7Wp and Tg, respectively. What is more
important, they have two different evolutions.

19.1 The fate of the two halves

19.1.1 The right-handed 7z model and its breaking

We postulate an early (i.e. high energy) breakdown of the chiral symmetry in the right theory, according
to the the pattern described in subsection 14.2 with the scalar field identified with ®,3% we think we
can analyse them separately.

2M?2

Setting &4+ = vy + p4, where py is a real field and vy = /\—:, a real number, denotes the
minimum of the potential, we have
D@ D@y = Ou(vy + p+)0" (v4 + p4) (482)
The quadratic terms in $D,®D,® — V (V is the potential) are
1 ° 1 2 2
5 0up+0"py — Shipy (483)

The result is a massive scalar p.

Finally, the Yukawa couplings introduced in subsection 13.7, see eq.(345), /g1 % %R@Jr(l/}f%)c—i-h.c.,
when (®1) = v, produces a mass term proportional to v, see eq.(354). Here 9, is a concise notation
for the multiplet (296). As we have explained in subsection 13.7, see eq.(354), 1%, are fermion that
satisfy the Majorana equation, see (355). Since all these masses, as well as the mass of p,, are
proportional to vy, they can be made as large as we wish. This allows us to suppose that the energy

39 Actually, in order to determine the minimum of the action we should analyze the global potential involving all the
scalar fields. But since the &, ®_ and H do not have mixed interaction terms and their minima are supposed to differ
by several order of magnitude.
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at which this Higgs mechanism takes place can be very high, between the Planck and the Grand
Unification scales. We can call it the primitive spontaneous chiral (symmetry breaking scale. We recall
that the just illustrated breaking does not affect the other gauge symmetries. As for the symmetry
under the AE diffeomorphisms g“, it is broken by the Yukawa terms and by the gauge fixing, but a
symmetry remains with respect to the diffeomorphisms parametrized by £ on the left and fi on the
right. The SU(2) gauge fields W), (valued in the Lie algebra su(2)) are in common to both theories
and, up to this stage, untouched by the gauge fixing (the SU(2) gauge symmetry survives the previous
breaking). The actions Sgg and S((fg) are certainly invariant under the diffeomorphisms parametrized
by & and €, respectively, as long as we consider them separate theories; but, since W, belong to
both, only the invariance under the ordinary diffeomorphisms £* survives.

The AE Weyl symmetry is also limited to the transformations parametrized by w, it is broken by
the gauge fixing in TWg, but a Weyl symmetry under the w transformations survives in the 7W;p,
whose fields remain massless.

At this stage all the gauge bosons are massless. But there is room for a breakdown of the electroweak
symmetry SU(2) x U(1)r, that generate masses for the three SU(2) gauge bosons and for H. We
recall that the masses of the gauge bosons and the Higgs field are of course the same on both sides
M3, =g2v? =g2v? (gi are the SU(2) gauge couplings in the two sides) and M}? = M3 + % In
this process both SU(3) and the U(1)g symmetries remain unbroken.

Let us summarize the situation. Before the chiral symmetry breaking we have a theory, TW., split
into two halves, with a different particle spectrum and each with its own gravity (mediated by g4, and
9—pv, respectively) but having in common the SU(2) vector bosons and H scalars. They communicate
through the exchange of these particles: the relative terms in the action that produce this interaction
are the fermion-fermion-boson vertices on the two sides and the cubic and quartic self-interaction terms
for the vector bosons, as well as the potential interaction terms involving the H scalars. Other direct
interactions between the two halves are not permitted by the ubiquitous presence of the projectors
P.. Of course there remains the possibility of indirect interactions: for instance the metric g4, can
interact with an SU(2) vector boson, the latter with another SU(2) vector boson, and this with g_,,.
These and similar interactions are likely to be extremely weak, except at extremely high energies, if
grand unification of forces is allowed in this theory.

If this is so then we may suppose that the right and left-handed theories evolve almost indepen-
dently, because the link between them is represented by the exchange of weak interacting SU(2) bosons
and scalars. After the spontaneous symmetry breaking the right-handed fermions become very mas-
sive, and the interaction with the left-handed model even less important. Needless to say, an analogy
with what we know about SM, does not make sense under these different boundary conditions, and
an ab initio analysis is necessary for the right-handed model. Perhaps, however, some general features
can be guessed; for instance since the right-handed quarks and leptons are very heavy any nucleation is
unlikely, leaving us with a gas of these massive particles. We could say that while 7 becomes almost
‘fossil’ theory, TWy is in full evolution, except for the exchange of weak interacting SU(2) bosons,
which can be treated as a perturbation. This ‘misconceived’ Tr theory has however many properties
(heavy particles, weak interaction with luminous matter, coupled to its own gravity) that can help
describe the dark matter.

Refs.: [52, 109, 148]
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19.2 The left-handed 7)V; model and the SM

After the spontaneous chiral symmetry breaking the left-side theory 7Wp, almost decouples from the
right- side one, and evolves almost autonomously. Its particle spectrum is that of the MSM plus a
right-handed neutrino and a massive ®_ scalar with a quartic potential, coupled to a gravity described
by the g_,, metric. We recall that it is described by the action

S‘SZ:)Sym - S](:) + S!g_) + Sl(l_g) + (SYdL + hC) + S(Ec;lzl-aes-l-aed-‘rC (484)
It is invariant under diffeomorphisms spanned by £ and under SU(3) x SU(2) x U(1)[, gauge trans-
formations. It is also invariant under Weyl transformations spanned by w_.  As long as we can
treat the interaction with the right-handed half as a disturbance, it would seem that we cannot repeat
straightaway what we said for the entire 7W model, for TWp, in isolation has an overall non-trivial
odd-parity trace anomaly. However remember that this anomaly is a topological fact, it is related to
the family’s index theorem. From the theory and recent experiments of entangled systems we learn
that topological features may survive separation. It is therefore likely that the cancelation of these
anomalies in TW is not suppressed by the splitting into 7W, and TW_ due to the chiral breaking.
We take it as a plausible hypothesis.

At this stage we can fix the gauge ¢_ = 0, which exhibits the SM coupled to EH gravity carried by
the metric g_,,. In the course of the evolution it is to be expected that at a certain stage the gravity
quanta become irrelevant and the gravitational field starts behaving entirely classically. From that stage
on the theory is a renormalizable one on a classical gravitational background (odd trace anomalies have
become irrelevant). After a while (in the cosmological evolution) the scale of electroweak breaking is
reached, and the SU(2) x U(1), symmetry breaks down to the U(1) of electromagnetism. A story we
already know, apart from the fate of the real ®_ scalar field, still to be explored. Needless to say, it is
a natural candidate for the inflaton field. To allow such an interpretation, however, we have to arrange
the parameters in such a way that MQQL is negative, see €q.(479), and in combination with A_ satisfies
the conditions of slow-roll inflation.

What has been said so far in this section is a conjectural, very qualitative, picture of the evolution of
the TW theory. This paper intended to highlight the role of anomalies in the bottom-up construction of
a theory that enlarges the SM to include gravity. Now, starting from the above results and conjectures,
explicit calculations and quantitative checks are necessary to confirm or refute them. An entirely new
chapter opens up. But, perhaps, a comment is necessary from the start concerning the presence in
TW of two metrics. We have already remarked that our entire construction works even if we consider
only a unique metric g4,, = g—;. But we have maintained throughout the more general setting of
two distinct metrics. In this more general case it would seem that we have two ways of measuring
distances and times. In a sense this is true, but not for us. We, as observers, see only one metric, the
other is seen only by a right-handed observer, if it can exist. The interaction between the two metrics
is extremely feeble, although one cannot exclude that it may lead to observable consequences.

20 Conclusions

In the construction of the SM chiral gauge anomalies have played a prominent role. In a theory
constructed with Weyl fermions the absence of consistent chiral anomalies was one the basic principles,
and looking at how it has been realized one cannot but feel admiration for its creators. But once we
immerse this jewel in a background of gravity it seems that the fortune that accompanied them in
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their endeavor has abandoned us. New anomalies appear, and, precisely, what we prove in this paper
is that it is impossible to get rid of them with the spectrum of fields offered by the SM. We have to
be more specific. The anomalies we are talking about, the dangerous ones, which we have named type
O (O stands for obstruction), are not only the traditional consistent chiral gauge anomalies, which
vanish in the MSM, but also by those generated by the diffeomorphisms and the mixed ones, which
fortunately also vanish in the MSM. But among the type O anomalies there is another kind of them,
which has apparently been disregarded in the literature. They are the chiral trace anomalies which
appear in general in models of Weyl fermions coupled to a metric or a gauge potential. Like all the
type O anomalies they signal the fundamental drawback of these models, the corresponding Weyl
propagators are missing. This is due to a topological obstruction (a non-perturbative fact) guaranteed
by the family’s index theorem.

Once the appropriate anomaly hygiene is applied to the SM and its extensions, minimally coupled
to a background gravitational field, we found out that none of them is free of these anomalies. In
fact the more ‘resistant’ ones are the chiral trace anomalies induced by the SU(2) gauge fields of the
SM. These are the results of part I of our paper. In the second part we have proposed a scheme to
overcome these difficulties. We have noticed first that a left-right symmetric model is fit to tame this
problem. If it is not in absolute the only way, it is certainly the simplest and more elegant. Therefore
we proposed a L-R model which is free of all type O anomalies — as an example —, but in fact it can be
enlarged to an entire family of similar models, this is the reason why we prefer to call it a scheme. This
model has a left-right symmetry, which we named primitive chiral symmetry. It almost splits into two
models, one with left-handed fermions, the other with right-handed ones, each of them almost a copy
of an enlarged MSM. The almost refers to the fact that the SU(2) gauge potentials are in common to
both. Each of them is coupled to a different gravity theory, characterized by its own metric. At this
stage we came across a dilemma: to be or not to be conformal.

As it is well-known by now, it is rather simple to make a local field theory Weyl-invariant by simply
adding a new field, a dilaton, to the spectrum. Then the problem is twofold: is this enlargement required
by physics? is it compatible with quantization? We do not have definite answers to either question.
Tentatively, we are oriented to think that it would be quite natural (and even experimentally supported
by the Bjorken scaling limit) that at very high energies, such as those of the very early universe, the
physics be insensitive to a dimensionful scale. This is what an approach & la Wilson would suggest, if
we are allowed to be inspired by the analogy with low energy statistical model: the high energy limit
of the universe regressing toward the beginning should be a UV fixed point, most likely a conformal
fixed point. On the other hand it should be in accord with quantization. Here we have found a real
difficulty: while it is possible to figure out conformal models, similar to ours, that are renormalizable,
there are some indications that unitarity is not respected, suggesting a likely incompleteness of the
spectrum of fields.

Notwithstanding these difficulties we believe that our scheme, dictated on the basis of mathematical
consistency, should be able to describe at least a limited stretch of the evolution of the universe. We
have envisaged an early breaking of the primitive chiral symmetry, which should have split the history
of the two L and R models, the latter describing the physics of a gas of very massive quarks and
leptons, the former evolving towards a model of ordinary classical gravity coupled to the ordinary SM,
while keeping, so to speak, the two in touch via the weak interacting SU(2) gauge fields.

Several aspects of the above scheme are still too crudely described or incomplete. For instance we
do not have an explanation for the mechanism that can triggers the early chiral symmetry breaking, but
from this side we are in good company with many phenomena that we can describe but not explain. In
this paper we have not considered the consequences of our model involving the cosmological constants
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as well as other cosmological aspects. Neither have we analysed the evolution of the right model.

Needless to say many explicit checks and calculations are needed. At the same time though, this

scheme is not only mathematically consistent (it is anomaly-free) but it may describe the ‘strange’

chiral asymmetry of the SM by exhibiting it as the existence of the other face, the dark matter world,

and leads naturally at low enough energy to the SM coupled to classical gravity equipped with inflation.
Refs.: [12, 24, 27, 59, 114, 115, 158]

Note added. We have used the axially-extended or hypercomplex formalism in order to formulate
the 7 model in a very general form, where both vector and axial potentials, metric and pseudometric
as well as scalars and pseudoscalars appear. The latter are needed only in the hatted formulation of
the action. Once we split T into T, U Tp we can assume even parity metrics, potentials and scalars
everywhere. Therefore when the model 77 is required to contain the SM, we missed in the text to
specify that the metrics and the gauge potentials as well as the scalars, carrying £ subscripts, are to
be understood as parity even fields.

A further important supplementary remark is: cancelation of left-right gauge induced SU(2) trace
anomalies requires that the SU(2) left and right couplings be equal: gy = g_.
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21 Appendices

A. Gamma matrices in flat spacetime

In absence of gravity we refer to theories on a flat Minkowski spacetime with flat metric 7, with
mostly (—) signature. The gamma matrices satisfy {y*,~7"} = 2n** and

v = 107u%0-

The charge conjugation operator C is defined to satisfy

WW=-CT0,  ccr=-1,  cot=1 (485)

The chiral matrix 75 = i7°v'+242 has the properties

W= (6)=1  CC=n.
and
tr('YS’Y,u’YV'VXVp) = _4i€uuAp (486)
The chiral projectors
1— 1
PL=P = 2757 Pr=P, = 275, with P, +P_ =1 P2=P,.  (487)

In terms of a Dirac fermion 1 Weyl fermions are defined by 1 r = P rv.
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The generators of the Lorentz group in the ‘anti-hermitean’ version are ¥, = i[’yu, Yol
Under parity a Dirac spinor transforms as

PY (T, )P = ePragih(—7, t) (488)
Under charge conjugation it transform as
CY(Z, 1) e = ePenyCyp*(Z, 1) (489)
and for a complex scalar field we have
PH(Z, )P~ = e rp(—1,t),  CHT, 1)C = el (1) (490)

where ), o, Bp, B are arbitrary phases, which we usually set equal zero.
A vector field V,, transform as

PVL(Z, )P = VI(=Z,1), CV,.(Z,t)C™ = —V,(Z,1) (491)

and for a pseudovector field A,

PA, (T, )P~ = —AH(=Z,t), CAL(Z,t)C™! = A, (7, t) (492)
A metric g, transforms as
Py (T, )P~ = g (7, t), Chu (T, )€™ = g, (T, 1) (493)
while

Plu(@ )P = —f(=2,1),  Cu (T, = fu(i,1) (494)

B. Euclidean field theory calculations

Most classical and quantum field theories, such a the SM, are formulated in a Minkowski metric (both
flat and non-flat). However true calculations with Minkowski metrics are often not available and, in
order to extract concrete results, theoretical physicists have been obliged to sell their souls to the
Euclidean devil. This is done via Wick rotations. At the end of the calculations the results are turned
Minkowski via inverse Wick rotations.

A Wick rotation means: 20 — 70 = iz k0 — k0 = k% and /0 — 39 = i1, while 27, k;,
remain unchanged. A tilde on top of an object represents its Wick-rotated correspondent. We have in
particular

0

{97 =20 = 26" (495)
and
= —u (496)
The chiral matrix v5 changes sign under a Wick rotation, 45 = —~s.
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In this article Wick rotations are used for perturbative and non-perturbative calculations (via the
SDW method) in the intermediate steps. A particular caution has to be employed with Weyl fermions.
It is not possible to write down a full Euclidean action for Weyl fermions using the Osterwalder-
Schrader prescription, [130]. The attempt to Wick rotate a Lagrangian like i@’yﬂﬁﬂw, where v is
Dirac, ends up in a doubling of fermionic degrees of freedom: v can only be a spinor independent
of ¢. More elaborated approaches where a Wick rotation of a Weyl spinor v is accompanied by a
rotation of the same cannot comply with the hermiticity, see [40]. In sum it is a nonsense to make
a Fuclidean calculation for Weyl fermions starting from an action formulated in terms of Euclidean
Weyl fermions proper, because this would change the nature of the problem. The best we can do is
use the Wick rotation to make sense of the Feynman and path integrals wherever they are met in the
course of the calculations. In perturbative calculations we set up the Feynman diagram calculations in
Minkowski terms and switch to Euclidean when evaluating the Feynman integrals. In the SDW method
we Wick-rotate the square Dirac operator to transform it into a self-adjoint operator and make sense
of the s-integrals. In both cases we use Wick rotations only in such junctures, without any attempt to
identify the Fuclidean field theories underlying them, which is impossible.

Finally, in the third approach we use, which is based on the family’s index theorem, we start at the
very beginning from the Euclidean formulation of the Dirac operator, because a proof of that theorem
in a Lorentzian metric is not available. Anyhow, this does not meet the just mentioned difficulties,
because what we analyse is the invertibility of the Dirac operator in isolation, without reference to
a particular action it is inserted in. We assume that the results of the theorem are true also for the
Minkowski version.

C. Gauge fixing and ghosts
The gauge fixing and ghost action for a non-Abelian YM theory coupled to a metric, in the Lorenz
gauge, is

S;’fc = /d4$ \/g (baﬁuvyaguu + %baba _ guuéaﬁu(Duc)a) (497)

summed over a, where V denotes the metric covariant derivative with Christoffel symbols r , (368)
with o = 1, and D¢ = d,¢c+ [V, ¢]. This action is invariant under diffeomorphisms and also under
Weyl transformations, provided we assign Weyl weight -2 to % and ¢*, and 0 to ¢®. Eq.(497) is of
course invariant under the gauge BRST transformations (31) and 6.¢* = b2, 6.b* = 0.

A full gauge fixing and ghost action for diffeomorphisms in the DeDonder gauge is

_ . o B
S!(ff) _ /d4x\/§ (b)\r;);uglw + 5b}\g/\pbp 624,0 _ SAgMVg?HanA) (498)

which is BRST invariant. For the g, and & BRST transformations see (123,127), for £: §:6, =
—bx + §- 085 + O\EPE,, while by transforms as an ordinary covariant vector. Eq.(498) is also Weyl-
invariant provided we assign Weyl weight -2 to by and &, and weight 0 to £

D. Consistency of scalar cocycles

Let us consider, for instance, the cocycle (462). To understand its origin from the second term in (460),
which comes from an explicit triangle diagram calculation, and its relation with other diagrams, we
must abandon the identification of ® as the fluctuating field and write instead ® = ®g + ¢, where ®g
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is a classical constant background and ¢ is the fluctuating field. We split the cocycle (462) in a series
expansion based on the number ¢ of fluctuating (infinitesimal) fields:

Ay =Y Al (499)
=0

where

w

1
A0 =0 ap-l / e (0,0,h — O) 83,

2 2
AP = / d*zw <nﬂ”au¢a,,¢ + S 0u0, 0" B0 — 3Dh§q>0¢> . etc. (500)
In parallel we must change the Weyl transformation in accordance with this series expansion
§Ohy = wnpy 8y = 20k, 5P hy =0, ... (501)
V¢ = —wdy, Wp=-wh, Po=0, .. (502)

and expand the WZ consistency condition §,A, = 0. The first two non-trivial terms are

5OAD £ 5MAO — g
SIIAD 4 5OAR =g (503)

It is not hard to prove that they hold true. The series goes on with

5U(J1)A§J2) + 5&0)A(3) =0, ... (504)

w

but in this case we must introduce new approximation terms for A,, which we dispense with here. It
is interesting to notice that, apart from the first terms of Ag), all the other terms do not come from
the triangle diagram calculation mentioned before eq.(460). They are in fact higher order terms which
can be obtained from the fourth point diagrams where the fermion e.m. tensor is attached to three
vertices (Vysn, Vife, Vifa,), by means of four fermion propagators. This is another example of a trace

calculation which is undecidable at the lowest perturbative order.

E. Dilaton and dimensions

The field ¢ (the dilaton), introduced in section 14, is not the only possible choice. We could have
set ¢ = £¢, where £ is a constant with the dimension of a length and ¢ is a dimension one field. In
this case ¢ becomes an ordinary real scalar field with a canonical kinetic term (after normalization).
The problem with this choice is its identification with the field o in the WZ terms: o = f¢. It
transforms the WZ term into a five dimension operator expression multiplied by ¢. In the framework
of renormalization theory such a term renders the theory formally non-renormalizable.

A similar problem arises also with the identification o = log(¢x), as already pointed out in sub-
section 17.2.1. The choice 0 = ¢ seems the most logical, but it is itself not exempt of problems in
subsequent developments. Once we have introduced a dimensionless field ¢ in a theory, upon renormal-
ization we must allow for the appearance of all the terms, with the right dimensions and symmetries,
involving also ¢. In our case we can construct for instance the expression

1
Q =0¢p — 0,00"p + ER (505)
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Under a Weyl transformation it transforms as Q — e~2¢Q. Therefore

/ d*z /g Q* (506)

is Weyl-invariant, has the right dimensions and thus it can arise in the renormalization process. Un-
fortunately it contains a quartic kinetic term, which added to the quadratic kinetic term, splits the
propagator into a massless plus a massive one, the latter representing either a tachyon or a ghost, thus
possibly affecting unitarity.
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