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1. INTRODUCTION

The most common models of viscoelasticity with long memory, such as the Maxwell model (see [3], [4],
[5], [9]), lead to a dynamic evolution governed by a system of partial differential equations of the form
¢
1 v
i(t) — div((A + B)eu(t)) + / BeftT div(Beu(7))dr = £(t) in Q for ¢t € [0,T], (1.1)
— 00
where Q2 C R? is the reference configuration, [0,7] is the time interval, u(t) and eu(t) are the displacement
at time ¢ and the symmetric part of its gradient, A and B are the elasticity and viscosity tensors, 8 > 0 is
a material constant, and £(t) is the external load at time ¢. This system is complemented by boundary and
initial conditions

u(t) =2() on 9N for ¢t € [0,T], (1.2)
u(t) = ugp(t) in Q for t € (—o0,0], (1.3)

where z and wu,, are prescribed functions, the latter representing the history of the displacement for ¢ < 0.
Existence and uniqueness for (1.1)—(1.3) can be found in [2].

In this paper we study the quasistatic limit of the solutions to this problem, i.e., the limit of these solutions
when the rate of change of the data tends to zero. More precisely, given a small parameter € > 0, we consider
the solution u® of (1.1)—(1.3) corresponding to ¢(et), z(et), and w;y(et). To study the asymptotic behaviour
of u® as € — 07 it is convenient to introduce the rescaled solution wu.(t) := u®(t/¢), which turns out to be
the solution of the system

t

e2ii (t) — div((A + B)eu.(t)) + / %e*t% div(Beu(7))dr = £(t) in Q for t € [0,T], (1.4)

with boundary and initial conditions (1.2) and (1.3).
Under different assumptions on £(¢), z(t), and u;y, (t) we prove (Theorems 3.6 and 3.7) that u.(¢) converges,
as € = 07, to the solution ug(t) of the stationary problem

—div(Aeug(t)) = £(t) in Q for t € [0,T], (1.5)

with boundary condition (1.2).
It is not difficult to prove a similar result for the Kelvin-Voigt model, in which the viscosity term
t
]_ t—1
— div(Beu(t)) + / Be—% div(Beu(r))dr (1.6)

— 00
is replaced by — div(Beu(t)). On the other hand, it is well known that, in general, the convergence of u. to
ug does not hold for the equation of elastodynamics without damping terms, i.e., when B = 0. The purpose
of this paper is to prove that the non-local damping term (1.6) is enough to obtain the convergence of the
solutions of the evolution problems to the solution of the stationary problem.
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The main tools to prove our results are two different estimates (Lemmas 3.8 and 5.2), related to the energy-
dissipation balance (2.25) and to the elliptic system (5.17) obtained from (1.4) via Laplace Transform. After
a precise statement of all assumptions, more details on the line of proof will be given after Theorem 3.7.

2. HYPOTHESES AND STATEMENT OF THE PROBLEM

Let d be a positive integer and let @ C R? be a bounded open set with Lipschitz boundary. We use
standard notation for Lebesgue and Sobolev spaces. Let Rg;,i be the space of all symmetric dxd matrices.
For convenience we set

H:=L*(RY), H:=L*(RYY) V.= HY(Q;RY), Vo:= HYHQRY), Vj:=H Y(Q;RY), (2.1)

sym

and we always identify the dual of H with H itself. The symbols (-,-) and || - || denote the scalar product
and the norm in H or in H, according to the context. The duality product between Vj and Vj is denoted by
(-,). Given u € V| its strain eu is defined as the symmetric part of its gradient, i.e., eu := %(Vu + VuTl),
where Vu is the Jacobian matrix, whose components are (Vu);; := 0;u; for 4,5 =1,...,d.

Under these assumptions, the Second Korn Inequality (see, e.g., [7, Theorem 2.4]) states that there exists
a positive constant Cx = Ck(2) such that

[Vul < Ck (J|lull®*+ ||eu\|2)1/2 for every u € V. (2.2)

Moreover, there exists a positive constant Cp = Cp(£2) such that the following Korn-Poincaré Inequality
holds (see, e.g., [7, Theorem 2.7]):

lul| < Cplleul| for every u € V. (2.3)
Thanks to (2.2) we can use on the space V the equivalent norm
lullv = (|Jul]® + [leu]|?)/? for every u € V.

Let . (R‘j;ﬁ; ngx,‘i) be the space of all linear operators from Rg;,‘i into itself. We assume that the elasticity

and viscosity tensors A and B, which depend on the variable z € ), satisfy the following assumptions:

A,B e L™(Q; Z (RIS RE), (24)
A(x)E] - & =& - A(x)éy, B(z)é1-& =& -B(x)&  for ae. # € Q and every &,& € RIS (2.5)
calé]? < A(z)€- € < Cul€)?, csl¢)? <B(2)¢- € < Cgl¢]* for ae. x € Q and every £ € RE<Y (2.6)

where ¢y, cg, Cy, and Cp are positive constants independent of x, and the dot denotes the Euclidean scalar
product of matrices.

Let us fix T'> 0 and § > 0. To give a precise meaning to the notion of solution to problem (1.2)—(1.4)
we introduce the function spaces

V= L*0,T;V)NHY0,T; H) N H*(0,T;Vy), Vo:= L*0,T;Vo)NH"(0,T; H) N H*(0,T;Vy),
Vioe 1= Lipe(=00,T5 V) N Hjpo(—00, T3 H) N Hifyo(—00, T3 V).
Remark 2.1. By the Sobolev Embedding Theorem, if u € V (resp. u € Vj,¢), then
ue CO[0,T]; H) N CH([0,T];Vg)  (resp. u € C%((—o0,T); H) N CH((—o00, T); V).
We study problem (1.2)—(1.4) with ¢, z, and u;,, depending on e. Let us consider £ > 0 and
fe € L*(0,T;H), g. € H'(0,T;Vy), 2z € H*(0,T;H)NH'(0,T;V), (2.7)
Ue in € CV((—00,T); H) N CY((—00,T); V{) such that

0
1 -
Ue,in(0) €V, ugin(0) —2:(0) € Vo,  @e4n(0) € H, / %eﬁ*f [t in (T) [y dT < +o00. (2.8)

The notion of solution to (1.2)—(1.4) is made precise by the following definition.
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Definition 2.2. We say that u. is a solution to the viscoelastic dynamic system (1.2)—(1.4), with forcing
term ¢ = f. + g., boundary condition z., and initial condition w ;y, if
Ue € Vipe and u. — z. € Vy,

2ii.(t) — div((A + B)euc(t)) +/ ée_% div(Beu.(7))dr = fo(t) + g-(t) for a.e. t € [0,T], (2.9)

us(t) = uein(t) for every t e (:0057 0].

In the next remark we shall see that (2.9) can be reduced to the following problem starting from 0:

u. €YV and u. —z. € Vo,

i (t) — div((A + B)eu.(t / — 5 div(Beus (7))dr = @ (t) + 7-(t) for a.e. t € [0,T], (2.10)
ue(0) =ulin H and 1.(0)=ul in V{,

with ¢, € L2(0,T; H), v € HY(0,T;V{), u? € V, u? — 2.(0) € Vp, ul € H.

Remark 2.3. It is easy to see that u. is a solution according to Definition 2.2 if and only if its restriction
to [0, T, still denoted by u., solves (2.10) with
Ve = fe, Ve =0 — De, Ug = Us,in(o)» ’LL:_ = us,in(o)v (2'11)
where
: o1
pe(t) :=e 7 g’ with ¢2:= / B—eﬁ div(Beue 4, (7))dT. (2.12)
oo P

To solve problem (2.10) it is enough to study the corresponding problem with homogeneous boundary
condition:

ve € Vo,
20 (t) — div((A + B)ev. (¢ / 5 div(Bev (7))dT = h.(t) + ¢.(t) for a.e. t € [0,T], (2.13)
v(0) =00 in H and 9.(0) =v! in V{,

with

h. € L*(0,T; H), (. H'(0,T;Vy), 2eV,, wvleH. (2.14)

Remark 2.4. The function u. is a solution to (2.10) if and only if ve = us — z. solves (2.13) with

he(t) = e (t) — e22.(t), Lo(t) = 7o (t) + div((A + B)ez.(t / —e div(Bez(7))dr,

v =u — 2.(0), vl=ul-2:.(0), (2.15)
Therefore, existence and uniqueness for (2.13) imply existence and uniqueness for (2.10).

Remark 2.5. In [2] problem (2.13) has been studied with initial conditions taken in the sense of interpolation
spaces. Given two Hilbert spaces X and Y, the symbol [X, Y]y denotes the interpolation space between X
and Y of exponent 6 € (0,1). Thanks to [6, Theorem 3.1] we have the following inclusions:

L2(0,T; Vo) N HY(0,T; H) € C°(0,T};Vi?)  and  L2(0,T; H) N HY(0,T; V) € CO([0,T); Vi 2),

where Vo% = [Vo, H]1 and Vofé = [H, Vg1 Consequently

1

2
Vo € CO[0,T; Vi) N CL([0,TT; Vi ?).

Therefore, the initial conditions in (2.13) are satisfied also in the stronger sense

v-(0) = v in VO% and ©9.(0) = v} in \/07%. (2.16)

The following proposition provides the main properties of the solutions. We recall that, if X is a Banach
space, C9 ([0, T]; X) denotes the space of all weakly continuous functions from [0, 7] to X, namely, the vector
space of all functions u: [0,T7] — X such that for every 2’ € X’ the function ¢t — (a’,u(t)) is continuous
from [0, 7] to R.
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Proposition 2.6. Given ¢ > 0, assume (2.7) and (2.8). Then there exists a unique solution u. to the
viscoelastic dynamic system (2.9). Moreover, it satisfies

u. € C°([0,T]; V) nC*([0,T); H). (2.17)
Proof. By Remarks 2.3 and 2.4 it is enough to prove the theorem for (2.13). Existence and uniqueness are
proved in [2], taking into account Remark 2.5 about the equivalence between the initial conditions in the
sense of (2.13) and (2.16).

After an integration by parts with respect to time, it easy to see that the weak formulation (2.13) is
equivalent to the following one:

—e? /OT(UE() ())dt—i—/o ((A +B)eve(t), ep(t dt—/ / T (Beve (1), e(t))drdt

:/ (he(t), p(t ))dtJr/ (Le(t), (t))dt for every ¢ € C°(0,T; V). (2.18)
0 0

In [8], in a more general context, it has been proved that if v. satisfies (2.18) and the initial conditions in
the sense of (2.13), then it satisfies also

v. € CY([0,T]; V) and o, € C°([0,T]; H), (2.19)
. .0 . . . S AT
Jim Jo(t) o€l =0 and T [o.(1) — ! = 0.

We fix s € [0,T). We want to prove
t£m+ lve(t) —ve(s)|ly =0  and lim |0 (t) — 0e(s)|| = 0. (2.20)

t—s

Thanks to the theory developed in [2] there exists a unique 9. € L?(s,T; Vo) N H(s,T; H) N H?(s,T; V()
such that

e20.(t) — div((A + B)ed.(t / —e div(Bed.(7))dr

= h(t) + (2 / —e div(Bev.(7))dr for a.e. t € [s,T], (2.21)
lim ||7c(t) —ve(s)| =0 and  lim ||6.(t) — 0c(s)||y: = 0. (2.22)
t—st t—st 0

By the results in [8] the function 0. satisfies also

lim [|5.(8) — ve(s)|v =0 and  lim [5.(¢) — 6.(s)] = 0. (2.23)
t—st t—st

Since clearly v. satisfies (2.21) and (2.22), by uniqueness we have 0.(t) = v.(t) for every ¢t € [s,T]. In
particular, from (2.23) we deduce that (2.20) holds.

To complete the proof we need the following proposition about the energy-dissipation balance, where H
is defined by (2.1), and #%(t) represents the work done in the interval [0, ¢].

Proposition 2.7. Given ¢ > 0, we assume (2.14). Let v. be the solution to (2.13) and let w.: [0,T] — H
be defined by

we(t) == e Be /Ot éeéeve(T)dT for every t € [0,T). (2.24)
Then w. € H'(0,T; H) and the following energy-dissipation balance holds for every t € [0,T):
e ()2 + 2 (e (2) 0. (1)) + S(B(eve(t) = we () evs (1) — w.(0)
+ e At(ng(T),wg(T))dT = %Hvi”2 ((A + B)ev?, ev?) + (1), (2.25)
where
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Proof. Tt is convenient to extend the data of our problem to the interval [0, 27T by setting
he(t):=0 and {.(t) = (T) foreveryte (T,2T).

It is clear that h. € L?(0,2T; H) and £, € H'(0,2T;Vy). By uniqueness of the solution to (2.13), the solution
on [0,277] is an extension of v, still denoted by v.. We also consider the extension of w. on [0,27] defined
by (2.24).

Since ev, € L?(0,2T; H), it follows from (2.24) that w. € H'(0,2T; H), and

Bee(t) = eve(t) —we(t) for a.e. t € [0,2T]. (2.26)
Thanks to (2.20) in [0,27] and (2.26) there exists a representative of . such that
lim ||we(t) —we(s)]| =0 for every s € [0,2T). (2.27)
t—st

Moreover, since v, satisfies (2.13) in [0, 27], we have
20 (t) — div(Aeve(t)) — div(B(ev: (t) — we(t))) = he(t) + £o(t) for a.e. t € [0,2T]. (2.28)

Multiplying (2.26) and (2.28) by ¥ € H and ¢ € Vj, respectively, and then integrating over Q and adding
the results, for a.e. t € [0,27] we get

(i (1), ¢) + (Beva(t), o) + (Bleva (t) — wo(t)), e — 1) + Be(Bive(8), 1) = (ha(8), 9) + (L(), ). (2:29)

Given a function r from [0, 27 into a Banach space X, for every 7 > 0 we define the sum and the difference
o'r,0"r: [0,2T —n] — X by o"r(t) :=r(t +n) +r(t) and 6"r(t) := r(t +n) — r(t). For a.e. t € [0,2T — 7]
we have ov.(t),0"v.(t) € Vo and 0w, (t), 6"w.(t) € H. For a.e. t € [0,2T — 1] we use (2.29) first at time
t and then at time ¢t 4 7, with ¢ := §"v.(t) and ¢ := §"w,(t). By summing the two expressions and then
integrating in time on the interval [0, ¢] we get

/t[EZKn(T) + A, (1) + By (1) + €Dy (7)]dr = /t W, (T)dr, (2.30)
0 0

where for a.e. 7 € [0,2T — 7]

Kn(T) (0"1e(7), 0"ve (7)),

Ay(7) = (Ao ev.(7),0"evc (7)),

Bn(T) B(o"eve (1) — c"we (1)), 0"eve (1) — §"we (1)),
Dy(r) =

BB o"be (1), 8w (1)),
Wy (1) == (6"he(T), 6 0o (7)) + (0le(T), 0"ve(T)).

An integration by parts in time gives
t

/0 K, (r)dr = (6"0:(t), 6"v:(t)) — (6"9:(0), 6"v-(0)) — / (6" (1), 8" (7))dT

0

t+n n t t
- / (0762 (), . (r))dr — / (0762 (0), b ())dr — / e (7 + h)|%dr + / e (r) 27

n

t+n
- / [(075-(t), 02 (7)) — [0 () |?] dr — / [(0752(0), 02 (7)) — [0 ()[|?] . (2.31)
Moreover

t t+n n
/OAn(T)drz/t (Ae’UE(T),e’UE(T))dT—/O (Aeve (1), eve(7))dT, (2.32)
t t+n n
/BU(T)dT:/ (B(GUE(T)*U)E(T)),61)5(7')771/5(7'))(‘17’7/ (B(eve(T)—we(7)), eve (1) —we (1))dr, (2.33)
0 t 0
t t pr4n
/ D, (7)dr = 8 / / (B o™i (7), . (s))dsdr, (2.34)

/W dT—/ /T+?7 oMhe(T), Ve (s deT—/ / (1))dsdr
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+ /t (o) el i - /O (070.(7), v (7)) dr. (2.35)

We now divide by 7 all terms of (2.31)—(2.35). Observing that
o"h, —> 2h. strongly in L?(0,T; H),

/t
/ H][ n ds—e(T)\

thanks to (2.20) in [0,27) and (2.27), we can pass to the limit as 7 — 01, and from (2.30) we obtain that
(2.25) is satisfied for every ¢ € [0, T]. O

T+n
][ Ue(s)ds — 0 (T ‘ dr —— 0,

n—0+

dr —— 0,
Vy n—0+

Proof of Proposition 2.6 (Continuation). Now we want to prove (2.17). By using (2.25), for every t € [0, T

we can write
S5 + S((A + Bleve(t),eve(®) = SN2 + 5 (A +B)enl, en) + #2()

- %(Bwe(t), we (1)) + (Bev: (1), we(t)) — 65/0 (B (1), e (7))dr. (2.36)

Let U, : [0,7] — [0,400) be defined by

g2 . 5 1
Ve (t) = S 100" + 5 (A + Bleve(t), eve(t));

since w, € C°([0,T); H), thanks to (2.19) and (2.36) we have ¥, € C°([0,T]).
Now we fix t € [0,T]. Given a sequence {t;}r C [0,T] such that t, — t as k — 400, we define

S 1= S lie(t) — 6O + 5 (A + B)(evs () — eva(0)), eve(t) — eve(t).

By elementary computations we have

= We(tr) + Ue(t) — (0 (te), e (1)) — (A + B)eve(tr), eve(1)),
therefore, by (2.3) and (2.6) there exists a positive constant C' = C(A, B, Q) such that

e2[[te(t) — v (O + ve(t) — v (I
< C(Welti) + () = (8- (14), 5-(1)) = (A + Beve (t), ev.(1)) ).
The right-hand side of the previous inequality tends to 0 as k — +oo because of (2.19) and the continuity
of W.. Since z. € C°([0,T]; V), by (2.7), and u. = v, + 2., we obtain (2.17). O
3. STATEMENT OF THE MAIN RESULTS

In this section we present the main results about the convergence, as ¢ — 07, of the solutions u.. We
assume the following hypotheses on the dependence on ¢ > 0 of our data:

(H1) {fe}e € L*(0, T3 H), f € L*(0,T; H), {g-}- € H'(0,T;Vg), g € WHH(0, T V),

fe——f strongly in L?(0,T; H), and ge — g strongly in Wh1(0,T;Vy);
e—0t e—=0t

(H2) {2.}. € H3(0,T; H)N HY(0,T;V), 2 € W21(0,T; H) n W(0,T;V), and
Ze T z strongly in W20, T; H) n W1 (0,T;V);
E—r

(H3) {uc,inte C CO((—00,0];V) N CH((—00,0]; H), uim € C°((—00,0]; V), and there exist a > 0 such that

Ue,in, — U;p,  Strongly in C%[~a,0]; V), €le in —> 0 strongly in C%([~a,0]; H),
e—0t e—0t
N dr —— 0 Cles dr —— 0
[ F e @lvar —— 0, [ e hun(rlvdr ——o.
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Remark 3.1. Let u? = u. ;,,(0), ul = 1, (0), and u® = u;,(0). Hypothesis (H3) implies
u? —— u® strongly in V' and eul —— 0 strongly in H.
e—0t e—0t

Our purpose is to show that the solutions u. converge, as € — 0%, to the solution ug of the stationary
problem (1.5) with boundary condition (1.2). The notion of solution to this problem is the usual one:

{uo(t) €V, w(t)—z(t)eVy, forae tel0,T] 51)

—div(Aeug(t)) = f(t) + g(t) for a.e. t € [0,T7.

Remark 3.2. The existence and uniqueness of a solution ug to (3.1) follows easily from the Lax-Milgram
Lemma. Since f + g € L?(0,T; V), the estimate for the solution implies also ug € L*(0,T;V).

We shall sometimes use the corresponding problem with homogeneous boundary conditions:

{vo(t) eW for a.e. t € [0, 77, (3.2)
—div(Aevy(t)) = h(t) + £(t) for a.e. t € [0,T7,
with i € L2(0, T; H) and ¢ € H'(0,T; V{).
Remark 3.3. The function ug is a solution to (3.1) if and only if vy = ug — z is a solution to (3.2) with
h(t) = f(t) and £(¢t) = g(t) + div(Aez(¥)).
The following lemma will be used to prove the regularity with respect to time of the solution to (3.1).

Lemma 3.4. Let m € N and p € [1,+00). If f =0, g € W™P(0,T;V)), and z € W™P(0,T;V), then the
solution ug to problem (3.1) satisfies ug € W™P(0,T;V).

Proof. By Remark 3.3 it is enough to consider the case z = 0. Let R : Vj — Vj be the resolvent operator

defined as follows:
v € Vo,
R =p <
W) =¢ {— div(Aep) = 9.

Since ug(t) = R(g(t)), the conclusion follows from the continuity of the linear operator R. O

Remark 3.5. In the case f = 0, since g € WH(0,7; V) and 2 € WH1(0,T; V), we can apply Lemma 3.4
to obtain that the solution ug to (3.1) belongs to W1(0,T; V), hence ug € C°([0,T]; V).

In the final statement of the next theorem, besides (H1)-(H3) we assume the following compatibility
condition: there exists an extension of ¢ (still denoted by g) such that

g EWh(—a,T; V) and — div(Aeu;,(t)) = g(t) for every t € [~a,0]. (3.3)
We are now in a position to state the main results of this paper.

Theorem 3.6. Let us assume (H1)-(H3). Let u. be the solution to the viscoelastic dynamic system (2.9)
and let ug be the solution to the stationary problem (3.1). Then

Ue — Ug strongly in L*(0,T;V), (3.4)
e—0+

etle —— 0 strongly in L*(0,T; H). (3.5)
e—0t

If, in addition, fo =0 for every e > 0, then

Ue —— g strongly in L (n,T; V) for every n € (0,T), (3.6)
e—0

Ele — 0 strongly in L*>(n,T; H) for everyn € (0,T). (3.7)
e—0

If fe =0 for every € > 0 and the compatibility condition (3.3) holds, then we have also

Ue —— Ug strongly in L*°(0,T;V), (3.8)
e—0t
elie —— 0 strongly in L*°(0,T; H). (3.9)

e—=0t
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In the case of solutions to problems (2.10) we have the following results, assuming that

u? —— u® strongly in V. and eul — 0 strongly in H. (3.10)
e—0

e—0+
Theorem 3.7. Let us assume (H1), (H2), and (3.10). Let u. be the solution to the viscoelastic dynamic
system (2.10), with . = fo and . = g., and let ug be the solution to the stationary problem (3.1). Then
(3.4) and (3.5) hold. Moreover, if f- =0 for every e > 0, then (3.6) and (3.7) hold.

Theorems 3.6 and 3.7 will be proved in several steps. First, we prove (3.8) and (3.9) when f. = 0 and the
compatibility condition (3.3) holds (Theorem 4.1). For g € H2(0,T; V() the proof is based on the estimate in
Lemma 3.8 below, which is derived from the energy-dissipation balance (2.25). The general case is obtained
by an approximation argument based on the same estimate.

Next, we prove that (3.4) holds for the solutions of (2.10) if 7. = v =0, z. = 0, u2 = 0, and u! = 0
(Proposition 6.1). The proof is obtained by means of a careful estimate of the solutions to the elliptic system
(5.17) obtained from (2.13) via Laplace Transform (Section 5). Under the general assumptions (H1), (H2),
and (3.10) the same result is deduced from the previous one by an approximation argument based again on
Lemma 3.8 below.

Then, (3.5) is obtained from (3.4) using a suitable test function in (2.10) (Theorem 6.3). A further
approximation argument gives (3.4) and (3.5) under the assumptions (H1), (H2), and (H3) (Theorem 6.4).

Finally, if f. = 0, we obtain (3.6) and (3.7) from (3.4) and (3.5) (Lemma 7.1), concluding the proof of
Theorems 3.6 and 3.7.

The following lemma, derived from the energy-dissipation balance (2.25), will be frequently used to ap-
proximate the solutions of (2.13) by means of solutions corresponding to more regular data.

Lemma 3.8. Givene >0, p. € L*>(0,T; H), {- € H(0,T;V{), v0 € Vb, and v} € H, let v, be the solution
to (2.13) with he = ep.. Then there exists a positive constant Cr = Cr(A,B,Q,T), independent of , such
that

26l 07010y + e Wm0,y < O (2021 + W21 + 2 0.y + 1 Iy omavy )

Proof. By the energy-dissipation balance (2.25) proved in Proposition 2.7 and by (2.3) and (2.6) there exists
a positive constant C' = C(A, B, Q) such that

oI + o=@l < C (202 + 2113 +#2(t))  for every ¢ € [0,T], (3.11)

where the work is now defined by

We(t) = (Ce(t), v=()) — (€=(0),v2) —/0 <é5(7),1}5(7')>d7'—|—/0 (pe(7), €0(7))dT. (3.12)

Let K. := ¢||vc(t)|| oo (0,7;7r) and Ee := [[v=(t)| > (0,7;v), which are finite by (2.17). Thanks to (3.11) and
(3.12) for every t € [0,T] we get

[0 ()1> + [lv= @) II3 < 0(52||U51||2 + 1021 + (211Nl L o,mv) + Wellzro,mvp)) B + ||%||L1(0,T;H)Ke)
< 0(52||U§||2 + 10205 + B+ 2) Ilellwrr o,y Be + ||<Pe||L1(o,T;H)Ke)-

By passing to the supremum with respect to ¢t and using the Young Inequality we can find a positive constant
Cg =Cg(A,B,Q,T) such that

K2+ B2 < Cp (2ol + 10213 + 19l3 s o.z0am) + el omvg )
which concludes the proof. O

In the proof of Theorem 3.6 we shall use the following lemma, which ensure that it is enough to consider
the case z. = 0 and z = 0.

Lemma 3.9. If Theorem 3.6 holds when z. = 0 for every e > 0, then it holds for arbitrary {z.}. and z
satisfying (H2).
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Proof. Tt is not restrictive to assume div(Bez.(0)) = div(Bez(0)) = 0. Indeed, if this is not the case, we can
consider the solutions 20 and z° to the stationary problems

Zg € W, and 20 € o,
—div(Bez?) = div(Bez.(0)), —div(Bez?) = div(Bez(0)),

and we can replace z(t) and z(t) by Z.(t) := 2.(t) + 22 and Z(t) := z(t) + 2°. It is clear that div(Bez.(0)) =
div(Bez(0)) = 0 and that problems (2.9) and (3.1) do not change passing from z. and z to Z. and Z.
Let e, 1: [0,T] — Vy be the functions defined by

0 ift € (—o0,0), 0 if t € (—0,0),
Ye(t) := < div(Bezc(t)) ift €[0,T], and (t) := ¢ div(Bez(t)) ifte]0,T], (3.13)
div(Bez.(T)) ift e (T, +o0), div(Bez(T)) ift e (T,+o0).

Since div(Bez.(0)) = div(Bez(0)) =0, 2. € H*(0,T;V), and z € Wh1(0,T; V), we obtain 1. € H} (R; V()
and ¢ € WL (R; V). Moreover, thanks to (H2) we have

e ?;(;r» @ strongly in V[/'lloc1 (R; Vy). (3.14)

Since wu, is the solution to (2.9), by Remark 2.3 it solves (2.10) with 7. = g. — p. and initial conditions
defined by (2.11), where p,. is defined by (2.12). By Remark 2.4 the function v, = u. — 2. is the solution to
(2.13) with

he(t) = fo(t) = €%2:(1),  £e(t) = ge(t) — pe(t) + div((A + Bez(t)) — /0 %e_% div(Bez(7))dr, (3.15)

and initial conditions v? and v! defined by (2.15). We define the family of convolution kernels {p. }. C L*(R)
by

Le 5 iftelo,
pelt)y i= | ¢ T TEED0 Fo0), (3.16)
0 if t € (—00,0),
and notice that, by (3.13), the integral in (3.15) coincides with (p. * t:)(t), hence
le(t) = ge(t) — pe(t) + div(Aeze(t)) + e (t) — (pe * ) (t) for every t € [0,T].

By Remark 3.3 the function vy = ug — z is the solution to (3.2) with h = f and ¢ = g + div(Aez). By
the definition of v. and vy it is clear that to prove the theorem it is enough to show that the conclusions
of Theorem 3.6 holds for v, and vy. To this aim, we introduce the solution ¥. to (2.13) with h. = f,
l. = g. — pe + div(Aez.), and v?, v! defined by (2.15). Then the function v. := v. — ¥, satisfies (2.13) with
he = —€2%., l. = 1. — p. * 1., and homogeneous initial conditions. By Lemma 3.8 we can write

52”@”%00(0,T;H) + ||175||2L<>o(0,T;v) <Cg (52||26||2Ll(0,T;H) + 1Ye — pe * %H%/Vl,l(o,:r;v(;))- (3.17)
By (3.14) and by classical results on convolutions we obtain

Ve — pe ¥ . — 0 strongly in WH1(0,T; Vy).
e—0+t

Since {%.}. is bounded in L'(0,T; H) by (H2), from (3.17) we deduce

Ve — Ue —— 0 strongly in L>°(0,T;V), (3.18)
e—0t

(e — V) — 0 strongly in L*°(0,T; H). (3.19)
e—=0+t

By Remark 2.3 the function . is the solution to (2.9) with g. replaced by g. + div(Aez.) and z. = 0.
Thanks to (H1) and (H2) we have

ge + div(Aez,) oY + div(Aez) strongly in W(0,T; V).
e—

Since by hypothesis, Theorem 3.6 holds in the case of homogeneous boundary condition, its conclusions are
valid for ¥ and vg. Thanks to (3.18) and (3.19) the same results hold for v, and vg. This concludes the
proof. O

In a similar way we can prove the following result.
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Lemma 3.10. If Theorem 3.7 holds when z. = 0 for every € > 0, then it holds for arbitrary {z:}. and z
satisfying (H2).

4. THE UNIFORM CONVERGENCE

In this section we shall prove (3.8) and (3.9) of Theorem 3.6 under the compatibility condition (3.3).

Theorem 4.1. Let us assume (H1)-(H3), the compatibility condition (3.3), and f. = 0 for every e > 0.
Let u. be the solution to the viscoelastic dynamic system (2.9) and let ug be the solution to the stationary
problem (3.1), with f = 0. Then (3.8) and (3.9) hold.

To prove the theorem we need the following lemma, which gives the result when g is more regular.
Lemma 4.2. Under the assumptions of Theorem 4.1, if g € H?(0,T;Vy), then (3.8) and (3.9) hold.

Proof. Thanks to Lemma 3.9 we can suppose z = 0 and z. = 0 for every € > 0. Let p. be defined by
(2.11). Since u, is the solution to (2.9), thanks to Remark 2.3 it solves (2.13) with h. = 0, ¢. = g. — p.,
02 = ue in(0), and v} = 1, (0). We fix b > a > 0 and we extend the function g in (3.3) to (—oo,T) in such
away g € Whl(—oo,T;V{) and g(t) = 0 for every t € (—oo, —b]. Since z = 0 we can extend ug by solving
the following problem:

—div(Aeug(t)) = g(t) for every t € (—o0, T].

We observe that ug = 0 on (—oo, —b] and ug = u;, on [—a, 0] by the compatibility condition (3.3).
Assume g € H?(0,T; V). By Lemma 3.4 (with 2z = 0) we have ug € H2(0,T; V), hence by (3.1) we get

{uo(t) eW for every t € (—o0,T1,

e2iig(t) — div((A + B)eug(t)) + /0 ée_% div(Beug(7))dr

= 2iig(t) + g(t) — div(Beuo(t)) + (p- * div(Beug))(t) — p=(t) for a.e. t € [0,T], (4.1)

where p. is defined by (3.16) and

0 0

éeﬁ div(Beug(7))dr = / éeﬁ div(Beug(7))dr.

Pe(t) :=e g0 with 30 ;:/
—b

— 00
Let ¢. := g — g + div(Beug) — (pe * div(Beug)) — pe + p-. By (4.1) the function 4. := u. — ug satisfies
(2.13) with he = —2iig, Lo = ge, v = ue in(0) — up(0), and v} = 4 45, (0) — 10 (0).
Since g € Whl(—00,T;Vy) and g = 0 on (—o0, —b], by Lemma 3.4 we obtain ug € Wh!(—oo, T; V) and
therefore div(Beug) € Wht(—o0,T;Vy). Then the properties of convolutions imply

pe * div(Beuy) o div(Beug) strongly in Wt (—oo, T; V). (4.2)
E—r

As we have already observed, by the compatibility condition (3.3) we have ug = w;, on [—a,0], hence

130 - oCllvy < /

— 00

—a

]- =z . @ ]. iy .
——eP || le(E(eueym(T))HVO/dT + / —ePe || le(B(euO(T))”VO’dT
Be _» Be

+ || div(B(eue,in — etin))| oo (~a,0,v;)-

Thanks to (H3) we obtain g2 — ¢ — 0 strongly in V] as € — 0. Hence

pe —pe — 0 strongly in WH1(0, T; V). (4.3)
e—0t
By (H1), (4.2), and (4.3) we have
G —— 0 strongly in Wh(0,T;Vy). (4.4)
E—
Since uo(0) = u;,(0), (H3) gives

Ue in(0) — ug(0) —— 0 strongly in V| (4.5)

’ e—0t
(e in(0) — up(0)) —— 0 strongly in H. (4.6)

e—0t

By using Lemma 3.8 we get

€2||ﬂa||2Loo(o,T;H) + ”ﬂEH%OO(O,T;V)
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< Cop (2 10(0) — i (O)]> + e 10(0) — w0 (O)% + 2 it s 7y + e s o v )-
therefore thanks to (4.4), (4.5), and (4.6) we obtain the conclusion. O
In the proof of Theorems 4.1, 6.2, and 6.4 we shall use the following density result.

Lemma 4.3. Let X,Y be two Hilbert spaces such that X — Y continuously, with X dense in'Y. Then for
every m,n € N with m < n, and p € [1,2] the space H"(0,T; X) is dense in W™P(0,T;Y).
Proof. Since every simple function with values in Y can be approximated by simple functions with values in
X, it is easy to see that L2(0,T; X) is dense in L?(0,T;Y).

To prove the result for m = 1 we fix u € WHP(0,T;Y). By the density of L?(0,7; X) in LP(0,T;Y) we
can find a sequence {¥}r C L?(0,T; X) such that 1, — 4 strongly in LP(0,T;Y) as k — +oo. By the
density of X in Y there exists {u}r C X such that u — u(0) strongly in Y as k — +o0o. Now we define

ug(t) ::/0 Yp(T)dT 4 ul.

It is easy to see that {uy}r C HY(0,T;X) and uy, — u strongly in WHP(0,T;Y) as k — +oo.
Arguing by induction we can prove that for every integer m > 0 the space H™(0,7T;X) is dense in
Wm™P(0,T;Y). Since H"*(0,T; X) is dense in H™(0,T; X), the conclusion follows. O
We are now in a position to deduce Theorem 4.1 from Lemma 4.2 by means of an approximation argument.

Proof of Theorem 4.1. Thanks to Lemma 3.9 we can suppose z = 0 and z. = 0 for every ¢ > 0. We fix
§ > 0. By Lemma 4.3 there exists a function ¢ € H?(0,T; V{) such that

v = gllwrao,rvy) <6 (4.7)
By (H1) there exists a positive number ey = £¢(d) such that

[lvb — gs”lel(O,T;VO’) < for every e € (0,&g). (4.8)

Let p. be defined by (2.12). Since u, is the solution to (2.9) with f. = 0 and z. = 0, thanks to Remark

2.3 it solves (2.13) with he =0, e = g. — pe, V0 = u. in(0), and v! = 1. ;,(0). Moreover, let . be solution

to (2.13) with he = 0, £c =9 — pe, v0 = uc i (0), and v} = 4 4,,(0), and let iy be the solution to (3.2) with

h =0 and ¢ = ¢. Thanks to Remark 2.3 the function @, is the solution to (2.9) with f. =0, g. = ¢, and
ze = 0, hence by Lemma 4.2 we have

Ue —r g strongly in L*°(0,T;V), (4.9)
E—r
ety — 0 strongly in L(0,T; H). (4.10)
e—0t

We now consider the functions @y := @y — up and e := e — ue. Since g is the solution to (3.2), with
h =0 and ¢ = 1 — g, by the Lax-Milgram Lemma we get

C%+1
(%

C%24+1
};j (1+ %)Hdl—gﬂwlvl(omv&)- (4.11)

Moreover, since . is the solution to (2.13), with h. = 0, £c = ¥ — g., v = 0, and v} = 0, thanks to Lemma
3.8 we get

[@ol| Lo (0,7;v) < 4 = gll L= (o.mvp) <

€2||a6||2L°°(0,T;H) + ||ﬂa||2Loo(o,T;v) < Cgll¢ — gs”%/[/l,l(m:r;v(;)- (4.12)
By combining (4.7), (4.8), (4.11), and (4.12), we can find a positive constant C = C(A, B, Q,T') such that
EH&&*HLO@(O’T;H) + HHJE”L“(O,T;V) + ||'[TLO||L00(O’T;V) < C§ forevery € € (O,Eo). (413)

Since
l[ue = w0l (0,75v) < el Lo (0,v) + T = ol Low(0,75v) + l[Toll Lo (0,73
elltie || Lo 0,711y < lliic|| Lo 0,7:11) + €llite || Low 0,731,
by (4.9), (4.10), and (4.13) we have

limsup [[ue — ug||zo0,r;v) < C6 and  limsup ||etc||zo 0, r;m) < CO.
e—0t e—0t

The conclusion follows from the arbitrariness of § > 0. O
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5. USE OF THE LAPLACE TRANSFORM

In this section we shall use the Laplace Transform to prepare the proof of the convergence, as ¢ — 0%, of
the solutions of the problems

ve €V
20 (t) — div((A + B)ev.(t / —5 div(Bev(7))dr = h.(t) for a.e. t € [0,T], (5.1)
v:(0)=0 inH and 9.(0)=0 inVj,

to the solution vy of the problem

vo(t) € Vo for a.e. t € [0,T7, (5.2)
—div(Aevy(t)) = h(t)  for a.e. t € [0,T], )
when {h.}. C L?(0,T;H), h € L*(0,T; H), and
h. — h  strongly in L*(0,T; H), (5.3)

e—0t

This partial result will be the starting point for the proof of the convergence in L?(0,T; V) under the general
assumptions of Theorem 3.6.

5.1. The Laplace Transform for functions with values in Hilbert spaces. Given a complex Hilbert
space X, let r € L}, (0, +00; X) be a function such that

+oo
/ e |r(t)||x dt < +oo for every a > 0, (5.4)
0
and let C; :={s € C: R(s) > 0}. The Laplace Transform of r is the function 7 : C; — X defined by
+oo
7(s) = / e *'r(t)dt for every s € C. (5.5)
0

Besides 7, we shall also use the notation £(r), which is sometimes written as L£:(r(t)), with dummy variable ¢.
In the particular case r € L*°(0, 4+00; X) we have

. 1 . .
I17(s)]lx < ;||T||Lw(07+w;x) for every s = 51 + is3 € C4, with sq1,s2 € R.
1

There is a close connection between the Laplace Transform and the Fourier Transform, defined for every
p € L'(R; X) as the function F(p) € L*°(R; X) given by
+o0 )
F(p)(&) = / e~ ®tp(t)dt for every € € R. (5.6)

For F(p) we use also the notation F;(p(t)) with dummy variable ¢. For the main properties of the Fourier
and Laplace Transforms of functions with values in Hilbert spaces we refer to [1].
We extend the function r satisfying (5.4) by setting r(¢) = 0 for every ¢t < 0. By (5.5) and (5.6) we have

Li(r(t))(s) = Fe(e 'r(t))(s2) for every s = s; +isy € C,, with 51,52 € R.

We remark that the Laplace Transform commutes with linear transformations, as shown in the following
proposition (see, for instance [1, Proposition 1.6.2]).

Proposition 5.1. Let X and Y be two complex Hilbert spaces, let r € LIOC(O,—i-oo;X), and let T be a
continuous linear operator from X toY. Then T or € Lloc(07 +o0;Y). If in addition, r satisfies (5.4), then
the same property holds also for T or, with X replaced by Y, and L(T or)(s) = (T o #)(s) for every s € C,.

Now we consider the Inverse Laplace Transform. Let R : Cy — X be a function. Suppose that there
exists r € L}, (0,+00; X) such that (5.4) holds and L£(r)(s) = R(s) for every s € C. In this case we say
that r is the Inverse Laplace Transform of R, and we use the notation r = L1 (R) or r = £;'(R(s)) with
dummy variable s. It can be proven that r is uniquely determined up to a negligible set (see [1, Theorem
1.7.3]). Moreover, r can be obtained by the Bromwich Integral Formula:

eslt k

r(t) = L7HR)(t) = o kgr—ir-loo ) e2' R(sy + is9)dsa, (5.7)
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where s; is an arbitrary positive number. Clearly (5.7) can be expressed in terms of the Inverse Fourier
Transform, namely

r(t) = LIN(R(s)(t) = e FLH(R(s1 + is2))(8), (5-8)
where ]:5_21(R(S1 + is2)) denotes the Inverse Fourier Transform with respect to the variable ss.

To use the Laplace Transform, we extend our problems from the interval [0, 7] to [0,4+00). To do this,
we extend the functions h. and h, introduced in (5.3), by setting them equal to zero in (T, +00), and we
consider the solution to (5.1) in [0,400), which we still denote v.. Moreover, we consider the solution to
(5.2) in [0, +00), which we still denote vg. Notice that, thanks to the choice of the extension we have

he —— h strongly L?(0, 4o00; H).

e—0t
By Proposition 3.8 and by using the equality h. = 0 on (T, +00), we get
ve € L*(0,4+00;Vy) and 0. € L=(0,+o00; H). (5.9)

Since h € L?(0,T;H) and h = 0 on (T, +0oc), by means of standard estimates for the solution to (5.2) we
obtain

vg € L2(0,+00; Vo) and vy =0 on (T,40c0). (5.10)
From (2.4), (5.1), and (5.9) we can deduce
. € L*(0,T;Vy) N L=(T, +o0; Vy). (5.11)

To study our problem by means of the Laplace Transform we introduce the complexification of the Hilbert
spaces H, Vp, and V{ defined by

H := L*(Q;C%), Vo := HY(Q;CY, V! = H Y CY.
0

The symbols (-,-) and | - || denote the hermitian product and the norm in H or in other complex L? spaces.
For every s € C, the Laplace Transforms he(s) and h(s) of h. and h in H are well defined. Thanks to (5.9)
and (5.10) the Laplace Transforms .(s) and (s) in V; are well defined for every s € C4. By (5.11) the
Laplace Transform @, (s) of 9.(s) in VJ is well defined for every s € C,. Using (5.9) we can integrate by
parts two times in the integral which defines ¢, and, since v.(0) = 0 and ©.(0) = 0, we obtain

e (s) = s%0.(s) for every s € Cy. (5.12)
By considering the operators Sy, Sp : Vo — VO’ defined by
Sa(¥) = —div(Aey) and Sp(v) := —div(Bey),

we can rephrase (5.1) and (5.2) as equalities of elements of VJ:
i (1) = s / ST (r)dr) — (S + S5 (0e(0) + he(t) for ae. t € [0, +00), (5.13)

Sa(vo(t)) = h(t) for a.e. t € [0,+00). (5.14)

Now we want to consider the Laplace Transforms, in the sense of ‘70/7 of both sides of these equations. By
Proposition 5.1 we can say

L(Sa(ve)) = Salde), L(Sw(ve)) = SB(0e), L(Sa(vo)) = Sa(Po), (5.15)

where 0. and 0y are the Laplace Transforms of v. and v, respectively, in the sense of V. Moreover, since
we have

| [ e Fvenis] < olimsocs
0

this integral admits Laplace Transform in the sense of VO, which for every s € C satisfies

ﬁt /7.3 T v (r )df)() &Hl;(s).

Hence, by using Proposition 5.1 again, we obtain

co(ss( / L )df))(s):%slg(@s(s)). (5.16)
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5.2. Properties of the Laplace Transform of the solutions. Thanks to (5.12), (5.15), and (5.16) we
can apply the Laplace Transform to both sides of (5.13) and (5.14) to deduce the following equalities in V{:

£25%0.(s) — div((A + B)et.(s)) + Bes diV(IBBe@E(S)) = h.(s) for every s € Cy, (5.17)
—div(Aedo(s)) = (s) for every s € C,. (5.18)
Our purpose is to prove that for every s; > 0 we have
+o00
/ 6 (51 -+ 52) — Fo(s1 + is)||2. dsy —— 0. (5.19)
—00 0 e—0t

To prove (5.19) we need two lemmas. In the first one we deduce from (5.17) an estimate for 9.(s), which
is used in the second lemma to prove a convergence result for 0. (s).

Lemma 5.2. For every s € C4 there exists a positive constant M(s) such that
||f)5(s)\|‘»,0 < M(s)||ﬁ5(s)|| for every e € (0,1). (5.20)

Proof. We fix € € (0,1) and for every s € C, we define the operator S.(s): Vo — V{ in the following way:

S:(s)(¥) := €% — div((A + B)ey) +

1 N
Bes T 1 div(Bey)) for every 9 € V.
Since S.(s)(0.(s)) = he(s) by (5.17), the Lax-Milgram Lemma, together with the Korn-Poincaré Inequality
(2.3), implies (5.20) if we can show that for every s € C, there exists a positive constant K (s), independent
of €, such that

383 252 2 S € € € €
CAK(S)H61/}||2 S |<SE(S)(1/}),1/}>| _ (55 +e )W}H +65 ((A+B) 7/4 1/}> + (A 1;[}’ 1/’)|

|Bes + 1]

(5.21)

for every ¢ € Vo. R
We can suppose ¢ € Vg \ {0}, otherwise the inequality is trivially satisfied, and we set

_heved) gy (A Beven)
Il Il
which satisfy, thanks to the Korn-Poincaré Inequality (2.3) and to (2.4)—(2.6), the following relations

calley|? S o (ca + cB)|lev||? S catcep

= W > W = ag, b > HwHQ > 02 =: bo, a < cpa < b < aa, (522)
where ¢y := 1+ £ o and ¢ ;=1 —|— . Therefore, to prove (5.21) it is enough to obtain
33 2.2 b
pe +;€Z _:—lﬂ o ta > K(s)a for every s € C,. (5.23)

For simplicity of notation we set z = es and we consider two cases.
Case b > % In this situation, thanks to (A.2) we know that the polynomial 823 + 22 + bz + a has one
real root zp and two complex and conjugate ones w and w. Therefore, thanks to Lemmas A.1 and A.2, we
can write

B3+ 22 + bz +a B(z—z0)(z —w)(z—w ﬂ
N A ()13 w)
Bz +1 Bz+1 6 +1
Bz = 20) \/ 6 1
=|— 3|1R(w)|? ?R b> - —
Brr1 |l 3R 4 FRw) + 352
B(z — 20) b ! z
> - > | — 24
=\ Bz+1 |"V2=3|B+1] (5:24)
where in the last inequality we used zg < 0.
If a < 2|2[%, then |2| > 5f; and, thanks to (5.24), we deduce
B3+ 22+ Bbz +a @ a (5.25)
Bz+1 ~ 23 2Bz + 1) ’
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For a > 2|z|? we have

1 B3+ 22+ Bbz+a B Bbz 4+ a Bbz 4+ a 1
a Bz+1 a(Bz+1)| ~ |a(Bz+1)| 2’
and, by writing z = z + 1y, we obtain
| Bbz+a+ipby | | (Bbx + a)? + F20%y? .
a(Bz+1)|  |Bax+a+iBay| \ (Bax + a)? + f2a2y> ’
which implies
3,2
Bz® 4+ 2° + pbz+a Zg. (5.26)
Bz+1 2
By (5.25) and (5.26) in the case b > % we conclude
3 2 b 1 1
B a1 la 520
Bz+1 22¢*IWZ+U\
Case by < b< ; In this case, thanks to (5.22), we have ag < a < 3/32 We define
R.— 2(2 + Cl) )
352
Then for z € C, with |z| > R, we get
1 3. .2 20,12
1|pZ+ 2"+ Bbztal Bbzta | 367" b| Bz >924c—c—1=1, (5.28)
a Bz+1 a(Bz+1) 2 al|Bz+1| |Bz+1] =

where we used the inequalities |5z| < |8z + 1| and 1 < |5z + 1].
To deal with the case z € C4, with |z] < R, we define

. Bz23 + 22+ Bbz+a
:= min
K a(Bz+1)
and we claim v > 0. Indeed the function under examination is continuous with respect to (z,a,b), and by

Lemma A.1 it does not vanish in the compact set considered in the minimum problem. By using also (5.28)
we conclude that for by < b < % we have

2 2
:R(2) >0, |z| <R, bogbgg—ﬂy a0<a§352}

Bz3+ 22+ Bbz+a
Bz+1
for every z € C4 and every a satisfying (5.22). Since € € (0,1) we have
1 S 1
les(Bes +1)| — |s(Bs+1)|’

> min{~, 1}a. (5.29)

therefore, by setting

1
K(s min Y0
() = {2 2v3 5(Bs + 1)] 7}
from (5.27) and (5.29) we obtain (5.23), which concludes the proof. O

5.3. Convergence of the Laplace Transform of the solutions. We begin by proving the pointwise
convergence.

Lemma 5.3. For every s € CL we have

D (8) — 0o(s) strongly in Vp.
e—0*t
Proof. Thanks to (5.3) and to the Holder Inequality for every s € C, we get

. . oo 1
[he(s) — h(s)|| < / e B h(t) — h(t)||dt < |he — |22 07,0y — O. (5.30)
0

A /2%(3) ¢ Y e—0+
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Consequently, thanks to Lemma 5.2, for every s € C, there exist two constants M (s) > 0 and &(s) € (0, 1)
such that

19 (s)ll g, < M(s) for every € € (0,e(s)). (5.31)
By (5.31) we can say that for every s € C there exist a sequence £; — 01 and v*(s) € V; such that
e, () — v*(s) weakly in Vp. (5.32)
J—+oo

Thanks to (2.5) and (5.32) for every ¢ € Vo we deduce
((A+Blete, (5), ) —— ((A+B)ew” (s),ew), 163570, (5), )| < M (s) ] ——0,

. X . Bejls] R
(Bete, (s), ey)) — (Bev (8),61?)‘ < |(Bete, (s) — ev*(s)), e)| + ml(ﬁevq (s),e)]

< |(ede, (s) — ev*(s), Bey)| + Be; sl CaM (s)llewl] —> 0.

Bejs+1

Therefore by (5.30) we have
vi(s) € Vo, ) (5.33)
—div(Aev*(s)) = h(s). ’

Since, by (5.18), ¥o(s) is a solution to (5.33), by uniqueness we have v*(s) = 99 (s). Moreover, since the limit
does not depend on the subsequence, the whole sequence satisfies

0 () ot Do(s) weakly in V, for every s € C,. (5.34)

To prove the strong convergence we use 0. (s) and 9p(s) as test function in (5.17) and (5.18), respectively.
By subtracting the two equalities, we obtain

(Aede(s), ede(s)) — (Aedo(s), edo(s)) = (he(s), b(s)) — (h(s), o (s)) — s> || 0=(s)]|* —
from which we deduce

(Aeb(s), b (s)) — (Aedo(s), edo(s))] < [(e(s), 8-(5)) — ((s), do(5))] + £[sI [0 (5)]I” + Bels|Calleve (s)]I”

fBes
Bes+1

(Bede(s), ed:(s)),

By using again (5.30), (5.31), and (5.34), we can deduce
hI(I)l (Aed.(s),et.(s)) = (Aedg(s),etp(s)) for every s € C,. (5.35)
e—

Thanks to the coerciveness assumption (2.6), the conclusion follows from the weak convergence (5.34) to-
gether with (5.35). O

Now we are in a position to prove the following result about the convergence in the space L? on the lines
{81 + 159 : 89 € R}
Proposition 5.4. The functions 0. and g satisfy (5.19).

Pmof. For every s € C,, by using 9.(s) as test function in (5.17) we obtain
Bgs 1 (65 + 6282 + B((A + B)e’fls(s), 6@5(8)) + (Aeﬁs(8)7 6’135(3))) ||7A)s( )H2 (iL ( ) (8)) (536)

e T eGP

As before, we set
0 (Aetc(s), et:(s)) and b ((A + B)ede(s), eve(s))
' [[9< ()17 ' [[9<(s)]1? ’

and we observe that (5.22) holds. Therefore, thanks to (5.24), Lemma A.1, and (5.29) we can deduce

(5.37)

Be®s® + e%s? + Bbes + a B %) \/> 504
for b
‘ Bes + 1 5€5+1 = Blzola \/i\/a n BQ,
3.3 2.2 b
pe’s +;€Ss ++1B 19> minfy,1}a > miny, 1} yasva for b < 3B2’

where in the first line we used the inequality |zo(8es + 1)| < |es — zo| for every s € C, which follows from
the condition zy < 0.
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As a consequence of these inequalities and of (5.36) there exists a positive constant C' = C(a, 8,7, ao)
such that

1
lo-(s)? = Bes +

Beds3 + 252 + fBbes + a

<

\/Zl

Therefore, by using (5.37) and the coerciveness assumption (2.6), we can write
Veallete(s)| < V/(Aed-(s), ebe(s)) < Cllhe(s)];

from which, recalling (2.3), we deduce

lhc(s)lllé=(s)]|  for every s € Cs.

|(he(s), 02(s))| <

e
Ve

By extending the function h. to (—oo,0) with value 0, we can write

[6(5) ||y, < (Cp+1) |he(s)||  for every s € Cy. (5.38)

+o0 +oo
he(s) = /O o~ ho (t)dt = / e~ b ()dt = Fy(e™ " he (1)) (s2).

— 00

Since for every s = s1 + sy € C the function t — e~*1*h_(t) belongs to L?(R; H), by the properties of the
Fourier Transform we deduce that sy +— h.(s1 + is2) belongs to L%(R; H) for every € > 0. Moreover, by
using (5.3) and the Plancherel Theorem, we can write

+oo . +oo
[ Vic(s1 + is2) — h(sy +isa) [2dsa = / 1 Fo(e™* (e () — h()))(s2)|*dss
OO “+oc0 OO T
:[ ||e*81t(hs(t)—h(t))||2dtg/0 ||hs(t)fh(t)||2dt:0—jo. (5.39)

Since 9. (s) — B(s) strongly in Vo by Lemma 5.3 and h.(s) — h(s) strongly in H by (5.30), thanks to (5.38)
and (5.39) we can apply the Generalized Dominated Convergence Theorem to get the conclusion. O

6. L? CONVERGENCE

In this section we shall prove (3.4) and (3.5) under the assumptions of Theorems 3.6 and 3.7. We begin
by proving the following partial result.

Proposition 6.1. Let {h.}. C L?(0,T;H) and h € L?(0,T; H) be such that (5.3) holds. Let v. and vy be
the solutions to problems (5.1) and (5.2). Then

Ve — g strongly in L*(0,T;V).
e—0t

Proof. By the Plancherel Theorem we deduce from (5.8) and Proposition 5.4 that for every s; > 0 there
exists a positive constant C = C(s1,T) such that

T T
lve = wollZ2 (0,71 Z/O [[o(t) = vo(®)]F, dt:/o 1£7 (0 = Do) (B)II5 dt

+oo
[ F5, (B=(s1 4 is2) — Do(s1 + is2)) () |[3dt

< C(s1,T) /

+oo
= C(Sl,T)/ ||1A)5($1 + iSQ) — 130(81 + 7:52)”2 d$2 —_— 0,
e—0t

which concludes the proof. (Il

Theorem 6.2. Let us assume (H1), (H2), and (3.10). Let u. be the solution to the viscoelastic dynamic
system (2.10), with . = f. and . = g-, and let ug be the solution to the stationary problem (3.1). Then
(3.4) holds.

Proof. Thanks to Lemma 3.10 it is enough to prove the theorem in the case z = 0 and z. = 0 for every
€ > 0. We divide the proof into two steps.
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Step 1. The case ul = 0. We reduce the problem to the case of homogeneous initial conditions by
considering the functions

v (t) = ue(t) — ul and vo(t) := ug(t) — u® for a.e. t € [0,T]. (6.1)

Let us define
q=(t) := ge(t) + div(Aeu?) + e e div(Beu?) for every t € [0, 7], (6.2)
q(t) == g(t) + div(Aeu®) for every t € [0,T]. (6.3)

Since u!l = 0, it is easy to see that v. satisfies (2.13) with h. = fe, €. = ¢., v2 = 0, and v! = 0, while v

satisfies (3.2) with h = f and ¢ = ¢q. By (3.10) and (6.1), to prove (3.4) it is enough to show that
Ve — U strongly in L?(0,T; V). (6.4)
e—0t

In order to apply Proposition 6.1, we approximate the forcing terms of the problems for v. and wvg
by means of functions in H'(0,T; H) and we consider the corresponding solutions @, and g, for which
Proposition 6.1 yields 9. — 9o strongly in L?(0,T;V) as € — 07. Finally we show that |7 — Vellz2(0,7;v)
and || — ol £2(0,7;v) are small uniformly with respect to €, and this leads to the proof of (6.4).

Let us fix § > 0. Thanks to the density of H in Vj and to Lemma 4.2 we can find ¢ € H*(0,7T; H) and
h(?A, hI% € H such that

1Y = gllwrirorvy <6 g —div(Aed®)|vy <6, |[|hg — div(Beu®)|ly; < 6. (6.5)
Thanks to (H1) and (3.10) there exist eg = €¢(d) € (0, %) such that

1% = gellwra(o,rvy) <6, |hS — diV(Aeug)HVd <8, ||hg — div(Beug)HVd < ¢ for every € € (0,g9). (6.6)
Let ¢, ¢: [0,T] — H be defined by
@ (t) :=y(t) + 1Y + e_ﬁ%h]% and  @(t) :=(t) + hY for every t € [0,T). (6.7)
By (6.2), (6.3), (6.5), (6.6), and (6.7) for every € € (0,&0) we obtain
e = gellwrao.rsvy) < 1Y — gellwrao.rsvy) + TIAY — div(Aeud)|lv;
+ (Be + 1)||hg — div(Beud)[vy < (3+T)9, (6.8)
o = qllLo.rsvey < (L+ 7)Y = gllwrrorvy + 1hE — div(Aeu?)|lve < (24 7)d.
Since t — efﬁz/}]% converges to 0 strongly in L2(0,T; H) as e — 0T, by (6.7) we have
Pe ¢ strongly in L?(0,T; H). (6.10)
Let 9. be the solution to (5.1) with h. = fe + ¢. and let ¥y be the solution to (5.2) with h = f 4+ ¢. By

(H1) and (6.10) we have
f€+S0€ Tf—’—(p StI‘OI’lgly in L2(0aT7H)a
e—
hence Proposition 6.1 yields
Ue —— T strongly in L*(0,T;V). (6.11)
e—0

To estimate the difference 9. — v, we observe that it solves (2.13) with h. =0, . = ¢ — ¢, Ug =0, and
v} = 0. Therefore, by Lemma 3.8 we have

||?7a - Us||L2(0,T;V) < CETH% - QE||W1»1(0,T;V(;)~ (6.12)
To estimate the difference 99 — vy we observe that it solves (3.2) with A = 0 and ¢ = ¢ — q. Therefore by the
Lax-Milgram Lemma we obtain

= dllze=o,7v)- (6.13)
By (6.8), (6.9), (6.12), and (6.13) there exists a positive constant C' = C'(A,B, 2, T) such that

- VT(C% 41
150 — voll 20,y < YEEEE |

19 — vellL2(0,7v) + 1T0 — voll 20,75y < C9,
hence

lve = vollz2 0,73y < Ve — VellL2(0,73v) + 192 — DollL2(0,73v) + 190 — vollz2(0,73v) < 19 — Dollz2(0,73v) + C0.
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This inequality, together with (6.11), gives

lim sup H’UE - U0HL2(O,T;V) < ).
e—0t

By the arbitrariness of § > 0 we obtain (6.4), which concludes the proof of Step 1.

Step 2. The general case. Let ii. be the solution to (2.13) with h. = f., fc = g, v{ = u?, and v} = 0. By
Step 1
Ue — Up strongly in L?(0,T;V). (6.14)

e—0+
The function u. — i, is the solution to (2.13) with all data equal to 0 except v}, which is now equal to u}.
Therefore, Lemma 3.8 and (3.10) yield

lue = || L= 0,1v) < eV Cr|lu]| — 0
which, together with (6.14), gives (3.4). O
In the following theorem, under the assumptions of Theorem 3.7 we deduce (3.5) from (3.4).

Theorem 6.3. Let us assume (H1), (H2), and (3.10). Let u. be the solution to the viscoelastic dynamic
system (2.10), with . = f. and v. = g, and let ug be the solution to the stationary problem (3.1). Then
(3.5) holds.

Proof. Thanks to Lemma 3.10 we can suppose z = 0 and z. = 0 for every € > 0. It is convenient to extend
the data of our problem to the interval [0, 277 by setting

Jot) =0, (1)=0, gut) = gu(T), gt):=g(T) for every t € (T,2T].
Since (H1) holds, it is clear that {f.}. C L?(0,2T; H), {ge}- € H(0,2T;Vy),
fe —— f strongly in L?(0,2T; H) and g. — g strongly in W51(0,2T;Vy). (6.15)
e—0t e—0t
Moreover, the solution to (2.10) on [0, 27 with the extended data is an extension of u., which is still denoted
by u.. Similarly, the solution to (3.1) on [0, 27 is still denoted by wug. Since (6.15) holds, Theorem 6.2 gives
u. — ug  strongly in L*(0,2T;V). (6.16)
e—0+t

We further extend wu. to R by setting u.(t) = 0 for every t € R\ [0,27], and we define
¢
1 is
we(t) := / B—effeue(r)dr = (pe xeu:)(t) for every t € R,

o De
where p. is as in (3.16). By the properties of convolutions and (6.16) we get

eu, —w. — 0 strongly in L?(R; H). (6.17)

e—0+

Thanks to (6.16) and (6.17), by using (2.10) and (3.1) we obtain

e2ii. — 0 strongly in L?(0,2T;Vy). (6.18)
e—0t

Since ,
g2 (t) = e*ul + 52/ tie(7)dr  for every t € [0,27],
0

(3.10) and (6.18) imply

e, — 0 strongly in L*(0,2T;Vy). (6.19)
e—0t
By (6.16) and (6.19) there exists a sequence ¢; — 07 such that for a.e. t € [0,27] we have
U, (t) —— uo(t) strongly in V, (6.20)
Jj—+oo
eﬁuaj (t) ——0 strongly in Vj. (6.21)
Jj—+oo
We choose Ty € (T,2T) such that (6.20) and (6.21) hold at ¢ = Tp. This implies
&5 (tie; (To), ue, (To)) = (eFite, (To), ue, (To)) —— 0. (6.22)

j—+oo
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Since z. = 0 for a.e. t € [0,Tp] we can use u(t) € V; as test function in (2.10). Then we integrate by
parts in time on the interval (0,7p) to obtain

To To To
—e2 /O e, ()] 2dt + /O (Aeu, (1), eue, (t))dt + /0 (B(eue, () — we, (), eue, (t))dt

=/7@@m4mw+/W%wmqmw—ﬁwaﬂw@mm+ﬁmgﬁﬁ
0 0

Thanks to (3.1), (3.10), (6.15), (6.16), (6.17), and (6.22) the first term on the left-hand side of the previous
equation tends to 0 as j — 4o00. Since Ty > T we have

T
2 . 2
€j/0 [[tee, (£)]|7de T

By the arbitrariness of the sequence {¢;}; we have

T
& [ e — o,
0 e—0t
which concludes the proof. O

We now use Theorems 6.2 and 6.3 to obtain (3.4) and (3.5) under the assumptions of Theorem 3.6.

Theorem 6.4. Let us assume (H1)-(H3). Let u. be the solution to the viscoelastic dynamic system (2.9)
and let ug be the solution to the stationary problem (3.1). Then (3.4) and (3.5) hold.

Proof. Thanks to Lemma 3.9 we can suppose z = 0 and z. = 0 for every € > 0. Let p. be defined by (2.12).
Since z. = 0, by Remark 2.3 the function u. solves (2.13) with h. = f., £- = g — pe, v2 = ucin(0), and
v} = 1 in(0). To obtain (3.4) and (3.5) we cannot apply Theorems 6.2 and 6.3 directly, because {p.}. does
not converge to 0 in WhH(0,T;Vy) as e — 0% and, in general, p. ¢ L?(0,T; H).

To overcome this difficulty we construct a family {¢.}. € H'(0,T; H) such that ||q. — Pellwracor;vy) is
uniformly small and g. — 0 strongly in L?(0,T; H) as ¢ — 0F. Then we can apply Theorems 6.2 and 6.3 to
the solutions v, to (2.13) with p. replaced by ¢., obtaining that v. — ug strongly in L2(0,T;V) and 0. — 0
strongly in L*(0,T; H). Finally, we show that [|[v. — uc||r2(0,r;v) and el|oe — @i L2 (0,7, 1) are small uniformly
with respect to €, and this leads to the proof of (3.4) and (3.5).

To construct g. we consider g0 introduced in (2.12) and we define

g

o1
= / Eeﬁ div(Bew;y, (7))dr = (pe * div(Beu;,))(0),

where p. is the convolution kernel in (3.16). By (H3) we have div(Beu;,) € C°((—oc,0]; V), hence the
properties of convolutions imply

gg T ¥ = div(Beu;, (0)) strongly in V. (6.23)
E—r

Since

—a —a

- 1 - .. 1 - .
Hﬁ—@MS/EB?&MMMWWﬁMMM+/ Sz | div(Bleuin() Iyydr

+ || div(B(ete in — €tin)) |l Lo (—a,0:v)
thanks to (H3) we have ¢ — g% — 0 strongly in V{ as ¢ — 0", hence (6.23) implies
g? —— ¢° strongly in V. (6.24)
—0t+
Let us fix § > 0. By the density of H in V§ we can find h° € H such that [|[h° — ¢°||y; < &. By (6.24)
there exists €9 = €¢(d) € (0, %) such that
| A0 — 92”\/0’ < ¢ for every € € (0,¢e9). (6.25)
Let g- € H'(0,T; H) be defined by q.(t) := e~ hO for every t € [0,T]. Then
ge ——0 strongly in L*(0,T; H). (6.26)
e—0t
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Since p.(t) = e~ g2, by (6.25) we have also
e — pellwraqo,rvy) < (Be + 1)|[R° — QSHVO’ <26 for every e € (0,¢0). (6.27)

Let v be the solution to (2.13) with h. = f: — g, l= = ge, v = uc in(0), and v} = 1, ;,(0). By (H1) and
(6.26) we have

fe —q. —— f strongly in L*(0,T; H) and g. —— g strongly in W50, T;Vy).
e—0+ e—0t

By (H3) we have

Ue,in(0) — w3, (0) strongly in V' and et 4,(0) —— 0 strongly in H.
e—0t e—0t

Therefore we can apply Theorems 6.2 and 6.3 to obtain
ve — up  strongly in L?(0,T;V) and ev. — 0 strongly in L?(0,T; H). (6.28)
e—0t e—0t
To estimate the difference v. — u. we observe that it solves (2.13) with h. =0, . = p. — ¢, vg =0, and
v} = 0. Therefore, by Lemma 3.8 and (6.27) we have
([0 — w720,y + lve — el Z2orvy < Crllae = Pellfyraomvy) < 4CES™ (6.29)
Since by (6.29)
e — uollL20,75v) < e = vellL20,75v) + lve — wollz20.1v) < lve — wollL2(0,73v) + 2V CES,
elltel 20, 15m) < €lltte — Vellz20,m5m) + EllVell 20,70y < €llVel|20,m) + 2V CED,
thanks to (6.28) we have
limsup |Jue — uol|z2(0,7;v) < 2¢/Ceé  and  limsup ||| z2(0,17;m) < 2v/ CE0.
e—0t

e—0t

By the arbitrariness of § > 0 we obtain (3.4) and (3.5), which concludes the proof. O

7. THE LOCAL UNIFORM CONVERGENCE

In this section we shall prove (3.6) and (3.7) under the assumptions of Theorems 3.6 and 3.7. The proof
is based on the following lemma.
Lemma 7.1. Let {{.}. C H(0,T;V{) and £ € WH1(0,T; V() be such that
b. ——— € strongly in WhY(n, T; V) for every n € (0,T). (7.1)

12
e—0t

Let v, be a solution to the viscoelastic dynamic system (2.13) with h. = 0 and arbitrary initial data. Moreover,
let vy be the solution to the stationary problem (3.2) with h =0. We assume that

Ve — U strongly in L*(0,T; V), (7.2)
e—0+
€V o 0 strongly in L*(0,T; H). (7.3)
E—r
Then
Ve~ o strongly in L (n, T; V) for every n € (0,T), (7.4)
e—
eve —— 0 strongly in L*(n, T; H) for every n € (0,T). (7.5)

e—0t

Proof. We divide the proof into two steps.

Step 1. Let us assume ¢, = ¢ € H%(0,T;V{]) for every € > 0. By Lemma 3.4 (with z = 0) we have
vo € H?(0,T;V), hence recalling (3.2) we get

t
2dig(t) — div((A + B)evg(t)) + / ée_% div(Bevo(r))dr
0

— 2iig(t) + £(t) — div(Bevo(t)) + /0 ée*% div(Bevy(r)) forac.te[0,T].  (7.6)
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Now we define @, := v. — vy and observe that by (7.2) and (7.3) we have

Ve —— 0 strongly in L*(0,T; V), (7.7)
e—0+
e, — 0 strongly in L*(0,T; H). (7.8)
e—0t
Let us consider

q=(t) == div(Bevo () / —e div(Bevo(7))dr.

Since v, satisfies (2.13) with h. = 0, by (7.6) the functlon Ve satisfies (2.13) with h, = —e¥y and . = ¢
After two integrations by parts in time we deduce

/0 Ee 7o div(Bevo(7))dr = div(Bevy(t)) — e e div(Bevg(0)) — Be div(Bevg(t))

t

+ Bee 7= div(Beio(0)) + Be / e 7 div(Beii(r))dr,

0
hence
e ——0 strongly in Wh1(n, T; Vy) for every n € (0,T) (7.9)
£—0

Now we fix § € (0,7), and we consider n € (0,6) and ¢ € (n,9).

{we}e C Hl(O,T;H) by

We define the family of functions

/ 5 et (T)dr = (pe * ev)(t) for every t € [0,T],

where p. is defined by (3.16) and 7. is extended to R by setting o.(¢t) = 0 on R\ [0, 7]
convolutions we have

. By properties of
€le — we ——— 0 strongly in L2(0,T; H). (7.10)
e—0
By the energy-dissipation balance (2.25) of Proposition 2.7, for every ¢ € [, T] and s € (7, () we can write
2

TGP + 5 (hera(0) e0.(6) + 5 (Bleon(t) = we(t), ene(e) = w.(0) + B [ (Bibe(r), ()
- %Hae(s)H? + §(Aeag(s>, ev.(s)) + %(B(eﬁg(s)

— We(8), eve(s) — we(s)) + He(t, s),
where the work is defined by

(7.11)

Welt, ) = (ge(t), 0 () — (e (5), B2 (s)) — / (Ge(r), 0e(r))dr — € / (i0(7), e ())dr.

Now we take the mean value with respect to s of all terms of (7.11) on (7, (), and we pass to the supremum
with respect to ¢ on [n, T]. Thanks to (2.3) and (2.6) we deduce
2

CA

o )2 << fc o-(s)|ds + <2 fc o-(s) ]2 ds
2(C3 +1) " =M TV) = f O 1TE 2 J, T
CIB% ¢ ) ¢
+ 7][ |lee(s) — we(s)]|°ds + ][ sup |#:(t,s)|ds

n n

,5)|ds. (7.12)
te[n,T)
Notice that for every s € (1, () we have

5 ||1L]8H%°°(7],T;H) +

S[UP ] Wty 8)| < (2l gell oo nrsvy) + el vy 10| oo o 1ivy + €llGoll 2 o, 1) | €0 | Low (71
ten,T

B+ F)lellwrr v el rivy + ol oz letell Lo iz,
hence thanks to the Young Inequality and (7.12) there exists a positive constant C' = C(A, B, Q,T') such that

¢ ¢
”T}EH%”(H,T;H) + ||17€||%°°(H,T;V) < C<52][ ||17€(5)||2d8 + ][ H@a(S)IIdeS
n n

F lewel) — w@Pds + el o + i) (13
n
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By passing to the limit in (7.13) as € — 0T, thanks to (7.7), (7.8), (7.9), and (7.10) we obtain
ellel ow .7 10) + 10| e .09y —2 0,
which, by the definition of ., concludes the proof of (7.4) and (7.5) in the case ¢ € H*(0,T; V{).

Step 2. In the general case £ € W11(0, T; V) we use an approximation argument. Given § > 0, by Lemma
4.3 there exists a function ¢ € H?(0,T; H) such that

I~ Ll o) < 6 (7.14)
Thanks to (7.1) for every o € (0,T) there exists a positive number g9 = €¢(d, o) such that

4 — Lellwra oy <0 for every € € (0, &) (7.15)
Let ©. be the solution to (2.13) in the interval [, T] with h. = 0, £, = v, 7.(0) = v.(0), and o (o) = v.(0),

and let 9y be the solution to (3.2) in the interval [0,T] with A = 0 and ¢ = ¢. By applying Step 1 in the
interval [0, T] we obtain

Vg T U strongly in L*(n,T; V) for every n € (0,T), (7.16)
E—>

SR T> 0 strongly in L*(n, T; H) for every n € (o, T). (7.17)
E—r

We set 0 := 09 — vg and 0. := U, — v.. We observe that ¥y is the solution to (3.2) with h = 0 and ¢
replaced by 1 — £, hence by the Lax-Milgram Lemma we get

_ C%4 41 CZ+1
1ol Lo 0.73v) < “E= 00 — €l oo 0,13y < “E (14 )18 — Llwao,mv)- (7.18)

CA

Moreover, ¥, is the solution to (2.13) in the interval [o, T with h. = 0, ¢ replaced by ¥ —/., and homogeneous
initial conditions. Thanks to Lemma 3.8 we obtain

ellOelt e o1,y + 10N F e o1y < Ol — ei”%/[/lvl(a,T;Vo’)' (7.19)
By combining (7.14), (7.15), (7.18), and (7.19), we can find a positive constant C = C(A,B, 2, T') such that
el oo (0,1 m) + N0ell oo (0,759 + 00| oo (o,75v) < C6. (7.20)

Since for every n € (0,T) we have
[ve = vollLoe(n,73v) < [[VellLoo (o, m3v) + 10 = Toll oo (n,73v) + V0l oo (7507
el|vell oo (.m0 < ElléSHLw(n,T;H) + &l|el| oo (111 5
thanks to (7.16), (7.17), and (7.20) we obtain

limsup [[ve — vol| oo (y,rsvy) < CO  and  limsup |[e0.|| oo (4, 7;m) < C0,
e—0t e—0t

for every n € (0,T). By the arbitrariness of 6 > 0 and o > 0 we conclude. |
Now we are in a position to prove (3.6) and (3.7).

Theorem 7.2. Let us assume (H1), (H2), (3.10), and f. =0 for every e > 0. Let u. be the solution to the
viscoelastic dynamic system (2.10), with ¢. = 0 and . = g., and let ug be the solution to the stationary
problem (3.1), with f =0. Then (3.6) and (3.7) hold.

Proof. By Theorems 6.2 and 6.3 we obtain (3.4) and (3.5). Since f. = 0 and g. — g strongly in W11(0, T; V)
as € — 0% by (H1), we can apply Lemma 7.1 to conclude. a

Theorem 7.3. Let us assume (H1)-(H8) and f. = 0 for everye > 0. Let u. be the solution to the viscoelastic
dynamic system (2.9) and let ug be the solution to the stationary problem (3.1), with f = 0. Then (3.6) and
(3.7) hold.

Proof. Thanks to Lemma 3.9 we can suppose z = 0 and z. = 0 for every € > 0. By Theorem 6.4 we obtain
(3.4) and (3.5). Since u, is a solution to (2.9) with f. = 0, by Remark 2.3 it solves (2.13) with h. = 0 and
l. = g — pe, where p. is defined by (2.12). Since

ge —p: —— 9 strongly in Wt (n, T; V) for every n € (0,T),
e—=0

we can apply Lemma 7.1 to conclude. O
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Finally we can prove Theorems 3.6 and 3.7.
Proof of Theorem 3.6. It is enough to combine Theorems 4.1, 6.4, and 7.3.

Proof of Theorem 3.7. It is enough to combine Theorems 6.2, 6.3, and 7.2.

APPENDIX A.
Throughout this section we fix ag > 0, bg > 0, and ¢; > ¢y > 1. For every a, b with
coa < b < cia, b > b, a > ao, (A1)

we consider the polynomial p(z) := 2% + 22 4+ 8bz + a depending on the complex variable z. The following
result about the roots of this polynomial is used in the proof of Lemma 5.2 and Proposition 5.4.

Lemma A.1. There exists a positive constant o« = «(8, ag, bo, co, c1) such that, for every a,b € R satisfying
(A.1), the roots of the polynomial p have real parts in the interval (—%, —a).

Proof. Let us set z := x + iy with z,y € R. Then p(z) = 0 if and only if

Ba3 + 22 + Bbr — (3Bx + 1)y? +a =0,
y(—By? + 3B22 + 2z + Bb) = 0,

from which we derive

{q(x):zﬁa:?’—i—mQ—i—ﬁbx—i—a:O, or { r(x) = 8Bx3 + 822 +2( +Bb)x+b—a—0

i (A.2)
y=0, y> = 32" + 2z + .

By recalling @ > 0 and b —a > (¢o — 1)a > 0, for every x > 0 we have ¢(x) > 0 and r(x) > 0, and so the
real part of the roots cannot be positive or zero. Moreover, since for every z < —% we have B3 + 22 <0,
we obtain

gz) < -b+a<(l—c¢ya<0 and r(x)gb—a—Q(%—i—b):—b—a—%<0,

which imply that the real part of the roots does not belong to (—oo, —%] Therefore, by calling z1, 29,23 € C
the three roots of the polynomial p, we can say

R(z) € (—+5,0) fori=1,2,3. (A.3)

B ’

Case 1: there is only one real root. In this case by (A.2) there exists a unique z; € (— ﬁ ,0) which satisfies
r(r1) = 0 and 327 + Exl +b > 0. Indeed by setting y; := /32?2 + Exl + b we obtain that x; + iy; and
x1 — iy1 are two distinct non-real roots of p. Since

7"(—%)=—é—k%—i—b—|—b—a:—a<07

B(b—a B b—a a+b ,H +2
(= 2(b(ﬂ2+i)) : (Zﬁ(2(+1)3) L >0,

b—
then z; € (—ﬁ, —%

). Moreover
g(—5)=—F+5 —bta=-b+a<,

3 2 b
G~ %) = — 5 + s —ata= S50 >0,

hence there exists 29 € (=3, — ;) such that g(z¢) = 0. As a consequence of this, (zo,0) satisfies the first sys-

ﬁ )
tem in (A.2), which implies that x¢ is the real root of p, hence we have R(z;) € (—%, max{— g, — Q(bﬁbQﬂ) 1.

1 Bb—a) - B(=co)a  _B(l=colao

Thanks to (A.1) we can say —& < —B and — SR S et S FeiagpiD) where in the last

inequality we use the decreasing property of the function a — % This implies
1 .
R(zi) € (— %, max{— L5, 500=%)ee.}) fori=1,2,3. (A4)
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Case 2: there are only real roots. In this case we have b < ﬁ7 otherwise ¢'(z) > 0 for every z € R,

which forces p to have also non-real roots. Thanks to (A.1) we have also a < b < 3ﬁ2 By setting by :=

1 — /1 — 3bp32, we can write
~boaoB = —boaB = —(1 - /1= 3bF)af > =V > 1,

which implies
¢'(x) >0 for every z € [—byaof3, +00). (A.5)

Since
q(—boaoB) > B*b2a2(1 — B2boag) + ao(1 — B2bob) > ao(1 4 B2b2ag)(1 — B2bob) > 0,
thanks to (A.1), (A.3), and (A.5) we get
R(zi) € (3, —boagfB), fori=1,2,3. (A.6)

By combining (A.4) and (A.6), we obtain the conclusion with a := min{byao3, — L 2(6162(:512)-7-01)} O

The following easy estimate is used in the proof of Lemma 5.2.
Lemma A.2. For every z,w € C with R(z) > 0 and R(w) < 0 the following inequality holds:
[(z —w)(z — )| = [R(w)[S(w)].

Proof. Without loss of generality we can suppose $(w) > 0, otherwise we exchange the role of w with w. If
$(z) > 0, then

|z —w| = [R(z — w)| = [R(2) + R(—w)| = R(2) + R(-w) = [R(w)],
|z — | = [S(z — @)| = [3(2) + S(w)| = 3(2) + S(w) = [S(w)],
which give the conclusion in this case. If ¥(z) < 0, then
[z —w[ = [3(z —w)| = [ = 3(=2) = S(w)| = I(=2) + S(w) =
|z —w| = [R(z — w)| = [R(2) + R(—w)| = R(2) + R(-w) > [R(w)],
which conclude the proof. |
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