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1. Over the past years the interest on gravity as a quantum field
theory has been refocused by the am:w promising developments, like grand-

unification schemes and supergravity, toward a unified description of funda-
mental interactions AHV. The ultimate unification has to wzowcam gravity.
This will depend on our capability to set up a consistent formulation of
gravity at the quantum level and to clarify, in.particular, the role of the

Newton constant. According to the standard point of view the. dimensionality

of OZAGZnuAHocwwosvmv is considered to be the clear signal of the non
renormalizable nature of quantum gravity and the large value of the Planck
vrumzapxm>g HOp@ GeV, represents the most familiar example of the
hierarchy problems in Particle Physics.

mass, M

The underlying hope is that the eventual success will arise from
the unique symmetry properties of the theory, which is invariant, in its
simplest version, under the local coordinate reparametrizations X=» x'=f(x).
This suggest a deep similarity in meaning and methods with non abelian
gauge theories.

It has been recognized that the most appropriate approach to
perform the quantization of physical system of this sort is represented
by the functional formalism (2) and we shall therefore choose this framework
to present some general remarks about the problem.

The starting point is represented by the quantity (an Euclidean

formulation is used).
-A
Numm dQ (1)

where two elements appear, the classical action ) z W.%( &JX and the
vmdr,wsdmmwmw measure d{2 . It is clear that the quantum description is
actually a hard problem and the generating functional (1) only represents

a skeleton to support this effort. Indeed different forms of the measure
correspond to different quantization  prescriptions, all leading to

the same classical limit.

For problems like gravity where a completely satisfactory
quantization procedure is nat yet available, the selection of the volume can
therefore represent an essential step toward the correct quantum formulation
of the theory.

In this note we want to present a simple argument, based on
dimensional considerations, for the determination of the functional volume

in the gravitational case.

2 In order to illustrate our way of proceeding we start with a

few remarks about the action A.
Following Einstein, the action of pure gravity is

determined by the requirement of general invariance and simplicity and is

(3)

customarily written in the form

>H|O\~| Q;XLW A,\N.,T\/v (2)

oz mnm\/m%odsozmzdonwzm oomaowomwomwAﬂwamnmwosmpvoo:m«m:wm ssomm

presence can be considered somehow surprising,Indeed A is dilatational
*
invariant ¢ vmsa we expect that no dimensional parameters should appear
in this case.
Formally the matter can be settled and Qz made to disappear
by redefining the field i.e.
y g MW\»J\V
A A )
% - = ~ AN—= D 2D (3)
hd )
p on, & =
This redefinition has actually a deeper meaning and amounts to
ascribing to the new field the dimensionality +2 (in units of mass) which

(4)

results from its transformation properties under dilatations (one can

(*) being dilatation the particular coordinate transformation
VA_»r = X.}V\w
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Assuming that the continuum limit, Qm gl = 1'3 Q&i . .JLX QJOAJ

does not hide any subtlety we finally obtain

>&ién%ii#%WﬂN5§&m

= dQ(9) beﬁwnx)u&,M AQs) (8"
3904

The particular case of dilatations produces again an interesting condition:

taking

Dnﬂhxv = £ (xO +0&£th

we find

A dQ (@) = dOQ (4)z) dx duy'S (x-) (XD +a) T (x-y)

=z dQ(q)e PQ»ManOVMO.:X. (9)

This shows (if the presence of the ill-defined quantity - the number of
degrees of freedom- is tolerated on the r.h.s.) that a dilatation invariant
functional volume requires as integration variables fields with d=2.

In order to . have an immediate appreciation of this condition
take the case of a scalar field ﬁv (<) for which d=1. The appropriate
integration variable is then q(x) = n«VﬁAx Y.

If on the cther hand we prefer to use the canonical field A,vﬁx,u

(which is suggested by the simple expression of the Lagrangian) as

(%)

fundamental Qcmdnwn%\wS»m leads to the appearance of an additional factor :
? .
aQ (9)= l,x/ A (<) M\@» b ) dd () =Dek mfxvd» Ao (x) o

Det ﬂv?»v has to be understood as the detecminant in the functional sense.
Let us now move to the case of gravitation. As possible field

. . a I
<m1wwgmwo=momsnroomm wlxﬁ\. p Mx Pl onwwmﬁmﬁum;m /_\r , Voo

(remember Qv (7= J o 4\WPXv<¢Pva ).

We indicate by q(x) any of these fields and by "d" the oo&wm.mnosaw:m
dimensionality (d=2, -2,1,-1 in the order, for the fields listed before).
It is then clear, on invariance grounds, that in order to build the
appropriate integration variable of dimension d=2 can simply resort to the
quantity Awnhxv = Aot M\c/\ (=) (the determinant is on the tensor

indices) so that the functional measure will be of the form
\ e
dQ =T df quy(gu)) (1)

where (since uaa M = & ) k is given by the expression

e = Wiﬂl&. (12)
&

This ».on,ach‘ovnmwzma in Ref. 5, coincides with the result recently derived

by K. Fujikawa for the gravitational part of the measure Amv. His work

follows quite a different path, based on the requirement of the absence

(*) These results can be given a much more respectable basis in the frame _

work of a new formulation of the functional approach we have recently
vﬂocommm.AmV The main idea there is to achieve a formal equivalence of the
Euclidean Field Theory with Classical Statistical Mechanics (in 4+1 dimensions).
This requires the introduction of an extra time variable and setting up a
complete canonical scheme. As a payback, the invariance properties of the
measure can be adequately controlled and the determinantal factor of Eq.(10)

is indeed seen to be there.
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The mwso:mwo:mp parameter oz characterizes the low m:mnmzv
behaviour of the amplitude, counting the number of gravitons emitted
and absorbed.

A point which has to be further clarified remains the connection
between the Newton constant and the underlying Lagrangian. To this aim

let us turn to the effective Lagrangian of eq. 14 which in terms of the

vierbein field can be written as ( ¢ Aol = w,.\o.v
. ”

)
= 423 v .vA AR -
& 5 OpVo ANy O&[,P_ + AV
(17)
- hfmh,uvwbwa/_.hxv.
In order to give a meaning to the quantity mwh»vaV a
phenomenological cut-off ws can be introduced i.e.
4
¢ ,ﬁovnu FL..} (18)

The relation between the two dimensional quantities oz and xz
now present , can be easily established if one uses the constant solution
(15) as an input for the equations of motion which follow from the
Lagrangian (17). This finally leads to the simple mona:HmAqv

A 7>A = 4 KVA. .

The conclusion emerging from this result is that the Planck mass
does not coincide with the cut-off of the theory. The large size of svr
A05 the hadron scale) appears to be related to the extreme smallness of the

(non vanishing!) cosmological constant.

This argument is highly qualitative, of course, and contrasts with
the current wisdom. The point of view we illustrated in this note suggests
nevertheléss the possibility of an alternative .look at quantum gravity and

may represent a promising avenue for further research.
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